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LOWER BOUNDS FOR
PSEUDO-DIFFERENTIAL OPERATORS

by N. LERNER®) and J. NOURRIGAT

Introduction.

In this paper, we wish to start an investigation on lower bounds for
pseudo-differential operators. Our guideline will be one of C. Fefferman and
D.H. Phong’s conjecture (see §7 in [6] and [2]) : if a(x, D) is a second order
operator, its lower bound will be given by some average of its symbol on
canonical images of the unit cube in the phase space. Namely, we wish to
prove roughly (in some cases) :

a(z,D,) > inf / / oz, €)dz dt |
X€® J Jx(Qu)

as an operator, where @ is the unit cube of R*?, & a family of canonical
transformations to be specified. The inequality above gives a connection
between the geometry of the symbol a(z,£) and the spectral properties of
its quantization a(z,D,). Many papers were devoted to these questions.
The classical sharp Ggrding inequality was first proved by Hormander [9] :

a(z, &) first order > 0 implies a(z, D) semi-bounded from below. We
refer to ([11] section 18.1 or [1]) for a proof of this inequality, yielding also
the case of systems previously studied by Lax and Nirenberg [12]. Later
on, in his paper on the Weyl calculus, Hérmander [10] proved an inequality

(*) This author was partially supported by the NSF Grant DMS 8802821.
Key-words : Lower bounds — Pseudo-differential — Schrodinger operators.
A.M.S. Classification : 35P15 — 35S99.
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with a “gain” of 6/5 derivatives. Namely, if a(z, ) is a symbol of order 6/5
such that

1
a(z,€) + itraceJr a>0,

then a(z, D) is semi-bounded from below. Here trace, a is a positive quan-
tity related to the Hessian of the symbol. On the other hand, C. Fefferman
and D.H. Phong proved a two derivative inequality [3] for non-negative
symbols :

a(z, &) second order > 0 implies a(z, D,) semi-bounded from below
(see also the proofin [11] section 18.6). On the other hand, C. Fefferman and
D.H. Phong [6] discussed the conjecture above for non-negative symbols of
order 2 — ¢, € > 0.

The present paper is concerned with various cases involving symbols
which can take large negative values. The first section is devoted to
the Schrodinger equation with magnetic potential. In the second section,
we discuss the one-dimensional Schrdédinger equation, with very little
assumptions on the potential. The third section, purely technical, is devoted
to miscellaneous properties of the proper class of a symbol. The fourth
section contains a proof of the conjecture for pseudo-differential operators
in one dimension.
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d. Sharp Egorov principle.
4. Pseudo-differential operators in one dimension
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b. Statement of the result.
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1. THE SCHRODINGER EQUATION
WITH MAGNETIC POTENTIAL

a. Statement of the result.

We are interested in the following operator

(1.1) P= Z ~ 4;(2)* + V()
10 .
where D, = e and A4,,...,A,, V are real polynomials of degree < m.
J
(Note that V is not assumed to be non-negative). We set-up
(1.2) p(z,8) =) (& - 4;() +V(2),

j=1
the Weyl symbol of the operator P.

We denote by G,, the group of canonical transformations of R?" of
the following type :

(1.3) (ysm) — (2o + Ay, A" + Veo(y))
where g € R™, A > 0 and ¢ is a real polynomial of degree < m.

THEOREM 1.1. —  For each integer m, there exists 6, > 0 such
that the following property holds. If Ay,..., Ay, V are real polynomials of
degree < m and if the symbol p(z, ) given by (1.2) satisfies

(1.4) // (pox)(y,m)dydn >0,
max(|y|,|n]) <6

for any x of G, defined in (1.3). Then the operator P, given by (1.1), is
non-negative.

In other words, whenever (1.4) is satisfied, we have

(1'5) Z ” z; T u“L2(Rn) + /V(:c)lu(z)sz >0 ,
for any u € C§°(R").

Remark 1.2. — The magnetic potential A = (4,,...,4,) is a one-

n
form A = ) Aj;dz;. Its exterior derivative
=1

da= S (aA aAk)dzk/\d:cJ

or oz
1<k<j<n k J
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will be called curl A. Note that the quotient norm of A modulo exact
forms is equivalent to the norm of curl A : if E is the space of I—forms
with polynomial coefficients of degree < m, F' the subspace of {d®}, where
® is a polynomial of degree < m, G = dE, we have ||A|g/r ~ [dA|lc
where || ||g/p and || ||¢ are any norm on the finite dimensional spaces
E/F,G.

b. Preliminary lemmas.

The following inequality is proved in a paper by Mohamed and
Nourrigat [13]. (See also Helffer-Nourrigat [8] and Nourrigat [14]). It could
be seen also as a consequence of [6].

LEMMA 1.3 (Local subelliptic estimates with non-negative poten-
tial). — For any m > 1, there exists Cy, > 0 and €, > 0 so that, for any
polynomials A,,...,A,, V of degree < m with V(z) > 0 on |z| < 1, we
have

(1.6) Xlull* < Cn {Z I(D; = Aj)ull® + (Vu,u)}
i=1
for any u € C§°(|z| < 1), with

A = sup (|B(z)]?+V(z)), B=curlA.
lz|<1

LeEMMA 1.4. — For any m > 1, there exists Cp, > 0, so that (1.4)

implies the following inequality; for any xo € R™ and any R > 0 :
642 1
1.7 0< 2-4C,, sup R*B(z)?+ ——/ V(z)dz ,
( ) R? lz—zo|<R | | |Sn—1|Rn lz—z¢|<R

where B = curl A.

Proof. — A consequence of (1.4) is, with § = 6,,,

e (V(@o+2y) + A7 + Vop(y) — A(zo + Ay)|*)dy dn 2 0,
In<s

for any z¢o € R™, A > 0, ¢ polynomial of degree < m. Then, we have

IBnIA—n5n/ V(z)dz-{-// AT+ Voly)
|z—z0|<AE ly<o

ln|<é

—A(zo + \y)|’dydn >0,
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and thus

0< /\—"5"/ V(z)dz + |S™ 162" sup |A"1n + Vo(y)

—A(zo +Ay)l?

SO

0 < (A8)" 6% / V(z)dz + 2|S"1|62"62 02 + 2|57 |62
IZE—(D()|_<_)\6

sup [|[Ve(y) — A(zo + Ay)||* ;
lyl<é

so, with R = A4, we have

0<R™" V(z)dz +2|S™ 1 6*R™2 + 2|S™7!| sup ||[Ve(y)
lz—z0|<A6 lyl<é
—A(zo + My)|I? .
Remark 1.2 gives then
0< R ™§" 1! / V(z)dr + 26*R™2
|$—I()|SR

+2C,, R? sup ||(curl A)(zo + My)||? ,
ly|<6

which completes the proof of (1.7).

c. Proof of theorem 1.1.

Let A;,...,A,, V be polynomials of degree < m, B = curl A. For a

given z € R™, let’s consider the increasing continuous function of R
¥:(R)= sup (R*|B(y)I’ +V(y))~ inf V(y).
ly—z|<R ly—z|<R

Assuming that V is not constant, R — %,(R), i$ continuous increasing
from 0 to 400 with R. Since R — R™? is strictly decreasing we can then
define, for A > 1 given, and for z € R", R(z) to be the unique R € (0, +00)
so that ¥, (R) = A2R™2, i.e.

(1.8) sup (RYIB(y)?+V(y))— inf V(y)=MR72.
ly—z|<R ly—z|<R
LEMMA 1.5 (a slowly varying metric on R®). — For z;,z5 € R™,

|z1 — @2] < iR(zl) implies é < R(z1)R(z2)™ ' < 2.
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1
Proof. — Assume |z — 11| < iRl’ R, = R(z;). The triangle
inequality gives
R R? )
va(5) = s (FBOE+V@)- it V()
ly—z2|< B ly—z2|< L

2
< sp  (TBGP+VW) - int V()

ly—z1|<Ry jy—z1|<Ry
-2
< Yy (Ry) = /\2R1 .

R
Consequently, if —2—1— > Ry = R(z2), we get \?R;? > 1/)22(%) >

¥z,(R2) = AR;% so R, > R, > 2R, > 0 which is impossible. Thus

we have —21— < Rs.

As in [11] (1.4.5), |21 — 22| < %R(zl) < %R(:cl) implies R(z;) <

2R(z2) and thus |z — 22| < %R(m) which gives R(z3) < 2R(z;), and the
lemma.

lt|224
R(z)?
1.4.7 in [11]) thus the theorem 1.4.10 in [11] implies the existence of
(‘Pv)vGN € Cgo(Rn), (zv)vEN € R” so that -

(a) suppyy C {z,|z — z,| < R, = R(z,)} = Q.
(b) Y ¢%2=1 Iidentically,

The metric g,(t) = is slowly varying in R™ (cf. definition

(1.9) (¢) X 182¢y(z)|? < R(z)=2Iely,

v

where 7|, depends only on |a| and the dimension n, but is independent of
A

For v € N, let’s define
my = ing(y) , Vo(t) = R:(V(z, +tR,) —m,) >0
if|t| <1, AJ(¢t) = R,A;(z,+tR,), and thus curl A, = B, = R2B(z,+tR,),
B = curl A.
From (1.8), we have A2 = sup (|B,(#)|? + V,(t)). Consequently, from
jtI<1

(1.6), X¥Jlull* < Cn{ X I(D;—A))ull*+(Vou,u)} for any u € C§°(Jz| < 1)

(the constant C,, depends only on the dimension and on the degree of A,
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V). By translation and dilation we get, for any u, € C§°(Q,),
(1.10) AR |luyl® < Crn{ D_ (D5 = A )u 1> + ((V = my )y, w)} -
J

Note that C),, does not depend on A, v.
The inequality (1.10) implies, for u € C§°(R™),
n
(111) D MRZpuul® < Cn YYD, — Aj)poull?
v

v =1
+ Z((V = M) Pull, Pott)
v
with ¢, as in (1.9).
Moreover, from (1.9)(c) and the lemma 1.5, we have

Y IVeu@)I* < nnR() 2 <91 D Ry %pu(2)?

where ] depends only on n. We then get from (1.11)

(1.12) XY R2|lewul® < 20 {zn: I(D; = Aj)ull* + (Vu, d)}
v J=1

+ Z Cm(z'YéR;? — my)|lpoull® .
Then, we choose A so that A° > 4C,,, 5.
The parameter A is fixed in the subsequent computations. We have
(1.13) Y (A°R;*+2Cmmy)|lpvull® < 4Cm (D I(D;—A)ull*+(Vu,w)) .
v

j=1
The following lemma implies the theorem 1.1 since A\® > 1.

LEMMA 1.6 (Choice of 8, in (1.4) in terms of \). — For any A > 1,
if §,, = 6 is chosen small enough, (1.4) implies 2Cy,m, + R;% > 0 for any
v € N.

Proof. — Let y, be a point in (), at which V is minimum,
my, =V(yy) = inf V(y), |yo—zo| <Ry .
YEQw

Let’s denote by S, the ball with center y, and radius SR,, 8 € (0,1) to be
chosen later. We have,

(1.14) S, C Q(zv,2R,) = Q;,
(Q(z, R) is the closed ball with center z, and radius R).
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Moreover, we have, using V is polynomial with degree < m,
(1.15) |S1,|*1/ V(y)dy < m,,-f—Cf,?)ﬂ{ supV—iélfV} :
Su Q. v

in fact

15, [S V) - =18, / (V) = mu)dy < sup(V(3) )

Sy

< BR, sup I(VV)(»)ll < BR, SSP IVV ()l
< CnBR, sgp VvVl <C..B sclllp(V(y) —my)

which gives (1.15).
Moreover, we have also, using B polynomial with degree < m,
(1.16) sup [IB@)I < sup |B)I| < C’sup [ BO)II -

So the inequality (1.7) with zo = y;, R = B8R, gives, together with

(1.15), (1.16),
(1.17) 0< —— 267 + CJ B2R%sup | B(y)||?> + m, + C,B(supV — inf V)
’ - /82R2 m Y Q. ? m Q. Qo .

But A’R;? =sup {||B(y)||°R} + V(y) — m,}, thus
Q.
NR;? > |Qv|_1/Q I1B(y)lI*dy R: + |Qu|_1/Q (V(y) — my)dy
> C,.'{sup||B(y)|I*R2 + supV —inf V'}
Q. Q. Q.
and consequently C,,, A?R;2 >sup ||B(y)||?R%+ sup V— glf V.
Q Qv v

v

From (1.17), we thus get,

26°  CUpPN? ;o X
0S g + g+ ™+ Onbim

Since S € (0,1), we get

0< [,226132 + C(“)ﬂ— +my .
4

26
Then, we choose (8 so that C(4),3)\2 < % then 6, ,@ < 4_61_";,: and we

get the lemma 1.6.
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2. SCHRODINGER EQUATION IN ONE DIMENSION

a. Statement of the result.

We study here a one-dimensional Schrédinger equation with very little
assumptions on the potential. This result will be useful in the analysis of
pseudo-differential operators.

THEOREM 2.1. — Let V € L}, (R) such that, for any interval Q,
with length |Q|, |Q| < 2,

@) Q! /Q Vi (t)dt - 9/Q| ! /Q V_(t)dt +1QI > 0,

with Vi = max(£V,0).

Then

(2.2) -—£+V(m)>2_4 -1

' dz? =< # ’
with
(2.3) p= it Q1 [ Vi +iary

Q interval Q

Moreover,

. > i 2
(2.4 w2 inf [[ 6P+ Vi@)drae.
where F is the following family of “symplectic cubes”,

1
F= {Ja,b}a<b real » Jap = {(m,{),a <z <b, I§| < 2(b— a)} .

We can remark here that a minimal regularity (L] ) is required for the
potential and that, on the other hand, no derivative is lost in the inequality,
which appears as a G&rding inequality with gain of 2 full derivatives (see
[6]) when V behaves like a symbol. As a matter of fact, if V is a C*
function such that |[V(*¥)(z)| < Cx M?, where M is a fixed constant, the non-

negativity condition (2.1) ensures the non-negativity of the second order
d? . ce .

operator — ) +V(z)+1. Moreover the non-negativity condition in (2.1) is

a very weak one and yields potential taking negative values, even singular

ones. Note also that the condition is local (|Q| < 2) (see also remark 2.2
below).
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b. Proof.

Replacing V' by V + 1, we have, for
Q = Q(20,6) = {z,20 <z < 70 + 6},

(2.5) (5_1/ V(z)de +672>1, 6§<2,
Q
as a consequence of (2.1). So we get from (2.5),

6/ V(z)dz +1> 6%, and thus
Q

(2.6) 6/V(x)da:>1, if4>62>3.
Q

On the other hand, with V € L}

locy
(2.7) lim 6 V(z)dz =0,
60 Q(z0,9)

and, for z, fixed, § — 6 fQ(Io 5) V(z)dz is a continuous function. So we can
pick-up (using (2.6), (2.7) and the continuity) the largest 6(zo) = 6p such
that

(2.8) 5(zo)/ V(z)dr=1.
7 Q(z0,6(z0))=Q0
Consequently, we get, with u defined in (2.3)
(2.9) &' Vedz=62>2""p.
Q()

We have now, for u € C*°(R) (without assumption on the support of u),

(2.10) (Vu,u)q, = /Q V(@)lu()Pde = 65 /Q Vi (2)da 6 fu(z )

6! / V. (2)dzbolulz_ )2 ,
Qo
for some z,,x_ in Qo .
Thus, from (2.10), we obtain
(1) (Vuug, = (55 [ V(o)dz)blu(z.)f

0

+60"1/ V_(z)dz{bo|u(z+)|* — bolu(z-)*} .

Q(J
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From (2.1), (2.9), we get

(2.12) 8651 [ Vo(z)dz <& [ V(z)dx + 652 <2652 .
Qo Qo
So, from (2.11), (2.9) and (2.12) we obtain (using |u(z4)|? — |u(z_)|? =
T4
2Re u'(s)u(s)ds),
(2.13) (Vu,u)qq 2 65 [ulz4)® = 85127 [[u'llq, llullq,

where ||v]lg, = I[vllz2(qo) -

On the other hand, we know (using u(z) = u(z4) + / u'(t)dt)

T4
(2.14) lulld, < 260lu(z+)® + 26511113, -
So, from (2.14), (2.13) we get,

1 1 . 1 _ 1
700 " lullly < 586" lu(@ ) + Slw'liG, < 8 ulz )l + Sllv'll,

1 __ 1
(2.15) < (Vu,u)g, + 56 i llgollullqo + —2-||u'l|2Q0

1 2 1 2 2 2
< (Vu,u)g, + §||“’”Q0 + ’2‘||u'”<;)0 + m”“”% .

Consequently, we have from (2.15), (2.9),
1. B
(2.16) (Vu,u)q, + 4115, > g% 2lullyy, > ig!lullé0 :

Let’s consider now a compact interval K of R, zp = inf K. Let’s define
(cf. (2.6), (2.7), (2.8))

zo+6
8o = 6(zo) = sup {5,5/ Vigdr =1},

bp+1=6(xo+60+---+6bk), £E>0.

In order to prove that (2.16) implies (2.2) (for u € C§°(R)) we need only
to prove zo + X6; > sup K.

Let’s remark that for § > 0 and [z,z + 6] C K
z+6 z+6
5/ V(t)dt < 5/ V(8)|dt < 5/ V(#)ldt .
z T K

z+6
So&/ Vit)dt <1ifé < b = and [z,z+ 6] C K.

1
i IV (t)|dt +1
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So, from the definition of 6(x), we get 6(z) > 6k if [z,z + 6(z)] C K,
which completes the proof.

Remark 2.2. — Note that, if (2.1) is satisfied for all intervals @,
|Q] < 2 so that @ C [a,b+ 2] we get (2.16) for any u € C§°(a,b) and
Q = ("Ekazk-i-l)a To =a, Th—1 = Tk + 6(216) as IOIlg as Ty € (aab)'

In particular, we get (Vu,u) + |[u'||*> > —||u||> whenever (2.1) is
satisfied for intervals @, |Q| <2, Q C [a,b+ 2] and u € C§°(a, b).

3. MISCELLANEOUS PROPERTIES OF THE PROPER CLASS

a. Preliminary remarks.

The main goal of this section is to prove that a very mild non-
negativity condition for a symbol still ensures that the Calderén-Zygmund
procedure used by C. Fefferman and D.H. Phong ([3] - [7]) leads to the same
trilogy. More precisely, we intend to show that non-negativity of averages
on special “boxes” of volume 1 implies that, in a conformal class of pseudo-
differential operators, the symbol is either elliptic positive, or bounded, or
non-degenerate i.e. can be written after a canonical transformation

éf + V(:cl,x',f') s
where V is a pseudo-differential potential.
Let’s begin with a simple algebraic lemma.

LEMMA 3.1. — Let A be a real commutative algebra. For any

integer k > 1, there exists an integer N(k) and real numbers ();;) 1<i<s
1<j<N(k)

(5)1<j<N(k) With max(|);;, |p;|) < A(k) such that for any Ty, .. LTheA

(31) T1 Tk = Z [l,j( Z AijTi)k .

1SGSN(k)  1<i<k

Proof. — Induction on k. While 4T\ Ty = (T} + T3)* — (T} — T3)? we
have to check

(3.2) Ty..Tx Ti41 = Zuj( Z i Ti)* Tgr -

1<i<k
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It is then enough to write S¥T as a sum of (k + 1) th power of linear forms
in §,T :

Z ﬂj(S+jT)k+l — Z C,€+lsk‘+l—fﬂjj€T€

1<5<k u%éfg;ﬂ
(3.3) =( X )tk X s)StT
1<j<k 1<5<k
+ Z C’,fﬂ( Z jéﬂj)5k+l—€T€
2<0<k 1<j<k
+( Z ﬂjjk+1>Tlc+l _
1<j<k

Let’s solve the non singular k x k linear system with unknowns f3; :

1
Y. 8=
=2 k+1
> i'8i=0, 2<t<k.

1<j<k

Then (3.3) gives

k
ShT — Z B;(S + FT)F+! — ( Z ﬂjjk+1)Tk+1 _ (Zﬁj)skﬂ ,
Jj=1

1<5<k 1<5<k

which gives the result.

Remark 3.2. — An immediate consequence of this lemma is that
for any integer k, there exists a(k) > 0, so that for any k—multilinear
symmetric form A on R, and any norm || - || on R”

(3.5) 1< sup |A(Ty,...,To)|[ sup |A(T,...,T)] " <afk) .
T;€R™ TER™

||'1j~j =1 Tl=1

b. The proper class of a symbol.

Let’s now recall the definition of an Hérmander metric on R?" (see
[11] section 18.5). For each X € R?", Gx is a positive definite quadratic
form on R?" such that the three following properties are satisfied.

(3.6) There exists C > 0 such that for any X,Y,T € R**, Gx(Y = X) <
C~ implies C'Gy(T) < Gx(T) < CGy (T).
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(3.7) For any X,T € R?", Gx(T) < G%(T) where
G%(T) = ?I}f) . o(T,U)?%, o the symplectic form on R?",
x(U)=

There exists C > 0, N such that, for any X,Y,T € R?",
(3.8) Gx(T) £ CGy (D)1 +GX(X - Y)" .
Let’s also define the reciprocal Planck function
(39)  Ac(X)=inf (%%%
A function a € C*®(R?") belongs to S™(G) if for any k, there exists Cy
such that
(3.10) [a¥(X)T*| < CrAa(X)"Gx (T)F/?
any X,T € R*",

The semi-norms of a are the best constants

(3.11) Yk,c(a) = sup |ak(X)Tk|Ag(X)—m.
X.TER?
Gx(T)=1

Note that, from (3.5), we have
sup [a®(X)Ty ... Ti|Ac(X)™™ < alk)ye.c(a) .

X.Tq....T} €ER27
G x (Tj)=1

1
)2 (note that (3.7) implies A > 1).

For a given in S?(G) (see 3.10), let’s consider

(3.12) 9x = Ac(X)A(X)™'Gx ,
with
= _ 2k
(3.13) X(X) = max (1, la® (O Ac(X)7FF)
where [|a®)(X)|lgy = sup |a®)(X)T*|.
,Gx(T)=1

The next proposition summarizes the properties of a Calderén-
Zygmund decomposition of a symbol (see [3], [6]).

PROPOSITION 3.3. — (a) The metric g defined by (3.12) is an
Hérmander metric, i.e. satisfies (3.6), (3.7), (3.8). The -constants in (3.6)
for g depend only on the constants in (3.6) for G and on (vrc(a))o<k<4-

(b) We have Ay(X) = A(X), according to (3.12) and (3.9).
(c) The symbol a € S*(g) and
Yrg(a) <1 if k<3
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Yrg(a) < rc(a) [oax (1, (vec(a)T7) if k>4,

<3

(d) We have A\(X) < A(X) omax, (1, (ke () TF).

Proof. — The points (b) and (a) (3.7) are obvious from the defini-
tions. Let’s prove (c) : if £ < 3, from (3.13) we get

(3.14) [la®(X)llgx = la® (X)

Moreover, if £ > 4, we have

(3.15) [la®(X)llgx = la'(X)llax ACX)EN(X)%

o £ 0 _ . IS
SAZ z)\2 2/\27ga(a)=/\2’7gg(a)(p) o,

But, from (3.13), we have

-2 2 = 82k _2
(316)  A(X)AX) < max (1, m6(a)™F) max (AC)FF 1),

so we obtain, from (3.15), (3.16) and £ > 4,

@11 (1Ol < AX)*vec(0) max (1, ma(a) ) -
So (3.14) and (3.17) gives (c) in proposition 3.3.
Note also that (3.16) gives

AX) )
AX) S o2 (bna@™)

(3.18)

that is (d) in proposition 3.3. Then it suffices to prove (a) (3.6) since the
proposition 18.5.6 in Hérmander’s book [11] can be applied (g is conformal
to G), to get (a) (3.8). As pointed out in [11] (1.4.5), it is enough to prove
the existence of §, C' such that

(3.19) gx(Y — X) <6 implies gy < Cgyx .
Let us first remark that

(3.20) N(X) = max (1, (Ol -

As a matter of fact, we get

(3.21) max (1, [|a™ (X)|l5,) < A (X),

X
0<k<3
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from the prop051t10n 3.3 (c) (already proved!) and A > 1. Conversely, if

S 22%, (lla® (X )ng A(X)"7 ) > 1, then, from (3.13), we obtain

A (X) = lla““”’(X)IIg; CA(X) T
for some kg, 0 < ko < 3 (X is fixed). Thus, (3.12) gives

2ky

X2(X) = [la®0) (X) |55 ACX) R AX) " F FOAX) T | e,
(3.22) X2(X) = [[a®)(X) g
: (k) = — 2
Now, if B, (la™ (X)) EFAX) ) < 1, we have, from (3.13),

(3.23) M(X)=1.

So we get (3.20) from (3.21), (3.22), (3.23). Let us assume that G is slowly
varying (i.e. satisfies (3.6)) with a constant Cy, and take é such that

(3.24) 6Co max, (Lme(a)™r) <1.

A(X)

- < — <
I gx (Y = X) < &, then Gx (Y = X) < T56,

——=06, and thus, using proposition
3.3 (d) (already proved) we obtain,

Gx(Y -X)< Jaax. (1,7kc(a)™F)6 < Cy' by (3.24) .
Consequently C; “1Gx < Gy < CyGx. We need thus only to estimate from

AX)
A(Y)

From Taylor’s formula, 0 < k < 3, we have

[Pl € Y a0 laxax

k<e<3

above the ratio

to get the conclusion of (3.19).

(3.25) +

1
TP 2 (Z)llgx 9x (

AX)\ 4 ok
< Z 12O ()]l A(Y)) Ci16 +6% 74G(a)ClA(X)z
k<e<3
where C; depends only on Cy, since ||[a®(Z)|ly5 = ||a(4)(Z)||M(,X, and
X(x)
thus

a2 = 19Dl Ty < AT T
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we have in fact Z = (1-0)X +6Y, 6 € [0, 1] and consequently Gx (Z—-X) <
Gx(Y-X)< Co’l, so that CO_IGX < Gz < CyGx, and A(X) is equivalent
to A(Z).

Now, using (3.20), we may assume A\?(X) = ||a'®) (X)||yx, for some k,

0 < k < 3 (otherwise A(X) =1 and since A(Y) > 1 we get :\\(‘;(3 <1).

We obtain, from (3.20) and (3.25),

A(X
A(Y))

[SE

~—

(3.26) M(X) <A¥)? S cl( 65 + 67 y46(a) CLNX)? .

k<e<3

Consequently, if § satisfies (3.24) and

s 1
(3.27) sup 6% ac(a)C1 < 5
0<k<3 2
we get
A(X)\2 AMX)\ 7 ez
0V <0, T (2Dt
()\(} )) Sits (,\(Y))
so the term X% must be bounded from above by a constant depending

on 6 and Cj, that is on Cy (in (3.6) for G) and (Ykg(a))o<k<s. The proof
of proposition 3.3 is complete.

c. Fefferman-Phong’s classification.

The rest of section 4 is devoted to the proof of the following propo-
sition, ensuring that Fefferman-Phong’s classification is still valid under a
positivity assumption on averages.

PROPOSITION 3.4. — Let G be an Hérmander metric on R*" (i.e.
satisfying (3.6), (3.7) and (3.8)), a a symbol in S?(G) (see (3.10)) and g
the proper metric of a defined by (3.12) and proposition 3.3.

(3.28) Let us assume that the averages of a on G—balls of symplectic volume
1 are non-negative.

Then, there exists positive constants C, p depending only on a finite
number of semi-norms of a such that the proper metric of a is made with
three types of “boxes” : for any X, in R?" and any X in the gx, ball of
radius p and center Xy,
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(1) Either \(X) < C,
(2) or a(X)A(X)2>C!
(3) or a(X)=ep(X)(X; — a(X"))? +b(X").

Here X1,X' is a set of linear symplectic coordinates, and the functions
A(Xo) teg, A(Xo)~2b, A(Xo) /%« satisfy the estimates of S°(g) with semi-
norms controlled by those of a and A~teqg > C~1 > 0.

Let’s give a
DEFINITION 3.5. —  Given §, € positive numbers, a € A(8, €) means
that a is a C™ function on |X| < 1 so that
1) |Ja®(X) <1, 0<k<4
.. (k) >
(i) max |a®)(0) > 6

(iii) The averages of a on balls of radius ¢ (included in the unit ball) are
non-negative.

The proposition 3.4 is a consequence of the following lemma by
rescaling, using (3.20).

LEMMA 3.6. — Let § be a positive number. There exist r(6), £(6)
and w(6) positive so that, if a € A(d,€) with e < £(6), then, on |X| < r(6),
(1) Either a(X) > w(6)
(2) Or, for some choicé of euclidean coordinates,
a(X) = a(a(X"), X') + eo(X)(X1 — a(X"))*
with eo(X) > w(6) and, for all k,

(k) (k) o
inax (leg” (X) + o (X)]) < C(k)F(lgf%) la9(X))) .
Proof. — Let pg €]0,1].

(1) Assume |a(0)| > o > 0.

If a(0) < —pp, a(X) < —po/2 on | X| < po/2, which contradicts (iii)
ife <pof2, po < 1.

Consequently, we have in that case |a(X)| > po/2 on | X| < po/2.

(2) ‘Assume |a(0)| < po, |a’(0)] > u1 > 0.
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Then, for some choice of euclidean coordinates,

da ! m
E(XlaX ) > =

on |X] <&l <1,
and thus

a(X1,0) = a(0,0) + eo(X1) X1 , eo(X1) > p1/2, if | Xq| < pa/2.
Thus

2
a(X1,0) < p PR G “21 <X1<—’-2‘— and po < M1

23 — 947 24
Consequently
2
(X1, X') < a(X1,0)+]X'| < —%;- i |X'] < ‘% <1, - <x < —‘Z—l-,
which contradicts (iii) if € < ';; , Z—l <1.

(3) Assume |a(0)| < uo, |@’(0)] < pa, |a”(0)| > p2 > 0. Then, for
some choice of euclidean coordinates (see lemma 3.1),

I
'ax? )|2—23 on |X] <& 2 <1.

8%a I
If|8X2 )| < —po, 6X2(X)<——— on |X| < 2“' < 1. Thus

a(X1,0) < po + | X1| - IXI? on % <x,<®¥<1.
Consequently, there, we have

3
Q(Xl,o) Sl-ll0+ M1 2 ,u‘2 < l‘[’2 lf o N atlat) l‘l'lll’2 2

2 26~ 97 - 27

e.g. if

Then, we get a(X;,X’) < Nz if | X <k 28, which contradicts (iii) if
e< g——g , 2 <1.

(4) From case (3) above if |a(0)| < o, |a’'(0)] < p1, |a"(0)] > p2, we

x> 42 on|X|<‘u22

8%a
must have an —= (X1,
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Morere, P (X1, X') = S 0,X) 4 eo( X)X, with eo(X) > 22
8 0X,
if | X| < . Thus

a .
]a—X—l(o,X’)| <mH|X' <2, if (X<

Thus
da_ p 13
— ,X') > -2 f ==
ax, g ) uy + == 1 >0, i > 2
Also
da H2 Nz
(-2 <
6X1( 2 ,X) 2[11 <0.
! M2 2
So for any X', |X'| < mf(ul, ) < 1, there exists a(X') € —7,7),
da
X' =0.
S (@(X),X) =0

By the implicit function theorem, « is a smooth function and its K"
derivatives are controlled by fixed polynomials of the (k + 1)** derivatives

2
of a and (aé)—(%)_

' We get then

a(X1, X') = a(a(X), X') + e(X)(X1 ~ a(X)) , e(X)> 12
on | X| < inf(p, %) <1.

(5) If |a(0)] < po, 1a'(0)] < pua, [a”(0)] < p2, |2 (0)] = pis.

3
We get, from lemma 3.1, gx_a?’(X) > & if | X]| < = #3 <1

Then on —l;—3 <X; < —%
(X1,0) < i+ B3 4 Ly (B0)? - Lbs (toye 111G
if pg < %%%g——?, and gy < %%g—g, and po < %éQQ%?
Thus, we have
o, X) < 11 i < ML By o b
which contradicts (iii) if € < min (}Ifl_ig—é’ %)
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(6) Assume |a(0)| < po, |a’(0)] < pi, |a”(0)] < pe, |a”’(0)] < ps. This
contradicts (ii) if max(uo, 1, 2, u3) < 6.

Eventually, we have to perform the following successive (and compat-
ible!) choices with § > 0 given.

First choose

6
us , 0<,u3<min(§,1)
then 2
11 s
) 0 < 22080 1
po < pp Smin (3555, 5,1)
then L s 2
11 p3 )
Hy 0<“15m1n(§'6'§7a§72_751)
then L1 6 u3 )
. (111ps3 By o M1
0 < bl o gl B P
Mo <“0_mln(326272a2’a16)
Then ¢(6) can be taken as
o 11ps pd opd oo
“6) =min (353 335 3)
and
7(8) = min (l-;—o,ul, “2—2) , w(b) =py .
The lemma 3.6 is proved.
End of the proof of proposition 3.4.
Let’s now consider X, € R?". We can assume (see lemma 18.6.4 in[11])
that

(329)  gx,=g= A'(da?+dg?), with inf); =X =\Xo).
j=1
We are going to apply lemma 3.6 to

n
Aty tay T, Ta) = A 2a(Xo + O 0 ey + 1,00 %) |
j=1
where (e;,¢;) is the “canonical” basis of R*" in the coordinates correspond-
ing to the diagonalization of g in (3.29). The case (1) and (2) in proposition
3.4 are easily obtained from (1) of lemma 3.6 or by assuming A < C. The
case (3) is obtained as follows : we get, assuming X, = 0,

(m = oy, n)eoly, WA + by, )N = a( 30 %e; + 1,0 %e; )
i=1
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where <Z) =0 <;), where the 2n x 2n matrix (2 is orthogonal.

So, we obtain, setting-up z; = t]-/\;/z, &= tj/\;/Q,
a(z,t) = ,\(,\1/27,1(_1J_’ _L)._,\lﬂa(y( J J ) TI’( J J
/27 \1/2 1/2° 172 )’ 1/2° \1/2
AT AN PP )))

) (y(g? A?z)’n()\?” 52))“%(”()\?2’ ,\?2)’"'(32’ ,\§]/2)) '

Through a linear symplectic change of coordinates we have, on the g—ball
with center 0 and radius r(6)

(3.30) a(,€) = Xm — By, n'))*eo(y,n) + bo(y,n")A*
that is the result of proposition 3.4.

d. Sharp Egorov principle.

The problem can be microlocalized. If {x,(z,&)?}, is a partition of
unity related to the metric g (see [11] section 18.5)

a¥ = Z(xf,a)w = Z(Xvﬁaﬂxv)“’ + 7%, where r¥ is L? bounded.

v v
Moreover, if supp x» C @Q+(a g,—ball), and if a(z,£) = a(z,£) on QF (the
g»—ball with same center and double radius), a satisfying the estimates of
gv, we have

Xollalxo = Xollalxo +7 , X7 L? bounded.

We are consequently reduced to look at
(3.3.1) a = (m — a(y,n'))*Xeo(y,n) + by, n)
that can be easily extended to R?" (and still satisfy the estimates).

For the reader’s convenience, we state a version of the “Sharp Egorov
Principle”, proved by Fefferman and Phong in [6].

"THEOREM 3.7. — Let g be a quadratic form on R?" such that
g = AT, where A > 1 and T is a quadratic form such that T = I'° (see

(3.7)).

Let a € S%(g) real valued (i.e. |a*)(X)T*| < yx,(a)A\2~ %) supported
in Q, a g—ball of radius 1. Let x be a canonical transformation x : R*® —
R2" such that x*(o) = o and

(3.31) I (X)|r < (AT *
(X)) < m(x) -
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Then, there exists a Fourier integral operator U, bounded on L?(R") and
r € S%(g) so that the operator

(3.32) a¥ =U*(aox)*U+r1".

4. PSEUDO-DIFFERENTIAL OPERATORS
IN ONE DIMENSION

a. Preliminaries.

We wish to prove here a one-dimensional version of Fefferman and
Phong’s conjecture §5 in section 7 of [6]. As a matter of fact, we can prove
here an inequality with gain of two full derivatives (¢ = 0 with Fefferman-
Phong’s notation). Let’s set-up our framework. Let G be an Hormander
metric (i.e. (3.6), (3.7), (3.8) are satisfied) such that Gx = A(X) 'Tx,
where I'x = I'% (see (3.7)) and A(X) > 1. Note that this is the case for
the classical metric

de?

da’ + Gl (€71 ((€)dz® + (&)1 dE?) , ()2 =1+ ¢

We shall denote gx = A(X)™!T'x the proper conformal metric of a symbol
a (A is defined in (3.13)). Our first assumption will be

(4.1) a(X)dX >0 for any Y € R*™ .

/x,nry(x—y)g

Moreover, using propositions 3.4 and 3.5, since (4.1) implies (3.28), we are
reduced to consider g—balls on which (g = A7IT, T = dy? + dn?)

(4.2) a = (n—M"a(y))%eo(y, M)A + W(y)A*,
with

(4.3) 1a® ()] + 1) (y, )| + WP ()] < CeA~*/2,
and

(4.4) eo(y,n) 2 C7' > 0.

Note also that, dividing the symbol a by one of its semi-norm, we can
assume that yxg(a) < 1 for £ < Ny, with an arbitrary Ny, to be chosen.

Consequently, all the constants Cy, in (4.3) up to k = 0(Ny) ((N) —
oo with N) are “universal constants”.
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It is an easy matter to extend the functions «, eq, W to the whole
R2", keeping their properties :
a(y) = a@)vr'?),
Y e C°(R), vy=1o0n (-2,+2)
0<9¥ <1, ¢=0outside (-3,+3) .

2 2 2 2
LT 4 (1-9(E5T)) and W(y) =

We define €y(y,n) = eo(y, n)¥(
W(y)p(ya~t/?) .

We get then that (4.2) is satisfied on y% + 7% < A, but with a right-
hand side so that (4.3) and (4.4) are still satisfied. In what follows we’ll
keep using the notation a, eg, W dropping the ~ .

Let’s use now the Egorov theorem (th. 3.7). We consider the canonical
transformation x~! on R?

(5) {T=n—a(y)

t=y.
The estimates (3.31) are satisfied, and we get that
a(x(t,7)) = At%eg + N2W(t) on t2+712<\.
Consequently, from (3.32)
((@ox)(W oA T ox)?)¥ = U*(a(y o A7'T)?)*U modulo L£(L?) .

Moreover a() o A71T)2 = o AT faffy o A7T + 7, r¥ € L(L?). So in
order to check the non-negativity of a, we need only to check the one of

[(A2e0 + MW () (¥ 0 A7 T o x)*] ",

and thus eventually, because of the symbolic calculus, the one of Ar%eq +
AW (t).

b. Statement of the result.

Let’s introduce the following family of canonical transformations :
X € ® if x is C°°, canonical, and satisfies

{ IX®(X)ex < CLOOMX)IE
gx(x(X) = X) < o,
where §, < C~! in (3.6) for g.

(4.6)



LOWER BOUNDS 681

We'll denote by @) any symplectic unit cube of
R%:Q = {(t,7), max(|t],||) < 1}

for some linear symplectic coordinates.

THEOREM 4.1. —  There exists Coo > 0 such that, if (4.1) is
satisfied for a € S?(G) such that

(4.7 / (a0 x)dX + Cyo %f(a ox) >0
Q
for any symplectic cube ) and any x € ®, then
(4.8) a¥+C >0,
where C' depends only on a fixed finite number of semi-norms of a.
Proof. — Using the preliminaries and a linear rescaling, it is enough

to prove the non-negativity of C; 7% + V(t) on functions supported in
<1

Using theorem 2.1 and remark 2.2 we need to check for @) interval,

|@S2,QC&&J@”LCwmﬂ+M”Z&@”LG&#W-

Since we can assume ao x = eg7? + V/(t) on |t| < 4, |7| < A, we have from
(4.7)

672 +671 / V(t)dt > Coo max V_(t) ,
Q teQ

and so
C1672 + 67 / C1Vi(t)dt > Coo maxCyV-(#) .
Q teQ

If C()O Z 901, Cl Z 1, we obtain
62 +4671 / C1V,(t)dt > 9max C,V_(t),
Q teQ

so (2.1) is satisfied.

Since (4.7) and (4.1) are preserved by multiplication by a positive
w

number, we get (4.8) for with a universal constant C. In particular
TN a

Coo can be chosen independently of the semi-norms of a.

The proof is complete.
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