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0. Introduction.

In this paper, we shall generalize the result obtained in our previous
paper [H3] for Q to totally real fields F. Namely we will give a p-adic
interpolation of the standard L-function 2(s,f,g) of GL(2) x GL(2)
over F regarding all ingredients s and cusp forms f and g as variables.
Although the idea of dealing with this problem is the same as the one
employed in [H3], we encountered new difficulties arising from the fact
that the number of variables of our p-adic L-function grows very
rapidly according.to the degree of F. In fact, our p-adic L-function
has at least as many as 2[F:Q] + 1 independent variables. The reason
for this many number of variables is that the p-adic nearly ordinary
Hecke algebra h™°" defined in [H2] is an algebra finite and torsion-free
over Z,[[X;,...,X,]] for r 2 [F:Q] + 1 and our p-adic L-function is
a p-adic analytic function on the spectrum of the product of two copies
of this big algebra. The p-adic continuation of such L-functions along
the cyclotomic line (hence of one variable) has already been obtained
in a series of works of Panchishkin[P1] and [P2] by a method totally
different from ours. Thus the main point of interest in our work is the
continuation including the non-abelian variables on the spectrum of the
Hecke algebra. Our method of interpolation is a p-adic adaptation of
Shimura’s way [Sh1] of showing the algebraicity for these special values,
which we call the p-adic Rankin-Selberg convolution method. In fact,
Shimura went much further and showed algebraicity for 2(m,f,g) in
[Sh7] and [Sh8] for each pair of forms f and g of mixed weight (i.e.
the weight of f is greater than that of g for a part of infinite places
of F and for the other part, the weight of f is less than that of g).
In this paper, we will show the algebraicity for p-adic L-functions only
when the weight of f is larger than that of g at every infinite place.
Thus the evaluation of our p-adic L-function when f and g are of
mixed weight is still an open question. This paper is written with an
important application to the Iwasawa theory for CM fields in mind
which I intend to discuss in subsequent joint articles with J. Tilouine
(cf. [HT1-3]). In fact, it seems that the solution of the many variable
main conjecture for CM fields might not be so far away and its proof
should be based on deformation theory of Galois representations
established by Mazur and the theory developed here.

Now let us introduce some technical notation to state our result in
a precise form. In fact, we shall use the notation introduced in our
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previous papers [H1] and [H2] and here we briefly recall them. We fix
a rational prime p, algebraic closures Q and Q, and field embeddings
1,:Q—>Q, and 1,:Q » C. Let I be the set of all field embeddings
of F into Q. We may regard I as the set of infinite places of F via
1, and then the weight of modular forms is a pair of elements (k,w)
in the free module Z[I] generated by embeddings in I. We identify
F, = F® R with R’ and embed F into R’ via the diagonal map:
ar>(a°)sc;- Then the identity component G,. of GL,(F,) naturally
acts on & = #' for the Poincaré half plane »#. We write C, . for
the stabilizer in G, of the center point z, = (\/—'1 ... .,\/:_1 )in &.
Then for each open compact subgroup S of GL2(FAf), we denote by
M; ,(S;C) the space of holomorphic modular forms of weight (k,w)
with respect to S. Namely M, ,(U;C) is the space of func-
tions f: GL,(F,) — C satisfying the holomorphy condition on GL,(F.)
including cusps and the automorphic condition :

flaxu) = f(X)jx »(Up,2,) "' for o€ GL,(F) and ueSC,,,

where jk,w<<(cl Z>, z) = (ad—bc) “(cz+d)* for (‘CI Z) € GL,(F,) and

ze % . We write S, ,(S;C) for the subspace of M, ,(S;C) consisting of
cusp forms. Here we used the convention that ¢’ = [] ¢ for

cel

¢ =(¢o)sc;€C and s = ) s,0€eC[I] and we refer to [H1],§2 for the

cel
exact definition of these spaces where the space S, ,(S;C) was written
as Sy, 1(S; M,(F);C). Actually we fix a pair of weight (n,0) such that
n = 0 (this means n, > 0 for all 6) and v > 0 and put k=n + 2t
and w=1t— v for t =) o. To have a non-trivial modular form of

weight (k,w), we need to assume that n + 2v = mt for an integer
meZ. In fact, each irreducible automorphic representation m spanned
by forms in S, ,(S;C) has non-unitary central character which is equal
to | |2™ up to finite order characters for the adelic absolute value | |,.
The twist n* =t ® | |4/ is called the unitarization of n. Let us now
define the L-function 2(s,f,g). Let fe S, ,(S;C) and ge S, ,(S;C) be
commun eigenforms of all Hecke operators outside the level of S and
S’. Let = and =’ be the irreducible automorphic representations spanned
by f and g. Finally let f and g° be the primitive forms associated with
n* and Y. Write n*=Q®n;, 7' = ®n'y, and =n; = n(n,,M,) or
oM My) > T = m(&,,&q) or o(&,,&;), whenever possible, for principal
series representations m(a,, B,) and special representations o (a,, B,) . Here
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we used the convention adopted in [H5], §2 to write down these
representations and, for example m(n,,mg) or o(n, mn,) is the unique
infinite dimensional irreducible subquotient of the induced representation

of the character : (g Z) — Ne(@)Na(d) lad|y®. Let r be the integer ring

of F and let ®, be a prime element in the g-adic completion r, of
at each prime ideal q. We may assume that m,n; '(x) = |x|; ' (resp.
E.8a 1(x) = |x|g ") if m¥ (resp. m;*) is special. Then we define the Euler
factors D,(X), if neither n¥ nor m,* is super cuspidal, by

Dy(X) = (1=E(a)n,(a)X) (1 —Eq(a)nq(9)X) (1 =&, (a)nq(9)X)
. X (1=Eq(a)q(9)X),

where
Ne(®,) if m, is unramified
ne(q) = . . .
0 if m, is ramified
N, (®,) if mg is unramified and w; is principal
() = 0 if either m; is ramified or m, is special

and we define £,(q) and &.(q) in exactly the same manner for n;*. If
either m; or m;* is super cuspidal, we simply put D (X) = 1. Then

0.1 2(s.£.8) = [[ D(N (@777

and
D,(s.5,8) = [[ Dy(N (@) 75) 1.

[:%¢4

Thus up to finitely many Euler factors, Z(s,f,g) coincides with the
standard L-function L(s,n“xn'*). Therefore, in general, our p-adic
interpolation only yields a possibly meromorphic p-adic L-function for
the primitive complex L-function L(s,n“xn'*). We hope to discuss the
problem of p-adic holomorphy for primitive L-functions on a future
occasion.

Now let us introduce the notion of p-adic Hecke algebras. Let r be
the integer ring of F and fix an ideal N prime to p in r. Then we
consider the open compact subgroups :

S@p*) = {(‘z 2>e Ula=1 mod p*, d=1 mod Np*, csOmode“},
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where U is the standard maximal open compact subgroup of
GL,(F, f). To consider the Hecke algebras, we fix a finite extension
K/Q, in Q, containing F° for all cel and write @ for its p-adic
integer ring. Then we write h, ,(Np*; 0) (=1, ...,00) for the Hecke
algebra for the space S;,(S(p*);C) with coefficients in ¢ and
hp 34 Np*; 0) for its nearly ordinary part. See §3 in the text for the
detailed definition of these algebras. Especially h, ,(Np®;0) is the
natural projective limit of h, ,(Np* @) with respect to o (and hence is
a large compact ring) and is known to be independent of the choice
of (k,w). Thus we write h™*(N; ©0) for h}3*(Np™;0). In h™"4(N;0),
we have a natural Hecke operator T(y) (v € F4,) corresponding to the
y O
01
the usual Hecke operator to obtain the right definition of T(y); for its
precise definition, see §3). The central action of F; on S, ,(S(p*);C)
gives a group homomorphism : F; — h™*(N; ©)*, which actually factors
through the compact quotient :

double coset action of S(p*) )S(p"‘) (in fact, we need to modify

Z(N) = F;|F*Sp(p®)F5+,

where Fj, is the identity component of FL and Sp(p*) =
(\S®*) N F} ;- We will identify Z(N) with the Galois group of the

strict ray class field modulo Np® over F. Similarly, the map u+— T(u)
for uer, for r, =1t ®;Z, is actually a group homomorphism. Thus
we have a continuous group homomorphism :

G = G(N) = Z(N) x 1 - h™"(N;0)".

Let O[[G]] be the continuous group algebra of G. Then by the above
homomorphism, h™*™(N; ©) becomes naturally an algebra over O[[G]].
We now fix a decomposition G = W X G, for the maximal finite

subgroup Gy, of G and W = Z; 2[F:Q]=r=[F:Q]+1). Then the
continuous group algebra A = O[[W]] is non-canonically isomorphic

to the r-variable power series ring over (. Then it is seen in [H2],
Th. 2.4 that

It

0.2) h™"(N; 0) is finite and torsion-free over A.

Let L be the quotient field of A and we fix an algebraic closure L of
L. We take a pair of primitive (in the sense of Th. 3.4 in the text)
A-algebra homomorphisms A : h>*%(N;0) - L and ¢ :h™"(J;0) - L.
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Let K (resp. M) be a finite extension of L containing the image of A
(resp. ). LetI (resp. J) be the integral closure of A in K (resp. M).
Extending scalar if necessary, we may assume that Q, I = 0 and
Q,nJ = 0. Our p-adic L-function is a p-adic meromorphic function
on the space Z(I) x Z(J), where

Z (@) = Homy,,(I,Q,) = Spec N(Q,).

In fact, it is an element 2 of the quotient field of I ®,J, where
I ®,J is the m-adic completion of I ®,J for the unique maximal ideal
m. We consider it as a function on & (I) x ¥ (J) by

2(P,Q)=P® Q(2) for (P,Q)eZ() x Z(J)

whenever it is well defined. Any point P:1—- @ in Z(I) is called
arithmetic, if for a small neighborhood of 1 in W, P coincides with
the character Z(N) X r, 3 (z,a)—> A (2)"a’€ O™ for a pair of weight
(n,v) with n >0, v>0 and n + 2v = mt, where &/ : Z(N) > Z; is
the cyclotomic character given by the Galois action on p,~. Here we
used the convention that a’ = [] a®’. We write m(P), n(P) and v(P)

for the corresponding m, n and v for each arithmetic point P. Then
G>(z,a) » P(A(z,a) N (z) " "a™"

is a finite order character of Z(N) X r, . We write this character as
(Yp,¥p) for characters Y, and Y of Z(N) and r,, respectively.
Similarly, we define a pair of finite order characters (¥q,%e) of Z(N)
and r, for ¢ and an arithmetic point Q of Z(J). These characters can
be computed explicitly (see § 3). Let o/ (I) be the set of arithmetic point
of I. For each arithmetic points (P,Q)e (1) x & (J), it is known
that P(A(T(y))) and Q(@(T(y))) are algebraic and hence can be considered
as complex numbers via 1, (see §3). Moreover there exists a (unique)
common eigenforms f, (resp. go¢) in S; ,(S(p*);C) for

k=n(P) + 2t, w=1t—v(P) (resp. k=n(Q)+2t,w=t—v(Q))
and for suitable o such that

(03) f|T(y)=PATONfr and gol T()=Q(e(T())ge (see § 3).

By near ordinarity, the automorphic representation attached to f, and
g, are never super cuspidal at places over p. Our p-adic L-function 2
m(Q) —m(P)

interpolates the special values @(1 + 3

> fp, g‘é) for the complex
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conjugate form g2 of go,. We write n* (resp. n*’) for the unitarization
of the automorphic representation spanned by f, (resp. g§) and use the
notation introduced above (0.1). Especially §,, &;, n,, n, are meaningful
for primes p over p. We also write W'(f;) (resp W'(ggq)) for the prime
to p-part of the root number of the standard L-function of n“ (resp. n'*)
(see (4.10c) for its precise definition). Finally we fix a finite idele d
whose ideal is the absolute different d of F and put D = |d|;'. Then
our result can be stated as »

THEOREM I. — There exists a unique element & in the quotient field
of 1 ®,J satisfying the following interpolation property : Let (P,Q) be a
pair of arithmetic points in /(I) X o/ (J) satisfying the following two
conditions :
(04a) ¢t < n(P)—n(Q), n(Q) — n(P) + 2t < (m(P)—m(Q))t and
v(Q) = v(P),
(0.4b) 9y and ®p are both induced by finite order Hecke characters
of Fx/F~ unramified outside p,
for which we use the same symbol, and put
C(P,Q) = D1+m(Q)—M(P)2(—n(P)—n(Q)+Zv(P)—2v(Q)—41}

n{ZD(P)- 20(Q)— n(Q)— 3t)in(Q)— n(P)}

x Tr(n(Q)+v(Q)—v(P)+20)l'r(v(Q) —v(P) +1),

_ p Vo N 1o(N) ™V IW (g)
W(P’ Q) XQ:DXQOOWP@\IJP@( 1) '/V‘F/Q(N)(M(P)/Z)Wl(fp)

o 11585 @) I’ (d)IGE, Y, DGE, = 1)
blp nn'(de)|EE (dp) |G 7)

where G(a,) is the local Gauss sum which will be defined in §4 and

Te(s) = [] T'(so), {s} =Y s,€C for s= Y s,oeC[I].

cel cel

Then 9 is finite at (P,Q) and we have

2, 1+ﬂ(Q__)_2—_m_(}l), £, g‘é)

9(P,Q) = W(P,Q)C(P,Q)S(P) 'E(P,Q) XD ’

where f; is the primitive form associated with n* @ Vp, (fp,fp) is the self
Petersson inner product of fp and S(P) and E(P,Q) are Euler factors at
p which will be defined in Lemma 5.3 below.
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We can even determine the denominator of 2 in the following
sense : For any element H in I which annihilates the congruence module
of A (see §5 for definition), (H® 1)2 is integral, i.e. is contained in
I1®,J, The value H(P) of H may be regarded a p-adic analogue of
self Petersson inner product (f3,f;) (see for example [H7]). Since
(H®1D is an element of I ®,J, which is a finite extension of
O[[W x W]], formally it has 2r variables. However, from the fact that
D,(5,1,RE,85RE ") = D,(s,f5, gy) for idele class characters § unramified
outside p, we see that the number of independent variables of 2 is in
fact equal to 2[F: Q] + 1 if the Leopoldt conjecture is true for F.

The root number W(P,Q) and the constant C(P,Q) look complicated
but in fact are compatible with the e-factor at p predicted by the
standard conjectures proposed by Coates and Perrin-Riou[Co] (see
also [P2]) if one admits the existence of the motives M (f;) and M(gy)
attached to f, and g, which is certainly verifiable in view of the
method of Blasius and Rogawski [BR] of constructing Galois represen-
tations of fp, and gq (*). Another method of construction of such Galois
representations by Taylor [T] combined with a result of Carayol tells
us that the Galois representation of M(f,) ® M(gg)" satisfies the
hypothesis I(p) in [Co], §6, where M(gg)" is the dual of M(gg). In
fact, the p-adic Hodge-Tate type of the motive M(f,) at o el is equal
to its Hodge type at o (considered to be an infinite place) given by
(ns+1+v,,v;) for the weight (n,v) of f, (e.g.[HS], Prop.2.3, [HS8],
Remark 5.2). Hence the weight of M(f;) is given by m(P) + 1. Therefore,
up to finitely many Euler factors outside p, we have

. m(Q)~m(P)
¢ 20+

fp, 22) = LOM(f;)®M(gq)").
Under the condition (0.4 a), the motive M(f,) ® M(gq)" is critical in
the sense of Deligne [D]. To see the compatibility of our result with
the standard conjecture, we may assume that ' = Y} is trivial by
replacing f, by f, ® V' and g, by gh ® £~ (this is tantamount to
changing point P and Q). Since these conjectures only deal with
cyclotomic twists, by assuming that N=J =1, we can get to the
point much faster, getting rid of the innocuous contribution outside p.
Moreover under this assumption, the above equality (*) is exact. For
(*) This remark and the following explanation is added under the request of the referee
of the paper. Although this might be clear from the Langlands functoriality and our

expression of the L-function, it might help the reader to understand the constant from
the motivic side.
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the moment, we suppose that y{, is also trivial. Then, we can take
" (ME)®M(ge)') = QPO [ G(xy)
with P
D1+M(Q)~m(P)Q(P’Q) = (21.”-){—2v(P)+2v(Q)+n(Q)+t)(_2i)(n(P)+at}n{2t)(f;’ f;,)
as Deligne’s motivic period of (M(f,) ® M(ge)" . The computation to.
obtain this expression is standard and in fact can be found is many

places, for example, [P2], 1, 4, 5.3-4, [H3], Remark 4.6 and [H8],
Remarks 5.2 and 8.2. In [Shl] and in [P2], v(P), (resp. v(Q),) is

* written as ko ; ko (resp. l°;l°>, and m(P) = k, and m(Q) = l,. When

Yo 1s non-trivial, we find another point Q' such that n(Q') = n(Q),
v(Q’) = v(Q) and g is trivial. Then go = go» ® %'~ *. Thus

M) @ M(go)' = M(fr) @ M(ge)" (X)),

where for a motive M, M(y') denotes the twist by the Artin motive
attached to x'. Thus we may define

T (MM (ge)' (1)) = QPO [T Goxs)
P

because H GOLxy) G(xp-1) = H G(xxp) mod Q(x)* . Since &, = YXp>
P P

this explains the factor G(§,-1{;-1) in W(P,Q) and powers of 2mi in
C(P,Q). We now concentrate on the following factor which really
depends on the cyclotomic twist :

E8'(d,)G(E, "Vp-1)G(Ep-1¥,-1)
*¥) E'(P,Q) = E(P, : ,
(**) (P,Q) ( Q)H BRA]

which is identical with the factor defined in [Co], §6, in view of the
Hodge-Tate type of the motive given as above and the Langlands
functoriality property of the e-factor shown in [J] for L(s,n*Xn'%) in
the case of non-supercuspidal local representations (see Lemma 5.3 for
the exact form of E(P,Q) and also (4.10c) in the text). For example,
if M(,) and M(g,) have good reduction modulo p, ie. all the
characters involved : &,, &,, n, and n, are unramified for all p|p, we
have

: (1~ By (P (1 — B, ' (p))
E'(P,Q) = = . -
- pr.,l,(l—ocplﬁp(p)%(p) DA —a-1B,(P) A (P) )




320 p-ADIC L-FUNCTIONS OF GL(2) x GL(2)

By our convention of the parameterization of the representation,
the  Langlands  parameters of =’ (resp.m): o, (p) ' A (p)”"
=E&,(p) "' A (p)” @2 (which is in fact written as &,(®) in Lemma 5.3)
and  og(p) "' A (P) T =EPIA () O (resp. B,(p) = N, (p) A (0)" "
and B,(p) = n,(p)A (p)"®'?) are eigenvalues of the Frobenius element
acting on the l-adic realization of M(gg)" (resp. M(fp)). Thus we see
from the Hodge-Tate type of these motives that this expression coincides
with the formula of the modification factor in [Co], Lemma 7. It is
easy to check that the expression of (**) in Lemma 5.3 in the general
p-ramified case gives again the modification factor in [Co], § 6. We will
not give the details of the argument since the detailed comparison of
e-factors and the Euler factors at p between motivic side and automorphic
side is given in [HT2], § 8 under the assumption that both A and ¢
have complex multiplication. This assumption on A and ¢ is not at all
restrictive because locally at p, the local representation is of this type
and these factors only depends on local representations. Especially, the
restriction of our p-adic L-function to the cyclotomic line passing
through a given point (P,Q) supplies a p-adic L-function attached
to the motive M(f,) ® M(gq)" described in [Co], Conjectue A4 for
general motives ; in particular, the restriction gives Panchishkin’s p-adic
L-function [P1], [P2]. Anyway, noting that

—_ ’ ’ _ 220 (P)+2v(Q)+2n(P)+2n(Q)
6 - XQoonoo ll’Poo\l’lPoo( l)l

is independent of P and Q, we could have written the evaluation
formula in the theorem as, when N =J =1,

VE'(P,O)AO,M(P,Q))

2(P,Q) = dw(P)S(P)~ 0P.0)

where

'y
P) =
v = w6 v

and for M(P,Q) = M(f,) ® M(gq)" ,

AQ,M(P,Q)) = Tr(n(Q) + v(Q) — v(P) + 2t)
x Tp(v(Q) — o(P) + t)L(O,M(P,Q)).

We hope this explanation clarifies the nature of the constants in the
theorem. When 9(s,fp,g%) is primitive (i.e., when the conductor of
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Ve is divisible by NJ), we can get a simple expression as above.
However, if not, especially when local representation of either of m and
n' is super cuspidal at q|NJ, the lack of a simple expression of the
local e-factor at q causes a little trouble (cf. [H3], Lemma 5.2 (ii)), which
is one of the reasons that prevent us from taking this formulation in
the theorem besides the fact that the theorem is formulated keeping
our later application in [HT2] in mind.

Now we give a brief outline of the paper. In § 1, we summarize
results on Fourier expansion and define the adelic g-expansion for
complex modular forms. In §2, we discuss the stability of spaces of
modular forms with integral g-expansion coefficients under various
Hecke operators. This result will be used to prove in §3 the duality
theorem between Hecke algebras and their spaces of modular forms.
This duality is a key to our convolution method. In §4, we give an
exposition of the adelization of the classical Rankin-Selberg method
employed in [Shl], which is a little different from Jacquet’s way [J].
In §5, we restate Theorem I as Theorem 5.2 and deduce it from a
crude but more general result (Theorem 5.1), which in turn will be
proven in §10. In §6, we give an exposition of the computation of
g-expansion of Eisenstein series according to Shimura [ShS] and in §8,
this computation will be incorporated into a definition of p-adic
Eisenstein measure which is more adelic than original Katz’s definition [K].
In §7, we summarize definitions and properties of various operators
acting on spaces of p-adic and complex modular forms, which are
necessary to carry out the computation. In §9, we discuss the p-adic
Rankin-Selberg convolution method in detail.

Notation. — We summarize here adelic notation we will use. The
integer ring of F is denoted by r. We denote by F, (resp. A) the adele
ring of F(resp. Q). We write F,, (resp. A,) for the finite part of

F, (resp. A). Similarly F,, denotes the infinite part of F,. Any element
xe F,(resp. xe Fy) is a sum X, + X, (resp. a product xx,) for
xfeFAf and x,eF,. For any xe F, and a prime ideal q of ¢, X, is

the g-component of x. For infinite place cel, we write x, for the
o-component of x € F,. Then we denote by ey: F,/F — C* the standard

additive character such that e;(x,) = exp <2ni2xc>~ Abusing a little

[
this notation, for any element x and any subset X of F, or F; and
an ideal N of r, we write xy and X for the projection of x and X
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to || F,, where F, is the q-adic completion of F. We also write £ for
qIN

the product []r, of the g-adic completions r, over all prime ideals q.
q

We extend these conventions to any algebraic group defined over Q of
F we shall use. Especially, we write G for Resy,qGL(2) and G, is the
infinite component of G(A) and G, is the connected component of
G, . Similarly FJ, is the connected component with identity of F, .
We also write G(A), (resp. F5.) for G(A;)Gy+ (resp. FA;Fy.). We use
the notation introduced in [H1] and [H2] throughout the paper with
only brief explanation.

1. Fourier expansion of Hilbert modular forms.

Let F be a totally real field and N and M be integral ideals of F.
We write G;q = Resg,o(GL(2);r). Let U = GL,(t). We begin with
studying the g-expansion of Hilbert modular forms on G(A) = GL,(F,)
with respect to the various open compact subgroups given by

Uy(N) = {(2‘ Z)e Ulc eNf},

Vi(N) = {(“ Z)e U,(N)|d = 1 mod Nf},

o -{f

d
UN.M) = (% P)eu)beMt and a=d=1 mod MN?}.
c d

o

(YR

)e VilN)la = lmode},

Let Ux(N) = UN)N F, ;f and decompose

h(N)
Fy = F* a,Ue(N)F5. with a;eFj .

i=1

Let (n,v) € Z[I]* be a pair of weights with n + 2v = mt for t = ) ©.

(e}

We consider the space of modular forms M, ,(U(N); C) of weight (k,w)
for k=n+ 2t and w =1t — v (cf. [H1], §2). We can also decompose

h(N) -1
G(A) = | GQHUN)G,, for ti=<aé) (1’>

i=1
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where G, . is the identity component of G(R). We define several
discrete subgroups by

E = {cer”|e»0}, t*(N) = {eer*|e=1mod N},
E(N) = Ent*(N), and for a fractional ideal a,

roco = {(2 0)<(v ")

where & > 0 means that £° > 0 for all ce . Then we see

ad-bce E, a=d mod Ne E/E(N)},

tE-UN)ti '*Go+ N GL2(F) = I'(N;a:) for ai = air.

For any congruence subgroup I' of the form I'(¥;a;), we consider the
space M, ,(I') of modular forms f:% — C satisfying the following
conditions : (i) fl,,Y(2) = f(Y@))jrw(¥,2)""' = f(z) for all ye and
(i) flx o for all ae GL,(F) N G, has the following type of Fourier
expansion :

Sflew(2) = a0, fl4,,0) + Z a(&, flrw2)er(E2),

O<EEF

where a(&,fly,) e C and ex(£z) = exp (2mi Y, £°2,) and actually &

cel
runs over totally positive elements in a Z-lattice in F. For each
fe M, ,(UN);C), we define f(z) e M, ,(I'(N;q;)) by

(2) = Jia(tes 20) (L) (f(ti(y; x;)) = y;zfi(z)),

where z,=(/—1,...,./—1D)eZ =#" and u,eGL,(F,) with
u,(zo) = z. (Hereafter, we always write z=x+iy for xeF, and
yeF,,.) Then, as seen in [H1], (2.6 a), (2.8), this correspondence

induces an isomorphism :
h(N)

M, ,(UN); €) = M, ,(E- U(N) ;C) = ® M (T (N; a,)).

Each element f of M, ,(I'(N;a)) has the following Fourier expansion :
f@ =a0,)+ Y a@,[fes(Ez) for the different d.

0«Eead 1

Now we compute a(ef, ) for e€ E. By an easy computation, to have
a non-trivial f, we need to suppose that

(1.1a) g7 = N pe®)™ =1 for all g€ E(N).
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We then have f(gz) = ¢”“f(z) for e e E(N) and

(1.1b) a€, f) = €%a(E,f) for all ee E(N),
and a(0,f) =0 unless weZ-t for t= ) o.

cel

Now take fe M, ,(U(N);C) and consider the Fourier expansion of the
corresponding element f; e M, ,(I'(N;a;)):

) = y;Wf(r,(yg’ ";)) =a0f)+ 3 a(Efee(&2).
0«<Eead ™
We fix throughout the paper a finite idele d such that dr = d is the
absolute different of F. Let @ be the composite of all F° in Q for all
cel. Let r, be the integer ring of ®. We write ¥~ for the integer
ring or a valuation ring of a finite extension K, of ®. We then assume

(1.2) In v, a°¥ is principal for every integral ideal a of F and for
any cel.

We choose a generator {q°}e ¥ of q°7 for each prime ideal q of t
and define {a’}e ¥ for each fractional ideal a of F as in [H2], §1.
Then {a"} is a generator of a’¥ . For each ye FJ+, writing y =
Ea; 'du with ue Up(N)F ., we define a function F+3yr—a(y,fleC
and Fi+2y — 2,(0,HeQ, (f a(§,f)eQ for all i) by

(1.3a) a(y.f) = a(E,1){y""}&" ailx and
a,(y,f) = a(&, 1)y, g’ A (a)™"
if y=Ea;'du and ue U(N)F}, and yetF},,
and otherwise a(y,f) =0 and a,(y,f)=0,

where A": Z(1) > Q, is the cyclotomic character such that
N () =y, lysla’ for ye F5. We then have, by choosing a; so that
ai,p = ai,oo = 1’

(1.3b) ap(y,f) = a(y,0){y’}(yp)™" for all yeFX+.

If y=Ea;'du=E"a; du', then 0 «x e =E7'E" = u' "'ue Up(N) and
hence ¢ € E(N) and

a8, )" = a(eE,f))e’e" = a(8,f)8"e" "e” = a(&,1)8".

Thus a(y,f) (resp. a,(y,f)) only depends on the cosets of y modulo
Up(N) (resp. Up(Np®) = {ue Ug(N)|u,=1}). Similarly we define a
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function FX+3y > a,(y.H) e C (if v=[v]t with [v] e Z) by
ao(y,f) = a(0,f))|a:] A" if y=CEai'du (ue Ur(N)F%+,E€FY),
which is a function on Clz(N) = F{+/FX Up(N)F.), . Define a function

f, on
B(A), = {((y) ’f)

by the Fourier series

fo((g ’f)) = [¥la{a(vd D)1 y12"
+ T a(EydD{Eyd) HEye) erlibya)er(E3)}

E»0

ye F{+ and xeFA}

Then for all i, we have
n(zi(yg ";)) =y {a(o,fi) + % a(ﬁ,f,-)eF(E,z)}

0<<§Eub_1
— X Vo Xoo .
()

We see easily from the above expansion that f, is left-invariant under
B(Q)., and therefore f, coincides with the restriction of f to B(A), .
Namely we have

THEOREM 1.1. — Each fe M, ,(U(N);C) has the Fourier expansion
of the following type :

f((ﬁ }‘)) = [ylatao(yd, Dl yI2™

+ ) a@ydH{(Eyd) HEyL) " er(iEyx)er(Ex)},

0«EeF™
where Fi+ 3y ay(y,f) is a function invariant under Fi Up(N)F} . (i.e.
it factors through Cly(N)) and vanishes identically unless we Z-t, and
F{+ 2y a(yf) is a function vanishing outside £ Fy, and depending only
on the coset of y;Up(N). Moreover, formally replacing ep(i§y)er(Ex) by
q° and (§y,)~" by (&d,y,)”", we have the g-expansion :

f= /V(y)_‘{ao.p(yd,f) + X ap(éyd,f)qﬁ},

oxEe F*

where a, ,(y,f) = a,(y,H).A4 (yd =)
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We call the above expansion as the g-expansion of the p-adic
modular form corresponding to f (if a(y,f)e Q). Especially if one
specializes y to a;', we can recover the g-expansion of the p-adic
modular form f; out of the above expansion. To see this, first write
the expansion

W(y)‘l{ao,p(yd,f)+ Y ap(&yd,f)qé}

O«<EeF X
as
N ) Ha,pd. D/ M+ Y a,(Eyd.0)(Ey,d,) (§y,d,) g%

0<EeF*

and then replace A#""' by | s and (§y,d,) °q" by (Eya) ‘er(iy,)er
(€x). In this way, one recovers the Fourier expansion of f. A simple
computation yields :

(1.4) N (d)"(9)g(g) = |dlafg.

Here the above formula implies that the formal g-expansion
A (d)"f(q)g(q) corresponds to the complex modular form |d|,fg. We
can formulate the Fourier expansion for modular forms with respect to

the group U(N,M) similarly to Theorem 1.1. Since for o = <'(7)l (1)),
aU(MN)a~ ' = U(N,M) and
M, ,(UMN);C)af — flo(x) = f(xa) e M, ,(U(N,M); C)

gives an isomorphism: M, ,(U(MN);C) g/Mk,w(U(N,M); C), it is a
mere interpretation of Theorem 1.1 and hence we leave it to the readers.

Now we consider the space N, ,(S; C) of nearly holomorphic modular
forms of weight (k,w) (in Shimura’s sense) with respect to each open
compact subgroup U. The space Ny , »(S;C) for 0 < me Z[I] consists
of functions f: G(A) - C satisfying the following properties (cf. [Shl],
[Sh2]):

NH.1. f(axu) = jx (e 2,)” ' f(x) for ue SCy. and ae G(Q);
NH.2. For each xe G(A)), we define £.(2) = jx ,(tho,20)f(xtUs) for
u, with u,(z,) = ze #".
Then f.(z) = a(0,f)(@dny) + Y a(&,f.)(4ny)ex(Ez) for a polynomial
0« € L(x)
a(&,f,.)(Y) in variable (Y,)sc; of degree less than m, in Y, for each o,
where L(x) is a lattice of F depending on x.
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We write f; for f, and define
(1.5) if yetrF%, and y = Ea;'du with ue U(N)FX,,
a(,DH(Y) = {y~"}& ailaa(E,£)(Y),
a(y,H(Y) = yo* A "N(an)E"a(E, £:)(Y),
and otherwise
a(y,f) = a,(»,f) = 0.
Similarly we define a function F} 3yt a,(y,0)(Y) e C[Y] by

DY) = 1aifxa@.£)(Y) if veZ-t and y=Ea;'du

(ue U(N)F%. £ € F). Then the Fourier cxpansion of f(@ T)> s

given by, for Y = (4ny,)"',
(1.6) [ylaia,pdD(Y)yz'+ Y aEyd,H(Y)

E»0
{(§yd)"}(Ey=)~*er(ify~)er(Ex)} .

Moreover, formally replacing ez(i§ y)er(£x) by q°, (E_,ya(;)"” by (&d,y,)"
and 4ny, by y,, we have its g-expansion:

f=W4" {ao,p(yd,f)((yp)”)y;" + Y ap(éyd,f)((yp)_l)qi},

0xEeFX

Where aO,p(y’f)(Y) = aO(y’f)(Y)

Let S be a subgroup of Uy(N) containing U(N). For any subring
A of C containing ¥~, we define

Mkw(UsA) = {fEMkw(UaC) |a0(y,f)EA,a(y,f)eA},
mk,w(U;A) = {fEMk,w(U; C) |a(ysf) € A}
Nrw.m(U; 4) = {f € New.m(U; C) |a(p,0)(Y) € A[Y], a0(y,)(Y) € A[Y]}.

Now we introduce differential operators on &% :

WA 19
5£=2-m<2—ly‘;+‘a—z’;> and d° = x— ~—-

For each 0 < re Z[I] and ke Z[I], we further put

(172) 5 = { [T 3%, sarya - -szc)}

cel
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dr — { H dorc}.
cel -

Then we see (cf. [Sh2], (1.8))
(L.7D)  8k(f|kuwx)=kf)| k+2rw+rx for x€ GL2(Fx)+,

and thus, defining 3;f by a(y,8;f)(Y) = {y™**"}&" "|a,lxa(&,85f)(Y)
and 2,(y,055)(Y) = |a;[4a(0,85f,)(Y) if y = &a;'du, we have

(1.8) BKE(X) = jk+zr,wsr(Xoo, 20)  OR(H(X) det (Xeo) ~%j (X, 20)F) .

and

Note that Uy(Np*)/U(Np*) = (x/Np*t)* x (r/Np®t)™* via the correspon-
dence : (Z Z)n»—»(d‘l,a“d)e(r/Np°‘r)x X (r/Np*t)*. Thus we can
consider, for each pair of characters y, ' of (x/Np®r)* with values in
the subring 4 of C, a subspace of Ny, .(U(Np*); A) given by

(19) Mk,w(UO(Npa)9\l"a\|’;A) = Nk,w,m(UO(Npa)a\l”a\v;A)

N M, ,(U(Np*); 4)
and
Nk,w,m(UO(Npa)"I’la‘j’; A)

= {fe Ny b n(UNP*); A)|f1{z,ad> =V )V (0)f},

where f(|<{z,a)(x) = f(xu) for ue Uy(Np*) corresponding to (z,a) in
(x/Np°r)* % (x/Np®r)*. Note that Ny, .(Uy(Np*),¥',¥; 4) is reduced
to 0 unless { factors through (r/Np®r)™/E.

ProrosiTiON 1.2. — Suppose that A contains Q. Then 8} sends
Nt wm(U; A) into Nisor i r.m+r(U; A). Moreover if k, > 2m, for all o,
fe Nk wn(U(Np*),V',\; A) can be expressed uniquely

f= z 8;—err Wlth freMk‘zr,W‘r(UO(Npm)s\I’l’\ll;A)'

o<r<m

This follows from [Sh1l], Lemma 4.10 applied to each f;.

2. Stability of integral forms under the Hecke operators.

Let ® be the composite of F° in Q for all cel. Let r, be the
integer ring of ®. Let S be a subgroup of U,(N) containing U(N). In
this section, N is an integral ideal of r and may have common factors
with p. Hereafter we suppose that ¥ is the valuation ring corresponding
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to the fixed embedding 1,: ® - Q,. Thus we may assume that {y’} = 1
whenever yr is prime to p. We then define, for any 7 -algebra A in C,
Mk,w(S;A) = {fe Mk,w(S; C)|30(y,f) € A and a(ysf) € A}a

m, ,(S;4) = {fe My, (S;C)la(y.f) e 4}.

We can prove the following lemma in exactly the same way as in [H1],
Cor. 4.5 using Shimura’s Galois action on modular forms [Sh1], Th. 1.5:

LemMa 2.1. — Suppose that Uy(N) > S > U(N). Let o be a non-
negative integer. Then for S(p*) = S n U(p®*) (0<a € Z) and for any finite
extension K/® in C, we have

M, (S(P*); K) = My ,(S(p%); ®) ® K.

By this lemma, for any automorphism o € Aut (C/®) and for each
fe M, ,(S;C), there exists f° e M, ,(S;C) such that

2.1) a(y.f°) = a(y.f)° and a,(y,f°) = a,(y,f)° for all y.

We now study the effect of Hecke operators T(wm) on the coefficients

a and a, for a prime element @ in r,. Decomposing the double coset

U(N)(t(r)I ?)U(N) into a disjoint union |J)U(N), we define
iyi

fIT(w)(x) = Y f(xy,). The operator To(w) is defined by {w~°}T'(w) (see

[H1], §3). We write down the formulas only for a, because one can
recover the corresponding ones for a by (1.3 b). A simple computation
using the following explicit decomposition :

U(N)<f)’ ?)U(N)= U (“g Y)U(N)u(é g>U(N) it afN

and
U(N)(“(’)m ?)U(N)= U m(‘i’; 'f)U(N)([H2], (16) if alN,

yields, for fe My ,(U(N);C),
(22a) When w is a prime element of x, for prime q outside N,

a,(y.f| Ty(m))
= a,(yw.D{v " "to;+ A (){a” "}a,(yw " fKa)){w"}w, ",

aO,p(ysfl To(m))
= N (@)"a,,(yo,0)+ 4 (@) "N (q) ", ,(yvo " f]<{qD)
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(2.2b) If w is a prime element of t, for prime q dividing N,
a,(y.f| To(w™))
= ar(yu",D{w " }wi, ao(y,f| To(w™)) = anr(yu™1),

and
a,,(0.f| Ty(®)) = A (@) "a, ,(yw.f).

When q is prime to N, we write usually 7(q) and T,(q) for T(w) and
T,(w) because these operators do not depend on the choice of ®.

0 b

Now we consider the action of T(a,b) = [U(N)(a 0) U(N)]
for a, bery . Note that x = <8 b> normalizes U(N) and

-1
x = b<ab0 (1)> We compute the Fourier expansion of f|7(a,1) as

above and we have

(2.2¢c) For a, beryx,a,(y,fIT(a,1) = a,(ya,f)a

aO,p(y5f| T(a’l)) = aO,p(yaaf)aza
a,(y.f|T(a,b)) = a,(yab™"f|b)ayb,"

and  a,,(y,f|T(a,b)) = a,(yab™ " f|b)ah, " .

Let us now define the Hecke algebra H, ,(S;7") (resp. hy ,(S; 7))
by the ¥ -subalgebra of End (M, ,(S;C)) (resp. End¢(Ss (S C))) gene-
rated by T,(n)’s for n outside N, T(w™)’s for q dividing N and T(a,b)’s
for a,bery. Put

H, ,(S;4) = Hew(S;7) ® 4 and  hy ,(S54) = hy ,(S;77) @4 4

for each 7 -algebra 4 in C. We also define a topological group G by

G =G(N)=Z(N) xr, for Z(N)x F{/F* Ug(Np*)Fg. .
Then (z,a) € G acts on M, ,(S;C) via {z,a) = T(a"',1){z>. Thus the
Hecke algebra becomes an algebra over the group algebra A[G].

THEOREM 2.2. — Let S be a subgroup of Uy(N) containing U(N).

(i) For any finite extension K/K, and an ¥ -subalgebra A of K, we

have a natural isomorphism : My ,(S; K) = M, ,(S; A) (? K.

(i) Let A be an integrally closed domain containing ¥~ . Suppose
that A is finite flat over either of v~ or Z,. Then M, ,(S; 4) is
stable under T,(n) for all n outside N, To(w™) for each prime

element w of r, for prime q outside N and T(a,b) for all
a,beryx.
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(iii) Let A be as in (ii) and define a pairing
() my,(S;4) x Hy o(S;4) > A4 by (fh) =a(lflh)eAd.
Then we have the following natural isomorphisms under this pairing :

Hom, (my ,(S;4),4) = Hy,(S;4), Hom, (Hy ,,(S;4),4) = my,(S;4).

Proof. — We can prove the second assertion for T(n) for all n
outside N and 7T(a,a) = (a) in exactly the same manner as in the
proof or [H1], Th.4.11. As for the assertion for T,(w™) and T(a,b)
follows from the assertion for T(a,a) by (2.2 a, b, ¢). The first assertion
follows from the third assertion by the argument given in [H1], § 7 in
the proof of Theorem 4.10. We now prove the third assertion. First
assume that 4 is a field. For each prime ideal q, we fix a prime
element ®,. Then each yetn Fy , can be written uniquely that y =
al]w®,*“u with ue Ug(N), acry~. Write n for ([] ©,°®)r and define

q qfN
(2.3) T(y) = T(a,)T(m) [[ T(w,°) € H ,(S; 4),
qIN| )
To(y) = TO){y ™"} = T(a,DTo(n) [] To(w,*®) € Hy (S5 4).
qlN

Then by (2.2 a, b, ¢), we know (f,7,(y)) = a(y,f). Thus if (f,h) = 0 for
all he H; ,(S;A4), then a(y,f) = 0 for all y and hence f = 0. On the
other hand, if (f,h) = 0 for all fe M, ,(S;4), then

0 = (fIT,(»),h) = {1h,To(y)) = a(y,flh) for all y and f.

Thus flh = 0 for all f and hence h = 0 as an operator. This shows
the pairing is non-degenerate at the both side. Since 4 is a field and
M, ,(S;A4) is of finite dimension, the pairing is perfect. The general
case where 4 is no longer a field can be handled in exactly the same
way as in the proof of [H1], Th. 5.1.

3. A duality theorem for p-adic Hilbert modular forms.

We now fix a valuation ring O (in Q,) finite flat over Z, containing
t,(¥"). We also fix an integral ideal N prime to p and take a subgroup
S of U,(N) containing V,(N) as in [H1], § 2. We put S(p*) = S n U(p*)
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and consider the limits

M, (S(P”); 4) = lim M, ,(S(p*); 4),
m; ,(S(p*); 4) = lim my,(S(Pp*); 4),

Sk.uw(S(p*); 4) = lim Sy ,(S(p*); 4)

on which the Hecke algebras

H; ,(S(®”); 4) = lim H, ,(S(p*); 4),

by w(S(p™) 4) = lim b, ,(S(*); 4)

naturally acts. Here implicitly we think that A4 is either @, its quotient
field K, ®, Q, Q, or its p-adic completion Q. For the operator T(y)
in §2; we define a new operator

T(y) =1lm T(y)y,* in  Hyu(S(PT);4).

Using the g-expansion coefficients a,(y,f) and a, ,(y,f) defined in (1.3 b),
we introduce a p-adic norm by

Hpr = Supy('ap(y’f)lpslao,p(y9f)'p) = Sup}’(|a(y!f)\palao(yaf)|p)a
If|, = Sup, (|a,(y.,f)I,) = Sup, (|a(y,f)I,.

Here we know from (1.3b) that |[a,(y.f)|, = |a(y,f)|, and
lay,,(y,f)|, = [a,(y,f)|,. We denote the completion of M, or Sy, (resp.
m, ;) under the norm || ||, (resp. | |,) by M, , or S, (resp. my,).
For each fe M, ,(S(p®); 4) and for a p-adically complete ring 4 (e.g.
A=0,K or Q), we can regard the function y> a,(y,f) (resp. a, ,(y,f))
as a continuous functions on

F=1in F,://Up(p“’) =limtn F;I/Up(p“) (resp. Z = lim Clz(p*)),

where on each S, = £ n F; /Ur(p®) (resp. Cle(p*)) for finite o, we give
the discrete topology. Let Il be the semigroup of all integral ideals of
F. Then we see easily that

(3.1a) J =, x Il as a topological space,
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because S, = F, X £*/Up(p*) and £, = Il and

B/ Ur(p®) = (x/p"r)".
More precisely, we have an exact sequence of topological semigroups
(3.1b) 1l >, » 4 1 -1,

where the first inclusion is induced from the natural inclusion of v,
into F5r and the second projection comes from the natural association
of ideals with ideles. Anyway, writing ¥(X;A4) for the space of
continuous functions with values in 4 on any topological space X, we
know that M, ,(S(p™); 4) (resp. m; ,(S(p™); 4) and S; ,(S(p™); 4)) can
be embedded into the space ¥(F UZ; A) (resp. €(F;A)). We now define
a pairing :

() Hew(S(P™);0) X miu(SP*);,0) - O bS’ (h,f) = a,(1,flh).

For any ¢-module M, we denote by M* the ¢-dual module Hom, (M, 0).
Then we can deduce from Theorem 2.2 the following key duality result
in exactly the same manner as in [H3],§1:

THEOREM 3.1. — The above pairing induces isomorphims :

Hi.o(S(p*); O)*
hk,w(s(pw); @)*

IR

M. (S(p~); 0) and Hxw(S(p*); O)* = Hew(S(P); 0)

IR

Sku(S(P*); 0) and Sk .(S(P®); 0)* = hew(S(P®);0).

As already seen in [H2], Th. 2.3, there exists a canonical algebra
isomorphism

(3.2) heo(S(P™); 0) 2 har, (S™); O)

for all pair of weight (n,v) with n > 0, v > 0 and n + 2ve Z-t, which
takes T(y) to T(y) for all f¢fmF;f. This shows that S, ,(S(p*); 0)
is independent of (k,w) (whenever n>2t) as a subspace of ¢(£uUZ;0),
which hereafter we denote by S(S) or S(N) if S = V(N) for N prime
to p. Similarly, we write h(S; 0) (and h(N;0) if S=V,(N) for N prime
to p) for the Hecke algebra in (3.2). We write M(S) for the completion

of {Z M, . (S(p™); K)} NE(FuZ;0) under || ||, inside € (FUZ;0),

k.w
because we do not know whether this space coincides with M ,(S(p®); )
or not. We simply write M(N) for M(S) when S = V,(N). We can
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extend the operator T(a,1) for aer, on €¥(FUZ;A) as follows: Any
function fe 4(FuUZ;A) is a pair of functions (f,f,) with f: % — 4
and f,: Z - A. Then we define

fIT@D(x)=f(ax) and  f|T(a,1)(2) = fo(az).

Then the natural injection M(S) —» €(£ UZ;0) is equivariant under the
action of T(a,1) by (2.2c). On the other hand, we can extend the
character :

II(Np) = {aellla+Np=t}an — {(n) e H, ,(S(P*); 0)
to a continuous character of Z(N) = lim Clz(Np*). Write [n+20v] for
mif n+2v=m) o with meZ. Then, (n) acts on M, ,(S(p%); 0)

via the multiplication of A" (n)***! if n is trivial in Clz(Np*). Since
(&) for &£e F* is the identity operator in H, ,(S(p®); 0), the operator
{b) for ber, with b ="1modp* acts on M, ,(S(p*);0) via the
multiplication of b~"7*". Namely, for fe M, ,(S(p®);0), we see

a(y,fI<b)) = a(y,b™""*f|b) = b~""™a(y,f).
We now define T(a,b) by (b)>T(ab™',1). Then we have
2,(y.f|T(a,b)) = ap(yab™',f|<b)>) for a, ber,.

Since a(yb,f) = a(y,f) if feM, ,(S(p*);0) and b = 1modp*, if
a =b = 1mod p*, '

8,00 I T(a,b)) = a,(,f1<bY)a™"b* = a,(y,f)(ab™")"*b ">

It is then easy to prove (by using the above action of ;) that

{Z M, (SP™); K)}ﬁ‘f(fuz;@) = {@ M, .(SP™); K)}ﬁ‘g(fuz; 0).

Namely the transition from Fourier expansion to g-expansion is injective
on SB M, ,(S(P*); K) = Y, M ,(S(p°); K).
W k,w

We now identify G, = lim Uy(Np*)/(V,(N)NnU(p*))xr * with a subgroup

of G = G(N) = Z(N) x t; by the map:

(g g) > (b~ a;'b,).
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Thus (z,a)eG acts on S, ,(UWNp®);0) via the operator
{z,a) = T(a ', 1){z). Defining a new action by
{2,a)p, = N (2)"""®)z,a), we know that this new action factors
through the finite quotient CI(Np*) X (r/p*r)™ of G. For each pair of
characters y: Clz(Np*) » 0™ and V' : (xr/p*t)* —» O™, we define

Sk,w(Npa"'"a\P; (9) = {fesk,w(U(Npu);(O)If|<zaa>n,u
= VY@V (a)f for (z,a) e G(N)},
where we understand Y(n) = Y(n) for an idele n with ny, = ng = 1

and n = nr. Summing up what we have shown, we get

COROLLARY 3.2. — In €(F#;0), the closure S(S) of Si..(S(p™); O) is
independent of the weight (n,v) if n >0 and v >0 and the group
G(N) = Z(N) x t, acts on S(S) continuously such that on
Sk.u(Np* V', 0), (2,a) acts via the multiplication of Y (2)Y' ()4 (2)"""*"a”.

Since h(S;0) is a compact ring, we can decompose

h(S; 0) = h™"(S;0) ® h*(S;0) as an algebra direct sum

so that T(p) is a unit in h™"*(S;®) and is topologically nilpotent in
h*(S; ®) (see [H2]). The idempotent e of the nearly ordinary part
h™°(S; 0) in h(S;©) has a simple expression :

e = lim T(p)"'

n—o0

after projected down to hy ,(S(p®);0). Let S™(S) = S(S)|e (resp.
Snerd(N) = S(N)|e) be the nearly ordinary part of S(S) (resp. S(¥)).
For any ideal a of & = O[[G]], we define

Srerd(N)[a] = {feS™(N)|f|g = 0 for all gea}.
We also write S™%(N)[P] instead of Sb“'“d(N)[Ker (P)] for any
0-algebra holomorphism P: O[[G]] - 0.
- COROLLARY 3.3. — Let P, be the algebra holomorphism of O[[G]]
into O corresponding to the character :
G3(za) —» YV (@A @) ™ae0”,

where (U,V') is a character modulo Np*. Then we have

Sn'ord(N)[Pn,u.\v,\v'] = S;c‘:owrd(Npa’w',q,;@)

under the identification : ( 0) > (b7'a,'b,)€G on ty, Xty

a
0 b
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Proof. — By [H2] Th. 2.4, denoting the localization P = P, , of
h™°"(N;©) by h™"*(N; 0),, we have natural isomorphism

h™"(N; 0)p/ Ph™"(N; 0)p = h}3(Np*, V', ; K)

for the quotient field K, where h} 3 (Np*, ', {; K) is the nearly ordinary
part of the Hecke algebra over K in Endg (S; ,(Np*, V', {; K)). Actually,
in [H2], Th.2.4, this fact is proven only when V{' is the identity
character but the argument given there can bé applied to the general
case. This implies the kernel Ker of the natural map

p: h™m(N; 0)/ Ph™"(N; 0) — B (Np™, W', ¥ 0)

is annihilated by an element X outside P. Since O[[G]]/P = O, P is a

prime ideal of height dim (O[G]]) — 1. Thus for the unique maximal
ideal m of O[[G]] containing P, there exists a positive integer m such
that P + XO[[G]] > m™>p™. Thus Ker is annihilated by p™. Since p
is surjective and the image of p is O-free, by dualizing p, we have an
isomorphism

p* 1 SEUU(Uo(Np™), W', W5 0) = Wi (Np*, V', ; O)*
= (W™"(N; 0)/ PR " (N; 0))* = S™"(N)[ P,y yy]-

The last isomorphism follows from [H3], Prop. 7.3.

We now fix a decomposition G(N) = W X G, (N) so that W is
Z,torsion free and G, (N) is a finite group. Then W = Z; for

r=[F:Q]+ 1+ 8, where & is the defect of the Leopoldt conjecture
for F (ie. 0 <6 <[F:Q] and 6 =0 if and only if the Leopoldt
conjecture holds for F). Thus continuous group algebra A = O[[W]] is
isomorphic to the r-variable power series ring over (. Write p
(resp. Zir(N)) for the torsion part of r, (resp. Z(N)) and decompose
Z(N) = W X Z(N) and &, = W’ x p so that W= W x W’'. Then
Gir(N) = Zioe(N) X u. Let L be the quotient field of A. We fix an
algebraic closure L of L and the embedding of Q, into L. Let A:
h™°"(N;0) -» L be an A-linear map. Since h™°*(N;0) is finite over
A([H2], Th. 2.4), the image of A is contained in the integral closure I
of A in a finite extension K of L. Let #(I) be the p-adic space
Hom,_ ., (I,Q,) and o/ (I) be the subset of Z(I) consisting of (¥-algebra
homomorphisms which coincides with P, ., on A for some n > 0

b
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v >0 and ¥ and V'. Then, by [H2], Th. 2.4, the composite A, = Po A
for Pe o/(I) induces an O-linear map, for a suitable a0 > 0,

Ao WYY (Np% Q) > Qp for k=n(P)+ 2t and w=1t— v(P)

and hence by the duality (Th.3.1 and Cor. 3.3), we have a unique
p-adic form f,e S}y Np*Q,) such that a,(y,fp) = Ap(T(y)) for all
integral y. Thus any A € Hom, (h™*(N; 0),]) gives rise to a family of
modular forms parametrized by o/ (I). We thus call each A-linear form
A as above an I-adic form. Especially, if A is an A-algebra homomorphism,
each specialization fp is a common eigenform and is classical i.e. an
element in Sy Np*, V', ¥; Q) coming from Sy(Np*, ', ;C). Since
n,v, ¥ and |’ are determined by P, we write them as n(P), v(P), V»
and y>. When A is an algebra homomorphism, we can compute Y,
and Y} explicitly as follows : Let {, (resp. ¥5) be the restriction of A
to Zy(N) (resp. p). Then these maps are characters of Z,,.(N) and p
with values in Q. Then

Ve = o0 ™ and Wa(D) = sA(Q) LT O(Ce ),

where &p (resp. €p) is the restriction of PPl to W (resp. W)
and o is the Teichmiiller character. We define an equivalence relation
«~» on the set .of all A-algebra  homomorphisms :
(JHom, _», (W™"(N;0),L) by A~ A’ if and only if A(T(q))=A"(T(q))
N

for almost all prime ideals q outside Np. Any element A in equivalence
class with minimal level C is called primitive and C is called the
conductor of L. Then in exactly the same manner as in [H1], Th. 3.6,
we can prove

THEOREM 3.4. — Let A:h™™(N;0) - L be an A-algebra homomor-
phism. Then the primitive homomorphism equivalent to A\ is unique and
its conductor C is a divisor of N. If A itself is primitive, then for all
P e o/ (I), the conductor of Ap in the sense of [H1], (3.10 a, b) is divisible
by N. If the conductor of Ap is divisible by every prime factor of p, then
Ap itself is primitive.

4. Adelized Rankin-Selberg convolution.

We explain here how to obtain an integral expression over
G(Q).\G(A),/UF;C,, of the standard L-function 2(s,f,g) in (0.1)
for the algebraic group G X G (G=Resp,qGL(2)) for a suitable open
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compact subgroup U of G(A,). This was done in the Hilbert modular
case by Shimura [Shl] in a way near to the original method of Rankin
and in a more representation theoretic way by Jacquet [J]. However,
to get a formulation optimal to our p-adic interpolation, we give a
detailed exposition on this subject. Our approach is more adelic
than [Sh1] but not as representation theoretic as [J]. Let B be a linear
algebraic subgroup of G = Resyo(GL(2),r) such that '

- { )

We put B(A), = {be B(A)|det (b,)>0} and B(Q). = B(Q) n B(A), .

ae(F®A)*  and be(F®A)}-
Q Q

Let N be an integral ideal prime to p. We simply write V for
Vi(N) and put V(p*) = V n U(p*). For each pair of weight (n,v) € Z[I]

with n+21JeZt<t=Z 0'>), we put w=1t—v and k=n+ 2t and

cel

consider the space M, ,(V(p®*);C) of modular forms defined in [H1],
§2. Note that the group G acts on M, ,(V(p*);C). In fact,
U (Np")/(V(p"))r™ is canonically isomorphic to Z/Z, x (x/p’t)” via the

correspondence :
a 0 P
(0 b> — (b 17 al) le) ’

where Z, and Z are defined by the following exact sequences :
1>Z,-Z(N)->Cl(Np")>1, 1 >Z->Z(N)->Clz(1) > 1.

Especially Z(N) acts via {z), as in [H1], (3.9) and the action of
a’' o0
0o 1
write this action of (z,a)e G on fe M, , ,(V(p*);C) as: f—1f|{z,a),,.
Let A4 be a subalgebra of either Q, or C. We then define, for each
pair of characters V' : (xr/pt)* - A and {: Clz(Np*) > 4™,

(x/p'r)* is given by the right translation by for aex,. We

My, (Np* W' s 4) = {fe My ,(V(p*); 4)| 1<z,a),,,= V)V (a)f},
S, VPV A) = (feS, (V(p*)A)| fi<z.ay, | = V@V @F}.
As seen in § 2, we have the Hecke operators T(n) for integral ideal

prime to p, T(y) for yer,n F, and T(a,b) for (a,b)ex, X r, acting
on Mk,w(Npmv‘*l’,’\l/;A)'
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Now let (n,v) be as above and take another pair (v,v) of weights.
Write n + 2v = k — 2w = mt and v + 2v = t with integers m and p.
Define k=n+2t, w=t—vand xk=v+ 2, o=t —v. Write m
for Np* and let feS, ,(my,xC) and geS, (m ', ;C). Define
f*(x) = f,(x) for f, = f* as in (2.1) for complex conjugation p. Then

4.1)
f*((é ’1‘>>=m T aEyd D@y} (Ey.) enlityJen(~E),

0<EeF

g<<§ ’f))=lm Y a@yd.g){(Eyd)}Ey.) er(ity.. Jes(Ex).

O<EEeF

Write j(u,,2) = (Cozg+dy)ger € CI for u, = <Z Z)er. Then, these

functions satisfy the following automorphic property :

£* (yoxu) = x5 @)x* @Wf* (x)j(u.,, z,) ™™ det (u,,)”
and

g(yxu) = Y W* ()g(x)j (U, 20) ™" det (1)”
for ye GL,(F) and ue Uy(m)-C,,, where we define x* and y% as
follows : The function y¥*:G(A) —» C is given by yx*(x) = yn(d,) or O
for x = (? Z) according as x e B(A)Uy,(m)G,. or not, where %,

denotes the restriction of i to (F,,)" = < I Fp>x for m = Np“*. Similarly,

plm

the function y%:G(A) - C is given by yx(x) = x'(d,a,') or 0 for x
as above according as x € B(A)U,(m)G, . or not.
Then we define the unitarization of f and g by
(42a) fU(x) = [D]” ™7 H*(x)j(xo0, 20)" [ det ()| X
and
g(x) = |D| W 1g(x)j(xy, z)*|det (x)]§*.

Then, for any ye G(Q) and ue U,(m)C,. ,

(4.2 b)
fe(yxu) = X @ x* (T (x)jo (7, X (20))™ [ det (u,,) ¥ sgn (det (u,)"),

g"(yxu) = Vi (@W* )" (x)j (7, % (20))" | det (u,)|** sgn (det (u,,)°),
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where sgn (x) = x/|x| for xe R*. We then have

(43a) f“((g ’1‘)>= Y aCydDEy.) en(ly.Jes( ),

0<EeF

g“((ﬁ ’1‘))= Y a(eyd,g)(Ey.) e (ily.. Jer(—Ex),

0<EeF

where

(4.3b) a(,f) = AN oO0)" ™27 {yr"la(y.f)
and

a(y,g) = N o) “P7 r'fa(y,g) (see [H1], (4.1)).

We now write ®(f,g)(x) for

(442) ()8 () (x5 20) * 7"
Then we have for ye GL,(F) and ue Uy(m)C,

4.4b) ®(f,g)(yxu)
= LV X * U @) (£, 8) ()i (v, X, () *1j(7, %, (2,) "I

We now assume the following condition :

(4.5) There is a finite order idele character 6 :Clg(m) - C* such
that YV’ =0 on ¢, .

By (2.2¢), we have for yer,, ,

a(yu,f) = a(y.f1Tw,1)) = x'W) ™ "a(y.f).

Thus the function a(y,g)a(y,f)0(y) is invariant under the multiplication
of units in t,, .

We now explain how we normalize the Haar measures. We take
the multiplicative Haar measure dp; on F ,If such that the volume of
£* is equal to 1. We take the Lebesgue measure dp,, on F, = R’ and
define the multiplicative measure dpy(y) by |y.'| dpue (). Then we take
the product measure d*y = du; (y) dus(y) on Fs. As the additive
measure on F, ., we take the measure dp, having volume 1 on % and

define dx = dpAx) dp,(x).
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We now consider the following integral for the idele character 0 in
(4.5), which is absolutely convergent if Re (s) is sufficiently large :

Z(s,f,g,e)=f f @(f,g)<(g ’{))dxe(y)«ym*y
Fpx|Fy JFAIF

=D“”"”9(d)“J a(y,fa(y,g)ex(2iy.)yE ?0(y)lylad"y,
FAi

where D = |d|;' is the absolute discriminant of F/Q and to obtain the
equality, we have used the classical fact that (e.g. [W] p.91,

Prop.7)f ex(M—&)x)dx = \/B or 0 according as £ = 1 or not. Let

FplF

C(B) be the conductor of 6 and we use the same letter 6 for the ideal
character associated with 0; namely, if a is prime to C(6), then
0(a) = 8(a) for o€ F5 with age = o, = 1 and a = ar, and if a is not
prime to C(0), then we agree to put 0(a) = 0. Then we have, if Re(s)
is sufficiently large,

(4.6) Z(s.1,g,0)
k
= D(1+25)/29(d)—1(4n)~ts—(k+!r)/2r'F<st + _i + ;—)D(S,f,g,()),

where
D(s,f,g,0) = ) a(a,Na(a,g)0(a) AN pq(a)~".
toa#0
We shall compute the integral in a little different way: First of
all, we note that on B(A), the function x* and y* are constant with
value 1. We write C,, for the stabilizer in G,, of the point

zo=(/—1,..., /1) in & =F, + . /—1F;, identifying F, with

R’. We also define a function n:G(A) - C and 6: G(A) - C

0 1
ue Um)C,, for ideal m = Np* divisible by C(0) and otherwise
nx) = 6(x) = 0. Under the assumption (4.5, we know that
(D(f,g)(x)(m)(x)e(x) is invariant under Uy(m)C,, from the right and
invariant under B(Q), from the left. Thus we can write

by n(x) = |yla and 0(x) = 06(y) if x=<y *Jau or ae F{ and

Z(s,f,g,0) = J D (f,8) (x) (x**) (x) B (x) N (x)*"* dpg(x),

B@ 4 \B(A) 4
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where dp3<<g T)) = |y|atdxd”y is the (left invariant) Haar measure

on B(A). Let U be an open compact subgroup of G(A,). Let du, be
the Haar measure on the compact group C,./Z, (for the center Z,
of G,.) with volume 1. Then we define a measure p; on B(A).UC,,
such that

J e (x)dpy(x) = J J ¢ (bu) dpy(u) dpg(b)
B(A) 4 UCy, 4 [ Zy B(A) 4 JUCy 4+ 124

for all functions ¢ on B(A),UC,,, where dy, is the product measure
on UC,./Z, of the Haar measure on the compact group U with
volume 1 and the measure dp, on C,,/Z,. This measure induces a
measure on G(Q),\G(A),/UC,.. In fact, by taking a fundamental
domain ® of G(Q), in B(A),UC,,/UC,,, we define

J Jx)dpy(x) = j J()dpy(x).

G@ 4 \GA) 4 [UCy, 1 o

This is possible because of G(A); = G(Q): - B(A), - U-Cy.. The
measure we have constructed depends on the choice of U in the
following sense : If one takes an open compact subgroup U’ of U, then
for any right U-invariant function f,

JX)dpy(x) = [U:U] f J(X)dpyx),

J‘G(Q)+\G(A)+/U’COO+ G@4+\GA, [UCy +

because dyp, for U’ is dp, for U multiplied the index [U;U’]. Let
E(U)= F"n UC,, and ¢ be a function on B(Q),\G,(A)/UC, . such
that ¢ is supported by B(A),UC,. .= B(A;)UG,.. Then we have

j Y @ (yx) dpy(x)

Q) +\GA) 4 |UCy + Y E()BR)+\G@) 4

o (x) duy(x) = f @ (x) dup(x).

L(U)B(Q>+\B(A>+ UCqo 4 [UC + B@) 4 \BA) 4

By applying this argument to U = Uy(m) and E(U) =r*, we thus
have, writing dp, as dp,,,

47 Z(s.fg6) = D_Z_""“‘”zf g (x)|det (x) |8
X

0

X Z XV (@) E(a:%) j (X0, 20) *1j (Xeo» 20)* | 8t ()
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h
where Xo=X,(m)=G(Q)+\G(A), /Uy(mM)F{ Cpor F5 = U Frax™Fg
i=1
and we used the Eisenstein series &(x) = &,_,(x,x ¥, 0;s+ 1) defined
by :

4.82a) &4(x,%,6;s)
= Y X* () 0(Y) N (Y2)° 17 (¥ X0 (20)) ¥ 17 (Y5 X0 (20))* -

yer® B, @\G@)

We normalize this Eisenstein series in the following way :

h

4.8b) EF(u,x,0;5) = A pe(m) /DY 1 '@)E(au,,0s),
i=1

4.8¢c) E, (ux,0;8) =L _(2s,x '0*)E¥(u,x,6;5).

Moreover we choose a finite idele m such that mr = m and put

t(m) = (31 —(1)> = G(A;). Then we define another Eisenstein series by

4.8d) G, (u,x.0;5=6" 1(m)‘/t/F/Q(m)s_lgc(det W) E, (ut(m),x~",6;5),

whose Fourier coefficients are much easier to compute (see § 6).

We now want to modify the above integral in terms of the newly
defined Eisenstein series. In fact, we first define the Petersson inner
product for he M, ,(m,x’,x;C) and fe S, ,(m,x’,x;C) by

(f,h), = f f()h(x)|det (x)| 7 dpt (x) -
XO(m)

We define hjte M, ,(m,x' "', x5 C) for © = t(m) by
hit(x) = x~ '(det (x))h(xt(m)).
Then we see easily that (h,g), = A ()" "(h]T,g170).. We put

Ek—x,w—m(xa X_l‘l’_la 9: S)
= |det ()18 ™ B g (6,0 TV T 058)j (X5 20) 1 (X0 20) 5

4.8¢) Giorw-olx,x¥,0;5)
=07 m) N po(m)y T TETMEE, L, (T, 65 8) [ T(m).
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Then we finally have
49) L,Q2s+2,xy0*Z(s,1,g,0)
= N pg(m) DT CTWIEE R, o o(x, x T, 855+ 1)),
= DT (m) A g qam) T e
X (fol7, @17 Gr- - (X, XV, 0551 1)),

For our later use, we introduce here the standard L-function for a
primitive form f: L(s,f) = ) a(a,f)N(a)~*, where a(a,f) is the Fourier

coefficient of the unitarization of f. Suppose that f is a primitive form
of conductor N, of weight (k,w) and with central character | ant let
7 be the unitary automorphic representation of G(A) generated by the
right translation of f*. Choose a finite idele n such that N = nr and

nny' = 1 and define © = t(n) € G(A,) by T = (g B é) Then it is well

known that f“|t(n) = W{E)({*)® for a constant W(f) with absolute
value 1. We now want to relate W(f) with the root number of the
functional equation of L(s,f). We consider the integral

6= | Xf“((ﬁ ?))wmd*y: D*G(L(sH).
Fal/F+ /

whete G.(9) = 0Tyt (/) (1=T ). For o= (] 7).

-1

we have 8<g (1)>1=(—1),y<m6 (1)>s Since t¢eC,,, we see

that f”(e(% ?)r) = \lfw(_l)q!(y)i_kfu((n};)_l ?)) This shows that

wowr((8 1)) = vecoe((% 1))

Therefore we see
WO Z (.8 = ¥ (—Di " n|3 Z(—s.f).
This implies that
(4.10a) G, (5)L(s,f) = i *W(H)|d*n| G (—5)L(—s,17),

because Y,(—1) = (—1)*. Namely the root number of the functional
equation is given by i *W(f). By an easy computation, we have

(4.10 b) flt=W(E)|n| ",
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where mt = k — 2w. Let t = ®mn, be the automorphic representation
q

generated by the right translations of f. As is well known, the constant
term of functional equation i~ *W(f) can be decomposed into the product
of local factors (e.g. [H3], (5.4-5)). We assume that n, for prime factors
p of p is either principal or special. For each quasi-character
E:Fy - C™, we define

e(€) =E(do)G(E /IE@ABNGE I(GE )= ) & 'Wes(u/v'd),

umod o*

where er(x) = exp(—2ni[Ter,Qp(x)]p) for the p-fractional part [y], of
y€Q,, @ is a prime element if F,, p" is the conductor of & and dr,
is the different of F, for d € F,. We understand that €(&) = £(d)/|E(d)|
if & is unramified. Then we can decompose

(4.10 ¢) Wi = w'® [ W),

plp

where

W,(£) =¢(&)e(&") if either n,=o(§,&") with ramified & or n(g,£'),
W,(f) = —e(8)e(E)(E(w)/1E(m)| if m,=0o(E,E") with unramified &.

By abusing a little the language, for any form f which spans the same
automorphic representation as f, we write W(f)’, and W'(f") for W(f)
and W’'(f), respectively.

5. Statement of the main result and proof of Theorem I.

We fix two ideals N and J prime to p in r and let L be the least
common multiple of N and J, ie. L=NnJ. We consider two
primitive ~ A-algebra  homomorphisms A :h™%(N;0) > 1  and
¢ :h™°"(J;0) > J, where I (resp.J) is the integral closure of A in a
finite extension K (resp. M) of the quotient fiels L of A. By extending
scalar if necessary, we may assume

AV InQ,=JnQ,=0.

We now introduce the congruence module for A[H6], § 6. Let
(U,¥’") be the restriction of A to Gy (N)(e.,V¥:Zy,(J) > 0" and
V' ip—0 ). We can decompose h™™(N;0)® K= HW, V') ® B so

4
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that H(y,¥') is the maximal quotient of h™"(N;0)® K on
0

which Gy, acts via (J,{'). Let h({, ') be the image of h™°*%(N;0) in

HMW,¥'). Then A factors through h({,{’). Combining A ® id:

h(V,¥') ® I > I ® I with the multiplication: I ® I - I, we have an I-
A A A

algebra homomorphism A :h(y,{') ® I - 1. It is known (cf. [H2],
A

Th. 2.4) that % induces an I-algebra decomposition :
h(U,y)®K=K®B
A

with a complementary direct summand B so that & induces the projection
into the first direct summand K. Let h(K) (resp. h(B)) be the projection
of R=h(,¥')®1I in K (resp. B). Then, the congruence module is
defined by A

(5:2) €D = (h(K) © h(B))/R=h(K) ® h(B),

which is a torsion cyclic I-module (i.e. ¥(\;I) = I/a with a non-trivial
ideal a; see [H6], Lemma 5.2).

Let fp(resp.ge) be the common eigenform corresponding to
Pe (D) (resp. Q € #/(J)) belonging to A (resp. @) as explained in § 3.
To describe these modular forms explicitly, we write ¥ for the set of

all prime factors of p in r. For each Z-tuple o = (a(p)),.x of integers
a(p), we write p* = [] p*® . Let (x,x') (resp. ¥,¥’) be the restriction

pelX
of @ (resp.A) to Gy (J) (resp. Gio:(N)) i, %, V:Z(J) > 0 and
X',V :p— 0. Then as seen in § 3, for sufficiently large o,

f,e Sy (NP5, U, Q) and  goe ST (Ip%, X, Xss Q)

where ¥ =n(Q) +2t, o=t —v(Q), m(@)t=n(Q)+ 2v(Q) and
k=nP)+2t,w=1t—v(P), m(P)t=n(P)+ 2v(P) and

Vp = epY0~ ™" and Yp(,w) = (W' ()" for Lep,
Ag = Eqx® ¥ and  xL(Cw) = egwx' Q" for Lep.

We define the unitarization fj eS; ,,(Np*, V5, Up; Q) by

£(0) = D™D () (3, 20) | det ()] O,
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Let m, be the prime element in r, for peX and let n(resp.j) be a
finite idele such that nr = N (resp. jr=J) and n, = 1 (resp. j,=1) outside
N (resp. J). Define an idele nw* so that (n®*), = 1 for q outside Np,
(nw*), = n, for prime q dividing N and (nw”), = ©i® for peZ. We
then define t(nw®) by

0 -1

T(nw*) = <nm°‘ 0 )e G(A)).

Let £ be a finite order character of Cl (Np*). For each modular form
f in M, ,(Np%E',E;Q) (e f(x2)=E(2)|z|s™(x) for mt=k—2w), we
define

flt(no®)(x) = &7 (det () (xt(nw*)) € Mew(Us(Np*),E' "7 Q).

As we will see in §7, for each finite order character 8 of Cl(p®), we
can define the twisting operator fi— f|0 by a(y,f|0) = 6(yr)a(y,f). Here
we understand O(a) = 0 if a is not prime to p. This operator sends
M, ,(Uy(Np*),E",&; Q) into My ,(Ug(Np**™),5",£0%;Q). We can define
a similar but different operator f—f® 0 by a(y,f®6) = 0(ypa(y.f),
where 6(y;) is the value at y, of the idele character 8. This operator
sends M ,(Us(Np®),E",E;Q) into My ,(Ug(Np***),E'0,1,£6% Q). See
§ 7 for details about these operators.

Let I® J be the profinite completion of I ®,J (i.e. the m-adic
4

completion of I ® J for the unique maximal ideal m of I®J). Under
(5.1), I® J is an integral domain. For each pair of points (P,Q) in
[

ZA) x ¥J), regarding P and Q as (V-algebra homomorphisms of 1

and J into Q,, we have an (-algebra homomorphism

P®Q:I®Jr—>Qp. Thus for any ®cI® J, we can regard ® as a
0 [

p-adic analytic function on Z(I) x Z(J) with values in Q, by

O(P,0) = P® Q(®). Even if ® = ¥/¥ is an element in the quotient

field of I ® J, we can think of ® as a p-adic meromorphic function
o

on () X (J) whose value is given by ®(P,Q) = ¥Y(P,Q0)/VY'(P,Q)
whenever we can choose a denominator ¥’ so that W' (P,Q) # 0. We
first state our result in a crude form and later elaborate it and will
eventually reach the expression in Theorem I.

THEOREM 5.1. — There exists a unique element 9 in the quotient
field of 1 ® J satisfying the following interpolation property : Let (P,Q)
0



348 p-ADIC L-FUNCTIONS OF GL(2) x GL(2)
be a pair of arithmetic points in o/ (I) x o/ (J) satisfying the following

two conditions :

(5.3 a) t < n(P)—n(Q),
n(Q)—n(P) + 2t < m(P)—m(Q))t and v(Q) = v(P),

(5.3b) There exists a finite order idele class character © unramified
outside p such that © coincides with ygyp-1 on t, .

Then 2 is finite at (P,Q), and we have, for sufficiently large o,
(53¢) (X@)w(— 1B, (—D2(P,Q)0(d%w")""
X '/VF/Q(Npa)m(P)lz/VF/Q(Jpa)_1
m —m(P
LLp(zﬂm(P)+m(Q),xQ“PP)D(%ﬁ,fp,ga,e-j

((fp)" |t (n@®), f7),

where the subscript Lp indicates that we have taken out Euler factors at
primes dividing Lp from the Hecke L-function : L(s,xq'Vp), (, ). is the
Pétersson inner product of level Np® (defined in §4), g, = go/07'|t(jw®)
and

C(pP,Q)

= | D | 1@~ (P1(=nP = n(@)+ 20(P)~ 20(@)= ) 1 (20(P)~ 20(Q)~ n(@)= 3} {n(@)~ n(P)}
X Tp(n(@)+v(Q)—v(P)+20)I x(v(Q) —v(P) +1).

Moreover, for any H el which annihilates €(\;I), (H®1)D is integral
(e (H®1DN2eI®J).
0

= C(P,Q)

This theorem will be proven in § 10. We now deduce from this
theorem the following result which is a restatement of Theorem I :

THEOREM 5.2. — In addition to (5.3 a), suppose that

(5.4) V% and y are both induced by finite order Hecke characters
of Fi/F™ unramified outside p, for which we use the same
symbol, and put, with the notation of (4.10 ¢),

_ ’ .o WF/Q(J)(M(QW)HW'(gQ)
W(Ps Q) - XQooXQoo‘l’Poo‘I’Poc( 1) VVF/Q(N)(M(P)/Z) W’(fp)
») 1NN 4y p Vo » Vo
< T] 8E'(d)INn' ()G (& "y NGE, Wy D)
pex nn'(d,) 188" d,)|G(ny™ ;™)
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Then we have
m —-m(P
@p 1 (Q) ( )’fP, 5)

2(P,Q) = W(P,Q)C(P,Q)S(P)"'E(P,Q) .5 ’
P> P/

for all pairs of arithmetic points (P,Q) satisfying (5.3 a) and (5.4), where
f5 is the primitive form (in the sense explained below) of conductor Np®

associated with f§ ® Vp, and S(P) and E(P,Q) are Euler factors at p
which will be defined in Lemma 5.3 below.

We shall deduce Th. 5.2 from Th. 5.1 in the rest of this section.
2(P,Q)
L, 2—m(P)+m(Q),%q ' V5)

(5:5) (XQ)u(= DO, (= DO@*B*) N o (Np™) "N o (JP%)

< c.0p ("D 5. 07) (@ nm. 1.

Namely we compute which is equal to

We put 6 =y 'xy as a character of F;/F*. We reduce our
computation to an easier case through several steps: Even if we replace
a by B=>a (ie. B(p)=a(p) for all peX), the value (5.5) will not
change because of the formula (5.3.c). This can be checked without
using the expression (5.3 ¢) as follows : We write @* for nw*/n. Then
by an easy computation, we can verify

o— B
f%m(nm“)l(‘no ?) = [0" 13" t(na’).

This combined with the well known formula :
(p,gl[UxU'])y = Yp(det (x))(fI[U'x'U],g)p (see (7.2 b))
for U = U,(Np®) and U’ = U,(Np") shows

(5.62) (E51T(n15"),£,),= D™ 24, (NP PP (1) |t (na®), £2),
= @110 LI T(@" ) = a,(a* % £,)5® (@ 1(15").1,),.

Meanwhile, we have seen in §4, writing gg for go|07'|t(jw?), that

D(s,fp, 85,07 1)=C(s) J a(y,a(y,8s)er(2iy,,)yE 207 (y) [y|i  dy

x
Fi,
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with a function C(s) of s independent of B. Since we know
gy [®F 0 - _
gql07T(jw )I( 0 1) = @ |2 Vggl07 | t(nwP)
and hence from (4.3 b), a(y,gp) = a(yw* F,g,)|w* P| 392, Similarly, we
have
a(ys® 1) = ap(mﬁ_a,fp)m(ﬂ‘a)vlma_umm(m/z)ﬂa(y,fp)-
Then we see from the above integral expression that

m(Q) —m(P) _1>

(56 b) D( 2 ’fP’gB’e

m(Q) —m(P)

= e(mu—ﬂ)!mﬁ—a|Aap(mB—a,fP)m(B—u>v D( 2

4 fPa 8as 0 1) :

This combined with (5.6 a) and (7.2 ¢) shows the desired assertion. The
above proof of the independence from B of the value:

‘/VF/Q(NPB)_ G (w*) || 8

y D(m(Q)—m(P)

D) ’ fPﬁ gﬁ96_l>/((f;)plt(nmﬁ)’ f;")B

is purely formal and by defining the Quantity ((f3)“|t(nw®),f4)s by
(5.6 a) even if f, is not of level NpP, our formula (5.3¢) still holds.
Thus we can choose o as we want. Namely we may assume

(5.6 ¢) 8o ® %ol07" is of exact level Jp*.

The reason for the above assumption is as follows : We know that for
any finite order Hecke character &,

a(ya f®§)a(y, gﬁ®§ - 1) = a(y, f)a(y’ gﬂ)

and hence

o (MDD, g 07 )=p (MM, 10,05 07 ).

On the other hand, for g = go|0™', we have

Elt(m)NRE T (x)=E " (det (1(jw*))d*) (g®E) T (jm*).
We see easily from definition that g¢|0 '®E=g,®E&|07!. Thus replacing
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go by 2=8,® % (and f, by f,®yy), we may assume that
geM,_ (Jp%id,x oxg) - Then (5.5) is equal to

(57) N erNP™) ™2y o) (— DB~ DY (@Y%) % 51 C(P, Q)
D(’"—(Q)-_-"—‘—(f—), ® xa,gw'wwm“),e*l)

2
((F5) |t (nw®),f5). !

where
(€2 [t (rw),£2), =2, (@, £,) B0 |@o = | POE((E2) 1 (™), £2),

for 3’ such that f, is of level Np® .

We now want to compute g|07'|t(jw*) but begin with a general
setting. Let n be a unitary (finite order) character of F;/F*. For any
automorphic representation m of G(A) with central character n, we
consider its space V = V, in L,(G(Q)\G(A),n), which is the space of
square integrable functions f on G(Q)\G(A) with f(gz) = n(2)f(g).
Suppose that for each infinite place cel, m, is the discrete series
representation o(u;,p,) with

p(a) = la|®* P and  p,(a) = |a| " V(a/|al)",

where n = n(Q). We consider a generalization to non-unitary represen-
tations : For the modulus character a(x) = |x|,, we also consider the
representation space V(n®a’) for seC consisting of functions
f® o(x) = o’(det (x)) f(x) for fe V(r), where = is a unitary automorphic
representation. The representation © ® o' realized on V(n®a’) is also
called an automorphic representation. Let m be an automorphic
representation in general sense with central character n (which may not
be unitary and n=o~ ™ up to finite order characters for a weight (k,w)
with k—2w=mt). Let m be an ideal of r. For any pair (§,£’') of finite
order character of (x/m)*, regarding them as characters of r,, we
consider the subspace V(§,&') = V(m;&,E’;m) consisting of functions
f € V(n) satisfying the following conditions :

(i) f is the lowest weight vector of weight ky at each infinite place
o (i.e. f corresponds to a holomorphic modular form of weight

(k,w)) ;
(i f<x(ﬁ §)>=a<am)&'(dm)f(x) for all (‘C‘ f;)er(m).
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Since the central character of = is given by n, V(§,£’) is trivial unless
EE"=mn on t*. Let C(n) be the conductor of m in the sense of [C].
Then V(m;id,n;C(w)) is one dimensional and spanned by a unique
element f with a(r,f) = 1. This form f is called the primitive form
associated with the representation m. We can formulate the subspaces

V(€,&’) locally. Namely, let us write 1 = ® =, for local representation
q

n, at each place q and take a representation space V(m,) for m,. Then
one can define V(m;&,,&,;m,) as a subspace of V(m,) consisting of
vectors v satisfying m, (cl s >v = E(a)€'(d)v for all (2 Z)e Uy(m),
when q is finite and of lowest weight vectors of weight k, when
q = o €/ is infinite. Then V(n,;&,,&q; m,) is one dimensional for almost
all q and, fixing a generator v, for such places, we can naturally identify
V(n;&,8;m) = @ V(n,; &, &q; m,) as modules over the (complex) Hecke
q

algebra with respect to U,(m).

Now we specialize the above argument. Let = = n(Q) =
® 1,(Q)(@'=7'(Q)=® m,(Q)) be the irreducible automorphic represen-
a a

tation of GL,(F,) on the function space V(m) (resp. V(n')) which is
generated by all the right translations of g (resp. g’ =go®%o/07"). Let
g’ = g, be the primitive form associated with V(n*). We want to
express the spectial value :

Ly@=m(P)+m(@). x50 ("L "D

’fp®xb,g|9"‘\1(im“),9“’)
by means of 2,(s,f5,(g%)°). By the strong multiplicity one theorem
([C], IM]), = and ' are irreducible and from the construction of the
twisting operator given in §7, we see T’ =t ® {'. In fact, we can
define an isomorphism of function spaces (but not as G(A)-module):
V(n) = V(n') by sending f(x) e V(m) to

f® V' (x) = V¥'(det (x))f (x) € V().

Write C({") = p* and C(n’) = JpP. Then, this map sends V(n; @,9’, Jp")
isomorphically to V(n'; oV, V';Jp") if r > €, and V(r';id,x¥7; Jp?)
is one dimensional and spanned by the primitive form h associated
with V(rn'). Write simply %' and y for yx, and y4. By definition,
g =go® Ye belongs to V(m;id,xx'%Jp*) and g Dbelongs to
V(n';id,xx' "0~ % Jp") for some r (see § 7). It is known that n, for pe X
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is either principal or special and the special representation occurs only
when n, = 0 for all the embeddings o : F - Q —» Q, which induce the
place p (see [H1], Lemma 12.2, [HS], Prop.2.1 and Cor. 2.2). Write
n, = n(§,,&,) (resp. o(§,,&,) with &,= &0, ') when m, is principal
(resp. special) for peX. Here, we follow the convention explained
below [HS5], Prop.2.1 to describe principal series representations and

special ones. Writing C(&,¥;) = p"'® and C(, ;) = p'®, we now
define subsets of ¥ as follows :

Z,={peZly(=0 but y'(p)>0}

X, ={peZly'(p)=0 but y(p)>0}

Y, ={peZly(p)=Y()=0 and m, is principal}

Z,={peZly(p)=Y (=0 and m, is special}
E=X -3 UX,UZ;UZ,.

y [HS], Cor.2.2, we may assume that &, (resp. &,) coincides with
x; "on r, (resp. (xx'),) and that go|T(®,) = £,(w,)g8e for the Hecke
operator T(w,) defined in (2.2 a). Hereafter we suppress the subscript
«p» (resp. « P» and « Q ») of &, (resp. ¥» and yg) if no confusions
are likely. Thenn, = n(EY',&§'Y’) or o(EY’,§'") according as m, = n(E,E")
or o(§,&") because 6 = y'~'y'. We define an operator [w,] (see §7.B
for details) by

a,(y.fl[w,]) = w,"a,(yo, D= a@.fl[w,)=a0w, Dip~"}).
Similarly as above, let n(P) = ® m,(P) be the automorphic representation
q

spanned by f, and write its p-component as w(n,,n;) or o(n,,n,) for
peX so that fp|T(w,) = n(w,)f, (then m,{, is unramified at peX).
Writting C(n,{;) = p°®, we define

Z,(P) = {peX|d(p)>0}

Z,(P) = {(peX|8(p)=0 and m,(P) is principal}

Y,(P) = {peX|d(p)=0 and m,(P) is special}.

Then Theorem 5.2 is a direct consequence of Theorem 5.1 and the
following result :

LemMma 5.3. — (i) We have B(p) = Y(») + 7' (p) except when peXZ,
and in this exceptional case, we have B(p) = 1 (where pP® = C(m})).

(i) We have a(p)=B(p) if peE, a(p)= B(p)+1 if peZ,UZ,VZ,
and a(p) =2 if pe X,.
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(iil) Define operators A, for each p € X acting on
V(n';id, xq¥s' ; Jp")
by
A, =1d if peE, 4,=1d — Eyp(w,)[®,] if peZ,VZ,,
4, =1d - E'V(w,)[w,) if peZ,,
and

A, = 1d = Vi(w,) (E(w,) + &' (w,)[w,] + EE" V' (wy)[w,]* if peZ,

where we have written simply & for §,. Then we have g|0~'=h[A for
A=1] 4,.

peXl
(iv) Write m for m(Q) and define operators B, for each p € T acting
on V(n";id,x g Uy ; Jp®) for the unitarization =" of the contragredient of
n' by
=1Id if pek,
d = [w,|, " e (m)[w,], if PEZ,VUI,,
Id - @, |, ™7 g N (wp)lw]e if peX,,

B,
B,
B,

and
B,=1d — |w,|, ™ " Vp(w,) "¢ (w,)+E& (w))[w,],
+ 1w, |, "R EEV (w, D wi]y if pels.

Then we have {g|07'|1(ju*)}* = Ch®™|B for B= [] B,, where

pelX
Co = Wh)|jw* ™" [ (=&Vp(w,)) ®,[" ™!
peXI UL,
[T (=€ V¥e(@) w,|[{™ @27 T] L85 (m,) | B, |3 @"
peZy peZXg

-r

and f|[w}],(x) = f(x(m(‘)’ (1)>> for fe V(n";id,x g Ve % ;Jp%).

(v) Define an Euler factor E,(P,Q) at each peX as follows :
(1-E&n""(w)(A—&'n""(w))

(1=t 'm(@lsl)(1-E 'n(w)vl,)

(1-&n"'(w))
(1-¢"'n(w)wl,)

if peZ,

g'n(w; ¥ if peX,
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(I-&n"'(@|wl,’
(1-&"'n(w)|wl?)

(1-&n"(w))
(1= 'n(m)ol,)

En"NwiP)En"(w) ) if peE,
where we have written w for w,. Then we have
Ly, 2=m(P) + m(Q), 14'Vr)
D(M(Q)—m(P)

—&n " (w") if peX,,

En”(w)®) if peX,,

X

. ’fp®xb,g19’1|r(imf‘),0‘1>

C,E(P,0) gzp<1+ '—"—(—leiw, fp,gg>,

where E(P,Q) = || E,(P,Q) and

peX

Cy = W' (goV¥'(dP%jo)jl ™"
< 1] EEV ()N (mp™) @ P, GE, 'y D GE )
pel \éE.”(dp)I

(vi) Write f£° for the primitive form of the unitarization of
(P) ® U and C(r(P)Q V) = Np® and define for s = # (Z,(P))

SPy= (-1 [] d-n"'n'(s)iw,],)1—n""n'(w,))

peZyP)

< 1 ' (@) e,

pex(P)

Then we have

((F5)* | t(nm™),f5),
(.1

= 103" (@)W (— DWW ({)S(P)

—1yg- nn'(d,)
X G(n' "Wt BL L e A
pel)—:_ll(P) (v )pl:[): |nn'(dp)i

Proof. — The assertions (i) and (i1} follows from (iii) by [HS5],
Cor. 2.2 and its proof. Thus we prove (iii). What we need to show is

that

a(wl,gl07") = a(wl,h/4,) for al n>0,
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since the computation and the definition of A, is purely local and
a(y,g|07") and a(y,h) are transformed in exactly the same way if we
replace y by yu for uer, (see (2.4)). We only give the explanation of
the formula in the most complicated case where p € X, since the other
cases can be treated similarly. Note that the eigenvalue of T(p) for h
is given by Ex'07'(p) + &'x'0”'(p), which is equal to

EV'(m) + £V (w) for ® = @mr because of 0 = P 'yk.
&Y ()" — &Y (m)""!
&Y' (w) — &V (@)
easy to check by a simple computation that a(w",h|4,) = a(w",g|07").

The assertion (iv) follows from the fact :

This shows that a(w”",h) = {@ ™"} - Then it is

h“(x) = |D| _ (m@y2-h(x)|det (x)| 7@"2
and the following formulae :

(58) @, 5 " *h (%) [0f]=h (o e?),
hit(jws) = W(h)|jws|z@rzhe.

We now compute each Euler factor E, for peX;. In fact, if one
replaces |w|; by X, we have for

V@B, b= B (@)l

|£’m/2)+1 ‘;m/2)+1 and b — E(m)!m‘ém/2)+l,

a =t
a =§(o)lw , c=n(v)lw

E,(X) = i 10" w")a(w",fp)a(w”,h?)X"

n=0

Bl ™ (@) E @)+ E @) ) Y 107 (mMa (" f)a(m )X

n=0

ol V(@) T 10 (0Ma(a" f)a(o" X"

n=0
0 rn+1 rn+1
a - b
= ¥ V(@) e X"
n=0 a

X

{1-|w|, (@ + b )V (®)X+|w|, *a'b V' (©)°X?}
1—a™'¢ @, [, X)(1-b"'c ], X)
(1-acX)(1—bcX) '

| o | M@~ mE2 and  using the fact: EE(w) =

achIa)pI;Zng

Replacing X by
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[w|, ™ ! and An(w) = |®|, ™!, we know that

(-a ¢ Hw,, X)(A-b" ¢ w,],X)
(1—acX)(1—bcX)

_ (-gnT@)d-gnTi@)
(I-&t (@) wl,)(1-& M@)ol

The contribution from the factor C, in (iv) is given by

[T 19015 ™ L3 (w,) | m, |72 W, ()

peXg

= T1 foroy e S v, ab

Then we see that

[ 1o man EEVF )

V'i(w p)ababczlﬁ’ﬂZs 2| 5= (@)~ mepy)2

pels é& (d )
- 1] EEV @y (w®) | w1, G(& Wy ) GE' )
pely |§é (dp)l

which gives the Zs -part of C,. We can compute similarly the X-part
for i =1, 2, 4 and the E-part. Then, using the well known fact :

W' (ga®V') = W(go¥'d®*j) for d¥ =dd,*,

we conclude the assertion (v) for p e X. All the other Euler factors for
q outside £ can be computed similarly and we conclude (v). Now we

prove (vi). Let Np* (resp. Np®') be the exact level of fy (resp. fo@V').
First we list several formulae which can be verified from the data we
already know :

(@) | (na” ), 18w = ¥ (@ na™ ) (@) @V !t (no” ), fE@ Y ),

() 11(ne*),15), = n(@)* ¥ |o* 7P (f5) It (re*),fh)w
(cf. (5.6 2)),
((2)* @V " t(nw® ), IEQ@ V' )

= V' (@) o 7V |7 ()@ Tt ), IRV )y,

WER) W(fe) = Vo (— 1),
W @V) = ¥ (Nd®*)W' () (see [H3], (54 0)),
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. N (@)n'V (w,Pd,) G’ "Y' ) - nV'(w,)
W@ V') = ; P e
mer ,,QP) NN (w;d,) G’ ' )| .,EQ(P) In(w,)|
fi®Vy’ = f°|R for an operator R = [] R, given by

pel

R,=1d if peX,(P)u X P)

and
fiR, = f — V' (w,)| ©,| P2 f|[w,], if peZ,(P).

Especially 8'(p) = d(p) + 1 if p e X,(P) and otherwise 8'(p) = 3(p). By
the above formulae, we know that
(2| t(nw®),f5),

= V' @ (@) ot EO (| RY [t(ne ), R)y -

We now quote some other easy formulae: Let a = ¥'n(w,)|w, |7
and b = ¥'n'(w,)|@,|"*"*. Then we have, for p e X,(P),

(5.9) (F[[w,]o, )y =(a+b)(E".1)s, (F°.1°|[w, ]o)er = (a” + bP) (", 1")5,

and
£, = |[wp]0, £ [[@,10)s = 1+ | @[ )(E,1)s

Then by (5.8) and (5.9), we get the expression in (vi).

From this lemma combined with (5.7), we conclude the assertion of
Theorem 5.2.

6. Fourier expansion of Eisenstein series.

Following the method developed by Shimura in [Sh4] and [Sh5],
we shall now give an exposition of the computation of the Fourier
expansion of G(x,y%,0;s) defined in (4.8 d) for characters ¥ and 6 of
Clz(m). We use the same notation as in § 4. Our purpose is to formulate
the result in a manner suitable for our later use. We put

©6.1) s=((1) _(1)>EG(Q)+ and r(m)=<31 _(1)>EGL2(FAf)

for a finite idele m with mr = m. Let D be the discriminant of F. In
order to state the Fourier expansion of G.(x,x,0;s), we prepare some
notations : for € F*, we define a subset of I by [a] = {c € [|a®>0}.
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For keZ[I] and a subset J of I, we write k(J)=

Y keo — Y k,o. We define a confluent hypergeometric function
ced o¢dJd

o(t;a,B) for 0 < yeR, a,BeC by

o0

o(y;onp) = r(B)“t“j e ¥ (x+ 1) xP 1 dx,

0

which is absolutely and locally uniformly convergent if Re (f) > 0 and
is continued as a holomorphic function of o and B to the whole
R, x C* (cf. [Sh6], Th.4.2). We then define out of w(y;o,B) the
Whittaker function W,(s,k;y) for se C, ke Z[I] and ye F;, by

k k
(6.2) Wyls,k;y) = (4my) " Per(iy) [] m<4ﬂyc;s——23’ s+3">
ced

k k
4 5 +—Ua -= 5
X II (D( Y5, S ) N 2)

o¢dJ

where ez(x) = exp (2ni Z x6)~ We define functions o,,,, o©,, for

cel
integers m and c,, for complex number s on the group of fractional
ideals of F by

(6.3) Ony(@)=3 XO)N ra®)", ny(@)=3 x(a/b)N ra(d)",

boa boa

Coy(@) = N pg(@)* 1Y x(0) N p1q(®)' ™% if a is integral,

boa
and
omx(a) = ohx(a) = csax(a) = 0 if a is not integral.

Here, the value x(a) is defined as follows : When a is prime to m,
then we choose ae F; such that ar =a and a, =1 and define
x(a) = x(a). When a is not prime to m, we simply put x(a) = 0.

THEOREM 6.1. — Suppose that m # t. Then we have

I'e((2s—1)t)

k k
I”F<st-—§> I“F<st+i>

+ ) I"F<st—@> ) Cs,xez(iyb)WJ(S,k,lf;lJ’)eF(E,.X)},

J 2 EeF X [E]=J

x {(470“"” Udy|a° L, (2s—1,%6%
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where {k} = 2 k, and ez : F,/F — C”™ be the standard additive character

cel

which coincides with ep(x,) on F, .

A proof of this theorem will be given in the later half of this
section. From the theorem, it is obvious that

(6.4 2) Gi(x,%,0;5) = 07 '(det (x))Gy(x,x0%id;s).
Thus we know in particular
(6.4b)  E¥(x,x'.8;s) = 0(det (x)) E¥(x,x~'07%id;s).

Actually we can easily verify this formula from definition. However we
will not use this fact in the computation of the Fourier expansion in
the theorem.

Next we specialize the Fourier expansion in the theorem to

s = [2] nd 1 — [2] when k is parallel and k = — [k]t with 0 < [k]e Z:
We quote a formula from [Sh6], (3.17-18) for 0 < neZ:
(6.5) o(z;n+1,p) = i<Z>B(B+1) ----- (B+k—1)z"*
k=0
- T'(B+k)
| Z( ) e ¢
o(z;o,—n =Y, ( )(1 a)(2—a)- - (k—o)z™*
k=0
: 'tk—a+1)
Z( ) ri-o
From this, we get, for k = — xt with 0 <xeZ,

rF<S—@) Wi(s,k; t£|yoo)‘s=x/2

2
_ )T YAn(E |y, ) %ep(ilE|ye) if J =1
0 otherwise

rF<S*@> Wi(s,k; 1E1Yeo)l s=1-x/2

_ {(4n|atyw)*'”eF(i|&|yw) i s

0 otherwise.
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From these formulae, we conclude

CoROLLARY 6.2. — Suppose that k = — xt for a positive integer x.
Suppose either F # Q or x # 2. Then we have

G—Kt((é T) x’e 2) Dl K(21U)K[F Q]r‘(K) [F: Q]e l(yf)|y|x/2

X {827 VL (0,x0%) + Y Or-1402(EyD)es(iEy)er(6x)},

E»0

y x .1 _K\ _ hawiFiQ (Faig-1 x/2
6-o(§ ) m0i1-5) = @ om0y
x 27FAL (1-16,%0%) + ) Oc1402(EyD)es(iEy)ex(E2)} .

E»0
We now make explicit the value of Eisenstein series of weight
K
— xt — 2r for 0 < re Z[I] at the integer points 3 and 1 — g by using

Shimura’s differential operators. The following relation ([Sh3], (1.16 a, b))
between the defferential operators 8 and d in (1.7) is useful for that
purpose :

Ik
66) 8= ¥ (’.)FF(;——;)—)( dmy)ldr

= Z (])MM )"d’ i

o<jsr rF (t )
where we have written <]r> for ] (Jr") Then (6.6) combined with (6.5)

and Theorem 6.1 yields :

CoROLLARY 6.3. — Suppose that k = — xt for a positive integer x.
Let 0 < reZ[I]. Then we have

V2 Tp(x)dy {y;“” G-n((g )f)’x,ﬂ ; g)}

K
- rp(m+r)(—4nyw)"0_x,_2,(<{) ") %0 2)

y:.f’zﬁzt{y;“”G—x,«O 1) %01 7)}

= rF(r+t)(—4ny00)_rG—xt-2r((0 1) X’e 1- 2)



362 p-ADIC L-FUNCTIONS OF GL(2) x GL(2)

Here we let the differential operator 8, act on the function G_,,
regarding it as a function on % for a fixed finite part y, (if one
regarded &y, as an operator acting on functions defined on G(A) as in
(1.8), then the factor y." on the right-hand side would have been
disappeared).

Before proving the theorem, we list easy lemmas without proof : We
first compute the Fourier expansion of E(x,s) = &(xg; ,x,0;s) in (4.8 a).
We put

cx(x)=<(1) )f) for xeF,.

’

LEMMA 64. — <sa<x(x)<% ?)s“) € BA)U,(m) for a, d eF;
r

if and only if the following conditions are satisfied : (i) xe€a” 'mt,
aea "'t and (i) axx + ad’'r = t.

LEMMA 6.5. — Under the conditions (i) and (ii) in Lemma 6.4, we

have
" a 0\ _, _ ,
o ((emcof® 9)) = st
a 0\ _
! =| a’ 'A,
n((saa(x) <0 1>8 >f> @a),

n((eao(x)w),,) = [a'|* Im (2)'|j(eact(x),z) "%,
9((8(10(()6)(‘6’ (1)>8_1>> = 0((a’d'){aa’)n?) = 0(a; ")8(aa’r)’
’ = 0(a,) " '0(a’a’r) = B(a’a’r)
(the last equality holds only if a,=1),
B((ean(x)w),,) = 1,
where we G, (R) and z = w(z)) e Z .
We define the Fourier coefficient of E(x,s) at & € F by

(6.7) bE,w,s) = f E(a(x)w,s)ex(—Ex) dx,

FplF

where dx is the self dual Haar measure on F, such that J dx=1.
FpIF
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Lemma 6.6 ([Sh4], §3). — If b(§,u,s) # 0 for u = x<8 ?)w with

ay = dy, =1 and we G, (R), then Eeca™'m™'d 7",

Lemma 6.7 ([Sh5], Lemma 3). — Let a and b be integral ideals.
Then for Eca™'m™'d 71,

Z ex(—&r) = Z p(ab/) N g1q(0),

re (b — lmjam) X c¢oab+Eamd

where W denotes the generalized Mébius function on the ideal group of
F and (b"'m/am)* = {x e (b~ 'm/am)|Ann(x)=ab}.

Proof of Theorem 6.1. — Now we start with the computation of
the Fourier coefficient b(€, x,s). Let N be a subgroup of B defined by

N(4) = {((1) ?) aeF®qA}- The term of E(x,s):

x* (yxer )0 (yxer M (yxes 1) 1Y, Xeo (20)) ~*1j (¥, X0 (20))*

for yeG,.(Q)=G(Q)n G, is non trivial if x*(yxe;') #0; ie.,
yxe; '€ B(A)Uy(m)G, . . Here note that Supp (0) contains Supp (x*). If

x€ B(A)F;, then the non-trivially of y*(yxe;') means that
vx € B(A)Uy(m)G(R)e; and if we write y = <‘Cl Z), then ¢ # 0 and

thus yve B, (Q)F*eN(Q) (cf. [Sh4], p.422). Namely, we know (from
(4.8 a))

E(x,s) = Y x*(evxe; )O(eyxe, In(eyxe, )’

yer X\F X N@)

X |j(&Y,%(20))*|j (&Y, X0 (20))*.

We take finite ideles a and x with x,, =1 and we G,,. Then with
the notation of Lemma 6.6, we have, writing z for w(z,),

(6.8) b(&,w,s)=J y x*e<ayxa(5+u)<g (1)>ws,"‘>

FplF yert“\F* teF

X m <8Yx0t(5 +v) <8 ?)wsf ‘) | j(eya(d+v),2)~*|j(eya(d + v),2)*ex(— Ev) dv

= y Jx*6<syxcx(v)<8 ?)ws{‘)
Le=loqopr * vFa

Yye€(@ “x

x n(syxa(v)(fj ?)we;‘) Era),2) o w),2) en(~ E0) do,
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where x = xr. Here, to get the last identity, we have used Lemma 6.4.

We now introduce

0

69a) C(,t;a,B) = f exp (—2mitx)(x +iy) " *(x—iy) P dx

— o0

for o, e C, 0 < yeR and t, xe R. Note that the self dual measure
dx on F, coincides with the usual Lebesgue measure on F,,. We know
the following formulae from [Shé], §3:

(6.9 b)
P Qr)eT () 12y) Pt* e ™ w(dnyt; o, B)  if t>0
Lt ouB)= {iP*2r)PT(B) ' 2y) *It|P e ™ w(4my|t]; B,0) if £<0
iP=*2m)*PT (o) T (B) (ot B—1)(dmy) =P if t=0.

k k
We then put {(s;y,u) = [] Q(yc,,uc;s—i’,s+7°> for u = (u;) and
cel

y = (y,) in R?. Then by Lemma 6.5, we see
(6.10 2) j er(—Ev )N (Y ()W) )* i (Eya(v), 2) ™ *lj ey (v), 2)* dv.,

= sgn (v)* Im (2)*{(s; Im (2),8).

Then, we have by Lemmas 6.5 and 6.7

(6.10b) 5 f x*en%evm(v)(g ?)we;l)ef(—avf) dv,

yeailelltx,yur+m=r f

—p s 0(a; O((V0)) N (1) > N pa (@) *

yea 1 1™ yax+m=r

X x(Yax)m) N pelam)™" Y p(yxa/Q)N pie (o).
c¢Oyxa+Eamd
In fact, by Lemma 6.5, for @(v)=x*6ns<ayxoc(v)<g ?)ws,‘),

we have

J O (v)ex(—Euy) dv,

f

= 1((y%)*a)130((y)*a) 1 (yxa),,) f ex(—Evy) duy.

v Iy~ 1mg
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Here the domain of integration is over y~'x~'mf because of Lemma 6.4.
Note that sgn (y)*x((yax). =  y'(ax)y~'(yax), where in the right-hand
side, we consider ™' as an ideal character. Then, writing n for yax,
by (6.10 a, b), we know from Lemma 6.7 that

(6.11) b(g,x(g ?)w,s)

= N (M)~ 'D™ Y07 H(a)x (X) N rjq (@) Im (2)*
x L(s;Im (2),8) 3 0°x ')A pa()7F Y w(/b) A pe (D),

n~zxa bon+Eamd

where n runs over all integral ideals in the same class as xa. We have
defined in (4.8 b)

EF(u,2,0:5) = A ra(m) /D Y, (x™")(@) Exap,x.0;5).

Then by (6.10 b), the Fourier coefficient of Et((g (l))ws,‘ l,x,B;s) for

ae F; with a, = 1 at £ is given by

(6.122) %07 '(a) N pja(@)* " Im (2)"C(s; Im (2),€)
X YO AN pa(m)F Y u(n/b) A re (D),

bon+Eamd

where n runs over all integral ideals of F and & can be zero. Writing
n = ¢b in the above summation and interchanging the two summations,
we know that (6.12 a) is equal to
(6.12b) %87 (@) N pq (@)~ Im (2*¢(s; Im (2),E)
XY AT 0MB) N g (B) T Y A IO R() AN pia ()7

boEgamd c

X8 (@) N 5@~ Im (5(s; Im (2),6) Ln(25,% ~1607) "
g Y x OO pe) T i E#£0
boE&amd

L.2s—1,x7'0?) if £=0.

By the formula (6.9 b), we see
(6.13) &(s;Yw,8)

-1
:i{k)n[F:Q]er<st__li(L2&_]_)) y;st‘élst—tW[E](s,k;H;lyoo) for &#0,

£(s;¥,0) B e
= i‘k’(2n)(2s”FF(st—5) I“F<st+5> Ta((2s— Dt)(Amy,, )28,
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(0 —-1) _ m-' 0\ _ .
We put t(m) = <m O) = — m( 0 1)8, 1eGLZ(FAf) for a finite

idele m with mr = m. Define

Gy (x,x.055) = 07 (m) N o ()" 'y (det (x) E¥ (x,1(m),x " ;0;5).

Thus replacing x by %~ ' in the above argument and keeping in mind

the fact that (—1)* = y_ (—1) times (6.12b) gives the coefficient of
=1
GZ((% T)m,@;s) by the « — » sign in front of m<m0 ?)s,l, we

conclude that the Fourier coefficient of Gt((g T>,x,9;s> at Ee F~

is given by

(6.14) (=)™ 1)y lalysla’l Yo" C(s;Im (2), E) L (25,%0%) 7
2 X0 ®) AN pe®)* if E#£0

boEyd

L (2s—1,x0%) if £=0.

X

Then by the definition (4.8 d), Theorem 6.1 is now proven.

7. Operators acting on p-adic Hilbert modular forms.

Here we shall summarize known results on operators acting on
p-adic Hilbert modular forms. Throughout this section, N is a given
integral ideal prime top.

A. The action of G = Z(N) X ¢, .
For (z,a)e G, we let it act as

ap(y’f|<2’a>) = ap(ya_l’f|<z>) and aO,p(y’ﬁ<Esa>) = aO,p(ya_laf[<Z>)

by choosing a representive z of z in F; with Zy, = Z, = 1. Thus on
Sk.o(Np“ V' r; 0), (Z,a) acts via multiplication of y(z)Y'(a) A" (z)* ~**)a”.

B. The operator [m].

Let M be an integral ideal prime to p and m be an idele with
mr = M and m, = m, = 1. For fe M(U(MN)), we define f|[m] by

ap(y’ﬂ[m]) = ap(ym—l,f) and ao,p(yaﬂ[m]) = aO,p(ym_lsf)'
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This operation corresponds to the action

flim)(x) = MF,Q(M)-‘f|(m(; 1 (1)>(x)= mF,Q(M)-lf(x<'"0' ‘ ‘1’))

and induces a linear map [m]: M(U(N)) - M(U(NM)). If one restricts
the operator [m] to M(N), then the operator [m] only depends on the
ideal M but not on the idele m. We can similarly define the operator
[m] acting on M, ,(S(p”); K) for m with non-trivial m, by

ap(y,fl[m]) = mp°a,(ym™".f) and a0, (y.fl[m]) = my "a0,(ym™"1),

which may not preserve integral forms.

C. The action of x € SLy(%) with x, = 1.

Every element x € SL,(%) with x, = 1 acts on M(U(N)) (e.g. [H1],
Th. 4.9) and sends it into M(U(N,N)). This action coincides with the
following one on M, ,(U(N)(p®) ;Q): f|x(y) = f(yx).

D. The trace operator Tryy.

Let M and N be the integral ideals prime to p and L be the
product MN. Then we put

S(N,M) = {(‘c’ 2) € U(N)lber}

and define Try v : M(S(N,M))-»M(U(N)) by f| Try n=
Y f|x. Note that this operator takes M, ,(S(N,M)(p~); Q)

xe UNN)LIS(N,M)y,

into M, ,(U(N)(p*) ; Q) and hence naturally extends to an operator as
above by C.

E. The twisted trace operator Ty .

Let L be an ideal prime to p and N be a divisor of L. We take
finite ideles [ and n so that nt = N and Ir = L. We define T,y by

fI T, w(x) = f’(’é” ?)

I/n 0). I/n 0\ _ I/n 0
In fact, the operator ( 0 1>.f(x)»—>f|< 0 1) = f<x< 0 1>>
actually takes M(S) for S = U(N) n Uy(L) into M(S(N,L/N)), because

aSa~' = S(N,L/N) for a = (l/n 0)' Thus on My ,(Us(Lp*),¥',¥; 4)

Trin.

0 1
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for finite order characters { of Clz(Np®) and ¥’ of r,;, the operator
T,,~ coincides with [Uy(Np*)aU,(Lp*)] defined by

fI{UWNP*)oUo(Lp™)](x) = Z LICHRRTACHINS (CCHR

where a; is given by the disjoint decomposition :

Uy(Np*)aU,y(Lp*) = U o; Uo(Lp*)

and w(ﬁ Z) = ¥(dy,) and v(‘c’ f;) = V(a;'d,).

F. The twisting operator for a ray class character ¥ .

Let M and N be integral ideals prime to p and let y : Clz(Mp*) » O~
be a Hecke character. We then define y : M(N) - M(NM?) by

a,(y,fx) = x(yv)a,(y,1),
and

a,,(.flx) = x(yr)a,,(y.f) if Mp*=1r and otherwise a,,(y,flx) = 0.

Here we consider y to be ideal character such that x(yr) = x(y) if
Ym, €Tuy. and x(yr) = 0 if ym, ¢ r)3. As a special case of this type of
operators, we can associate to the trivial character 1, to Clg(p) the
twisting operator 1,: M(N) > M, ,(N), which does not affect a,(y,f)
if yr+ pr=1r and simply annihilates a,(y,f) if yr + pr # r. This
operator coincides with 1 — T(p) o[p]. For more general character y,
we can show the existence of such operator as follows : We assume
that y is primitive of conductor C. Let ¢ be a finite idele such that
cr = C. Then we define for fe M, ,(Vi(N)(p*®);Q),

flR(x) = x(det (x)) ¥ X(")f<x<(1) '1‘>>

where Y is a representative set for ¢~ 'ty modulo ro. Then we see

_ )G DxycHap,f) if ycerg,
a(y.fIR) {O otherwise

where G(x™') = ), x(d 'u)es(d 'u). Then G(x ') 'f|R gives the

ueyY

desired form since y(yyc') = x(yr) if ycers. By continuity, we can
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extend the operator y to M(N). We see easily that if
fe M, ,(Uy(Np*), V', ¥; 0), then fly € My ,(Uy(NM*p*), ¥ ¥y *; 0).

We now introduce a similar but different operator for each Hecke
character 6: F;/F* — C* whose conductor is C(0) and whose infinity
type is given by &eZ[I], ie. 0(y,) = y5. Then automatically & is
parallel and 6 has algebraic value on finite ideles. We then define f ® 0

by a(y.f®8) = 8(y)a(y.H{)*} or equivalently, -a,(y,f®0) =
0(yp)a,(y,9)y5. We see easily that f ® 0(x) = 0(d)0(det (x))f(x). Thus
if feMiw(Np* W, ;0), then £ ® 0 € Myuw+e(C(O)Np*{',0; L, y0% 0).

In the special case when 8(y) = [ylz', we see £ = — ¢ and

2,(y,f®0) = 0(y)a,(v,0)ys * = A r(y)yr ‘ap(y.f) = A (M ar(y,f).

In general, any Hecke character 8 of above type is a product
0 = x| |4’ for a finite order character y and an integer j, and hence
a,(y,f®0) = xA"/(y)a,(y,f). Thus this operator also extends to M(N)
by continuity.

G. Differential operator.

For each o €1, there is an operator d°: M(N) - M(N) defined by
a,(»,fld°) = yJa,(y.,f) and a,,(y,fld°) =0. Thus we define for
0<r=)r,0ceZll], d =]]d"s. Then we sce

ap,(y,f1d") = yrap(y.f) and  a0p(y,fld") = 0.

In fact, by [K], (2.6.27), there exists a differential operator
0(c): V(c,0) ® Q, - V(c,0) ® Q; such that

9(0)< ) a(é)éf) = Y &a)q,
3

3

where V{(c,0) is the space of p-adic modular forms defined in [K],
§1.9. We can show the stability of the subspace M(N) under this
operator d” as follows. Let

M, (T (Np”;a;); K) = lim M, ,(T'(Np*; a;); K)

a

and M, ,(T'(Np”;a;); K) be the completion inside

Kllqll; = {a(O) + X a(&)tf}a(é’;)eK}

0«<Eead ™ 1
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of M ,(I'(Np”;a;); K) under the norm | f|, = Sup; |a(§,f)|,. Then we

can easily show that there is an operator 0(c) acting on

M, ,(U(Np®;a;); K) defined as above. We first choose a; so that
h

Fi =) F*aq,Up(1)F. and then choose u;ex, so that

i=1

h(N)
Fi = U U F*au;Vo(Np*)Fj . .
J

i=

—

Then we can find Suij€ My ,(I'(Np*; a;); K) SO that
|a(§’fa,i,j)—&ca(gsfi)|p < P_d and |a(05fq,i,j)[p < p—a. Deﬁne

a,(0.f,) = a(€,fui)(ai 'uj 'ud), "(a; uy M)y AN (@) !
if y = E&a;'u; ' ud with u, = 1 mod p*. Then f, converges to f|d° under
the topology in M, ,(V,(N)(p*);¥). Then we know

a,(y,f|d") = a€ ;10" (a; 'ud) " "N (a;") if y=Ea;'ud.

Thus f;|6" behaves as if it were a modular form in M, ,, .. (I'(Np*; a;); K).
This is reasonable because each element a of the subgroup r, of G(N)
acts on f|d" by a,(y,fld"|a) = a,(ya,f|ld") and if a = 1 modp* for
sufficiently large o, then a,(ya,f|d") = a" ’a,(y,f|ld") and hence the
p-adic weight of f|d" is (n+ 2r,v—r) (which corresponds to (k+2r,w+r)).

H. Relations of operators under Petersson inner product.
We put
Xo(m) = GQ)\G(A)/Uy(m)F Cor = G(Q):\G(A)+ /Upy(m)Fx Cys .

Then, we define for fe N, , ,(m,¥',¥;C) and ge N, , . (m, ', ;C),
(7.1) (f.2). = J f(x)g(x) |det (x)| K™ dp(x)
Xo(m)

whenever the integral is convergent. Here we used the measure dj,
defined in §4. We first determine the adjoint of the twisted trace
operator T,,y. Assume ge M, ,(Lp*,¥',{;C) and feS; ,(Np* V', ¥;C)
for a divisor N of an ideal L prime to p. Then with the notation in
V', we can prove in a standard manner that

(7.22)  (£.8]1 Ty mwpx = {(N/L)} AN (L/N)'""(f|[L/N1,8) 1.
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Similar computation yields for a e G(A)

(7.2b) (£.gI[UaU'm = y(det ())F|[U' ' UL g)w,
where o'a = det () for U' = Uy(m'). As in §4, we define the
unitarization of fe M, ,(Lp*,¥',\; C) by

f“(x) = D~ ™27 (x)j(xw0, 20)*|det (x)|3* for m = m(P).

Then we see that

(7.2¢) (f",g"m = D™ (f,g)m.

Assuming k, > 2m, for all o, we now define the holomorphic projection
map b:Ny,.(U;4) > M, ,(U;4) for any Q-algebra A inside C by
h(f) = f, using the expression in Proposition 1.2. The following result
has been shown in [Sh1l], Lemma 4.11 and [Sh3], Lemma 2.3 :

ProposiTioN 7.1. —  Suppose that ks> 2m, for all o. If
feS,.,(Np V', ; A), then (EH(@)npa = (£,8)npa for all
geNk.w,m(Npu’\l"9w;A)'

We have a natural multiplication :
Nk,w,m(Npm’X,’x;A) x Nx,m,p(Npa7‘j/,aq’;A)
- Nk+x,w+m,m+p(Npa9X,\Ill’X\|’;A)
(f,g) — fg(x) = f(x)g(x).
The relation of h and the differential operators in (1.7) can be given

as follows :

ProrosiTioN 7.2. — Suppose that ks > 2mg and x, > 2, for all o
and gE NK,(u,u(UO(Npa),lex;A) and fENk,w,m(UO(Npu)r\l/'a‘lj;A)' Then we
have b(fS;g)eSk+‘|<+Zr,w+m+r(U0(Npa)7X»I¢’vX\ll 9A) lf r> O and

h(fdxg) = (—1)"h(gdkl),
where (—1)" = (— 1),

PrOOf' — Note that fﬁ;g eNk+K+2r,w+u)+r,m+u+r(UO(Np&)’x,:X aA) and
ks + K5 + 2ry > 2(ms+ps+rs) for all o. Thus b is well defined. Note
that (fo;g); = f;0.g,. Thus we consider only

f;ocg; = h(f;ocg,) + Z Ok+xrar—ashs

o<s<m+p+r
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Wlth hseMk+K+Zr-Zs,w+m+r—s(U0(Npa)a‘lI,3¢;A) for a ﬁxed i. Define
¢ Ni (T (Us(NP)), W5 4) — Allq]]: by

c(f) =a@.NO) + ¥ a@ N0Oq,

0<Eeapd ™ 1

which is the constant term as the polynomial of Y. Note that
do((4ny)~"q%) = — ro(dmy)"""°¢* + E(dny) "¢°. Thus we know
c(d () = d"(c(D).

Then we know from (6.6) that

™) b(f:dg:) = c(f)d"c(g) — Y, dethy).

o<ssm+pt+r

Since a(0,d*c(h)) = 0 if s > 0, we see a(0,h(f;5:g;)) = 0. This is true
for all translation of h(f;6:g,)|a by ae G(Q), . Thus h(f;6.g;) is a cusp
form if r > 0. Then the result follows from the argument in [H4],
Lemma 5.3.

We now define a formal g-expansion

c(f) = Wl(y){ao,p(yd,f)(o) + ) ap(éyd,f)(o)qg}

0<EeF ™

for each fe Ny, (Uy(Np*),V',¥; 4). By (*) we have
a(€,h(fdrg)) = a€,c(f)d’c(@) — ) E%a,h,,).

o<ss<m+pt+r
Thus if y = &a;'du, by (1.3 b), we see

N (a:)a,(y,b(f5cg)) ,
= N(a)a,(y,c(foxg) — ) A(a)y;a,(n.hy).

o<s<m+p+r
This shows that

(7.3) bH(fdLg) = c(féLg) — Y. hd* inside €(FUZ;A).

O<ss<m+u+r

Since a,(y.f|To(w™)) = a,(yu".Hi{w "}w;” if feM,,(S(P”);0), we
know that for the quotient field K of €,

(a,(y,h[d°| To(p™)) [, = [2,(yp",hs|d%) |, = [p™ yra(y,hy) [, < |p™ ||l
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and thus hi|d°|e = 0 for the idempotent e defined in §3. Namely we
have :

ProrposiTiON 7.3. — Suppose that k; > 2m, and x, > 2y, for all o
and gENx,m,p(NPa,X',X;Q) and fENk,w,m(Npu:\Va\l’;Q)- Then C(O exists
in M, ,(Np® V', \; Q) and we have

e(h(fdcg)) = e(c(fdcg)) = e(c(Hd’c(g)).

The existence of c(f) in the space of p-adic modular form follows
from (7.3) and G by replacing 8.g by the constant 1. The other assertion
follows from the above argument.

Now we can prove the p-adic version of Proposition 7.2 :
ProrposiTioN 7.4. — In M ,(U(Np*), V', ¥ ; K), we have

e((fl0)g) = Xo(— De((glx)f) and e((fld")g) = (—1)e((gld")f).

Proof. — As already seen, e((f|d°)g) + e((g|d°)f) = e((gf)|d°) = 0.
From this, the second assertion follows. Note that, by choosing
sufficiently large n so that p" = 1 mod N, we see ypp = Ep"a; 'dup' ™"
and up’' "€ Ug(N) if y = Ea;'ud with ue Ug(N) where p'’p, =p in
F,. Thus

a,(y.f| To(p")) = a,(yp5.D({p°}p")" = a€p".f:)(ai 'ud), " A"~ N(a)).

Then the first assertion follows from the fact that (fg); = f,g; and

a@p”fi(glx) = X x(Ba;"da(xf)a(B.g)

a+B=Eph

= Y x(—aa;'d)a(,f)aB,g) = xo(— DaEp”gifilx)).

a+B=tp”

8. Eisenstein measure.

In this section, we interpret the result of §6 into p-adic setting.
Namely fixing an ideal L of r prime to p, we give a definition of the
Eisenstein measures on the p-adic group G(L) = Z(L) X r;, where

Z(L) = Z(L)/F% = Fi/F* Us(Lp®)F3 .

Although our construction is covered by Katz [K], (4.2), our view point
is more adelic. We use the same notation introduced in § 3. We write
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U* = M(L) (thus we write U for the @-dual of U*). Then we can
state the following theorem-definition :

THEOREM 8.1. — We have a unique O-linear map E : €(G(L);0) —» U*
such that

(8.1a) M@)”%(%J

dw ™ Lzw AN (2) dE)
G(L)
a>yr,at+ Lp=t
0 otherwise

g Y e lal), if yr+ Lp=1x

and

aDJ,(y,J\ w O () AN (2) dE) =0
G(L)

for any continuous function ¢: Z(L) X t, > O such that ¢(w,z) N (2)
factors through G(L), where w (resp.z) denotes the variable on r
(resp. Z(L)). If the Leopoldt conjecture holds for F and p, then E has
values in S(L).

Proof. — We first show the existence of E with values in U*.
Consider a quadruple (0,y%,k,r) consisting of a finite order Hecke
character 6 of p-ower conductor, an integer ¥ > 0, a finite order
character x of Z(L) with x,(x,) = x¥/|xX| and a weight 0 < re Z[I].
By (8.1a), we see, if Y., €Tz,

aI,(y,J: 0w HW " (2) N/ (2) dE)

G(L)

= NWOG,)y, Y x@A (.

a>yr,a+ Lp=rt

Thus, it is sufficient to prove for all quadruples (0,%,x,r), we have
E = E(0,y,x,r) € U* such that

(8.1b) A () 'a,(y,E)
0y, Y x@A (@ if yr+ Lp=t

a>yr,a+Lp=r

0 otherwise
and

a,,(y,E) =0,
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because functions of the form (a,z) — 8(a)"'a™"x(z) 4 *(z) are dense in
%(G(L);Q) for the p-adic completion Q of Q,. We see easily from
Corollary 6.2 and § 7.F-G that E(0,y,x,0) is a constant multiple of

—(x/2) (Y x 2g-1.1_X\|lg-1
Iyla G"’“((O 1>,x9,9 i1 2)‘9 .

Here we use the twisting operator 1, in place of 6 when 0 is trivial.
This shows

E(6,%,%,0) e M, .(V1(L)(p*); Q)
and
E@®,x,x,r) = d"E(0,%,x,0) e U*,

and we know the existence of E having values in U*. If the Leopoldt
conjecture is true for F and p, we can find an Eisenstein series G, of
M., .(Uy(p),Q) with the following property [Col]:

8.2) G,eM,, ,(Uy(p),Q) for each positive integer n such that (i)
r=p" '(p—1), (ii) G,=1modp" *Z, for 0<eeZ independent
of n and (iii) a,,(y,G.lY) = 0 if ye G(Ay) — B(A)FLUy(p).

It is easy to show that G,|[p"] satisfies the above condition for
U,(p") instead of U,(p). Then we see that G,EeS(L) and E =
lim G,EeS(L). This shows that E has values in S(L). Thus, in fact,

the p-adic cuspidality of E follows if one assumes the existence of
sequence of modular forms {G,} as in (8.2) without assuming the
Leopoldt conjecture.

For a finite order character €: Z(L) - Q with eA4/(j>0) factoring
through Z(L), we see

(8.3 a) a,,(y, j 0w Hw "e(z) A (2) dE)
Gw

=00y, () Y e@) A pelayt if yr+ Lp=r,

a>yr,a+Lp=r

mw)%04 wwﬂw“”uam%wm@
G(L)

=N y00,) Y e(r/a) Aoyt if yr+ Lp=r,

asyr,a+Lp=r
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because A '(y,) = N ro(yr) ' A (). Thus the measure E has values in
M, (Vi(L)(p®); K) for any k > 0. Then modifying the action of G on
M., (Vi(L)(p*); K) so that f|,{z,a)=a'f|{z,a), we see that

84 j ¢(W,Z)dE(Z)|t<Z',a>=J d(aw,2'z) A'(z')* dE(2).
oL

G(L)

9. Convoluted measure.

In this section, we define a convolution of the Eisenstein measure
E and an O[[G]]-linear map ¢ : M* — S(L) for an O[[G]]-module M.
Let L be an ideal of r prime to p. As in §3, we decompose
G(L) = W X Gy, (L) for the torsion-free part W and a finite group
Gir(L). We write A for the continuous group algebra O[[W]]. We
begin with

LemMMA 9.1. — Any A-submodule M of an A-free module of finite
rank satisfies the following conditions : (i) M =lim M, as A-module ;

(ii) M, is an A-module and is O-free of finite rank ; and (iii) The transition
maps : My — M, are all surjective. Moreover if an A-module M satisfies
(1), (i) and (iii), we have

M* = Hom, (M,0) = lim (( lim Mé*)@@@/l’“@)’
H [

(M*)* ~ M and Hom, (M,A*) ~ M* and Hom, (M*,A*) =~ M.

Proof. — Let E =~ A" be a A-free module of finite rank and suppose
that M is a A-submodule of E. Writing W*= W/W;, we see
A = lim O[W*], and hence E satisfies the conditions (i)-(iii) for
E, = O[W°]". Since A is noetherian, M is a closed submodule of E
and hence M is compact. In the category of pro-objects made of
compact abelian groups, the functor of projective limit is exact. Thus
we know M = lim M, for the image M, of M in E,. Then it is easy
to verify the conditions (i)-(iii) for M,. The second part of the lemma
follows from the proof of [H3], Proposition 7.1. Especially, the pairing
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{,):M x M* > A* is given by

{m,m*>(a) = m*(am) for meM, m*e M* and acA.
We now recall the space U* introduced in Theorem 8.1, which is
the closure of the space {ZMk,w(Vl(L)(pw);L)}n(g(fuZ;@) in
k,w

%(FUZ;0) under the norm || ||, in §3 (thus U is the @-dual of U*).
Note that U satisfies the condition (i), (ii) and (iii) of Lemma 9.1.
In fact, we can take U, to be the (-dual of

Y M, ,(Vi(L)®P*); K) n€(FUZ;0). Then we see U=

O<k<at,tzw>—at

lim U,. On the other hand, the multiplication induces a product

m:U* x S — |D|S, where S=S(L) (see (1.4)). Thus we define
m:U* xS - S by m(f,g) = |D|"'m'(f,g). Then by definition, we see

m(f].{z,a),81<{z,a)) = m(f,g)|<z,a)

where the action f+ f|,{(z,a) is given above (8.4) and, as seen in (8.4),
the Eisenstein measure E:%(G(L);0) - U* becomes an O[[G(L)]]-
linear map under the action: f+ f|,{z,a) on U* and the action:

b = ¢z, a)(w,2") = d(aw,z’2) A (Z')? on E(G(L);0).

Let J be a divisor of L and consider a compact O[[G(J)]]-module M
satisfying the conditions (i)-(iii) of Lemma 9.1. We consider M as a
O[[G(L)]]-module via a natural projection of Z(L) to Z(J). Let
@:M* - S be an O[[G]]-linear map for G = Z(L) X r; . Define

G:M*®RoU* > S by ¢ =mo(p®id),
where M* ®, U* is a p-adic completion lim (M*Q@U*)/p/(M*Q@U*).

On the other hand, M ®,U denotes the profinite completion
lim M;®U;. We say that a function ¢ : M — U* is continuous if it is
i

continuous under the p-adic topology on U* and under the topology
of the profinite group M. Thus if ¢ is O-linear, then ¢ is continuous
if and only if there exists i >0 for any j> 0 such that
dmodp : M/pPM — U*/pU* factors through M,/p’M;, where M =
lim M, as in Lemma9.1. Then, since U = lim U, for O-free modules

-

U, of finite rank satisfying the condition of Lemma 9.1, the image of



378 p-ADIC L-FUNCTIONS OF GL(2) x GL(2)

¢ mod p’ is actually contained in U¥/p’U¥ for some k. We denote by
Hom, (M, U*) the space of all continuous @-linear maps. Then we have

Hom, (M, U*) = lim lim lim Hom, (M,/p'M,, U¥/p'U¥)

T .
lim lim Hom, (M;/pP’M;®, Uy, 0/p'0) = (M®,U)*,
7 i“’k

where M®,U is the profinite completion of M ®, U.

| -

LemMA 9.2. — Let M and U be A-modules satisfying the conditions
(1) (i1) and (iii) of Lemma 9.1. Then, we have

M* ®o U* = Hom: (M, U*) = (M ®c U)*,
where the identification is given by ¢ ® u* > (d@u*)(m) = dp(m)u*.

Proof. — We have a natural map: M* ®, U* - Hom, (M,U*)
given by ¢ ® urs> (m—>d(mu). By definition, M ®, U = lim M,®U,

satisfies the assumption of Lemma 9.1 and thus o

(M&®,U)* = lim <lim M;“®U;-"> ®o O/p"0 = M*Q,U*,
p i‘—j
which proves the assertion.

For each continuous function ® € (M X G; ), we define an action
of G=G(L) by (®|(z,a))(m,z',a’) = ®((z"',a”")m,zz’,aa’). We now
define Esx : €(M xG;0) > €(M,U*) by

Ex(®)(m) = J (®|(z,a))(m,1) dE(z,a).

G(L)

Then Ex induces on M* ®,%(G;0)(= Hom, (M,%(G;0)) which can
be regarded as subspace of (M XG;0)) a morphism into
Hom, (M, U*)(= M*,®,U*). Then we have

E*((I))(m)=f O((z" Y a"Ym)(z,a)dE(z,a) for ®eHom, (M,%(G;0)).

G(L)

We now define the convoluted measure E % ¢ : M* ®,%(G;0) > S by
Ex (D) = ¢(Ex(D)).
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By our construction, if we let (z,a)e Z(L) X r, act on @ via
®||(z,a)(m)(x,b) = ®(m)(zx,ab) A (z)* regarding ® as an element of
Hom, (M,%(G;0)), then

CRY; Ex @ is a morphism of O[[G]]-modules.

In fact, under the diagonal action of G on M* ®, U*, ¢ is O[[G]}-
linear. Thus we see

»

Il

92) (Ex(®)|(z,a))(m) » (@1(x,0))((z,0)m, 1) dE(x,b) | (z,a)
= ;m (®|(z2x,ab))((z,a)m, 1) dE(x,b)
= ;L) ®(x~L,b ™ Nym, (zx,ab)) N (2)* dE
- | (@ll(z,0)|(x,b))(m,1) dE(x,b) .

JG(L)

This shows the compatibility of the action with Ex* .

We now fix another divisor N of L. We can naturally identify the
maximal torsion free quotient of G(N) with W via the natural surjection :
G(L) - G(N). As in § 3, we fix decompositions : G(N) = W X G.(N),
Z(N)=W x Z(N) and v, = W’ x p. Then we may assume that
W= W x W and G\ (N) = Z,,.(N) x p. Let L be the quotient field
of A= 0O[[W]]. We fix a finite extension K of L inside the fixed
algebraic closure L. and denote by I the integral closure of A in K.
Then there exists an A-free submodule M of K of rank [K : L] containing
I (cf. [B2], V.1.6, Lemma 3). Thus I satisfies the conditions of Lemma 9.1.
We now take a primitive A-algebra homomorphism A : h™"(N; 0) - K,
which factors through h(\,y’) defined in § 5. Then A has values in I.
By composing the multiplication map: I ®, I - I with A ® id, we can
naturally extend A to an I-algebra homomorphism of h(y,{') ®, I into
I, which we again denote by A. We now consider the I-algebra
decomposition h(Y,¥’') ®, K = K ® B induced by A such that the first
projection to K coincides with A, and we let 1, denote the indempotent
of the factor K. Let pr be the second projection into B and put
¢ = A@pr(h(¥,¥') ®21)/h(¥, V") @4 1. Then by [H2], Th. 2.4, ¥(2)
is a torsion I-module. We take 0 # H el which annihilates ¥(A). Then
H1l, eh(y,¥') ®4 1. We now decompose S™(N;K) = S(,V';K) @ X
so that G(N) acts on S({,V¥'; K) via the character (y,¥') and on X
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via other characters. We write S({,{') for the intersection of S™"4(N;®)
with S(,{'; K). We also write M = Hom, (M,A) for any A-module
M and we define a pairing <{,)> between h{,¥')®,1 and
S, V) @41 as follows :

(9.3a) LI = (hji).f) = (.f1j{),
where (,) is the pairing in Theorem 3.1. We then define
(93b) L:SWV)®.1 - 0 by L) = (HL,f).
For Pe Z(I), we have an (-algebra homomorphism
Ap = Podk:h({,¥') ®,1 - Q,.

Suppose Pe «/(I). Then, we have characters y, and } associated to
P as introduced in §5. For a suitable X-tuple a = (a(p)),.x and for
k=nP)+2t and w=t—ov(P), as seen in §3, we find
fp € SEV(Np*, Vb, Up; Q) such that
94) a,(n.f) = M(TW))y,* = PMT(y))) or equivalently,
a(y,fp) = Ae(TON{y™ " = PAMTGDyoly™ "} for yetn Fy,.

For complex conjugation p, we write f§ for the cusp form in
SELC(NP Vs 1, Up1; Q) defined by a(y,ff) = a(y.fp)" (see (2.12)).

LEMMA 9.3. — Let f, be as above for Pe o/ (). Then we have
(g) = HP)(f3|t(nw"),8le)./(fp]T(nw*),fz),
for all gesk.w(Npa9‘j!;’a \l’P’ Q): Where (: )oc = (7 )Npa'

Proof. — By definition, we have f|t(x) = x~'(det (x))f(xt(m)) for
feS, ., (my,y; C). We write U for Uy,(m). Then it is easy to see from
this formula that

1 (det )(E1DI[Ual] = (°I[Va U],

where o = (m with a prime element @ of t, for a prime q. We

0
01 .
now suppose that m = Np*, x = V¥ and ¥’ = Y. Since
hk,w(m,X',X§C) = hk,w(m’X’,Xﬂo) ®1¢C

hy (3% 0) = hy (', %5 1) @00,

and
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we can extend Ap: h,,(m,x,x;ts) » C linearly to unique algebra
homomorphism of h, ,(m,x’,x;C) into C, which we will denote again
by Ap. We first show that the linear form I:feS; ,(m,x’,x;C) » C
defined by I(g) = (21t (NVp*),gle)./ % |T(Np®),fp), is the unique one
satisfying 1(g|h) = Ap(h)I(g) for all heh, ,(m,x,x;C) and I(f,) = 1.
The uniqueness is obvious by the duality theorem (Theorem 2.2) and
the fact : I(f,) = 1 which follows directly from the definition. By (7.2 b),
we have

1 n.gl[UaUD)=A,([UaU](|3]7.8) -

This shows the desired property of I. Now, by definition, I, satisfies
the same property, ie. [ (glh) = Ap(h)l,(g) for operators
heh,(mx',%;Q,). Thus I, is a constant multiple of [ on
Sk (Np* W5, Up; Q). Since I,(fp) = H(P), we know that I, = H(P)! on
Sk.o(Np* U5, Wp; Q). This finishes the proof of Lemma 9.3. Note that
the expression on the left-hand side does not depend on the choice of

a = (@(P)pex-

Now we take an A-free submodule X in K containing I. Then X/I
is a torsion A-module. We use the symbol: “*” to indicate (-dual
module while we use the symbol: “"* to indicate A-dual module. We
write Y : Z,o;(N) > 0 and V' : p - 0~ for the characters which gives
the restriction of A to G, (N). Define a subspace of €(G;0) by

€(G; 0] = {fe(G;0)| f(Cx) = YV () f(x) for all {€Gyor}.
We know, by restricting functions on G(L) to W,
E(G;0)[V, V'] = ¢(W;0) as A-module.
Similarly, we define

S(L; V') = {f eSL)[fIKCL) = QW' ) f for all CL)eG,,}.

Then S(Y, ') = S(N; ¥, ¥’) N S™(N; 0) = e(S(N;¥,{")). On the other
hand, we see

¢ (W, 0) ®4, Hom, (X,A) = Hom, (A,A*) ®,Hom, (X,A)
~ Hom, (A®,X,A®,A*) ~ Hom, (X,A*) = X*.

Here, to get the second isomorphism, we have used the A-freeness
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of X. Thus we know M* ®@((€(G;(9)[\|/,\jf’])®Aﬁ = M* ®,X*. We
then define

W M*Qo((G; O YU ]) ——2s S(Li YY)
Tyn e _
S(N; ¥ ¥') — S,V
and
Ex @1 M* ®¢x* - 0 by [o(¥®id).

Here we naturally consider X as a submodule of I and hence
L : S )®AT — 0 is well defined on S(U,V')®.X. We shall regard
E %, ¢ naturally as an element of the profinite completion M ®, X.
We now show that E %, ¢ is independent of the auxiliary choice of X.
Let first assume that X' > X > I and write E *, ¢(X) for E x, ¢ obtained
from X. Then naturally, we have X o X’ and a natural map : X'* — X*
by duality. Thus we have a commutative diagram :

Ex,0(X'): M*®0(%(G; O)[ Y, W' @sX' = M* @ X'* > S,V )@, X - ¢
! ! l
Ex0(X): M*®(4(G;0) [y, VD @sX = M*®@X* - SW,¥)@1X - 0.

This implies the image of E %, ¢(X) in M ®, X' is given by E %, ¢(X').
Thus E #, @ is uniquely determined in lim M ®¢ X and is contained in
X

X = ﬂ M ®@X, where X runs all A-free submodules containing I.
X

LEmMMA 94. — Ex, e M ®, 1.
Proof. — We only need to show that

™) 1= (X for finitely many A-free lattices X.
X

Pick one A-free lattice X > I. Then Ass = Ass, (X/I) consists of finitely
many height one primes P,, ..., P,. Let X; denote the localization at
P; for any A-module X. Then by the approximation theorem of Krull
domains [B2] VII.1.5, we can find «; € Aut; (K) such that o, X; = I, for
each i and o X o I. Then I = ﬂ o; X N X, which shows the assertion.
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10. Proof of Theorem 5.1.

We take a primitive homomorphism ¢ :h™°"(J;0) » J for the
integral closure J of A in a finite extension F of L. By the duality
(Th. 3.1), we have @*:J* —» S™°(J; ). Let L = NnJ. We take J*
as M* and [L/J] o @* as ¢ in the previous section. We therefore write
@' for [L/J]o@*. Let (x,x') be the restriction of @ to G.(J); i.e.,
X:Zi:(J) > O and %' :p—> 0. Then (Ex,¢'*) gives an element of
(J*®eX*)* =~ J ®,X. We define an element & = A * ¢ in the quotient
field of J ®,1 by (Ex,¢'*)/1 ® H. We now want to evaluate & at
an arithmetic point (P,Q)e /(1) x o/(J). Let A # 0 be an element
of I which annihilate X/I and write ®, for (1®A)(E*,¢'*) in
J®,1. Since the localization I, = 1 ®, A, of I at P is Apfree for
Pe /(1) ([H2], Th. 2.4, Cor.2.5), we can always choose an A-free
module X o1 so that A(P) # 0. We can also choose H so that
H(P) # 0 and H kills the congruence module € (A;I). We first compute
Y = T, 0eo(Ex@). By extending scalars if necessary, we may assume
that P:1>Q, and Q:J - Q, have values in (. Then especially
QeJ* and thus Q ® n e M* ®,%4(G;0) for any character n of G(L)
with values in ¢. We first compute ¥ (Q ®n,) € S(,¥’) for the character
np:G(L) » 0" given by mnpz) = Yp(2)Vp(@) 4 (2)™"a"®,  where
v(P) € Z[I] and m(P)t = n(P) + 2v(P) > 0. Let

g = ga e SR (Jp*, xe, Xe; O)

be the cusp form corresponding to Q, where m(Q) = [n(Q)+2v(Q)],
k=n(Q)+2t, o=t — v(Q) and a = (a(p)),.x is a suitable Z-tuple.
Then regarding Q ® Ny M* ®«(4(G;O)[V,¥']), we have by definition
(see also (1.4))
(10.1) [DI¥(Q®np)
= Tunoe(gal[L/J]-(E(xaVr ", xa Vr, m(P)—m(Q),v(Q)—v(P)))
where E(0,y,x,r) is as in (8.1 b). The discriminant |D| appears in front

of W because we have divided the multiplication map m' by |D].

Hereafter we assume that
(10.2) Vs 'is a restriction to t; of a character 0 of Cl(p*).

We now compute the value of ®,. We start from the algebra
homomorphism P : 1 — @ given by the point P € o/ (I) as above. Suppose



384 p-ADIC L-FUNCTIONS OF GL(2) x GL(2)

that A(P) # 0 and consider ®,(Q®P) = A(P)(E+,9)(Q®P). Since X
is A-free of finite rank, we see from Lemma 9.1
S, V') ®4 X = Hom, (h(¥,¥"),A*) ®, X

= Homa (h(Y,¥') @4 X,A*) = S(J,¥') ®o X*.
Let I(X) = {ieI|X o iX} (i.e. the order of X), which is a subring of

I. Let P=PnIX). Note that ¥ ® id (Q®P) e S(\, ') ®, X*[P]
and S(U,Y") ®¢ X*[P] = (h(Y, V') ®X/PX)* (cf. [H3], Prop. 7.3).
Tensoring I(X)/P to the exact sequence: 0 - I - X — X/I - 0, we see
that the natural morphism: I/PI - X/PX is an isomorphism up to p-
torsion, i.e., having finite kernel and cokernel. We also have

I/PI ~ I/PI =~ O up to p-torsion. Thus the torsion-free part X/PX° of
X/PX contains naturallyI/ PI(= @) and A4(P) annihilates (X/PX°)/(I/PI).
Thus we see

(h(, ') @0 X/PX)* = S™(Np*, Yk, y7; X/PX°)
which is a subspace of Smerd(Npe Yp, Yp; K). Thus we see
IDIA(P)Y ® id(Q®P)
= A(P)Ty w0 e {(gal[L/J]-(E(©y, xo Vp, m(P)—m(Q),v(Q)—v(P))}

€ S™ " (Uo(p®),erPc™ ™); 0).

Write K, = Q n K. Then by Lemma 9.3, on S™(Np* V5, Vp; K,), we
have
In(h) = H(P)(f%|T(Np®),h)e/(f%|T(NP®), ),

where (,), = (,)n for m = Np*. Now we have
|D|®@a(Q®P) = A(P)H(P)(E?|T(Np®),h)s/ ({2 T(Np*),fr)a
for

h= T, yoe(gql[L/J]| 6, (@)a"® " @ Ve(2) ¥ (2)"P~ @ dE(z,a)).
G

Recall that 2 = A x ¢ = ®,/AH. We now compute the value 2(P,Q)
for arithmetic points P and Q. As in the theorem, we now suppose
that

(10.3 a) n(P) —n(Q) =>t,
(103b) n(@)—n(P)+ 2t < (m(P)—m(Q))t and v(Q) > v(P).
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Then, (10.3 b) is equivalent to
(10.3¢)  n(Q) — n(P) + 2t < (m(P)—m(Q))t < n(P) ~ n(Q).
We divide our argument into the following two cases :
Case I: m(P)— m(Q) =1 and Case II: m(P) — m(Q) < 1.

We put j=m(P) — m(Q) in case I and j=2 — m(P) + m(Q) in
Case II. Replacing k by n(P) + 2t, ¥ by n(Q) + 2t, w by t — v(P)
and ® by t — v(Q), we can apply the result obtained in §4:

Case I: j=m(P) — m(Q)=1,v(Q)=v(P) ;t<jt<n(P)—n(Q)).
We see

IDIA(P)Y ®id (Q®P)
= A(P) Ty o e{g [L/J]dU(Q)fD(P) E(epa ngl‘llp’j’o)} .

We now claim that, for the Eisenstein series G, introduced in (4.8 ¢),
e—l
= ¢|D|7'07(d) E(6s, %o V2, j,0)

(10.4 a) Gjt,0<anQl\|’P92:9_ ! _]5)

with ¢ = (2" ¥r"¥  Writing E for E(0,, xq'V»,j,0), we see from the
definition that

a,(y,E) = #/(0)0(y,)0,-1,(0r) for x = xe'Vr and y,er;
and otherwise a,(y,E) =0.

Since a,(ya,E) = a”"0(a)a,(y,E) for aer, (see (8.4) or (2.2¢)), the
subgroup r, of G(L) acts on E via the character t, sar>a”' (up to
finite order character 6) and hence we can compute formally the Fourier
expansion coefficient a(y,E) out of the g-expansion coefficient a,(y,E).
The tip for this transition is given in (1.3b): a(y,f) = a,(y.f){y " '}(y,)".
Then

a(,E)={y 3 )' NV (1)0(¥2)0i-1.x(y¥) = | y|2 '0(¥p)Ci-1.x(yr)ye{y ~*},

since a,(y,E) = 0 unless y, e v, . Now we compute the Fourier coefficients

of G = G,.,,0<x,x;1¢,, 2,9*;1—%)- Noting

G = Iy!;ij*jt(x’ XZ) 1\|1P92,6—1; 1 _%> 4
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we see from Corollary 6.2, for ¢ = (2iy/FUplFQ,

a(y,G) = ¢[D|7'0(d)'0(ma(y,E) if y,er,.
This shows (10.4 a).

Write m = Lp* and m = [g* with a finite idele | such that Ir = L
and II;' =1, and recall that the p-adic L-function 2 is defined by
®,/AH. Then, we see from Lemma 9.3

(31T (Np%), £,), 2 (P, Q)
¢ '0(@)(E5 | T(Np°), Tyyw 0 e{(gel [L/J]) - (@™ 7G187 1)),
¢ '0(d) (5l T(m), e{(gel[L/T])- (@G0T}, (by (7.2 2))

= ¢7'0(d)0,.(— D)(f5|t(m), e{(gql[L/J]107)
<(d*Q@7®G)Y). (Prop. (7.4)

c7'0(d)0(J/ LB, (— D)(F5T(m), e{(gel0 ' I[L/T] - (" @ *P'G)}Y),
¢70(d)0(/L) (O™ Ay (— DA pq(J/L)N po(Lp®) ™ @

x (f511(m), e{(gel 07 T(p%) I T(m))- (" O VG))),,
= ¢7'0(d)O/LYO X (— DA 5q(J/ L)N ro(Lp™) ™
X (f3171(m), b{(gel 0 '1T(Ip")1T(m))- 3}V "G)}), (Prop. 7.3).

Here we used the fact : h = g4|0™" € Sy0).w (/P Xa» Xe® 5 C) and
hiT(7p?) [ T(M)(x) = (XD~ Voo (= DA pa(Lp*)™ PN po(L/I0I[L/J].

By (4.9), we know that, for g = go|07'|t(Jp®) and r = v(Q) — v(P) = 0

| DI O ORL (0~ g5 Z (‘ 7ine 9_1>

— e—l(m)./‘/ (m)71~M(Q)

FlQ

x (f"pr(m)sb{(glr(m))(}it*?"r<x’XQWPW’91;1_12)}) '

Moreover we see from corollary 6.3 that

ofouls o)
X

= Fp(r+t)(—47t)_("Gj,+2,‘,<<g 1>,x,9; 1—%>-
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Here it might be worth making the following remark: By (1.8) and
the definition of the correspondence of adelic automorphic forms and
classical Hilbert modular forms, (3;,G); = y." 6.,G;. Hence in the
above formula, we have (—4n)"" instead of (—4my,)”". Thus
(21T (Np*), fp)e2(P,Q) is equal to

(10.4 b) ~
¢ O(/LY(O” Xa)oo (— DN (P p(0(Q) — v(P) + 1) (— 4m) ~ (@70

X 0(dm)D O M@RL, (3 j yo I‘IIP)Z< _ %, fo, 2,0 1)

for g = go|07'|T(Jp®). Now by (4.6), we have, with the notation there,

Z(s.1,g,0) = D1+2920(d)" 1(4n)-'s-<m>/2rp<5+ £+ §>D(s,f,g, 0)

and hence
Z<_%’fpgg,9_l> = e(d)D(l—m(P)+m(Q))/2(4n)U(P)_"(Q)_U(Q)‘2t
—m(P
<T@+ 0(@) =002y +200( "D 1, .071).

This combined with (7.2¢), %°|t(Np¥) = |na®| P2 (f8|T(Np%))*,
(21T (Np*), £p)y = D™ ((f2T(Np*),f2),  and  O(L/J) = 8(m)/0(j5")
shows

(10.4¢0)  8(d>) Ogew(— D na® 3P ()| T(Np*), 5).2 (P, Q)
= 8(/0")A ra(Jp*) C(P,Q)

< Ly@-m@® + m(@). 1z ("L, g,071).

where g, = go/07't(Jp*) and C(P,Q) is as in the theorem.

Case II: (1<j=2—m(P)+m(Q), v(Q)=v(P); t<jt<n(P)—n(Q)).
From (10.3 b), we have

(10.5) r=nP) — n(@) +vP) —v(@) —t=0.
Writing E for E(0,,%,2—j,j— 1)(Xx=1%g"Vp), we have similarly to Case I:

a,(0,E) = /' (0)*70(y,)0j-1,(yr) for x =o'V and y,er,
and otherwise a,(y,E) =0.
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Moreover, the subgroup 1, acts on E via the character
t, 2a>aY"?" up to finite order character 6, and hence we have from
Corollary 6.2

a(y,G’) = D7'8(d) " 'cO()a(y.E) if yyerp
for G' = lyl;”zG_j,<x,x5 ‘\|1P62,9“;15> and ¢’ = Qmuiy"' 9T .(jt)"*. Since

Gﬂ.o(x,xil\llpez,e“l;%> = Iylﬂ“z”zG_,-(x,xé‘\!!pﬂz,9‘1;]5)a keeping the
fact : f ® 0(x) = 0(d)0(det (x))f(x) in mind, we know

( .
(10.6 a) iGn,o<x,x&‘\llp92,9‘l;J§> ® Idet(x)lfi’}le'l
= c'D70THDE®,, xa Y, 2—))t, (G~ D).

Then, we see from the definition in § 7.G that

{d'(Gj,_()(x,xa‘wpez,e“; g) ® Idet(x)li”')}le“
= c'|D|70 ()E(0p, xa'Vr, 2—j)t,G— Dt+r).
Especially, if we take r as in (10.5), we will have
G—Dt + r=0v(Q) — v(P).
Now, writing G for sz,o(x,xal‘ype2,e_l;%> and m = Lp*, by a

similar computation as in Case I, we see from Lemma 9.3

(flg | T(Npa) ’ fP)w@(Pa Q)
= ¢ 70O/ L) (1™ Yo (— )N pa(Lp?) 172 @ )

X A 'ra(J/L)(f8|t(m), h{(gel® ™" |T(/p%) ® [det (x) (x| T(m)) - (35G)})m .

The only difference in computation form Casel is that we used the
following fact to conclude the above identity :

[ ® 8jt(m) = 8(d)”'0(dm)((f1T(M)®¥).
Again by Corollary 6.3, we have

I‘F(]'t)f‘)},{Gj,_(,((g T) 2%, 0; %)}

ooy Fusd)
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Now we want to apply (4.9). Note that the weight of
8el07 [T(Jp)@|det (x) 37 is given by (n(Q),v(Q)+(— 1) (see §7.F)
and hence p in (4.9) is equal to m(Q) + 2j — 2 and m in (4.9) is given
by m(P). Then we see

(10.6 b) (f37(Np?),1p).2(P,Q)
= " 'Tx(j)) DO @Y (dm)O(J/ L) (X ™ Voo (— DN pra(Jp)

X Tp(t—ov(P)+0(Q2))(—4m) "L, xé‘ﬂlp)Z(%— 1,f,8,07 ‘)’

where g = go/07'|1(Jp*). In fact, what we get in the right-hand side
is Z<5—1,fP,g®||}\ i 9 ), but it is equal to Z<]2 1,fp,g,6” 1)

because this function only depends in the unitarizations of f, and g by
definition and the unitarization of g and g ® ||i/ are the same.
Similarly to (10.4c), we conclude

(10.60) (A" (Oa)a(~ )i k"™ (E2F (N9, £, (P, Q)
= 0(jo*) N re(JPp*)C(P,Q)

X L,(2—m(P) + m(Q),Xé‘\lfp)D<M fp, 8,07 1>

from

Z<]5 —-1,f,, g, 9—1> = 0(d)| D|~m®I+ m@)2(4yr® =@~ v (@2

x FF(U(Q)—v(P)+n(Q)+2t)D<M,fP, 'S >

Thus we have
9 = ®4/AH = A(Ex9'™*)/AH = (Ex0'*)/H

is the desired p-adic L-function. The last assertion of the theorem is
then clear from the above formula and Lemma 9.4.
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