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AN EXTENSION OF THE NEWTON-PUISEUX POLYGON
CONSTRUCTION TO GIVE SOLUTIONS OF PFAFFIAN FORMS

by José CANO

0. Introduction.

We say that a formal power series A(X,Y) =Y A;; XY € C[[X,Y]]
has s-Gevrey index (0o > s > 1) if
Ay o
s—1(A) = —Y___X'Y) € C{X,Y}.
ﬁ 1( ) Z(l+])'s_1 € { s }
Let us observe that 1-Gevrey index means convergence. Consider the formal
Pfaffian form w = A(X,Y)dX +B(X,Y)dY, A, B € C[[X,Y]]. The form w
has s-Gevrey index if A and B have s-Gevrey index. The parametrization
(z(t),y(t)) € C[[t]]? has s-Gevrey index if either z(t) = 0 or it is irreducible,
in the sense of [18], and equivalent to one of the type (t",y;(t)) such that
y1(t) has s-Gevrey index.

A formal solution of (w=0) through the origin is a parametrization
(z(t),y(t)) € C[[t]]? \ C? such that z(0) = y(0) = 0 and

A(z(t),y(t)a' (t) + B(x(t), y(t))y'(t) = 0.

C. Camacho and P. Sad [3] proved that if A and B are holomorphic
then there is a convergent solution of (w=0). Their method uses : first
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an index theorem for complex singular foliations and second the reduction
of singularities of Pfaffian forms studied among others by Bendixon [1],
Poincaré [13], Seidenberg [17], Mattei and Moussu [12], and F. Cano [4].

In this paper we construct a s-Gevrey index solution of (w=0) if w
has s-Gevrey index. By one hand this extends the result of Camacho and
Sad (case s = 1), by the other, our construction based on the Newton
Polygon for differential equations (following a method suggested by Briot
and Bouquet [2], Fine [6] (7], Ritt [16], and Ince [8]) is rather elementary
and gives the solution by an algorithm.

1. The Newton polygon.

Let w be a formal Pfaffian form as above. The differential polynomial
associated to w is given by f,, = A, (X,Y)+ B, (X,Y)Y’, where A,, B, €
Cl[X,Y]].

We will say that f € Cq, g € N, if we have that

f=AXY)+BX, Y)Y =Y Mas(f)
(e,8)
where Mog(f) = AapX*YP+BosXt1YP~1Y' A,p and B,g are complex
numbers such that B, gy = 0 for all @, and the index (o, 3) runs over the

set (%Z)(E_l) x N where <$Z)(Z—l) ={r>-1|q-reZ}

A Puiseux’s series z € C[[X!/"]] with ordx(z) > 0 is a solution of
(f=0) if and only if f[z] = A(X,z2) + B(X, z)g—;{— = 0. The series z is a
solution of (f, = 0) if and only if the pair (", 2(t")) is a solution of (w=0).
We also say that (X=0) is a solution of (f, = 0) if the pair (0,t) is a
solution of (w=0) (i.e. B,(0,Y) = 0).

Let A(f) = {(o, 8) | Map(f) # 0}. As usual we define the Newton

polygon N(f) of f with respect to (X,Y) to be the convex envelope of

U (P+R3),Ro={reR|r>0}.
PeA(f)

For any u € Q4 let L(f, ) be the only straight line with slope —1/u
which intersects N(f) exactly either on a side or on a vertex. Consider

o4um(C) = Y (Aap+pBap)C’
(@ B)ELF 1)

m®W(f)= > Ma(f)
(B)EL(f 1)
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A simple computation over the least degree terms of f[z] proves the
following result :

LEMMA 1. — Let z = ¢oX*° + h.d.t. (higher degree terms) be a
solution of (f=0), then we have that ®; ,,,)(co) = 0.

2. Changing the variable.

For each p € Q4+ and ¢ € C define the differential polynomial
fleX* +Y] by

fleXF+Y] = f(X,eX* + Y, ucX* 1 +Y7),

Then the following properties hold :

o0

2.1. The series z = Y ¢;X* is a solution of (f=0) if and only if
i=1
> ¢; X* is a solution of (flc; X# +Y]=0). In particular, z = ¢; X*' is a
=2
solution of (f=0) if and only if (Y=0) is a solution of (f[c; X** 4+ Y]=0).

1
22. If A(f) C (—Z)(> N x N then there is an integer ¢’ > 0 such
q >—

1
that A(f[cX*+Y]) C (—Z)(> 5 x N. In particular, the Newton Polygon

N(fleX* +7Y]) has a ﬁn?‘;e number of sides and vertices.
2.3. If ¢/ < p then :
L(f, 1) = L(fleX" + Y], 1)
I (f) = Int)(fleX* +Y))
©4,u)(C) = C(spexcnrv1un (O):

Thus if Q(f, i) is the highest point of N(f) N L(f, i), the portions of N(f)
and N(f[cX* 4+ Y]) higher than Q(f,u) are equal (see the picture of the
example). Moreover L(f, u) = L(f[cX* 4+ Y], u) and if we write

t
In(”)(f) = A X + ZAiXaiyi + BiXaiJrlYi—lyl’ o = a—ip,
=1

then we have that for any ¢ € C

t
I (f[eX" +Y]) = Ao()X* + ) Ai() X XY + By() X HY 1y,

i=1
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¢
If we write ®(;,)(C) = a(C) + pCB(C) where B(C) = 3 B;C*~! and

=1

t
a(C) = Y A;C* then we have that

i=0
Ap(c) = ®(c)
1 1 _
(1) AJ(C)=3_|<I)(])(c)—ﬂ’(‘7_1)‘ﬂ(] 1)(0) ]:177t
1 j— .
Bj(c) = G- BY=V(c) j=1,...,t

. J ) J
where ®)(c) = g—ci)(c) and W (c) = %(c) Specially A; = A:(c),
B; = By(c), and Ag(c) = 0 if and only if ®(c) = 0.

3. The algorithm.

The basic idea of Fine [6], [7] modified by Ince [8], in order to find
a solution of (f,=0), is to extend to differential equations the classical
Puiseux’s construction for algebraic curves in the following way. Assume
that neither (Y=0) nor (X=0) are solutions of (f,=0). Then there is a
side of N(f,) with slope —1/ug such that @, ,,)(C) has a root co # 0.
Consider g = f,[coX* + Y]. If (Y=0) is a solution of (g=0), then coX*°
is a solution of (f,=0) and we are done. Otherwise, look for a side of N(g)
of slope —1/py, with g1 > o, such that @ ,,)(C) has a root ¢; # 0.
Continue in this way.

This algorithm, does not work in general. Actually, it may happen
even with the restrictive conditions imposed by Ince [8] that the polynomi-
als @4 ,,)(C) with pu; > pg do not have any non zero root, as the following
example shows :

Example. — Let f = YOY' + XY?Y' + XY? - 3X?YY' — X?Y +
2X3Y’+X5 and let L be the side with slope —1, then ®(;.1)(C) = C(C—1)%.
The only nonzero root is C = 1. Put g = f[X + Y] = (X + Y)(1 + Y’) +
XY?Y' — X2YY' 4+ 2XY? + X5. The only side of N(g) with slope bigger
than —1 has slope —1/2 and ®(42) = 1+ (24 2(—1))C? = 1. Thus we
can not continue the procedure. Moreover, if u > 1 we have that @,
does not have non zero roots, then by the Lemma 1, it does not exist any
solution z = ¢X + h.d.t. with ¢ # 0.
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Now we shall give a criterion to choose at each step the “correct” side
of the Newton Polygon and the “correct” root of the associated polynomial
in order to avoid situations as in the example. Then the procedure will
always continue, unless we arrive at a situation in which (Y’=0) is a solution.
In this way we shall produce a formal solution of (f,=0).

Let L be a side of N(f) with slope —1/p and denote by (a(L), b(L))
the highest vertex and (a’(L),b (L)) the lowest vertex on L. The side L is
good if and only if the following properties holds :

—Aa(r) b(L)
Bla(r),b(L))
(L,b)g == Ay pry) + BBar(L)p (L)) #0-

We say that L is the principal side of f if (Y=0) is not a solution of (f=0)
and L is the good side of N(f) with biggest slope.

(L;a)g := B(a(r)p(r)) # 0 and Qow ={reQ|r=u}

LEMMA 2. — Assume that (Y=0) is not a solution of (f=0) and
there is a side L of N(f) with slope —1/u satisfying (L,a)s. Then the
principal side of f exists and it has slope greater or equal than —1/p.

Proof. — Let Lo =L,...,L; be all the sides of N(f) with slopes
—1/p < =1/pu1 < ... < —1/ux greater or equal than —1/u. Then (Lo, a)y
and (Lk, b)s are true. If ¢ = 0,...,k — 1 we have that

not (Lz, b)f - (Li_}_l, a)f

(remember that (a’(L;),b'(L;)) = (a(Li+1),b(Li+1))). Hence, there is at
least a good side L;. O

COROLLARY 1. — Assume that L is the principal side of f with
slope —1/u, then one of the following properties holds :

() Bar(zypr(ry) =0
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— A (L)p(1)

(ll) B "(L)b' (L 7&0 and
@@y Bar(Ly.b/(L))

Qe ={req|r>upu}

Proof. — 1If L is the side of N(f) with biggest slope then (i) is true
((Y=0) is not a solution of (f=0)). If it is not so, let L’ be the side of N(f)
with highest vertex equal to the lowest vertex of L. Then (L', a) is not true
by the lemma and the principality of L, thus our result follows because

(i) or (ii) <= (L,b); and not (L', a);.
O

COROLLARY 2. — Let f, be the differential polynomial associated
to w and assume that (X=0) and (Y=0) are not solution of (f,=0), then
fw has principal side.

Proof. — If (X=0) is not a solution of (f,=0), then (-1,0) is a
vertex of N(f,) for some 3, and A(_; gy = 0. Thus, if L the side of N(/f,,)
whose highest vertex is (—1,3), then (L,a)y, is true. O

PROPOSITION 1. — Assume that f has principal side L with slope
—1/p. Then it is possible to choose effectively a root cy # 0 of @y ,y such
that if g = flcoX* + Y] then one of the following properties holds :

(i) (Y=0) is a solution of (g = 0).
(ii) g has a principal side with slope bigger than —1/p.

Proof. — Let h = In®)(f) and write

t
h=AgX*+ Y AXUY'+ BX*HY"ly oy =a-ip,
i=k
where k < t, (Ag, Br) # (0,0) and (A¢, B) # (0,0).
Let R = {y1,...,7s} be the set of all nonzero roots of ®(; ,)(C) (R
is not empty because L is good). By 2.3 we can write

I (flr;X* + Y1) = hly; X" + Y]

¢
ZAi(,yj)XaiYi+Bi(,yj)Xai+1Y‘i—lyl
i=k;

where either Ay, (v;) or By, (v;) is different from zero.

We choose ¢y as any root v;, which satisfies the following property :

(P) By, () #0 and k(i)

kjo(Vig)

EQow ={reQ|r>u}
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If (Y=0) is not a solution of (¢ = 0) then (ii) holds. In fact, let L’ be the
side of N(g) whose highest vertex is (ax, ,kj,) = (/,8'). Then the slope
—1/u’ of L' is bigger than —1/u. Moreover,

Mar(9) = A ()XY 4 By )X Y7
Since y/ > p, the property (P) implies that (L', a), is true and we can
apply the Lemma 2.

It remains only to prove that there is a root of @y ,)(C) satisfying
(P). In order to do this, we shall reason by contradiction, assuming
that (P) is not satisfied for any +;. Then for all index j we have that
(a) and {(b.1) or (b.2)} hold, where :

(a) Ai(v) =Bi(v) =0 i=12,... k- L
(bl) Bkj (’Yj) =0 and Akj(')’j) 3'é 0.

— Ak (v
(b.?) Bk’j (’)/j) #0 and —.BICJL(’(}ZJT) € Q(>u).

Write as in 2.3 :

t .
- B(C) = P(5,4)(C) = Ag + Y _(A; + pB;)C"*

i=k
= (A + pB)C™(C —m)* -+ (C = 75)* = a(C) + pCB(0O).

By (1), the properties (a), (b.1) and (b.2) are respectively equivalent to :
(a) @D (y)=0 and B V(y;)=0 i=1,....k — 1.
(0.1 B*V(y;) =0 and &% (y;) #0.

—1 ®k3) ()
b.2) A% V(4)#£0 and ———0n i
( ) ( ]) k/'] ,H(kjkl)(’)'j)
In particular ®*i)(v;) # 0 for all 5 = 1,...,s and thus k; = e;. Let us
assume that (a)’ and (b.1)" are satisfied for j = 1,...,I. Then we have the
following properties :

L Bly) = BN () = =B D(y;) =0if j=1,....5.
I Blea=V(y)=0ifj=1,...,L
ITI. For each j =1+1,...,s there is a g; € Q4 such that

cqQ..

LD (y;) = (e = DU=q;)(Ae + uBe)y; [T (v =)
=1
i#]

Now we shall distinguish two possibilities : either A9 =0 or Ag # 0.
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— Assume that Ag = 0. Then r = k > 1. Write
t
(3) B(C) =) B,C™.
i=k
By the properties I, II, and III, we can write 5(C) as follows :
(4) 9
B(C) =B.C* ' [](C =)
i=1

+ Z q1)7z At"',UBt)Ck 1(0 7@ el_l H C ’7])
i=l+1 j=1
J#
Looking at the coefficients of C*~! in (4) we have that

(5) By = <ﬁ( %i)° ){Bt + ( i Qi)(At +#Bt)}

=1 i=l+1

(6) At 3= ([T ) (Ac+ B,

=1

Since L is the principal side, by Corollary 1 we have
—A
(7). B,=0 or {Bk;ﬁOandB—klC EQ(>M}
and also (L,a)s and (L,b)y hold.
Assume that By = 0. By (5) we have that

(o35 == o
+1

in contradiction with (L, a)s. Then necessarily By # 0. Dividing (6) over
(5) we obtain :

A 1 —A
B—:+M= 5 — = Bkk ¢ Q>p)
i ) +
<i—_§-:f»l ql) (%f-’-#)

in contradiction with the property (7).

— Assume that Ag # 0. Then r = 0 and hence ey + --- +e; = t in
view of (2). Now, the properties I, II, and III define entirely 5(C) and we
have that

S

BIC) = S (=ai)(At + uB)(C — 1) -+ (C = 7,)% 7L (C = )

i=l+1
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hence
S

—-A
By = (A +.UBt)< Z (—Qi)) = ?tt €Qp
i=l+1

in contradiction with (L, a); . d

Remark 1. — Our algorithm is then defined by applying repeatedly
the above Proposition 1.

Remark 2. — To use the algorithm in the practice it is only necessary
to select ¢y at each step with the property (P), and this is easy to do.

4. The formal solution.

Here we prove that the above algorithm produces a formal Puiseux’s
solution of (f,=0). In the next paragraph we shall prove that this solution
is in fact a convergent one if f,, is convergent.

THEOREM 1. — Let f, be the differential polynomial associated
to w and assume that neither (X=0) nor (Y=0) are solutions of (f,=0).
Let L be the principal side of f,, (it exits by Corollary 2) and let —1/u be
the slope of L. Then the above algorithm provides a solution of (f,=0) of
the type

Z:ZCiXi/q where ¢, #0 and pu=p/q.

i=p

Proof. — Applying repeatedly the Proposition 1 we can obtain z =
> e XM, with p; < pip1, such that if we write fo = fo, fits1 =
=0
file; X#i +Y] then one of the following statements holds :

(i) f; has a principal side L; with slope —1/p; and ¢; # 0 is a root of
®(4,.u)(C) such that f;;1 has either (Y=0) by solution or has a principal
side with slope —1/p;41 > —1/p;.

(i) f; has not a principal side, (Y=0) is a solution of (f;=0), and the
coefficients ¢; are equal to zero for all j > 1.

It remains to show that z is a solution of (f,=0) and it has the form
described in the theorem. In order to do this, we can suppose that all the
coefficients ¢; are different from zero; otherwise by (ii) only a finite number
of ¢; are different from zero and then the theorem is done.
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Let Q; = (ai,b;) be the highest vertex on L; = L(f;, ;). By 2.3
we have that Q; is a vertex of N(f;1). Since the slope of L, is bigger
than the slope of L;, then b;; < b;. Hence there is an index iy such that
b; = b;,, Vi > ip. This implies that Q; = Q;, for i > iy. Call this point
Qi, = (a,b) the pivot point of f with respect to z. Let us observe that
b > 1 because c; is a root of @y, ,.)(C) for all index.

Assume that b = 1. Then we have that

I (fi) = AD | XY + B XY + AD X i g,
Since @; = (a,1) for all ¢ > iy, we have that AW - = A<i°)) = A and

4 , @) = Al
B((;) by = Bg;‘)i) = B for all i > ig. Then we obtain that

O, 0 (C) = (A© 4 1,BO)C 4 AY

(@tuop L2

Since the statement (i) holds, we have the following formulae

-1 (4) L
®) %= A0 1B Atmoy  EZ 00

Let us observe that L(f;,, i) is a principal side of f;,, then B(®) # 0
and A® + p;B® £ 0 for i > 4p. Moreover, since ¢; # 0, we have
that AEZ)"’I—"iyO) # 0 and B((Z)’l) # 0 for i > ig. If f; € C, (see §1 for

1 1

the definition of C;) and i > 4o then a,a + p; € EZ’ S0 l; € EN and
1

fit1 = fileeX* +Y] € Cq. Thus if f;, € Cy, we have that p; € EN for

1
all i > ig; so there exists ¢ € N such that u; € =N for all index. By other
hand, looking at the Newton Polygon of f;;; we have that

ordx (fole1 X + -+ + ¢, X)) = ordx (fix1[0]) > a + pi, 1 > .
1
Since p; < pip1 and p; € EN’ then lim p; = oo and f[z] = 0.

Assume that b > 2. Consider the curve

_ o
9= ayr2ay"
and denote by gg = g, gi+1 = ¢:[c;X* +Y]. By the chain rule we have that
L )
) 9= Fyiagy’’ 1 >0,
thus

A(gi) € (A(fi) N{(e, B) €R? | B 2> 0},
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where ¢(a, ) = (a+ 1,8 — b+ 1). Since L(fi, ;) is a principal side of
fi we have that the coefficient of X2 +1Y?=1Y" of f; is different from zero
if i > i9. By (9) we have that (a + 1,1) € A(yg;) if ¢ > 49. Moreover, the
point (a + 1,1) € L(g;, p;) for @ > ip. This implies that the coefficient of
Xathitly0 of g is different from zero (otherwise (a+1,1) & L(gi+1, ftit1)
because we are assuming that ¢; # 0 for all index). As above we prove

1
that u; € EN for all index, thus lim y; = oo, and looking at the Newton
Polygons of f; and g; we obtain that f[z] = 0 and g[z] = 0. d

5. Convergence.

Let A(X,Y) € C[[XY9,Y]], ¢ € N. We will say that A is “convergent”
if A(T9,Y) € C{T,Y}. Let f = A(X,Y) + B(X,Y)Y’' € Cy; we will say
that f is “convergent” if A and B are convergent.

1

Let ¢ € N\ {0}, if we write A (f) = T AT, Y) + EB(T‘Z,Y)Y’,
then we have :

5.1. If z = 3 ¢;X"/9 is a solution of f then 2’ = 3" ¢;T" is a solution of
i=1 i=1
Ag(f)-

5.2. Let ¢ : R® — R, ¢(z,y) = (¢z + ¢ — 1,y) then p(N(f)) =
N(A4(f)) (the sides correspond bijectively and their slopes are multiplied
by 1/q).

5.3. For all 4 € Q4 we have that
@5, (C) = 2(a ()00 (C)-
5.4. For all side L of N(f) we have that
(Lya)s <= (p(L),a)a,p)
(L,b)5 <= (0(L), D), (s) -
5.5. For all ¢c € C and p € Q4 we have that
Ag(FleX* +Y]) = Ag(f)[cT™ +Y].

THEOREM 2. — Let f be the differential polynomial associated
to w, assume that w is convergent and that neither (X=0) nor (Y=0)
are solutions of (f=0). Then the solution z constructed in Theorem 1 is
convergent.
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Proof. — Take the notation as in the proof of Theorem 1. We know
that there is an integer g € N such that z € C[[X'/9]] and f; € C,, for all
i. In view of the above properties (5.1) to (5.5) we can assume without loss
of generality that ¢ = 1 and hence we can write

oo
z= E X",
=1

Consider the pivot point of f with respect to z, @ = (a,b). If b > 2
by the proof of Theorem 1, z is a solution of a convergent curve. Thus
it is a convergent series by Puiseux’s Theorem. The case b = 0 is not
possible because f[z] = 0. Assume that the pivot point @ = (a,1) and
that it is reached at the index iy. Then the coefficient of Xet1YO0Y” of
fiz1 = flaX + -+ + ;X" + Y] is fixed and different from zero if i > i,
name it by B(®). Moreover B(¥ is the coefficient of X*t1Y0Y” of f[z +Y].
By the chain rule we have that
of

of dtichag and =lz+Y] =

v et YI=""5p Y

(flz+Y])
)¢ ’

!
operator along the solution z

then ord x (g;—[z]) =a+1 and ordx (g—}{[z]) > a. Thus, the differential

L(f,2) = %[z} + (8‘9;, [2]) -0

is different from zero with regular singularity at the origin. This implies
that the solution z is convergent (see Malgrange [9]).

In the following lines we are going to give a self-contained and
elementary proof of this result. By other hand, this proof will be worthy
in §6.

Assume that the pivot point, @ = (a, 1), it is reached at the index
io; name by A® and B® the coefficient of X2YY’? and X+1Y0Y” of
fi, 1 > 1o, respectively. If ¢; # 0 and i > ¢ then L(f;,1) is a principal side
of f;; thus B©® # 0 and A©® + .- BO© £ 0 for j > i. If we assume that
¢i, # 0 then we have that the formulae (8) holds for all i > ¢, that is
_ -1
T A0 4. B(O)
where Coeff xa+iyoyo(f;) means the coefficient of X3TY0Y'0 of f; =
flaaX + -+ 4+ i1 XHi-1 + Y. Write

fio = Z Aaﬁxayﬁ + Z BaﬂXa—Hy,B—lyl’
(a,8)€EN1 (o, 8)EN>

(10) C; . CoeffXa+ion/o(fi), 1> 'i(),
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where N1 = N(f;,) \N? and No = N(f;,) ({(e, 8) € 2% | > —1,8> 1}.
For each index ¢ > ig consider the following series over the indeterminates
{Ci}izios {Tap}(ap)emuns, X, Y, and Y :

HY = Y TapX®(CipXP +- + CiXP 4+ Y)P,

(a,B)EN:
HP = 3 TapXoH(CiX™ + -+ CiX' 4+ V)P
(a,B)EN2
(10Cip X 4 4G X T 4 YY),
HY = 3 TapXot(Cip X+ + CiX' + V)P

(a,ﬁ)ENz
(Cipp X o+ G X4 Y.
We have that HZ, € N[Cig, ..., Ci, {Tug}apen, X, Y, Y]], 5 = 1,2,3
and N3 = N». Obviously, the following formulae holds :
(11)
1 2
Firr=H (i, - i, {Aapapyem) + Hy (Cios -, i {Bag Hap)ens)s
12>10 .
If we consider
P9 (Cigy .-, Cir {Tug}) = Coeff xasirryoyro(HD)), j=1,2,3,
then Pl(i)l € N[Cig, - -+, Ci, {Tap}(a,p)en,]; and the coefficients of Pl(i)l are

smaller than the corresponding ones of the polynomial ¢ - Pf +)1 By (11) we
have that

(12)

Coeff xatiyoyo(fi) =P (cig, - - i1, {Aap}) + P (i, - - - 1 ¢y {Bagp}),
1> 1 .

Since A® + B £ 0 for i > ip and B # 0, there is a constant k € N

i
such that A0 T iB® < k for all i > iy. Define ¢,

C,- = |ciol

3 C
k{P(l)(Czo’ . ,Cg_l, {|Aaﬂl})+Pz‘( )(cgo’ ce ’Cg—l’ {lBaﬁl})}’ Vi > do.
Let us prove that |czf <}, Vi > ip. It is true for s = iy. Suppose that ¢ > i
and that |¢;| < ¢, for j < i, then we have that

“>(|cm| eimal, fAagl}) + PP (i), - - leima], {1 Basl})
|A© +iBO)]

< POeigls - sleimal 1 4apl)) +iPP (il - leimal, {1 Bagl})
= |A©® +BO)]|

< k{PO (e, iy, ([ Aapl}) + POy iy, {|Bagl})} =

i0? 20+17"' as follows :

|ei| <
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Now, let (X, W) € C{X, W} be given by

X, W) =X+ Y |AaplXW+ 3 [BaglX WP,
(a,B)EN] (a,8)EN}

where NI = Nj \ {(a,1),(a + i9,0)} (note that ®(X,W) is convergent
because f is so). Put ¥(X,W) = = XMW + |¢; | X2t + k. ®(X, W)
(let us observe that U(X, W) # 0). We have that

(o)
Coeff atisi ((I)(X, 3 c;Xi)) = Coeff yorier (B(X, ¢} X+ -+, X'71)).

=10

o) .

And thus 23 = ) X" is a solution of U(X,W). Since ¥(X,W) is
i=1ig

convergent then z; is convergent and so, z is convergent. O

6. Solutions of s-Gevrey index.

We have proved that a convergent first order and first degree ordinary
differential equation has at least one convergent solution, but may be it has
also formal non convergent solutions. It is well known that a series solution
of a convergent ordinary differential equation has certain Gevrey index
(see Maillet [10], Mahler [9], Ramis [14], [15], and Malgrange [11]). In a
forthcoming paper [5], we prove that the ring of Gevrey power series is, in
some sense, closed for ordinary differential equations. Now we are going to
prove that the ring of formal power series with fixed s-Gevrey index has in
common with the ring of convergent power series the property of any first
order and first degree differential equation with coefficients into the ring
has a solution in this ring.

THEOREM 3. — Assume that the Pfaffian form w = A(X,Y)dX +
B(X,Y)dY has s-Gevrey index (s > 1). Then there is at least a solution
of (w=0) with s-Gevrey index.

0 .
Proof. — Let z = ) ¢; X" be the solution constructed in Theo-

rem 1 for f, = A(X,Y) 41— }B(X ,Y)Y'. Assume that the greater common
divisor of the set {q} U {7 | ¢; # 0} is one. Then the solution (¢7, 2(t?)) of
(w=0) has s-Gevrey index if y(X) = 2(X?) € C[[X]] has s-Gevrey index.
In the proof of Theorem 2 we have found a series z;(X) € C[[X]] which
is a solution of a formal curve ¥(X, W) and y(X) is majored by z;(X). If
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A(X,Y) and B(X,Y) has s-Gevrey index then (X, W) has also s-Gevrey
index. Thus the result follows from the following proposition.
PROPOSITION 2. — Leth(X,Y) =3 A, X*Y"” be a formal series
which has s-Gevrey index, s > 1, and y = 5 ¢; X9 a solution of h, then
i=1

we have that
oo

3 (2,—)0_—1T € C{T}.

i=1

Proof. — The following assertions are easy to prove :
(i) Bs-1(h) € C{X,Y} = ZWXO‘Yﬂ eC{X,Y}.
(i) Bs-1(h) € C{X,Y} = Bs—1(W(T9,Y)) e C{T\ Y}, g €N.
(iii) Bs-1(h) € C{X,Y} = Bs1(h(X,cX? +7Y)) € C{X,Y};j €
N\{0}.

Then we can suppose that y(X) = 3 ¢; X" is a solution of h € C[[X,Y]]

i=1
such that ¢; = -+ = ¢x—1 =0, ¢ # 0. Let @ = (a,b) the pivot point (see
proof of Th.1) of h with respect to y. We may assume that b = 1, otherwise
ab—l

y(X) is a solution of the s-Gevrey curve having the ordinate of the

oyb-1
pivot point equal to one. Then we can also suppose that k > (a + 4)2. If
we multiply h by 1/A©® by (10) and (12) we have that

= —Pi(l)(cl, vy Cie1,y {Aaﬁ}(a,ﬁ)eNl)a i>k, Ny = N(h) NN2.
Looking at the polynomial P(l) we have that

P = ZB(aﬁdk, o) TapCik - CPT,

with the coefficients B, g,4y,....di_;) = 0, and if B4 g,4y,....da;_,) 7 O then
we have that
a+i=a+kdg+---+ (@ —1)d;i—
(13) k ( ) i—1

B=dg+--+di1.
Define ¢}, c5, ... by

b= = =0 =/
c;:Pi(l)(C;m' Ci la{[a_aléaféﬂ)!s—l })’ i>k,
where [@ —a] = a — a if @ > a and 1 in other case. We have that i aXx’
is convergent because it is a solution of the following convergent eqlgaftion :
—X°Y + klvskllXaJrk + Z [a — a'ﬁaf(l )ls——lXaYﬂ =0,

(c,B)EN]
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where N{ = N1\ {(a,1), (a + k,0)}.
|

In order to prove by induction that ]
15—

< ¢, i > k it is only
necessary to prove that

(14) Blagde,di_y) 0 =1 > [a—a]l (B) k! - (i — 1)1 %1

Let B(a,ﬁ,dk,m,di—ﬂ # 0 and let djl7"'7djr7 with j; < --- < j,, be the
exponents different from zero. If @ > a then by (13) we have that
(15)
i!>12--(a—a)la—a+1)--(a—a+pP)
Alm 1) (m et gy = DY 1) (m ot~ 1D}

where m = o —a > 1 and then (m +1)---(m + j; — 1) > j;! holds for
i=1,...,7. So (15) implies (14). If @ < a then we have that

i 2 BB+ (B+g =D} AB+1) - (B4 oy — D}

. 4 (m+1)---(m+4—1)
J(B4+1)---(B+ 4. — 1) dr— 1. i i
{8 ) (B+dr )} (i+1)---(i+a)
where m = a+1¢— j,. + 1. Since a < a then by (13) we have that 5 > 2 and
then m > j; > k > (a+ 4)2. Since i + a = m + j, — 1, it is only necessary
to prove that Va > 4 and Vm,n > a? then we have that

=(m+1)---(m+n—a)>(n+1)

We will prove (16) by induction over n. If n = a? then the left hand of (16)
is always greater or equal than (a®?+1)-- - (2a% —a). Then we have to prove
that

(17) (> +1)---(2a> —a) > (a®* +1)! Va>4

which is true for a = 4, assume that (17) is true for 4,...,a. In order to
prove that it is true for a + 1 we have to prove that

(a®> +2a+2)---(2a® + 3a+2) > (a® +2a +2)!
By the induction hypothesis over a, this is equivalent to
(2% —a+1)--- (2a24+3a+2) > (a®+1)(a®*+2)2--- (a®+2a+1)%(a®+2a+2)

which is obviously true. We finish the induction over n by pointing out that
m+n+1—a>n+2 provided that m,n > (a + 4)2. O



(13]

(14]
(15]

[16]

(17]
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