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FINE TOPOLOGY
AND QUASILINEAR ELLIPTIC EQUATIONS

by J. HEINONEN, T. KILPELAINEN and O. MARTIO

1. Introduction.

The fine topology, introduced by H. Cartan, is the coarsest topology
which makes all superharmonic functions in R" continuous. It turns
out that a set U in R" is a fine neighborhood of a point x,€ U if
and only if the complement of U is thin at x,, i.e. the Wiener integral
of the complement of U converges at x,. In the nonlinear potential
theory this latter condition has been taken as a starting point: a set
U in R” is called an (o,p)-fine neighborhood of a point x,€ U if the
(o, p)-Wiener integral of the complement of U converges at x,. Here
>0, p>1 and ap < n. The (a,p)-fine topologies associated with
Bessel potentials were introduced by N. G. Meyers [M] and later studied
for example by D.R. Adams and L. 1. Hedberg [AH] ; see also [AL],
[AM] and [F1]. The classical fine topology of Cartan is included in the
case oo =1 and p= 2.

In this paper we show that the case « = 1 and 1 < p < n, which
is related to second order elliptic equations and to the Sobclev space
W), admits an approach similar to that of Cartan: the (1,p)-fine
topology is the coarsest topology making all supersolutions of the
p-Laplace equation

div (jVu|?"*Vu) = 0

in R” continuous. In fact, there is a wide class of degenerate elliptic
equations, other than the p-Laplace equation, with the same property.
In particular, there are nonlinear equations whose supersolutions induce
the same (1,2)-fine topology as superharmonic functions do.
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To fix ideas, consider an operator &/: R* X R*-> R*, n> 2,
& (x,h)-h ~ |h|?, 1 < p < n, and the equation

(1.1) div o (x,Vu) = 0.

The precise assumptions on &/ are given in Section 2. Continuous weak
solutions of (1.1) are called «/-harmonic. A lower semicontinuous
function u in an open set Q in R", — oo <u < oo, is called
o -superharmonic if it satisfies the comparison principle : for each domain
D = = Q and each «/-harmonic function h in D, he C(D), the
condition h < u in 0D implies h < u in D. This definition was
apparently first used in a nonlinear situation when S. Granlund,
P. Lindqvist and O. Martio studied superextremals of certain variational
integrals with applications to function theory [GLM1-2]. The general
&/-superharmonic functions and their (nonlinear) potential theory were
investigated in the papers [HK1-3], [K] and [L]. It was shown in [HK1]
that all supersolutions of (1.1) are «/-superharmonic when properly
pointwise redefined ; ther converse is not true.

We define the o/-fine topology to be the coarsest topology in R”
making all o/-superharmonic functions in R” continuous. Our main
result, Theorem 3.2, characterizes the ./-fine topology by means of
the Wiener criterion, whence it coincides with the above mentioned
(1,p)-fine topology. It follows in particular that the «/-fine topology is
independent from the operator o/ once the number p is fixed. Actually,
we obtain the whole spectrum of fine topologies T, such that 1, Z T,
for 1<p<gqg<n.If p>n, the o&/-fine topology can be similarly
defined, but then it always equals the euclidean topology.

Quasiregular mappings and BLD mappings (mappings of bounded
length distortion) are harmonic morphisms in this nonlinear potential
theory, see [GLM1], [MV] and Section 5 below. We study the .7-fine
limits of quasiregular and BLD mappings ; for example we show that
if fis a quasiregular mapping in an open set Q — R" omitting a set
of positive n-capacity and if the complement of Q is n-thin at x, € 0Q,
then f has an n-fine limit at x,. This result was recently proved for
plane analytic functions by B. Fuglede in [F4]. It remains an open
problem whether a similar result is true for general lower bounded
&/-superharmonic functions, cf. [D, pp. 190].

The paper is organized as follows. The /-fine topology is introduced
in Section 2 where we consider some of its basic properties; it is
Hausdorff, completely regular and Baire but fails to have countable
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neighborhood bases. Also, only finite sets are /-finely compact. In
Section 3 we prove the Wiener criterion characterization of the ./-fine
topology. In Section4 we discuss the theorem of D.R. Adams and
J. L. Lewis about local quasiconvexity of the ./-fine topology, and in
Section 5 we study the o/-fine limits of quasiregular and BLD mappings.

Our notation is standard. Throughout, Q is an open set in R",
n>2. For a set Ec R" we let [E denote the complement of E,
[E = R"\E and E < < Q means that the closure of E is compact in Q.
If B= B(x,r) ={yeR": [x — y| <r}is an open n-ball and ¢ > 0,
then oB = B(x,or). The Lebesgue n-measure of a measurable set E is
written as |E|. The letter ¢ denotes a positive generic constant whose
value is not necessarily the same at each occurrence.

Acknowledgements. — The first author gratefully acknowledges the
hospitality of the Mathematics Department in Bonn where part of this
research was carried out.

2. Fine topology and .&/-superharmonic functions.

We assume throughout this paper that &/ : R" X R" > R", n > 2,
is an operator which satisfies the following assumptions for some
numbers 1 < p<nand 0 <a<PB<o0:

the function x — .o7(x,h) is measurable for all h € R*, and

2.1) the function h+— &/(x,h) is continuous for a.e. xe R",

for all heR"® and ae. xe R

2.2) & (x,h)-h = alh|?,
23) | (x,h)] < BIRIPTY,
() (A (x,h) — A (x,h3))-(h,—hy) > 0

whenever h; # h,, and
2.5) o (x,Ah) = MAIP™ % (x,h)
for all AeR, A #0.

A function u in the local Sobolev space loc W,(Q) is a weak
solution (supersolution) to the equation (1.1) in Q if

(2.6) J o (x,Vu)-Vodx =0 (= 0)
Q
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for all peCP(Q) (pe Cy(Q),0=0). It is well known that each weak
solution of (1.1) has a continuous representative; we call continuous
weak solutions of (1.1) «/-harmonic, cf. [HK1]. A function u in Q is
called &/-superharmonic if

(i) u is lower semicontinuous (Isc),
(i) — o0 <u < 0,
and

(iii) for each domain D = < Q and each he C(D), .«/-harmonic in
D, h < uin 0D implies h < u inD.

A typical example of the operators satisfying (2.1)-(2.5) is the
p-harmonic operator, ./ (x,h) = |h|’~2h, which is conformally invariant
if p = n. The fundamental p-superharmonic function in R" is

= |
@.7) wy = )X P

— loglx|, p=n.

The sum of two ./-superharmonic functions is not /-superharmonic
in general, but clearly Au + p is /-superharmonic whenever u is
<f-superharmonic, A >0, and peR. Also, if u and v are -
superharmonic, then so is min (u,0).

We recall some fundamental properties of &/-superharmonic functions ;
for the proofs we refer to [HK1]. First, each supersolution u of (1.1)
has a unique «/-superharmonic representative given by

(2.8) u(x) = ess lim inf u(y)

y—ox

or, if u is locally bounded, equivalently by

u(x) = lim

1
u(y)dy.
r-0 | B(x,7)] .[B(x,r) )&
Conversely, if u is «7/-superharmonic in €, then it satisfies (2.8) at each
point x in Q ; if, in addition, u is in loc W, (), then u is a supersolution
of (1.1). Locally bounded .7-superharmonic functions are always in

loc W,, whence each /-superharmonic function u is the limit of an
increasing sequence of supersolutions, namely ¥ = lim min (u,k). On the

k—0
other hand, an /-superharmonic function need not be locally in the
Sobolev space W) as displayed by the examples in (2.7).
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2.9. Comparison principle [HK1, 3.7]. Suppose that u and - v are
&/-superharmonic in a bounded open set Q. If

lim sup v(y) < lim inf u(y)

y-ox yox

for all xedQ and if the left and the right hand sides are not
simultaneously + oo or — o0, then v € u inQ.

We are ready to define the fine topology generated by
&/-superharmonic functions.

2.10. DeFINITION. ~ The /-fine topology 1. is the coarsest topology
in R™ making all <f/-superharmonic functions u in R" continuous.

Since min (4,A), A € R, is o&/-superharmonic whenever u is, 1, is the
coarsest topology in R” making all upper bounded /-superharmonic
functions in R" continuous. In particular, all supersolutions of (1.1)
which are redefined via (2.8) produce the same fine topology 1., .

The </-fine topology is strictly finer than the euclidean topelogy : It
follows from [K,3.2] that for any euclidean ball B there is an
o/-superharmonic function u# in R" such that the nonempty set
{x € R"*: u(x)>0} is contained in B whence 1, is finer than the euclidean
topology. On the other hand, 1, does not coincide with the euclidean
topology since there are discontinuous «/-superharmonic functions in
R*, see [HK2], [K].

In Section 3 we shall show that the «/-fine topology actually depends
only on p, and therefore we could write 1, = 1,. Moreover, it will be
proved that if 1 < p < g < n, then t, is strictly. finer than t,. At this
point it is convenient to note that if an operator & satisfies (2.1)-(2.5)
with p > n, then the fine topology 1, can be defined similarly, but
then it coincides with the euclidean topology ; indeed, it was noted in
[HK1, 3.20] that all «/-superharmonic functions are continuous if p > n.

A natural subbase of 1, consists of sets of the form {u > A} or
{u < A}, where u is of-superharmonic and A e R; the family of the
finite intersections of the sets of this form is a base of T,. A convenient
neighborhood base of a point x, consists of the sets

O

{x € B:u(x)<c},

W

1
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where k is an integer, each u; is an upper bounded ./-superharmonic
function with u;(x,) = 0, ¢ > 0, and B is an euclidean ball centered
at x,, cf. [D, pp. 167]; these sets are euclidean compact and o/-finely
closed. Now it is easy to show that the «/-fine topology 1, is Hausdorff,
completely regular, and Baire ; see also 3.14 below. All this is standard
in the linear case, cf. [B], [D], [LMZ].

Jan Maly has pointed out that 1, is also locally connected and
quasi-Lindelof, cf. [D], [F2].

We close this section with two remarks. First, the topology which
T, induces to an open set Q < R" is the coarsest topology making all
&/-superharmonic functions u in Q continuous. This follows easily from
the fact that an /-superharmonic function u in Q can be extended
from each ball B = = Q to an /-superharmonic function in R" [K, 3.1].

Finally, let (/) stand for the smallest convex cone closed under
the min-operation and containing all ./-superharmonic functions u in
R*. It is an elementary fact that 1, is the coarsest topology in R
making all functions in § (/) continuous, see [LMZ].

3. Fine topology and the Wiener criterion.

In this section we show that the .o/-fine topology can be defined in
terms of a Wiener criterion: a set U is </-finely open if and only if
I:U, the complement of U, is p-thin at each point x € U. It follows, in
particular, that the «/-fine topology which is induced intrinsically by
o/ -superharmonic functions depends only on p, the type of the operator
& , and coincides with the (1,p)-topology studied earlier by N. G. Meyers,
D. R. Adams, and L. I. Hedberg [M], [AH], [AM].

We point out that in the case the equation (1.1) is linear our proof
for Theorem 3.2 yields the well known characterization of regular
boundary points to the Dirichlet problem in terms of the Wiener
criterion without any reference to Green functions, cf. [LSW].

First we recall the definition for the variational p-capacity of a pair
(E,Q) where if E is a subset of an open set Q < R". We set

cap,(E,Q) = . i?;fn cap,, (G,Q)

Gopen
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where, for any set F = Q,

cap, (F,QQ) = sup inf j |Vul? dx
KcF ue W(K;Q) Jo
Kcompact

and W(K;Q) = {ueCy°(Q): u=1 in K}.
A set E c R" is said to be p-(Wiener-) thin at a point x, if

1
Jl (capp(EnB(xo,t),B(xo,Zt))>Fd_g -
0

(.1) cap, (B (xo, 1), B (x,, 2t)) t

A set E is p-thin at x, in the sense of (3.1) if and only if F is
(1,p)-thin in the sense of Meyers [M]; the required comparison between
the two different capacities has been made e.g. in [R].

In what follows a set U is called an «/-fine neighborhood of a
point x, if there is a set V in 1, such that x,e V < U.

The main result of this paper is

3.2. THEOREM. — A set U is an /-fine neighborhood of a point x,
if and only if x, is in U and the complement of U is p-thin at x,.

The following two corollaries are immediate.

3.3. CoroLLARY. — The fine topology T, depends only on p, not on
the operator <« .

3.4. COoROLLARY. — A point x, is an </-fine limit point of a set E if
and only if E is not p-thin at x,.

Recall that a set E in R” is «/-polar if there is an «/-superharmonic
function u in R*, u # oo, such that u = oo in E. It was shown in
[HK2] (see also [K]) that E is «/-polar if and only if E is of p-capacity
zero, i.e. cap,(EnQ,Q) = 0 for each open set Q. By the Kellogg property
[HW, Theorem 2] the set {x € E:E is p-thin at x} is of p-capacity zero.
Thus we obtain

3.5. CoroLLARY. — A set E in R" is «Z/-polar if and only if E is
o -finely isolated.

At this point it is convenient to recall that if E is «/-polar and
X, ¢ E, then there is an o/-superharmonic function u in R” such that
u = oo in E and u(x,) < oo [K].
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3.6. CorOLLARY. — A set E in R" is o/-finely compact if and only
if E is finite.

For :the proof of Theorem 3.2 we require two lemmas.

3.7. LemMMA. — Let E = R” and x,€ R". If there is an </-super-
harmonic function u defined in a neighborhood of x, such that

(3.8) lim inf u(x) > u(x,),

x—’xo
x € E\{xp}

then [:(E \{xo}) is an of-fine neighborhood of x, and E is p-thin at x,.

Proof. — We may assume that u is defined in all of R", see [K],
and that x,e E\E. Then there is a neighborhood U of x, such that
u(x) = vy > u(x,) for each x e En U. Since the /-fine neighborhood
V={xeU:u(x)<y} of x, is contained in I:E, the first assertion is
.proved.

The second assertion follows from [HK3, 4.1 and 4.3].

For the next lemma recall that if F is a subset of an open setQ,
then the /-potential of E in Q is the function RL(x) = RL(Q; <)

defined as . )
Ri(x) = liminf R5(y),
y-x

where
Ri = Ry(Q4)
= inf{u: u > 0 and «/-superharmonic in Q, and u > 1 in E}.

The function R} is «/-superharmonic in Q and Ri(x,) = 1 if E is not
p-thin at x,e€Q; for these results see [HK2] and [HK3].

3.9. LEeMMA. — Let B = B(x,,r) be a ball and 0 < y < 1. Suppose
1 .
that E EB is an open set and let u = Ry(B;f) be the /-potential
of E in B. There is a constant ¢ = c(n,p,o,B) > 0 such that if

cap, (E,B)
1
cap, (E B,B)

then infop 4 < 7y for each pe(

N

(o}

-~
3

s

i
N

).
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Proof. — Let E, = {x € B:u(x)>7} and suppose that 0B(x,,p) < E,

r

for some pe<£a§>- Then it follows from [HK3,3.2] that

y'"?cap, (E,B) > c cap, (E,, B)
C

=
> Capp (B(xl]s p)aB)

1
= ccap, <5 B,B),

where ¢ = c¢(n,p,a,B) > 0; the last inequality holds since if 8 > 1, then
cap, (B(xy,s), B(x,,0s)) = cs""?

where ¢ depends only on &, n, and p.

The lemma follows.
Proof of Theorem 3.2. — Suppose first that U is an /-fine
neighborhood of x,. Then there are «/-superharmonic functions u,, ..., u

defined in a ball B = B(x,,r) and constants ¢; > u;(x,),i =1, ..., k,
such that

k
xo€ () {xeB:u(x)<c} < U.

i=1

Therefore

k
fUNBc ) {xeB:u(x)=c},

i=1

and by Lemma 3.7 the set {x € B:u;(x)=>c;} U [:B is p-thin at x, for
each i = 1, ..., k. Consequently, [U is p-thin at x, as required.

To prove the converse statement, we use a separation argument
which was introduced in [LM] and further exploited in [HK3]. Thus,
denote E = [U and suppose that E is p-thin at x,. We may suppose

1
that £ < B<x°’§) and that E is open [HK3]. Let

D= ((EmB(xo,z'f))\B(xo,g2-1‘-1))-

We shall show that there exists an &/-superharmonic function v, in a
neighborhood of x, and r > 0 such that vy| pnpyry = 1 While ve(x,) < 1.
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This means by Lemma 3.7 that [D is an o/-fine neighborhood of x,.
A similar construction shows that the complement of the set
, 7 5 s, T
0=y ((EnB(xo,gz B (o5 27 ‘))

j=1

is an «/-fine neighborhood of x, as well. Since £ =« D u D', this will
establish the desired conclusion.

To start the construction, let € > 0; we shall specify € later. Choose
Jo such that

© L
(3.10) Yapl<e,
j=1

where

) (Er\B,-,B,-_l),
! cap, (B;, B;-1)

r, = 2797 and B; = B(x,,r)); note that the Wiener sum (3.10) and
the Wiener integral (3.1) converge simultaneously. Next, let D; = D n B;
and let u; = Iél%j(B,-_l;&/) be the «/-potential of D; in B;_;. If S is

7 —
the boundary of the ball gBj+1s then S; = B;\B;., and

dist (S, D) _

>c> 0.
dist (S;,xq) ~ ©

(3.11)

By Lemma 3.9 there is x on S; such that

1
(3.12) u(x) < cap™"

Since u; is «/-harmonic in B;\D;, see [HK2], then (3.11), (3.12), and
Harnack’s inequality yield

1
-1 =
uj <caf~'=>b; on S,

where ¢ is independent of j.
0

. . 1
To this end, choose € > 0 in such a way that ) b; < 3 We show
j=1

that v, = u, is the desired «/-superharmonic function. Indeed, since D,
is open, u; = 1 in D, [HK2], and it remains to show that u,(x,) < 1.
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Let
u, — b,

A R

and

. .17
min (vy,u,) in ng

w, ;
vy in Bo\g B,.

303

Since v; < 0 on S;, w, is Isc, and it follows from the comparison
principle that w, is &/-superharmonic in B,. Since v, is the mini-
mal /-superharmonic function in B, lying above the function

- b . - . .
y, = Xo, — O, where ;. is the characteristic function of D,, we obtain

1-b,

. . .7
w; = v, in B,. In particular, u, > v, in ng, and hence

ul_b1<u2<b2 on SZ‘
We continue in this way ; write

v; — b,
l_bz

Uy =

and observe that v, is the minimal ./-superharmonic function

above |, = ‘I—;’—_—bl Therefore the function
2
. . 7
min (vy,u;) in 3 B,,
W, = .
vZ in Bo\g B3 s

satisfies w, > v,. Thus

01—b2<u3<b3 on S3
or
u, < b, + b, +b; on S;.

Repeating this argument, we arrive at the estimate

k
u, < 2 bj on Sk,
Jj=1

lying
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and therefore

s 1
u(x0) < ) by <
i1

N

as desired.

This completes the construction for v, and Theorem 3.2 is thereby
proved.

From now on we shall write 1, instead of t, and call 1, the p-fine
topology. Similarly we use the expressions p-fine neighborhood, p-fine
limit, etc. As mentioned earlier, it follows from Theorem 3.2 that the
fine topology 1, coincides with the (1,p)-fine topology introduced in [M].

It was proved in [HK3, Section 4] that if p > n — 1, then a set E
is p-thin at x, if and only if there is an «/-superharmonic function u
defined in a neighborhood of x, satisfying (3.8). Thus we obtain Cartan’s
theorem at least for p > n — 1, cf. [D, p. 168].

3.13. THEOREM. — Let E be a set in R", x,e E\E, and p > n — 1.
Then x, is not a p-fine limit point of E if and only if there is an
o -superharmonic function u in a neighborhood of x, such that

lim inf u(x) > u(x,).
x—»xo
xeE

It was conjectured in [HK 3] that the above mentioned characterization
of p-thin points via 7/-superharmonic functions is valid for all p € (1,n].

3.14. Remarks. —- (a) It follows from Theorem 3.2 that no non-
empty p-finely open set has zero p-capacity; what is more, each non-
empty p-finely open set has positive (outer) n-measure. In particular,
no countable set is p-finely open and each countable set is p-finely
closed. Therefore

(i) (R",1,) is not separable ;

(ii) a sequence x; converges to x in the p-fine topology if and only
if x; = x but finitely manyj;

(ii)) no point x in R" has a countable neighborhood base in T,
whence (R 1,) is not metrizable.

(b) Another consequence of Theorem 3.2 is that the p-fine topology
1, is strictly contained in the density topology of R"; it follows, in
particular, that each euclidean domain is p-finely connected, cf. [AL].
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(¢) If p = 2, then «/-superharmonic functions generate the classical
fine topology of Cartan regardiess of the operator o/ ; note that the
equation (1.1) may still be nonlinear. For a proof in the classical linear
case see [LSW].

Theorem 3.2 and the Kellogg property imply the inclusion relations
among p-fine topologies. The following result also follows from Theorem A
in [AH].

3.15. THEOREM. — If p < q, then t, strictly includes 1,.

Proof. — We first show that t,\t, is not empty. Let X be a compact
set such that cap, K = 0 and cap, K > 0. By the Kellogg property, see
[HW], there is a point x, € K such that K\{x,} is not g-thin at x,. Thus
I:(K\{xo}) is not a g-fine neighborhood of x, although it is trivially a
p-fine neighborhood of x,.

That 7, includes 1, is an immediate consequence of Theorem 3.2
and the following elementary lemma.

3.16. LeMMa. — Let 1 <p<qg<n,r>0,and Ec B= B(x,r).
Then there is a constant ¢ = c(n,p,q) > 0 such that

1 1
cap, (E,2B)\v—1 <ec cap, (E,2B) T
cap, (B,2B) = "\cap, (B,2B)

Proof. — We may clearly assume that E is compact. Let
ue CP(2B) such that u > 1 on E. Then Hdlder’s inequality yields

4

j IVulPdx < crn(qq_p)<J |Vu|"dx>q.
2B 2B

-Since cap, (B,2B) = cr*”°, 1 < s < n, we obtain

cap, (E,2B) = < (<3P (E;2B) ey
cap, (B,2B) = "\cap, (B,2B)

1
c cap, (E,2B)\1—1
cap, (B,2B)

as desired.
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We close this section by giving an alternative characterization for
p-finely continuous functions, cf. [D, p.179]. Let E/ = E/ be the set
of p-fine limit points of a set E in R". Then, by Corollary 3.4,

E’ = {x e R": E is not p-thin at x} c E

and for any x,e R”",
E’ = (E\{xo})’.

3.17. THEOREM. — Suppose that E c R", x,e E/\E, and g:
E->R=[-0,+w]. Then

1, — lim g(x) = A
X*—’xo
xeE

if and only if there is a p-fine neighborhood V of x, such that

lim g(x) = A.
x—’xo
xe EnV
Proof. — For convenience we assume that Ae R. If

T, — lim g(x) = A,
Yeb

it follows from Theorem 3.2 that the set
1
E;, = {x e E:lg(x)—A| = ;}’

j=1,2, ..., is p-thin at x,. It is easily seen that there is a sequence
of positive numbers r; such that

Eoo = G (Eij(anrj))

is p-thin at x,, cf. [M, Proposition 3.1]. The set ¥ = [E, is the desired
p-fine neighborhood of x, since
lim g(x) = \.

x—-’xO
xe EnV

To prove the converse, fix € > 0. Then there is 8 > 0 such that
|g(x)—A| < € whenever x € En V n B(x,,8). Since V n B(x,,0) is a
p-fine neighborhood of x,, the assertion follows.
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A function g is called p-continuous at a point x, € R if there is a
set E = R"\{x,} such that E is p-thin at x, and g|yz is continuous
at x,. Now Theorem 3.17 implies

3.18. CorOLLARY. — A function g: R* - R is p-finely continuous at
x, € R" if and only if g is p-continuous at x,.

4. Arcwise connectedness of p-fine topology.

The following important result is due to D. R. Adams and J. L. Lewis
[AL]: If U is p-finely open and x,€ U, then there is a p-finely open
neighborhood V of x, such that any two points x,y € V can be joined by
a coordinate path y in U of length at most c|x—yl|, ¢ = c(n,p) > 0.
In particular, each p-finely open and p-finely connected set is arcwise
connected.

By a coordinate path we mean a countable union of (possibly
degenerated) line segments parallel to the coordinate axes.

Adams and Lewis, in their proof, worked with Bessel capacities, but
their ingenious proof could be written in terms of p-capacities and
&/-potentials. Unfortunately, the proof in [AL] leaves it open whether
the path y can omit the central point x,. This property is required in
Section 5.

4.1. LeMMA. — Suppose that U is p-finely open and that x,e U.
Then there is a p-finely open neighborhood V of x, such that any two
points x,y € V\{x,} can be joined by a coordinate path y in U\{x,} of
length at most c|x—y|, ¢ = c(n,p) > 0.

Proof. — Let V be a p-finely open neighborhood of x, in U with
the aforementioned coordinate path property of [AL]. Pick
x, y € V. B(x,,r,) where r, > 0 will be determined later. We may
suppose that x, = 0 and |x| < |y|. Let L, be the line segment from
y to 0 and let z be the point on L, with |[z| = |x|. Let L, be the
shortest arc from z to x on the sphere 0B (0,|x|); then L, is in the
two dimensional plane spanned by x, y and 0. Note that we may have

z=y or z=x. Choose points zy=y; z;, ..., Zx=2Z Zgs1s +++»Zs11=X

on L, u L, and positive numbers p,, p;, ..., p,+1 inductively as follows :
z; .

Let z, = y and always set p; = 1zl where ¢ is the constant of [AL].

4c
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If z4, ..., z; are chosen then either z € B(z;,p;) or z ¢ B(z;,p;); in the
first case set z;., = z and in the latter case let z;,, be the point in L,
with |z;4,] = lz;] — p;. We eventually obtain z = z, for some integer
k> 0.1If x € B(zs, ps), then set z,,, = x and stop ; in this case £ = k.
If x ¢ B(zx,px), then for j = 1,2,.. let z;.; be the point on L, with
|Zk+ ;= Zg+j-1] = Pi+j-1. Let z, be the first point with x € B(z,, p,) ; then
set z,.; = x and stop.

We shall next show that if ry is originally chosen small enough,
depending only on x, and ¥V, then each ball B; = B(z;,p)),
j=0,...,7+ 1, contains points from V. Indeed, if B, l:V, then

IVnB©.2iz,)| _ |8

“2) BO21z)  C1BO20 > €

>0

where ¢ depends ‘only on n and p. On the other hand, since [V is
p-thin at 0, the n/—densityrzbfﬁﬁV is zero at 0; hence choosing r, > |z;|
small enough contradicts (4.2). Thus B, nV # g for each
j=0,...,7+ 1.

To this end, pick w;,e Bn V,j=0,...,2+ 1, w, =y, wesy; =X
and lety, be a coordinate path joining w; and w;.;, in U such that

. 1
length ) <clwy—wl. Since |w;—wjy,] < 2pj+pj+1<Z(IWjI+|Wj+1Da

4
we see that y; does not go throughO. Thus y = (J v; is a coordinate

Jj=0

path which joins y and x in U\{x,} with
y
length (Y) < ¢ Y, [w;—w.q| < ¢|L,ULy| < clx—y].
j=0

This completes the proof of the lemma.

4.3. Remarks. — (a) If p < n — 1, it is not true that each arcwise
connected p-finely open set is p-finely connected; the example of
B. Fuglede [F3] can be easily modified to cover all values 1 < p < n — 1.
It .can be shown that an arcwise connected p-finely open set is p-finely
-connected for n — 1 < p < n; for p = n = 2 see [F3].

(b) Let U be a p-fine neighborhood of x, and suppose that Q@ = U\{x,}
is open in the usual topology. Then the p-finely open neighborhood V
of x, in Lemma 4.1 can be chosen so that V\{x.} is, in addition, open.
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To see this let V first be a p-finely open neighborhood of x, given by
Lemma 4.1. Put
v'= () B(xd(x,00)2).

xe V\{xp}

Then V' < Q is open and V' U {x,}  V; hence V' U {x,} is a p-fine
neighborhood of x,. To prove the coordinate path property of V' let
z,,2,€ V'. Pick x; € V\{x,} such that z; e B(x;,d;2), d; = d(x;,0Q),
j=1,2. Let ¥ be a coordinate path joining x, to x, in Q with
length (y') < c¢|x,—Xx,| where c is the constant of Lemma 4.1. Suppose
first that max (d,,d,) < 2|z,—z,|. Let y be a coordinate path from z,
to z, consisting of Yy and of two coordinate paths y; from x; to z; in
B(z;,d;/2) with length (v)) < \/n|x;—zl, j = 1,2. Then

4.4) length () < c(Ix,=z1| + |z 2, + |%,=2,]) + /n(d,+dy)/2
< Be+2 /n)lzi—1z,).

Hence vy has the desired property in this case. If max (d,,d,) > 2|z,—z,],
then we may assume that d, = max (d,,d,;). Now z,,z, € B(x,,d,) and
hence z, and z, can be joined in Q by a coordinate path y with
length (y) < \/r-z |z,—z,|. Thus in both cases z, and z, can be joined in
Q so that (4.4) holds.

(c¢) Let U U {x,} be a p-finely open neighborhood of x,. Then there
exists a unique euclidean component U, of U such that U, u {x,} is a
p-finely open neigborhood of x,. To prove the existence of U, let V be
a p-finely open neighborhood of x, in U with the coordinate path
property. Choose x; € V'\{x,} and let U, be the x,-component of U.
Since U, U {x,} © V, U, U {x,} is a p-finely open neighborhood of x,.
The uniqueness is due to the fact that {x,} is not p-finely open.

Note that if p > n — 1, then {x,} is component of [ (U,\{x,})
because there is a sequence of radii r; - 0 such that 0B(x,,r;) = U,,
cf. [HK, 3.4]. For p < n — 1, this is not true.

5. Fine limits of QR and BLD maps.
In this section we study the behavior of maps of bounded length
distortion and quasiregular maps at thin boundary points.

5.1. BLD and QR maps. — Let Q be an open set in R". A
continuous map f:Q — R" is quasiregular, abbreviated QR, if f is in
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loc W,(Q) and |f'(x)|" < KJ(x,f) ae. in Q for some K> 1; fis of
bounded length distortion, abbreviated BLD, if f is in loc Wi(Q), for
some L > 1 and ae. xeQ, |h|/L < |f'(x)h| < L|h| for all he R"
and J(x,f) = 0. Here J(x,f) is the Jacobian determinant and f’(x) is
the (formal) derivative of f at x. A homeomorphic QR map of Q onto
f(Q) is called quasiconformal. Note that a BLD map is QR but the
converse is not true.

The classes of QR and BLD maps are closely connected to the
quasilinear operators &/ of Section2. Let W,, 1 < p < n, be the class
of operators o/ satisfying (2.1)-(2.5) for some 0 <a <P < . If
o el,, then a BLD map f:Q — R" induces an operator f*o/ in
Q x R"; this operator can be extended to R" x R” and the extended
operator, denoted again by f*o/, belongs to U,. If /:Q —» R" is QR
and if o/ €, then f¥o/ € U,. In both cases u o f is f¥.o/-harmonic or
f*o/-superharmonic whenever u is .o/-harmonic or ./-superharmonic,
respectively. For these and other properties of BLD and QR maps see
[GLM1] and [MV].

5.2. Fine limits of BLD maps. — A function u of Q into R™, m > 1,
is said to be locally L-lipschitzian if

(53) lu(x)—u(y)| < Lix—y|
whenever the line segment from x to y lies in Q.

5.4. LEMMA. — Suppose that u:Q — R™ is locally L-lipschitzian. If
EQ is p-thin at x,€ 0Q, then u has a p-fine limit at x,.

Proof. — Let U = QuU{xy}. Then U is a p-fine neighborhood of
X, and by Lemma 4.1 there is a p-finely open neighborhood V < U of
X, such that any two points x, y € V'\{x,} can be joined by a coordinate
path y < Q of length at most c|lx—y|. Let €¢>0 and let

€
X, y € B<x05zc_l:

x to y inQ. Then y = U y; where each v, = [x;,y,] is a line segment
from x; to y; in Q. Thus (5.3) yields

)m (V\{xo}) . Choose such a coordinate path y joining

lu(x)—u(y)| < Z|ulx)—u(y)l
< LI|x;—y| < cLlix—y|

and since x, y € B(x,,&/2cL), we obtain |u(x)—u(y)| < €. Hence u(x)
has a limit as x approaches x, in V. The lemma follows.
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By [MV, Lemma 2.3] a BLD map is locally lipschitzian. Hence
Lemma 5.4 yields.

5.5. THEOREM. — Suppose that f: Q — R" is a BLD map and that
xo € 0Q. If [Q is p-thin at x,, then f has a p-fine limit at x,.

5.6. Remarks. — (a) Let u: Q — R™ be a locally lipschitzian function
and suppose that [Q is p-thin at x,edQ. By Lemma5.4 and
Theorem 3.17 there is a p-fine neighborhood V of x, such that

lim u(x) = ae R”
x—txo
xeV

exists. By Remark 4.3., V'\{x,} can be chosen to be a domain in Q.

(b) Let [Q be p-thin at x, € 0Q. A BLD map f: Q — R", and hence
a locally lipschitzian map, need not have a limit at x,. Simple examples
exist due to the fact that Q can have a sequence of components Q;
converging to x,. Here we show that the limit need not exist even if
Q is a domain. We produce an example for n = 2; there are similar
examples in all dimensions, see also Remark 5.11. Let o :[0,00) —» O be
a half open C?arc of infinite length in the closure of the cube
Q = {xe R®:|x;| < 1,j=1,2}. Assume, furthermore, that o is para-
metrized by arc length and that «(0) = — e,, a'(0) = e,, a(t) € Q for
te(0,00) and a(t) >0 as t > oo. For xea let N(x) be the line
through x, orthogonal toa. Then it is not difficult to see that there
is a neighborhood U of a such that if N(x) is the x-component of
N(x) n U, then

) QnU={) N
and

(i) Nx) n N(y) = & for x # y.

Write G = U u (R*\Q) and define a continuous map g: G —» R? as
follows : g(x) = x for x e R®\Q and for x € a, glyy i an isometry
into the line orthogonal to x;-axis at the point (t—1)e,; here t > 0 is
such that x = a(f). Then g is a BLD map which is unbounded in U.
To complete the construction choose points x/ on the positive real axis
and numbers r; > 0 such that

(@x'—>0,r,-0,
(b) the cubes Q; centered at x’ and of side length 2r; are disjoint
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and
(c) the set U Q; is p-thin at 0.

Fix j and let o;(x) =ri(x+x). Write U; = ¢;(U). Then
Q= R2\<{0} v U (Q;\U,-)>

is a domain and R*\Q is p-thin at 0€ Q. The map f: Q —» R?,

_ix, xe R\ UQ
f(x)_{tpjogow,-‘l(xx xeQ;n U,

is BLD, has a p-fine limit 0 at 0 but does not have a limit O since f
is unbounded at every neighborhood of 0 in Q.

If fis a BLD homeomorphism in a domain and if p > n — 1, then
Theorem 5.5 can be strengthened. We first prove a lemma.

'5.7. LeMMA. — Suppose that G is a domain in R™ such that (G is
p-thin at x, € 0G and that f is a homeomorphism of G into R" having a
p-fine limit at x,. If p > n — 1, then f has a limit at x,.

Proof. — By Theorem 3.17 there is a p-fine neighborhood V of x,
such that

(5.8) lim f(x) = a.

We may assume that a € R”. Since p > n — 1, [HK3, 3.4] implies that
there is a sequence of radii r; v 0 such that 0B(x,,r) < V. Write
E;, = fOB(x,,r;) and let F; be the unbounded component of |:E,». If
F;., o F; for some j, then

(5.9 F,., o F, i>=j.

To see this note that since f is a homeomorphism in the domain G,
E;., separates E; and E;,, inR". Thus E;.,  [F;.,; this implies
F;,, o F;,, and we can proceed by induction to obtain (5.9) for all
i=j.

Next we show that for some j, F;,, o F;. Note first that F;,, < F;
for all i is impossible because by (5.8), diam (E;) — 0. Pick k such
that F,,, is not included in F;. If F,,,> F, we may take j = k.
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Suppose that F,,, d F,. Now E,,, = F, and E, = F,,, and hence
E;,, must lie in ﬁFkH because E;., separates E; and E;., in R".
Thus Fy., o F;,, and we may choose j = k + 1.

The inclusion (5.9) means that f(GNB(x,,r)) < [F; for i > j and
hence diam (f(GNB(x,y,r;)) = diam (E;). Since diam (E;) — 0, this
implies that f(x) - a as x tends to x, in G.

Now Theorem 5.5 and Lemma 5.7 yield.

5.10. THEOREM. — Suppose that f is a BLD homeomorphism of a
domain G into R" and that [|G is p-thin at x,€ 0G. If p > n — 1, then
f has a limit at x,.

5.11. Remark. — If p < n — 1 and if [G is p-thin at x, € dG, then
{G can contain a set similar to the well known Lebesgue spine. Now
a slightly modified construction of Remark 5.6. (b) can be used to
produce a BLD homeomorphism of a domain G into R" without limit
at x,. Thus the assumption p > n — 1 is necessary in Theorem 5.10.

5.12. Fine limits of QR maps. — A QR map f:Q — R" need not
have an n-fine limit at a point x,€ dQ where [Q is n-thin. A
counterexample is the plane analytic function f(z) = ¢"*in Q = B(0,1)\{0}
with x, = 0. Similar examples exist in all dimensions. However, if f
omits a set of positive n-capacity, then the situation is different. The
following theorem was recently proved by B. Fuglede for plane analytic
functions [F4].

5.13. THEOREM. — Suppose that f: Q - R" is a QR map and that
0Q is n-thin at x, € 0Q. If the set [ f(Q) has positive n-capacity, i.e. it
is not n-polar, then f has an n-fine limit at x,.

Contrary to the BLD cases studied in Theorem 5.5 and 5.10, the
n-fine limit of f at x, in Theorem 5.13 may be co . Hence we shall use
the compactified space R” = R” U {co} endowed with the spherical
metric l |

q(a,b) = la—bi(1+]al®) 2(1+|b|?) 2

1
for a # o # b and q(a,0) = (1+]al’) 2.

We recall that a closed proper subset F of R” has positive
n-capacity, abbreviated cap, F > 0, if cap,,(E,[:F) > (0 for some non-
degenerate continuum E in [F, cf. [MRV2, p. 6]. We need the following
lemma.
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5.14. LemMa [MRV2, 3.11). — Suppose that E is a closed proper
subset of R" with cap, E > 0. Then for every € > 0 there is & > 0 such
that cap,(F,[E) < & implies q(F) > €& whenever F is a continuum in [:E .

For Theorem 5.13 we still need a lemma.

5.15. LeMMA. — Suppose that [Q is n-thin at x, € 0Q. Then there
is a domain D in Q and a sequence of positive numbers r; — 0 such that

(1) D v {xo} is an n-fine neighborhood of x,,

(ii)) D; = B(xy,r;)) N D is connected, and

(iii) for each i = 1, 2,... and every continuum F < D,
cap, (F,Q) < 1/i.

Proof. — We first choose a domain Q, = Q such that Q, U {x,} is
an n-fine neighborhood of x,, cf. Remark 4.3. (c). By enlarging E = [Q,
slightly we may assume that E is not n-thin at any x e E\{x,}, see
[LM, 3.5]. It follows from Theorem 3.13 that there are 0 < r, < r, such
that

u(x,) < 1

where u is the n-potential (i.e. the /-potential for the n-harmonic
operator, &/ (x,h) = |h|""%h) of B(x,,r;) N E in B = B(x,,r,). Fur-
thermore, we may assume that 0B < Q,. Choose y such that
u(x,) < vy <1 and let

D = {x e BNnQ,: u(x)<y}.

Then D <= Q, is open and D U {x,} is n-finely open. We show that D
is connected : let D’ be the component of D which touches dB. If D"
is another component of D, then D" < < B. Define

Loy Ju(x), xeBnNnQ\D"
() {y, ceDr:

it follows from the comparison principle that @ is n-subharmonic in
BN Q, since u is n-harmonic there. Moreover, since u = 1 in
B(xo,70) N E\{xo}, u — i € W, o(BnQ,) whence [HK1, 2.7] implies that
u =4 in Bn Q,. In particular, D” = ¢ and D is therefore connected.

To complete the proof choose a sequence of radii r; —» 0 such that
0B, = D where B; = B(x,,r;), cf. [LM, 3.16] or [HK3, 34]. Fix ¢ > 0.
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Since

J [Vul"dm < oo,
B
there is an integer i = i(¢) such that B, = B and
(5.16) J IVu|*dm < 27" (1 —7y)".
B;

Next choose k = k(g) > i so large that

(5.17) cap, (B, B) < 27" g,

' <1 - )
v = min > W
1 —y
where w is the n-potential of B; in B, i.e.
| X — X,/
log | —
(%

wx) = 1T
log <r—’>

1, X € B,.

Define

> x € B)\B;

Let F be a continuum in D n B,. Then v e W, (B, is continuous in
B\{x,} and v > 1 in F. Thus it follows from (5.16) and (5.17) that

capn (FsQ) < capn (F9BinQO)

< J |Vo|™ dm
B;nQ

< (1—7)’"2"J |Vw|" dm

B i

[Vul” dm + Z"J

i B

<eE.

Choosing inductively an increasing sequence of integers k; corres-
ponding to k(g) for € = 1/i and putling D; = B, n Q, completes the
proof since 0B, = D.

Proof for Theorem 5.13. — Let D and r; » 0 be as in Lemma 5.15.
We may assume that f is nonconstant in D. Since the sets D; are
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connected the cluster set of f at x, along D,

C(fixo,D) = n f(Dy),

is a compact and connected set of R"; here the closures of f(D;) are
taken in R". Let € > 0. Since E = R"\f(D) is a proper closed subset
of R" with cap,E >0, Lemma5.14 gives &> 0 such that
cap, (F',f(D)) < 6 implies q(F’) < ¢ whenever F’ is a continuum in

f(D).

Let K;(f) denote the inner dilatation of f, see [MRV1, p. 14], and
fix i such that K,(f)/i < &. Let F be a continuum in D,. Then F' = f(F)
is a continuum in f(D) and the fundamental capacity inequality [MRV1,

7.1] and Lemma 5.15 yield
cap, (F1./(DY) < K(/) cap, (F.D) < ) < 5.

Hence q(F’) < ¢ and since this holds for all continua F < D; and D;
is connected, we obtain

q(f(D)) < .

This shows that C(f,x,, D) is a single point a € R” and thus f(x) — a
as x —» x, in D. The theorem follows.

5.18. Remark. — If fis a quasiconformal map of a domain G into
R", i.e. a QR homeomorphism, and if CG is n-thin at x, € 0G, then f
has a (not necessarily finite) limit at x,. This was proved in [MS, 4.1];
it follows also easily from Theorem 5.13 and Lemma 5.7.

BIBLIOGRAPHY

[AH] D. R. Apams and L. 1. HepserGg, Inclusion relations among fine
topologies in non-linear potential theory, Indiana Univ. Math. J.; 33
(1984), 117-126.

[AL] D. R. Apams and J. L. Lewis, Fine and quasi connectedness in
nonlinear potential theory, Ann. Inst. Fourier, Grenoble, 35-1 (1985),
57-73.

[AM] D. R. Apams and N. G. Meyers, Thinness and Wiener criteria for
non-linear potentials, Indiana Univ. Math. J., 22 (1972), 169-197.

[B] M. Brerot, On topologies and boundaries in potential theory, Lecture
Notes in Math., 175, Springer-Verlag, 1971.



D]
[F1]
[F2]

(F3]

[F4]

[GLMI]
[GLM2]
[HW]

[HK 1]

[HK2]
[HK3]
K]
(L]
(LM]

[LSW]
[LMZ]

[MRV1]

[MRV2]

FINE TOPOLOGY 317

J. L. Doos, Classical potential theory and its probabilistic counterpart,
Springer-Verlag, New York, Berlin, Heidelberg, Tokyo, 1984.

B. FucLepg, The quasi topology associated with a countable subadditive
set function, Ann. Inst. Fourier, Grenoble, 21-1, (1971), 123-169.

B. FucLepe, Connexion en topologie fine et balayage des mesures,
Ann. Inst. Fourier, Grenoble, 21-3 (1971), 227-244.

B. FuGLEDE, Asymptotic paths for subharmonic functions and polygonal
connectedness of fine domains, Séminaire de Théorie du Potentiel,
Paris, n°5, Lecture Notes in Math., 814, Springer-Verlag, 1980,
pp. 97-116.

B. FucLepe, Value distribution of harmonic and finely harmonic
morphisms and applications in complex analysis, Ann. Acad. Sci.
Fenn. Ser. A1 Math., 11 (1986), 111-135.

S. GranLunDp, P. LinpQvist and O. Martio, Conformally invariant
variational integrals, Trans. Amer. Math. Soc., 277 (1983), 43-73.

S. GranLunD, P. LinpQvisT and O. Martio, Note on the PWB-method
in the non-linear case, Pacific J. Math., 125 (1986), 381-395.

L. I. Heoserc and Th. H. Worrr, Thin sets in nonlinear potential
theory, Ann. Inst. Fourier, Grenoble, 33-4 (1983), 161-187.

J. HewoneN and T. KILPELAINEN, <&/-superharmonic functions and
supersolutions of degenerate elliptic equations, Ark. Mat., 26 (1988),
87-105.

J. Hemwonen and T. KiperAINeN, Polar sets for supersolutions of
degenerate elliptic equations, Math. Scand. (to appear).

J. Heinonen and T. KiLpeLAINEN, On the Wiener criterion and quasilinear
obstacle problems, Trans. Amer. Math. Soc., 310 (1988), 239-255.

T. KiLPeLAINEN, Potential theory for supersolutions of degenerate elliptic.
equations (to appear).

P. LinpQvist, On the definition and properties of p-superharmonic
functions, J. Reine Angew. Math., 365 (1986), 67-79.

P. Linpqvist and O. Martio, Two theorems of N. Wiener for solutions
of quasilinear elliptic equations, Acta Math., 155 (1985), 153-171.

W. LittmaN, G. StampaccHia and H. F. WEINBERGER, Regular points
for elliptic equations with discontinuous coefficients, Ann. Scuola
Norm. Sup. Pisa (IIT), 17 (1963), 43-77.

J. Lukes, J. MaLy and L. Zaicek, Fine topology methods in real
analysis and potential theory, Lecture Notes in Math., 1189, Springer-
Verlag, 1986.

O.MarTio, S. RickMaN and J. VAsiLi, Definitions for quasiregular
mappings, Ann. Acad. Sci. Fenn. Ser. A 1 Math., 448 (1969), 1-40.

O. MarTiOo, S. RickMaN and J. VasiLi, Distortion and singularities
of quasiregular mappings, Ann. Acad. Sci. Fenn. Ser. A T Math., 464
(1970), 1-13.



318
MS)

(MV]

M]

[R]

J. HEINONEN, T. KILPELAINEN AND O. MARTIO

O. MarTio and J. Sarvas, Density conditions in the n-capacity, Indiana
Univ. Math. J.. 26 (1977). 761-776.

O. Martio and J. ViisaLi, Elliptic equations and maps of bounded
length distortion, Math. Ann., 282, (1988), 423-443.

N. G. Mevers, Continuity properties of potentials, Duke Math. J.,
42 (1975), 157-166.

Yu. G. ResHeETNYAK, The concept of capacity in the theory of functions
with generalized derivatives, Sibirsk. Mat. Zh., 10 (1969), 1109-1138.
(Russian).

Manuscrit regu le 31 mai 1988.

J. HeEiNnoneN, T. KiLpeLAINEN and O. MarTio,

Department of Mathematics
University of Jyviskyld
Seminaarinkatu 15
40100 Jyviskyld (Finland).

J. Hemwonen (Current address),
Department of Mathematics
University of Michigan
Ann Arbor, Michigan 48109 (U.S.A)



