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FREQUENCY FUNCTIONS
ON THE HEISENBERG GROUP,
THE UNCERTAINTY PRINCIPLE
AND UNIQUE CONTINUATION

by N. GAROFALO (*) and E. LANCONELLI

1. Introduction.

The Heisenberg group H" of real dimension N = 2n + 1, ne N,
is the nilpotent Lie group of step two whose underlying manifold is
R?"*! equipped with the group law

(LD xy0)o(xX,y,t) = (x+x",y+y,t+1'+2(x"-y—x-y),

where x-y denotes the usual inner product in R”. A basis for the Lie
algebra of left-invariant vector fields on H" is given by

0 0 0 0 ¢

1. Xi=—+ 2y,—> Y = — — 2x;—> .=1,..., P

(12 K=ot gy VLi=g, ~ 25 J "o
From (1.2) we have for j, k =1, ..., n

0 d
[Xj7Xk] = [y’]’ Yk] = ij’b—t = ),jsa = 07

0
X, Yil = — 48}7:5’

which constitute Heisenberg’s canonical commutation relations of quantum
mechanics for position and momentum, whence the name Heisenberg

(*) Supported by the NSF, grant DMS-8905338.
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A.M.S. Classification : 22E30 - 35B45 - 35B60 - 35HOS5.



314 N. GAROFALO AND E. LANCONELLI

group (see e.g. [He], and also the recent monography [F2] or the
expository paper [Ho]). The Kohn-Laplacian on H”" is

(1.3) A=Y (XI+Y)).
j=1

Since Hormander’s fundamental work [H1] the study of operators
of the type sum of squares of vector fields has received a strong impulse
and today’s literature on the subject is quite large. Much of the
development in the field has been connected to the development of
analysis on homogeneous nilpotent Lie groups, following a circle of
ideas outlined by E. Stein in his address to the 1970 Nice International
Congress [S]. Among such groups H" and its subelliptic Laplacian (1.3)
play a prominent role, see [F3].

In virtue of Hoérmander’s theorem [HI1] the identity [X), Y,] =

-~

d
ot
is (real) analytic-hypoelliptic and therefore a solution u to A u =0
cannot vanish to infinite order at one point unless u = 0 in the
connected component containing that point.

implies that A, is hypoelliptic. In fact, see (1.13) below, A,

Hﬂ

In this paper we are interested in a quantitative version of the
above uniqueness property for solutions to the equation

(1.4) —Agut Vu=0,

where on the zero order term V we make suitable assumptions.
Specifically, we seek an estimate of the order of vanishing at one point
of a solution u to (1.4). Such estimate should in a precise quantitative
way only depend on suitable L’norms of wu, and of Xu,
Yu,j=1,...,n, in a fixed neighborhood of the point in question.

In general, however, there can be no such result even when Ve C*.
This is a consequence of recent work of Bahouri [Ba].

THeoreMm (Bahouri). — Let X,, X,, ..., Xy_, be C* vector fields in
an open set D < RY. Suppose that

(1) The vector space generated by X,, ..., Xy_, has dimension
N — 1 at every point of D;
(ii) The rank of the Lie algebra generated by X, ..., Xy_, is N at

every point of D;
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(iii) There exists a point x, € D such that in a neighborhood of x,
ey Ndey #0, exv N\ (dey)? =0
where gy is the one-form that to every vector field X associates
det (Xq, ..., Xy-1,X) =X, A -+ AN Xy, AX.

Then there exists an open set Q, with x,eQ < D, and a func-
tion Ve C*(Q) such that the equation — Lu + Vu = 0, where

N-1

£ =Y X} + X,, admits a nontrivial solution u in Q vanishing in an
j=1

open subset of Q.

Assumption (ii) is Hormander’s condition cited above. The conclusion
of the above theorem holds without assumption (iii) when the dimension
is three or four. In other words, when N = 3 or 4 every operator of
the above type fails to have the unique continuation property. An
interesting example is provided by the operator

2 2
(1.5) & = (%) + <—a%-—4x%> ) (x,y,0) e R®.

The construction in [Ba] shows that there exists a neighborhood of
the origin Q, and a Ve C*(Q) such that

(1.6) supp V < {x=0} nQ, V is flat at {x=0},

for which the equation — Yu + Vu = 0 admits a nonzero solution in
Q flat at {x=0} and supported in {x=>0} N Q. The change of variables
e, y,t) > (X', y,t), where x’ = x, y' =y, t' =t — 2xy, maps the
plane {x=0} into the pl'czne {x'=0}, and2 transforms the Kohn-Laplacian
in R°A,, = <%+2y%) + <%—2x%> into the operator % in (1.5).
Therefore, there exists a neighborhood of the origin Q and a V e C*(Q)
and satisfying (1.6), such that — A, + V' fails to have the unique
continuation property. When V is real-analytic, then a qualitative result
of Bony [B] based on Holmgren’s theorem shows that solutions to (1.4)
in an open set cannot vanish in an open subset unless they vanish
identically.

Is there any positive result when ¥V is not real-analytic? We will
answer this question affirmatively by providing a sufficient condition
for solutions to (1.4) to have a finite order of vanishing at one point,
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even when the potential V' is allowed strong singularities. In order to
state our results we need to introduce some more notation.

Henceforth, we denote by z = (x,y) a generic point of R*". An
easy verification shows that for u e C*(H")
(1.7) Ayt = Au + 4z |2—+4 (Tu)
n 02 52
where A, = ) | 5+ is the Laplacian in the variable z = (x,y),
j=1 0 J ay}

and T denotes the vector field

. 0 0
1.8 T= y»——x-——>-
(9 ,gl( Tox; ay,

An important group of automorphisms of H" is given by the so-
called Heisenberg dilations

(1.9) 5.(zt) = Az, A%), A >0, (z,)e H".

It is worth remarking that if G = (g;) is the 2n+1) x (2n+1)
matrix given by: g; = §;,i,j=1,...,2n + 1, and at least one of
the two indices i, j is not 2n + 1, gup+n@n+n = 2, then

(1.10) exp [G log A] = 6,.

The number
Q = trace (G) = 2n + 2

is the homogeneous dimension of H", see [FS]. A function u: H" - R
is said Heisenberg-homogeneous of degree ke Z if for every A > 0

(1.11) uod, = \Mu.

There exists a distinguished Heisenberg-homogeneous function of
degree one, the distance function (see [S], [F1])

(1.12) d(z,t) = (z1*+ )% .

It is a remarkable fact that if I'(z,f) denotes the fundamental
solution of — A, with singularity at the origin, then

_ Ca

(1.13) T(zt) = —2 1G0T
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where cq > 0 is a number depending only on @ in (1.10). (1.13) was
proved by Folland in [F1]. For reasons that will soon be clear we
choose and fix cq as follows

- k1
(1.14) ca' = (02 ———dH,,.
N I T

In (1.14) we have denoted by 0Q, the set {(z,t) e H"|d(z,t)=1}, and
by dH,, the 2n-dimensional Hausdorff measure in R**'. More in
general we let

(1.15) Q, = {(z,0) e H"|d(z,0)<r},  0Q, = {(z,t) e H"|d(z,0)=7},

and call these sets respectively the Heisenberg ball and sphere centered
at the origin with radius r. Balls and spheres centered at points other
than the origin are defined by left-translation. If (z,,t,) € H*, then (1.1)
yields (zq,t0) "' = (=2, —to). We let d(z,t;z4,t0) = d((zo,t) "' 0 (2,1))
denote the distance between (z,t) and (zo,t,). Then the ball Q.(z,,t,)
and the sphere 0Q,(z,,t,) centered at (z,,t,) with radius r are obtained
by replacing d(z,t) in (1.15) with d(z, t;z,,t,) . Likewise, the fundamental
solution I'(z,t;2o,t,) of — A, with singularity at (z,,1,) is obtained by
replacing d(z,t) with d(z,t;z,,t,) in (1.13).

Our problem being a local one we work from now on in a fixed
Heisenberg ball Qg centered at the origin. We require that the zero
order term V in (1.4) satisfy the following assumption: There exist
C > 0 and an increasing function f:(0,R,) — R™ such that

(1.16) JROf—irzdr < o

and for which

W1 ol < cLY9EN 4o b for ae. (e
d(z,0) 0
In (1.17) we have set
|z
(1.18) V(zt) = ek @000

The geometric meaning of this function will be explained later on.
At this moment we simply remark that: \ is Heisenberg-homogeneous
of degree zero; 0 < Y(z,t) < 1; y(0,6) =0; Y(z,0) = 1.
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According to (1.16), (1.17) the potential V is allowed to be quite
singular and therefore a notion of solution to (1.4) needs to be specified.
Since regularity questions are not the main concern for us throughout
this paper we will assume a priori that a solution to (1.4) is a u € C(Qg)
such that u, Xu, Yu, A ue L*(Qg). We note that (1.16) implies
lim f(r) = 0. Typical representatives of f’s satisfying (1.16) are f(r) = r*,
r—0

0<e, f(r) = , o> 1.

1
log =
og -

We need to introduce the following.

1
DeriNITION 1.1, — Let u be such that \*u € L*(Qg ), where \ is as

in (1.18). We say that u vanishes to infinite order at the origin if as
r—-0%

J‘ utdz dt = O(*)  for every ke N.
Qr

One of the main results in this paper is the following.

THEOREM 1.1. — Let V satisfy (1.17) for some C and f . Let u be
a solution to (1.4) in Qg and suppose that there exist C; > 0 and an
increasing function g : (0,R,) — R™ satisfying (1.16) such that

(1.19) tTu(z,t)| < C,g(d(z,1)|z|*|u(z,t)|, for a.e. (z,1) € Qp,,

where T is given by (1.8). Then, there exist ry = ro(Q,C,Cy, f,g) > 0
and T =T(0,C,Cy, f,g,u) >0 such that if u#0 in Q. for

.
0<r<E°,then

(1.20) f ut dz dt < rJ uy dz dt
Qyr Q,

for every r e <0,r—2°>-

Remarks. — a) The constant I" in (1.20) must depend on u, as easy
examples show. b) The dependence of r, and I' on the parameters
involved can be made very explicit. In particular, the proof of Theorem
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1.1 yields a number r, such that

-2

S0 < c-‘< 5

2
> and  g(ro) < 2C;7,

while T" is determined by the formula

I = 29 exp {2 logzmax(l’]\l(ro))l:l-i-exp <MJ‘R0 [f(t)+g(t)]%f>}}.

In the above equation M > 0 is a constant depending on Q, on
C, fin (1.17), and on C,, g in (1.19), while N(r,) brings the dependence
on u in I' according to the equation

N(r) = J {Z [(Xu)*+ (Yu) + Vuz} dz dt/ J uzlde,,.
o, U=1 ®y |Vd|

¢) condition (1.19) is trivially satisfied by all functions such that
Tu = 0. These are the functions which are invariant w.r.t. the natural
action of the torus T on H". If we identify z = (x,y)e R* with
Z=(%,...,2,)eC", where Z;=x; +1iy;, then T acts on H" by
@o(Z,t) = (e%,t), 0 €[0,2n]. It is not difficult to recognize that Tu = 0
iff

(1.21) UO Py = U for every 6 €[0,2x].

We would like to thank David Catlin for pointing this fact out to
us. When n =1 (1.21) is easily seen to be equivalent to the fact that
u(z,t) = u*(|z|%t), for some u*. When n > 1, (1.21) is less obvious.
For instance every polyradial function satisfies it, i.e., every function
which can be written as u(z,t) = u*(|Z,|%, ...,1Z,/%¢t) for some u*.

Theorem 1.1 yields the sought quantitative information on the order
of vanishing at the origin of a solutionu to (1.4). As a consequence
of it we obtain

THEOREM 1.2. — Under the assumptions of Theorem 1.1 if u vanishes
to infinite order at the origin, then must be u = 0 in Q.. where r, is
as in the statement of Theorem 1.1.

We emphasize that given a V satisfying (1.16), (1.17) the conclusion
of Theorem 1.1 is simply false if we do not restrict the family of
solutions to (1.4). This can be easily seen by choosing f(r) = r® in
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(1.17), so that the latter becomes
(1.22) [V(z,t)| < CVY(z,t) for ae. (z,t) € Qp,.

This condition is certainly satisfied by Bahouri’s potential since
according to (1.6) the latter is flat at {x = 0}. Yet, the differential
inequality (1.19) is only a sufficient condition for (1.20) to hold. According
to Proposition4.2 below the function wu(x,y,t) = x|z|* + 2ty, which
solves A, ,u = 0 in H', satisfies (1.20), although it does not satisfy (1.19).

Whether there exist an optimal condition for (1.20) remains an interesting
open problem.

The proof of Theorem 1.1 is based on an approach to unique
continuation for elliptic equations found by F. H. Lin and one of us in
[GL1] and [GL2]. Indeed, our analysis shows some remarkable similarities
with the elliptic case. Yet, in the present sub-elliptic context new and
interesting difficulties arise, some of which of a rather subtle geometric
nature. Before we outline the plan of the paper we comment on
assumptions (1.16), (1.17) on the potential V' in (1.4). Henceforth, for a
function u on H” we set

(1.23) |Vt =Y (Xu)* + (Yu)?,

j=1
where X;, Y;,j=1,...,n are given by (1.2). With d as in (1.12) and
V¥ as in (1.18) a computation yields

(1.24) [Vurd|? = ¢ in H"\{(0,0)}.

In Euclidean space the presence of the density V is outshone by the
flat geometry of RY, which yields = 1. Roughly speaking, (1.17)

1 .
means that we measure $V, rather than V itself, w.r.t. Lebesgue

measure. This was suggested to us by the natural occurrence of the
measure \dz dt in Theorems 2.1 and 2.2 below.

. 1 . . .
Thinking in terms of (IJ— V assumption (1.17) is an ad hoc adaptation

.. C .
to our context of the condition |V(x)| < —%, in the paper [GL2]
on strong unique continuation for elliptic operators. We also recall

Hormander’s strong uniqueness result in [H2] which was concerned with

. C
the assumption |V(x)| < —=> for some 0 <& < 1.

[x]
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Another result in this paper is a theorem of uniqueness in which
we make a weaker assumption both on the potential ¥ and in the
differential inequality (1.19). Specifically, we request that given
V(z,t) = V*(z,t) — V (z,t), where V'* and V'~ respectively denote the
positive and the negative part of V', then there exist a constant C > 0
and a dimensional constant 8 = 34 > 0, such that for a.e. (z,¢) € Qp,

1.25) 0<V™(zt) < , 0SSV ()<

(1.25) @0 <gq t)zwz 0, 0SV @D < oo [)Zw(z 0.
We then have

TueoreM 1.3. — Let u be a solution to (1.4) in Qg with a V

satisfying (1.25). Suppose that there exists C, > 0 such that

(1.26)  [tTu(z,t)| < C,lz|*|uz,t)|,  for ae. (z,t) € Qg .

Then, there exists r, = ro(Q, C,C,,8) > 0 such that if as r - 0*
J u(z,t)i(z,t) dz dt = 0 (exp [— Ar™%])
Qr

for some A, o > 0, then must be u = 0 in Q,o.

The main ingredients in the proof of Theorems 1.1 and 1.3 are:

(I) Representation formulas for (smooth) functions on H" as
integrals on Heisenberg spheres and balls.

(Il) A strong form of uncertainty principle for H".

(IIT) A formula for the first variation of the energy integral associated
to (1.4).

(IV) A frequency function on H" and the study of its growth
properties via parts (I), (II) and (III).

Section 2 is devoted to parts (I) and (II). Section3 to part (III).
Section 4 is dedicated to the implementation of part (IV) in the proof
of Theorem 1.1. There, we also prove along with Theorems 1.2 and 1.3,
other results concerning solutions to (1.4) which are invariant w.r.t. the
action of the torus T on H", ie., solutions satisfying (1.21). One

remarkable fact is that when V(z,t) = < — V(z,t), with CeR, the

d(z,t)
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analogue in the present context of the inverse square potentiel V(x) =
&, then the frequency of a solution to (1.4) satisfying (1.21) is strictly
increasing. As a consequence of our results and of unique continuation
results for elliptic theory we prove in section 4

THEOREM 1.4. — Let u be a solution in H" to the equation
C —
_AH"“+E‘1’”_O’ CeR,

and suppose that u satisfies (1.21). If u vanishes to infinite order at the
origin, then must be u = 0 in H".

At the end of the section we give an example which proves that

. . C .
the inverse square potential V = E\b constitues a threshold for our
results to hold. For every € > 0 we provide a nontrivial solution to

the equation — A u + Yu = 0 which vanishes to infinite order at

W
the origin and for which conditions (1.19) or (1.26) are trivially satisfied.

Finally, we would like to thank Luis Caffarelli, David Catlin, Carlos
Kenig, Fang-Hua Lin and Xavier Saint-Raymond for their interest in
the results of this paper and for stimulating conversations.

2. Sub-elliptic mean value formulas and a Hardy-type inequality.

We begin this section by establishing some representation formulas
for (smooth) functions on H". These formulas generalize classical results
involving functions and their Laplacians in Euclidean space. Gaveau [Ga]
proved the following result: Let u be such that A u =0 in H". Then

i |z|*
2.1) u(0,0) = (@—-2)Cq Lnlu(z,t) VD) dH,,,

where Cgq is given by (1.14).
For { given by (1.18) we now define

.2) Q0 = f V(zt) dz dt.
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Using the polar coordinates adapted to H” introduced by Greiner
[Gr], see also [GrK], it is easy to recognize that there exists ag > 0
depending only on Q = 2n + 2 such that

23) Q] = aar®.

We now recall Federer’s co-area formula [Fe], Theorem 3.2.12,
p.-249: Let fe L'(R") and ge Lip(RY). Then

_ [ f(x)

provided that Vg does not vanish on the set {g=s} for ae. seR.
From the definition (1.15) of Q, and (2.4) we can write

([ Yo
25) Q] = J (prd(z’t)‘dmn)dp.

(2.5) yields upon differentiation

d V@)
2.6 — Q.= —————dH,, = |0Q,| ..
26) ar |l LQ, IVd(z,1)| 1080,

Comparison of (2.6), (2.3) gives
en - 109, ] = Quigr® ™.

THEOREM 2.1. — Let vec®(H"), then for every r > 0 we have

(2.8)

VD
J;Qrv(l,t) Va(z.0)] dH ,, = v(0,0)

09,1,,,

C
+ L A, v(z,t) [r(z,t) - er’z] dz dt.

Also, we have

2.9)

o0 J;z, v(z,t)\l/(z,t)' dz dt = v(0,0)

- %J pQ-l{J A v(z,t) [F(z,t) - gﬁz} dz dt} dp.
s Jo Q, P

In (2.8), (2.9) I'(z,t) is given by (1.13).
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Remarks. — a) Theorem 2.1 holds unchanged if the origin is replaced
by any other point (z,,t,) € H”. For instance, by left-translation we
obtain from (2.8) _

‘1"(25 t; 29, to)

1
—_ v(z,t) =————"—dH,, = v(z,,t
30, Cor (0 L(, CO 194G, 620,19 o T V0010

C
+ J A, v(z,t) [F(z,t;zo,to) — —QT‘;] dz dt,
Qp(z9. ) r

|z—2z,|?

—_— and
d(z,t; z,, to)z,

where we have let V(z,t;z,,t) = V((zo,20) 0 (2,1)) =

then [3Q, (20, £ = J VG bzt

dH,, .
0Q, (2, tg) |Vd(Z, t5 2o, to)i "

b) If Ayw =0 in H" from (2.8) and (1.14) we obtain Gaveau’s
mean value formula (2.1).

Proof of Theorem 2.1. — We begin with proving (2.8). To this end
it will be convenient to represent A , as a divergence form operator

H"
(2.10) A = div (4(2)V),
where
2y,
2y,
21IDA(2) = IRZ,, - 2x; 1,
- 2x,
2 2y, = 2%y e — 2x, 4z)?

and I ,, denotes the identify matrix in R*. Let 0 <& <r be fixed
and consider the open set with smooth boundary D = Q,\Q,. If
ue C*(D) and v is as in the statement of the theorem we have by
(2.10) and the divergence theorem

2.12) J WA, 0= A, u) dz dt = f WAVv-n—vAVu-n) dH,,,
D

oD

N
where we have denoted by n the exterior unit normal to dD. Letting
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u =1 in (2.12) we obtain

.13) JAH,,U dz dt = j AVo-n dH,,.
D oD

Now we apply (2.12) to the functions v and u = I' obtaining

C — -
TA vdzdt = —2 AVv-nde,,+C—fl AVv-ndH,,
H Q-2 Q-2
(2.14) Jona r o0, € o0,

=J vAVI -n dH,, ~f vAVT -n dH,,.
o, a0

€

In the first two terms in the r.h.s. of (2.14) we have used the fact

C - d
that I = —< on 0Q,, p > 0. Next, we observe that n = V— on 0Q,,
pe? ’ |Vd|

- d
while n = — lg—dl on 0Q.. Using this observation and (2.13) for the
first integral in the r.h.s. of (2.14) we obtain

C
(2.15) j TA,.»dz dt = erz J A, dz dt
Q\0, Q,

R r.
+ Ca J AVv-n dH,, — f ULV—dde,,
o0, o

g2 |Vd|
AVI'-Vd
v———dH,,.
L,, |Vd| 2
(1.13) yields
(2.16) VI(z,t) = — (Q—2)Ced(z,1)'"Vd(z,1),

so that using the notation (1.23)

AV .Vd (0—2)Cq V., dJ?
1 T aH,, = - == g,
2.17) Lﬂ v =g dHa =l W 1 dH,,

We want to show that (1.24) holds. (1.12) yields

1 4)|z|%x
(218) Vd(Z,t) = '4—d—(;?)'.°: 4|Z|2y ,
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so that applying (2.11) we obtain

1 4|z|’x+4ty
2.19) 4 d = Zy—
(2.19) A(z)Vd(z,1) 4d(z0) <4|ZI y 4tx>

8|z
1 z|? ; Lt y
= — —— | — x )
d(z,t) 7d(z,t)272tﬂ d(z,1)* 0
Now we define
" 0 0 0
(220 ; <XJ 0x; Y 5)’1’) t ot
t
2. -_ - .
(2.21) 0(z,1) A1)

We remark that ¢ is Heisenberg-homogeneous of degree zero.
Recalling (1.8), (1.18) we can rewrite (2.19) as follows

1
(2.22) AVd = 2{¢X+(pT} in H™\{0,0}.
This formula plays an important role in the sequel. From (1.8),
(2.18) it is readily verified that
(2.23) Td =0 in H™\{(0,0)},

which shows that the vector field T is tangent to the Heisenberg spheres
0Q,, r > 0. Moreover, (2.18), (2.20) give

(2.24) Xd =d  in H"\{(0,0)}.

This fact will play a crucial role in section 3. (2.22), (2.23) and
(2.24) immediately give (1.24). If we replace (1.24) in (2.17), recalling
(1.14) and (2.7) we obtain

(2.25) lim

e—07"

J vAVF-Vd
o0,

. 1 ¥
= — lim v dH,, = — v(0,0).
1001 .. L,,E waj e = 7000

0"

Furthermore, (2.7) gives

1 -
(2.26) lim ﬂj AVv-ndH,, = 0.
a0,

e-07"
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Finally, since by (1.13) T'e L'(Q,) (to see it use Greiner’s polar
coordinates, see [GrK]), using (2.25), (2.26) when passing to the limit
as ¢ > 0% in (2.15), we obtain (2.8).

To complete the proof we change r with p in (2.8), multiply both
sides by p? ! and integrate in p between 0 and r. The co-area formula
(2.4) allows us to conclude that (2.9) holds. O

Before we proceed we pause for a moment to further elucidate the
role of the density V. (2.22) and a direct computation give

=21

(2.27) A ;

v in HM{(0,0)}.

Observing that if u is a radial function on H", i.e., if u(z,t) = f(d(z,t))
for some f on R*, then

(2.28) Ayt = (I1V,d ) f7(d) + (Aad) f'(d),
replacing (1.24), (2.27) in (2.28) we find the remarkable formula

229) B = 4] 1@ + £ @ |

see also [FS]. From (2.29) it is immediate to guess that the fundamental
solution of — A, , should be given by (1.13).

Our next task is to establish an uncertainty principle for the
Heinsenberg group. In [GL2] an important role was played by the
following a priori inequality. Let B, = {x € R"||x|<r}. Then for every
ue C7(RM\{0})

u(x)?

(2.30) J ~dx
5, |X|
(N[ roso [ e

By density one immediately obtains from (2.30) for every u € H*(R")

u(x)>? 2\ \
(2.31) LN N dx < (ﬂ) anu(xﬂ dx,
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which is an inequality of Hardy, see [KSWW], Lemma 1. (2.31) and
Schwarz’s inequality imply

(2.32) <J |x|2u(x)2dx><f IVu(x)lzdx)><N—;—2> (J u(x)zdx> ,

which via Plancherel’s theorem for the Fourier transform yields the
harmonic analysis formulation of Heisenberg’s uncertainty principle, see

-2
[Hel. Chap. 2, (with

N o . .
replaced by 7 equality is attained in (2.32)
iff u(x) = Aexp(—alx|?), for some 4eR, a>0).
In our context we have

THEOREM 2.2. — For every u e CY(H"\{(0,0)}) and every r > 0

u(z,t)?

(2.33) f 1 t)z\ll(z,t)dz dt

2 \(/o-2\1 , V(20
(@), oo miciyman-

+ J IV, ati(z,t)|* dz dt}-
Qr

CoroLLARY 2.1 (Hardy-type inequality for H"). — Let
ue C7(H™{(0,0)}), then

u(Z,t)2 2 2 ,
J;{n d(z,t)z ‘J/(Z,t) dz dt < (p) J;,, IVH],,u(z,t)I dz dt .

CoroLLARY 2.2 (Uncertainty principle for H"). — For every
ue C7(HM{(0,0)})

( ‘[ d(z,0)u(z,t)(z,t)dz dt) ( j |Vinu(z,t)|%dz dt)

> (Q—2_—2> (J‘ u(z, )™ (z,1) dz dt)-
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One should compare Theorem 2.2 and Corollaries 2.1 and 2.2 with

(2.30)-(2.32) above. Also, it should be noticed that with Q ;

by % equality is attained in Corollary 2.2 iff u(z,t) = A exp (—oad(z,t)?%,

2 replaced

for some AeR, o > 0.

Proof of Theorem 2.2. — By formula (2.4) we have

(2.34) J"( ;Z\h( 0) dz dt

- | u(z1)’ (1)
) j; (.and(z,t)2 |Vd(z,1)| de;;) dp
(1Y  ven
= J; < P> <anu(z,t) VG, t),de)dp
P AL V(z,t)

. . 1
= (integrating by parts) - J;Q u(z, Vdz0)] dH,,

rli , VY(z,t)
¥ .[) PdP<J;QD ( ) ,Vd( t))den>dp
We now apply formula (2.8) to the function v = u® obtaining
rl—d— 2 ¢(Z9t)
J; pdp < jmp u(Z,t) |Vd(z,t)[ dH2n) dp
_("rd/ et { f ,
J; pdp ((Q‘2)CQ a, Aun()(2,1)
=(Q— 1 , V(zt)
- @ I)L Pz.[m T T
1 r _Zi ,
+ (Q—-—Z)—C_‘;j; pQ dp<J;, Ayn(u?)(z,0)

P

[F(z,t) —ng—z] dz dt> dp.

C
Using again formula (2.4), the fact that ' = 55—?—2 on 0Q,, (2.10)
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and the divergence theorem we have

d 2 _ %
EE( Lp Ayn(u®)(z,t) [F(z,t) pq_z] dz dt)

= (—Q—_%j Augn(u)(z,1) dz dt
Q

pQ 1
_(©@-2)Cq 2 Vd(z,1)
= ——pQ_l J;n AV (u )(Z’t)'{Vd(z,t)l on -

P
Using this information in the second integral in the r.h.s. of (2.35)
we obtain from (2.34)

u(z,t)z _ _1 9 d’(zat)
(2.36) er(z—,t)zlll(z,t) dz dt = ” J ru(Z,t) Vd(z.0)] 2n

Q

u(z,t)*

+ (Q—l)j e t)z\ll(z,t) dz dt

+ 2J U V) Vd(zt) dz dt.
o, 40
Since the matrix A(z) in (2.11) is symmetric and positive semi-
definite, (2.36), Schwarz’s inequality and (1.24) give
_ u(z,t)*
2.37) (0—-2) Jgrd(z,t)2¢(z’t) dz dt

1 : V1)
<;J;Qru(zyt) |Vd(Z,t)l HZn

+ Z(J‘ u(z,0) |Vyrd(z,0)|*dz dt>2<f |Vinu(z,t)|* dz dt)
Q Q,

Ld(z,1)?

1

1 , V(z0)
< ?_[,Qr“(z’t) V)

u(z,1)?
+ & Lr (.07 V(z,t) dz dt

+

m | -

J |Viynu(z,t)|*dz dt,
Qr

. . -2
where € > 0 arbitrary. Choosing ¢ = QT,

from (2.37).

we obtain (2.33)
d
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3. Conformal vector fields and sub-elliptic first variation formulas.

The aim of this section is to compute the first variation of the
energy integral associated to (1.4). First variation estimates play an
important role in calculus of variations and geometric measure theory.
The standard strategy to achieve them is to perform a so-called radial
deformation and then use the minimizing properties of the energy
integral. The effectiveness of this procedure is deeply related to the
existence, at least locally, of conformal vector fields. We recall that on
a Riemannian manifold of dimension N, (M,g;), a vector field Z is
said conformal if

Ziyt+ 2y = (diveZ)g,;,  i,j=1,....N,

e

where we have denoted by Z,; the covariant derivative of the
i-th component of Z w.r.t. the j-th local coordinate. In Euclidean
flat space there exists a distinguished conformal vector field, namely

0 . .
Z = ra = x, xeR". The fact that this vector field is orthogonal to

the level sets of the fundamental solution of Laplace’s operator with
pole at the origin has important consequences. One of them is clearly
illustrated by the first variation formula for the Dirichlet integral of a
function in R™. Let B, = {x € R"| |[x|<r}, then

3.1) f ]Vu(x)]zdcs:N—zf |Vu(x)|* dx
2B, r B,

+ 2j (6_14 (x)) do — gj x-Vu(x)Au(x) dx,
25, on rJs,

0 . .
where we have leta—z(x) = Vu(x)-r%- It is noticeable in (3.1) the
absence of terms involving tangential derivatives of u.

There exists on the Heisenberg group a vector field which plays
much the same fundamental role of the conformal vector field

Z= r% in R, namely the vector field X introduced in (2.20). This

vector field can be thought of as conformal in the following sense. Let
G = (g;) be the (2n+1) X (2n+1) matrix that generates the Heisenberg
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dilations, see (1.10). Then we have
(3.2) X,-,,-+X,-,,-=é(divX)g,-j, i,j=1,...,2n+ 1,

where Q = 2n + 2 is the homogeneous dimension of H"”. In (3.2) we

62’;i’ where we have let for (x,y,t) e H"
j

=X, Guri =Y, i=1,...,n, iy =t.

0X,
have denoted by X ; the partial —

" . . 0 . .
Unlike its Euclidean relative ra the vector field X in (2.20) is not

orthogonal to the level sets of the fundamental solution (1.13), i.e., the
Heisenberg spheres 0Q,. Yet, it displays the important redeeming
feature (2.24) : Its projection Xd along the direction orthogonal to the
sphere 0Q, has constant valuer on the sphere itself. We exploit this
fact to obtain the following remarkable sub-elliptic first-variation formula.

THeorREM 3.1. — Let u be a function such that u, Xu, Twu,
j=1,...,n, and Aynue L*(H™). Then we have for a.e. r > 0,

1 -2
3.3) f |Vynu(z, t)IZIVd( t)lde,,=QT—Lr|VHnu(z,t)!zdzdt

T2 [ (Xu(z,t)) V(z,0)

r |Vd(z,t))

JoQ,

+ f (Xu(z,t))(Tu(z,t)) ¢ (z,t) iH,,

Joa r r |Vd(z,t)|

.
- % (Xu(z,t)) Aynu(z,t) dz dt.

JQ,

In (3.3) T is defined by (1.8), X by (2.20), and ¢ by (2.21) (recall
that ¢ is Heisenberg-homogeneous of degree zero). According to (2.23)
the vector field T is tangential to the sphere 0Q,. Therefore, the third

term in the r.h.s. of (3.3) represents a novelty w.r.t. the Euclidean case,
and an unpleasant one, indeed.

Proof of Theorem 3.1. — In what follows for the sake of simplicity
we will drop the independent variable (z,t) in all the integrands.
Moreover, we agree to let §;, = x;, E,.; =y, i=1,...,n, Epir = t,
au 6X Oa,,

08, 98, 0Ex

and denote by u;, X,;, a;  respectively the partials — » where
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(a;) = A is the matrix in (2.11). Also we denote by (4Vu); the i-th
component of 4Vu, so that (4Vu),; denotes the partial (4Vu); w.r.t. §;.
Throughout, we will use the summation convention over repeated
indices.

(2.24), the divergence theorem and the fact that

divy =
yield v Q

1 1 Xd
4 nu|*——dH,, = — n|?——dH,,
(B34 J;n,lvm u| \Vd| 2 rjmrlvu u| \Vd| 2

= j div(lVHnulzX)dzdt=gf |Vynu|®dz dt
nr

Qr

1
+ —j X(|Vynu|®) dz dt
rJa
1
f |Vynu|tdz dt + ;I X((AVwu,;), dz dt
Q, Q,

1
J‘ |Vnnu|2dz dt + _J X,-(AVu)j,,-u,j dZ dt
Q, rJa,

r

1

+ —J Xi(AVwu,j;dz dt
rJa,

Y 2 1

== |Vunu|*dz dt + - | Xi(aju,x),u,;dz dt
r o, rJa,

+ %J X;((AVu)u,;),;dz dt — %J Xiu,;((AVu); ;dz dt.
nr

nr
Integrating by parts in the third integral in the r.h.s. of (3.4) we

obtain

1 1
(3.5) ; ‘[ Xi((AVu)ju, i) 5j dZ dt = —’_. J Xiu Py ,(A Vu),-n,- ngn
Qr

0Q

r

1
- _j Xi,j(AVu)ju,idZ dt
rJa,

1 - 1
= ;j (Xu)(AVu-n)dH,, — ;J X, j(AVuu,;dz dt.
0,

Q,
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As for the second integral in the r.h.s. of (3.4) we have

1 1
(36) _J' Xi(ajku,k),,-u,j dz dt = —J‘ Xiu,k,«ajku,j dZ dt
r e, rJe,

1 r

+ - | Xapu,u,;dz dt
r JQ,
i 1

= - X, (AVu) dz dt + — | Xa, u,u,;dz dt
ruﬂr r Q,
1 1

= - X,-((Avu)ku,,-),k dZ dt - - X,»u,i(AVu)k‘k dZ dt
ruﬂr r Q,
1 r

+ - X,-ajk',-u,ku s dZ dt
r JQ,
1( 1

= - X, (AVu)ing dH,, — — | X, (AVu)u,; dz dt
rJeq, rJa,
1( 1

- = Xu AHnu dZ dt + - Xiajk’,-u kU sj dZ dt.
ruﬂ, rlJa

r

Substituting (3.5), (3.6) in (3.4) we obtain

1
3.7 Vth|* == dHy,
(3.7 Lnrl T TS

2
= QJ |VHnuI2dZ dt - _J' X,_J(Avu)Ju,, dZ dt
r o, r o,

1 2 -
+ ~J Xiaj yu,;dz dt + —j (Xu)(AVu-n) dH,,
rJa, r o,

2
- —J Xu A v dz dt.
rJa,

From (3.2), the symmetry of the matrix (X;;) and the fact that
divX = Q we infer X;; = g;. On the other hand, (2.11) gives with
obvious meaning of the notation

ou
+ R
V.u 26t y
ou
AVu = Vyu—25x

ou
2Tu+4|z|*—
utalz| ot
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We conclude
. ou , (0u)’
(3.8) X, j(AVwu,; = g;(AVwu,; = |V ul*+ 25 Tu + 4|z| %)

The final step is the computation of the sum Xa; u,u,;. We note
that from (2.11) the only non-zero terms in a;; occur when either
j=2n+1 or k =2n+ 1. Moreover, since a; does not depend on

Eont1 = t wWe have aj; o,+1) = O for every j, k. Therefore, since a; = a;

B9 Xaju,u,; =2 Z X; <Z Aan+ 1)k, iU sk)us(2n+1)

2n

2
+ Unin Z Xions1y@ns i
i=1

n
= 2_2 X; I:Z Aon+ kil x T z A2n+1)(n+k), tus(n+k):|

k=1

ou &
+ 25_ Z Xovi Z Aan+ 1k, (n+ Ui T z Aan+1) (n+ k), (n+ ) > (n+ k)

i=1 k= k=1

ou\ 2
+ <5t> Z XiGont1y@ni,i-

i=1

Ifi=1,...,nand k=1, ...,n we have
6 n 0&
Aon+ 1)k i _ g{" =0, Aon+1)(n+k),i = - Za—&k = — 28y,
€., 9§
Aan+ k,(nti) = 2 o€ = 204, A@n+ 1) (+k), (n+i = 2@@ L= 0,
n+i n+i

0 " .
55(4|Z|)—8&,-,1 1, ...,2n.

We then infer from (3.9)

whereas A@n+1)@r+1),i

0
(3.10) Xy, = 4—“2[Xmu,. Xt s o]

i=1

8 (—”) Y Y&t Xy e

ou ou
=4— Tu + 8|z
46 Tu SH<I>
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Substituting (3.8), (3.10) in (3.7) we finally obtain

1
3.11 V. .ul*—=—dH
( ) .[mr| pntd | iva e

= Q_—_ZJ |V, nut|*dz dt + gj
r o, r

(Xu)(AVu-n)dH,,
aﬂr

- gj Xu A, udzdt.
rla,

Since A = A* we have AVu ;; = VlTV‘Z'Vd = é [(Xu)\lll‘;;i(|Tu)(p]

in the last equality we have used (2.22). From this observation and
(3.11), (3.3) now follows. ]

» where

4. Frequency functions on H” and unique continuation.

The aim of this section is to prove Theorems 1.1-1.4. We do so by
studying the growth properties of certain quotients of variational
integrals which are naturally related to equation (1.4). Henceforth, we
will work in a fixed Heisenberg ball Qg centered at the origin.

For a solution u to (2.4) in Qg and r < R, we define its height in
Q, as follows

_ » V(z0)
4.1 H(r) = ‘[mru(z,t) VaG.o)
We also let
4.2) D@) = f |V, ntt(z,0)|* dz dt,
Qr

I(r) = j IV,mu(z,0)*+ V(z,t)u(z,t)’) dz dt,
Qr

and call these quantities respectively the Dirichlet integral and the total
energy of u in Q,.

Lemma 4.1. — Let u be a solution to (1.4) in Qg . Then, for ae.
re (OaRO)
, Q-1
4.3) H'(r) = H(r) + 2I(r).

r
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Proof. — A density argument, (1.14) and (2.8) of Theorem 2.1 yield

Q-1
44) H@F) = ©0-2C. Qr_ 3Ce { f A, W) (z,1).
Qr

[F(z, t)— f_‘;] dz dt+u(0,0)z}.

Differentiating (4.4) w.r.t. r and using the co-area formula (2.4) to
evaluate the derivative of the integral within curly brackets we obtain

4.5) H'(r) = —Q—r_—lH(r) + j A, (W) (2,1) dz dt .

Q,

Now we observe that

(4.6) An(W®) = 2ul u+ 2|V qul®.
If we substitute (4.6) in (4.5) and use (1.4) we obtain (4.3). O
LemMMA 4.2. — Let u be a solution to (1.4) on Qg . There exists

ro > 0, depending only on Q, and on C and f in (1.17), such that either
u=0inQ, or H(r) # 0 for every r € (0,r).

Proof. — Suppose that for some r, < R, H(ro) = 0. Then from
(4.6) and the divergence theorem

@7 D(ry) = I(r)—J V(z,tu(z,t)* dz dt < %j AH,,(uZ)(z,t) dz dt
Q, Q,
+ f |V(z,0) | u(z,t)? dz dt = J u(z,0)A(2)Vu(z,t)-n dH,,
Q 0N

7o To

+ j | V(z,t)|u(z,t)? dz dt = J [ V(z,t)|u(z,t)® dz dt.
Qr

0 60,0

Next, we use (1.17) and (2.33) of Theorem 2.2 to obtain the bound

u(z,t)?

)2

Q-2 H(ry i}
\c<Q 2) f o){ - +D(ro)}— <Q 2) f@)D(ro).

4.8) J [ V(z,t)|u(z,t)* dz dt < Cf(r °)f V(z,t) dz dt
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Since by (1.16) lim f(r) = 0, we obtain a contradiction from (4.7),

r-ot

(4.8) unless D(r,) = 0, which forces u =0 in Q, .

From the proof of Lemma 4.2 it is obvious that the dependence of
—2\2
roon Q, C and f is such that Cf(ry) < <22—> . Lemma 4.2 allows
us to divide out by H(r) in (4.3) obtaining

H@)_ Q-1 ,10)

49) H(®) r H(r)

for a.e. r e (0,ry).

We now introduce the following

DEeFINITION 4.1. — Let u be a solution to (1.4) in Qg and let r, be
as in Lemma 4.2. The quantity

4.10) N(r)=%, re(0,r)

is called the frequency of u in Q,.

We stress the invariance of (4.10) w.r.t. the Heisenberg dilations (1.9).

Remark. — The function N(r) introduced in (4.10) is the analogue
of that introduced in [GL2] for solutions to uniformly elliptic equations
of the type — div(4(x)Vu) + V(x)u = 0. For harmonic functions in
RY the frequency was first introduced by F. Almgren [A], who proved
its  increasingness w.r.t.r. He «called the quotient N(r) =

rj |Vu|2dx/J u’do the frequency of u in B, because of the
B, 2B,

observation that when u = Imz*, zeC, keN, then N(r) = k for
every r > 0. In view of this remark our definition is justified by the
following

ProrosiTioN 4.1. — Let V=0 in Qg , 0<R,< 00, so that
Vontt =0 in Qg . If u is Heisenberg-homogeneous of degree k e N, then

N@r) = k for every re (0,R,).

Proof. — Since V' = 0 we have I(r) = D(r). From the definition (4.2),
equation (4.6), the divergence theorem, the self-adjointness of 4 and
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(2.22) we have

4.11) D(r) = %f A, () (z.t) dz dt
Qr
=J‘ w(z.0) Vu(z,t) - A(z)Vd(z,t)
a0,

|Vd(z,1)]

dH,,

1 Y(z,0)
= Lﬂr u(z,t) Xu(z,t) ViG] dH,,

1 ?(z,1)
+ ; Lﬂru(z,t) Tu(z,t) ViG] dH,, .

Since by (2.23) T is tangent to the smooth manifold without
boundary 0Q,, Stokes’ theorem and the fact that T is divergence free

imply

?(z,t) _
(4.12) J:mru(z,t) Tu(z,t) ViG] dH,, = 0.

On the other hand, the fact that u is Heisenberg-homogeneous of
degree k and Euler’s formula yield

4.13) Xu = ku.

Replacing (4.12), (4.13) into (4.11) finally gives

Ve ok
;

k 2
D(r) _?L,"(Z’t) Vaery e = HO).

This proves Proposition 4.1. O

We return to the general case V' # 0. As a corollary of Lemma 4.2
we have

LemMA 4.3. — The function r — N(r) is absolutely continuous on the
interval (0,r,). In particular, N'(r) exists for a.e. r e (0,r).

At this point we introduce the set

(4.14) A, = {re(0,ry)|N(r) > max (1,Nr,))}.

Because of Lemma 4.3 A,O is an open set, therefore

(4.15) A= @sb), a,bi¢A,.
j=1
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We emphasize that by the definition (4.14) we have
H
(4.16) —gz < I(r) for every reA,,
thus, in particular, I(r) # 0 for every re A, , see Lemma4.2. By this
observation and by Lemma 4.3 we have

N@) _I'() 1 _H()

(4.17) Nr)y Ir) r H@

for ae. re A,o.

We have already computed H'(r)/H(r), see (4.9). By means of
Theorem 3.1, and since AH,,u = Vu, we have

Lemma 44. — For ae. re A, we have
2
e LT [ C)C)
rey Q-2 o, \ 1/ V] aa, \ T r /) 1Vvd|
= + 2 + 2
I(r) r I(r) I(r)

|Vd|
I(r) r I(r) r I(r)
(4.9), (4.17) and Lemma 4.4 yield

j Vuz—l—de,, ‘[ Vu®dz dt j Xu)Vu dz dt
Q, Q — 29 2 Ja,

LemMA 4.5. — For ae. rel,
2
Jo (7)) e
a1y VO _ et DA ()
@19 N ~ 10) Hr)
Xu\ (Tu\ o
Jo (5) () et
+2 7
J Vu”—l—de,, J Vu® dz dt f (Xu)Vu dz dt
oQ, |Vd| Q — 2 2 Ja,
* 1(r) Ty v r i)

We need one more lemma.
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LEmMA 4.6. — There exists a constant B = B(Q,C,f) > 0 such that
every re A, we have
(4.19) D(r) < BI(r).

Proof. — As in the proof of (4.8) we have

D(r) < I(r) + J | V(z,t)|u(z,t)* dz dt
Qr

2 0- 2H()
1(r>+(Q 2) Cf(){ = 2HD(r )}

|:1+<Q2 2) Cf(r)J I(r) + (QZ 2) Cf(r) D(r),

where in the last inequality we have used (4.16). Recalling that in the
proof of Lemma 4.2 we have chosen r,>0 such that

2
( Q2 2) Cf(ry) <1, from the above inequality we obtain (4.19) with
1+ ACf(ry) _ 2

—ACf () where we have set A4, 0-2 O

We are now ready to prove the main result of this section.

B =

THEOREM 4.1. — Let u be a solution to (1.4) and suppose that u
satisfies (1.19) for some C, and g. Then, there exists a constant
M = M(Q,C,C,.f,g) > 0 such that for a.e. re A, we have

(4.20) NF(%) > - M[f————(r) tg (r)]

Proof. — Our starting point is (4.18) in Lemma 4.5. Assumption
(1.17) on V and (4.16) give

4.21)

1
J V(z,t)u(z,t)* ————— dH,,
a0,

[Vd(z,t)|
YO f oy YD
r [Vd(z,t)]

_ CI0) HO) _ Cf@)

r r

I(r).
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Likewise (see the proof of (4.8)) with Ag = L

02
(4.22) IQ—:—Z f V(z,Ou(zt) dz dt
< (©0-2)

r

azeso {4g 20 oo}
(by (4.16) and (4.19))

f()

< (Q-)A45C(AQ"+B)—I(r).

Now we would like to get a bound for the last integral in the r.h.s.
of (4.18). We have from (1.17)

(4.23) ’% f Xu(z,t)V(z,t)u(z,t) dz dt

2C1(r) lu(z,t)|
<—r—L | Xu(z t)l A1) V(z,t) dz dt

2¢fr) [ ] 1 lu(z,t)|
= r o iz.0) V(z,t)Xu(z,t) i) dz dt
_2Cf(n) ( 1 lu(z,t)]
= L A(z)Vd(z,t) - Vu(z,t) iG.0 o (z,t)Tu(z,t) m dz dt
<O gewvaen  Vueny ED 4 g

r JQ, d(Z,t)

2Cf(r) [ 1oz t)Tu(z,t)! [u(z,t)|

LT den den

where in the second equality we have used (2.22). By the self-adjointness
and the positive semi-definiteness of A(z), Schwarz’s inequality, and
(1.24) we obtain

lu@ !,
d(z, )

< <‘[ ZEZ 32 ]VHnd(Z,t)|2dZ dt>2 (J IVHnu(Z,tNZdZ dt)z

(4.24) j |A(2)Vd(z,t) - Vu(z,t)]| 2 dt
Qr
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- <erg,32 V(z,t) dz dt) (Lr IV, b (2,8) 1% dz dt)z

< 43 [A§1H£Q+D(r)]2 D()?

< (by (4.16) and (4.19)) Ae[(4a’+ B)B]? I(r).

Now we bound the second integral in the r.h.s. of (4.23). By
Schwarz’s inequality and (1.19) we obtain

|9 (z,0)Tu(z,t)| lu(z,t)|
(4.25) L T den G

l0@OTu@)* N\ ([ ut) }

< <LW dz dt) <L Gy V@D dz dt>
u(z,t)?
. d(z,t)?

< Clg(r)f V(z,t)dz (by (2.33) of Theorem 2.2)
Q

< CA%(Ag" +B)g(n)I(r).

(4.23)-(4.25) finally yield

f()

(4.26) l%f Xu(z,t)V(z,t)u(z,t) dz dt| < G Tl(r),
Qr

where G = G(Q,C,C,, f,2) > 0.

(4.18) of Lemma 4.5 and the estimates (4.21), (4.22), (4.26) allow
us to conclude that for ae. re A,

Xu\® ¥
22) =4H,,
N'() _ Ln< ’> vd , 10)

@20 N T2 10 T
X\ (Te) o
Ln,( r>< r>|Vd|dH2n Q)
+ 2 0 +0<(r)>’

f@)

where 0<—> is a function whose absolute value is bounded by

"
f@)

r

L

» where L = L(Q,C,C,,f,g) > 0.
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Schwarz’s inequality again and (1.19) yield

Xu(z,t)\(Tu(z,t)\ o(z,1)
f( . >< . >|Vd(z,t)|‘""2"
@O\ ¥e) o\ (1 [ le@oTueol . )}
< (Lﬂ< : ) |Vd(z,t)|dH“’"> '(rz o, VE&OIVAGD) dHZ")
g ([ (Xuz)\ VG0 B , V(1) :
<G5 (L( . )wd(z,t)nd”“) (Ln,"(z’t) lw(z,de“)
We now distinguish two possibilities :

@ [ (Me0) D am, [ u et dit, < 2007
o, Q

(4.28)

r |Vd(z,1)] ] |Vd(z,1)]|
Xu(z,H)\* V(z,0) , Yzt \
(b) Lﬁ( . ) lVd(z,t)]de,, eru(z,t) wd(z’t)'de,, > 2I(r)?.

If (a) occurs, then we simply conclude from (4.28) that

Xu(z,t) Tu(z,t)) o(z,1)
, r r |Vd(z,t)|

Substituting (4.29) in (4.27) we obtain

(4.29)

< ﬁclgg—)l(r).

(4.30) 2

N(r) I(r) H(r)

Xu)Z v
— | =5 dH.n
N'(G) L:( r ) 1vd| _L,I0 0<f(r)+g(r)>’

r

where

’ O(f(r)+g(r)>

r

< M[f(r)+g(r)],

r

with M = M(Q,C,C,, f,g) > 0. We now claim that

_ Xu(z,t)\ V(z,0)
4.31) I(r) = Lﬂ, u(z,t)( p )IVd(z,t)ldHZ"'

Taking (4.31) for granted for a moment we see that, in virtue of it
and of Schwarz’s inequality, the difference of the first two terms in the
r.h.s. of (4.30) is > 0. We conclude that (4.20) is true at those points
of A,, at which (a) occurs.
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If (b) occurs we argue in a different way. We obtain from (4.28)
and Young’s inequality

Xu(z,t)\[Tu(z,t)\ o(z,t)
(432 J( : )( : )Wd(z,t)ld””
. (& Xu(z,0)\* V(z1t)
<3 g(’)Lnr< p ) Vaz.o] e
C.g( H) _ C, Xu(z,t)\" V(1)
+TTT<7g(’)£Qr< r ) Vd(z,0)

+ Q@I(r)
2 r

where in the last equality we have used the fact that for re A, (4.16)
holds. At this point we restrict, if needed, the interval (0,r,) in such a
way that r, satisfies the two constraints

(4.33) ——2—2Cf(r)<1 2—Q (ro) > 1
. Q_2 0. ’ 2 g 0. ’
at once. We emphasize that from Lemma 2.1 r, has already been chosen
to satisfy the first inequality in (4.33). Substitution of (4.32) in (4.27)
gives

Xu\® ¥
— ) =5 4Hx
' e} Ln( r) |Vd| I

_ M[f(r)+g(r)}
r

for a positive constant M = M(Q,C,C,, f,g). By the increasingness
of g, the second inequality in (4.33) and (b), we conclude from (4.34)
that (4.20) holds also at those r € A, at which (b) occurs.

In order to conclude the proof of Theorem 4.1 we are left with
verifying (4.31). (4.2), (4.6) and an integration by parts yield

1

Iy = 5.[ A W) (z,0) dz dt = _[ u(z,t) Vu(z,t) A(2)Vd(z,1)

|Vd(z,1)|

dH,,.

o,

Using now formulas (2.22) and (4.12) we see that (4.31) holds. OO

With Theorem 4.1 in hand we are now ready to prove Theorems
1.1 and 1.2.
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Proof of Theorem 1.1. — Our starting point is identity (4.9) which,
using (4.10), we rewrite as

d H(t) N(@)
(4.35) o [log (?‘1—‘?)] =2 - t e (0,ry).
We now integrate (4.35) between r and 2r, where r < Zz—o,obtaining

(4.36) log [HT%’)—) 21‘Q] =2 J ! N(t)fit—t

szj N(t)@+2j N(z)ii—t,
(r,2r)nAry t Jr t

where we have let J, = {te (r,2r)|[t ¢ A, , N()>0}. Since on J, we
have 0 < N < max (1,N(r,)) (see (4.14))

4.37) j N(t)% < max (1,N(ry)) J‘”d_tt = max (1,N(ry)) log 2.
Jy r

On the other hand, by integrating (4.20) on (r,b;), where r € (g;, b)),
and (a;,b;) is an arbitrary interval in the decomposition (4.15), we
obtain

N(b, ijl 7o d Ro
e N((r,))zﬁ W%‘”"ML [f(t)+g(t)]7t>—Mf (e +g0)

0

Qf
t
From this inequality, recalling that quéAro, we infer

(4.38) N(r) <exp [M on fO+g@) ?] max (1,N(ro))

0

for every reA,;. (4.38) yields

(4.39) N(¥) %

(r‘2r)r\/\r0

< exp [M JRD (D) +2(1) d-t‘] max (1, N(r,)) log 2.

Using (4.37), (4.39) in (4.36) we finally obtain
(4.40) HQ2r) < 29!

exp {2 log 2 max (1,N(r0)|:1 + exp <MJRO (f@®)+g@) %):” H(r).
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Integrating (4.40) w.r.t. r and using the co-area formula (2.4) we
finally obtain (1.20). a

Proof of Theorem 1.2. — The argument is quite standard. We include
it for the sake of completeness. Let r, be as in Theorem 1.1. We obtain
after k interations of (1.20)

(4.41) j uz )Nz ) dzdt < --- < F"j u(z,t)™(z,t) dz dt
Q, Qroz k

0

Qo klf u(z, ) (z,t) dz dt,

1 J‘
H?
|Qr02 kIHn ﬂr 2—k

where for p > 0[€Q,|,, is defined by (2.2) and B > 0 is a number to
r

be suitably chosen. By (2.3) we have I'|Q, , ,|P, = abri® <2BQ> - We

now choose B such that I'/2P¢ = 1. Then, (4.41) becomes

(4.42) f u(z, ) (z,t) dz dt

1

He ]Qroz len

< 1Q,0° j u(z, ) (z,t) dz dt .
ﬂr 2—k

If we now let k - oo the r.h.s. of (4.42) goes to zero since, by
assumption, u vanishes to infinite order at the origin, see Definition 1.1.
We conclude that must be u = 0 in Q,. O

At this. point we briefly sketch the proof of Theorem 1.3. The main
steps are similar to those in the proof of Theorem 1.1. We recall that
we no longer have the smallness available from (1.17), but assumption
(1.25) on V'~ takes its place. Lemma 4.2, e.g., carries over as follows
(see (4.7)): Let H(r,) = 0, then

D(ro) = I(ro) — f

V*(z,0)u(z,t)* dz dt + f V™~ (z,0)u(z,t)? dz dt
Q

7'0 R nro

< j V= (z,0)u(z,t)? dz dt < SJ
Q, Q,,

0

u(z,1)*
d(z,0)*

V(z,0) dz dt

< 842 { H(’°)+D(ro)} = 84%D(r,),

ry
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2
-2
is now obvious that if & is such that 1 - 84%>0, ie,

—-2\?
0<d< (%—) > then we conclude D(r,) = 0, and therefore u = 0

where we have used (1.25), (2.33), and we have set 4, = - It

in Q,D.

As a consequence of Lemma 4.2, Lemma 4.3 holds, along with
Lemmas 4.4 and 4.5. The proof of Lemma 4.6 is similar to that of
1 + 04,

[ o4y °
thus come to the crucial point in the proof of Theorem 1.3, the analogue
of Theorem 4.1. In the present situation we have

Lemma 4.2. The constant B > 0 is now given by B =

THEOREM 4.2. — Under the assumption of Theorem 1.3 there exists a
constant M = M(Q,C,8,Q,) > O such that for ae. reA, we have

NGO M

(4.43) NG r

Proof. — Using (1.25), (1.26) we see that, as in the proof of
Theorem 4.1, we can bound the Lhs. of (4.21), (4.22) and (4.26) with

£1(r), where L = L(Q,C,5,C,) > 0. We therefore obtain the identity
r

1
(4.27) with the term 0 <£(r_)> replaced by 0 (%), where 0(;)

< =.

r r

Using (1.26) we can see that (4.28) now becomes

Xu(z,t)\ [ Tu(z,t)\ o(z,t)
J;Qr< r >( r >lVd(z,t)|dH2"

C, Xu(z,0)\* W(z,1) : Yo 3
s‘(f( =) e ot) (f“ it ta) -

Again we distinguish the two possibilities (a), (b). If (a) occurs we

(4.28)

2C
bound the Lhs. of (4.29) with ——r—ll(r), estimate which along with
the previously established replacement of (4.21), (4.22), (4.26) yields
+ 1
(4.30), with the term 0 <M) replaced by 0 (;) (4.30) and

Schwarz’s inequality give (4.43). If (b) occurs we argue as in (4.32),
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but we have to make up for the lack of smallness. We have by Young’s
inequality with € > 0 arbitrary

Xu(z,t)\ [ Tu(z,t)\ o(z,1)
fg( r )( r >|Vd(z,t)|dH2"

Xu(z,t)\" V(zt) C, H(r)
<G Ln ( r > VG e

Xu(z,t) 2 Y (z,t) C,
<8C1J;Qr< . ) !Vd(Z,t)|dH2n+Er_I(r)

(4.32)

(we have used the fact that re A, so that (4.16) holds). Choosing
€ > 0 such that 2 — €C; > 1 we see that (4.34) becomes

f (L)L dH,,
Nr(r) S aQ, r |Vd| _ 5 I(r) _ M

N(r) =~ I(r) Hr) r’

from which (4.43) follows since (b) holds. This completes the proof of
Theorem 4.2. O

Integrating (4.43) on an interval (r,b;), where r € (a;,b;) and (a;,b))
is an arbitrary interval in the decomposition (4.15) we see that
max (1, N(ro))ri
M

r

(4.38) N(r) < for every reA,,.

Integration of (4.38) as in (4.39) yields

dt  max (1, N(ro)ry K,

(4.39) N@)— < M+2
(r,2r)r\A,,0 t r

where K = K(Q, C,0,C,) > 0. Proceeding as in the proof of Theorem 1.1
we finally obtain

THEOREM 4.3. — Under the assumption of Theorem 1.3 there exists
B = B(Q,C,8,C,u) >0, B=p(Q0,C05,C)>0, '=T(Q)>0 and

ro = 1o(Q, C,3,Cy) > 0 such that if u £ 0 in Q, for re (0;2—0), then we

have

J u(z,t)(z,t)dz dt < T exp (g) J u(z,t)(z,t)dz dt .
er Qp
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From Theorem 4.3 the proof of Theorem 1.3 follows along the lines
of the proof of Theorem 1.2 and we leave out the details.

From Proposition 4.1 and formula (4.35) we immediately infer

ProposiTION 4.2. — Let 0 < Ry < o0 and let u be a solution to
Ayu =0 in Qp . If u is Heisenberg-homogeneous of degree ke N, we

have for every re <0,%)

J‘ u(z,t)(z,t)dz dt = 2Q+2kf u(z,t)(z,t)dz dt .
QZr

Q,

Remark. — Proposition 4.2 shows that (1.19) is only a sufficient
_condition for (1.20) to hold. In fact, the function u(x,y,t) = x|z|* + 2ty
satisfies the assumption of Proposition4.2 with k = 3, yet it does not
satisfy a condition like (1.19). Whether there is a condition which is
necessary and sufficient for (1.20) is an interesting open problem.

Theorem 3.1 has the following interesting corollary.

THeOREM 4.2. — Let u be a solution to A, ,u = 0 in Qg and suppose

that u is invariant w.r.t. the action of the torus T on H", i.e., that
(1.21) holds. Then

(4.43) D'(r)=Q—;2D(r)+2J (X”(rz’t)> LA
0,

Vd(z,0)]

In particular, the function r—

D
rQ(rz is increasing on (0,R;), as well

as the function r+— N(r).

Proof. — Formula (4.43) follows immediately from (3.3) using
A,u=0 and the fact that 7u =0 since (1.21) holds. From (4.43),

(4.10) and (4.9) (it should be kept in mind that now I(r) = D(r)) we

infer
J (&) Vb,
N’(r)_2 o, \ T [Vd| B 2D(r)

NG D(r) H(r)




FREQUENCY FUNCTIONS ON THE HEISENBERG GROUP 351
The increasingness of N now follows from the above identity, the

fact that D(r) =J u(Xu>IV¢ dlde,, (integration by parts) and
oQ,

Schwarz’s inequality. O
CoroLLARY 4.1. — If u is a solution to A ,u =0 in Qg satisfying

(1.21) we have for every re(O,%)

Q

(4.44) J u(z,t)i(z,t)dz dt < FJ u(z,t)i(z,t)dz dt

r

with
I = 2%exp [2 log 2 (ROJ |V, nut| *dz dt/j ut—— v dHZ")J
5QR0 EQRO |Vd|

It was shown in [GL1] that the inverse square potential V(x) =

C .
!——2 has the remarkable property that the frequency associated to the
X

operator — A + — has the same increasing character of the frequency

|x|?
of a harmonic function. We will show below that if we consider the
natural inverse square potential for the Heisenberg group, namely
V(z,t) = iz t)z\jl(z ,t), then for the frequency associated to a solution
of — A, u + Vu =0 satisfying (1.21) a result similar to Theorem 4.2
holds.

THEOREM 4.3. — Let u be a solution to
(4.45) —Agut )Z\II(Z WDHu=20 inQg,

with C e R, and suppose that u satisfies (1.21). Then we have for every
re (OaRO)

4.46) I'(r) = Q——zl(r) + 2J (
r 00,

Xu(z,t)\" V(z1)
r |Vd(z,t)| "

I(r . .
In particular, the function r +— " ‘g )2 is increasing on (0,R,), and so
is the function r +— N(r).
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Proof. — Since by (1.21) we have Tu = 0 we obtain from the
formula in Lemma 4.4 and equation (4.45)

re) =221y +2 f (X“(Z’”) Vet gy
o,

r [Vd(z,t)|

V(z,t)u(z,t)* _0-2 R
(4.47) + J:m WdHZ" '—4 J;)r V(z,t)u(z,t)’dz dt

_x€ u(z,1)
: j Xu(z, )d( i V(B 0z di.

Now we have integrating by parts

2C u(z,t)
(4.48) - J;z, Xu(z,t) Ay V(z,t)dz dt

- Elmf V@D oty zndz de

r £—=0 0 \n d( t)z

V(z,t) Xd(z,t) 2
{ s, d(2,1)* |Vd(z,1)] u(z,t)*dH,,

= glim

¥ e-o

V(z,t) Xd(zt)
09, d(Z1t)2 |Vd(z,t)|

- J div <—l£2 X> (z,0)u(z,t)%dz dt} .
Qr\Qc d

Recalling (2.24) and (2.7) we see that

C [ Vzt) Xd(zt) \
(4.49) 7Lg, ; (z,t)ZIVd(—z,t)lu( ,0)*dH,,

u(z,t)’dH,,

_ u(z,t)
LQ d(z :)2“’( )IVd( 0y e

V(z,t)u(z,t)*
= | HeteCyyy,
j;ﬂ ! Vd (Z’ t) |

(4.50) lim

-0t

Y(z,t) Xd(zt) o
L; d(z,1) [Vd(z,t)]| u(z,t)’dH,, = 0
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We compute the solid integral in the r.h.s. of (4.48)

4.51) f div <—3’—2 X> (z,0)u(z,t)dz dt = Q f V& | tdz de
Q0 Q

r\nE d(Z,t)Z

+ j X(Vd ") (z,t)u(z,t)dz dt,
Q,\0,

where we have used the fact div X = Q. Now by (2.24) we have in
QV\QE

(4.52) X(Wd™ ) =d2(XY) — 2d7NXd = d7 Xy — 2d7 .
Recalling (1.18) and (2.20) a direct computation yields

XY =d*X|z|* -2y =0.
Using this information in (4.52) and then (4.52) in (4.51) gives

(v > Y(z,1)
div{ — X | (z,0)u(z,t)* dz dt = (Q—2) u(z,t)*dz dt.
L,\QE <d2 0\, d(z,t)’ =)
Substituting this identity along with (4.49) in (4.48), taking the limit
as € - 0% ans using (4.50) we finally obtain (4.46) from (4.47).
I(r)

At this point the increasingness of rr—»rQ_2

immediately follows,

whereas that of r+ (r) follows from the formula

Xu\®
— ) o7 4Hzn
N'(r)=2Ln,<r> |vd| _2I(r)

N() 1(r) H(r)’
Xu\ ¥ )
the fact that I(r) = — ) —=-dH,, (divergence theorem), and
oo, \ T |Vd|
Schwarz’s inequality, as in the proof of Theorem 4.2. a
COROLLARY 4.2. — Under the assumption of Theorem 4.3 inequality

(4.44) holds with a constant T given by

I = 2%exp {2 logZ[ROJ (lVHnuP
QRO

+ ;ic—;\lju2> dz dt/ J;n u’ I—V%ﬂ de,,] }

o



354 N. GAROFALO AND E. LANCONELLI

In particular, nonzero solutions of (4.45) satisfying (1.21) have a finite
order of vanishing at the origin.

CoROLLARY 4.3. — Let u be a solution to (4.45) in H" and suppose
that u satisfies (1.21). If u vanishes to infinite order at the origin, then
must be u =0 in H".

Proof. — By Theorem 4.3 and Corollary 4.2 we infer that u = 0 in

C
Qg,. Away from the origin the potential V(z,t) = i t)Z\II(Z ,t) satisfies

an estimate of the type |V(z,0)| < C'Y(z,t). Since Tu = 0 we can apply
Theorem 1.1 to infer that for some ry >0 must be u=0 in
C., = {(z,t) e H"| |z| <ry, t € R}. However, in the complementary of C,
u is a solution, satisfying (1.21), of the equation

0u C

Azu + 4|212W = m\h(z,t)u = Vu,

where now Ve L (H"\C,). Since the Lhs. is an elliptic operator in
H™\C,,, by the unique continuation theorem for elliptic operators with
a bounded potential, see e.g. [GL1], we infer u = 0 in H"\C,. O

We conclude by showing by means of an example that the inverse

. C
square potential V(z,t) = t)z\jl(z ,t) represents a threshold for the

d(z
results of this paper to hold.

Consider the equation in H”"

(4.53) = At + e )m V(ztu =

with C > 0, ¢ > 0, and choose ne N such that

-2 2
Q-2_2,N i
€ €
we look for solutions of (4.53) of the type u(zt) = f(d(zt)), then
according to (2.29) f must satisfy the ode

Q C

Jd) + = f(d) /=0, d>0.

. -2 .
Because of the assumption ¢N as in[GL1] one can prove

that the function

2-2 2./C _E
(4.54) u(z,t) = d(z,t)QSzK_E <\/TJ d(z,t) 2>,
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where Kj_, is the modified Bessel function of the third kind and order

€

-2
,_2
€

» is a solution to (4.53). Using the asymptotic behavior of
. . T
K,(r) for large positive r, i.e., K, (r) = Er‘“e“’ as r— + o0, we see

that (4.54) vanishes to infinite order at the origin. Moreover, since u
depends only on |z| and ¢ we clearly have Tu = 0. This example shows
that the power two is best possible for Theorems 1.1, 1.2, 4.2, and 4.3
and Corollaries 4.1, 4.2 and 4.3 to hold.
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