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AREA FUNCTIONALS AND GODBILLON-VEY COCYLES

by Takashi TSUBOI

The Godbillon-Vey invariant is defined in [6] for the codimension one
foliations of class C2? as a 3-dimensional de Rham cohomology class of
the manifold. When the foliation is given by a non-singular 1-form w, there
exists a 1-form 7 such that dw = nAw by the integrability condition, and the
Godbillon-Vey invariant is the cohomology class represented by the closed
3-form 1 A dn. By considering the foliations of circle bundles over surfaces
transverse to the fibers, this gives rise to the Godbillon-Vey 2-cocycle of
the group Diff% (S!) of orientation preserving C2-diffeomorphisms of the
circle.

The Godbillon-Vey cocycle is extended in larger or different groups
of diffeomorphisms or homeomorphisms of the circle.

Duminy and Sergiescu observed that this 2-cocycle is defined in
the group of diffeomorphisms of the circle of class P ([2]). Ghys and
Sergiescu defined the discrete Godbillon-Vey 2-cocycle for the group of
PL homeomorphism of the circle ([5]). Ghys observed that this discrete
Godbillon-Vey cocycle is defined in the group of diffeomorphisms of class
P ([3]).

On the other hand, in [9], Hurder and Katok defined the Godbillon-
Vey cocycle for the group of diffeomorphisms of class C1**, where a > 1/2.
They asked, in [9], whether one can define the Godbillon-Vey cocycle for
the groups of diffeomorphisms of class C1* for 0 < a < 1/2. In [19),
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we answered to this question. Namely, we showed that the Godbillon-Vey
cocycle is not nicely defined for the group Diff_l,_+°‘(.5'l) for0<a<1/2.

In [3] and [4], Ghys raised the question of determining the natural
domain of definition of the Godbillon-Vey cocycle. This paper is a proposal
of the group of homeomorphisms of the circle which could be more or less
the natural domain of the definition of the Godbillon-Vey cocycle.

The Godbillon-Vey cocycle so far defined is in fact the area enclosed
by the closed curve (log fi’ o f2,log f2’) in the Euclidean 2-plane for a
pair of diffeomorphisms (f1, f2) of the circle ([15], [1]). This has been well
known for the Godbillon-Vey cocycle for Diff>(S!). For the case of PL
homeomorphisms, the image of the circle under the map (log f;’o f2,log f2')
is a finite number of points in the Euclidean 2-plane. However, the discrete
Godbillon-Vey cocycle defined by Ghys and Sergiescu ([5]) is also the area
enclosed by the curve obtained from these points in the Euclidean 2-plane
by interpolating the subsequent points in the cyclic order of the circle by
line segments.

This leads us to consider the largest family of functions of S such
that, for a pair of these functions, one can define the area. It is intuitively
clear that we cannot define the area enclosed by a continuous function from
the circle to the Euclidean 2-plane (see the remark after the definition (3.1)
of the area functional). For the area enclosed by a pair (p,%) of smooth
functions, we of course have the formula |, g1 pdy. Even if one of these
two functions is not smooth, or not continuous, the formula has meaning
when the other function is sufficiently smooth. However, what we need to
do is to determine the family of functions such that for any pair of these
functions, the area has meaning. We need the definition of the area, and
that given in (3.1) is very simple. It is an antisyminetric bilinear form which
is invariant under parameter changes. The invariance under parameter
changes, which is very natural if we think of the usual area enclosed by a
curve, implies that this area functional gives rise to a 2-cocycle of the group
of homeomorphisms of the circle corresponding to the function space.

We will see that the family of functions where the area is defined is
described by the quadratic variation introduced in §1. In fact, we define
the B-variation for a real number 3 (3 > 1) which corresponds to the usual
variation when 3 = 1 and to our quadratic variation when 8 = 2.

Using the [-variation, we define various function spaces in §2. The
interesting point of these spaces is that they are real vector spaces which
are invariant under (topological) parameter changes.



AREA FUNCTIONALS AND GODBILLON-VEY COCYLES 423

For a pair of functions in a certain function space described by the
quadratic variation, we define the area in §3. In particular, for a pair of
(not necessarily continuous) functions with bounded S-variation (8 < 2),
the area is defined. We also see the existence of another area functional on
the space of functions with bounded total gaps. We think that the functions
with bounded (-variation ( > 1) would be of interest by themselves (see
the diagram at the end of §2). In fact we can give a nice topology for the
space of functions with bounded (-variation (8 > 1) with respect to which
the area is continuous (1 < 8 < 2).

In-§4, we show that any area functional gives rise to a 2-cocycle of
the group of the Lipschitz homeomorphisms of the circle which are written
as the integrals of elements of the corresponding function spaces. Thus we
exhibit a group of homeomorphisms of the circle which has the Godbillon-
Vey cocycle or the discrete Godbillon-Vey cocycle, and which looks like very
close to the natural domain of the definition of the Godbillon-Vey cocycle.
We wonder that a reasonable theory on the Godbillon-Vey invariant could
be achieved in such a group of Lipschitz homeomorphisms.

I would like to thank S. Hurder and S. Matsumoto for valuable
comments during the preparation of this paper.

1. §-variations and the quadratic variation

of functions on the circle.

Let ¢ be a positive real number, and R/¢Z, the circle of length £. Let
A be a finite subset of R/¢Z. Let mesh(A) be the maximum in the lengths
of the components of (R/¢Z) — A, in other words,

mesh(A) =sup{| z; —zi-1 |;1 <i <k},

where A = {z1,...,%k}, To = zx and every triple (z;, =, ziv) for
i < i’ < 1" is in the cyclic order. Hereafter, when we write a finite subset
A ={zy,...,zx} of R/¢Z, we understand the order of the elements of A in
this way.

We are going to define the quadratic variation of a real valued (not
necessarily continuous) function on R/¢Z. We can, in fact, define the j-
variation for a real number 8 (3 > 1). Since the (-variation is interesting
in itself, we give here the definition of the 3-variation. When 3 = 1, it gives
the usual total variation, and when 3 = 2, it gives the quadratic variation.
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Let 3 be a positive real number. For a finite subset A of R/¢Z and a
real valued (not necessarily continuous) function ¢ on R/¢Z, put

k
va(p, A) = Y lp(;) — p(xj_1)I°.

=1
This quantity vg(yp, A) is called the (-variation of ¢ with respect to A.

As the usual total variation, the supremum of vg(p, A) is an important
quantity. Hence we define

Vs(ep) = sup{vg(p,A); A C R/{Z}.

The [-variation (8 > 1) is different from the usual total variation
at the point that the global variation is not equal to the sum of the local
variation, For a positive real number &, we consider the supremum and the
infimum of this (-variation for subsets A such that mesh(A4) < ¢, and we
put

vs(p,€) = sup{v(i, A); mesh(4) < e}

and
ug(p,€) = inf{vg(p, A); mesh(A) < e} .

Since the functions vg(p, €) and ug(p, ) are monotonous with respect to €
by definition, the limits of them as ¢ tends to 0 exist. We put

vs(p) = limva(p,e) and  ug(p) = lim ug(p,e) .

The quantity vg is the more interesting. vy is of course the usual total
variation and we call v the quadratic variation. Note that it is easy to
construct a continuous function ¢ such that vg(¢) > 0 or vg(p) = co.

LEMMA 1.1. — If3 > 1 and g is continuous, then ug(p,e) = 0
for any positive real number ¢. Hence ug(p) = 0 for a continuous function
pand B> 1.

Proof. — Let A = {z1,...,zx} be a finite subset of R/¢Z such that
mesh(A4) < €. If ¢ is continuous, then there is a point y; in each interval
[zi=1,zi], such that o(y;) = (1/2)(¢(xi-1) +¢(z;i)). Take the union A’ of A
and {y;;i = 1,...,k}. Then mesh(A’) < £ and vg(p, A") = 2177 . vg(p, A).
The lemma follows from this equality.

LEMMA 1.2. — If 3> 1, then vg(yp,€) > 2'Pug(p, 2¢).
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Proof. — For any A = {z,...,z} such that mesh(4) < 2¢, let
A’ be the union of A and {(z;—1 + z;)/2;i = 1,...,k}. Then we have
vg(p, A’) > 21Pyg(p, A). The lemma follows from this inequality.

Let ¢ be a (not necessarily continuous) function on R/¢Z such that
vg(p) < co. Then it is easy to see that for any point = in R/¢Z,

e(x—0)= lim p(r+¢€) and @(x+0)= lim p(z+e¢)
e——0 e—+0
exist. When ¢(z — 0) and ¢(z + 0) exist, we put

Ap(z) = p(z+0) —p(z—0) .

For a function ¢ such that ¢(z — 0) and ¢(z + 0) exist for any z € R/{Z,
we put
sap)= > A=) .

z€ER/Z

Then we have the following lemma.
LEMMA 1.3. — If3> 1, then ug(p) < sg(p) < vg(p).

Proof. — First we prove the latter inequality. As we mentioned, if
vg(p) < 0o, then p(z —0) and ¢(x +0) exist for any point x € R/¢Z. Fix a
positive real number . For any positive real number 6, let {a;;i =1,..., N}
be a finite subset of R/¢Z such that

3 18p(@)l® 2 5a(0) ~ 3 -

Let a; and a} be the points sufficiently close to a; such that
+

+ - + -
a;_ 1<a; <a;<a;, af —a; <€

and
> le(af) = plap)IP 2 sple) =4 -

By adding finitely many points between a;*_l and a; of R/{Z, we obtain
a finite subset A of R/¢Z such that

mesh(A) <e and wvg(p,A) >sp(p)—6.

Hence we have vg(p,€) > sg(p) — 6 for any e. Thus vg(p) > sg(p) — 6.
Since 6 is arbitrary, we have vg(p) > sg(p). If ¢(z — 0) and @(z + 0) exist
for any point z € R/¢Z and sg(p) = 0o, we can show that vg(p) = oo by
a similar argument.

16
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Now we prove the former inequality. If sg(¢) = 0, then this follows
from Lemma 1.1. Suppose that sg(p) > 0 and the inequality does not hold.
Then there exists a positive real number € such that ug(p,e) > sg(yp).
Hence, for any positive real number 6 there exists a subset A = {z1,...,Zx}
of R/{Z, such that

mesh(A) <e and wvg(p,A) <ug(p,e)+6.

For the sake of simplicity, suppose that ¢ is left continuous, i.e., p(z —0) =
¢(z). Put

sa(p, [Tim1, 7)) = Z |Ap(z)|? .

T€[Ti-1,7;i)
We compare |¢(x;) — ¢(zi-1)|? and sg(¢, [Ti—1,;)) in each interval. Then
there are intervals [z;—1, ;) such that
lo(@:) — @(ziz1)? > 8- sp(p, [win1,73)

where
8 = uslp.e) +ss(p)
2s5()

For these intervals, we have

s |Ap@)l® < splfoi1,70)) < “gloled) — plei-n)l?

z€[xi—1,%:)
Then we can find a point y; in [z;—1,z;) such that

Iw(yi)—w| < %|M|,

and we have
lo(wi) — p(@i—1)IP + lo(z:) — o(y:)|?
< (529 + 552" lot@ - olaicn)P

Note that, since 8 > 1, ({(r +1)/(2r)}® + {(r —1)/(2r)}?) < 1. On the
other hand, we have

uﬂ(‘pv €) + sa(p)
Z lo(z:) — p(zi-1)|? > va(p, A) — e

5 us(¢,€) — s5(p)
- 2 b}
where the sum is taken over the intervals [z;_;, ;) such that

lo(z:) — e(zi-1)|? > 78 s5(e, [Tio1,7:)) -
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Let A’ be the union of A and the set of points y; taken for the above
intervals. Then we have mesh(A’) < € and

" < _us(@e) —splp) (| rtlys (r—1y8
vg(ip, A') < vp(p, A) 5 1-{5-}Y -{5"}):
If we take 6 smaller than the last term, this contradicts the definition of

u(p,€).

By this lemma there are only countably many points x such that
Ap(z) # 0 if vg(p) < 0.

2. Function spaces on the circle.

In this section, we define several spaces of functions on the circle
where the area functional is defined.

DEFINITION 2.1. — Let 8 be a real number not smaller than 1.
CVp(R/{Z) is the set of real valued continuous functions ¢ on R/¢Z such
that Vg(p) < 0.

It is easy to see that CVg(R/{Z) is a vector space. The following
lemma is also easy.

LEMMA 2.2. — For 8 > 1, CVg(R/¢Z) contains the 1/3 Holder
continuous functions.

Proof. — If there is a real number C such that |p(z) — ¢(y)| <
C|z — y|*/#, then for A = {1, ....,2x} C R/{Z, we have
vg(p, A) < ZCﬂlx,— -z = CPL.

For a 1/ Hélder continuous function on R/¢Z and a homeomorphism

h : R/tZ — R/(Z, the composition ¢ o h is not usually a 1/8 Holder

continuous function, however it is easy to see that ¢ o h is an element of
CV3(R/{Z). On the other hand, we have the following proposition.

PROPOSITION 2.3. — If ¢ : R/{Z — R is continuous and
Vs(¢) < oo then there exist a positive real number ¢’ and a homeomorphism
h:R/¥{'Z — R/{Z such that poh is a 1/8 Hélder function.

Proof. — Put
vs(p, [a,b8]) = sup{vs(p,A);AC [a,b]} .
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First note that we have

va(¢; [0, z0]) + va(e, [0, 71]) < va(e, [0, 71])
for 0 < zo < z; < ¢, and vg(p, [0,]) .is a non-decreasing function. Put

h=1(z) = vg(p, [0,z])+=. Then h is a homeomorphism from R/(V5(p)+£)Z
to R/¢Z and

l(p o B)(z1) = (9o ) (0)I® = |¢(h(z1)) — p(h(z0))I?
< vg(e, [h(zo), h(z1)])
< vg(, [0, h(z1)]) — v(e, [0, h(x0)])
= {h7(h(z1)) — h(z1)}
~ {h™*(h(=0)) — h(z0)}
= (@1 — zo) — (h(z1) — h(z0))
<zi—2x0.

We define another class of functions which is a little more complicated.
We need this class to give an appropriate domain of definition for the area.

DEFINITION 2.4. — Let B be a real number greater than 1.
RCV3(R/LZ) is the set of real valued continuous functions ¢ on R/¢Z
such that vg(yp) = 0 and

¢
/ vg(p, €)dloge < 0o .
0

By Lemma 1.2, the boundedness of the integral depends only on the
behavior of vg(p,€) as € tends to 0.

It is easy to see that RCV3(R/€Z) is a vector space and RCVg(R/{(Z)
C CV3(R/¢Z). The following lemma shows that RCV3(R/¢Z) contains a
reasonable class of continuous functions.

LEMMA 2.5. — For 8 > 1, RCV3(R/{Z) contains the contin-
uous functions with the modulus of continuity |z|/#|log|z||~!, hence
RCV3(R/{LZ) contains the o Holder continuous functions for a > 1/(.

Proof. — If there is a real number C such that

lo(z) — o)l < Clz —y|*/#|log |z — y|| !,
then for A = {zi,....,zx} with mesh(A) < ¢, we have

vs(p, A) < Y CPlay — x| loga: — mia|| 7P
< ZCﬂlxi -—:ci_llllogerﬂ
< CPe)loge|™? .
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Hence vg(p,e) < CP¢loge|~? and, for small &,

5 6
/ vg(p,e)dloge < CBZ/ |loge|Pdloge
0 0
= CPe(B—-1)""logé)'? < 0.

For an element ¢ of CV3(R/¢Z) and a homeomorphism h : R/{Z —
R/¢Z, the composition ¢ o h is an element of CVg(R/¢Z). However, for an
element ¢ of RCV3(R/(Z) and a homeomorphism h : R/¢{Z — R/(Z,
the composition ¢ o h may not be an element of RCV3(R/¢Z). We define
a bigger class of functions as follows.

DEFINITION 2.6. — CQg(R/(Z) is the set of real valued con-
tinuous functions ¢ on R/¢Z such that there exists a homeomorphism
h:R/VI'Z — R/VZ for some €' >0 and poh € RCVz(R/(Z).

Remark. — The condition ¢ € CQg(R/£Z) does not depend on the
metric structure of R/¢Z, while the condition p € RCV3(R/¢Z) does
d-: -~ on the metric on R/(Z.

LEMMA 2.7. — CQp(R/€Z) is a real vector space.

Proof. — Let ¢; (i = 1,2) be elements of CQz(R/¢Z). We show
that ¢; + 2 € CQ3(R/CZ). Let h; : R/¢;Z — R /¢Z be homeomorphisms
such that ¢; o h; € RCVg(R/¢;Z). Since the homeomorphisms k]! are
with bounded variation, d(h; ') are non-atomic positive measures on R/¢Z.
These measures of course satisfy the following equality :

b
[ anty =) - bt @)
Now define H : R/(¢; + £2)Z — R/{Z by

HY(z) = /0 d(h7Y) +d(h3t) .

We claim that if ¢; o h € RCVs(R/&;Z), then p; o H € RCVs(R/(£1 +
£)Z). Let A = {z1,...,zx} be a finite subset of R/¢Z. For hj'A =
{h; Y (1), s h7 (zk)} (C R/:Z), we have

mesh(h;'4) =max [ d(hY).
1

Ti—1
We have a similar formula for mesh(H~!A). By the definition of H,
mesh(H~!A) > mesh(h;14) .



430 TAKASHI TSUBOI

Since vg(p; 0 hy, h; 1 A) = va(yp; o H, H-1A), we have
vg(ypi o hi,€) > vg(pio H,¢) .
Hence vg(p; 0 H) =0, p; o H € RCVs(R /(€ + €2)Z) and
(01 + ¢2) 0 H € RCV(R/(61 + £2)Z) .

We have a corollary which follows from Lemma 2.5 and Proposition
2.3.

COROLLARY 2.8. — If ' < 3, then CVp (R/LZ) C CQ3(R/(Z).
In particular, CQg(R/¢Z) contains CV,(R/{¢Z), the set of continuous
functions with bounded variations.

Now we look at not necessarily continuous functions. We define the
function space Vg(R/{Z) as follows.

DEFINITION 2.9. — Vg(R/¢Z) is the set of real valued (not nec-
essarily continuous) functions ¢ on R/€Z such that Vz(p) < oo.

PROPOSITION 2.10. — Vg(R/{Z) is a normed vector space with
respect to the norm || ||; defined by

bels = (Va(e)/? for ¢ € Vs(R/EZ).

Proof. — As in the argument of defining LP norm, we see that
le+9¢ls = llels + I¥lls- In fact, this follows from the following :

k 1/8
(vs(p + %, A8 = (Z|(<P+¢)($j) —(<p+1/))(mj—1)|”)

=1

k 1/8
(Zwm) —w(wj—x)l")
j=1

k 1/8
+ (W) - vie-P)

=1

IA

= (va(p, )P + (vs (¥, A)V? .
Other verifications are easy.
The space Vg(R/(Z) contains CVg(R/¢Z) and, by Proposition 2.3,

the space V3(R/¢Z) contains the space C'/#(R/¢Z) of 1/3 Holder func-
tions.
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LEMMA 2.11. — The norm || ||, restricted to CYB(R/IZ) is
weaker than the 1/3 Hélder norm || ||c1/s given by

le(z) — #(y)|

lellgire = sup [z — y|1/B

In fact, oy < €/%)¢llcys.

This lemma follows from the proof of Lemma 2.2.

We can define a map from V3(R/€Z) to CVg(R/¢'Z) for some ¢’ which
is a bounded map with respect to the above norm. To explain this, we need
some notations.

Let ¢ be a function on R/¢Z such that sg(y) < co. Let
p:RIWZ —RMHZ (€ > L€+ 35(p))
be a weakly order preserving continuous map such that
length(p™'([z,3])) 2y —z+ Y [Ap(2)’.
z€[z,y]
Let ¢p : R/¢'Z — R denote the function defined by
Ay(p(z))
length(p~p(z))

Then ¢, is obtained from ¢ by putting the intervals p~'p(z) at  where
length(p~!p(x)) > 0 and extending ¢ over these intervals linearly. Note
that ¢, is a continuous function. Two functions ¢; and ¢ give rise to the
same function (1), = (p2)p if 1(z £ 0) = pa(x £ 0) for any x € R/(Z.

@p(z) = ¢(p(z) — 0) + - {z — min{p~'p(z)}}.

For a function ¢ such that sg(p) < oo, there is a natural weakly order
preserving function pg : R/(£+ s(¢))Z — R/¢Z such that

pa(z+ Y |8p) |?) =z
0<y<z

Then ¢,; : R/(£+ s3(p))Z — R is defined by

o0 () = 0(ps(z) — 0) + fﬁ%}%’)’?w — min{p;'ps(2)})-

PROPOSITION 2.12. — If ¢ : R/¢Z — R satisfies V3(p) < 00,
then

¢ps € CV(R/(£+ 35(¢))Z).
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Proof. — Let A be a finite subset of R/(¢ + sg(y))Z. For z; € A,
put I; = pg~'pg(z;). I; is either a point or an interval and I; = I; if
pa(xi) = pa(x;). Let A; be the subset of R/(£ + sg(p))Z given by

k
Ay =Au|Jar.
i=1
Then each connected component of (R/(£ + s(¢))Z) — A contains at most
2 points of A; — A. Using the inequality

n n
— B
nP1N " inl?) 2 | ol
=1 =1
for real numbers ry, ..., 7n, we have

vﬁ(‘ppm A) < 3[’—1'05(90,;5, Ay).
Let A3 be the subset of R/(£ + s(y))Z given by

k
Az = Ay - | J(A1 nIntl).
=1
Then we have
Uﬁ(‘Pp,s’ Ap) < vﬁ(‘Ppm Az).
Let A3 be a subset of R/(£ + s(¢))Z obtained from Ay by replacing the
points 8I; by nearby points where pg is injective. We can take A3 so that

v8(Ppsr A2) < vp(Pps, A3) + €
for any positive real number €. Since As consists of the points where pg is
injective, we have vg(pp,, A3) = vs(p, ps(As)). Thus we have
v8(Ppgr A) < 32 us(p,pp(43)) +€} < 3P Hup(p, ) +€} < 0.
We have proved the proposition.
Now we define the space Qg(R/¢Z) corresponding to COz(R/{'Z).

DEFINITION 2.13. — Qg(R/{Z) is the set of real valued (not
necessarily continuous) functions ¢ on R/{Z such that vg(yp) < oo and

¢ps € CQ(R/(£+ 35(¢))Z)-

If p € Q3(R/LZ), then ¢, belongs to CQg(R/¢'Z) for any p satisfying
the above condition. Note that for a pair of elements @1, 92 € Qg(R/{(Z),
there exists a weakly order preserving function p as above such that both
(¢1)p and (p2), belong to CQg(R/€'Z) or RCV3(R/¢'Z). Hence we obtain
the following lemma.
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LEMMA 2.14. — Qp(R/{Z) is a real vector space.

For ¢ € Vg(R/¢Z), we have sg(y) < oo by Lemma 1.3, and
¥ps € CV3(R/(£ + sa(p))Z) by Proposition 2.12. The following corollary
follows from Lemma 2.5 and Proposition 2.3.

COROLLARY 2.15. — Vg (R/€Z) C Qg(R/EZ) if B < B. In
particular, Qg(R/¢Z) (B > 1) contains V1(R/{Z), the set of functions
with bounded variations.

As a summary, we have the following inclusion maps between the
function spaces we discussed

CVE & ACYF =cvy S Vg

| In In

RCVs -S> CQp < Qg

In In

ACYB =Cys S Vs
Here 1 < ' < 8 and ACY/8 is the the set of real valued functions ¢ such

that ¢ o h are C'/# {1/3 Holder) functions for some homeomorphisms h.

In later sections we have to consider the following function space on

the circle.

DEFINITION 2.16. — By is the set of bounded functions on R/(Z
such that ¢(z £ 0) exist for any x € R/€Z and ) |Ap(z)| < oo.

This function space B(R/¢Z) has the following properties, which are
easily verified.

LEMMA 2.17. — (1) B(R/{2) is a real vector space.
(2) For any homeomorphism R/¢'Z — R/tZ, h*B(R/(Z) =
B(R/{'Z).

To end this section, we note that any function ¢ on the circle such
that ¢(zr—0) and ¢(z+0) exist is a measurable function and if it is bounded
then it is integrable.
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3. Area functionals.

First we define area functionals on a space X of functions on S! =
R/Z.

DEFINITION 3.1. — An area functional is an antisymmetric bilin-
ear form

A:XxX—R

satisfying the invariance under parameter changes, i.e., if (p,v¥) and
(¢ o h,3 o h) belong to X x X for a homeomorphism h : S' — S1,
then

A(p,¥) = A(poh,poh).

For the space of C! functions on S! there is the usual area functional
defined by

A = [ oav

It is not difficult to see that this area is invariant under the C! parameter
changes. It is not clear but it is true that this area is invariant under the
parameter changes by homeomorphisms (see Lemma 3.3).

We show that there is an area functional on Q2(R/€Z) which is an
extension of the above area functional. This is the widest space we could
construct an area functional up to now.

Remark. — Such an extension cannot exist on a very big function
space, for example, the space of all continuous functions on R/¢Z, because
such extension should give rise to a nontrivial second cohomology class (ex-
tending the Godbillon-Vey class, see §4) of the group of C!-diffeomorphisms
of the circle, however there is only the Euler class in the second cohomology
of this group ([18], [11]).

DEFINITION 3.2. — Let A = {z,...,zx} be a finite subset of
R/(Z. For a continuous map v = (p,v) : R/tZ — R?, Area(y,A) =
Area((p,v), A) is the algebraic area bounded by the polygon with vertices

V(@) = (p(2:), Y(xi));

p(Ti-1)  @(z:)
Y(zic1) Y(zs)

k
Area(y,4) = Area((p,¥),4) = 3+

i=1
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We will show that Area((p, v), A) converges as mesh(A) — 0 under
some condition on ¢ and 9 and define Area(p, 1)) to be this limit.

LEMMA 3.3. — Let Ay and A, be finite subsets of R/(Z. If
Ao C Ay, mesh(Ap) < g, and p, 9 are elements of RCV2(R/{Z), then

2e

|A1'ea((90ﬂ/f'),Al)‘Al‘ea((‘Pﬂ/)),Ao)|$3 0 {vg(tp,s)+v2(1[),s)}dlogs.

Proof. — For Ag and A;, we define the sequence By, By, ..., Bi of
subsets of R/¢Z such that Ay = By C By C B3 C ... C B = A; as follows.
For each connected component (a,b) of (R/¢Z) — B;_1,

Bjn(a,b)={a;b}

if (a+b)/2 € Ay and
B; N (a,b) = {z,y} N(a,b)

if there is a connected component (z,y) of (R/¢Z) — A; which contains
(a + b)/2. In the latter case, {z,y} N (a,b) can be two points, one point
or empty and we have no points of A; in (z,y). Then the intervals
of (R/¢Z) — Bj_; which contain a point of B; are of length at most
279+1mesh(Ap).

For v = (p, ), the area of the triangle with vertices y(a), y(z) and
~(b) is not bigger than ‘

(@) =A@ +Ih®) = 1@}

The area of the quadrilateral with vertices y(a), ¥(z), ¥(y) and 7(b) is not
bigger than

%{ll'y(w) —71(@)I? + Iv(®) = 1@I* + Iv(0) = @)1}
Hence we always have
| Area(vy, Bj)—Area(y, Bj_1) |< g{vz(tp, mesh(B;_1))+v2(%, mesh(B;_1))}.

We have a better estimate because the intervals of (R/£Z) — B;_1 which
contain a point of B; are of length at most 2=+ mesh(4y)

| Area((p, %), B;) — Area((p,¥), Bj-1) |
< %{vz(cp, 279 mesh(Ap)) + v (¢, 277 mesh(4y))}.
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Hence

| Area((¢, ), A1) — Area((, %), Ao) |

k
< Z g{vg(go, 279+ mesh(Ay)) + v2(¥, 277 'mesh(4o))}

Jj=1

0
3 . .
<5 Y {20, € N) + (g, o))

j=—00
3 log e+

<3x = {va(p, €®) + va(v, €°) }ds

2e
<1 | (a(0.9) +va(w,9))dogs.
0

Here A = —log(1/2) = 0.693147....

COROLLARY 3.4. — If mesh(A) and mesh(B) are smaller than ¢,
then
2¢e

| Area((,9), A) — Area((p, ¥), B) |< 6 | (w2l 8) +03(9, )} log s.

By using this corollary, we can define Area(p,®) for ¢,9
€ RCV,(R/LZ) by
Area(p,¥) = lim Area((p,¥), A).
mesh(A)—0

Note that for C? functions we have Area(p, ) = [ @dy.

LEMMA 3.5. — For ¢,% € CQy(R/{Z), E(If) OArea((cp, V), A)
mes —

exists.

Proof. — For ¢,¢ € CQ2(R/{Z), we can find a homeomorphism
h : R/€'Z — R/{Z such that both poh and oh belong to RCV2(R/{'Z).

Then it is easy to see that if (m 0Area((cp o h,poh), A) exists, then

mesh(A)—

lim  Area((p, %), A) exists and they are equal.
mesh(A)—0

By this limit we define Area(p,%) on CQ2(R/¢Z). The proof of the
following lemma is straightforward.

LEMMA 3.6. — Area(p,v) is an area functional on CQa(R/(Z).

For ¢, 9 € Qa(R/{Z),let p: R/U'Z — RJEZ (£ > L+32(p)+52(¥))
be a weakly order preserving continuous map such that

length(p™([z,3])) 2y —z+ Y {|Ap(2)]* +|A¥(2)[*}.

z€[z,9]
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Then ¢, and 9, belong to CQ2(R/¢'Z). We define Area(p, ) by
Area(p, 1) = Area(pp, ¥y)-

This definition does not depend on the choice of p.
LEMMA 3.7. — Area(yp, ) is an area functional on Q2(R/(Z).

Proof. — For ¢1, p2 and ¥ € Q2(R/(Z), we can find p: R/{'Z —
R/¢Z such that (¢1)p, (p2)p and ¥, belong to CQ2(R/€'Z). Since (p; +
‘P2)p = (‘Pl)p + (‘P2)p,

Area(p1 + p2,%9) = Area(p1, V) + Area(ps, )

follows from the bilinearity of Area in CQ2(R/¢'Z) and the definition of
Area in Q2(R/€Z). Other verifications are straightforward.

Since V3(R/{Z) (1 < 8 < 2) is contained in Q2(R/¢Z), the functional
Area is defined on on V3(R/¢Z) (1 < B < 2). A remarkable point is that
the area functional Area on Vg(R/(Z) (1 < B < 2) is continuous with
respect the norm | | 3 To see this, we give the following proposition.

PROPOSITION 3.8. — Let ¢ and v be elements of Vg(R/(Z)
(1 < B<2). Then

1 (¢+8)%#8

Area(p,y) < 3591 —1 [ PR K4 P2

Proof. — Since Area is bilinear with respect to ¢ and ¥, it is
sufficient to prove that, if Joll; = §¥ll; = 1, then Area(p, ) is bounded
by the coefficient in the inequality.

For elements ¢ and ¢ of V3(R/{Z) (3 < 2), we have a nondecreasing
function

p:R/(E+s5(p) + 35(4))Z — R/CZ
such that ¢, and 9, are elements of CV3(R/(£ + sg(p) + sp(¢))Z) and
I‘Pp'ﬂ = 31_1/5“‘/";3 and l"/’plﬁ = 31_1/[’“'“5
(Proposition 2.12). Then by Proposition 2.3, for
€ =0+ 35() + 5p() + 377 V() + 377 1V(),
there is a homeomorphism

h:R/UZ — R/(L+ sa(p) + s5(¥))Z
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such that ¢, o h and ¥, o h are C'/P functions on R/#'Z and their norms
are estimated as follows :

lepohlicire <1 and |3y o hllcr/s < 1.
We already know (Lemma 3.5) that Area(yp, 1) is defined by

Area(p, ) = mesllxi(l};l)—‘o Area((pp 0 h,¥p 0 h), A).

We take the finite set A, consisting of 2" points as in [9], that is,
A, ={k27'; k=1,...,2"}.
Then for v = (¢p o h,9p, o h), the area of the triangle with vertices
y(k27™), y((2k +1)2-"HD¢) and  y((k +1)27"¢)
is not bigger than
%{(ma.x — min)(gp 0 k|2, (k + 1)27"¢))}
{(max — min) (¢, o h|[27"¢, (k + 1)27"¢'))}.

Here (max — min) is the difference of the maximal value and minimal value
of the continuous function. Since ||¢p 0 h|lc1/s <1 and ||¢p 0 hlcr/s < 1,
this quantity is not bigger than
1, . _
_2_((2 nel)l/ﬁ)Z.

Hence Area(y, v) is estimated by

= 1 28
—-npn1/8\2 _

2:12“ (@) = 3 T

ne

Now if [j¢ll; = [[¥ll 5 = 1, then by Lemma 1.3,
<04+ (143 HVs(p) + (143 )Va(9) < €+8.
Hence we obtain Area(p, ) < 271(£ + 8)%/8 /(1 — 21-2/8),

There is an area functional on B(R/¢Z) which have somewhat differ-
ent from that on Q2(R/€Z). Let A,y : B(R/(Z) x B(R/¢Z) — R be the
functional defined by

p(z—0) Ap(z)
Ade ) =53 bz —0) Ap(z)

for ¢, ¥ € B(R/{Z). It is easy to show the following lemma.

LEMMA 3.9. — Ay is an area functional on B(R/{Z).
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Remark. — This area functional corresponds to the discrete
Godbillon-Vey class given by Ghys-Sergiescu ([5]) and Ghys ([3]).

As for the uniqueness of the area functional, the two area functionals
Area and A4 on Q2(R/€Z)NB(R/LZ) are nontrivial and independent (see
Ghys [3]). It is possible that the area functional is unique on CQ>(R/¢Z),
Q2(R/¢Z) or B(R/¢Z) though we have no proof up to now. There are
spaces where the area functional is unique.

PROPOSITION 3.10. — Let PL(R/{Z) be the vector space of con-
tinuous functions on R/€Z which are piecewise linear. Then the nontrivial
(R-bilinear) area functional which is invariant under the parameter change
by the piecewise linear homeomorphisms of R/{Z is unique up to a real
multiple.

Proof. — For three distinct points o, 1, z2 of R/¢Z in the cyclic
order, let az, z,,z, denote the function on R/¢Z such that

0 if ye [132,230]
Qzo,21,2,(Y) = { (¥ — T0)/(x1 —20) if y € [z0,21]
(y—x2)/(x1 —x2) if y € [z1,22]

Let A be an area functional. By the R-bilinearity, it is necessary to
know the values of

A(axOyzl »Z2 aﬂ-'s,-‘u '15)1 A(a.‘to.-‘n »T29 azz,ﬂ-‘a,u )v

A(Qzg,21,22) Oy 22,23)s A(Qzo 21,220 Ao 21,22)
for distinct points zo, Z1, T2, T3, T4, T5 in the cyclic order. By the
antisymmetricity, the last one is 0. By the bilinearity,

1
A(azo,l‘n,-’rzv axs,x4,x5) = A(al‘o,xx T2 '2'01:3,(-‘:3+u)/2,:c4)
+ A(Ozo,21,221 O(z5+24) /2,24, (za+25)/2)

1
+ A(aﬂ:o,xhzg’ Eau,(z4+‘zs)/2,x5)-

By the invariance under the parameter change and the bilinearity, the right-
hand-side is equal to 2A(Qzg,21,225 Qxs,z4,25)- Hence the first one is 0. For
the second one, by replacing the indices in the above formula, we see that

1
A(Qzg,21,20) Qg 25,20) = AlQzo,zy,205 Eazz,(tcz-!-a:a)/?,u)'

By the invariance under the parameter change and the bilinearity, the right-
hand-side is equal to (1/2)A(Qz,z1,22) ¥xz,25,24)- Hence the second one is
also 0.
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Now by the invariance under the parameter change, the value
A(0zg,21,021 Ozy,22,25) does not depend on the points zg, 1, z2, z3 if they
are in the cyclic order. Suppose that A(azg,z,,25s ¥zy,22,25) = 1/2 which is
the area of the triangle with vertices (0, 0), (1,0), (0,1). Then A(p,¥), (¢,
P € PL(R/¢Z)) is equal to the usual area of the polygon.

In a way similar to the proof of the above proposition, we can show
the following proposition.

PROPOSITION 3.11. — Let S(R/¢Z) be the vector space of left-
continuous functions on R/¢Z which are constant out of finitely many
points. Then the nontrivial (R-bilinear) area functional which is invariant
under the parameter change by the piecewise linear homeomorphisms of
R/¢Z is unique up to a real multiple.

Remark. — These propositions are closely related to the scissors
congruence of polygons on the Euclidean plane, where the area is the only
invariant. We also note that in both cases, the space of Q-bilinear area
functionals is isomorphic to R ®q R (cf. [5], [7]).

These propositions may optimistically imply that the area functional
is unique on CQ2(R/¢Z) under a certain continuity assumption. See the
remark in §4 for the group of Lipschitz homeomorphisms which are the
integrals of functions of bounded variations.

4. The Godbillon-Vey cocycle.

Let X be a space of integrable functions on S = R/Z. Let GI+¥
denote the set of Lipschitz homeomorphisms of S* which are written of the
form

f@= [ eWay+ 50),
0
where p € X. Let RCVg, CV3, CQp, V3, Qs and B denote the spaces of

corresponding functions on R/Z.

LEMMA 4.1. — For X = RCVg, CVg, CQg, Vg, Qg and B, the set
GLX s a group.

Proof. — First note that the derivative f'(x) exists almost every-
where and the limits f’(x & 0) exist everywhere. Then we have

o(z £ 0) = log f'(z £ 0)
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for any point x € S'. Since
log(fi 0 f2)'(z£0) = log fi(f2(x £0)) + log f5(z + 0)

= ¢1(f2(z £0)) + p2(z £0),
fi1 0 fo belongs to X, if f; and f> belong to X. For the inversion, we have

@ = " U@ gy 4 £1(0),
0

and this shows that if f belongs to GE%, then f~! belongs to GL-¥.

If there is an area functional A on X, then A gives rise to a 2-
dimensional cocycle of the group GI»*¥. A 2-dimensional cocycle of the
group GI% is a function C : GI* x G — R such that

C(f1, f2) — C(fo o f1, f2) + C(fo, f1 © f2) — C(fo, f1) = 0.

We define the 2-dimensional cocycle Ca by

Ca(f1, f2) = A(p1 0 fa2,¢2)
for

T
fi@) = [ ey + £i0) (=12,
(]
Then the cocycle condition is verified as follows. Since
log(fio f;)(x£0) = pi(fi(x £0)) +p(z£0),

by using the bilinearity and the invariance under parameter changes, we
have

A(p1 0 f2,02) ~ A(po © f10 f2+p10 f2,p2)
+ A(po o f1 0 fa, 010 fa +p2) — A(po © f1,¢1)
= A(po o f10 fa,10 f2) — A(po © f1,01)
=0.

If A is antisymmetric then we have

A(log(f1f2)',1og(f2)") = A(log(f1)’ o f2,log(f2)')-

Note that the above verification of the cocycle condition does not use
the antisymmetricity, however, it is sufficient to consider the antisymmet-
ric area functionals because a symmetric area functional gives rise to a
coboundary. Let Ag be a symmetric bilinear form on X invariant under
the parameter change. Then, by putting U(f) = Ags(log f/,log f') we have

(6U)(f1, f2) = As(log f3,log f3) — As(log(f1 o f2)',10g(f1 0 f2)')
+ As(log f1,log f1)
= —2A;s(log f] o f2,log f3) -
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By the result of §2, G192 contains the group of C'*® diffeomor-
phisms (a > 1/2) of the circle and the group of diffeomorphisms of class P
([8]), i-e., GEV1. By using the area functional Area defined in §3, we have
the following theorem.

THEOREM 4.2. — There is a well-defined 2-cocycle for the group
GL-©2 which is an extension of the Godbillon-Vey cocycle.

Ghys and Sergiescu ([5]) and Ghys ([3]) showed that the group of
diffeomorphisms of class P has the discrete Godbillon-Vey cocycle. This
corresponds to the area functional A; and the discrete Godbillon-Vey
cocycle is defined in GLB which is a group. Hence we have the following
theorems.

THEOREM 4.3. — There is a well-defined 2-cocycle for the group
GLB which is an extension of the discrete Godbillon-Vey cocycle.

THEOREM 4.4. — There are two well-defined 2-cocycles for the
group GL:92 0 GL-B which are extensions of the Godbillon-Vey cocycle
and the discrete Godbillon-Vey cocycle.

These cocycles are not invariant under the conjugation by homeomor-
phisms of the circle. Hurder and Katok showed that GV varies continuously
without changing the topological isomorphism class of foliations ([9]). These
foliations are the stable foliations of the geodesic flows of a surface (see also
Mitsumatsu [14]). It is easy to see that GV} also varies continuously with-
out changing the topological isomorphism class of foliations ([3]). For real
numbers a and b, let f, and g, be PL homeomorphisms of R with support
in [—1,0] and in [0, 1] such that log f.(—0) = a and log g;(+0) = b, respec-
tively. By a straightforward computation, it is easy to see that GVy for the
2-cycle (fa,9b) — (9b, fa) is equal to ab.

Among the possible extensions of the Godbillon-Vey invariant, that
to the group GL'Ys (1 < B < 2) given by Theorem 4.2 might be most
interesting. The reason is the group GL'V# has a metric coming from Vg-
norm and the invariant is continuous with respect to this topology. More
precisely, we have the following. (See [2].)

PROPOSITION 4.5. — GV (1 < ) has the following right
invariant metric. For f; and fo of GI:Vs (1 < B),

dist(f1, f2) = | fi o f5! —idllco + | log(f1 0 f5')'(z — 0)l|-
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There is a 2-cocycle GV for the group GL'Vs (1 < B8 < 2) which is an
extension of the Godbillon-Vey cocycle, and

(f1 0 fa, f2) = GV (f1, f2) = Area(log(f1 o f2)',log f3)

is continuous with respect to the above metric.

Proof. — In the definition of the distance, we are considering the
derivatives of elements of GLX'Vs which are left continuous. Note that

Ilog(fi0 f31) (-0,
= llog f{ o fy '(z = 0) ~log f; o f5'(z — 0)ll
= || log fi(z — 0) — log fz(z — 0) I -
The fact that dist is a metric follows easily from the definition.
If (f3, f2) = (f1 0 f2, f2) is close to (g3, 92) = (91 © g2, 92), then
Area(log f4, log f3) — Area(log g5, log g3)
— Area(log(f3 0 g3 0 gs)'slog(f2 0 g5 © 2)') — Area(log g}, log gb)
= Area(log(f3 0 g3")' 0 g3 + log g5,log(f2 0 g5 ')’ 0 g2 + log gb)
— Area(log g5, log g3)
= Area(log(f3 0 g5') 0 g3, log(f20 ;") 0 g2)
+ Area(log(f3 0 g3')" 0 g3, log g5)
+ Area(log gi, log(f2 0 g )’ 0 g2).
Each term of the last expression is small by Proposition 3.8.
GLVs is not a topological group with respect to the topology given
by the above metric. However, it is easy to see that the composition and

the inversion is continuous at the identity. Moreover, we have the following
proposition.

PROPOSITION 4.6. — The composition
GL,Vg X GL,VB — GL,VB
(f1,f2) = fro fa

is continuous at (fy, f2) with f, being a C* diffeomorphism such that log f|
has the modulus of continuity |z|'/?|log|z||~!. The inversion

GL,V/) N GL,V{;
fr— !
is continuous at a C! diffeomorphism f such that log f’ has the modulus
of continuity |z|*/#|log |||~
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Proof. — For (g1,92) € GE'Vs x GLVs,
log(g1 © g2)'(x — 0) — log(f1 o f2)'(z — 0)
= (log g1(g2(z — 0)) — log f1(f2(x)))
+ (log g3(z — 0) — log f3(x — 0))
= (log g1(g2(x — 0)) — log f1(g2()))
+ (log f1(g2(x)) — log f1(f2(x)))
+ (log g3(z — 0) — log f5(x — 0)).

The first term and the last term are small if (f;, f2) and (g1, g2) are near.
Hence the propostion for the composition follows from the following lemma.

For g € GL'Vs,
log(g™")"(z — 0) — log(f~")'(x)
= —logg’' og™}(x—0)+log f o f(x)
= (—logg' o g™ (z — 0) +1log f' 0 g7}(z))
+ (—log f' o g~} (z) +1og f' o f ().

Since the first term is small if g is near to f, the propostion for the inversion
also follows from the following lemma.

LEMMA 4.7. — Let ¢ be a continuous function on R/¢Z with the
modulus of continuity |z|'/#|log|x||~!. Let f be a Lipschitz homeomor-
phism of R/¢Z such that || f —id||co < € and |f(z) — f(y)| < 2|z —y|. Then
there is a positive real number ¢ such that

Va(po f —¢) <c|loge|™.

Proof. — Let C be a real number such that
lo(z) — w()] < Cla — y|"/#|log |z — y|| .
Let A = {z1,....,zx} be a finite subset of R/¢Z. Since ||f — id||co < €,
I(p o f(z:) — p(x:)) — (p o f(xi1) — p(zi-1))]

is always smaller than 2Ce'/?|loge|~!. For those z;_; and z; such that
|zi —xi—1| > €, we use this estimate and we obtain an estimate for the sum
over such z;_; and z;

> lpo f(z:) — (@) — (9o f(mi-1) — p(zi-1))P
< 28CF¢| loge|‘ﬁ—§

= 2PCP¢|loge|~~.
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For those z;_; and z; such that |z; — z;_;| < €, by the assumption on f,
we obtain |f(z;) — f(zi-1)| < 2|z; — x|, and

(@ o f(z:) — p(x:)) — (@ 0 f(xi-1) — p(Ti1))]
<lpo f(zi) — @ o f(zi-1)| + |o(zi) — p(zi-1)]
<3C|z; — xi_lll/ﬁ| log |z; — ;1|71
The sum over such z;_; and z; is estimated by \
D e o f@:) — o(x:) — (¢ 0 flzio1) — p(zi-1))|?
< ) 38CP|z; — miy| |log |zi — i | | 7P
< Z3ﬂCﬂIm,~ —zi| |logs|—3
< 38CP1)loge|~".
Thus we obtain V(p o f — ) < (28 4 38)CP¢ |loge| 7.
Remark. — We can define similar groups of Lipschitz homeomor-
phisms of R with compact support and Theorems 4.2 - 4.4 and Propo-

sitions 4.5 - 4.6 are also true for the corresponding groups of Lipschitz
homeomorphisms of R with compact support.

Remark. — For the group GIY' of Lipschitz homeomorphisms
which are the integrals of functions of bounded variations, we have a sin-
gular cocycle. Let f be such a diffeomorphism. Then d(log f’) is a measure
on R/Z. We have the decomposition of d(log f’) into its regular, atomic
and singular parts.

d(log f') = d(10g f')reg + d(log f')atom + d(10g f')sing-
This is used by Mather ([12}, III) to show that 1-dimensional homology of
this group GX! is nontrivial. Then we have the following cocycles :

1 logf{OfZ d(Ing{°f2)reg
Cuoglfs ) =3 [[| 1oBS doE S

K

log f{ o f2 (08 £{© f)etom
logf{ (o8 f)aiom
. — l Ing{ °f2 d(Ing{ °f2)sing

Cons 51 =3 [ | “log 17" g e |

The corresponding area functionals are invariant under absolutely contin-
uous parameter changes. Ghys showed no nontrivial linear combinations
of Creg and Catom are invariant under conjugation by homeomorphisms
([3])- Up to now, we know no examples to show that Cging is nontrivial.

and

Catom(fl,fQ) = %/
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According to Mather ([12], III), there are a huge number of ways of decom-
positions of d(log f’) invariant under C! parameter changes. Hence there
are in fact many other cocycles constructed as above. Note also that any
pair of surjective homomorphisms a;,as : H;(GLY1;Z) — R induces a
surjective homomorphism a; Aq a2 : Ho(GEV1;Z) — R AQ R, but the
above 2-cocycles are not of this type.

It should be interesting to know dynamical and homological properties
of the groups GL*¥ for X = RCVg, CV;3,CQg, Vs, Qp, B, or G129 NGL:B,
GLVs N GLB. Note that there are inclusions between these groups which
correspond to those in the diagram at the end of §2. In [20] we will study

these properties, e.g., the perfectness of these groups, the property of 2-
cycles GV and GVj.

Remark. — For S of Proposition 3.11, G%S is the group of PL
homeomorphisms of the circle. The homological property of GL*S is rather
well understood. See [5] and [7].
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Cet article contient la premiére partie de mon exposé oral “Une
caractérisation de 'invariant de Godbillon-Vey” au Colloque de Géometrie
“Feuilletages et Singularités”. Les autres parties se trouveront dans mes
articles “Small commutators in piecewise linear homeomorphisms of the
real line”, “Homological and dynamical study on certain groups of Lipschitz
homeomorphisms of the circle” and “The Godbillon-Vey invariant and the
foliated cobordism group”.
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