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CHARACTERIZATION OF THE LINEAR PARTIAL DIFFERENTIAL
OPERATORS WITH CONSTANT COEFFICIENTS THAT ADMIT
A CONTINUOUS LINEAR RIGHT INVERSE

by R. MEISE, B.A. TAYLOR & D. VOGT

In the early fifties L. Schwartz posed the problem of determining when
a linear differential operator P(D) has a (continuous linear) right inverse;
that is, when does there exist a continuous linear map R such that

P(D)R(f) = f for all f € £(Q) or all f € D'() .

For example, when 2 is R" and P(D) is hyperbolic in some direction,
such an operator exists; one can take R(f) to be the unique solution of
the Cauchy-Problem P(D)u = f with zero initial data. Negative results
for important special classes were given by several authors. For n > 2
Grothendieck has shown (see e.g. Treves [T1]) that no elliptic operator can
have a right inverse on £(f2). The same holds for hypoelliptic operators, as
Vogt[V1], [V2] has proved. For parabolic and other operators this had been
shown before by Cohoon [C1], [C2].

In the present article we give a fairly complete solution of Schwartz’s
problem. As one main result we show that for an open set (2 in R™ and for
P € Clzy,..., z,] the differential operator P(D) has a right inverse on £(Q)
if and only if P(D) has a right inverse on D'(Q2). This property is further
characterized by several other conditions in Theorem 2.7. In particular it
is equivalent to the fact that (2 satisfies a very strong form of P-convexity,
which we call P-convexity with bounds.

Key-words : Continuous linear right inverses — Constant coefficient partial differential
equations - Fundamental solutions with lacunas - Phragmén-Lindelof conditions for
algebraic varieties.

A.M.S. Classification : 35E05 — 35E10 - 46F05.
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For the evaluation of these conditions we use different methods. If 2 is
P-convex with bounds and has a C!-boundary, then Holmgren’s uniqueness
theorem can be used to show that P is hyperbolic with respect to each non-
characteristic normal vector to 9. In particular, a bounded set  with
C'-boundary is P-convex with bounds if and only if P is hyperbolic with
respect to each non-characteristic direction, and this happens if and only
if every open convex set is P-convex with bounds (see Thm. 3.8).

For convex open sets §2, Fourier analysis can be used to reformulate P-
convexity with bounds as a Phragmén-Lindel6f condition for the algebraic
variety V(P) = {z € C" : P(—z) = 0} (see Thm. 4.5). This Phragmén-
Lindel6f condition is related to a different but similar one introduced by
Hoérmander [HO2]. The evaluation of the condition shows that for n > 3
there exist non-hyperbolic operators P(D) on £(R™) which do have a
right inverse. The case n = 2 is exceptional, since a consequence of the
Phragmén-Lindel6f condition implies that P(D) has a right inverse on
£(R?) if and only if P(D) is hyperbolic.

Parts of the results of the present paper were announced in [MTV]]
and [MTVZ2]. Recently, Palamodov [P] has shown that the splitting of
differential complexes with constant coefficients over convex open sets in
R™ is also characterized by the Phragmén-Lindel6f condition for the set of
algebraic varieties associated with the complex.

The authors thank A. Kaneko for pointing out to them that one
equivalence in Theorem 3.8 had been obtained already by de Christoforis
[CR]. They also wish to thank L. Ehrenpreis for informing them that the
problem of existence of right inverses was posed by L. Schwartz.

1. Preliminaries.

In this preliminary section we introduce most of the notation which
will be used in the article. For undefined notation we refer to Hérmander
[HO1], [HO3], and Schwartz [S].

1.1. Spaces of functions and distributions. — Let ) be an open
subset of R™. For € > 0 we define

Qei={r€Q:|z| < % and dist(z,99Q) > €} .

(1) For k € Ny we denote by C*(2) the space of complex-valued
functions on Q which are continuously differentiable up to the order



LINEAR RIGHT INVERSE FOR PARTIAL DIFFERENTIAL OPERATORS 621

k. C*(Q) is a Fréchet space under the semi-norms

| f lle,x:= sup sup |f|(a)(z)],e>0.
c€Q |a|<k .

(2) By £(Q) or C°°(2) we denote the space of all C®-functions on
1 endowed with the Fréchet space topology induced by the semi-norms
Il - lle,x, € >0, k € N. Note that the topology of £(f) is also induced by
the semi-norms

CN1/2
fws= (X [ 1@@P@) " e>0ken,
laj<k 9
where A denotes the Lebesgue measure on R".
(3) For a compact set K C 2 we let
DK):={fe€&() : Suppf C K}

and endow D(K) with the Fréchet-space topology induced by £(f2). Then

p(®) = |J D@)

>0
is endowed with its usual inductive limit topology.-

(4) For k € Ny we define the Sobolev space
W*(Q) = {f € L2(R) : f is weakly differentiable up to the

ordef kand |f| := ( > /|f(")(z)|2d/\(:c))1/2 < oo} .

la|<k

By W§(Q) we denote the closure of D(2) in W*(1Q).

(5) If X(2) denotes any of the spaces definied in (1) — (4) then X'(Q2)
or X ()" denotes the strong dual of X (). Moreover, for an open subset
U of Q we let '

XQU):={feX() : fluv=0}.

This notation will be used also for D'(Q,U) and £'(Q,U).
1.2. Polynomials and partial differential operators.

(1) By Clz,...,2,] we denote the ring of all complex polynomials in
n variables, which will be also regarded as functions on C”. For P €
Clz1y ey 2]y P(2) = z aqz®, with Z |aa| # O we call

la|<m lee|=m

P, : 2z E o 2"

la|l=m
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the principal part of P. Note that P,, is a homogeneous polynomial of
degree m.

(2) For P as above and for an open set 2 in R® we define the linear
partial differential operator

P(D) : D) -D'(Q) , PD)f : Y aai”lelf®,
lel<m
By this definition P(D) acts on all subspaces of D'(Q). In particular
P(D) : X(Q2) — D'(9Q) is defined for all spaces X(Q) defined in 1.1(1) -
(5).
Note that P(D) is a continuous endomorphism on D’'(Q?) and £(1).

1.3. Null spaces. — For P as in 1.2 and an open set {2 in R™ we
define
N(@Q) ={feD'(Q) : P(D)f=0}

N(Q) :=N(Q)NEQ) .

1.4. Right inverses. — For locally convex spaces E and F' we denote
L(E,F):={A : E— F : Ais continuous and linear} .

A map A € L(E,F) is said to admit a right inverse, if there exists
R € L(F,E) so that Ao R =idp.

Note that a topological epimorphism A € L(E, F) admits a right inverse if
and only if there exists P € L(E, E) with P?2 = P and imP = ker 4, i.e. iff
ker A is a complemented subspace of E.

Obviously, the surjectivity of A is necessary for the existence of a right
inverse for A.

The existence of a continuous non-linear right inverse for continuous
linear surjective maps between Fréchet spaces is guaranteed by a result of
Michael [M].

2. Right inverses on D'(2) and £(02).

For an open set  in R™ we characterize in this section the partial
differential operators P(D) that admit a right inverse on D'(?) (resp. on
£(9)). In particular we show that P(D) has a right inverse on D'(Q) if and
only if P(D) has a right inverse on £(f2). The results of the present section
will be evaluated further in the subsequent sections.
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Some parts of the following lemma are essentially due to Grothendieck
(see Treves [T1]).

2.1. LEMMA. — Let Q be an open set in R® and let P be a
complex polynomial in n variables. Then ‘we have (1)=(2)=(3)=(4) for
the following assertions: ‘ '

(1) P(D) : D'() — D'(Q) admits a right inverse
(2) for each € > 0 there exists 0 < § < € so that for each f € D'(Q,Qs)
there exists g € D'(Q2, Q) with P(D)g = f

(3) for each € > 0 there exists 0 < § < € so that for each p € N(9s)
there exists v € N (Q) with v |q,= p |q.

(4) for each € > 0 there exists 0 < 6y < € so that for all0 < 0 < <
8 < 8y and each ¢ € 0,)\Q; there exists E¢ € D'(R") so that

(i) Supp E¢ C (R™\) — £
(i) P(D)E¢ = 6 + T¢ where SuppT¢ C (,\Q,) — € .

Proof. — (1)=>(2) : Let R : D'(2) — D'(1) denote a right inverse
for P(D) and let € > 0 be given. Since D(Q,) is a separable Fréchet space,

we can choose a bounded subset B of D(f) which is total. Since B is
bounded in D(?),

g : D'(Q) >R , gp(p) = sup |u(p)|
v€EB
is a continuous semi-norm on D'(2). By the continuity of the right inverse
R there exist a bounded set C in D(2) and L > 0 so that
gB(Rp) < Lgc(p) forall pe D'() .

By Schwartz [S], III, Thm. IV, we may assume that there exist a sequence
(Cin)men of positive numbers and a compact set Q D £ so that

C={peDQ) : sup sup |D%(z)| < Cy, for all m € N} .
T€Q |a|<m

Now fix 0 < § < € so that Q@ C Qs and let f € D'(Q2,€5) be given. Then
g := R(f) € D'(N) satisfies
98(9) = g(R(f)) < Lgc(f) = 0.

Since B is total in D(f.), this shows g € D'(Q,Q.). Hence (2) holds,
because of

P(D)g = P(D)R(f)=f .

(2)=(3) : For a given number € > 0 choose 0 < §, < € according
to (2) and fix 0 < 6 < 6. If p € N(€Q5) is given, choose ¢ € D(Q5) with
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@ |560 = 1. Then P(D)(pu) is in D'(Q, Ny, ). Hence (2) implies the existence
of f € D'(R,Q) with P(D)f = P(D)(pu). Then v := pu — f is in N(Q)
and satisfies v |g,= 1 |q, -

(3)=(4) : For a given number € > 0 choose 0 < 8 < € according to
(3) and note that the conclusion of (3) holds for all 0 < § < 8. Now fix
0<o<n<é<by, &€ N\Qs and Fy € D'(R™) satisfying P(D)F; = 6.
Then F; |q, is in N(Qs). Hence (3) implies the existence of v € N() so
that v¢ |o.= F¢ |o.. Now choose ¢ € D(f2,) so that ¥(z) = 1 for all z in
some neighbourhood of (1, and define G¢ € D'(R") by G¢ := F¢ — yvg.
Then we have:

Supp G¢ C R™\Q2,

P(D)G¢ = & — P(D)(vve)
Supp (P(D)yve) C Supp $\ @y, C 2, \Q,
Now define E¢ € D'(R™) by
Ee : ¢ (Ge,0(-— ), 9 €DR"),
and note that E¢ has all the desired properties.
An easy modification of the arguments used in the proof of Lemma

2.1 shows that the following holds.

2.2. LEMMA. — Let Q) be an open set in R™ and let P be a complex
polynomial in n variables. Then we have (1) = (2) = (3) for the following
assertions:

(1) P(D): £(2) — £(NN) admits a right inverse

(2) for each € > 0 there exists 0 < § < € so that for each f € £(Q, Q)
there exists g € £(Q,Q,) with P(D)g = f .

(8) for each € > 0 there exists 0 < § < € so that for each f € N(s)
there exists g € N(?) with f |a.=g |a. -

2.3. LEMMA. — Let Q) be an open set in R™ and let P be a complex
polynomial in n variables. If the following condition () holds :
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There exists a sequence (Q)reN of open subsets of ) satisfying

o0

Q% CC Q1 for all k € N and Q@ = | J Q so that for each
k=1

€ € Vi42\Qk41 there exist E¢ and Ty in D'(R") with

~ (a) Supp B¢ C (R™\%) — ¢
(b) P(D)E¢ = & + T¢ where SuppT¢ C (Q+4\Q+3) — €,

then P(D) admits a continuous linear right inverse on D'(Q?) and on £(2).

(*)

Proof. — For k € N deﬁné €, > 0 by €; := dist(Q3, 2\ Q24) and

€, = min(dist(Qx—1, 2\ Q) , dist(Qg42, N\Q43))

for k > 2. Next fix k € N and £ € Q42\Qx41 and let u € D'(R") with
Supppu C &+ {z €R™ : |z| < &} =: £+ B, (0)

be given. Then (*) and the choice of ¢, imply (9 := @)

PD)p*E¢=p*(6+Te)=p+pxT;
Supp p * E¢ C € + Be, (0) + (R™\Q) — € C R\ Q4
Supp p * Tg C € + Be, (0) + (44\Qk43) — € C A\ Q2 -

By the compactness of Qi i2\Qki1 ‘we can find m € N, &,...,&, €
Qi 42\Qk41 and @4, ...,0om € D(Q) so that

Suppy; C & + B, (0) for1<j<m,
m
and Z @j(z) = 1 for all 7 in some neighbourhood of Q. {2\Qk+1. Next we

j=1

define for f € D'(2, Qk41)

Ri(f) =Y Im(p;f) x Ee;, Fi(f):=—f+Y_ Imp; /) x(6+T¢,) -
i=1 ' j=1 :
Then (*) implies ’
P(D)Ry(f) = f + Fi.(f) for each f € D'(Q, Vpy1) -
Moreover, the preceding considerations imply that
Supp Ri(f) C R™\ Q1
Supp Fi(f) C M\ Q42
for each f € D'(Q,Q+1). Hence we have continuous linear maps

Ry : D'(,Q41) = D' (2, Qe—1), Fi @ D'(Q,Qy1) = D'(Q, Vpey2)
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which satisfiy
(%) P(D)o Ry = id’D'(Q’Qk+‘) + Fy .

Now we want to use these properties to construct a continuous linear map
R : D'(?) — D'(R) with P(D) o R = idp/(q). To do this, we choose
¥ € D(Q3) with ¥|5, = 1. Next we fix a fundamental solution E of P(D)
and we define

Ry : D'(Q) > D'(Q), Rolg):=Ex*¥g)la
and
F(] : DI(Q) - D'(Qa Q?)v FO(g) = (1 - 1/1)9 .

Then we have
SuppFi_10...0Fy(g) C A\ Q41 forall ge D'(N), keN,
and therefore
SuppRi 0 Fy_y0...0Fy(g) C Q\Q_; for all g € D'(Q) .
Hence the series ’
R(g) = Ro(9) + 3" = (-1} Ry o By o...0 Folg), g€ D/(@)
k=1

has locally finite supports. Consequently it defines a continuous linear map
R:D'(Q) — D'(N). From (*x) we get

P(D)R(g) =yg + Fo(g) + F o Fy(g)

o0
+ Z(—l)k“(Fk_l o...0Fy(g9)+ Fro...0F(g))=g.
k=2
Hence R : D'(Q) — D’(N) is a right inverse for P(D). An inspection of the
proof shows that R maps £({2) continuously and linearly into £(f2). Hence
R also gives a right inverse for P(D) on £(f2).

Before we combine Lemma 2.1 and 2.3 we investigate conditions for
the existence of a right inverse for P(D) on £(€?). To do this, we introduce
the following notation.

Notation. — For an open set 2 in R™, e > 0 and m € Ny we put
Bem :={p€&'(Q) : Suppp C Q, |u(f)| < |flle,m for all f e E(Q)} .

Obviously, B, , is a relatively compact subset of £'(€2). Moreover, for each
compact set K in £'(Q) there exist € > 0 and m € N with K C mB, p,.
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2.4. LEMMA. — Let Q be an open set in R™ and let P be a complex

polynomial in n variables. If P(D) : £(2) — £() admits a right inverse
then the following condition () holds:
For each € > 0 there exists 0 < § < € so that foreach 0 << é
and each m € Ny there exist k € Ny and C > 0 so that for each
p€&' () with (u + im P(D)*) N B, .n # O there exists A € £'(Q5)
so that p + P(D)tt\ € CBsy. -

(%)

Proof. — Choose a right inverse R € L(£(N)) for P(D) and note

that
= (Ro P(D))" = P(D)' o R’
is a projection on £'(R?) with im 7 = im P(D)*. Hence Q :=idg/(q) — T is a
projection on £'(2) and satisfies
kerQ =imm = im P(D)t im P(-D) .

Now let € > 0 be given. Then (£(02)/£(€,12.))’ can be identified canonically
with £(9,Q)*. Since £() is a Fréchet-Schwartz space, the set A :=
{6. : = € Q.}is total in £(Q, Q)" and relatively compact in £'(2). Hence

Q(A) is relatively compact in £'(R2). Consequently, there exists 0 < §p < €
so that '

U{Supp Q) : z€N}CQ, -
Since £(Q,0Q5,)* is closed in £'(N), this implies
(2) QE(R, Q) C (R, Q)" -

Now fix 0 < § < 8 and let 0 < n < § and m € Ny be given. By the
continuity of @ there exist 0 < ( <7, kK € Ny and C > 0 with

3) Q(Bym) CCB¢ -

Next fix p € £'() and assume that for some v € £'() we have
p+ P(D)'v € By . Then (1) implies

Q(n + P(D)'v) = Qu+ Q(P(D)'v) =
and therefore (3) gives Qu € CB¢ ;. Moreover, Suppu C Q. and (2) imply
Qu € £(0,Q5,)L. This gives

Supp Qu C Qs, C Qs .

Hence we can find C depending only on &, 6, k and C so that Qu € (:"BM.
Now define A := —R'(x) and note that

(5) wn+P(D)A=p—-P(D) R (u)=p—-n(p)=QueCBsy .
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Hence (4) implies -
6)  SuppP(~D)A = Supp P(D)'A = Supp (Qu — p) C Qy .

Now note that the surjectivity of P(D) on £(f2) implies that (2 is P - convex
in the sense of Hérmander [HOI] Def. 3.5.1. Hence (6) and Hormander
[HOl] Thm. 3.5.2, 1mply SuppA C Qs.

2.5. LEMMA. — Let Q be an open set in R and let P be a complex
polynomial in n variables. If (x) is satisfied

For each € > 0 there exists 0 < § < ¢ so that for each 0 <5< 6
there existm € No, k € No and C' > 0 so that for eachp € E'(Q)
with (p +imP(D) )n B,, m ;é 0 there exist \ € &' (Q5) so that
u+ P(D)'X € CBsy,
then the following assertions hold:

(1) Qis P - convex.

(%)

(2) Foreach e > 0 there exists 0 < § < € so that for each 0 < 1) < & there
exists | € N 50 that for each f € CY(Q, Q) tbere exists g € D'(Q,,9) so
that P(D)g = f |q, holds in D'(%,,).

Proof. — (1) To show that Q is P - convex in the sense of Hormander
[HO1], Def. 3.5.1, let K be a given' compact subset of (2. Then there exists
€ > 0 with K C Q.. Choose 0 < § < € according to (*), fix 0 < < § and
choose m, k € Ng and C > 0 accordlng to (*). Next fix p € D(N) with

) Supp P(-D)y C K
and let p:= —P(—D)p = —P(D)!p € £'(Q). Then
u+P(D)Yo=p+P(-D)p=0€ B, ,
implies that for each s E]O 1] we have
-(u + P(D")p) € Bym .

Hence () implies the existence of A, € £'(Q2) so that
' 1 1 : '
P(D)t [—gcp +2] = u+ P(D)'A, € CBsy.

Now note that P(D) is surjective on £(R™) (see Hérmander [HO1], Thm.
3.5.1). Hence P(D)! = P(-D) : £'(R") — £'(R™) is an injective topological
homomorphism. Therefore, there exist [ € N, D > 0 and a bounded open
set w so that ' -

P(=D)~!(CBsy) C DB,



LINEAR RIGHT INVERSE FOR PARTIAL DIFFERENTIAL OPERATORS 629

where )
vt ={v €E'(R") : Suppv Cw, [¥(f)| < || fllu for all f € 5(“")}
This implies ,
1 ‘
—5¥ + s € DB, for all s €]0,1]
and conséquently p = lin}) s)s in E'(R™). Since SuppAs C Qs for each
. 5— ;
s €]0, 1], this proves Supp ¢ C Q.

(2) For a given number € > 0 choose 0 < § < € according to (*) and
fix 0 < n < 6. Then choose m,k € Ny and C > 1 according to (*) and
note that without loss of generality we can assume m < k. Since (2 is P-
convex by (1), P(=D) = P(D)! : £'(Q) — £'(Q) is an injective topological
homomorphism. Hence there exist I € N, L'> 0 and 0 <'¢ < 7 so that

"P(-=D)™*(Bpx) C LB, .
For a given v € £'(Q?) with P(~D)v € By, x we therefore have
v = P(~D)"}(P(-D)v) € LB, .
Since (2 is P-convex, this together with Hérmander [HO1], Thm. 3.5.2 and
Lemma 3.4.3, implies Suppv C §,,. Hence we get

1 ‘ . ‘
(3)  FP(=D)"'(Byx) CB:= B N{n€&'(Q) : Suppp C Ny} .
Now let

L
X := span {(P(~D)E(Q)) N By &, E' ()} C E'(Q)

and fix f € CYQ, ;). Note that for v € £'(Q) satisfying P(—D)v € B,
we have v € LB because of (3). Therefore (v, f) is defined for such
v € &'(N). Now we define F : X — C by

0 if Supp (P(—D)v + p) C Qs

F: P(_D)V+MH{(V,f) otherwise

for P(—D)v € span ((P(—=D)&'(Q)) N B,, k) and [L € £'(9). To show that
F is well-defined, assume that
P(=D)vy + 1 = P(=D)vs + p2 .
for p1, p2 € £'(Qe) and P(—~D)vy, P(—D)v, € span By, ;. Then we have
Supp P(—D)(v1 — v2) C Supp (2 — p1) C Qe . '
Since ) is P-convex, this implies

Supp (v, —v2) C
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and consequently
F(P(—D)», + 1) = F(P(-D)vs + p2) .

Using the P-convexity of ; and discussing several cases one shows that F
is a linear functional on X.

Next we denote by E; the normed space which is generatéd by the
bounded absolutely convex subset By, of £'(2). We claim that F|xng, is
continuous. To show this, fix P(—~D)v + p € X N By n,. Then (*) implies
the existence of A € £'(£2;) satisfying
(4) P(—D)A+ p € CBs, .
From this we get (assuming C > 1)
P(-D)(v = A) = (P(-=D)v + p) = (P(=D)A + p)
€ Bn,m + CBa,k C 2CB,7,k .
Since P(—D)v is in span B, x, this implies P(—D)\ € span B, x, so that
P(-=D)A+ p € X. (3) and (5) imply .
v—-A€2CLB .
From this, (4) and (5) we get by the definition of F
F(P(~D)v + p) =F(P(=D)X + p) + F(P(=D)(v — X))
=F(P(-D)(v-X))={v -\ f)

(5)

and hence
|F(P(—D)v + p)| < 2CL||fll¢ -

Since P(—D)v + p was an arbitrary element of X N B, ,,, this proves that
F is bounded on X N By, ,. Hence the theorem of Hahn — Banach implies
the existence of F' € E}, satisfying F |xng,= F.

Next let @: D(Q2,) — £'(92,) denote the canonical injection, defined by

®(p) : h /Q p(z)h(z)dz, @ € D(Qy), h€E() .

It is easily seen that ® maps D(f),) continuously into Ey. Therefore
g:=Fo® = ®!(F) is in D'(R,). Since 2 is P-convex and since f vanishes
on s, the definition of F' and F gives for each ¢ € D(Q,,)
(P(D)g, ) = (9, P(~D)y) = F(&(P(-D)y)) = F(P(~D)&(y))
=(®(p), f) = (f,¢) -
Furthermore, ¢ € D(),) implies ®(p) € £'(2,) so that

(9,0) = F(3(p)) = F(®(¢)) = 0.
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Hence g is in D'(Q2,, Q) and satisfies P(D)g = f |q, .

2.6. LEMMA. — Let Q2 be an open set in R™ and let P be a complex
polynomial. If condition 2.5(2) holds then condition 2.1(4) holds, too.

Proof. — For a given number € > 0 choose 0 < §y < € according to
2.5(2). Then fix 0 < { <1 < § < & and choose | € N so large that 2.5(2)
holds with 7 replaced by ¢. Next fix £ € 2,\Qs and choose M € N so large
that the equation AM F; = §¢ has a solution Fy € C'(R") (see Hormander
[HO1], Thm. 3.2.1). Also choose ¢¢ € D(02,\0s) so that p¢(z) = 1 for all
z in a neighbourhood of £. Then

ff = (PEFﬁ € 01(9,96) C Cl(n’nﬁo)
and

AMf5 = 55 + hg, hg € COO(Q,Q&)) .

Therefore condition 2.5(2) with n replaced by ¢ implies the existence of
g¢, He € D' (¢, Q) satisfying

P(D)g§ = ff IQ( and P(D)HE = h{ |Q< .

Now choose an open set w with 9, C w C @ C Q, fix ¥ € D(Q) with
¥ |o=1 and let
Ge = p(AMge — H) .
Then we have
Supp G§ C Q(:\Q€
P(D)Gg¢ |o= P(D)(AM g¢ — H) lu= &M fe |o —he |u= 6

and hence
P(D)G¢ = 8¢ + S¢, where SuppSe C 2\, .
As in the proof of 2.1(4), this implies condition 2.1(4).
2.7. THEOREM. — For an open set (! in R™ and for a complex
polynomial P in n variables the following assertions are equivalent :
(1) P(D): D'(Q) — D'(N) admits a right inverse
(2) P(D): £(2) — £() admits a right inverse

(3) for each compact set K C Q there exists a compact set L with
K C L C Q so that for each open set w CC Q) with L C w there exist s € Ny
and D > 0 so that for each v € £'(w) satisfying P(—D)v |,\ k€ B® we have
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v |,\L€ DB~*(w\L), where B denotes the closed unit ball of L*(R"),
while B~*(w\L) denotes the closed unit ball of W~*(w\L) = W§(w\L)'.

Moreover, (1), (2) and (3) are also equivalent to each of the following
conditions: 2.1(2), 2.1(3), 2.1(4), 2.3(x), 2.4(x), 2.5(x) and 2.5(2).

Proof. — We first note that 2.1(4) implies 2.3(*). To show this, fix
€1 > 0 so that Q, # 0. Then choose (ex)ren inductively so that

(1
0<eé€xy1 < mln(E160(fk))

where 6g(€;) denotes the number 0 < &, < € which exists by 2.1(4) if
we choose € = €. Next define Q2 := Q,, and note that 2, CC Q4; and
0= U 2 by the choice of the sequence (ex)ren. Choosing 0 = €444,

keN
1) = €x4+3 and § = €42 in 2.1(4), we get that all the other requirements of

condition 2.3(*) are fulfilled, too.

Therefore, Lemma 2.1 and 2.3 (resp. Lemma 2.4, 2.5 and 2.6) show
that the following implications hold : ‘
(1) = 2.1(2) = 2.1(3) = 2.1(4) =2.3(%) = (2) and (1);
(2) = 2.4(%) = 2.5(x¥) = 2.5(2) = 2.1(4) = 2.3(x) = (1) and (2).

To prove the equivalence of (2) and (3) we claim that Lemma 2.4 and
Lemma 2.5 remain true if the sets B, ,, are defined as

Be,m = {I" € g’(Q) : SUPPM C I”(f)l < Iflf,m for all f € g(Q)}

for ¢ > 0 and m € Nj. This can be chécked by going through the
corresponding proofs again. Therefore (2) is equivalent to 2.4(*) and also
to 2.5(%) with the new meaning of B, ,,. Consequently, (2) is equivalent to

for each € > 0 there exists 0 < § < € so that foreach 0 < < §
there exist £ € Ny and C > 0 so that for each u € £'(2¢) with

(4) (b +imP(D)") N Byo # 0

there exists A € £'(Qs) so that p+ P(D)'A € CBs . .
Hence the proof is complete if we show (4) < (3). '

(4) = (3) : If K is a given compact subset of {2, we choose € > 0 so
that K C .. Then we choose 0 < é < € according to (4) and let L := Q.
Next we fix an open set w CC 2 with L C w and we choose 0 < 1 < § with
w C Q. Then we choose k € Ny and C > 0 according to (4) and we fix
v € &'(w) so that P(—D)v |,\k is in B%. To show that the conclusion of
(3) holds for suitable s € Ny and D > 0 (not depending on v), we choose
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¢ € D(2) so that ¢ = 1'in a neighbourhood of K. Then y := —pP(—D)v

is in £'(Q¢) and we have ,
p+P(-Dyw=(1-¢)P(-D)ve&(Q,)NB*=B,, .

Therefore, (4) implies the existence of A € £'(2s) so that

T:=pu+P(-D))€ CBs .

Hence P(—D)A = T — u is in £'(Q). By the L2-version of Lemma 2.5,

(4) implies that 2 is P-convex. Therefore, Hérmander [HO1], Thm. 3.5.2,

implies A € £'(2s). Consequently we have

(5) . (V - ’\) Iw\L: (V - ’\) Iw\55= v lw\L .

Next note that '

P(=D)(v = X) = (p+ P(-D)v) - (p+ P(=D)A) € £'(Q) N (1 + C) By -

Since we have seen already that Q is P-convex, it follows as in the first part
of the proof of 2.5(2), that there exist D > 0 and s € Ng, s > k, so that
v — Ais in DB, ;. Because of (5), this implies (3).

(3) = (4) : Let us first show that (3) implies P-convexity of Q. If K is
a given compact set in €, choose L according to (3). Next let ¢ € D(Q2) be
given, so that Supp P(—D)y¢ C K. Then choose an open set w CC {2 with
Supp ¢ C w and note that for each t > 0 we have P(—D)(tp) |,\x= 0 € B°.
Hence (3) implies tp |,\ € DB™* for all ¢t > 0, which proves Suppy C L.

To show that (4) holds, let ¢ > 0 be given and let K := Q.. Next
choose L according to (3) and find 0 < 6; < € with L C Q4. Then choose
0 <6< 6,let 0<n < 6 begiven and assume that for some p € £'(Q,)
and some v € £'(Q?) we have

p+ P(-D)v=pu+ P(D)'ve€ By, .

This implies Supp P(—D)v C €. Since 2 is P-convex, ), is P-convex,
too. Therefore, Suppv C 2, and we have

P(-D)v |a,\k= (u+ P(-D)v) |a,\x € B® .
Now (3) with w = Q,, implies
v o, \L€ DB™*(Q,\L) .

Next choose ¢ € D(€s) so that ¢ =1in a neighbdurhood of L and we let
A := pv. Then ) is in £'(Qs) and satisfies

uw+ P(—-D)A=p+ P(-D)v — P(-D)(1 - p)v .
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This shows that for suitable £ > 0 and m = degP we have
p+P(-D)x € B+ EDB™*"™(Q),) and Supp(u+ P(=D))) C Q;, .

Since E depends only on P and ¢, but not on g, this implies (4).

2.8. DEFINITION. — Let Q be an open set in R" and let P be a
complex polynomial in n variables. (1 is called P-convex with bounds if one
of the equivalent conditions in Theorem 2.7 holds.

2.9. Remark. — (a) Lemma 2.1 and 2.3 hold — mutatis mutandis —
also for differential operators (even for ultradifferential operators admitting
a fundamental solution) on the spaces D/ u))(Q) and D{w}(Q) of ultradistri-
butions. In particular they hold for all non-quasianalytic Gevrey-classes.
For more details we refer to our forthcoming paper [MTVS5] (see also Meise
and Vogt [MV] for the case of one variable).

(b) From Theorem 2.7 and the proof of Lemma 2.3 it follows that
a differential operator that admits a right inverse on D’'(2) also admits a
right inverse on any non-quasianalytic class £, of functions on  which has
partitions of unity, which is an algebra with continuous multiplication and
on which distributions act continuously by convolution. Moreover, P(D)
has also a right inverse on D/ (), the associated class of ultradistributions
on Q. In particular, P(D) has a right inverse on all non-quasianalytic
Gevrey-classes (and Gevrey ultradistributions) whenever P(D) has a right
inverse on the distributions.
(c) The conditions 2.2(2) and 2.2(3) are equivalent to bemg P-convex
with bounds. This is shown in [MTV6].

2.10. COROLLARY. — Let P be a complex polynomial in n variables
and let (2;);e; be a family of open sets in R™ for which Q := N;efQ; # 0
is open. If Q}; is P-convex with bounds for each ¢ € I then §Q is P-convex
with bounds.

Proof. — To show that condition 2.5(2) holds, let ¢ > 0 be given.
Then Q. is compact in §; for each i € I. Hence there exists €; > 0 so that
Q. C ()., for i € I. Since Q; is P-convex with bounds, we get from 2.7
the existence of 0 < §; < €; so that 2.1(2) holds for ;. Now note that

ﬂ (%), is contained in 2. Hence there exists 0 < § < € so that
i€l

() (Q)s) C Q.

i€l
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Next fix 0 < 7 < § and let f € C(2,8;) be given. Then (Q\-(S_I—J&i)ig is
an open cover of the compact set §2,\§2s. Therefore we can find m € N and
ijelforl1<j<maswellas f; € C(Q,(Q,-j)g,.j), 1 < j <m, so that

fla,=> filg, -
Jj=1
By 2.1(2) there exist g;; € D'(§2;;, (; )e;,-) so that
P(D)g;, = f;;, inP'(Q;)for1<j<m.

m
Consequently g := Z gi; la, is in D'(2,) and vanishes on
=1

m
Qn ((Q)e, D -

j=t

Hence g € D'(1,,12,) and

P(D)g =Y P(D)g; la,= Y fi; la,= f la, -

=1 j=1

From Theorem 2.7 we can derive the following result of Vogt [V1],
[V2], which extends a theorem of Grothendieck.

2.11. COROLLARY. — Let P be a hypoelliptic polynomial in n
(n > 2) variables. Then each open set () in R™ is not P-convex with bounds.

Proof. — To argue by contradiction, we may assume that there exists
an open set ) in R™ which is P-convex with bounds. Then Theorem 2.7
implies that condition 2.1(3) holds. Next we fix € > 0 with Q. # @ and
choose 0 < § < € according to 2.1(3). Then we note that the hypoellipticity
of P implies by Hérmander [HO1], 4.1.3, that for each open set (2 in R™ the
space N'(Q) is a nuclear Fréchet space which is contained in £(?). Therefore
we can define

NB(Qs) := {f € N(Q5) : f is bounded on s} .
endowed with the supremum norm. Moreover, we let
NB(Q5,9Q.) .= NB(2s)NEMN5,Q) and N(Q,0Q)=N(Q)NEWN, Q) .

Now it is easy to check that because of 2.1(3) the restriction map p:
N(R2) - NB(Q;) induces an isomorphism

P NO)/N(Q,Q) - NB(Qs)/NB(Qs, Q) -
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Hence the nuclear Fréchet space N (Q)/N(9Q,Q,) is a Banach space and
consequently finite dimensional. However, this is a contradiction, since all
exponential solutions

f. iz exp(—i(r,n)), z€C", P(z)=0
are linearly independent in N (Q)/N (9, Q).

3. Right inverses and hyperbolicity.

In this section we investigate how properties of the boundary of an
open set () in R™ are related with the conditions for P-convexity with
bounds which were derived in Theorem 2.7. In doing this we assume
throughout the entire section that P always denotes a non-constant poly-
nomial in n variables.

From Hormander [HO1], 5.4.1, we recall that a complex polynomial
P on C" is called hyperbolic with respect to N- € R™\{0} if N is non-
characteristic, i.e. P,,(IN) # 0 and if there exists' 79 € R so that for each
£ € R™ and each 7 < 19 we have P({ + iTN) # 0. P is called hyperbolic if
P is hyperbolic with respect to some N € R™.

3.1. LEMMA. — Let 2 C R™ be P-convex with bounds and let
N € R™ be non-characteristic for P. If there exists xo € 0} so that 0} is
continuously differentiable ina neighbodrhood of zo and if N is normal to
AN at zo then P is hyperbolic with respect to N.

Proof. — After _an appropriate change of variables we can assume
o = 0and N = (0,...,0,1). Further, we can assume that for a suitable
zero-neighbourhood V in R" 1 and for some a > 0 there exists a C'-
function g: V -] —a a[ so that

QN (Vx]—a,a]) = {(z',z,) € VX]| —a,a]: :cnv < g(z')}
NN (Vx| —a,a]) ={(z',g9(z')) :2" e V}.
Since N is not characteristic for P, there exists 0 < a < 7/4 so that for
the closed cone
To(N):={LeR" : |L|cosa < (L,N)}
every non-zero vector in I'o (V) is not characteristic for P. Since gis a

C!-function with a vanishing derivative at zero, we can use the mean-value
theorem to find 0 < R < 1 so that -

(1) U:={z €R" : {|z||loc <R} CVx]—a,q|
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(2) lg(z")| < g sina forall ' € R*™' with ||z/[lo <R.
Then R
K :={(«',z,) €U : —R< 1z, <g(z') - Zsina}v

is a compact subset of €2, hence there exists € > 0 with K C Q.. Since  is
P-convex with bounds, condition 2.1(2) holds. Hence there exists 0 < § < €
so that for each f € D'(Q, Q) there exists h € D'(Q, Q) with P(D)h = f.

Now choose 0 < 7 < = sina so that

8
3) UNnQs C {(z',z,) €U : —R< z, < g(z') — 21}
and choose 0 < r < 7 so that
{(@',—n) eR™ : |a'| <7} C{(a',z,) €U : g(z') — 20 <z, < g(z')} .

Next denote by I' the open cone

I:={LeR" : |L|cos(g— —a) < —(L,N)}

and note that every characteristic hyperplane through the origin intersects
T not only at the origin, because of our choice of a. Now let o := n+rsina,
define £ := (0, ...,0,—0) and note that £ € Q\Q; because of (3). Therefore
there exists T € D'(Q, Q) with P(D)T = é&,.

Next fix ' € R"~! with |¢'| = rcosa, put y := (z/, —n) and look at
the open cone y + I'. Then we get from (2)

(SuppT)NU Cc U\K C {(z',z,) €U : z, > g(z') — gsi‘n a}
c{(z',zn,) €U : z, > -gsina} .
By the construction wé have
{reR” : z, = —gsina}ﬂmcff
Therefore we can define T, € D(y+T) by |

Tyl+rynw = Tlg+rynw - and - Tyfgirpk =0
Since P(D)T = 0, it follows from Hormander [HO1], Cor. 5.3.3, that
T, = 0. Since this holds for all y = (z', —9), |z'| = r cosa we get
(SuppT) N {(z',z,) € R™ : | X, + 0| > rsine,|z'| > Tcosa}
(4) c{(«',z,) ER": =0 > 1, > —0 +rsina,|z'| > (z, + o)tana}
=I.



638 R. MEISE, B.A. TAYLOR & D. VOGT

Now choose x € D(¢ + Uy(0)), where t = —;-sina and

Ui(0)={z eR” : |z| <t}
which satisfies x|¢4+v,,,(0) = 1. Then Tp := XT satisfies
P(D)Ty = 6¢ — So

where Supp Sp C I'1\(Uy/2(0)+&). After a suitable translation which moves
£ into the origin, we obtain from this a distribution 77 which satisfies
P(D)T; = 6§ — S; and has support in a closed convex cone I's satisfying

rn{zeR™ : z, <0} ={0}.
Moreover
Supp §1 C I'2\Uy/2(0) -
Now define SY := 6 and 57 : 7 := Sy %...xS; (j-times) and note that the series

Z SJ converges in D' (R") since it is locally finite. From Supp (Z S? )
j=0
Iy it follows that we can define

E:=T *(is{) :
=0
Then
P(D)E = (P(D)T) + (}_81) =(6-S)+>_Si =4
: =0 j=0

shows that E is a fundamental solution for P(D). Since Supp E is contained
in 'y, it follows from Hormander [HO1], Thm. 5.6.2, that P is hyperbohc
with respect to N.

To give a first applicatioﬁ of Lemma 3.1 we denote by H,(N) (resp.
H_(N)) the positive (resp. negative) open half space determined by a
vector N € R™"\{0}, i.e.

Hi(N):={z €R" : £(z,N) >0} .
3.2. PROPOSITION.. — Let N € R™ be non-characteristic for P.

Then H.(N) is P-convex with bounds if and only if P is hyperbolic with
respect to N.

Proof. — = : Lemma 3.1.
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<= : For j € Ny define U; by
Up:={z€eR” : (z,N)> %}

L1 1 .
UJ—-{.'EER m<($,N><;} ’ ]EN

Then (Uj)jen, is an open cover of Hy(N). Hence we can choose a
C*>-partition of unity (¢;);en, subordinate to (Uj);en,. Since P is also
hyperbolic with respect to —N (see Hormander [HO1], Thm. 5.5.1) there
exist fundamental solutions E; resp. E_ with supports in closed cones
which are contained in H(N) resp. H_(N) except for the origin. Then for
each f € E(H(N)) the series

R(f) := Ey * (0of) + Y _ E_ x(¢;f)
=1
is locally finite and converges in £(H4(N)). Moreover, it is easily checked
that R : E(H4(N)) — E(H4(N)) is a right inverse for P(D). Therefore,
H(N) is P-convex with bounds by Theorem 2.7.

3.3. COROLLARY. — Let Q) be an open convex polyhedron in R™
with faces whose normal vectors are non-characteristic for P. Then ) is
P-convex with bounds if and only if P is hyperbolic with respect to all
vectors which are normal to some face of (1.

Proof. — =—> : Lemma 3.1

<= : Since (1 is a finite intersection of translations of open half spaces,
this follows from Proposition 3.2 and Corollary 2.10.

3.4. LEMMA. — Let Q be an open convex polyhedron in R™ with
faces whose normal vectors are non-characteristic for P. If Q is P-convex
with bounds then the following condition holds :

for each € > 0 there exists 0 < § < € so that for each

(%) f e D'(R",Qs) there exists g € D'(R",Q,) with
P(D)g=f.

Proof. — Without loss of generality we can assume 0 € ). Then
{tQ : 0 <t < 1} is a fundamental system of compact subsets of 2. Hence
for € > 0 there exists 0 < ¢t < 1 so that Q. C tQ. Next choose 0 < § < €
with 0 C Q5 and let f € D'(R™, Q) be given. If we denote by Ny,..., N,
the outer normals to the faces of 2 thEIrln we have
R\t = | H;

j=1
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where for suitable b; € R
Hj={zeR" : (z,N;) >b;}, 1<j<m.

Using a suitable partition of unity, we therefore have

m
f=ij with Supp f; C H;, 1<j<m.
. : 7j=1
By Corollary 3.3 and Hérmander [HO1], Thm. 5.6.1, the hypothesis implies
the existence of fundamental solutions E; for P(D) where Supp E; is
contained in a closed cone which is contained in H4(N;), except for the
origin. Therefore,

g:= ZE]- * f;
j=1

has all the required properties.

3.5. LEMMA. — Let (;)jen be an increasing sequence of open
subsets of R™. If Q; satisfies condition 3.4(x) for each j € N then
Q:= U 2, is P-convex with bounds.

JEN

Proof. — To show that condition 2.5(2) holds, let € > 0 be given.
Then there exists k € N with . C Q. Hence there exists ¢ > 0 with
Q. C (%)e- Now choose 0 < § < € so that condition 3.4(x) holds for 2
and choose 0 < § < € so that (2;)s C Q5. Then fix 0 < < § and choose
v € D(Q) with ¢ |5 = 1. Next let f € D'(2,5) be given. Since ¢f is in
D'(R™, (Q)s), 3.4(*5 implies the existence of g € D'(R™, ()s) with

P(D)g = of -
By our choices g |q, is in D'(€,, ) and satisfies
P(D)(9 la,) = fla, -

3.6. PROPOSITION. — Let N € S™! be characteristic for P. If
N = limy_, Ni, where P is hyperbolic with respect to N, € R™ for all
k € N then H,(N) is P-convex with bounds.

Proof. — For a non-characteristic vector M of P let I'(P, M) denote
the component of the set
{6 €S8 : P,(0)+#0}

which contains M. Using this notation, the hypothesis implies the existence
of M € S* 1 so that P is hyperbolic with respect to M and so that
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N € I'(P, M)S . Note that T'(P, M) is an open subset of S*~! and
that by Hormander [HO3], 12.4.5, P is hyperbolic with respect to each
vector K € S"~1 with +K € I'(P, M). Therefore we can find an increasing
sequence (£2;);en of parallelepipeds so that P is hyperbolic with respect
to each normal vector to every face of ©; and so that
H (N) =9
JEN
Hence the result follows from 3.3, 3.4 and 3.5.

The following examples show that for characteristic vectors N in
general H, (N) is not P-convex with bounds.

3.7 Example. — Let P € Clz;, 23] be defined by
P(z1,20) =22 —izy . . »
Obviously N = (0, 1) is a characteristic vector for P. Since P is hypoelliptic,
P(D) does not have a right inverse on £(H_(N)) by Vogt [V1], [V2] (see
also 2.11). Another example is Q(z1, 22, 23) = (22 + 22 — 22)(2? + 22 + 22).
Since @ has an elliptic factor, it follows from 2.11 that @ does not have a
nght inverse on £(Hy(N)), where N = (1,0,1).

For a further evaluation of Lemma 3.1 we recall the following notation:
Let Q be an open subset of R® with C'-boundary. Then the Gauss-map
G: 09 — S 1 is defined by G(z) := N,, where N, denotes the outer unit
normal to 02 at x.

' 3.8. THEOREM. —  For a non-constant polynomial P on C" ‘the
following conditions are equivalent :

(1) there exists an open bounded subset  # @ of R* with C* boundary
which is P-convex with bounds :

(2) there exists an open subset ! # @ of R® with C'-boundary and
surjective Gauss-map which is P-convex with bounds

(3) P is hyperbolic with respect to every non-characteristic direction

. (4) P and its principle part P, are equally strong and P,, is propor-
tional to a product of m linear functions with real coefficients

(5) each open convex subset of R™ is P-convex with bounds.
Proof. — (1)=(2) : This is obvious. (2)=>(3).: Lemma 3.1. (3)¢(4)

: This holds by Lanza de Christoforis [CR] Thm. 1. (3)=(5) : Let Q be
an open convex subset of R™. Then the present hypothesis implies the
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existence of an increasing sequence (£2;)en of open convex polyhedra with
non-characteristic faces so that each (1; is P-convex with bounds and so

that
=9 .
JEN
Therefore (5) follows from 3.3, 3.4 and 3.5. (5)=(1) : This is obvious.
There are many open sets §2 in R” for which no differential operator

has a right inverse on £(12). To show this, we introduce the following
definition.

3.9. DEFINITION. — Let ) be an open set in R™ and let N €
R™\{0} be given. A point zo € 0N is called a point of inner support for N
if there exists a compact neighbourhood U of zy so that for v := {z¢, N)

we have
Un{zeR™ : (z,N) <4} CQ and

UN{zeR” : (z,N) <~} CQ.

3.10. LEMMA. — Let Q be an open set in R™, let P be a non-
constant polynomial on C" and let £, € 00 be a point of inner support for
N eR". If P(D) : £(Q) — £(N) is surjective then N is not characteristic
for P.

Proof. — Assume that N € S?~! is characteristic for P and choose

U and ~ according to 3.9. Next choose ¢ € D(U) so that p(x) = 1 for all
z in a neighbourhood of the set

NN{zeR” : (z,N)=1}.
Then denote by K the closure of the set
{z €R" : ¢(z) # p(z) and (z,N) < 7}
and note that K is a compact subset of {2 by the properties of U and .

Since N is characteristic for P it follows from Hérmander [HO1], 5.2.2,
that for each § <y we can find fs € £(R™) which satisfies P(—D)fs = 0,
zo — (7 — 6)N € Supp (fs) and

Suppfs C {zr € R" : (z,N) <é}.
Now define g5 := ¢ fs and note that
Suppgs C {z €U : (z,N) < 6}
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so it is compact in Q2. Furthermore we have Supp P(—D)gs C K and
dist(zo, Suppgs) =y — 6

for § sufficiently close to v. This shows that Q is not P(D)-convex. By
Hoérmander [HO1], Def. 3.5.1 and Cor. 3.5.2, this contradicts the hypothesis
that P(D) is surjective on £(1).

3.11. PROPOSITION. — Let §} be an open subset of R™ for which
R™\Q has a compact component. Then Q is not P-convex with bounds for
each non-constant polynomial P on C".

Proof. — Let P be a non-constant polynomial on C". Since the
surjectivity of P(D) on £(f?) is necessary for the existence of a right inverse,
assume that P(D) is surjective. Let K denote a compact component of
R™\ and let N € R"\{0} be given. Then there exists ¢, so that

Kn{zeR" : (z,N) <t} #0.
Define
y:=sup{t<ty : KNn{zreR™ : (z,N) <t} =0}
and pick
2o €INN{zeR™ : (z,N)<~}#0.

Then it is easily checked that z, is a point of inner support for N. Hence
Lemma 3.10 implies that N is not characteristic for P. Since N € R™\{0}
was arbitrarily chosen, the polynomial P is elliptic. However, then P(D)

does not admit a right inverse on any open set, as Grothendieck has shown
(cf. 2.11).

3.12. Examples. — (1) Let Q be an open set in R™ with C?-
boundary. Then, for o € 02 there exists a neighbourhood V' of zy and
¢ € C%(V) so that

VNQ={zeV : ¢(z)<0} , VNo={zeV : p(z)=0}
and grad ¢(z) # 0 for all z € V N ON. If

2
Hy(z0) = (53=(m0)

is negative definite then z, is a point of inner support for N := grad (o).

(2) For t > 0 define

n
Jik=1

n—1
— n . 2 tio 2
Qt):={z R .$n>0and;xj+(zn—§) >t} .
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Then (1) implies that each N € S"~! with N,, > 0 admits a point of inner
support in 0Q(t). Hence Lemma 3.10 implies that only elliptic operators
P(D) are surjective on £(£2(t)). Therefore Q(t) is not P-convex with bounds
for each non-constant polynomial P on C".

4. The Phragmén-Lindelof condition.

In this section we use Fourier analysis in order to characterize .when
a convex open subset 2 of R™ is P-convex with bounds in terms of a
Phragmén-Lindel6f condition ‘on the zero variety of P.

Notation. — Let € be an open cpn\}ex subset of R™ which is not
empty. For sufficiently small € > 0 then (2 is convex and not empty, too.
By h.: R® — R we denote the support functional of Q, i.e.

n
he(z) = sup (z,y) = sup ijyj .
IS yEQe j=1

4.1. DEFINITION.. — Let P be a non-constant polynomial on C",
let Q # 0 be a convex open subset of R™ and let

V=V(P):={z€C" : P(-2)=0}.

We say that P (resp. V(P)) satisfiés the Phragmén-Lindel6f condition
PL(Q), if for each € > 0 there exists 0 < § < € so that for each 0 < n < §
there exists B > 0 so that for each plurisubharmonic (psh.) function u on
C™ the following two conditions :

(a) w(z) < he(Im)z + O(log(1 + [2]2)) for all z € C;l
(b) w(z) < he(Imz) for all z € V(P)
imply

(c) u(z) < he(Imz)+ B(log(1 + |2|>)) + B forall z € V(P) .
We say that P (resp V(P)) satisfies the analytic Phragmén-Lindelof

condition APL(Q) if the above holds for all w = log|f|, where f is an
entire function on C".

For a comprehensi\}e‘ study of the Phragmén-Lindel6f condition we
refer to our paper [MTV4], the results of which we are going to use in this
section. Before we explain how APL(Q) and PL(QQ) are related with the
existence of a right inverse for P(D), we first note :
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4.2. LEMMA. — Let P=P .. F, where Py, ..., P are polynomi-
als on C" and let Q2 be an open subset of R™. Then P(D) has a right inverse
on £(Q) if and only if each Pj(D) has a right inverse on £(1).

Proof. — If R is a right inverse for P(D) then Py(D)o...o Py(D)oR
is a right inverse for P;(D). Obviously, R o ... o R; is a right inverse for
P(D), whenever R is a right inverse for P;(D). N

4.3 Some Fourier analysis. — Let P = P, --- P, where P, ... P, are
irreducible p_olyhoniials on C™ so that P; is not proportional to Py for
j # k. Furthermore, let  be an open convex subset of R". We denote by
A(V') the space of holomorphic functions on V = {z € C" : P(-z) = 0}
and we define ‘

Aq(V) ={f €A(V) : there exist ¢ > 0 and k € N so that

WAllek == sup |£(2)] exp(~he(Imz) — klog(1 + |2|*)) < oo}
and we endow Aq (V) with its natural inductive limit topology. Then it is

easy to check that Aq(V) is a (DFS)-space and that for each bounded set
Bin Aq(V) there exist A > 0,0 < e < 1 and k € N with B C ALk, where

Loy ={f € 4a(V) : Il <1} .

From the fundamental work of Ehrenpreis and Palamodov (see e.g: Hansen
[H]) it is well-known that the Fourier-Laplace transform

F: N@) = Aa(V) , F(p) : 20 pe(e™), zeV
is a linear topological iéomofphism. |
If we let :
Ur:={xeN®) : |Ixllex <1} 0<e<l, keN

then each bounded set of N Q) is contained in a multiple of some set Uy
Hence we have

for each 0 < < 1 thereexist <0< 6 <1, meN
) . and E > 0 so that L, o C F(EU ,,,) .
A sharper version of (1) can be derived from Hansen [H], Thm. 2.3, if we
let :
Vir={x €N : |xlex <1}, 0<e<1, keN.

Then we get

for each 0 < 6 < 1 and each g € N there exist

2
@) k€N and D > 0so that Ls, C F(DVy)) -
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4.4. LEMMA. — Let P be a non-constant polynomial on C" and let
Q be an open convex set in R™. If P(D) : £(Q) — £(N) admits a right
inverse then P satisfies the condition APL(f?).

Proof. — Let P = P{™ --- P,"* where P, ... Py are irreducible poly-
k

nomials so that P; is not proportional to P, for j # ! and let Q := H P;.

By 4.2, P(D) has a right inverse on £(f?) if and only if Q(D) hazs :)ne.
Since V(Q) = V(P) we can therefore assume without loss of generality
that P = @ so that 4.3 applies. Since Q(D) : £() — &£(N) admits a
right inverse, Lemma 2.4 implies that condition 2.4(*) holds. To show that
this implies APL(Q), let € > 0 be given. Then fix 0 < €¢; < € and choose
0 < 8 < € according to 2.4(*) with € replaced by ¢;. Next let 0 < < §
be given and choose 0 < 0 < 9, m € N and E > 0 so that 4.3(1) holds.
Furthermore fix 0 < ¢ < o and choose k € N and C > 0 so that 2.4(*)
holds with €,,6,{ and m and put B := max(k,log CE). Now fix f € A(C")
which satisfies

(a) log|f(z)] < he(Imz) + O(log(1 + |2|?)) for all z € C"

(b) log|f(2)] £ hy(Imz) for all z € V(P) .

Then the theorem of Paley-Wiener-Schwartz and (a) imply that there exists
1 € E(Ne,) so that

f(2) = p(e7%>*) forall z€C".

Moreover, v := p |n(q) is in N(R2)' and (b) implies that F(v) is in Ly0.
Therefore 4.3(1) shows that v is in EU ,,. Because of 0 < ¢ < o, this
and the theorem of Hahn-Banach imply the existence of & € £'(Q?) with
v € EB¢,m (using the notion from 2.4). Therefore

7 —p€ NQ)* = (ker P(D))* = imP(D)"
implies
v=p+ (7 —p)€ (p+imP(D))NEB; , .

Hence 2.4(*) gives the existence of A € £'(Qs) so that u + P(D)!)A €
CEBs .. Because of P(D)!A € N(), this implies

(1) le(x)| < CEl||xllsx for all x € N(R) .

Now fix z € V(P) and note that x, : z — exp(—i(z,2)) is in N(Q) and
that

Ix:llsx = sup sup |(—iz)*e™* | < (1 +|2*)* exp(hs(Im 2)) .
z€Qs |a|<Lk
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Hence we get from (1)
log |f(2)| = log [u(x:)| < 10g lIx:lsx +log CE
< hs(Imz) + Blog(1 +|z|?) + B
for each z € V(P). This proves that f satisfies condition (c) of APL(Q).
4.5. THEOREM. — Let Q # @ be an open convex subset of R® and

let P be a non-constant polynomial on C". Then the following conditions
are equivalent:

(1) Q is P-convex with bounds
(2) P satisfies APL(R)
(3) P satisfies PL(R).

Proof. — (1) <= (2) : Because of Lemma 4.4 it suffices to show
that (2) implies (1). To do this, note that without loss of generality we can
assume (as in the proof of 4.4) that P = P, --- Py, where P,,..., P are
irreducible polynomials so that P; is not proportional to P, for j # l. In
order to show that condition 2.5(x) holds, let 0 < € < 1 be given. Then
choose 0 < 8; < € according to APL(R), fix 0 < 7 < § < 6; and choose

B = B(n) > 0 according to APL(f?). Next choose ¢ € N with ¢ > B and
apply 4.3(2) to find k € N, C > 0 so that

(4) ' Ls, .o C F(DV5 1) -

Furthermore, choose A > 0 so that (in the notion of 4.3) we have
Us,x C AVs, k. Then let m := 0 and C := eBAD. To show that 2.5(%)
holds with these choices, let p € £'(€2¢) be given and assume that for some
v € £'(Q) we have

(5) g+ P(D)'v e B, .
Then the theorem of Paley-Wiener-Schwartz implies that
B o po(exp(—i(z,2))) , z€C"
is an entire function on C™ which satisfies
(a) log |1(2)| € he(Im 2) + O(log(1 + |2|?)) for all z € C™ .

Next note again that for 2 € V(P) the function x, :z +— exp(—i(z, z)) is
in N(R") and satisfies '

Ixzllno = sup |exp(-i{z, 2))| = exp(hy(Im 2))
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Therefore, (5) and the definition of B, imply for each z € V
®) (2] = lu(x:)l = (u+ P(D)'V)[x:]| < lIx:zllno < exp(hy(Im2)) .
Hence we conclude from APL(Q}) and ¢ > B :
(¢) log |1(2)| < hs,(Im 2) + qlog(1 + |2|>) + B forall z€V .
Because of (4), this shows

e PF(u n()) € Loy,g C F(DVS 1) -
By the choice of A this implies

i v € 2 ADUZ, ;.

Now the theorem of Hahn-Banach shows that there exists A € £'(Q?) with
1 |n@)= A [n() so that XA € CBs. Since P(D) is surjective on £(12), we
have -
A—p e NQ)?L = (ker P(D))* =im P(D)t .

Hence we have shown that 2.5(*) holds. |

(2) <= (3) : Obviously (3) implies (2). The converse implication is
shown in [MTV3].

An easy scaling argument proves the following corollary.

4.6. COROLLARY. — For a non-constant complex polynomial P on
C™ the operator P(D) has a right inverse on £(R™) and/or D'(R™) if and
only if the following Phragmén-Lindeldf condition (PL) holds:
There exists R > 1 so that for each p > R there exists B > 0 so that for
each psh. function u on C" which satisfies '

(a)  u(z) < [Imz|+ O(|log(1+ |2|?)) for all z € C"

(b)  u(z) < p|lmez| for all z € V(P)
we have :

(¢)  w(z) < R|Imz|+ Blog(1+|z|?)+B forallz€V(P).

Specializing 4.6 to homogeneous polynomials, we get from [MTV4]
(see also [MTV2], 5.6) : '

4.7. THEOREM. — Let P € Clz,..., z2,] be homogeneous and non-
constant. Then P(D) has a right inverse in £(R"™) and/or D'(R™) if and
only if the following two conditions are satisfied:

(1) dimgV(Q) NR™ =n — 1 for each irreducible factor @ of P
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(2) for each £ € V(P)NR™ with |£] = 1 there exist 0 < €; < €3 < €3 and
A > 0 so that for each psh. function u on the set {z € C" : |z —¢| < €3}
with 0 < u < 1, which satisfies u(¢) < 0 for all { € V(P) N R™ with
|¢ — €| < €2 we have u(¢) < A|Im(| for all { € V(P) with [¢ — £| < €.

4.8. COROLLARY. — Let P be an irreducible homogeneous polyno-
mial on C™ that has real coefficients and satisfies
(%) gradP(§) # 0 for each £ e V(P)NR™,|€]|=1.

Then P is either elliptic or P(D) admits a right inverse on £(R™) and
D'(R™).

Proof. — Assume that P is not elliptic. Then there exists £ €
V(P) N R™ with £ # 0. Since P is homogeneous, we can assume |¢| = 1.
Therefore, the hypothesis on P implies grad P(—¢§) = zgradP(£) # 0.
Since P has real coefficients the implicit function theorem for R™ implies
dimgV(P) N R® = n — 1, i.e. condition 4.7(1) holds. Hence the proof
is complete if we show that also condition 4.7(2) holds. To do this, fix
& € V(P)NR™ with |¢| = 1. Then (*) implies that we can assume that
V(P) near £ is the graph of an analytic function g which without loss of
generality depends on the first n — 1 variables. More precisely, there exist
€>0and § > 0sothat on U := {2’ € C"! : |2/ —¢| < €} there exists
an analytic function g : U — C so that f

V(P)NU x{A€C : |A=&]| <8} ={(2,9(¢)) : 2 €U}.

Now choose €3 > 0 so that
B, (§):={2€C" : |z-¢<e}CcUx{AeC : |[A-&]|<é}.
Then fix 0 < €3 < €3 and choose 0 < ‘€1 < €3 so that for
W:={eCV 1 .| -¢|<2}

we have (2', g(2')) € B, (£) for all 2’ e W.

Next fix a function » which is psh. on B, () and has all the properties
stated in the hypothesis of 4.7(2). Then

o W01, o) = ul,e())

is a psh. function on W. Since P has real coefficients, g |g=-1 NW has
values in R, which implies u |yngn-1< 0. Now fix ¢ = (¢, {n) € V(P) with
|¢ —=€| < €; and assume that Im¢’ # 0 (otherwise there is nothing to prove).

Then define

v TH(p(ReC'+T|i—$—g—‘q).
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For € C with |r] <1, we have

Im¢’
Tm(']¢
Hence v is a subharmonic function in a neighbourhood of the closed unit
disk, which satisfies 0 < v <1 and v(z) < 0 for all z € R, |z| < 1. Hence
we get from the proof of Ahlfors [A], Thm. 3.4 :

(@) = o¢) =o(20) < Lt < Lpimgy

Re(' + 72 §|<|Rec &) +e <2 .

This shows that 4.7(2) holds with A = 4(me;) 2.

4.9. Example. — For n,m € N with n > 2 consider the homogeneous
polynomials of degree m which are of the form

P(zy,...,2,) = Zak:c;c", ar ER\{0}for 1 <k<mn.
k=1

(a) R? is P-convex with bounds for such a polynomial if and only if
m =1, or m = 2 and signa; # signa.

(b) R™ (n > 3) is P-convex with bounds for such a polynomial if and
only if m is odd or there exist j,! with signa; # signa,.

To show this, we argue as follows:

(a) : The case m =1 is obvious. For m > 2 we can assume without loss of
generality that a; = 1. Then we choose w € C with w™ = (—1)™ay and
note that

m—1 k

P(zy,22) = 27" + azxy’ = II (1 — wexp(2mi—)z3) .

k=0 m
Hence P is a product of m linear factors which are pairwise not propor-
tional. Moreover, P contains an elliptic factor, except for the case m = 2
and sign a; = —1. Because of our normalization assumption and because
of 2.10 this proves (a).
(b) : From the considerations in (a) and an easy inductive application of
Eisenstein’s theorem (see e.g. Van der Waerden [VA], p.27) it follows that
each polynomial P above is irreducible. Obviously we have grad P(§) # 0
for all £ € R™ with |¢] = 1. Hence Corollary 4.8 shows that R™ is P-convex
with bounds whenever the condition in (b) is satisfied. The complementary
case is that m is even and that signa; = signa; for all 1 < 5,1 < n. Then
P is elliptic and therefore condition 4.7(1) is violated. Hence R™ is not
P-convex with bounds in this case.
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As a consequence of (b) we get that for n > 3 there are differential
operators P(D) which admit a right inverse on £(R") and which are not

hyperbolic. For = 3 and n = 4 we have the examples (9; := %)
i

BR+33+0 and 02 +03-02-07.

To show that the case n = 2 is different from the case n > 3, we recall from
[MTV4] (see also [MTV2], 5.3):

4.10. LEMMA. — Let P be a non-constant polynomial on C" and
let Py, denote its principal part. If P(D) has a right inverse on E(R™) then
P,,(D) has a right inverse on £(R™) and the following holds :

dist(z,V(Py,)) = O(1) for{z| — oo and z € V(P) .

4.11. THEOREM. — Let P be a non-constant polynomial on C2.
Then the following conditions are equivalent:

(1) P is hyperbolic
(2) P(D) has a right inverse on £(R?) or D'(R?)

(3) each irreducible factor of P. is hyperbolic with respect to each non-
characteristic direction

(4) P is hyperbolic with respect to each non-characteristic direction

(56) P(D) has a right inverse on £(2) and D'(Q) for each open convex
subset () of R2.

Proof. — {1)=>(2) : This can be shown as in the proof of Proposition
3.2.

(2)=(3) : Because of 4.2 we can assume that P is irreducible. If
N € R? is non-characteristic for P we can assume — after a real linear
change of variables — that N = (1,0). Because of this, we can furthermore

assume that
m-—1

(6) P(s,w) =s™ + Z ej(w)s? for all (s,w) € C?.

Jj=0
Since P,, is a homogeneous polynomial of degree m in two variables, we
find keNywith0<k<mandO0O#a; €Cforl <j<k(ifk>0)so
that

ok .
) P (s,w) = s™* H(s —a;jw) for all (s,w) € C?.

i=1
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In the sequel we shall assume 1 < k < m; the cases k = 0 and k = m are
treated in the same way. Since P(D) has a right inverse on £(R?), we get
from 4.10 that this also holds for P, (D). By 4.7(1) this implies a; € dR
for 1 < j < k. Now put ap := 0 and let

L; = {(ajw,w) : weC} , 0<j<k
Then (7) implies

k
(®) - V(Pm) =L -
‘ =0

Next note that the solutions of P(z) = 0 can be described by a Puiseux
expansion. More precisely: there exists B > 0 so that

V(P)n{(s,w) € C* : |w| < B}

is compact and so that for each branch W of
V(P)Nn{(s,w) € C* : |w| > B}
there exists ¢ € N so that |
W ={(s(w),w) : |w|>B} '

’ q
where s(w) = Z a;w'/?. Now note that by 4.10 there exist C > 0 and
l=—00

D > B so that
9) dist((s(w),w),V(Py)) < C forjlw|> D .
From this and (8) it follows easily that for some j with 0 < j < k we have
aq = a;. Furthermore, (9) and (8) imply that a; = 0 for 1 <1 < ¢ - 1.
Hence we have o
s(w) = a;w+ Z aw'/?
l=—00

Since a; is real and since this holds for each branch W, we get the existence
of M > 0 so that

Ims| < M(1+ |Imw|) for all (s,w) € V(P) .
Since the vector (1,0) is not characteristic for P, this implies that P is
hyperbolic with respect to (1,0). ' .

(3)=(4) : Let N € R? be non-caracteristic for P. Then N is also non-
characteristic for each irreducible factor @ of P. Because of (3) this implies
that @ is hyperbolic with respect to N for-each irreducible factor @ of P.
It is easy to check that this implies that P is hyperbolic with respect to N.
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(4)=(5)=(1) : This holds by Theorem 3.8.

The condition PL() used above is related to a different Phragmén-
Lindeldf condition which was introduced by Hérmander [HO2] to charac-
terize the surjectivity of operators P(D) on the space A(f) of real-analytic
functions on a convex open set 2 in R™. In concluding this section we show
that PL(Q2) implies Hérmander’s Phragmén-Lindel6f condition. This is an
immediate consequence of Theorem 4.5 and the following proposition.

4.12. PROPOSITION. — Let ) be a convex open subset of R" and
let P be a non-constant polynomial in n variables. If P(D) admits a right
inverse on £(N) then the following condition HPL(!) holds:

For each € > 0 there exist 0 < 6 < € and A > 0 so that for each psh.
function u on C" the following two conditions :

(a) w(z) < he(Imz)+ Az| forallzeC"

(b) wu() < 0 for all £ € R™ with P,,(£) =0
imply

(¢) u(z) < hs(Imz) for all z € C" with Pp(z)=0.

In particular, P(D) : A(Q) — A(Q) is surjective.

Proof. — To prove that HPL(Q) holds, it suffices, by Hérmander
[HO2], Thm. 1.1, to show the following:

For each convex compact set K C 2 and for each f € A(Q)
there exists a complex neighbourhood K of K so that

for each open set w with K C w CC Q there is u € C(w) with
P(D)u = f so that u | can be extended analytically to K .

(1)

To prove this, we first recall from 2.2(2) that the hypothesis implies

For each e > 0 there exists 0 < § < € so that for each f € £(Q, Q)
there exists g € £(R,Q,) with P(D)g=f .

Now fix K C Q compact and convex. Then there exists € > 0 with K C Q..
Choose 0 < § < € according to (2) and let f € A(f2) be given. Next let

K :={z€eC" : dist(z,9) < 0}

where o > 0 is so small that K N R® cC Q and that f can be extended
analytically to a holomorphic function F on K. Now observe that by a result
of Malgrange (see e.g. Treves [2], Thm. 9.4) there exists a holomorphic
function H on V which satisfies

p 19 10

- e, H=F.
10z ’iazn)
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Let h := H | g~ and choose ¢ € D(K NR™) with ¢ la,= 1. Then

fo:=f — P(D)(ph)

is in C*°(9,9Q5). Hence (2) implies the existence of go € C*®(Q, Q) with
P(D)go = fo. Consequently,

u = ph + go

is in C*°(Q) and satisfies P(D)u = f as well as

ulk=h|k=H |k

Obviously, this implies (1). By Hormander [HO2], Thm. 1.3, condition (1)
implies that P(D) : A(Q) — A(Q) is surjective.
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