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CHAPTER 0

INTRODUCTION

0.1. The main theorems and some other known results.

Let G = (V.L.A) be an oriented graph where V' is the set of
vertices, L the set of edges and A = (a.pB): L — V x Vis the orientation.
Let M = (M,),.v be a collection of C* manifolds. 4 diagram of smooth
(proper) mappings on (G, M) is a family f = (f;),. of (proper) mappings
fr: Myey = My, . We denote the set of those diagrams by

C*(G,M) = H C® (M), Mw))> C;ﬁ(G,M) = H Cor(Myy, Mﬁ({))-

tel el

Two diagrams f, g e C*(G,M) are C" equivalent (topologically equivalent,
if r=0) if there are C” diffeomorphisms ¢, of M, such that
bpyOfs = 8,0 Gy for £ € L. The C" equivalence class of f is denoted
O"(F) and f is C” stable if O'(f) is a neighbourhood of f in the
Whitney topology.

Our first question is :

Is C’ stability a generic property ?

It is easy to see that the answer to this question depends deeply
on the combinatorial type of the underlying graph G and manifolds

M,, ve V. For example if G is of the types either <) (cycle) or {:»

(divergent) it is known that topological stability does not hold in general
by the study of discrete dynamics and Web geometry [Ca, Du 2-3]. We
will touch on these counter examples later in this section and also in
Appendix 2.

The graphs which we study in this paper are the (finite) convergent
graphs :

N LY
N

defined below. We will establish a foundation for differential calculus
of convergent diagrams of smooth mappings for such graphs.
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The relation a(f) < B(£), ¢ € L generates the partial order < of
vertices for an oriented tree. A finite oriented tree G is convergent if
there is only one maximal vertex v,: the root (sink) of G. If G is
convergent, then for each vertex v # v,, there is a unique edge ¢, with
source a(?,) = v. We define B(v) by B(/,) for v # v,. The height of a
vertex v € V is defined inductively h(v,) = 0 ; otherwise h(v) = 1 + h(B(v)).
Each vertex v of G defines a branch G,, which is the subgraph consisting
of all vertices v < v and edges ¢ with B(£) < v.

In this paper we call also a union of tress a tree.

Our goal in this paper is to prove

THEOREM. — Let G = (V,L,A) be a finite convergent tree and let
M = (M,),.v be a collection of smooth manifolds and P = (dim M,),. .

If P satisfies the condition G defined in Section 2.1, then topologically
stable mappings are dense in Cq5.(G,M) with the Whitney topology.

As a consequence of the above theorem and Theorem 2 in the
paper [N2], we have

COROLLARY. — Let G, M, P be as above.

If p, satisfies one of the following conditions, for any ve V:

(1) po < P,y Jor 0 < n < h(v)

@) Por < Pyngyy Jor 1 <1< h(v)

(3) Pos Por > Pyagyy < Pyngyy JOr 2 < 1 < h(v)

and the pair (pv—p[,z(u,,l)a(w‘PBz(u)) is semi-nice, i.e.
2
0(pv—p[32(u)9 pB(U)——pBZ(U)) > Py — pﬁZ(U)'

Then topologically stable diagrams are dense in C3.(G, W). Here *c(n,p)
is the function defined by Mather [M2] (see also [W2-3]).

The main theorem above generalizes well known topological stability
theorem for single mappings due to Mather [M4] and also gives a par-
tially affirmative answer to a conjecture by Baas and Mather [B1-3,
L-T]: topologically stable diagrams are dense in Cx(G,M) if G is a
finite convergent tree.

We now recall some known results on the C” stability problem
respectively for various types of diagrams.
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Case 1: is an arrow —. In this case our problem turns into the
ordinary singularity theory of smooth mappings between two manifolds.
We recall the main global results :

(1) C* stable mappings are dense in C3(N", P?) if the dimension
pair (n,p) is nice, i.e. 'o(n,p) > n[M2].

(2) C° stable mappings are dense in Cy(N,P) for any smooth
manifolds N.P [M4,Gi].

(3) The C° stability and the C* stability are equivalent in C* (N, P)
“if (n, p) is a nice pair and N is compact (see e.g. [Da]).

(4) The complement of the union of equivalence classes @ (f) with
finite codimension in C® (N, P) has infinite codimension for compact
N, if and only if (n, p) is a semi-nice pair [P,W2].

(5) C!' stable mappings are dense in Cy(N, P) if and only if (n, p)
is a nice pair [W1].

A survey of these nice and semi-nice properties is available in the
paper [W2] and the complete determination of those ranges is given by
Mather ([M3] and Wall [W3], respectively.

Case2: G is the composition —— . In this case C' stability does
not hold generically even for some triples (M, N, P) of manifolds of
small dimensions. In fact du Plessis showed that

(6) C' stable compositions are not dense in the space of proper
composite mappings C3(M?*—>N*— P?).

We will give a proof for this in Appendix 2. On the other hand,
the triples (3.4.2) satisfy the condition (3) of the above corollary. Since
the pair (1, 2) is nice and in particular semi-nice, C° stable mappings
are dense in this space of compositions.

A technical reason for the restriction to the case of convergent
diagrams is that the Malgrange-Mather division theorem does not hold
for the other cases. In fact the nature of the space of diagrams
C® (G, M) presents a remarkable difference between the convergent
and the other types. Some of these aspects will be found in the
following two typical non convergent cases.

Case 3: G is a cycle ). In this case our problem corresponds to
the theory of endomorphisms of manifolds, which have been long
studied by many mathematicians. It is known that C° stability is not
a generic property. This phenomenon is caused by the topological
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structure of orbits of endomorphisms f: M ). The structure of
compositions of their singfulafrities along orbits is the same as that of
their developments f: --- = = ... = f: (covering f), for which it seems
that the argument in this paper remains effective. So the topological
structure of endomorphisms may be described by a certain combination
of singularities and the orbit structure of f.

Cased4: (G is the divergent graph {: In this case our problem is

related to envelope theory in the papers [A, Ca, Du 2-3, Th]. The recent
results by Carneiro [Ca] and Dufour [Du 2-3] present a new aspect of
the topological classification problem for diagrams of this type by using
a topological method in web geometry. Namely, Dufour proved that

(7) In the divergent mapping space C*(M'<N?*-P?), C° stable
diagrams are not dense [Du2-3].

In the final section we will show that if P? is orientable and N? is
not then all topological equivalence classes have infinite codimension.
Surprisingly it was proved quite recently by Dufour [Du 4] that even in
the space of pairs of functions C*(M'«NZ*-P'), C° stability does not
hold in general.

0.2. Sketch of the proof of the theorem.

First we begin by recalling the idea due to Thom and Mather for
topological study of singularities of mappings, known as the theory of
canonical stratification.

A stratification of a smooth mapping f: N — P is a pair (¥, Fp)
of stratifications of manifolds N, P such that f restricts on each stratum
Xe ¥y to a submersion f: X — Y to some stratum Ye ¥,. Thom’s
second isotopy lemma (Theorem 3.2.4) says that if a family of proper
mappings (f;Xid,Pr) N x R > P x R > R is simultaneously stratified
by a triple (#y.%p, R) of stratifications of N x R, P x R and R, and
Fy satisfies Thom’s condition A;, then the family f, is locally
topologically trivial. This suggests that topological stability of mappings
may be deduced from a certain stability of their A4, regular stratifications
under small perturbations. A canonical stratification was explicitly
constructed by Mather [M4] by using his highly systemized method in
papers in a series, where the finite determinacy theorem and the
unfolding theory played a crucial role.
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Using the same basic idea as above, a fundamental part of the
proof of the topological stability theorem for convergent diagrams will
be a construction of their stratifications in a canonical way. For the
simplest case of two-compositions (f,g): M — N — P, this may be done
by refining a canonical stratification & y(f) of N for f to a stratification
FN(f) such that for some stratification &, of P the pair (¥ y(f),<p)
is A, regular. Thus this problem is called the problem of the second
stratification by Thom. In the following we will explain how the second
stratifications of convergent diagrams are constructed in a canonical
way.

Let f,,: M,y — M, denote the composition of f, along the oriented
path from v’ to v. The main technical problem in this paper is to give
an intrinsic notion for the singularities of convergent diagrams f involving
these compositions.

Given a diagram fe C*(G,M) and another convergent graphI', a
diagram of f of type I' consists of ,

i) a morphism ¢: (Vp,Lr)—> (Vg,Lg) with oagos =< oar,
Bsos = éoBr,

ii) points x,e M, for te Vr such that f,,(x,)) = Xp¢) for £€Lr.

We shall seek to understand the singularities of f in terms of its
multigerms along such diagrams.

A diagram of f is determined by the set X = {x,,,|{ € L,}, so we
denote it simply by f,: the Collection of multi germs ffx,’ {€Lg,
where X = ) X, = () M,,. Note that Vr = () (X,uf/(X))).

tel el el

We first explain the role of trees for the cdse of a single mapping.
Here a diagram fy, X « N of f: N - P is an oriented graph of height
1 consisting of # f(X) disjoint trees: forest. The germs of canonical
stratifications ¥y, &p of f at f~'(y), y are characterized by the
multigerm fx at X, = Z(f) N f7(y) [M4].

For a general convergent tree G, our first problem is to describe
the singularity type of convergent diagrams of smooth mapping, in

other words to seek the smallest subset X = () My, with ye f(X) for
' ‘el

which the germ f characterizes the property of the germ of f along
the fibres fi(y), v < v on ye M,.

In Section 0.3, we define the critical point sets C,,\(f) < M,,, and

the critical values sets D,(f) = U f:(Cyey(f)) for convergent diagrams
B()=v
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feC®(G,M), using the notion of trees. The restriction
Sz = (fr: Cos(f) = Dpy(f)) is considered as a skeleton of f. In fact
fsz contains complete information about the singularities of f. The
author would suggest these sets as good candidates for the notion of
singularity for diagrams, in proving the C*® stability theorem (Thm. 2.3.1)
and in constructing a canonical stratification for diagrams in a certain
class feT, = A, (Theorems 2.1.2, 3.1.2).

The fundamental question for these critical sets is: whether the
restrictions f,: Cyyy(f) = Dpyy(f), £ €L are proper and finite-to-one.
We say a convergent diagram fe C®(G,M) is a good representative of
a tree fy if the restrictions f 1 Cyry(f) = Dyy(f) are all proper and
finite-to-one and also satisfy a certain additional condition on maximal
trees (see Section 0.3 for the definition).

In the paper [N2] we proved that a (finite) tree f, of a convergent
diagram admits a good representative if the I; codimension of fy is
finite  (Proposition1.4.1[N2]). Under the conditions fe4,
N C(G,M) that f, are proper and all trees have finite /, codimension,
it is proved that the critical sets Cy.(f), Dge)(f) are closed and the
restrictions  f, : Cy(f) = Dyey(f) are all proper and finite-to-one
(Theorem 2.2.1).

Now we are ready to explain the construction of stratification
of diagrams fe Cy(G,M). By Theorem0.3.2, a tree fy with
finite /, codimension admits an (infinitesimally) stable unfolding
Fy = (F;: M) xR, x X0 My, X R, f(x)x0),.x of the form
F,.(x,00) = (frxu(X), ), frxo = f,. By the finite determinacy of stable
diagrams (Theorem 0.3.1), we may suppose Fy is a diagram of polynomial
mappings. Then by a standard technique in the theory of semi-algebraic
sets, we can construct a critical value stratification (CVS) € (Fy) =
(€<(Fx))xe rany» Which yields immediately a Thom A4, regular stratification
F(Fx) = (L(Fx))sexurxy of Fr. A tree fx is topologically transversal
if all inclusionsi,: M,, = M,, X R are transversal to &% .(Fx). Then
the pullbacks i¥%,(Fy) give the stratification of fy denoted by & (fx).
A diagram f e A, is topologically transversal if so are all trees in it (it
is sufficient to consider topological transversality of maximal trees). The
set of those diagrams is denoted by T,,. By the naturality of €(f),
F(fx) with respect to coordinate transformations (Proposition1.2.1)
and the coherence of maximal trees and branches (Theorem 2.2.1), the
CVS €.(fx), xe X u f(X) glue up to give a stratification of M, denoted
€(f) = (¥4,(f)), from which we obtain immediately a canonical
stratification £ (f) of f.
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By the argument outlined above, the genericity of topological stability
is deduced from the openness and density of the sets 4, and T,,. These
properties are proved in Theorem 3.2.2 and Theorem 2.1.2 under
Condition G defined below by arguments using transversality of jet
sections. We explain these briefly.

A multi jet ze ,J*(G,M) = [| J*(Myy), My is a collection of

tel
jets Jfsi(xs) € J(Myey, Mpey), £€L,i=1,...,m. We regard again z
as a combinatorial tree I', (possibly a union of many connected
components) consisting of the vertices x,, f,(x;,) and edges
Jf/,-(x ) X, > f/i(x/i) .

We say the dimension function P = (dim M,) satisfies Condition G
if, for any m, ze ,J(G,M) off a subset of infinite codimension with
any combinatorial type, I', is finitely 7, determined. Some range of such
dimensions P is presented in the paper [N2].

The canonical stratification S of ,J(G,M) is roughly the partition
by topological types of the stratification of stable unfoldings of those
trees T',.

Proposition 1.3.3 and the argument in Section 3.2 say that topological
transversality of f e A, is equivalent to the transversality of the multi
jet section ,Jf to the S for sufficiently large m. Therefore T, is a
countable intersection of open dense subsets by the transversality theorem
(Theorem 0.3.5), hence it is a dense subset by the Baire property of
C*(G,M). The openness of T, is shown in Theorem 3.2.2 in the same
way as that of 4, in Theorem 2.1.2.

0.3. Terminology and Preliminaries.

For a tuple of positive integers P = (p,), let
(G, P) = ,@L M(Puy) € (Pacy» Ppey)

denote the set of diagrams of map germs f,: R?®, 0 - R?® , 0. Here
-&(n) is the local ring of smooth function germs on R” at 0 with

maximal ideal m(n) and &(n,p) = (—% &(n). Let B(P)= @ O(p,),
vevV
0(f) = @ 0(f,) and define the morphism T(f):6(P) — 6(f) by
fel

T(f) (u(?v Xu) = [E:)L (Df/(XB(/)) - tf((th(/))'
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(For these notions, see [M1-4]). We say f is infinitesimally stable or
simply stable if T(f) is surjective, and f is trivial if

T(f)( ® @(pu)-) =0(/).

v#vo

The I, codimension C; (f) of f is defined by

Cr,(f) = dimgz8(f)/Im T(f) + D Sair,mPsy)0(f2)

where f,,, denotes the composition of f, along the oriented path from v
to the root v,.

A diagram Fe &(G,P+r), P+ r = (p,+r) is called an r para-
meter unfolding of fe&(G,P) if there are smooth imbeddings ¢, :
R —, R?v™" such that F, o/, = ¢p¢y0 f, and 7y, is transversal to
f;- Two unfoldings F, G of f are equivalent as unfoldings if there are
germs of diffeomorphisms ¢, of R?» such that F, o ¢yy) = gy 0 G, and
b,0¢, = ¢,p, Where 7.z, ¢, are the transversal inclusions of f to
G, F.

The equivalence relation I, introduced in the paper [N1] is defined
for diagrams f with C; (f) < co. We say that f, g are I, equivalent if
and only if they have unfoldings F, G which are equivalent as diagrams
(see Theorem 4.2.1 [N1]). If F, G are unfoldings of the same dimension
of f,g respectively then f and g are I, equivalent if and only if F
and G are I, equivalent. The I, equivalence classes ¢'o(f) project to
locally C® trivial semialgebraic manifolds in the jet space
J*G,P) = [] J*(Puecr» Ppy) denoted O'*(f) (Proposition 2.4.2-2 [N1]).

/el

Let Fe&(G,P+r) be an unfolding of f of the normal form :
F,(x,u) = (f,u(x),u), xeRP», wueR'. Then the jet section
TJEF :TIRP«) x R™ — J¥(G,R?) = [] J¥(RP=¢»R™@) is defined by

fel

TEF((xyr)su) = (J¥fru(Xa))) . Let Ag = J] R x RP8©)) denote the

felL

diagonal set {(x;,y;);ec|X, =y, <= a(£)=B(")}.

THeOREM 0.3.1 (Theorem 3.1.1 [N1]). — C* stable diagrams f € E(G,P)
are finitely determined : there is a function e(G,P) such that any diagram g
with the same e(G,P) + 1 jet as f is equivalent to f .
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THEOREM 0.3.2 (Theorem 5.1.1 [N1]). — The following conditions are
equivalent :

(1) F is infinitesimally stable,

(2) J¥©P*VF is transversal to Ag X QT*CP*n(f),

3) (Ofsu/0u(u=0)),c., i=1,...,r span coker T(f),

@ (0f,u/0u(u=0)),c., i=1,...,r span

8(/)/Im T(f) + B flerngmpyy) (/7).

THeoREM 0.3.3 (Theorem 5.2.1[N1]). — Two stable r-parameter
unfoldings F, G of f are equivalent as unfoldings.

TueoreM 0.3.4 (Proposition 2.1.1 [N2]). — The condition r < C, (f)
is an algebraic condition on the e(r) (=e(G,P+r)+1) jet of f, which
defines an algebraic set £°” < J*7(G,P = [] J*”(Pu¢)> Ppe)) Such that

felL
Terew(Z°7) < 29 for any s < r. If C (f) <7, f is e(r) — I, determined,
i.e., any g with the same e(r) jet as f is I, equivalent to f. (This is a
consequence of Theorem 0.3.1 and 0.3.3.)

We say finite /I, determinacy holds in general in &(G,P) if
codim X" - o0 as r — 0.

Here we state our transversality theorem.

TueorREM 0.3.5. — Let G = (V,L,‘.Au) be a finite oriented graph,
M = (M,) a collection of smooth manifolds and S < J*(G,M) a submanifold.
Then the set Fg of diagrams fe C®(G,M) for which the k jet
sections J¥f = (J*f,): || Myey » J*(G,M) are transversal to S is a

feL
countable intersection of open dense subsets.

From now on we apply all concepts for convergent graphs and
convergent diagrams of map germs to trees of diagrams fe C*(G,M).

Let fx, X, M,,, be a (finite) tree of a diagram fe C*(G,M).
The prolongation of fx is the tree fyx- defined by the set
X" =XufX)—-M,.

The critical point set Cy.)(f) © My, v # v, of f is the set of roots
x of (finite connected) trees fy, for which the prolongation
fx-=fxV x> (x) (X" =Xu f(X) =X U x) is not trivial. The
critical value set Dgy,\(f) = Mp,, is the set of roots f,(x) of those

prolongations : Dy, () = |  f4(Cuer)(N))-
B’ )=p¢)
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A tree fx is indecomposable if X, = C,,(f) for all £eL, and
maximal if furthermore any tree fx, with X ¢ X" is not indecomposable.
‘We see easily that any point x € C,(f) u D,(f) is contained in unique
'maximal tree (possibly infinite) called the maximal tree of x and denoted
Sfx,, and its branch on x e X, U f(X,) is called the maximal branch on
x and denoted f>. Note that X2 = |J Cy(f) N fri(x). Conventionally

we define X, = x if x¢ C,(f) u D,(f).

We call a diagram fe C*(G,M) a good representative of a tree fy
if the following conditions are satisfied :

(1) fx is maximal if f is indecomposable,

(2) The function C;(fx,) is upper semi continuous with xe M,,
veVl.

3) C,(f), D (f)c M, are closed and the restrictions
1 Curry(f) = Dpey(f) are proper and locally uniformy finite-to-one.

(4) For any subgraph G’, the restriction f is a good representative
of the subtree fx, X' = () X,.

‘el

ProvposiTioN 0.3.6 (Proposition 1.6.1 [N2]). — Any finitely I, determined
convergent diagram of smooth map germs admits a good representative,

CHAPTER 1
CRITICAL VALUE STRATIFICATION (CVS)

1.1. A canonical construction of CVS.

Let G = (V,L,A) be a convergent diagram of height 1 with root
Uy @ V={Uo,vl,.-.,vk}, L::{/l’"'sfk}9 {,’: Uy = Dy. Let
M= (M,,...,M,) be a collection of smooth manifolds and

f = (fi)l=1,.“.k! fiecw(Mtho)'

We suppose Whitney (B) regular stratifications S; of M, are given.
Let £(fil4), 4 € S; denote the set of points x € 4 where f;|4 is not
a C* submersion. Let Z;(f) = J Z(fil4), Ds(f) = fi(Zs,(f)) and

AeS;

k
Ds(f) = {J Ds,(f), where S stands for the k-tuple (S),.,, .. By the
i=1

A regularity condition for S, X5(f) is closed in M, .
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A critical value stratification (CVS) S’ of Ds(f) is a Whitney regular
stratification of Dg(f) which possesses the following properties : for any
i and strata 4, Be S;, U, Ve S’ (where we allow 4=B and U=V),

1) Z(fil4) 0 f7Y(U) is a smooth submanifold of 4,

() fi: Z(fil4) n f7Y(U) - U is locally diffeomorphic,

(3) Z(filB) n f7'(V) is Whitney regular over X(f;|4) n f7*(U),

4 Bn fi'(U) — Z(fiIB), Bn fi (M, — Ds(f)) are Whitney regular
over X(f;4) n f7(U).

If Dg(f) is a closed subset, the mapping / admits the Thom regular

stratification (S}, S") called the stratification of f associated with the
critical value stratification S’, defined by

Si = {ZUIDNfTHO), (A-Z(fil ) nfi (),
Anfi (M, —Ds(f)|4 € S;,Ue S’}

for i = 1, ..., k; (Thom’s A, regularity and Whitney B regularity of
S; follow immediately from the properties (2) and (3), (4) respectively.
For the definitions of Whitney B regularity and Thom’s A4, condition,
see [Gi)).

In general let G = (V,L,A) be a convergent graph with root v,,
M = (M,) a collection of smooth manifolds, and f e C*(G,M). Let
v* denote the set of vertices v’ € V with B(v') = v (£, :v'—>v) and let
f+ = (fdpwy-o- Now suppose that we have stratifications €,(f) of M,,
for which the union of strata with positive codimension gives CVS of
the critical value set D,(f) of f, :

DU(.f) = D@v+(fu+)’ (gu-*' = ((g”,)v’ev+ s
for any ve V (D,(f) = & for the source v of G).

Then f admits the stratification L (f) = (£,(f))sev associated with
(f) defined by &, (f) = ¢,,(f) and

Luery () = {Z(f14) n f71(U),
A-Z(f|A) n [ (U)|A€Coury(), Ue Lpi()}.

Now we construct a CVS for the following mappings. Let p,, ..., px
be positive integers and U; a semialgebraic open neighbourhood of
0eRP for i =0,...,k. Let S;,i=1, ...,k be Whitney regular
semialgebraic stratifications of U; and f;: U;, 0 - U,, 0 polynomial
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mappings. If the f|Zs(f) are finite to one, then by shrinking U, if
necessary, we may assume f; '(0) N Z5,(f;) = 0 and f;|Z,(f) are proper
hence Ds(f), S = (S)) is closed in U,. In this situation the germ of
Dg(f) at 0 is well defined by the germs of f; at 0, and we have:

ProposiTioN 1.1.1. — Dg(f) admits the CVS €s(f) so-called canonical
critical value stratification, which possesses the following properties : The
germ of Es(f) at 0 is well defined by the germs of the f;. Let
g Vi, = V, be polynomial mappings and S; stratifications of V; satisfying
the above conditions. If there are germs of diffeomorphisms ¢; of RPi such
that ¢oo fi = g0 ¢, and &,(S) = Si, then do(Fs(f)) = €s(8).

Proof. — We construct a filtration Y, o Y., © --- o Y, of the
critical value set Y, = Dy(f) (d = dim Dg(f)) by semialgebraic subsets
Y; of dimension < i inductively, so that M; = Y, — Y,_, and M, = Y,
are Whitney regular submanifolds, dim M; = i and possess the properties
(1) — (4) of CVS.

As induction hypothesis we assume that we have constructed a
filtration Y, > --- o Y; with the conditions (1) — (4) for 4, Be S,
j=1,...,kand U=M,, V=M, i+ 1<m, n<d. Then we
define Y,_, in the following way : Let

@) Y=Y, - X(¥)

G vi=vi- (U BXL,M)

(i) Xa =4 n f7Y (YD) Z(f;l4) for each 4 € S,
(iv) Xi = X4 — Z(X3)
v) Xi=Xxi- U B(X3: X5

BeSj

U BXA.fi'(YHnB-Z(f|B))

BeSj

- U B(X%,Z(f;1 B)n f71(M,))

- U B(X%, f7 Y(M,)nB—X(f;| B))

U B(X%.f7 (Us=Ds (7)) N B)

Be S;

(vi) X2 = X5 — Sing (fj| X3).
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Here X(Y;) denotes the set of points x € Y, where Y; is not a smooth
manifold of dimensioni, B(X,Y) denotes the set of points x € X where
Y is not Whitney regular over X and sing (h: X — Y) is the set of
points x € X where h: X — Y is not of maximal rank. Then Y], Y?Z,
X}, Xi, X§ and X5 are all semialgebraic, X} is open in X} and
dim(X}—X3) < i (for the properties of semialgebraic sets, see [Gi]), so
we see that dim fi(X,—X3) <i and f;: X} » fi(X3) < Y? is locally
isomorphic by the assumption that fi|Zs(f;) is finite-to-one and the
refining process (vi). Let

(vii) Yi=7Yi - U fXa-X9.

Then Y? is smooth of dimensioni. Now we define Y,_,=Y,—Y?. We
claim that Y;_, possesses the required property. The properties (1) — (4)
of CVS for M;=Y,— Y,_, involving the other strata M,,
£=i+1,...,d and 4, Be §; follow respectively from the refining
process (iv), (vi) and (vii), the 4-th term in RHS of (v), and the 5-th
and 6-th terms in RHS of (v). f 0 #n=dimY,_;, <i — 1, then we
define Y, , = Y,_,= --- = Y, and go on to the next step of refining
Y, to define Y,_, so that M, = Y, — Y,_, is smooth of dimension n
and satisfies the required properties. If n = 0, we complete the induction.

By construction the filtration Y, > .-+ = Y, is determined by the
germs of f; at Zsj(fj) < U;. Since f,-lZsj(f,-) are proper and
fj“(O)mZSj(fj) = 0, the germ of Y, at 0e U, is determined by the
germs of f;. The naturality of the germ of %s(f) at 0 with respect to
coordinate transformations is clear.

1.2. Some properties of CVS.

ProrosiTiON 1.2.1. — Any stable convergent diagram of smooth map
germs f € &(G, M) admits a representative f = (f,), f,: Uy, = Uy, defined
on open neighbourhoods U, of 0 RPv, with a CVS €(f) = (%,(f)) such
that the restrictions f,: ng)m(ﬁ) — Ug, are proper and finite-to-one.

The germs of €,(f) at 0 are well defined by f, and called the canonical
CVS and denoted €(f) = (4,(f)). If f is a diagram of polynomial map
germs, U,, €,(f) and €,(f) are semialgebraic. Let ge &(G,P) and
assume there are germs of diffeomorphisms ¢, of (RP»,0) with
baiy0 810 by = £, for L€ L. Then $,(8,(f) = 6,(g) for ve V.
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Proof. — By the determinacy theorem (Theorem 0.3.1), stable
diagrams are equivalent to diagrams of polynomial map germs. So it
suffices to prove the statement for polynomials f,g. We construct
%.(f) by descending induction on the height of vertices v e V.

Let f . denote the restriction of f to the edges 7,: v — v. We
assume that there are semialgebraic open neighbourhoods U, of 0 € R?v,
fe(Usey) © Upy such that the restrictions of f to the branches G, , on
v', B(t') = v, admit the canonical CVS &,» on U, , v" < v'. We will
construct a stratification %,(f) of U, so that the union of strata with
positive codimension gives the CVS of the critical value set ng cn(f+)

of f . with respect to € .(f) = (€ (/))pw)=o-

By Proposition 0.3.6, we may assume that (f,|U,,) is a good
representative of f. By the definition of the critical sets in Section 0.3,
a tree fy with its root in U, and vertices of height 1 off the critical
sets €y (f), B(v') = v is trivial. Therefore we see Zq, ,,s( 1) € Cuiy(f)
for ¢ with B(¢) = v. By the properties of good representatives, the
restrictions f;| Z¢ ol f) are also proper and finite-to-one, for Z¢, on )
is closed in Uyy,.

By Proposition 1.1.1, there are semialgebraic open neighbourhoods
Uy of 0e Uy, for v', B(v) = v such that the restriction (fz| Uye)per=0
admits the canonical CVS &,(f) of the critical value set

U £y (). We put Uy = Uy f75(U3), BO) = o for
B(&)=v

v” < v. Then the restrictions €,»(f) N Uy», v" < v gives the CVS of
(f|Us))uiey<v- This completes the construction of the canonical CVS
of f by induction. The final property of CVS in the proposition follows
from the naturality of the canonical CVS in Proposition1.1.1.

Now we state some properties of the above CVS.

ProrosiTioN 1.2.2. — Let G = (V,L,A), G' = (V',L’,A’) be conver-
gent diagrams with a common root v,, and let P = (p,),cvy, P’ =
(PY)ve v be tuples of positive integers with p, = p, . Let fV f' denote
the union of f € £(G, P) and ' € £(G', P). If f V [’ is stable, so are
fand f', and €,,(f"), €,,(f") meet in a general position at 0 e R and
Co(fV ) = €0 (/) 0 Eo(f).

Proof. — This follows from the construction of the canonical CVS
and its naturality with respect to coordinate transformations.
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For a stable convergent diagram fe&(G,P) we define
codim (f) = (codim,(f)),.v by (codim X,),.,, where X, is the stratum
of the canonical CVS containing the origin 0 € R?» (we put codim X,=0
for the sources v of G). The uniqueness of stable unfolding (Theorem 0.3.3)
enables us to define codim (f) for finitely I, determined f € £(G,P) to
be the codimension codim (F) of its stable unfolding F. By definition
of the equivalence relation I, in this paper (section 0.3), codim (f) is
determined by the I, equivalence class of f.

From now on, we say that a finitely /, determined diagram f is
topologically trivial if codim , (f) = 0 (it seems that f is topologically
trivial if and only if C* is trivial. For the definition, see Section 0.3),
and we call f is topologically indecomposable if all prolongations f;- of

branches f; on v € V are topologically non-trivial, in other words, for
some stable unfoldings, F, 2%(/)(“(17’) = ¢ for all e L.

We call a sub tree fy of the maximal tree fx of x of f e C*(G,M)
with C; (fx) < oo, the topologically maximal tree of x if fy contains x
as a vertex, fy is topologically indecomposable and its complement fy - x
is topologically trivial. We denote this tree by fi,, and its branch on
X BY fiop,br, 1€

XY = U Frn)nPX),  xeM,.
The topologically characterizing tree fi,, »» of x is the union of the
above fi,,, , the sequence f:x — f(x) —» f*(x) --- - f"(x) e M,, and
the tree

ftoPXﬂI(x) : meih - topr Y {x’f(x)’ e ’fh_l(x)} v topth(x) '

The next proposition follows directly from the construction of the
canonical CVS.

ProrosiTioN 1.2.3. — Let f € &(G,P) be a stable diagram and let
f=q: Uyy—~ Upe)) be a good representative as in Proposition 1.2.1.
Then the canonical CVS %,(f) and the associated stratification & ,(f)
coincide with the partitions of U, by codim f,,, br, codim f,, «n, respectively.
And the germs %,(f)., ¥.(f), at x coincide with (gx(ﬁopxbr),

Vx(prxch) respectively, where x’s are regarded as vertices of the underlying
X

oriented trees prxgr, Jopyeh -
X
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1.3. Construction of the stratification of the jet space
of convergent diagrams.

Let e(r)(= e(G,P+r)+1) be the increasing function in Theorem 0.3.4
and X < J*(G,P) be the well-defined set of e(r) jets of diagrams
f€&(G,P) such that C, (f) > r (in other words, f does not admit a
stable r-parameter unfolding). By Theorem 0.3.1, 0.3.3 and 0.34, a
stable unfolding of f with C, (f) < r is uniquely determined up to the
equivalence of diagrams by the e(r) jet of f. So we can define the set
S¢(G,P) = J(G,P) — 2 by

S{7(G,P) = {zeJ"(G,P)—E”| codim f=1,n""(f) = z},

for a tuple I = (c,),.v of non-negative integers (C,=0 for the sources
v of G). Then S¢”(G,P) defines a partition of the complement of X7,
denoted S°”(G,P). Again by the finite determinacy of stable diagrams,
S“(G,P), r=0,1, ... defines a partition of &(G,P) — £ by pro-sets,
where X is the set of non finitely 7, determined diagrams.

ProposiTioN 1.3.1. — Let f e &(G,P) be a stable diagram and f,
#(f) and & (f) as in Proposition 1.2.1. Let X,, X, (X,=U, for sources
v € Xoy=2(F/|Xue ) f7 " (X)) be the strata of €,(f), Z,(f) containing
the origin in U,, respectively. Let I = codim f = (codim X,),., and
assume that codim Y < codim X, for all other strata Y € 4(f) and ve V.
Then Je(O)f((xa(f))feL)ES?(O)(G’P) X Ag if and only if Xy €Xie,
Xpe) € Xy and fo(Xoe)) = Xpey for all £ € L, (where e(0) = e(G,P) + 1.
See Section 0.3).

Proof. — Tt suffices to prove the statement for indecomposable stable
diagrams. First we prove the «if » part. Let X = (xy)),e. be as above
and let f¢ denote the maximal tree of the good representative f including
the tree fy. By the properties (1), (2) of CVS, Z(f,1Y) n f7'(Xj)) is
a smooth submanifold on which f, restricts to a locally isomorphic
covering map onto X, for any Y < @, ( f).  Since
Z@a(g)(f)(.ft’) N f71(0) =0, we sce

E@q(f)(f”)(f/) N 7 X)) = 0 Xay) 0 17 Xpoy) = Xy

and the restriction f,: X)) = Xp, is isomorphic. So we see by
Proposition 1.2.2, the CVS of f x-x is trivial at its roots xg., in those
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strata Xp,,, in other words, f x-x 1s topologically trivial, thus
Gupe)([2) = €xy,(fx) and the germ of %por(f) at the vertices xp,

coincide with these germs. In particular we have

codim fyx= (codimensions of the strata of %,(fy) containing x,)
= (codim X,),.v = codim f.

Conversely we assume a connected tree fx, X = (X,,,) has a vertex
fe(Xaey) off the stratum Xp,, for some £ e L. Let f;y be the maximal
tree with X < ¥, and x'e U, one of the highest vertices of f, where

fx is branching off fx. Let f x, denote the branch of fx on x' and
fx, the sub graph of f¢ branching off fy at x': X, = X¥ — X¥ (a
connected component of fz—fx). By Proposition1.2.2, we have
Gy (f)y = €o(fx) N €+(fx). By the condition of the proposition, the
stratum of %,(f)r containing x' has codimension smaller than
codim X,, = codim, (f). So we have codim (fx) # codim (f) = I. This

completes the proof.

ProrosiTioN 1.3.2. — Let I = (a,),.v be a tuple of positive integers
(a,=0 for sources v). Then the set S{"”(G,P) < J*”(G,P) is a semial-
gebraic submanifold of codimension Z po t ay, — Z b,.p,, where b,

v#£Vy veV

denotes the number of edges £ € L with (B({) = v.

Proof. — Let ze 8¢7(G,P) « J*”(G,P) and let
F=(F)c € EG,P+5), F,:(R=0",0) — (RPBO™,0),

F,(x,u) = (f, ,(x),u), xe R ueR° be a stable sequence of poly-
nomial map germs unfolding the polynomial map germ f, such that the
r-jet section JF: [] RPex R*=J(G,R") (= [] J#”(R"«), R%®))) is
v # Uy el
locally diffeomorphic at the origin, and by Theorem 0.3.2, F is stable.
Let #(F) = (¥,(f)),cv be the canonical stratification of F and let &,
be the strata of &,(F) containing the origin in R?»**. By Proposition 1.2.1,
each &, is semialgebraic and F,| %y : Lury = Lpe is isomorphic. Let

X = (Xa))rer € H L atr € H RPa) ™ Jou(Xar)) = Xper)

el fel
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a-nd 161 AX_/ = ((xu(/))/L, u) € I—[ RPa¢) x R with (xa([), u) € ya({) and

tel

Fy(Xoy,4) = (Xpey, ) . Then both X and X are semialgebraic submanifolds.
By Proposition 1.3.1, we have

X =JF Y(SHG,P+r)xAg), Agc [] RO x RO,
(el
and by the definitions of S7(G,P) and S}(G,P+r), we have
X=JTF '(SUG.P)xAs), Asc [] R x R
el
Since F is a sequence of polynomial map germs, J"F is also a polynomial
map germ, and since J'F is a diffeo-germ, the image S7(G,P) X Ag of
X is a semialgebraic submanifold. Now we have the following equality,
dim S}(G,P) x Ag = dim X = dim &
from which we have

codim S7(G,P) x Ag = Y, p,+r — dim A

Vp

V#Ug
= Y p, — Py, + codim S, in RPv
v#Vg
codim $7(G,P) = Y. p, — p,, + codim S, — codim A,
V#Vg
= Z Pyt ay, — Z bv'pu-
V#Ug veV
This completes the proof.
ProrosiTioN 1.3.3. — Let f = (f/);e.€E(G,P) be a finitely I,

determined diagram : C,(f) <r. Let Fe §(G,P+s), F,: (RP«O"*,0) -

(RP8O*5,0), F,(x,u) = (fs,(x),4), fso = f, be a stable unfolding of f,
and let <¢,:(RP,0) » (RP»**,0), veV be the inclusions. Let
€G(F) = (¢,(F)),cvy be the canonical CVS of F (¥¢,(F) is trivial for
sources v). Then <, is transversal to €, for all veV, if and only if
JOf is transversal to S{”(G,P) x Ag at (0),.,,€ [] R?.

V#Vg

Proof. — By Theorem 0.3.3, the transversality of ¢, to &, is
independent of the choice of the stable unfolding F. So we assume that
the e(r) jet section J*”F: [] R x R®— J“?(G,R?) defined by

U#UO
Fer) F((X,)op0go 4) = Jen fu((xs)vzv,) is the germ of a diffeomorphism,
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where  f, = (fe)rer€E(G,P). Since JOf =JPFos: [] R >

U#UO
[T RP» x R - J*O(G,R?) we see JOf ¥ S¢(G,P) x Ag if and only
U#UO
if ¢ J*OF~Y(S5”(G,P)*x Ag), where ¢ is the natural inclusion. As we
have seen in the proof of Proposition1.3.2, J* P F~}(S¢"(G,P)x Ag) is
the set of points ((x,),u)e [| R? x R° such that codim Fy = I,
v#U,

X = ((xy,u))y20,, in other words, by Proposition1.3.1,
(Xay, W) € Z(Fy | Xogr(F)) O F7 (X (F)) = Xy (F), £€L.
Let Pr: J] R? x R*— R° by the natural projection. The image of the

U#UO

inclusion ¢ is the fibre of Pr on 0eR*, so the above transversality
holds if and only if the restriction Pr: J*Of1(S,(G,P)xAg) - R® is
a submersion. Since the F,: Xy, (F) > X}, (F) are isomorphisms, this
holds if and only if the second projections P,: X,(F) > R® are
submersions, if and only if the inclusions 7, : R?» - R?»** are transversal
to &,(F) for veV, and if and only if g, is transversal to Cp)(F)
for /e L.

From now we say a finitely 7, determined diagram f e &(G,P) is
topologically transversal if the condition in the above proposition is
satisfied.

CorOLLARY 1.3.4. — Let f, F be as above. Then there is a good
representative F,F,: Uy, — Uy, of F defined on open neighbourhoods
U, of Ce RP*"* which admits the canonical CVS €(F) = (¢,(F)),.v and
the natural inclusions ¢,: RP» — RP»** are transversal to €,(F) (for the
definition of good representatives, see Section 0.3). In this situation, the
restriction f(F,| Uy, X RP«)x0) is a good representative of f, which
admits the canonical CVS €(f) = (¢,(F)|RP»x 0) and all connected trees
of f are topologically transversal. The germs of %,(f) at 0 are indepen-
dent of the choice of F and denoted €,(f). Let P (f) denote the
stratification of [ associated whith €(f). Then %,(f), F,(f) coincide
respectively with the partition of U,|R’» X 0 by the numbers
codim, f topxr = codim, f Xbrs codim [ topxen = codim f xeh associated with

those points x € U, N RP» X 0, where x is regarded as vertices of those
trees of f. Consequently the germs %,(f)., &.(f). at x coincide with

the germs (gx(itopxhr) = (gx(fXgr)’ yx(.ftopxch) = y(fx;h), respeCtively'
(For the definition of the above trees, see Section 1.2.)
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CHAPTER 2

SOME PROPERTIES OF CRITICAL SETS, MAXIMAL TREES
AND BRANCHES OF GENERIC CONVERGENT DIAGRAMS

2.1. Some generic properties.

Let G = (V,L,A) be a convergent graph, Q = (q,) a tuple of integers
0<gq,< 0. Wecall G a Q graph if each fibre B7'(v) of A: L >V
consists of at most g, edges (finite if g,=o0). Let ¢ : T = G, ¢ = (¢y,4.):
(Vr,Lr) = (Vg,Lg) be a morphism of oriented graphs. We call 7 a Q
morphism if T is a <%Q - graph.

Let P = (p,),.y be a tuple of integers 0 < p, < co. We say P
satisfies Condition Gg(G) if finite I, determinacy holds in general in
& ,s*P) for any Q-morphism (finite morphism) :I' - G.

We call a diagram (tree) fx of f of embedding type <: I - G
(defined by the inclusions of germs) a Q-diagram (Q-tree), if ¢ is a
Q-morphism.

Let 0 <7 < oo be an integer and U = My, a subset. We denote
by Agy the set of smooth diagrams f e C®(G,M) such that for any Q

tree fx of the restriction [, = (f;|fa4,(U)), the I, codimension Cr,(fx)
is at most r (finite if r=o00), and we denote AgZy=Aqy, AZMV0=A21.

ProrosiTioNn  2.1.1. - Let 0<r<owo, P+r+1=(dim M,
+r+1),cy and let U< M, be a subset. Then
0,0 = Apiri1v 0 = (00)ycy-
Proof. — From the definition it follows immediately that

ALy < Apyriry. Conversely let fe€ Api,+yp and for simplicity of
notations assume U = M, . Then we prove that any connected and
indecomposable tree of f with root in M, is a P + r tree, by the
descending introduction on the height h(v) of the vertices ve V. It then
follows that all finite trees of f admit stable unfoldings of dim < r
hence feAdl y.

We may assume inductively all indecomposable trees of f with roots
in M,, h(v) = h are (P+r)-trees of f. Let fy be an arbitrary finite
indecomposable tree of f with root x € M, of height h(v) = h. Suppose
that fy is a union of the prolongations f x;, of the branches fx of
fxon x;e X My,, B(/;) = v, fr,(x;) = x and that ¢ > p, + r 1.
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By the induction hypothesis these prolongations are all (P+r)-trees.
Let fy be a p,+r+ 1 union of these prolongations. Then, by
Corollary 1.1.4, at least one of these p, + r + 1 branches must be
trivial. This contradicts the assumption that fy is indecomposable.
Therefore fyx is a union of at most p, + r prolongations, and in
particular is a (P+r)-tree. This completes the proof.

Our purpose in this chapter is to prove

THEOREM 2.1.2. — Let G = (V,L,A) be a convergent diagram with
root vy and M = (M,),.v a collection of smooth manifolds. Then the set
AR Co(G,M) is open in Cy(G,M) with the Whitney topology for
any closed subset K = M, , and if K is compact the set is open in the
weak C® topology. If P = (dim M,),. v satisfies the condition Gq then

N Cx(G,M) is dense in Cy(G,M) for any sufficiently large r and
the complement of A has infinite codimension : any smooth family f,,
u € R* .of  arbitrary ‘dimension s can be approximated by a smooth family
fuin A3

Remark. — It seems that if finite /, determinacy holds in general
in £(G,P) then P satisfies Condition G4 for any Q. So although we
state everything for general Q in this and the next chapters, we will
prove them only for the case Q = o0 = (0),.v, and restrict ourselves
to reminding here that the topological stability theorem in Section 0.1
can be proved under the Condition Gp,,. For the case of @ = P + 1,
there is only one point of the proof that does not go the same in
those proofs, that is, the maximal trees may not be finite. However, if
we define topologically: ' maximal trees by substituting C° triviality for
C® triviality in the !definition, then those trees are finite, and the rest
of the proof remains valid.

2.2. Some properties of critical sets
and maximal trees and branches.

To generalize the notions of C,(f) and D,(f) of diagrams
feC®(G,M), let O = (q,),.v be a tuple of positive integers. The set
Cyo(f) is defined to be the set of roots of Q trees of f in M,, whose

prolongation is not trivial and D, o(f) = () f/(Cuee(f)). Clearly,
B)=v
L Cye(f), Dyo(f), 00 = (0),.y coincide with the sets previously defined
‘i(in Section 0.3).
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THeorREM 2.2.1. — Let G = (V,L,A) be a convergent diagram
with root v, and M = (M,),.v be a collection of smooth manifolds.
Let K< M, be a subset, O0<r<oo an integer and
f=U)edokn Cu(G,M) (resp.  Azxn CR(G,M)), 0Q0=(q)vev
0<g,<oo integers). Then there is an open neighbourhood U of K in M,
such that the following properties are satisfied for any integers k = 0,
1, ..., G): '

(D CoNINSfog(U) (resp. Coq(NINfuny(U)) is closed in [ (U) for
any veV, h(v) = k.

Dk Do(N)NSfuuy(U) (resp. Dyo(f)Nfuny(U)) is closed in f,, (U) for
any veV, h(v) =k and the restriction f;: Cyr)(f) O foior,(U) =
Dy (f) N f;;(l/)uo(U) (resp. fe: Cunra(f) N f;<1z)u0(U) = Dgeyo(f) 0
f‘;(‘,),,o(U)) is proper and locally uniformly finite-to-one for any £ €L,

h(B(p)) = k.

(3)x For any veV, h(v) = k, the number of vertices of the maximal
branch fx»x on x is locally bounded ‘at. any: point xe f,, (U) and .if
X, € foun(U) is convergent to a point xe f,,(U) as i— oo then

00
X 21' - X ie., X¥ is the cluster point set of U X 2?. (The coherence of
maximal branches.) i=1

(4), For any connected. tree (resp. Q tree) fx of f with root in
foy(U), h(v) = k, the I, codimension C;(f.) <r+ 1.

5) fedyyn CH(G,M) (resp. AqunCau(G,M)).

Proof. — We consider only the case .f € A%,. The other case can
be proved similarly.

We prove the statements by descending induction on the height k-
of vertices. The outline is as in the diagram :

(1)k+1 (2)l>k+l (3)k+1

————— . —

ﬂ

Mk (e = Gl @, @i, 0<i= (5.
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e+, @isres Brs1=> (2. First  we  assume (s :
C,,(f)r\f,,‘vt(U) is closed for any veV, h(v) = k + 1. Since f, are
proper, the restrictions f,: Cy,\(f) N f;(l,),,o(U) = foaer,(U), h(a(f)) = k
are also proper and the union of the images

Dy(f) 0 faior(U) = U fA(Currs(F) 0 fairro,(U))

MS)=v

is clqsed in f,,,(U) for any ve V, h(v) = k.

Next we assume (2); for k <i and (3);+,. Then for any point
x € fatw,(K) h(a(f)) = k, the prolongation of the maximal branch
fxw~ is finite and Cp(fx") <r + 1, and by Proposition0.3.6 there
are disjoint open neighbourhoods U, of the vertices ye M,, ve V of
fx such that the restrictions f, = (f,: U,»U,)), yeXY 0 My,
£ €L is a good representative of the tree fy»~. By (2);, k < i, we may
assume that the maximal branch Sxes on x' e U,
is a tree of the restriction f, for all xe f;(}),,o(K). Then by the
properties of good representatives we see that
Cm(l)(f)‘ﬁ Ux = Cx(fx) and f/: Cu(/)(fx) N Ux - Uf/(x) are uniformly
finite-to-one for any x e fg(,‘)vo(K), where x is regarded as a vertex of

the underlying oriented graph of f,. Since f, are proper, we may
assume that, by shrinking the neighbourhood U > K,

f;({l)vo(U) < U Ux;

xef;(/l)uo(K)

from which the statement (2), follows.

(2)isx = (3)x. We assume the statements (2); for k < i:
fe: Coy 0 fatrg(U) = Dgey (f) O fair,(U)

is proper and locally uniformly finite-to-one for any /€ L, h(B(¢)) > k.
Let ve V be a vertex of height k. Then X2 = Cy(f) 0 fyi(x) is a
finite set of which the number of elements is locally bounded at any
point x € f»(U) and v' < v by the assumption above, and the union
XY = () X% gives the maximal branch of f on x. The coherence of

v'<v

the maximal branches follows from the properness of
So1Coiry 0 f;(,l)UO(U), M) < v.



TOPOLOGICAL STABILITY THEOREM 483

(3)r = (1),. We assume (3),. Let ve V be a vertex of height k and
let x;eC,(f)n f ,;,;(U) be a sequence convergent to a point
x € fuoy(U). By Proposition 0.3.6, there are open neighbourhoods U,

of vertices y of the prolongation fy» of the tree fy»r on x such that
the restriction

fe= " Uy—’Uf,(y)), yeXy N My, €L

is a good representative of fx». By the coherence of maximal branches,
the prolongation fy»~ is a tree of f, hence x; € C.(f,) for any sufficiently
large i. By the prof)erty of good representatives, the critical point set
C.(f,) < U, is closed so it follows that x e C,(f,) = C,(f). Therefore
c.(N mf;,,;(U) is closed in f;,;(U).

(3)s = (4);. Let ve V be a vertex of height k. By the same argument
as the implication of (2);, any maximal branch fy»x on x' € f, (U) is
a tree of a good representative of some branch fy» on xe f,, (K).

By the assumption, we have C, (fx») < r and by the property of good
representatives, we have C; (fx») <r.

4);, 0 < i= (5. Trivial.

This completes the proof of Theorem 2.2.1.

2.3. C* stability and infinitesimal stability.

In this section, we prove a theorem on C* stability of diagrams as
an application of our theory of maximal trees and branches
(Theorem 2.3.1). This theorem was proved already by Baas and
Dufour [B1, Du], however the part of implication (3) = (2) is not clear
in their papers. The reader may appreciate our theory in proving this
part.

Let feC®(G,M) be a convergent diagram of smooth mappings.
Let Q = (g,),.v be a tuple of integers 0 < ¢, < o0. We say f is multi
(resp. Q-) infinitesimally stable if any finite (resp. Q-) tree fy of f is
infinitesimally stable.
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Our theorem is

THEOREM 2.3.1. — Let G = (V,L,A) be a finite convergent tree with
root vy and let M = (M,),.v be a collection of smooth manifolds and
f=U2)er€ Co(G,M). Then the following conditions are equivalent :

(1) f is C* stable,
(2) f is infinitesimally stable,
(3) f is multi infinitesimally stable,

(4) f is (P+ 1)-infinitesimally stable, where P + 1 = (dim M,+1),. .

The part (2) < (1) is a generalization of Mather’s theory of adequate
homomorphisms [M1], and can be found in the papers[Bal, Bu, Dul].
The implication (2) = (3) is obvious.

By Proposition 2.1.1, the conditions (3), (4) are equivalent.

Proof of the implication (3)=(2). — We fix an element
v=@® v,€d(f) = @® 0(f,). In the remainder of this section, we
el el
construct a « = @ #,€0(M) = @ 0(M,), such that T(f) («) = » by

veV veV

induction on the height of vertices ve V.

Let C*(f) = M, denote the set of points x € M, whose maximal
trees fy_have their roots in M, h(v') < K, for any ve V and integer
h>h(v). It is easy to see Co(f) = ()  fal(Cu(N)).

h)Zh@")>h
By Theorem 2.2.1, the critical point sets C%(f), h(v) > h are closed

and the restrictions f,: Cly,(f) = Chey(f), h(B(£)) < h are proper and
locally uniformly finite-to-one.

Let 0 < h < h(G) be an integer. We assume that for each veV,
there is a vector field «2~' defined on an open neighbourhood U}™!
of CFY(f) in M,U!'=M, for veV,h(v)<h—1) such that
fA(Uz) = Upey, £€L and the restriction f|U"™" of f to the open
neighbourhoods U™, ve V satisfies

F( Us~1)< ® as-l) - @ WU,
veV felL
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We then extend «"! to vector fields «" defined on open
neighbourhoods U” respectively for ve V so that the restriction f|U"
satisfies the equality above. The final step h = h(G) of the extension
of vector fields completes the construction of a vector field
«= @ w,= @ «'? with the required property T(f) («) = ».

veV veV

Let ve V be a vertex of height h and xe M, — C* !(f). Then the
prolongation fy»- of the maximal tree fx» on x is trivial:

T(fxr) = OMy)) = 0(f ).

where O(Myw-) = ® O0(M,),. So there is a vector field
x’eX:rnMU
VeV

«® = @ wi € 0(Mxx~) such that

- h—1 _ _
T(fxr ) (@ @upirryw) = vxr- = @ Uyt
x' e X2 AMy
VeV

Let « be representatives of «J defined on disjoint open neighbourhoods
U% of vertices x' e X A My, veV in M, — C%'(f) such that

(i) f/(U%) € Uf,ur), for x' e X3 0 My, £€L,

(i) Ciry(N) N faenUD = () Uy for £eL,

x’ eXB'r\Mm(,)

and
(i) T(f| U")< ,®th— Z;ir@aé‘(})‘) = o|U*,

where f|U*, »|U* denote respectively the sets of restrictions f,|U%,
v |U%, X' e X' N M,,, £eL (the existence of such representatives
is proved by Theorem 2.2.1). Let x,e M, — C*"!(f), i=1,... be a
countable family of points such that Cj(f) — U;™" < | ) Uj!. Then by

the property (i), we have
cuf -ukte \J U,

for all v < v.
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xj

By shrinking the open neighbourhoods Uy, x' e X ,i=1,2,...,
we may assume that {UZi} is locally finite. Then we can take a partition
of unityh;: U >R, h,: U '(f) > R subordinate to the covering
{(Ud,i=1,2,..., Uy '(f)} of M,. Now let

—_ X;
uh=uUi'v ) UL, v <
x’sXﬁ‘;
i=1,2,...

and define the vector field «% on Ul by «"= 4" for veV,
h(v) < h—1, and

h — % h—1 * xi
Uy — fu’vhu-“v’ + Z 7fv’uhv'“x's
x e X%
i=1,2,...

for v < v. Then U? and «! have the required properties.

This completes the construction of the vector field «~ hence the
proof of the implication (3) = (2).

2.4. Proof of Theorem 2.1.2.

We prove the openness of AZx. The openness of the other sets
follows the same way.

r+1

First we prove that ALx n Ch(G,M) is a neighbourhood of
ALxn CR(G,M) in the weak C*® topology if K is compact. Since
the weak C*® topology has countable open basis it suffices to
prove that for any sequence f;€C(G,M) convergent to an
fedlxn Cn(G,M), fie A%k for any sufficiently large i. Then f; can
be imbedded in a smooth one parameter famility f,e C;;(G,M) so that
fi, = fi with a sequence t;e R convergent to 0 (see the book [Gi],
p. 146). Let Fe C*(G,M xXR), F,: M,y x R > My,, X R,
F,(x,t) = (fs(x),t). In general for an unfolding He &(G,P+s) of
he &(G,P), we see Cy(h) — s < Cp(H) < Cy(h) by definition of the
I, codimension. So we see Fe A, x N Cp(G,M xR), K= M, X 0 and
then Theorem 2.2.1 applies to F and shows that there is an open
neighbourhood U of Kx0 in M, xR, such  that
FeALy;n CH(G,M xR). Since K is compact, K X t; ¢ U holds for
any sufficiently largei, and for such i we see that Fe A kx,, from
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which we have f, e Ax = AZx. (By a more detailed argument, we

can prove that f,€ALg.) This argument shows that
Ak 0 CR(G,M) is open.

Secondly, we prove the openness of AQMUOnC;‘,’r(G,M) in the

Whitney topology. Let K;,i =1,2,... be a locally finite covering of
M, by compact subsets and f e A, N C(G,M), r < oo. Naturally we
then expect that the countable intersection [ A;*,}i N Ca(G,M) =

ALY N CR(G,M) of the open neighbourhood ALy, N C(G,M) of f
is again an open neighbourhood in the Whitney topology. This argument
has already appeared in the book [Gi] to prove the topological stability
theorem for single-mappings f € Cy(N,P). Unfortunately we cannot
find a satisfactory reference for this argument in the generality needed
here. So we present a sketch of a proof to cover this point.

Since AQK‘imC;‘;(G,M) is open in the weak C® topology there
exist a positive integer r; and an open neighbourhood
U, c J'(G,M) of Jif(M), M = [] M,,, with the property: if

tel
J'ig(M) c U, then ge ALk, N C(G,M) (for the definition of the weak
C*® and Whitney topologies, see [M2]). We claim that r; can be chosen
independently of i. Then the openness of the intersection
() ALK, 0 Ch(G,M) is easily seen.

By Proposition 2.1.1, ALg, = Api}1k, for P = (dim M,),.y. By
Theorem 0.3.1, there is a positive integer e = ¢(G,P+r+2) + 1 < o
with the following property : let fx be a connected (P+r+2)-tree of a
diagram fe C*(G,M) of 1, codimension C,(fx)<r+1. If
geC®(G,M), and g has the same e-jet as f at X = u X, then
Crlgx) sr+1.

Now we use the following lemma which is proved in Appendix 1.

LemmA 2.4.1. — Let f: N — P be a smooth mapping of manifolds
N, P and U an open neighbourhood of J*f(N) in J*(N,P) and let 0 < s,
q < oo be integers. Then there is an open neighbourhood
U' < J*Y(N,P) of JI*Vf(N) with the following property : for any
ge C*(N,P) with J'*VYg(N) < U and any q distinct points
X1, ..., Xq€ N, thereis a g’ such that J*¢'(N) = U and J°g'(x,) = J°g(x;),
i=1,...,q.
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We apply the lemma to our problem in the setting: U = U,, k = r;,
s=e=e(G,P+tr+2)+ 1and q = [] dim M., + r + 2. Then we get

el

an open neighbourhood U} < J9“*P(G,M) of JI¢*Vf(M) with the
following property : for any ge C*(G,M) with J*“*Vg(M) < U} and
any (P+r+2)-tree g5 of g, there is a g' € C*(G,M) such that

@) Jig' (M) = U;

(ii) g; has the same e-jet as g, at X, = X " M,,, for all /e L.
From (i) and the property of U, it follows g'€ A, n Cp(G,M) and
in particular C; (gx) <r + 2, and from (ii) and the property of the

number e, it follows that ge Ap%%, %, = ALK,

This completes the proof of our claim.

Now to complete the proof of Theorem 2.1.2, we prove that if
P = (dim M,), ., satisfies Condition G, then

(1) Ay is dense in C®(G,M) with the Whitney topology for any
sufficiently large r,

(2) the complement of A4 has infinite codimension.

Let G' = (V',L',A’) be a finite union of convergent trees and
(¢v,e1): G = G(cy: V'>V.é: L>L) be a morphism and assume G’ is
a union of ¢$Q trees: these are strictly less than g, + 1 edges
¢'eL’ with B'(¢") = v' at each vertex v € V'. The set V'’ is naturally
indexed by the set V as v e V' - ¢, (v') e V. We denote by I'y the set
of these triplets (G',¢y,<.) as above.

Let ¢ = [ dper» J*(G. M) = J*(G,M)* and

felL

n: JHGM) > [] (Myeyx Mye))?

£el

the natural projection. Let A = [] (My¢)X Mpe))? denote the set of

el
(Xasi>Vpei)eers i =1, ...,q such that x,,; = X, for an feL,i#j. A
point (X,Y): X = (x4:), ¥ = (¥p.;) is naturally regarded as an oriented
graph Gyy=(Vxy,Lxy) : Vxy ={Xosi> Yari}» Lxy=1i: Xari>ypei}- The set
Vxy is naturally indexed by V': to X,.;, ypsi € Vyy it assigns the vertices
a(?), B(£) eV, respectively. For each triple (G',<y,<.) € I'g, we denote
by Ag the set of points (X,Y) < [ (Mye)* Mpe))? — A for which the

‘el
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-associated graph Gyy is equivalent to G’ as oriented graphs indexed by
the set V. It is easy to see that the Ay, G’ € I’y are smooth submanifolds

and Whitney B regular over each other.
Let J*f: ] Mis) - J*(G,M) be the multi k jet section of

felL
f={f)€C>(G,M). Then we see mo J*f(X)e A, if and only if the

tree fy (regarded as an oriented graph with index ve V for each
vertex x €(XUf(X)) n M,) is equivalent to G’, where

X = U X, X, e My, f(X) = U fi(X,).

ZelL el
We regard the fibre J*(G,P) of the projection © on (X,Y)e€ Ay as the
jet space JE(G',c%P).
By theorem 0.3.4, the set £ < &(G',¢%P) of f with finite codimension
is a pro algebraic set defined by algebraic subsets

B0 < (G ¢} P)

(") ¢ 2V « Cp (f)<r), and by the Condition G4, codim Z¢ —

o0 as r — oco. Choose an r so that codim ¢ > q. 3 P, for all
telL
G eT,.

Let S be a stratification of £*” invariant under diffeomorphisms
J(G',<%P) induces from coordinate transformations of the germs
R™v" 0 associated with vertices v’ € V', and let S < n7!(Ag) be
the stratified set with fibre S; over each (X,Y)e Ay and finally let S
be the union of Sy for G’ € I'y. Then the set S possesses the following
property : if J°f is transversal to S at X e[| MY, then J*f(X) ¢S

el
(for codim § > dim [ M g(,)> hence C;(fx) <r. Conversely any

el
connected Q-tree of fy of f is realised as a connected component of
diagrams fx defined above for Xe[] MY,,. From this property of S
teL
and the transversality theorem (Theorem 0.3.5), the density of A in
C*(G,M) follows.

The infiniteness of codimension of A3 follows from the same
argument using transversality and unboundedness of the codimension
of T¢” as r — .
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CHAPTER 3
PROOF OF THE TOPOLOGICAL STABILITY THEOREM

3.1. Topological multi transversality,
topologically maximal trees and branches.

Let fe C®(G,M) be a convergent diagram of smooth mappings,
0 = (q,)vcv a tuple of integers 0 < g, < o0, S a Whitney regular
stratification of M, and K < M, a subset. We say f is topologically
Q-transversal relative to S on K if : (i) any connected Q-tree f, of f is
topologically transversal and (i) if fy has root x,e M, then the
canonical CVS C, (fx) of fx at x, is transversal to S.

For the case q,= oo, veV, we say simply f is topologically
transversal relative to S (for the definition of topological transversality
of trees fx, see Proposition 1.3.3).

Let F=(F,)eC®(G,MxR"), M xR = (M,xR"),cv,
F,(x,t) = (fr(x),t), x€ My,y, teR", f,o= f, be an unfolding of f

such that the trees Fy, X = () M,,, x 0 are infinitesimally stable
el

unfoldings of fyx and let € (Fx) = (¥.(Fx))zexorx) be the canonical
critical value stratification of Fy constructed in Chapter 1.1. By Propo-
sition 1.3.3, the tree fy is topologically transversal if and only if the
inclusions ¢,: M, = M, X R", ve V are transversal to %,(Fx) at the
vertices x € X U F(X).

Let x,.(Fx) denote the stratum of %,(Fx) containing the vertex
xeXuU F(X). Let x,,....,x,€X be the vertices of fx such that
f(x;) = x, and let fy , Fx_ be the branches of fx, Fx on x;, and
f Xz, ini their proloﬁgatiohs (with root x). By proposition 1.2.2,
the canonical CVS’s (g"(FXii) meet in general position at x and
¢.(F)= |[) (gx(FX;,.)’ and in particular x(Fx) = () x,,(FX;i).

q

i=1,..., q i=1,...,

Therefore if ¢,: M, = M, x R" is transversal to ¥,(Fx) at x e M,, the
number of indices i for which €,(Fyx; ) is topologically non-trivial is at

most dim M, .

From the above fact and the same argument as in the proof of
Proposition 2.1.1, we have
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ProrosiTioN 3.1.1. — A convergent diagram fe€ A, is topologically
transversal if and only if f is topologically (P+ 1)-transversal.
P+ 1= (dim M,+1),.y. Any topologically maximal tree of f is a P
tree.

Using the same idea as Theorem 2.2.1, we prove

THEOREM 3.1.2. — Let feCxn(G,M) be a convergent diagram,
P+1=(dimM,+1),c.y, K= M, a closed subset and S a Whitney
regular stratification of M, . If f € Twxs = Awk, then there is an open
neighbourhood U of K such that fe€ T,ys = Ayy and the restriction

v=({,: f;(}),,o(U) - fﬁ(})uo(U))zeL admits a critical value stratification
with the following properties : f,:Z%(/)UU)(fU) = foer,(U) are proper,
U f,‘l(x)nga({)(,m(f/) consists of at most dim M points for each
B)=v
xef,,‘,,f) (U), and €,(fv), S meet in general position in U. The
topologically maximal branch fi .. on x € f ,,‘,,; (U) is given by the set

PXYr = U ﬂ E@u(,:)(fv)(ff’) N f;(}'w(x)

al)<v af)<a’)<v

and is topologically transversal (relative to S if v=v,) and the germ of
%, (fv) at x, €,(fy)x coincides with the canonical CVS € (fiop ) 0f the
branch fop . given in Corollary 1.3.4. :

Proof. — By Theorem 2.1.2, we may assume f € 4, ,. We construct
the CVS with the properties in the theorem by descending induction
on the height of vertices ve V. So we assume that f, admits a CVS
€y (fy) for v' < v with the desired properties for the restriction of f
to the branches G, on v, B(v') = v, and then we construct €,(fy).

By definition the topologically maximal branch fmpxgr on
X € fu, (U) is a union of prolongations of topologically maximal
branches on some points x'e f;'(x), B(¢) = v. Let Fmpxz,‘ be an
infinitesimally stable unfolding of the prolongation f top yir - of dim r.
Since f top xir is topologically transversal by the induction hypothesis, the
inclusion ¢, : M,,, = M,,, X R" is transversal to the canonical CVS

%x,(F,Opr’,) (Corollary 1.3.4). Hence

E‘ﬁ’x'(ftol?ng)(f/) =iy (Z@X'(Fmpxgy) (Fy))
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and fiop - is topologically trivial if and only if Zg . <Fmpxhr)(Fx’) =7
if and only if X, (,topxhr)(f ;) = &. So we have

ey = N eyt fer) O fann(x).

a)<v a)<al’)<v

Since the f, are proper and Zeyrs ) E faen(U) are closed,
f,:Egu(,)(f,p(f:)—’f scw,(U) are also proper and in particular the
topologically maximal branches fi,,,., X € f5} (U) are coherent in the
sense of (3);, in Theorem 2.2.1. )

Let xe f ,,‘,,; (K). Then the branch f\,, 2 is topologically transversal.
Let F* = (F})ier, FfiMyy X R > My X R, Fi(y,u) = (f7.(y),w)
for ye M.y, ueR", f7, = f, be a smooth unfolding of f of dimr
such that the tree Fi,,,, on x is infinitesimally stable and its restriction
Afopxg, =F;:Uy->U ,:,:)), x' € *PX? to some open neighbourhoods
U, of the vertices x'€** X N M, in My, x R", v <v is a good
representative of Fopyor with the properties in Corollary 1.3.4.

Using the same notation as in Corollary 1.3.4, the transversal
intersections €. (Fiop,e) N M, X 0, x" € XY A M,, v' < v give the
canonical CVS  denoted %+(f*) of the restriction of f to open
neighbourhoods Uy M, x 0 of x' e M. Since f topyprs X € Sy (U)
are coherent, we may assume, by shrinking U, that f top iy, is a tree of

f*if x"eU,n M, x 0. Then by Corollary 1.3.4, the germ of €,(f*)
at x" coincides with the canonical CVS €.+ (fop X%) of the maximal
tree f on x". Therefore the %,.(f*) x € foy (K) glue up to give a
stratification of () U,n M, x 0.

xef Lk
Tahao

Finally, by shrinking U so that [, (U)c (J U.n M, x 0, we

xe f;”:)

complete the induction step.

In the same way as the implication of Theorem 2.2.1 to Theorem 2.1.2,
the above theorem (Theorem 3.1.2) for topological transversality implies
the following.
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THEOREM 3.1.3. — The set Ty,xs N Cpr(GyM) = Ay 0 Cii(G, M) of
convergent diagrams f topologically multl transversal on K relatwe to a
Whitney regular stratification S of M, is an open subset in the Whitney
topology if K = M, is closed.

3.2. Proof of the theorem.
First we prove the following theorem.

THEOREM. 3.2.1. — Let fe A, N Cp(G,M) be a convergent diagram
of proper smooth mappings and let S be a Whitney regular stratification
of M,, by relatively compact submanifolds. If f is topologically P + 1
(hence, multi)-transversal on M, relative to S, then f is topologically
stable.

Proof. — By Theorem 3.1.3, there is an open neighbourhood U
of f in Cy(G,M) such that any ge U is topologically multi-trans-
versal relatlve to S and joined to f by a smooth path f,eU,
teR with f,=f, f,=g. Define the unfolding F = (F),
F,: M,y X R—> Mg,y X R by Fy(x,t) = (fe(x),t), xe My, teR. Let
f top xbr > Ftovx:r be the topologically maximal branch of f,F on

xeM,c M, x R, and let F,opxh, be an infinitesimally stable unfolding
of F,ODX,,,. Then the canonical CVS of f top yor » prx‘,r are given by the

transversal intersections of the canonical CVS %, (Ftopxb,) x etoR b

with M,, M, x R respectively as described in Corollary 1.3.4. Therefore
Ftopxg, is also topologically transversal relative to S x R and the
inclusion¢,: M, - M, x R are transversal to the canonical CVS
@ (Fiopyn) at each vertex x'eX" AM, veV and Eolfiopyn) =
‘5 1(Fme’,Z,). By Theorem 3.1.2, F admits CVS %,(F) of M, x R such

that €, (F) is transversal to S X R, and the germ €,(F),, coincides
with g(x,n(Ftopx}’r )) for any (x,t)e M, X R, ve V. The transversality of

the inclusions ¢, : M, —> M, X t « M, x R to the CVS’s shows that
the second projections M, x R - R are stratified submersions, i.e.,
submersive restricted to each stratum of %,(F). Let &, (F)=
N F ,,UO(% (F)nF ,,UO(S) v e V be the canonical stratification associated

v<v’

to the CVS’s €,(F), ve V. Clearly the second projection M, X R - R
are still stratified submersions.
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Since f,: Mye) = Mgy, teR, £ €L are all proper and the strata
of S are relatively compact, the strata of S,(F), ve V are also relatively
compact. Now we apply Thom’s second isotopy lemma to the prolongation
(F,Pr) with the second projection Pr: M, x R — R. Then (F,Pr) is
topologically locally trivial and in particular the sectional mappings
f=1fs, g = f, are topologically equivalent. This completes the proof of
Theorem 3.2.1.

Now we prove the main theorem.

THEOREM 3.2.2. — The set T,sn Cy(G,M) is open dense in
A, N C(G,M) with the Witney topology.

Proof. — The openness is given by Theorem 3.1.3, and by Proposi-
tion 3.1.1, Tyg = Tpyygsfor P+ 1 = (dim M, +1),. . It remains to show
Tpi1sn C(G,M) is dense. We use the same relation as in the proof
of the densxty of Ap.y 0 Cpi(G,M) in Theorem 2.1.2.

Let ¢ = [] gp¢) and let n: JHG,M) - [] (My)* Mp))? be the

telL felL
natural projection. Let (G',¢y,¢;)€'q be a morphism of an oriented
graph G’ to G and let Agr € [ (Myq) X Mpe))? — A be the set of points

telL
(XazisVpei)s Xaci»i = 1, ..., q all distinct, for which the associated graph
Gy is equivalent to G’ as an oriented graph indexed by the set V.

We regard the fibre of m over Agr as the k jet space of diagrams
in £(G’',i%¥P). Let £¢V < J*(G',i%¥P) be the set in Theorem 0.3.4,
which defines the pro-algebraic set £ < &(G',<¥P) of non finitely I,
determined diagrams, and let S®”(G’,i%¥P) be the stratification of the
complement of Z¢” defined in Section 1.3. Since these sets are invariant
under coordinate transformations of spaces, these sets and stratifications
define a locally trivial partition of the fibre bundle n '(Ag) — Agr,
denoted by &7 Se"), respectively. The image of the projection to the
roots m':Ag — M is the complement of the diagonal set of M7 ,
where g’ is the number of comnected components of G'. Let S
denote the refinement S& A (n’ o m)~*(S¢). By the transversality theorem

(Theorem 0.3.5), the set F &’ of diagrams f e C*(G,M) for which the
e(r)-jet section JOf : H M., - J*(G,M) is transversal to &,
S4r% is a countable intersection of open dense subsets. So the countable
intersection & of those # & for r =0,1,2, ... and all morphisms
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G' = (G,éy,é)elg is still dense. By the definition of topological
transversality, we see that if feZ%C " then all trees fyx of f
equivalent to G* with C; (fx) < r are topologically transversal relative
to S (for the definition of the number e(G’,<%r+r) + 1see Section 0.3).

Therefore the intersection # N A, coincides with the set T5 = A,
and T,snCy(G,M) is open dense in the open subset
A, N Co(G,M). This completes the proof of Theorem 3.2.2.

CoroLLARY 3.23. — If P = (dim M,),., satisfies the condition
G = Gy, 0 = (00),cy in Section 2.1, then the set of topologically stable
convergent diagrams of proper mappings f e Co(G,M) is open dense in
Cu(G,M) with Whitney topology.

Proof. — The statement follows immediately from Theorem 2.1.2
and Theorem 3.2.1-2.

TueoreM 3.2.4 (Thom’s second isotopy lemma). —  Let
feCR(G,M) be a convergent ~ diagram  of proper  smooth
mappings f,: My, — My, Assume that there are Whitney regular
stratifications S,(f) of M,, veV and Sy,\(f) are Thom A, regular
teL, and S, is trivial : S, = {M,}. Then f is locally topologically
trivial over M, : for any point pe M, , there is an open neighbourhood
UcM,  and  homeomorphisms  &,: fo(U) = fo,(p) XU, veV
such that the following diagram commutes

S f;(})uo(U) - f;(})vo(U)
d)u(/) l l d)ﬁ(/)

foo X 1 fatn,®@) X U 5 foew,@) X U

for £ e L. In particular the restriction f, = (f;p)se is topologically
equivalent to f, for any p'e U.

Proof. — This is a natural generalization of Thom’s second isotopy
lemma. For the proof, see e.g. [Gi, M4].
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APPENDIX 1,

PROOF OF LEMMA 24.1.

Let ¢,: 0, >R, \j/,»:O}l[R", i,j=1,2,... be coordinate
systems of smooth manifolds N, P such that f(O;) < O} with some
j@) for any i. For a smooth mapping h: O, > R" we define f + h:
O,—» P with the addition of coordinates on Oj. Let

0<rp<sp<ryu<sp<...<ry;<s; be numbers such that
{o;'Dry)li=1,2,...} is a locally finite covering of M for
j=0,1,...,q, where D(r) denotes the open disk with radius r centred

at 0eR". Let ¢,: M —» R be smooth functions with supports in
;' (Di(r;+.)) and identically equal to 1 on ¢;'(Di(s;)). Let Z; be an
open neighbourhood of 0 in the linear space 4, of polynomial functions
on R" of degree at most £, £ = (s+1)? such that

Jk(f+h'¢ij' n (1—¢k{m))(N) cU

for any j, 7, =0,...,q9, p<q and he Z;.

We apply the following Lemma A with Z = Z, = 4% and the
compact neighbourhood D(s;,) of 0eR” and let 6 <g < oo be a
number with the property in the lemma.

Let U’ be the set-theoretical union of jet sections J**Vg(N) of g
such that DG
(f—8)od; Hq((;iqi) < g

for any i = 1,2, ..., where || ||¥ denotes the sup. norm of derivatives
of order < a on the set K < R". We claim that U’ possesses the
required property in Lemma 2.4.1.

Let X = {x;, ...,x,} @ N. By an easy argument we sec there is a
function j(i) such that

Xn ¢i_1(D(rij(i)+l) - D("ij(i))) =&,
for any i = 1,2, ..., and by renumbering the index i, we have

X U & (D(rijw)) p<4q.

i=1,...,

We define a partition of X into the disjoint p sets
X, d);l(D(rij(i))) - U d)r;l(D(rij(m)))
i—1
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i=1,...,p. By Lemma A, there are h,e A% such that the mappings
fi:N-> P:
fi=f+hod bijm- H A= bn jom)
m=1,...,i—1

are well defined and satisfy
JHiN) < U and  J'fi(x) = J'(f+h)(x) = J'g(x),

for xeX;, i=1,...,p. Now define f'e C°(N,P) by f'= f; on
&7 (D(rizm+1)) — U Gm ' (D(Smjom)) and ' = f on the comple-

m=1,...,i—-1

ment of these subsets above. Then f’ possesses the required properties :
J*f'(N) =« U  and Jf(x) = Jfilx) = Jg(x)
for xe X;, i= 1, ...,p.

Lemma A (Golbitsky-Guillemin, Lemma 2.5 [GG]). — Let'0 < 5,0 < ¢
be integers, K « R a compact connected neighbourhood of the origin
and let Z < A%, / = (s+1)? be a neighbourhood of the constant mapping
0¢c A%. Then there is a positive number € > 0 such that for any distinct
q points p,,...,p,€K and any smooth functiong:R" - R with
llgll&s+1 < € there is a polynomial function V€ Z for order < ¢ such
that ) o

liads 4 g
e )7 5

fori=1,...,p, 0< o] <s.

@)

APPENDIX 2.

TWO EXAMPLES DUE TO DU PLESSIS AND DUFOUR

Example 1: due to du Plessis
C! stability is not generic in C*(M?*->N*->P?),

Proof. — Let (f,g): M - N— P be a composition of proper
mappings and assume the composition go f: M — P is submersive at
x,eM—-2(f), i=1,...,4, f(x)=y and the multi germ
fx i (M,x;) > (N,y) is C* stable, ie., Imdf, are in general position.
Let (f',g’') be a perturbation of (f,g). Then by the stability of the
multigerm above, there are again 4 points x; close to x; respectively
such that f'(xj) = y and g’o f’ is submersive at x;. The cross ratio
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C, of Imdf, nkerdg, in kerdg, is clearly C ! invariant of diagrams of

the type or % -, >>—, etc., while the ratio C, can vary by a perturbation

of f,g. Hence (f,g) is not C!' stable.

Example 2: due to Dufour.

All topological equivalence classes in an open dense subset of
C*(M'«N*->P?*) have infinite codimension, if W,(N) = W (P) =0,
W,o(N) # 0 and W,(P) = 0.

Proof. — Let (f,g): M « N — P be a divergent diagram of smooth
mappings. The Thom polynomial for the singularity X'(g) is the
polynomial W,(y) — W,(y)* of Stiefel-Whitney class of the difference
bundle y = TN — g*TP. By thé condition above we see the polynomial
is not0 in H*(N,Z,).

So generic mappings g : N — P have cusp singularities and in their
neighbourhoods there are triples of points x; ¢ Z(f) L X(g) with f(x,) = y.
Dufour [D2] proved that the germs of (f,g) at x,,x,,x; are C*
equivalent if and only if they are topologically equivalent and C®
equivalence classes are all of infinite codimension in the jet space
J*(2.1)* x J*(2.2)*. From this fact the statement follows.

Furthermore, Dufour [D3] proved that C* classification and topo-
logical classification are the same for mappings in C*(M'«N?-P?),

The two examples above are caused by the existence of « wild »
diagrams of map germs imbedded in the global diagrams as multi
germs. Now we denote them in terms of morphisms of oriented diagrams
as follows :

3 N
3 N
example 1 4 - 2 D, wid
3~ ‘
y - ﬂ

3 - 4 - 2 A

T 1
SN
'd

example 2 1 - 2 E; wid
1 « 2 ~ ﬂ
1 « 2 - 2 A,

This explanation suggests that the stability problem is closely related
with morphisms of oriented graphs and their expanded diagrams.



[A]
[Bal]

[Ba2]
[Ba3]
[Bu]

€]
[Dé;]
[Dul]
[Du2]
[Du3]

[Dud]
(F]

(GGl
[Gi]

[L-T]
(M1]
(M2]
[M3]

[M4]

[N1]

TOPOLOGICAL STABILITY THEOREM 499

BIBLIOGRAPHY

V.1. Arnorp, Evolution of wave fronts and equivariant Morse lemma,
Comm. Pure Appl. Math., 29 (1976), 557-582.

N. A. Baas, Structural stability of composed mappings I-III, Preprint,
Princeton, 1974.

N. A. Baas, Hierarchical Systems, preprint, Univ. of Trondheim, 1976.
N. A. Baas, On stability of composed mappings, preprint.

M. A. BucuNer, Stability of the cut locus in Dimension less than or
Equal to 6, Invent. Math., Vol. 43-3 (1977), 199-233.

M. J. D. Carnelro, Singularities of envelopes of families of submanifolds
in R¥, Ann. Sc. Ec. Norm. Sup., 4°série, t. 1 (1983), 178-192.

J. Damon, Topological stability in the nice dimensions, Topology, 18
(1979), 129-142.

J.-P. DUFOUR, Sur la stabilité de diagrammes d’applications différentiables,
Ann. Scient. Ec. Norm. Sup., 4°série, 10 (1977), 153-174.

J.-P. Durour, Triplets de fonctions et stabilité des enveloppes. C.R.
Acad. Sci. Paris, Série I, t. 293 (16 nov. 1981), 509-512.

J.-P. Durour, Familles de courbes planes différentiables, Topology, 22-4
(1983), 449-474.

J.-P. Durour, Dynamique de multi-application du cercle, preprint.

T. Fukupa, Local topological properties of differentiable mappings, Inv.
Math., 65 (1981), 227-250.

M. Govusitsky, V. GUILLEMIN, Stable mappings and their singularities,
Graduate Text in Math. 14, Springer-Verlag.

C. GiBson et al., Topological stability of smooth mappings, Lecture
notes in Math. 552, Springer, Berlin, 1976.

D.T. Lt , B. Tessier, Report on the problem session, Proceedings of
Symposia in Pure Math., Vol. 40 (1983), Part 2.

J.N. Martner, Stability of C*-mappings: II. Infinitesimal stability
implies stability, Ann. of Math., 89 (1969), 259-291.

J.N. Matuer, Stability of C®-mappings: V. Transversality. Advances
in Mathematics, 192 (1971), 207-255.

J. N. Matuer, The nice dimensions, Springer Lecture notes in Math,
192 (1971), 207-253.

J.N. Marner, Stratification and mappings. Proc. Conference on
Dynamical Systems (e.g. M. M. Peixoto, Academic Press, 1973), pp. 195-
232.

I. Naxkai, C>-stability and the I-equivalence of diagrams of smooth
mappings, Preprint Liverpool University, 1986.



500
(N2]

[P]

[Te]

[To]
[Th]
™wi1]
w2
W3]

ISAO NAKAI

I. Nakai, Nice dimensions for the I, equivalence of diagrams of map
germs, ‘Preprint Liverpool University, 1986. To appear in Pacific Journal
of Math.

A. du Puessis, ‘Genericity and smooth finite determinacy, pp.295-312
in « Singularities », Proc. AMS Symp. in Pure Maths., Vol. 40 Part1
(ed. P.Orlik), Amer Math. Soc. (1983).

B. Tessier, The hunting of invariants in the geometry of discriminants,
Real and complex singularities (ed. P.Holm, Sijthoff and Noordhoff,
1976), 556-677.

J. Touceron, Idéaux ¢des fonctions différentiables, Ergebnisse, Band 71,
Springer-Verlag, 1972.

R. THom, Sur la théorie des enveloppes, J. Math. Pure et Appl., t. XL
fasc. 2 (1962).

«C.T..C. WaLL, Stability, Pencils and Polytopes, Bull. London Maih
Soe., 12 (1980), 401-421.

C. T.«C. WaLL, Finite determinacy of smooth map germs, Bull. London
Math. Soc., 13 (1981), 481-539.

C.T.C. WaLL, Determination of the semi-nice dimensions, Math. Proc.
Cambridge Philoc. Soc., 97-1 (1983), 12, 79-88.

Manuscrit regu le 17 mai 1988.

Isao Nakai,

Nagasaki University
Department of Mathematics
Faculty of Liberal Arts
1-14 Bunkyo-machi
Nagasaki 852 (Japan).



