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HOLOMORPHIC FOLIATIONS IN CP(2)
HAVING AN INVARIANT ALGEBRAIC CURVE

by D. CERVEAU and A. LINS NETO

0. Introduction.

A holomorphic foliation ^F in CP(2) can be given in at least three
equivalent ways :

(a) In affine coordinates (jc,y)eC2, by a polynomial vector field

P(^y)^~ + Q(^y)^~9 g-c.d. ( P , 0 ) = l . The singular set in the
ox 6y

coordinate system is by definition the variety {P== Q==0}. The holomorphic

solutions of -r~=P(x,y)—=Q(x,y) define the leaves of ^/C2 outsideat at
{P=Q=0}.

(b) In affine coordinates (x,y)eC2 by a polynomial 1-form
6 = P(x,y)rfy — Q(x,y)dx. In this case {^=0=0}, and the leaves of
c^/C2 outside {^=0=0} are the solutions of the differential equation
6 = 0 .

(c) Let us suppose that (B = P dy — Q dx is as in (fc) and
max(dg(P),dg(Q)) = n ^ 0. Let 7i: C2 - {(x,3;,z);z=0} -> C2 given by
r(x,y,z) = ( x / z , y / z ) . The TI;*CD = (o* has poles at z = 0 and so we can
write co* = z'^co, where CD is holomorphic and we choose k so that CD
is not divisible by z. Remark that CD satisfies the following properties :

(0 co A dco = 0 (integrability condition)
(«) if CD = A dx 4- B dy + C d z , then ^4, 5, C are homogeneous of

the same degree and xA + yB + zC = 0. We will write this
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condition as fp0) = 0, where E = x— + "w— + z— is the radial
9x ' 8y 9z

vector field and IE is the interior productor by E . Clearly (li)
implies (Q.

The singular set of ^ in homogenous coordinates is given by:

sing y = {A=B=C=0}.

Observe that if & = P dy - Q dx as in (fc) then
{P==g=0} = {A(x,y,l)=B(x^l)=C(x,y,l)=0}.

The degree of the foliation ^ is defined as follows : take an affine
coordinate system and write ^ as the solutions of P dy — Q dx = 0.
Let{L=0} be a straight line in C2. If L is not invariant by J^, then
the number of points p e L such that either pe{P=Q=0}, or the leaf
of ^ through p is tangent to L, is finite. The maximal number of
such points is bounded by max (dg(P),dg{Q)) = I . In fact for a generic
line L, this number is constant ([4]). We call this number the degree
of ^. If the degree of ^ is n and & is as above then P = p + xg
and Q = q + y g , where max (dg(p),dg(q)) ^ n, g is a homogeneous
polynomial of degree n, and max (dg(p),dg(q)) == n if ^ = 0 (cf. [4]).
If co is obtained from CD as in (c), then the degree of all coefficients
of (D is exactly n + 1.

)̂ /"^
We will say that ^ is represented by P — + <g — ? P dy - Q dx

ox oy
or co=y4^x+5^+Crfz and that each one of these objects represent e^.

We are mainly interested herein the case in which there is an
algebraic curve 5' c CP(2) invariant by ^. This condition can be
expressed as follows : let / = 0 be a reduced equation of S in
homogeneous coordinates and co be a 1-form in C3 which represents
^ ' . Then S is invariant by ^ if, and only if, df t\ co =/9, where 9 is
a 2-form with homogeneous polynomial coefficients. We will say also
that S (or f) is a separatrix of ^.

One of the problems we will consider here is the following :

Problem (Poincare [5]). - Is it possible to bound the degree of S
in terms of the degree of ^ ?

Of course, in general it is not possible as shows the example
/3 ,3

px — + qy — (p 7^ q positive integers) which has 3^ — x9 = 0 as a
ox dy

separatrix, but has degree one.
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However, if we assume some hypothesis on S or SF it is possible
as we will see. The result we will prove next, will provide such a bound
when the singularities of 5' are of nodal type, that is with singularities
of normal crossing type.

Let S be an irreducible curve on CP(2) of degree m and ^ be a
foliation of degree n having S as a separatrix. For each singularity p
of ^F such that p e S , and each local branch B of 5' passing through
p we associate the multiplicity of ^ at B, which is defined as follows :

take a vector field X = P — + Q — which represents ^ in aSx 9y
neighbourhood of p and a minimal Puiseux's parametrization of B, say
(p :Z>^C 2 , (p(0) = 0, where D is a disk centered at O e C . Then the
multiplicity of ^ at B is by definition i(^,B) = order of (p*(JSO at
T= Oe2)([8]). Remark that (p*^) is holomorphic and vanishes at 0,
so i(^,5) >'(). Moreover i(^,B) does not depend of the local
representation of ^ (see [8]).

PROPOSITION. — In the above situation we have :

(1) 2 - 2g(S) = SW-8) - m(n-l)
B

where g(S) is the topological genus of S and the sum is taken over all
local branches of S passing through the singularities of ^ in S .

Proof. — Take an affine coordinate system (x,y) such that S cuts

the Kae at infinity Loo transversely. Let X = P— + OT- represents ^
ox dy

in this^ coordinate system. The X\s is a meromorpNc vector field having
poles M S u Loo of order n — 1, as the reader can easily verify. Let
n : ' § - > S be a resolution of S by 'blowing-ups at ^he singular points
of S. Then 5 is smooth and 2—2^(5') = ^(§) the Euler characteristic
of S. On the other hand TC* (X\S) = X is a mei^morphic vector field
in §.

For each local branch B of S passing through ia singular point p
of X, we obtain a singular point p(B) of Y of^or<ler i(^,B). Since
the points of 5'nLoo are poles of JHs of order ̂ n — 1, we obtain for
each such point a pole of X of the same order. Finally by the Poincare-
Hopf formula we obtain (1). D
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COROLLARY. - Let S be an irreducible curve in CP(2) whose singularities
are all of nodal type. Let ^ be a filiation having S as a separatrix and such
that all singular points of^ on S have multiplicity 1. Then we have m ̂  n + 2,
where m= degree (5) and n = degree (e^).

Remark. - The multiplicity of a singular point p of ^ represented
,3 '3

locally by P — + Q — is the intersection number of P and 0 at Dox oy ~ ' '
This case occurs, for instance, when all singularities of ^ are of
Poincare type.

Proof. - Since the multiplicity of all singularities of ^ on S is 1
and S is a nodal curve we have i(^,B) = 1 for all local branches B
of 5' through the singular points of ^ on 5'. Let k be the number of
nodal points of 5'. For each nodal point we have 2 local branches of
S and so the contributions of the nodal points in ^ i(^,R) is precisely
2k. B

Then :
2 - 2g(S) = 2fe + <f - m(n - 1)

where ^ = ^ f(^,5) - 2fe ^ 0.
B

On the other hand the genus formula for 5' says that:

2 - 2 g = 2 - 2 ( ( w - l ) ^ - 2 ) - f c ) = - ^ + 3 . + 2 f c .
Hence :

2k + f - m(n- 1) = - m2 -h 3m + 2fe
so we have

0 ^ <f = m(n + 2 - m)

which implies the result. Q

In chapter 2 we will improve and generalize this result for arbitrary
curves 5' having only nodal points (reducible or irreducible) and for
arbitrary foliations. In order to do this we will introduce in chapter 1
the notion of relative division which will play an important rule in § 2.
In § 3 we will apply our results to study foliations of degree n having
singularities of Poincare type (we call this set ^); we will prove that
the subset ̂  c ̂  of foliations having a separatrix is an algebraic set
in ^.. At the same time we will give a short proof of Jouanolou's
result which says that in all degrees > 2 there exist foliations without
a separatrix.
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1. Relative division and Noether's Lemma for foliations.

Let 5' be a curve in CP(2) with homogeneous equation / = 0. We
will suppose that / is reduced. Let ^ be a homolomorphic foliation in
CP(2) of degree n given by CD = 0, where © = P dx 4- Q dy + R dz
and having S as a separatrix. We say that co has the property of relative
division mth respect to f (notation P.R.D.), if co = gdf'+ /u, where g
is a homogeneous polynomial and |i a 1-form. We say that co has the
property of relative division at a point p, if there exist germs g,p and
Hi such that co = g,p df + /Ui . We say that co has P.R.D. locally with
respect to /, if it has the property of relative division at all points of
C3-^}.

PROPOSITION 1. - If co has P.R.D. locally mth respect to f, then it
has P.R.D.

Proof. — We will use the solution of Cousin's problem in C3 — {0}
by H. Cartan. Let ((7a)aeA be a covering of C3 — {0} by polydisks such
that 0) U, = ̂  df + /u,, where g, e 0(U,) and u, e \\U,). If
^n £/p 7^ 0 we have (^a-^p)^/= /O^-Hcx). Since / is reduced in
^n £/p, we have ^ - g^ = /i^/. It's clear that (h^)u^u^0 satisfies
the cocycle condition h^ + h^ -\- h^ = 0, Uy_ n (7p n l/y 7^ 0. By
Cartan's Theorem [I], we can write h^ = ftp - ̂  where ^e<9(£4).
This implies that gy, + fco/ = gp + /ip/ in Uy, n £/p, and so we can define
a global holomorphic function g on C3 - {0} by g\Uy_ = ^ + h^/. By
Hartog's extension Theorem, g can be extended to C3. On the other
hand, u^ - h^ df = Up - fcp rf/ in £/a n £/p, and so we can define a
holomorphic 1-form u in C3 — {0} by [i\Uo, = u^ — ^a^/- This form
can be also extended to C3. It is clear that g and [i satisfy co = gdf + f[i.
Now, since / and co are homogeneous we can suppose that g and ^
are homogeneous. D

Before to state the consequences of this result that we will use, we
state an analogous result, which is a kind of Noether's lemma for
foliation in CP(2).

Let ^ and co be as before and J^(co) = (P,Q,R) be the ideal of
components of co. We will suppose that the set of singularities of co
has codimension 2.
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PROPOSITION 2. - Let g be a homogeneous polynomial in C3 with the
following property : for each p e C3 - {0}, the germ g,, belongs .to the
local ideal ^((»),p. Then ge^(w), that is, there are homogeneous
polynomials A, B, C such that g = AP + BQ + CR.

Proof. - Let (U^^be a covering of C3 - {0} by open sets such
that for each a € A we have

^) 8\U» ^ A,P + B^Q + C^R

where A,, B,, C,eQ(U^. ^Let ^ 'be the 2-form A^dy A dz +
B, dz A dx + C» dx A d y . Then (1') is equivalent to

(2) (B A u, = gSl, where Q = dx A dy dz.

Let u^p = u,, - up, for U^ n (7p ^ 0. Formula (2) implies that
o Au ,p = 0 in t/» n £/p. If E = x 3/ax + 3. 3/^ + z a/^ is the radial
vector field, we have ^(a) = 0, hence a A »^p) = 0 fc is the interior
product). Since the singular set of <a has codimension 2, we can write
^(u«p) = flap® (cf. [6]), where ft,pe^(£4n£/p) and satisfy the cocycle
condition /i,p + h^ + ̂  = 0 for ^ n l/p n U,^ 0. Now, if the
degree of © is k, the integrability condition © A dm = 0 implies that
^(Ao)=(fe+l)o). Hence we can write ^(p,p-^p dco) = 0, where
"ap - h^/(k+l). Since £ has no singularities in £/„ n £/p, we have

(3) u^p = .̂p do + ̂ Q, 4p 6 0(U,D £/p), £7, n £/p ^ 0.

Since u,p and /T«p satisfy the cocycle condition, <f,p satisfy as well. Now
from Carton's Theorem we have h^ - ftp - ft, and <f.p = ^ - ̂  where
ft,, 4e<9((7«). This implies that we can define a holomorphic 2-form
u in C3 - {0}, and so in C3, by u|t4 = u, + h, d(o + ̂ (D). Since
(D A da = 0 and co A i^(t2) = 0, weihave (B A u = gf2. As in the proof
of proposition 1 we can suppose-that u is homogeneous. D

Let us see some easy consequences.

PROPOSITION 3. - Let S be a smooth curve in CP(2) given in
homogeneous coordinates by an irreducible polynomial f of degree m Let
y be a foliation of degree n given by © (of degree n+l) having S as
a separatrix. Then co has P.R.D. with respect to f and m ^ n + I . If
m = n + 1 then y coincides with a foliation given by the level curves
of a mtional function of type f / g " , where the degree of g in 1. In
particular we can choose an affine coordinate system C^tO^) such
that ^/C2 is given by the level curves of a polynomial.
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Proof. — By proposition 1 we have o» == g df + /u,. Note that
f^co = 0 implies \i ^ 0. Therefore m ^ n + I .

If m = n + 1, then the degree of g is 1 and the degree of u is 0.
Since ^(o>) = 0, we have from Euler's identity that, ^(u) = - mg. On
the other hand, this implies that ^ = — m dg, because the degree of a
is 0, and so w = g df - mf dg = gm~ld(f/gm). Hence the foliation
^ coincides with the foliation given by the level curves of f / g " " . If
we take an affine coordinate system C2 c: CP(2) such that g = 0 is the
line at infinity then we have the last assertion. D

Remark. - It is possible to obtain Proposition 3 with the results
of [6].

PROPOSITION 4. — Let ^ be a foliation of degree n given by a
1-form 0). Suppose that all singularities of ^ are nondegenerated, in the
sense that both eigenvalues are non zero (this is equivalent to the fact
that y has y^-l-n+l distinct singularities). Let g be a homogeneous
polynomial in C3 \vhich vanishes on the singular set o/co. Then g e ^(co).

Proof. — The assumptions on G) and g , imply that they satisfy the
hypothesis of Proposition 2. D

2. Local relative division on C2.

In order to apply Proposition 1 in concrete cases it is necessary to
know how the foliation looks like locally. In this section we will give
some sufficient conditions to obtain the local relative division. Since the
local case is essentially in dimension 2, we consider a germ of curve at
O e C 2 , given by / = 0, / reduced. We denote by Ao(/) the set of
germs of analytic 1-forms at OeC 2 having / as a separatrix. A form
coeAo(/) if, and only if, © A df = /6, where 9 is a germ of 2-form.
Observe that Ao(/) is a (Pg^odule. Let Ai(/) be the set of germs of
analytic 1-forms at O e C 2 , which have P.R.D. locally with respect to
/. It is easy to see that Ai(/) is a sub-module of Ao(/).

PROPOSITION 5. - dime (——) < + oo .
\Ai(j)/

Proof. — Since / is reduced the quotient ° has support zero.
This implies the result. 1 D
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Now we give an explicit basis for the quotient when / is quasi-
homogeneous, that is, when f e^(f^,fy), the Jacobian ideal of / ([7]).
It is well known that in this case it is possible to find a coordinate
system (x,y) in a neighbourhood of 0, and a 1-form
coo == - kx dy + ^y dx, where k, f are positive rational numbers and
(DO A df = f dx A d y . Observe that ©oeAoC/).

LEMMA 1. — If coeAo(/) then there exist g , he (9^ such that
CD = g df + h^o.

Proof. — Since co and 0)0 have / = 0 as separatrix and / is reduced
we can write ©o A co = fg dx A d y , where g e (9^. Let ^ = CD — g df.
Then p, A cog = 0. Hence we have p, = hcoo, h e O ^ . Therefore
a) = g df •^ ho)o. D

LEMMA 2. - Let he (9^. Then h^e\^(f) iffheJ^(f^fy).

Proof. — Suppose first that /io)oeAi(/). Then we can write
hcoo = g df + f\\.. Hence

hf dx A dy = h^ A df = (^ ^/+/n) A ^/ = /^ A df ,

and so h dx /\ dy = [i /\ df , which implies that he ^(fx^ f y ) ' Conversely,
if he^(fx,fy), then h == af^ + bfy, or A dx A ^ = [JL A ^/ where
[JL == b dx — a d y . This implies that (fccDo — f[i) /\ df = 0. Since / is
reduced we have /icoo — f\\, = dgf , g e ( P z - D

PROPOSITION 6. — In the above situation,

AoCO = A^CO C C/i(0o ® • • • C C/^o

w^r^ /i, . . . , fy, is a basis of ^^^(f^fy).

Proof. — It is a direct consequence of the two preceding lemmas.

COROLLARY. — In the above situation ^(/^Jy).Ao c: Ai. In particular,
if f has only two smooth components which are transverse, then m - A o c: Ai,
where m is the maximal ideal of (9^.

Remark. — When / = 0 has two smooth transverse branches through
0, and 0) is a germ of 1-form having / = 0 as a separatrix then co
has P.R.D. with respect to / if, and only if, Ao(0) = 0. In fact, if
GO = dgf + f\t then Ao = dg A df + df A [i + / d\ji and rfo)(0) = 0
because df(0) = 0. The converse is a direct application of the above
results.



INVARIANT ALGEBRAIC CURVE... 891

3. Relating degree of separatrices and foliations.

Let 5' be a projective nodal curve, that is all its singularities are of
normal crossing type, with reduced homogeneous equation / = 0, of
degree m.

THEOREM 1. - Let ^ be a foliation in CP(2) of degree n , having
S as separatrix. Then m ^ n + 2. Moreover if m = n + 2 then f is
reducible and ^ is of logarithmic type, that is given by a rational closed

form 1^——5 where ^eC , and the /; are homogeneous polynomials.
J i ...x

Remark. — If 5' is irreducible then m < n + 1. Later on we will
give other bounds for m in terms of the number of nodal points of 5'.

Proof of Theorem 1. — Let co be an integrable 1-form in C3 which
represents ^ . Since 5' is a separatrix of ^ and / is reduced, we can
write,

(4) co A df + / do = f[i

where p, is a homogeneous of degree n (co has degree n+1).

Assertion. — If p is a singularity of /, then [i(p) = 0 .

Proof. — Let (x,y,z) be a local coordinate system such that / = x y .
Since / is a separatrix of co, we can write co in this coordinate system
as

(5) co = a^ dx + (3x ̂  + x^y dz

where a, P, y are holomorphic functions. Now, the 2-jet of the first
member of (4) is zero, as it can be easily verified. This implies that p,
vanishes at x = y = 0.

/co\
1st case : [i = 0. Observe that [i == 0 implies d — ) = 0. In this

case, if / = /i . . . fj, is the decomposition of /, then there are numbers

^, . . . , ̂ , such that ^ = E ̂ ^/ (cf- PI)- If ^ = ^g^6 of fh then
J 7=1 J j

k

^(co) = 0 implies that ^ ^//, = 0. Hence k ^ 2 and the coefficients of
7=1

co have degree m — 1, and so n == m — 2.



892 D. CERVEAU AND A. LINS NETO

2nd case : \JL ^ 0. In this case, .let g be a component of ^, g ^ 0.
Let V = { A ; A homogeneous polynomial of degree n and ^ vanishes in
the singular set of /}. We have V 1=- {0}, because g e V .

Let A e V - {0}. From proposition 1 and lemma 2 we can write
ho = a df -^- f ' r \ , where a is homogenous of degree 2n + 2 — m.
Suppose first that we can write ho as above in another way, say
h(Q-== dj df + /r|i, where a 7^ Oi. In this case we have
(a—a^df^ /(T|i—r|). Since / is reduced, then / divides a — a^,
hence m < In + 2 — w, and so m ^ n + 1. On the other hand, if
for each h e V — {0}, a is unique, 'then the correspondence h h-^ a is

; a well defined linear map from V Xo the space of polynomials of degree
2n + 2 — m. Let us denote this map by a(h). We can suppose that
it is injective. In fact, if it is not injective then / divides a polynomial
of degree n and so m^n. We want to prove that m ^ n + 2 or
equivalently that n < 2n + 2 — m. Suppose by contradiction that
n > 2n + 2 — m. We observe that for any h e V, the polynomial
a = a(h) vanishes in the singular set of /. In fact, if we take a local
coordinate system (x,y,z) in a neighbourhood of a singular point of /,
such that / = x ' y and CD is as in (5), then the first jet of
AGO — a df — fr\ •= 0, can be written as — a(0)(x dy-\-y dx) == 0, and
so a(Q) = 0. Let V^ be the space of homogeneous polynomials of
degree 2n 4- 2 — m which vanishes on the singular set of /. Then the
map a: V -^ 'Fi is an injective linear map. But this is not possible
because if A is any homogeneous polynomial of degree m — n — 2 > 0,
we can construct an injective map ^ : V\ -> V by ^(hy) = A ' h ^ . This
would imply that dim V = dim V^ and so the map ^ ^ an ^isomorphism
which can not happen (it is not possible that all elements in V are
divisible by all A's).

Now suppose that m = n + 2. We will prove that © is of logarithmic
type by induction on the degree k = n + 1 of co. In the case k = 1,
we have G) = L dM — M dL, where M and L are homogeneous of
degree 1. To see this, remark that since do is constant and dw A do = 0,
we must have rfo) = 2 dL A dM with L and M linear. Hence

co = - IE dw = L dM — M dL.

Suppose we have proved the assertion for all k < ko — 1, where
ko ^ 2, and let us prove it for .k = ko. in this case we have
n - ^ - l = f e o = m — I ? anc! so 2n + 2 — m = n, which implies that
V^ •= V. We can suppose that the map a: V -> Fi = V is well defined
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and injective. Let h be an eigenvector of a. We can write

(6) to)= \hdf + /TI, keC.

Observe that relation (6) implies that if h, is an irreducible factor of
h, then /ii divides / or T|. Since degree (h) = n < n + 2 ^ degree
(/), after performing all possible divisions, we will get

(6') ®=^/+/^ i ,

where /i divides / and /\ is not a constant. This implies that
dg(r},) < dg(Q). Let us write / = /i./^. Since ^(o)) = 0, we get from
(6') and Euler's identity:

Hence:
/î (ni) + W = o.

^Oh) = - X-m/2.

Now, let Wi = ^(/i), m, = dg(f,) and. fei = m, - 1 == ^Oh). If L^
is the lie derivative in the direction of Z£, we have :

(fci+ l)r|i = L^(r|i) = ^(rfriO + d(i^) = (fei-hl)(0i - 'km df,

where ^(©i) == k^ < k. Therefore we can write

(6-) © = ^df + /iG), - k^f.df,
m^

'\
= — [^2/2 df,-mj, d/2] + /i(0i.

fTig

Since 1^2/2 df, - m^ df^ = 0, we get ^((Oi) = 0. On the other
hand, it is easy to see that f^ = 0 is a separatrix of ©i and m^ = fe, -P 1,
so we can apply the induction hypothesis to f\ and ©i, to, obtain that

r

^i = /2 E ^jdhj/hj, where h^ . . . , h, are the components of /a. This
j=i

implies the last part of the Theorem. D

Let us consider now the case where / is irreducible of degree m.
We will give: some estimations on the degree of the foliations which
have / as a< separatrix and which do not satisfy P.R.D. with respect
to /. These estimations will be in terms of the number of nodal points
of / and assymptotically are better than- the previous (m^n+1). In
order to see the main idea, let us consider first; the case where / has
just one nodal point.
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THEOREM 2. - Let f be as above. If ^ is a foliation of degree n
having f as a separatrix and \vhich does not have P.R.D. mth respect

to f , then m ^ , + 2. Moreover this is the best estimation.

Proof. - Let CD be a homogeneous 1-form of degree n + 1 in C3,
which represents ^ . Let us suppose that the nodal point is (0:0:1) .
Take the linear functions x and y . By proposition 1 and the corollary
of proposition 6 the 1-forms x.co and y.w satisfy P.R.D. with respect
to /. So we can write :

(7) x.co == gi df + /Ui, y ' o = g^ df + /^

where dg(g^) = dg(g^ = n + 2 - ( m - l ) = n - m + 3 . Note that if
^ i = 0 then x divides Ui , which is not possible. Similarly ^2 ^ 0 •
Eliminating the term in co, we obtain (xg^-yg^) df == /Cyui-xuz)
which implies that either xg^ - ygi == 0, or / divides xg^ - y g ^ . If
^2 - ygi = 0, it is clear that x divides gi, and divides u.i, from (7).
Hence co has P.R.D. with respect to /. On the other hand, if / divides
^2 - ygi ^ 0, then m ^ n - m + 4 = dg^xg^-ygi), which proves
the first assertion.

In order to finish the proof we will construct an explicit example
having degree n = 2m - 4. This example will be constructed in affine
coordinates. We can suppose that the nodal point of / is at (0,0), and
can choose a coordinate system such that

f = ^ _ _ _ _ _ _ _ _ y 2 ^ ... = ^^^________^2^+p^

where rf^l+a) = rfg(l+|3) = m - 2. Let ^ be the foliation in CP(2),
which in this affine system is given by the level curves of the
meromorphic function x^l+^/^^l+p) = /i//2- This foliation can be
represented by the 1-form

(8) co,=x,( l+a)( l+P)^2 d x -2^+ d a—— d p

|_ x y 1+a 1+p^^^^—^-l
|_ x y 1+oc 1+pj

_ /2^ / i - f.df,
xy

Let CDo the homogeneous 1-form in C3 obtained from the above
after homogenization. It is not difficult to see that dg(^o) ^ 2m - 3,
and so dg(^) ^ 2m - 4. On the other hand coo does not satisfy P.R.D.
with respect to /.
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In fact, if it would satisfy, we would have in affine coordinates
(Oi = g df + /n, and so dc0i(0,0) = 0, because (0,0) is a nodal point
for /. But, if we compute Aoi(0,0) from (8), we see that
ric0i(0,0) = - 4 dx A dy . Hence d g ( ^ ) ^ 2w - 4 . Since
^(^) ^ 2m - 4, as we have proved at the begining, we have
dg(^) == 2m - 4. D

COROLLARY. - Let f , coo be as above and ^ be a foliation of degree
n having f as a separatrix. Let co represents ^ in homogeneous
coordinates. Then, either m + l ^ n < 2 m - 4 and co has P.R.D. with
respect to f , or n ^ 2m — 4 anri t/i^r^ ^;m^s a homogeneous polynomial
h of degree n — 2m + 4 5uc/i th<^ co — /icOo has P.R.D. mth respect to
f. Moreover, if p is the nodal point off, then h(p) == 0 if, and only
if, co has P.R.D. mth respect to f .

Remark. - If we call Ao(/,n) = {co;^(co)=n+ l,i^co=0 and
coAd/==/9} and Ai(/,n) = ({coe Ao(/,n); co has P.R.D. with respect
to /}, then the above result implies that

Ap(/,n) _ Co if n < 2m - 4
^ A ^ T ^ I I if n ^ 2 m - 4 .

Remark. - Let / == 0 be a curve with one nodal point and /< == 0
be a 1-parameter deformation of / with fo = 0 and such that ft is
smooth for t ^ 0. Let co be a 1-form having / == 0 as a separatrix. If
co has P.R.D. with respect to /, then it is possible to deform co in a
1-parameter family co< such that coo == (D and co< has /< = 0 as a
separatrix. On the other hand, if co has not P.R.D. with respect to /,
then this is not possible. This follows from the fact that co^ must have
P.R.D. with respect to /<, if ft is smooth.

Now we consider the case where / = 0 has k ^ 2 nodal points in
general position, that is, if k > 2 then there are k distinct straight lines
Li, . . . , Lf, such that for all j e { 1 , . . . ,k} the nodal points of / are
contained in (J L^

i^J

THEOREM 3. — In the above situation, if ^ is a filiation in CP(2)
of degree n, having f = 0 as a separatrix, then either SF has P.R.D.
with respect to f and m ^ n + 1, or :

1) If k ^ 3, then 2m ^ n + k + 2
2) If k ^ 2, then 2m ^ n + k + 3.
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Remark, — If all k nodes belong to just one straight line then it is
possible to prove that 2m ^ n + k + 3.

Proof: — Lett (o» be a? homogeneous 1-form of degree n + 1 which
represents ^ . We will! suppose that co has not P.R.D. with respect to
/. Let us consider the ease k ^ 3. Let Li, . . . , L^ be straight lines
such that for all j e { ! , . . . . , fe}, the nodal points of / are contained in
Li . . . Lfc/L; = 0. Set Lj = Li . . . L k / L j . Observe that,

(9) £/o = A, df + f^, for aH j e { 1 , . . . ,k}.

The above relations imply that for aH i ^ j , we have

(Lft, - L,h]) df == / (L,H, - Z^).

Now we have two possibilities: either L,fe, — Ljhj = 0 for all i 7^ J ,
or L,ht — Ljhj ^ 0 for some i -^ j. In the first case L, divides hj for
all i ^ j and this implies that CD has P.R.D. with respect to /, by (9).
In the second case / divides Lfti — Ljhj ^ 0, and so
m ^ n - m + f e + 2 = d,g{L)i,- Ljhj).

Suppose now that k ^ 2, or more generally that all nodal points
belong to the same line L. Take a point p ^ L and denote by Li, . . . , Lj,
the straigh lines joining p to the nodal points of /. We have :

(10) Leo = h df + f[i and L, . . . L^ = h, df + f[i,

where dg(h) = n - m + 3 and dg(h^ = n + fe - m + 2. Now <10),
implies that either L/ii - Li . . . L^h = 0, and in this case we have
P.R.D., or / divides

Lhi — Li . . . Lkh ^ 0 and m ^ n + k — m + 3 .

D

Remark. — Denote by fe' the minimum number of straigh lines
Li, ... , Lk' such that for all j e {1 , . . . ,fe'} the nodal points of / are
contained in Li . . . L ^ ' / L j = 0. With the same argument of the proof
of Theorem 3, it is possible to prove that, if ^ has not P.R.D. with
respect to /, then 2m ^ n + k' + 3.

Now we will consider the case where jf = 0 has k ^ 2 nodes and
the degree of the foliation is n ^ 2m — 4. Fisst of all we will construct



INVARIANT ALGEBRAIC CURVE... 897

k 1-forms ®i, . . . , G ) A of degree n + 1 = 2m - 3 with the following
property:

(11) if pi, . . . , pk are the nodes of / = 0 then Ao/O?,) ^ 9
if i + ] , and ^o (̂p}) ^0.

Remark that the forms w, are extremal for the inequality n ^ 2m-4.
It is enough to construct ©i. As we have done before, we will construct
o), in affine coordinates. Let (x,y) be an affine coordinate system in
CP(2) with the following properties :

(i) ^=(0,0).
(ii) pa ? • • • ? Pk are not contained in the line at infinity.

(iii) For all j ^ 2, p,i {jc=0} and p, ^ {^=0}.
(iv) The second jet of / a t (0,0) is x2 - y2.

We leave it to the reader the proof that it is possible to obtain
such an affine coordinate system. We can write,

/toO = -x2- y2 + A - y2^ = x^l+a) - ^(1+P)

where max {dg(l +a),^g(l +P)} = m - 2. We can suppose that:
( v ) ( l + Q W ^ O for a l l j e { 2 , . . . , f e } .

In fact, ofeseiw that dg(f) == m ^ 4, because fe ^ 2. On the other
hand,

/ = x^l+a) - /(1+P) = x^l+a+Pi^2) - ^(l+p+^x2) ,

and it is clear that we can choose KeC such that (l-+-a+^2)(p,) 7^ 0
for all 7 e {2 , .. . , f e} , because y^ipj) ¥- 0 for all j. Let us consider, as
before :«,-^.)(^(^-^^-^)

=2^(1 +a)(l + P) dx-2x(l +a)(l -h P) d^+x^(l + P) da-xy(l +a) dp.

Since dcbi(0,0) = — 4 dx A dy ^ 0, it is enough to verify that
^lipj) = 0 for j ^ 2. Let us fix j e {2 , . . . ,/c} and put / = /i — /2?
where /i = x^l+a) and /a = 3^(1-^-P). Note that 61 can be written
as

"•'^'(f)-^)^"-*^)^ \j2/ V2/ \j2/



898 D. CERVEAU AND A. LINS NETO

Now, observe that g(pj) ^ 0 and f^pj) + 0 by (iii) and (v). This
implies that

dd)i(^) = dg(p,) A (/,(?,) df,(p,) - /i(^)^(^))/(/2(^))2.

Since f(pj) = 0 and pj is a nodal point of /, we must have
fi(Pj) = /2<A) + 0 and ri/i(p,) = df^(pj). This implies that ^cOi(^) =
0 as we wished. The degree of (bi is clearly ^ 2m — 3. Moreover the
homogeneous part of higher degree of & i is of the form

9 == 2yab dx — 2xab dy + xyb da — xya db,

where a and b are homogeneous parts of higher degrees of a and P
respectively. If a and b are of the same degree m — 2, we have i^Q == 0,
where R == x S / S x + y 8 / 8 y . This implies that when we homogenize 61
we obtain a 1-form ©i in C3 whose degree is at most 2m — 3. If its
degree is less than 2m — 3 we can of course multiply it by a convenient
homogenous polynomial in order to get another of degree 2m — 3 and
with the same properties.

Let Ao(/,n) and Ai(/,n) be as in the remark after the Corollary
of Theorem 2.

THEOREM 4. - If n ^ 2m - 4 then dime " ' = k, the number
of nodal points off. lc7?n)

Proof. — Let ©i, .. . , (D^ be as in the above construction. Fix
n ^ 2m — 4 and consider homogeneous polynomious h^, . . . , hi, of
degree n — 2m + 4 such that hj(pj) = 1 for all j e { 1 , . . . , k } . Observe
that d(h^)(p,) = 0 if i ^ j, and d(h^(pj) == d^(pj) ^ 0 , for all
j'e { ! , . . . , fe}. We assert that for any 1-form coeAo(/,n), there are

k

^i, . . . , ̂  e C such that 00 — ^ V1/0/e ̂ i(/^) •
j= i

In fact, take ^i, . . . ,^ such that do)(pj) = ^dco^(^). From the
construction we have

k

Ao(p,) - ^ W,o),)0?,) = Ao(^) - MCO )̂ = 0.
j = i

Therefore, from the remark after the corollary of Proposition 6 and
k

from Proposition 1 we get that co = ^ \^/0ye Ai(/,n). This implies
;=i
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that dime———— ^ k. On the other hand, the forms ^iG)i, . . . , h^k
^AJ 7n)

are linearly independent, because d(hjWj)(p,) = 0 if i ^ 0 and
d(hjWj)(pj) ^ 0, j e { 1 , . . . , fe} . This implies that h^, . . . , ^co^ is in

fact a basis of the quotient space, and so dime = k. D
Ai(/,n)

Remark. - If k ^ 2 it is possible to construct foliations
^eAo(/,2m-5) which are not in Ai(/,2m-5), but we don't know
how to construct a basis of Ao(/,2m-5)/Ai(/,2m-5). The idea is to
decompose / = / i - /2 in such a way that /i == Z^M^l+oc),
/2 = A^(1+P), L, M, N are of degree 1, 1 + oc is of degree ^ m - 4
and 1 + P of degree ^ m - 2. It is not difficult to see that the
foliation ^ given by the level curves of the meromorphic function /i//2
is of degree ^ 2m - 5, / is a separatrix of ^, but ^ has not P.R.D.
with respect to /. Observe that N = 0 is a line joining two singularities
of /. In fact it is possible to write / = /i - /2 as above, if N = 0 is
not tangent to some branch of / = 0 at one of the singular points
that N = 0 joins. On the other hand, if N = 0 is tangent to some of
these branches, it is possible to write / = /i — /2, where
/i = L'M^l+a), ̂  = ^(1+P), where L and M have degree 1, 1 + a
degree ^ m - 5 and 1 + P degree ^ m - 1. In this case the foliation
given by /i//2 = has also degree ^ 2m — 5.

4. Some remarks for foliations whose singularities are
of Poincare type.

Let y ;be a holomorphic foliation on CP(2) and p a singular point
of ^ ; we say that ^ is of Poincare type at p if the ratio of the
eigenvalues of the linear part of X at p is not a positive real number,

' S 8
where x = P — + Q — defines ^ in an affine chart C2 containing p .

Sx 8y & '
Recall that if ^ is of Poincare type at p then ^ has two local
separatrices (and only two) at p ; moreover these two separatrices are
smooth and transverse. Denote by A^(CP(2)) the linear space :

A^(CP(2)) = {^=A d x ^ B d y - ^ - C dz,xA+yB-^-zC = 0,
dg(A)^dg(B)=dg(Q=n+l}.

Denote by ^ c P(Ai(CP(2))) the space of foliation ^ of degree n
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whose singularities are of Poincare type; ̂  is a real-Zariski open set
in a projective space. Let ̂  c ̂  be the subset of ̂  whose elements
are the foliations having an algebraic separatrix.

THEOREM 5. - Ifn ^ 2 r/i<?n ̂  is a proper algebraic subset of ̂ ,
t/iat LS, ^r^ exist homogeneous polynomials Pi, . . . , P^ defined on
Ai(CP(2)) such that :

^°n = ^n ̂  [^ defined by co, such that Pi(co)= • • • =PJco)=0}.

Proof. - Let ^ e^n be given by co, having an irreducible separatrix
5' = (/=0). We have,

® A df == / -9, 9 a 2-form.

Since the singularities of ^ are of Poincare type then either S is
smooth or is a nodal curve. As a consequence we have
m = ^CO ^ ^ + 2. Denote by Z(m,n) the set

{(co,/,e);coAd/=/.9,^((D)=^+l,^(/)=m,^(9)=n}.

Note that S(w,n) is an intersection of quadrics in a C^ and we can
easily see that:

^= ^nP(^E(m,n))

where pr^ denote the first projection (co,/,9) \—> co. This implies that
^ is algebraic in ^n \ to see fhat ^°n is proper we use the following
result of Jouanolou [3] :

THEOREM. — For n ^ 2 there exists an element in ^ without a
separatrix.

In fact Jouanolou proves that for n ^ 2 the foliation given by

&n= y-y^^dx - (l-xy^dy

has no separatrix. We give here a short proof of this result. (See also [4].)

Proof of Jouanolou Theorem. — Put N = n2 + n + 1 and
2m

^ = €~N ; consider the linear periodic map o(x,y) = (Pix,^"4'1}/). Remark
that a*6)^ = ^'^•co^, so the foliation ^ given by ©^ is equivariant
under the action of a. Remark also that the singularities of ^ are
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the a'O,!), i = 0, . . . , N - 1 and that ^e^. Suppose that So is
a separatrix of ^. Then

N
s - U ^(So)

is a a equivariant separatrix of e^. We know that dgS ^ n + 2.

If S has a nodal point this point is a singularity of ^\ and by a
equivariance S has n2 + n + 1 nodal points which is impossible for a
curve of degree ^ n 4- 2 (except for n = = l ) . So 5* is a smooth curve,
hence irreducible, of degree m ^ n + 1. From proposition 3 we can
write :

co^i = a<y + /T|

where co^+i and / are homogeneous equations of ^\ and S . We claim
that S contains some sigularities of ^\; if not a would be a constant
and T| = 0 which is not possible because i^ri+i = 0- So all the
singularities of ^ are on S and are given by (a=/=0); by Bezoufs
Theorem we have :

n2 + n + 1 ^ m-dg(a) = m(n+2-m) ^ (n+l ) (n+2-m)

and 1 ̂  (2-m)(n+l) ; so m = 1 and the singularities are on a line.
D

Remark. - For n = 2 it's possible to prove that ^7^ ^2 by
computing precisely all components of ^; this is possible because we
know all the configurations of curves of degree ^ 4 (reducible for
degree 4) which are either smooth or nodal curves.

Consider now an element of ^\ = ^;; such a foliation has 3 lines
as separatrices and the singularities are precisely the crossings of the
lines; so the following question seems to be natural:

Is it possible for an element in ̂  to'have all the singularities on
a separatrix ?

THEOREM 6. - Suppose that ^ e ̂  and that all singularities of ^
are contained in a separatrix S ; then n = 1.

Proof. - Let co^+i and / be homogeneous equation for ̂  and S ,
m = dg(f) ^ n + 2. If all singularities of ^ are in S by Noether's
lemma for foliations / is in J^(co^+i) and as a consequence

n + l ^ m ^ n + 2 .
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If m = n + 2, then co^+i is of logarithmic type that is / == /\ . . . fp
and

co^+i = /I^—, S .̂m, =0, m, = dg(f,).
Ji

In this case it is easy to see that the singularities of ^ on S are
precisely the singularities of 5'; so we have :

n2 + n + 1 = # nodes of S ^ (M+2^+1)

which is possible only for n = 1.

Now if / eJ^(co^i) is of degree n + 1 there exists a constant two
form r|o = a dy A ^z + (3 dz A rfx + y dx A ^ such that

(*) co^+i A r|o = /-^c A dy A ^z.

By changing linearly the coordinates it is possible to suppose that
r\o = dy /\ d z . Write co/,+i as :

co^+i == A dx + B dy -\- C dz

then (*) implies that A = /, and so ^ == 0 is a separatrix of co^+ i ;

as a consequence the constant vector field — is tangent to A = 0, so

A(x,y,z) = A(y,z) doesn't depend of x. Hence A = 0 consists of planes
passing through the x axis. But, since the singularities are of Poincare
type, there are at most two planes in A = 0, and n + 1 ̂  2. D
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