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MULTIPARAMETER SINGULAR INTEGRALS
AND MAXIMAL FUNCTIONS

by F. RICCI and E.M. STEIN

0. Introduction.

The purpose of this paper is to study singular integrals and maximal
functions in R" which reflect a k-parameter homogeneity. Before stating
our main results, we wish to describe briefly some of the earlier
developments relevant to our work.

Background

There is first the well-known case corresponding to one-parameter
dilations. Here we are considering the mappings

X1y v oy X)) = (M1, ..., 8Mx,) = 8-x
for 8 > 0, where A; are fixed positive exponents.

In the standard Calderon-Zygmund theory for this setting we consider
operators of the form 7Tf = fx K, where, to begin with, K is
homogeneous of the critical degree, ie. K(8-x) = 6 *K(x), with
A=A + --- + A, ; K satisfies some smoothness condition and an
appropriate cancellation condition.

This theory can be recast in the more general setting where K is
not necessarily homogeneous but can be written in the form

0.1 K(x) = Ym0,

iel
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where the functions p{” arise as pP(x) = 27Mu?(27%-x) ; the p? satisfy
a uniform L'-Dini condition and the cancellation condition

0.2) 1) = 0.

A second development of this one-parameter theory deals with singular
integrals carried on orbits of the dilations. When the orbits are « curved »
(ie. if A; # A, for some i and j), then certain decay estimates of the
Fourier transform come into play. In the present context these take
the place of the previous regularity assumptions on the p”, and are of
the form

0.3) WPE) < AQ+EDC.

An additional interpolation argument using the standard theory then
gives the LP-results. For this see [9], [18].

Consider next the n-parameter theory in R" (sometimes called the
“product theory”). Here we deal with dilations

(xly e sxn) = (Slxla e aanxn)

where 8 = (3,,...,08,) e RT = (R,)". Again we consider K decomposed
analogously to (0.1),
0.4) K(x)= ), n(x),

Iez?

where 1 = (iy, ...,i,), pP(x) = 27"uP (2 4x,,...,27""x,) and the can-
cellation conditions are

0.5) ﬁm(é) =0, whenever &; = 0 for some j.

There are two levels of generality here depending on the regularity
required of the p®. The initial case, treated in [11], allows one to treat
the situation when the p® satisfy uniform Holder estimates. A more
refined approach, developed in [12] (see also [2], [10], [15]) makes it
possible to require less regularity of the p®.

Results of this paper.

Turning now to the subject proper of this paper, we consider a
general family of k-parameter dilations, with 1 < k < n. The theory in
this setting was initiated in [14]; some other works which have a
bearing on our paper are [6], [8], [19], [21].
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To describe these dilations we assume we are given fixed exponents
{Ay}, with 1 <i < n, 1 <j < k. The dilations are then
0.6) (X1, ...,x,) > (8411, Shkx,, ..., 8%, 8hnkx,),
where 8 € R% . We associate to the exponents {A;} the matrix A = {A;}

and write 8"x for the action given by (0.6). We also set 2" = & when
6=, ...,2% and I = (iy, ..., iy).

The kernels we shall be considering are of the form

©.7) K(x) = Zk " (x),

IeZ

where p® are appropriate distributions and
u(x) = det 2" P2 Vx).
From our point of view the two main issues are:

What are the natural cancellation conditions to be required of
the p®?

What are the appropriate regularity conditions to be imposed on
the p@?

To answer the first question we consider the orbits of the dilations
in the &-space. Generically, the maximum dimension of an orbit is k.
The cancellation condition then becomes the requirement that
ﬁb’(é) = (0, whenever £ belongs to a subspace which is the union of
lower-dimensional orbits.

Appropriate regularity properties are, first, the uniform decay of the
Fourier transforms,

0.8) RPE) < A(1+[ED)C.

The second regularity condition is of a new type. It is not required in
the usual one-parameter theory, nor did it appear explicitely in the
product theory.

It is that there is a finite measure ¢ so that
Under these cancellation and regularity conditions on the p‘® our main

result is that when K is given by (0.7), the operator fr f* K is
bounded from LP(R") to itself, if 1 < p < o0.
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As a consequence we can deal with kernels K which are homogeneous
of the critical degree under our dilations &"; as a special case the
kernels may be carried by single orbits of these dilations.

The relevance of the cancellation conditions in this theory can be
seen from the following example in R®. The operator

(T)(x,y,z) = p.v. ff(x—s,y t, z—}stl)h%

is bounded on every L?(R®, 1 < p < oo [8], [14], [21], whereas the
operator

Uf)(x,y,z) = p.v. Jf(x—s,y t z—st)——%t

is not even bounded on L*(R?).

Another interesting situation arises if we consider R* with the one-
parameter dilations (x,y) — (8x,6'y). It is important to note that one
of the exponents is negative, and so what follows is not deducible from
the previously described one-parameter theory. A basic singular integral
here is the Hilbert transform along the hyperbola

fHJ ( —t y—%>?=limj‘m (f(x—t,y—%)—f(x%—t y+ t)) dtt

The cancellation conditions are @(0,0) = 0, and so we can envisage
other variants of this Hilbert transform, e.g.

[ lim JWE <f<x~at,y—%> —f<x+bt y+ )) d:,

where a and b are arbitrary non-zero real numbers. Other variants,
involving stronger cancellations, have been treated previously and the
results were limited to 8/5 < p < 8/3[19].

We describe now the maximal functions which can be treated by
our methods. Experience shows that there are two ways one can build
up maximal functions from simpler elements. The first is by majorization,
and is illustrated in R* by the fact that if (Mf)(x) = saup|( f*d)(x)|,

>0

where ©°(x) = 8 '@(x/8), we have the usual results for M if ¢ is
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majorized by an integrable symmetric decreasing function. The second
is by the «method of rotations», which allows one to obtain results
in R” from maximal functions associated to lower-dimensional varieties.
Our general theorem subsumes both, and is suggested by the uniformity
condition (0.9).

Suppose p is a finite positive measure on R”. With 8" denoting our
k-dimensional dilations, we write p; for the measure given by

f fdp; = f (&) du(x).
Define
(Mf)(x) = Sup [fps(x)] .

The condition we impose on p is that there is another positive measure
v so that
(0.10) Sup s < V.

1$5j<2

Under these assumptions, the maximal function M is bounded on
LR, 1<p<o0.

Note that in one dimension, if dp = @(x)dx and ¢ has a non-
decreasing symmetric majorant in L', then p satisfies (0.10). Conversely,
if (0.10) holds in one dimension, then p is of the above kind. Observe
also that a measure p supported on a compact portion of an orbit,
with bounded density, automatically satisfies (0.10). Previous results for
related maximal functions can be found in [3], [4], [6], [8].

We now indicate the main features of the proof of our principal
result (Theorem 5.1). The argument, which is somewhat complicated,
proceeds in three steps.

First, in the setting of the n-parameter dilations, a variant of the
conclusion is proved as a consequence of the Journé’s theory. Here a
modification of the uniformity condition (0.9) already enters.

Next, the decay estimates of the Fourier transform are incorporated
by interpolating an L? with the previously proved LP-estimates. This
gives our desired conclusion in the context of the full n-parameter
dilations (Theorem 2.4).

Finally, the k-parameter result is deduced from the n-parameter case.
This cannot be done directly, because the cancellation conditions required
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in the former case are not as restrictive as those required in the latter
case. So a further decomposition of the elements p'® appearing in (0.7)
is needed. This is carried out in Section 5.

Once our general result has been established, the theorem for
homogeneous kernels is deduced from it in Section 6. The maximal
theorem is proved in Section 7, and is based on an n-parameter maximal
theorem proved in Section 3.

1. Singular kernels adapted to the n-parameter dilations on R”.

On R” we consider the n-parameter dilations
(%15 -5 Xp) P> (B1Xy, -+ -5 8,%0)

with 8,,...,8, > 0. We will often consider only dyadic dilations,
defined by multi-indices I = (i,, ...,i,) € Z" and corresponding to taking
d; = 24. To abbreviate, we write 2’x for (2'ix,,...,2"x,).

If fis a function on R”, we write fi(x) = 27"f(27'x), where
(I| =i, + --- +i,; consistent with this, if p is a distribution on R", we
define p,; by the identity

<p'15f> = <H’f(21')> s

for every C*-function f with compact support.

ProrosimionN 1.1. — For every I € Z" let u'Pbe a distribution supported
on the unit cube in R”, and assume that

o ﬁm(ﬁ) = 0 if some coordinate of § is zero;
) (BP©)] < CU+IEN* for some C, &> 0.

Then the series ), p{® converges in the sense of distributions to a
Ie2h?

distribution K and the convolution operator with kernel K is bounded on
L*(R") with a norm that depends only on the constants C and € in (ii).

Proof. — Tt is sufficient to prove that the series

(L) Y [h®Qi)

Iez®

converges almost everywhere to a bounded function. Let ¢(x) be a
Schwartz function on R” that equals one on a neighborhood of supp p®
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for every I. Then
EPE) = @@+ 0)E)  and PR/ = D« (9(/0EY).

So for every o

1.2) |@HD/OED )| < Cu(1+EN°.
Since ﬁ‘\” vanishes on each coordinate subspace, (1.2) implies that for

each choice of the coordinates j,, ..., j, we have

IR < ClE;,| - &, I(1+IED".

Take now & = (§,, ...,&,) with &; # O for everyj. By simply relabeling
the terms in (1.1), we can assume that |&;| ~ 1 for allj. Let I € Z" and
assume that i;,...,i, <O and all the other components of I are
positive. Then

KPQE)] < C2* (1412 )~

_E

<C2n

I

Q.ED.

Remark. — In Proposition 1.1 we assume that the measures p® are
supported on the unit cube. This is only a normalization introduced in
order to simplify its statement. If one asssumes that the supports of
the p® are all contained in a fixed cube, the size of the cube will
simply affect the norm of the resulting operator. Similarly, the integer
lattice Z" can be replaced by any co-compact lattice in R".

These remarks apply to most results in this paper, and will be used
without further comment.

2. I?-boundedness in the n-parameter case.

Following [12] and [15], we define the Calderon-Zygmund norms for
kernels on R” by the following inductive procedure.

(1) Given 8 > 0, the CZznorm of a kernel K(x) on the real line is
given by

(2.1) | Kllczgmy = I Kllz,, + sup Yaj | K(x+h)—K(x)| dx
%> vIh|

¥>2
h#0

(Il ll,, denotes the operator norm on LP).
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(ii)) For a kernel K(x,,...,x,) on R* (n>2),

(2-2) HKchﬁmﬂ) = ”K”z,z

+ Z Sup Ys j ||K('9xj+hr')_K(',xi")”CZB(R"—l) dxj'
1xj1>71h|

e
We will also use the following result [12], [15].

PROPOSITION 2.1. — Assume that || K||czzmmy < + o0 for some & > 0.
Then the operator Tf = K * f is bounded on L?(R"), for 1 < p < o0,
with a norm that depends only on p and on || K|czmm -

Dealing with kernels defined as sums of dyadically scaled terms, the
following remark is particularly useful.

LEMMA 22 — For each je Zlet Y be a function supported on the
interval [—1,1] taking values in a normed space B, and assume that for
some positive constants C, & and every h e R

(2.3) J||uj/°')(x+h)—\|1°’(x)||a dx < Clh.

Let K(x) = Y 27WPQ27'x). Then, if y > 2 and h # 0,

JjezZ
J IK(x+h)—K(x)lls dx < 4;Cy~°.
|x[>y|h|

Proof. — Without loss of generality, we can assume that |h| ~ 1
(this may require relabeling the y?). Then

J | K(x+h)—K(x)llp dx
[x]>y

< ), j 127 P27 (x +h) =27 NP2 x) |5 dx
x>y

2+ 15y
SC Z 2*1‘8
2j+1>’y
= AEC'Y_E.
Q.E.D.
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We prove now our basic lemma.

We set
APf = f(x1, .., xxth, oo %) — [ oy Xy e X))

For h = (hy,...,h,) we also set A, = Aj) ... AfY.
LemMMA 2.3. — For each Ie Z", let '” be a function supported on
the unit cube in R". Assume that

@) (6‘7’(5) = 0 if some coordinate of & is zero;

(ii) for every permutation (ki,...,k,) of (1, ..., n) the quantity
2.4 sup |k | j( .. ( sup |k |7°
mleZ %neZ
0<\hkl\<2 0<1hk"1<2

flA,,(p"’(x)l dxk"> .. > dxy,

is bounded by a constant C for some & > 0. Then, if K(x) =

Y. 0(x), the norm ||K|| czmn is bounded by a constant that depends
lez™

only on C ands.

Proof. — We proceed by induction on the dimensionn. For n = 1,
the functions ¢@® are uniformly in L'*(R) and have mean value zero.
The conclusion then follows from Proposition 1.1 and from Lemma 2.2.

Assume that the statement is true in n — 1 dimensions. Since (2.4
implies that the ¢® are uniformly in L'*(R"), the boundedness of
|Kl|l,, follows from  Proposition(l.1). We then estimate

IK(x: + hi,*)— K(x1,*)llczzmn—1 dx, by means of Lemma 2.2.
Ixqi>vlhql
Observe that
K(,-) = Z Z (P?ﬁi{)(xla’),

i1€Z I'ez" 1

so that we can take as our function y“’(x,) with values in the space
of CZs-kernels the function

Vx) = Y ei(x,,+).

I'ezn—1
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The integral in (2.3) is

'[H‘I»’(il)(xx +hy)— \l’(il)(xx) ||CZ§(R"_ 1 dx,

d

By the inductive hypothesis, this integral is smaller than a constant
times the sum of the integrals

f( sup Ihkzl_‘sj co.osup [k |7 J]Ah¢‘i1*"’(x)| dxy, . .. dxkz) dx,

ikzeZ ikn ez

i1
Y ARG (x,, )

r'ezn—1

dx;, .

cZg®n 1)

0<|hy |<2 0<ih |<2
ko kn

over all permutations (k,, ...,k,) of (2,...,n). By (2.4), this expression
is bounded by a constant times |h,|°. Q.E.D.

By Proposition 2.1, the kernel K in the statement of Lemma 2.3
defines a bounded convolution operator on L?(R") for 1 < p < c0. We
next prove that the same conclusion holds under less restrictive
hypotheses.

We will use the following notation: if v is a measure on the
coordinate subspace of R" with coordinates (xx,...,x;), we denote
by pi,(v) the push-forward of v onto the subspace with coordinates
(Xkys -+ Xk,_ ), 1€

f SGrys - Xk, ) dpy, (V) = f Sy - X, ) AV
RC—1 RC

In particular, if £ =1, p; (V) = fdv. We also note that if {v,},., is a
set of positive measures, bounded from above by a measure p, then
sup,V, is a well-defined positive measure.

THEOREM 2.4. — For each I € Z", let u® be a measure supported on
the unit sube, such that

@) a‘\”(?‘;) = 0 if some coordinate of § is zero,

(i) 1P()] < C(1+]ED™ for some C, &> 0;

(iii) for every permutation (ki,...,k,) of (1,...,n) we have

(2.5 Sup pi, (SUp pi, (. - sup P, (I®) ...)) < C.
lknE

lkleZ zkzez
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Then the convolution operator defined by the kernel K= ) p{ is

IeZl
bounded on LP(RP) for 1 < p < oo, with a norm that only depends on
p, C, €.

In order to understand condition (iii), consider the case of absolutely
continuous measures du®’ = f®)(x,y)dxdy in the plane. For each
ipeZ, we take all the functions fY ie. those that will be dilated
above the interval where x ~ 2o, and we require that the functions
g (x) = [ |f%(x,y)| dy are majorized for jeZ by a common
function gt (x) with ||g%?||, < C. A similar condition is imposed on
f®9(x,y), for fixed j,, when the roles of the two coordinates are
interchanged.

Proof. — Let @(t) be a C*®-function with compact support on the
line such that [ @(t) dt = 1. For ¢ > 1 define

N-.(t) = Ze2t) — 212,

0
so that the series @, + ). n_, converges to 3, in &'(R).
£=1

Similarly on R”

% = <(P0(x1)+ Z TL:(XJ) <(p0(x,,)+ 2_: nA/(xn)>
= ZH‘I’L(X)'

If L=(,....¢,), then [V (x)dx; =0 for every x,,...,X;q,
Xj+15 --., X%, if and only if £; > 0.

We then write
W= T WO,

LeN"

and for each L e N" we define

Ko= % (P V)
Iez®
Like in [5], [16] the proof reduces to showing that
(@) | Kgllys < C27% for some o > 0;

(b) if 1 < p < oo, then ||K;l,, < C5,28" for every & > 0.
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To prove (a) we use Proposition 1.1. The support of p® *, is
contained in a fixed cube independently of I and L, and its Fourier
transform vanishes at each point with some zero coordinate. We also
have

IWP+y,) " ©) =nPE)| V.6

S CAHEN T[] 19Q7E) =277 E)|

j=1

where the factor |$(277E)—G(27%7 ;)| must be replaced by |H(E)! if
the corresponding ¢; is zero. By the smoothness of ¢, we have

19QR74E)— dQRIHE) < C2 R |g

therefore

1

P+ ¥) (@) < C+IEN™2 ™

ILi

[T+ 10

€

SCA+|gh2 ™

IL|

By Proposition 1.1, |K,]|l,, < 272" and this proves (a).

To prove (b) we apply Lemma 2.3. We have
An(pPxy) = n? * (M) .
Since {; is a tensor product of functions in one variable,
Al (x) = AR . AR (x) = (Ap N (X1) - .. (A M-, (X))
where M- has to be replaced by ¢ if £; = 0. For each 3 > 0,
|ApM -, (x| < C 2% hy Py - a.1(X))
if we assume |h;] < 2. The same estimate holds for ¢(x;) when £; = 0.
Therefore

(2.6) sup [k ... B AN ()] < C2%xq, (%)

0<yhj\<2

where the cube Q, = [—3,3]".
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We can then majorize the expression in (2.4) by bringing all the
sup’s with respect to the various h; inside the inner integral and then
use (2.6). So, by Lemma 2.3 and Proposition 2.1, the norm | K |l,, is
controlled by the supremum, taken over all permutations (k,,...,k,)
of (1,...,n), of the quantities

2% sup J( .. <sup f(|p(”|*an)(x) dxk"> .. ) dxy, .
iy, 2 i, €2

(1P1*xe)(x) dxs, =6ps, (1K) * Xa,

Now

< 6(su1>z P, (IRPD) * X, _, -

lkne
Iterating this argument n times, we conclude that
HKL“p,p < Cp’525|L\

for each 8 > 0, when 1 < p < oo. This concludes the proof.
Q.E.D.

3. Two maximal theorems in the n-parameter case.

As before, we let {v(};.,n be measures supported on the unit cube,
but this time we do not impose any cancellation condition on them.
We consider the maximal operator

@3.1) (Mf)(x) = sup |(f=v) ()]

In order to prove an L”-boundedness theorem for M in the same spirit
as Theorem 2.4, it seems necessary to impose more restrictive conditions
on the v than just (i) and (iii) in the statement of Theorem 2.4.

We prove two results along these lines. In the first theorem, (ii) is
replaced by the stronger assumptions that the v” are uniformly in
L'*(R") for some & > 0. In the second theorem, we assume that
v® = v > 0 independent of 1.

THeEOREM 3.1. — Let {v\P};.,n be functions supported on the unit cube,
such that

@) VPl 1eqny < C for some € > 0;
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(ii) for each permutation (ky,...,k,) of (1,...,n),
(3.2)

sup ~[(sup f .. (sup le“’(xl, e X))l dxkn> ... dxk2> dxy, < C.
iklez ikzez ik"EZ

Then for every p, 1 < p < oo, the maximal operator M in (3.1) is
bounded on LP(R™), with a norm that only depends on p, C, ¢.

Proof. — Leto, n_,, ¥, be as in the proof of Theorem 2.4, and

write
v = Z vO
Le N"

with corresponding maximal operators

(M.f)(x) = sup |(f+ (VO )(x)] .

It follows from (i) that [[vP*{,|, < C27%" so that
”MLHoo.oo < C2~E’L|'

It is then sufficient to prove that, for 1 < p < co and 8 > 0 arbitrarily
small,
HMLHp,p < Cp,ﬁ B‘L"

The conclusion will then follow by the Marcinkiewicz interpolation
theorem.

If all the components ¢,, ..., ¢, of L are positive, then p® = v %
satisfies assumption (i) in Theorem 2.4. We also have

1PE) = VOE)| 1V.©)]
< IV preqen(1+E)
< CO+E).

It is also clear, using (3.2), that (2.5) holds independently of L. So
when no component of L is zero, we can conclude that for every choice
of + signs, the kernel

K= Z + (V(I)*‘IJL)I

Iez?

satisfies ||K|,, < C, for 1 < p < co. From this, using the standard
square-function argument, we conclude that || M,||,, < C,for1 < p < .
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Considering now L =0 = (0,...,0), we observe that

(VPP < Crg, ()

where Q, = [—2,2]", so that M, f is controlled by the n-parameter
Hardy-Littlewood maximal function of f.

It remains to consider those L # 0 having some components equal
to zero. We first observe that we have already completed the proof in
dimension n = 1. We then proceed by induction, assuming that the
theorem has been proved in dimensions strictly less thann.

Assume for simplicity that L = (¢4, ...,%%,0,...,0), with Z,, ..., 7

different from zero. We then define, for (i, ...,i,) e Z*,
oW (x,, ...,x)) = sup J (sup le”’(x)ldx,,) e dXpr g
ipy1€2 in€Z

By (ii), [[o% |, < C. We have

(V) (X))
S C(e " Px[IN_4 |® ... @IN-r, N1, - - s XNy K15 -+ -5 Xn)

so that M is dominated by the composition of the (n— k)-dimensional
Hardy-Littlewood maximal operator with a k-dimensional maximal
operator whose norm is estimated by means of the inductive hypothesis.

In fact, for 6 > 0 and small,

HG"'I"”"""*[ITI—;J@ e ®|n45k|]”L115(Rk)
< ot WM |® ... @M, lllzsat
< CZBIL\

and (3.2) follows from the definition of oYr* and from the
boundedness of the L'-norms of the various n_,.

Therefore for these indices L, || M, |,, < C,52"", and this concludes
the proof. Q.E.D.

We want to point out here that some uniformity of the type (3.2)
is actually needed when n > 2.

In fact, take n =2 and define v» = vir2 = o (x)y(y), when
1 <i, < N, vP =0 otherwise. Here ¢ (x) =N if
(i,—1/N < x < iy/N, ¢"?(x) = 0 otherwise.
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We take y to be the characteristic function of the interval [0,1] and

set f(x,y) = fi(x)f2(y), where fi(x) = 1 when 0 < x < I/N, fi(x) = 0
otherwise ; we also set f,(y) = ¥(y). Then

(Mf)(x,y) = sup (f*vi")(x,y)

= sup (f*vii?)(x,y)

1<ig<N

=

N —

on the unit square 0 < x <1, 0 <y<1. So |[Mfl,>=12. Also
Ilfll, = N~'P. Because ||V®| 1em2, < cN°, taking N large, this shows
that the LP-inequality cannot hold when p < 1/e.

THEOREM 3.2. — Let v be a positive measure supported on the unit
cube, such that [V(E)| < C(1+]|&|)"° for some € > 0. Then the maximal
operator M in (3.1) (with v?® = v) is bounded on L*(R™), for 1 < p < o0,
with a norm that only depends on p, C, €.

Proof. — The statement is trivial for p = oo, so we will assume
1<p< .

Let S=t{ky,....kJ<{l,...,n} and define pg(v) = py,

(- P, (V) ..),pz(v) = v. For £ e R”, let £s€ R" be the element obtained
by replacing the coordinates &, k € S, by zero. Let

p= 3 (=D ] o(xd,

Sc{1,...,n} ke S

where ¢ is a non-negative smooth function supported on [—1,1] with
integral equal to one. Observing that

(Ps(v)) (§) = V(&)
on easily sees that
(i) fu(¢) = 0 if some coordinate of § is zero;
(ii) 1A < CA+en "

Since (iii) in Theorem 2.4 is trivially verified, the kernels K =
Z + p, satisfy || K||,, < C independently of the choice of the signs.

Iezl

Applying again a square-function argument, we conclude that

Hlsuzg [, < Clifll,.
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It remains to prove that if S # @, then

(3.3) < Clifll,-

f* <PS(V) n (P(xk))

ke S

sup
Iez® P
As in the proof of Theorem 3.1, this follows from an inductive
argument, observing that the maximal function in (3.3) is dominated
by the superposition of an |S|-dimensional one and an (n—|SJ)-
dimensional one, the first being a Hardy-Littlewood maximal function.
Q.E.D.

4. Dilations on R"” depending on k parameters.

The formal setting for k-parameter dilations on R” is the following :
we assume that R* acts on R” continuously by diagonalizable linear
transformations. Then, writing this action in an appropriate coordinate
system, the element t = (¢, ...,t) € R* acts on (x,,...,x,) €R" by

(4.1) (s ooy Xp) b Q5 WX, L 25y
In the more usual multiplicative notation, setting §; = 2%, we have
42) (x4, ..., %)= (B4 Shkx,, ..., 81 Shekx,) .

We call

7\'11 A )Vlk
(43) A=
)"nl )\'nk

the dilation matrix. We say that two dilation matrices A and A’ of the
same dimensions are equivalent if A’ = AP, for some non-singular
k x k matrix P. In particular A ~ cA for every ¢ # 0. It is quite clear
that two equivalent matrices induce the same set of dilations.

Since part of the existing literature assumes that the exponents A;
are non-negative, it is worth pointing out that this assumption is not
invariant under the just described notion of equivalence. However, a
necessary and sufficient condition for a matrix A to be equivalent to
one with non-negative entries is obviously that the range of the
associated linear map from R* to R”" contains k independent vectors
with non-negative entries. This shows that dilations with non-negative
exponents form a proper subclass.
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We will often refer to the following two examples of dilations.

Example (a) : (x;,x;)— (6x,,87'x,) on R?, corresponding to

- (D)

Example (b) : (x,x,,Xx3) — (8:%,,8,%,,8,8,x;) on R®  corresponding

to
10
A=<O 1).
1 1

We will consider convolution kernels adapted to the dilations (4.2) and
constructed starting from a family {u®};.,x of uniformly bounded
measures supported on a fixed cube. If we define the dilated p{® of p®
by

J fapf =f F@ix, L 25 duP(x,, ., X,)
R? R

we want to define
K=Y pd.

Iezk

To begin with, we determine what cancellations it is natural to impose
on the measures p'” in order to make (4.4) meaningful. More precisely,
we want the series

-~
¢}

Zk p(©)

IeZ

to converge to a bounded function. It is natural to consider the simpler
case where u® = c(Hp, with {c()};cz+ a bounded sequence and p a
fixed measure with compact support.

If S$=¢ky, ...k} <s{l,...,n}, we denote by Ay the £ X k matrix
whose j-th row is the k-th row of A, and by Vg the coordinate
subspace of R” spanned by the elements ey, ..., e, of the canonical
basis.

4

We also set 2Mx = (2%*iix,, ..., 2%%ilix,), for Ie ZF.
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ProrosiTiON 4.1. — Let p be a measure with compact support. If

4.5)

Zk c(Dp2"E)

IeZ

< Csup |e(1)]
Iezk

for every bounded sequence {c(I)} and almost every EeR", then |i
vanishes on each subspace Vg for which rank (Ag) < k. In particular if
rank (A) < k and (4.5) holds, then p = 0.

Proof. — Since [i is continuous, (4.5) is equivalent to

Zk M) < C

IeZ
uniformly in &.

Assume that rank (Ag) < k, and let§eVy. Then the matrix
diag (§,, ...,E,)A has rank smaller thank, so there is te RA\{0} such

that
él T
Al =0.
&n Tk
This means that

((2 xljtj)&la L) (E )"nj‘cj)E.m) = (05 LR ,0) s

so that for every se R
QFME,, .2 E,) = (G, -, E).

If we had {i(§) #0, we would have |i(E) =>a >0 for & in a
neighborhood of £. On the other hand, infinitely many points I e Z*
are arbitrarily close in R* to the line generated by 1. We would then
have |i(2*€)| > o for infinitely many indices /, which contradicts the
hypothesis. Q.E.D.

It follows that in order to have a non-vacuous theory, we must
assume that k < n and rank (A) = k. Also, if k = n, then A ~ I, and
we are in the n-parameter theory discussed in the previous sections.

If we assume, as we will do in the sequel, that rank (A) = k, then
the generic orbit in R" under the action of R* is a k-dimensional
manifold. The lower-dimensional orbits are precisely the orbits contained
in some subspace Vg corresponding to rank (Ag) < k. We can then
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restate Proposition4.1 by saying that {i must vanish on the lower-
dimensional orbits.

Observe that in Example (a) the required cancellation is {i(0) = 0.
In Example (b) i must vanish on the three coordinate axes.

5. LP-boundedness in the k-parameter case.

We consider a set of dilations on R” induced by an n x k matrix
A of rankk. For S <{l,...,n}, we keep the notation Vg and Ag
introduced in the previous section.

THeOREM 5.1. — Let {u®}, ¢ be a family of measures supported on
the unit cube in R", such that

G) n®E) = 0 if E€ Vs and rank (Ag) < k:

(ii) |E<\n(§)| < C@A+]E) ¢ for some C, € > 0;
(i) 1p®| < ce M(RY).

Then the series Y, |WP(2ME)| converges to a bounded function and
1e 2k

the convolution operator defined by the kernel K = Y W is bounded
1ezk

on L(R"), 1 < p < oo, with a norm that only depends on p, C, € and
o, .

The proof consists in a reduction to the n-parameter dilations, and
assumes Theorem 2.4. Before going into the proof, we explain the main
ideas in the setting of Example (a), assuming all the p‘® to be equal.

We are given a measure p on R?, and the kernel K is constructed
by subjecting p to the dilations (x,,x,) — (2x,,27'x,). If it were not
for the extra cancellations required by the 2-parameter dilations, we
could simply say that we are dealing with a special double sequence
{(uW), with p™ = 0if i + j # 0, and p“~? = p. The problem is that
the 2-parameter theory requires [i(§,,0) = i(0,&,) = 0 and we only
assume that 1(0,0) = 0.

Therefore we first decompose p as p, + p,, with {i,(§;,0) = 0 and
f1,(0,&,) = 0. One way to do this consists in taking a bump function ¢
on the line with integral one, and setting p, = @(x,;) ® p,(u). This

gives [1,(§1,8,) = G(E)A(0,E,) and i,(E;,Ez) = (€1, 85) — PEDR(0,E,).
Correspondingly, we write K = K, + K,.
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Since p, does not have the required cancellations, we expand it
telescopically as
By (X1, x5) = Z (2-jH1(x15 2_sz) - 2_j_1u1(x1,2‘j“xz))
j=0
(with slight abuse of notation in treating p, as if it were a function).
This identity can be checked on the Fourier transform side, using the
decay of fi at infinity.
1 1
If we call v(x;,x,) = p,(x1,%,) — 5u1<x1, 5x2>, then v has the

required cancellations, and we have reduced matters to the assumptions
of Theorem 2.4 if we write

Ki(x1,x,) = Z U1(2_ix1a2ix2)
ieZ
=Y 2727 x,,2x,)
50
= ) 27727, 27x,).

i+j=20

Observe that this argument also proves that K is a well-defined
distribution and that X|{(2°€,,27 ;)| is bounded.

The proof of Theorem 5.1 requires of course more technical details
and an induction argument. The reader can test his comprehension of
the proof on Example (b).

Proof of Theorem 5.1. — We argue by induction on n — k. The
case k = n is covered by Theorem 2.4. We assume therefore that k < n
and begin by introducing some notation.

For 1 <j < n, let AY be the (n—1) x k matrix obtained from A
by removing its j-th row. We can assume, without loss of generality,
that rank (A"™) = k. Let

& = {S<{l,...,n—1}: S maximal w.r. to the property rank (Ag)=k—1}

Pi={SeF:1¢58)
and S, ={SeP\F,:2¢S8}

L1 ={SeP\N(FL V... 0L, ,):n—1¢S}.

Then & is the disjoint union of &, ..., %, ;.
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For £eR” and S < {1,...,n}, we denote by &g the projection of
£ on Vs, ie. Es=(§},...,&,) where & =¢E; if jeS and & =0
otherwise.

Finally let ¢ be a smooth function on the line, supported on [—1,1]
and with integral equal to one.

For each j, 1 < j < n, we introduce the (k+ 1)-parameter set of
dilations on R” induced by the dilation matrix

Mue da O
(5.1) AGY = M o A
S S

We also decompose p as
n
o — Y iy,®
p® =3y u?,
j=1

where, for 1 <j<n— 1,

WO = Y uPCsom) Il G,
Se¥; k¢ Su{n}
and
n—1
PO = O Z n®,
j=1

We take now j < n — 1. Since each summand in ‘u® is obtained by
pushing forward p® to some coordinate subspace and then tensoring
it with some copies of @, it is clear thar supp ((u”) is contained in the

unit cube. It is also clear that ‘u® inherits a decay at infinity from the

decay of ﬁ’ and from that of . We check now that p® satisfies
some of the cancellation conditions required by the (k+ 1)-parameter
dilations induced by A(j).

A preliminary remark is necessary, since the correct induction
argument only works if rank (A(j)) =k + 1. If it happens that
rank (A(j)) < k + 1, then necessarily rank (AY) < k. Then the set &;
contains S = {l,...,j—1,j+1,...,n—1} as its unique element, and

Asoimy = AY has rank strictly smaller than k. Therefore a‘\”(&sm,) =0
for every & e R" by hypothesis, and hence ‘p® = 0.
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We can then assume that rank (A(j)) = k + 1, and we determine
the subsets S < {l,...,n} such that rank (A(j)s) < k + 1. It is clear
from (5.1) that any S such that j ¢ S has this property. It is also clear
that if j e S, then

rank (A(j)s) < k + 1 < rank (Agy;) < k.

Assume that j e S and that rank (Ag,) < k. If Ee Vs (ie. if E=E&5) we
have

W© = Y 1w [1 6D

S’E.S”j k¢ S'u{n}
‘ “ P

= Z 125 (E.n(s’u(n))ns) l_l (p(&k) .
S'eé/j k¢ S"u{n}

Since j ¢ S’ when S’ e ¥;, then (S'u{n}) NS < S\{j}. By assumption,
WO (Euimns) = 0 and then P (&) = 0.

/\ . .
In general, however, ‘u® does not vanish on the subspaces Vg with
j¢ S, ie. it does not vanish whenever & = 0. For this reason we
introduce the measure ‘v given by

(5.3) NPE) = WPE,, . k0B — MOE, L2, L.

Then the v are supported on the double of the unit cube and

(G4 WOE, .5 B = T ADE,, L2,

£20
boundedly.

For L e Z*', define ‘o to be equal to v if L = (I,/) with
¢ >0, and ‘o® =0 otherwise. Then the {w™}, x+1 satisfy the
assumptions (i), (ii)) and (iii) relative to the dilations induced by the
matrix A(j). By the inductive hypothesis,

v Vo® M) < C
LeZ

and the kernel
K = z Igp®

Lezkt1

defines a bounded convolution operator on L?(R"), for 1 < p < o0.



660 F. RICCI AND E.M. STEIN

By (5.4), for fixed Ie Z*,
Z jm(I{ZJ) - Z j\’g} SN
el £20

and .
RPRMY| < 3, Falo@r0eng)).

tel

This implies that
K=Y up

Iezk
and that
Y P < C.

1ezk

We take now j = n. In order to apply the same argument used for

j < n— 1, we only have to show that "u® vanishes on the subspaces
Vs with n e S and rank (Ag,,) < k. It is sufficient to assume that S is
maximal with respect to these two properties, i.e. that S\{n} e & . We
have

(5.5  PE) =pP® - Y wlCsum) I 9EH-
Ses k¢ 8"utn}
If £€Vs and S\{n} e &, then Egipm = &srompns. We claim that if

S’ # S\{n}, then rank (Agoimns) < k, so that pP(Egom) = 0. In fact,
if we had rank (A my~s)=k, we would have rank (Ag.sym)=k—1,
and actually rank (Agsyny) = k — 1, since both Ag and Ag,, have
rank k—1. But this would imply that also rank (Ag . =k—1,
contradicting the maximality of S’ and of S\{n}.

So in the right-hand side of (5.5) only the term corresponding to
S’ = S\{n} is different from zero and then

10©) = 12© - 12 [T (-

k¢S
But since Ee Vs, for k¢ S, (E) = $(0) = 1, hence "p(E) = 0.

Q.E.D.
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6. Homogeneous kernels.

We assume that A is an n x k dilation matrix, with rank (A) = k.
If xeR” and 3eR% (ie. 8=(5,,...,8,) with &, > 0 for every j), we
denote by &*x the element (&)1 ... 8wkx,, ..., 81, . Sknex,) € R™.

A convolution operator f+ f* K commutes with all the dilations
3" if and only if K is homogeneous, in the sense that

(K,f(3")) = (K.f)

for every f e #(R") and every € R% . If K coincides with a function
on an open set, then this function satisfies the identity

K(x) = det (3" K(3*x). Clearly det (8" = 857" ... 83",

The class of homogeneous distributions is quite rich when k < n.
We will deal with a subclass of .it, consisting of « principal value
kernels » located away from the coordinate hyperplanes. To stay away
from these hyperplanes may look as an awkward restriction in certain
cases (like the ordinary isotropic one-parameter dilations), but it is quite
reasonable in the general context.

Let D be the set of points with non-vanishing coordinates in R”.
Under the action of R*¥, D decomposes as a disjoint union of orbits,
each orbit being a k-dimensional manifold. We say that an (n—k)-
dimensional manifold £ < D is a representative set if £ contains exactly
one point from each orbit in D and it is transversal to each orbit.

This is equivalent to saying that the map ®:X x R* » D given by
®(x,3) = &"x is a diffeomorphism. Explicit constructions of representative
sets for any family of dilations can be found in [14].

The representative set plays the role of (a dense open set in) the
unit sphere for the one-parameter isotropic dilations. The choice of X
is not unique. For the dilations in Example (a), one can take
={(x1,y):y#0} or T = {(x,£x):x # 0}.

A choice of ¥ for Example (b), which is different from the one
used in [14], is £ = {(x£1,+1,z}:2#0}.

For r, s e R, with r < s (in the sense that r; < s; for eachj) and
F < X, we set

F,, = {8"x:x e F,r<8<s}.
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Let p be a measure on D that is homogeneous under the dilations &*.
If Fis a Borel subset of X, then

(6.1) W(F.o) = o(F)[] log (s;r;)

j=1

for some constant o(F). Clearly, o is a measure on X and if fis a
continuous function with compact support in D,

ds,  ds,

(6.2) jf(x) dpu(x) = j 8, &

k
RI

J (") do(x) det (8%

Conversely, if o is a measure on X, then (6.2) defines a homogeneous
measure u on D (see Theorem 2.1 in (14]).

We want to define principal value distributions K on R” by the
formula

(6.3) p.v. jf(x) dK (x)

1/e 1/e
- limJ j jf(SAx) do(x) det (5/\)% L9y
€ € z 1

£—0 Sk

where f is a smooth function with compact support in R".

In order that (6.3) makes sense, some condition must be imposed
ono. Once K is defined by (6.3), we want to discuss L”-boundedness
for the corresponding convolution operator. This analysis leads to a
very simple statement if we assume that the orbits in D are « well-
curved ».

For x € D, we call O, its orbit under the dilations 3* and denote
by o, the surface measure on O,.

LemMmA 6.1. — Let A be an n X k dilation matrix of rank. The
following are equivalent :

(i) for each x € D, the orbit O, is not contained in any proper affine
subspace of R";

(i) if p is a measure supported on an orbit O, < D and
du(y) = o(y) do(y) with 9 € C5(0,), then there is € > 0 such
that |WE)| < CA+[EN7";

(iii) the n rows of A are all different and none of them is equal to
zero.
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Proof. — The implication (i) = (ii) is known (see e.g. [17]). Conversely,
if a measure p is supported in a proper affine subspace, then i has no
decay in the orthogonal directions.

The equivalence of (i) and (iii) is a consequence of the fact that
the n+1 functions on RE:f;(8) =1, f,(8) = & ... &k,
ooy fn(8) = &}m ... 8} are linearly independent if and only if they
are all different. QED.

THEOREM 6.2. — Assume that the rows of A are all different and
non-zero. Let 6 be a measure supported on a compact subset of ¥, such
that & vanishes on each coordinate subspace Vg of R" corresponding to
a submatrix Ag of A with rank strictly smaller than k. Then (6.3) defines
a homogeneous distribution K and the associated convolution operator is
bounded on L’(R") for 1 < p < .

Proof. — Let @(8) be a smooth function on R* supported on the
1
cube Q = {8:5 <8j<4,1<j<k} and such that ) ¢(2%) =1 for
k

IeZ
every 5 e R: .

Let also pu be the measure on R” given by

dd, dd,
(64) ff(x) dn(x) = j f 16 do (@) det (3 2 .. .
Q JI 1 k

If we set p® = p for every I, we see that the hypotheses of Theorem 5.1
are satisfied. Actually (iii) is trivial and (i), (i) follow from the fact
that they are satisfied by 6.

If we call K= Z u;, then K defines a bounded convolution

Iezk
operator on LP(R"), 1 < p < oo. We prove now that K is the principal
value distribution given by (6.3).

It follows from Theorem 5.1 that

Y 6@V < C

Iezk

for some constant C and every & € R*. This easily implies that

dd
J 16(3%) — - —<C
R_f 61 8ln:
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and that
5 . ds, dd
k© = % f 5(2'9)"e@®) 5 -+ 5
1ezk Jq 1 k
ddé dd
= 5(80) —2 ... 22k,
LE 6EO G

If K, is the distribution given by

1/e 1/e 5
j e j j f(gl\x) do (x) det (5/\) b ... @’
€ € z 61 8‘?

then

12 1/e
k@=| | serp®.. D,
€ € 81 8’5

and K.(&) tends to K(£) boundedly as € — 0. This ends the proof.
Q.E.D.

7. A general k-parameter maximal theorem.

We would like now to formulate and prove a general k-parameter
maximal theorem. Suppose p is a finite positive measure on R", and
define the dilated measures p; by

Jf(x) dus(x) = ff(SAX) du(x),
where x — 8*x are the k-parameter dilations introduced in Section 4.

We shall be concerned with the L’-boundedness of the operator M
defined by

(7.1) (Mf)(x) = sup [(f *ps)(x)!.
SeR ¥
THEOREM 7.1. — Suppose that the measure n satisfies the majorization
(7.2) Sup Hs <V,
1<8j<2

where v is a finite measure. Then the operator M defined by (7.1) is
bounded from LP(R™) to itself for all p, 1 < p < 0.
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Remark. — Note that the condition (7.2) is easily seen to be

equivalent with the condition that sup p; is a finite measure, whenever
deA

A is a non-empty relatively compact open set in R% .

Proof. — We shall first prove the Theorem under the assumption
that the measures p and v are concentrated on D = {x € R": x;#0 Vj}
(i.e. they assign no mass to R*\ D).

For every x, € D we define the measure p™® supported on the orbit
of dilations through x, and given by

de, de,

(7.3) jf dp™® = f (")

€ €
J 1 k

Next, we define the corresponding maximal operator M, , given by

(7.4) (M /)(x) = sup |f*ps°(x)],

BERf
and this clearly equals

de, ge_,,

su i S _
y € €k

SeRi‘

j fx—g"x)
5

j < &< 25j

The following lemma, in the case where the exponents of the dilations
are non-negative, is essentially contained in [6].

Lemma 7.2. — For each x,€ D, the operator M, is bounded from

LP(R™) to itself, when 1 < p < oo, with a bound independent of x,.

Proof. — For a given x, € D, the boundedness of M, follows easily

from Lemma 6.1 (part (ii)) and Theorem 3.2, when the orbit is well-
curved (i.e. satisfies one of the equivalent statements of that lemma).

In the case the orbit is not well-curved, we can, by part (iii) of
Lemma 6.1, decompose R" as R’ x R*™‘, so that x, = (x;,0), with
8x, = (8"'x},0), and the orbit of x, under 8 is well-curved in R’.
This allows us to assert the boundedness of M, in the general case.

To prove the uniformity of the estimates in x,, we consider the
n-parameter family of scalings x = (xy, ...,X,) > (PXy, - - > PuXn) = PX,
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with p; # 0 for all j. Observe that these maps commute with the
dilatations 8", where 5€R%. Moreover, as is easily verified, if we
define R, by R, f(x) = f(p:X1, ..., PnXs), then R7'M, R, M,

pxg*

It therefore follows that the inequality M, fll, < A4, fll, implies the
inequality || M,, fll, < A4,lfl,, with the same bound 4,. Since the p-
scalings act transitively on D, the lemma is established. Q.ED.

We shall next use the « polar coordinates » for D defined in Section 6.

Thus if x € D, we write x = (8,z) = 8z, where §eR% and z e X, and
so identify D with R% x Z.

Lemma 7.3. — Suppose v is a positive measure concentrated on D.
If
. de de
7.5) v=J Vet e —2,
1<s;<2 &1 €

then ¥ is majorized as

ds ds
(7.6) dV(x) < Y 00— - —dvi(2),
1ezk 9, Ok
where y,(8) is the characteristic function of the set where 2 < §; < 2V,
I=(iy,...,i), and V' are positive measures on X, with
7.7 Y '[dv’(z) < 0.
Iezk
Proof. — 1t is convenient to change variables, via §; = 2%,

j=1,...,k, identifying R% with R*. With this (and a slight abuse
of notation), we are reduced to the following : suppose dv = dv(y,z) is
a finite measure on R* x X . We write v* for the y-translate (by h € R
of v; ie. symbolically, dv*(y,z) = dv(y—h,z). We then define Vv by

f vidh, ... dh,.
Oshj<1

v = Z J‘ Xl(y)vhdh’
rezk Joghj<1

Y

Then
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where x;, is the characteristic function of the cube
Q,={yeRFij<y;<ij+1}. However if yeQ, and QF-=
{y e R*:i,—1<y;<i;+ 1}, then as measures on Q; X X,

(7.8) J av'(y, ) dh < (fxq’;(y') av(y’, -)) dy.

We first prove (7.8) when v is absolutely continuous, i.e. dv = f(y,z) dy dz.
Then dv* = f(y—h,z) dy dz and (7.8) becomes

J fy—h,2)dh < j fOy',z) dy'
Oshj<1 y’eQ}
‘when y € Q,.

The proof of (7.8) in the general case now follows by approximating
v by absolutely continuous measures in the weak-* topology.

Next define

av'(z) = JXQ;(y’) av(y',z).
Then clearly

ZJ dv'(z) = 2"J dv(y,z) < .

Restating this result in terms of §; = 2% gives us (7.6) and (7.7).
Q.E.D.

End of the proof of Theorem 7.1. — Suppose that p is concentrated
1
on D. We can assume that p, < v, for 3 < g <1, where v is a finite

measure which is also concentrated on D. Then p < v,, whenever
1 < ¢ <2, and therefore

de de, .
uscj‘ VE—I"‘—:CV.
1<g;<2 € €

f)

It thus suffices to prove the maximal theorem with p replaced by V.
However if f > 0, by (7.6),

(f*9x) < Y fc—=8"2)x:(8)

Iezk JRExZ

@ e @dvf(z)’
8,

O
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SO

Sup (f*V5)(x) < Zf M.(f) dp.(2).

I

Applying Lemma 7.2 and the inequality (7.7) then gives || Mfll, < 4,Ifll,
as desired.

To lift the restriction that our measures p and v are concentrated
on D we can argue as follows. Decompose R" as a disjoint union,

R" = URg, where S ranges over the subsets of {1,...,n} and
s .

Ri={xeR":x;=0 < je S}
Then write dp = Y xsdp = Y, dpug, dv =Y xsdv =Y dvs where ys is
S S S S

the characteristic function of R§. Since each Rj§ is a union of orbits,

our assumption implies that sup (pg); < vs.
1<38;<2

Note that when S = @, then R% = D, and this corresponds to the
result proved above. The result for S = @ then follows from the case
already proved, in the setting of R™ with m = n — |S].

As a final remark, we point out that using Theorem 3.2 one can
prove that the following maximal operator is bounded from L?(R?) to
itself, for 1 < p < oo :

(Mf)(x,y,z) = sup jl J‘ If(x—ru,y—sv,z—2*rsuv)|du dv.

rs>0 J_ -1
kel

A general class of maximal operators of the same type can be obtained
as follows : let M, be the maximal operator in (7.4) associated with a
well-curved k-parameter orbit O, in R"; considering the full n-parameter
dilations, define

Mf = sup lexof.
IezZn

Then M is bounded on L”(R,), 1 < p < .

We have assumed the orbit to be well-curved in order to have the
decay of the Fourier transform required by Theorem 3.2. On the other
hand this hypothesis may not be necessary, since it is known that a
result of this kind holds when the orbit is a half-line [2], [7], [13], [20].
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