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DECAY OF SOLUTIONS
OF THE WAVE EQUATION
IN THE EXTERIOR
OF SEVERAL CONVEX BODIES

by Mitsuru IKAWA

1. Introduction.

Let O be an open bounded set in R® with smooth boundary I'. We
set Q = R®> — (. Suppose that Q is connected. Consider the following
acoustic problem

0%u .
Du(x,t)=W—Au=O in Q X (—o0,00)
u(x,t) =0 on I' X (—o0,0)

u(x,0) = f1(x)

0
% (60 = £2()

(1.1)

3
where A = Y 8%/0x}. We define the local energy of u in Q(R) at

ji=1
2
}dx,

Concerning the uniform decay of local energy, Morawetz, Ralston
and Strauss [MRS] and Melrose [Mel] showed that, when O is non-

time t by ;
u
o5 (x,1)

{qu(x,t)|2+
YR)

QR) = Qn{x; |x|<R}.

E(w,R;t) = % J.

Key-words : Decay - Wave equation - Local energy - Convex bodies.
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trapping ('), the exponential decay of the type
(1.2) Eu,R; t) < Cre ™ Eu,R; 0)

for all

f= 1.1} e(CTQRY)?

holds, where a is a positive constant independent of R. On the other
hand Ralston [R] proved that the exponential decay of the type (1.2)
does not hold for trapping obstacles.

On the uniform decay of the local energy for trapping obstacles,
the author considered in [I1] an example of trapping obstacles ¢ which
consists of two disjoint strictly convex bodies, and we showed that the
exponential decay of the form

(1.3) Eu,R; t) < Cgre™ {fo”fﬂm)‘l’ Hfz”?,s(g)}

for all
f={f1.f2} € (C3(Q(R)))?

holds. The purpose of the present paper is to extend the result in [I1]
to the case that @ consists of several disjoint strictly convex bodies,
namely

where 0;, j=1, 2,...,J, are disjoint bounded open sets in R3 such
that I'; = 00; are smooth and the Gaussian curvature of I'; is strictly
positive at every point of T';.

As a result of the former studies [LP1, R, Mel, I1] we can say that
the behavior of solution to (1.1) is in close connection with the
properties of the broken rays of the geometric optics in Q, and especially
with the periodic rays in the case of trapping obstacles. For a periodic
ray vy in Q we denote by d, the length of y, and by B, and B; the
eigenvalues of the Poincaré map of y with the absolute values less
than 1. On the configuration of ¢; we assume the following :

(H.1) For all {j,,j,,j3}€{1,2, ..., J}* such that jy #j,, if [ #1,
the convex hull of ?9]-1 and Zﬁjz has no intersection with ?91-3.

(*) For the definition, see, for example, [MeS].
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(H.2) There exists o > 0 such that
Irde? < oo,

where the summation is taken over all the primitive periodic raysy in
Q, and

Ay = 1B,B 1Y
The main result is

THEOREM 1. — Suppose that (H.1) and (H.2) are satisfied. Then we
have an exponential decay of local energy of the type
E(u,R;t) < CRe_‘"(Hfl|]§3(Q)+Hle}§2m))

for all
{f1:./21e (CTQMR))?,

where a is a positive constant independent of R.

Remark. — Consider the case that all ¢; are balls with radius r.
Then the condition

dis(0;,0) = rJ for all Jj#I
implies (H.2).

In the case of J = 2, since there is only one primitive periodic ray
in Q, not only the exponential decay of local energy but also the
distribution of the scattering matrix is studied well [G, 12, 13]. On the
other hand, when J > 3 the geometry of Q is more complicated.
Namely, under the hypothesis (H.1) there are infinitely many primitive
periodic rays in Q, which makes difficult to extract the asymptotic
behavior of solutions as ¢t —» oo in a simple form. Therefore we can
only show the non-existence of poles of the scattering matrix in a
certain strip, which implies the exponential decay of solutions (see the
next section).

As for the hypothesis in Theorem 1, we may say that (H.1) is not
essential for the exponential decay of local energy. Probably we can
show the same decay without (H.1) at the prise of certain technical
complications. But (H.2) is used essentially in the proof of Theorem 1.
We do not know at present whether the exponential decay of the type
(1.3) holds without (H.2).
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The author has obtained the result of the present paper during his
stay in I'Institut Fourier, and the results was announced in[I5]. The
author would like to express his sincere gratitude to Prof. Y. Colin de
Verdiére and Prof. L. Guillopé for stimulating discussions.

2. Reduction of the problem.

As considered in [LP1], the decay of local energy is closely related
to the spectral property of A in Q. Theorem 1 is derived easily from
the fact that the resolvent of A can be continued holomorphically into
a strip {g;—a<Rep<0}(a>0). More precisely, consider the boundary
value problem with parameter p e C

{(uz—A)u =0 in Q

(2.1) u=g on I',

where ge C®(I"). For Rep > 0, (2.1) has a unique solution in H2(Q).
Write the solution u as
u=Upwsg-

Then U(p) can be regarded as an Z(C*(I'), C*(Q))-valued holomorphic
function in Rep > 0. Recall that U(n) can be extended to a function
holomorphic in Rep > 0 and meromorphic in the whole complex
plane C (see, for example, [LP1], [Mi]).

In this case we have
THEOREM 2.1. — Suppose that (H.1) and (H.2) are satisfied. Set
F(o) = TAd,e (1 -0e™) 1,
a, = supf{a; F(B)< oo, for all B<a}.
Then, for any € > 0, U(u) is holomorphic in

D, = {},Re u> —(ap—¢), |u| = C}
and we have
2
Sup, (UMW) (X)) < Croolllgllzy + 117lgl 24 s

for all pe D,.

Remark 2.2. — Since there exists B > 0 such that A, < e P for all
v, we have ll—)weﬂ"'l"1 < C for all y. Therefore a, is necessarily
positive under the assumption (H.2).
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Remark 2.3. — Note that the relationship between the poles of the
scattering matrix #(z) and those of U(w), that is, z is a pole of & if
and only if p =iz is that of U ([LP1, Theorem 5.1 of Chapter V]).
Thus, there exists o > 0 such that {z;Imz<a} does not contain pole
of £(z) (cf. the conjecture on the distribution of the poles of the
scattering matrix in [LP1, page 158]).

Since the derivation of Theorem 1 from Theorem 2 is the same as
in Section2 of [I1] we omit the proof. Hereafter we shall use the
notation |- |,(w) as in [I1,12], which stands for the norm of %”(®).

In order to show Theorem 2.1 the following proposition is essential.

ProPOSITION 2.4. — Let m be an oscillatory data on T'; of the form
m(x;k) = e*¥™g(x)

satisfying Condition A of Definition 4.2. We fix an positive integer N
arbitrarily. Then there is a function w(x,p;k) such that

G w(-,m;k) is  C®(Q)-valued  holomorphic  function in
D = {y/Re p> —a,},

(i) w(-,u;k) e L) for Re p > 0,

(i) (uW2—A)w(x,u;k) = 0 in Q for all pe D,

(i) [w(,1K) |, QR)) < Cp kP (I ly2, T+ DIgly2, (T)) for all
peD,,

V) Iw(-,mk) — m(-,k)[,(T) < Cp,s(I\I’|N2+p(rj)+l)lg'N2+p(rj)k—N+p
for we D, such that |p+ik| <ay, + 1.

By the same argument as in [I3] we can derive Theorem 2.1 from
Proposition 2.4. Therefore the rest of the paper will be devoted to the
proof of Proposition2.2.

3. On the behavior of phase functions
and broken rays.

N
From now on we suppose that O = U 0; satisfies (H.1). As a
ji=1
fundamental preparation to investigate the behavior of solutions to the
problem (1.1) we consider the behaviors of broken rays in Q and
sequences of phase functions.
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Let p be a positive constant such that
0 < {x;|x|<p},
and set

dj,l = dis ((91, (91), dmax = malx dj,l’ dmil‘l = ml? dj,l'
Jj# Ji#*

For xeI', n(x) denotes the unit outer normal of I' at x, and we
set

E; = {EeR%E|=1,n(x)-£§>0},
and T = {(x,E);xeT,EeX]}.
We denote by Z(x,£) the broken ray according to the law of
geometric optics starting from x e I' in the direction £ e X7, by X,(x,£),

X,(x,8), ..., the points of reflection of the broken ray and by E,(x,£)
the direction of ray reflected at X;(x,£). More precisely, if

{x+1;t1>0} "l = 7,
we set Lo(x,§) = {x+1&;1=20}. If {x+1E;t1>0}nT # &, we set
To(x,E) = inf {1;1>0,x+1€ eI},
LO(xag) {x+‘t&;0<t<10(x’é)}a

Xl(xar;) = x+ TO(x’é)ga
Ei(x,8) =&~ 2(n(X,(x,8),On(X(x,5).

When {X; +1E;;1>0}nT = &, L,(x,8) = {X; +1E;;t=>0}. Otherwise
we set

7,(x,f) = inof {1;7>0,X,+15, €I},
Ly(x,8) = {X;+1E;;0<t<14},
X,(x,8) = X, + 1&,,

E,(x,8) =By — 2(n(Xp),E)n(X>).

Thus we define successively t;(x,8), X,(x,£), E/(x,8), L;(x,) until
{X;+1E;1>0}n T = ¢F. If there exists [, such that for t,(x,8), X;(x,£),
Ey(x,£) are defined for I < |, and {X, +1E,;1>0} "I = J then we

set Io

Zx8 = U L8,

0

1=
#%‘(X,E_,) = lO .
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Otherwise

@

Tx8 = U L9,

=0

X (x,8)
We denote by Od Z'(x,£) a sequence (j)%*® such that

o0 .

X (x,8)eT}, for all 0<I<*%(x,5),
and call it the order of reflection of &' (x,£). For an integer ¢ < *&(x,£)
we set o _
Odq.%"(x,ﬁ) = (iOs.]l’]25 v 9]q)'

We denote by X(t;x,£) the representation of %' (x,£) by the length 7
of the ray from x to the point X on the broken ray.

From the assumption (H.1) we have

LemMMma 3.1. — There exists 8, > 0 and d, > 0 with the following
properties : Let (x,£)eX*T. If
(3.1 = n(X,(x,8)-& < 8,

the reflected ray does not pass the d, neighborhood of O, that is, L,(x,&)
is a half line and

Li(x,8) n{y;dis(0—0;,,y)<do} = &.
Proof. — Let xeT';, X, eT; . Suppose that
(32 n(xy)-§ =0,

and that L, n (0-0;,)) # &. If X, eT;,, evidently j, # j. Note that
(3.2) implies E, = £. Namely, X; is on a segment xX,, which means
that

(convex hull of O; and 0;,) n 0;, 3 X;.

This contradicts (H.1). Thus it is shown that L, n (0 —0;)) = & holds
provided (3.2). Since X, and E, are continuous in x and & on condition
that X, exists, the assertion of Lemma follows from the compactness
of T*I. Q.ED.

We set

I,y ={xel,;—n(x)-(x—y)/Ix—yl = 8, for all yeT;}.
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A real valued smooth function defined in an open set in R*® which
satisfies |Vo@| = 1 is called phase function, and a surface

o(x) = (o) =0(x)}
is called the wave front of ¢ passing x. Note that — V() is the unit
normal of €,(x) at y.
DEerFINITION 3.2. — We say that a phase function ¢ defined in %
satisfies Condition P on I'; when

(i) the principal curvatures of the wave front with respect to — Vo
are non-negative at every point in %,

(ii) {y+1Vo(»);120,yeunl';} o | ) 0,.

1#j

Let @ be a phase function satisfying Condition P on I';. We define
¢, for p #j by the following way: for x = X,;(y,Vo) + 1E,(y,Vo)
such that X, (»,8)eT,, ¢,(x) = o(X;(»,£)) + ©. We set

U,(Vo) = U {Xi(xVe)+1E(x,Ve);120}.
Xl(x,é} € I"p,(j)

Concerning the principal curvatures of (f% we have
LemMma 3.3 (Section 4 of [I1]). — Let xeI', ;. Then all the principal

cuvatures of (gwp(x) = 2K(x), where K(x) denotes the minimum of the
principal curvatures of T', at x.

Now the following lemma is obvious from the definition of ¢@,.

Lemma 3.4. — It holds that
lV(ppl =1 in U,,
¢=@ on rzz.ti)'

The above two lemmas imply

LemMma 3.5. — If ¢ satisfies Condition P on I';, then for every p # j
¢, satisfies Condition P on T',.

We denote the correspondance from ¢ to @, as

9, = ©jo.
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Since @%@ satisfies Condition P on I', for p # j by Lemma 3.4, we
can repeat this procedure. To express successive applications of ®s,
we introduce notations. Set

I(n)={jF(iOxils'--sjn);jle{la""']} for 0<l<n’
Ji#jer for  0<ig<n—1},
I.(i") = {j=(io’jl’ .. 'sjn) € I(n);j0=j}’
and

0 o0

=1, =1\ 1.

n=0 n=0
For je I™|j| stands for n + 1.

For each j= (jo,j;,...,jn)€I; we define a phase function ¢,
inductively by

(pj = (D‘]{:_l(pj’a j, = (iO’jla e ’jn—l)
and we regard @; as a function defined in

U,(Vg) = U (X, (x, V@) +18,(x,V); >0} .

XnxV0) €T (1)

We use sometimes the notation

o=@ 0. Dy,

Jn—1 Jn-2
Set

(Vo) = | Lo(» Vo).
ys?ml‘j
Define a mapping ¥;(Vo) from ¥ (Vo) into T'; by
Y (Vo)ax =y + 1Vo(y) » ¥;(Vo)x = yeT;.

Let j = (josj1s---»Jw) € I". Define X~ '(x,Vo) for xe¥ (Vo) and
0<I<Ijl by

X~'(x, Vo = ‘Pin—zﬂ(V(vah ----- Jn-1+ 1)) e 'an(V(vaflv"-Jn’)x'

Now we consider the behavior of broken rays which stay in Q(p).
First note the following apparent fact :

LeMMA 3.6. — Let @ be a smooth phase function defined in an open
set AU . Suppose that the both principal curvatures of €,(x,) are greater
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than w > 0 at every point of €,(x,). Then for any x, y € €,(x,) and
© = 0, we have

dis(x+1tVo(x), y + tVo(y)) = (1+1x) dis(x,y).

Next we consider the reflection on the boundary.

LemMA 3.7. — Let ¢ be a phase function sastisfying Condition P on
I';, and let x and y be points on I'; such that x, = X,(x,V¢) and

J J

vy = X;(»,Vo) are together on I, ;. Suppose that ©(x;) < @(y,).
Denote by x' the point on the half line {x+1Vp(x,V@);T>0} such
that o(x}) = ¢(y;), and by x) the point on L,(x,E) such that
¢p(x1) = @(y1). Then we have

(33 dis (x1, y,) < dis (x3, 1)

Proof. — We set D™ = {z;n(x;)-(z—x,)<0}. The law of reflection
of the geometric optics means

Vo, (x1) = Vo(x,) — 2(n(x1)-Vo(x)n(x,),

which implies that

(B.4) dis (x; +1V@(x}),2) < dis (x; +TVQ(x}), 2)
fort>0,zeD"™.

From the convexity of 0, we have

0,<D",

from which it follows y, € D~ . Thus setting z=y,, t=0(y,) - ¢(x;)
in (3.4) we have (3.3). Q.E.D.

ProrosiTiON 3.8. — Let @ be a bhase Junction satisfying Condition P
on T';. Suppose that

3.5) x,ye{zel';n(z)-Vo(2)=3,}.

If
Od % (x,Vo) = Od % (y,Vo),
we have

(3.6) [x—y|l < Ca? (0<a<l)

where o and C are independent of ¢, j and q.
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Proof. — Set xo = x, yo = y, and x, = X,(x,VQ), y, = X,(»,Vo)
for p = 1,2,,...,9. Let @, j € I; be phase functions defined successively
according to the process mentioned after Lemma 3.5. We set

OdZ (x,VO) = (i,j1sJ2s---)-
For each 0 < p < g we set

Wo = Xp 2, = Y, i @G (R S Oy p(Vp)

and w, = y,, z, = x, if not. In order to apply Lemma 3.7 to a pair
of ¢gj,....j,-p and Xx,, y, we denote by w, and w, the points
corresponding to x' and x" in Lemma 3.7. Then the assumption (3.5)
and the positivity of the principal curvatures of the wave front of ¢

imply
(3.7 lx—yl <871 wp—2zl.

Evidently, |@W)—oWp)| = 19(z,)— ¢(2o)| = dis (0;,0;)) > dpin. Ap-
plying Lemma 3.6 to ¢ we have

(3.8) lzg— Wil = |zo— Whl.
Then from Lemma 3.7 it follows that
(3.9 lzy —wi| = |z, —wil.

Since the principal curvatures of @ ; , are greater than 2K on I'; (;,
the application of Lemma 3.5 gives

(3.10) lz,—wh| = (1+2d,,,K)|z, —w}].
Next applying Lemma 3.7, we have
(3.11) |2, = Wh| > |2, whl.
Thus from (3.7) ~ (3.11) we have
lzo—=wh| = (1+2d,;,,K)8|x— yl.
Repeating this argument we have for any p < ¢q
|2, = Wp| = (1+2d;,K)P 2o — Wl .

Obviously |z,—w,| < p, |[w,—w,| < p. Thus it must holds that

(1+2d,,,K° '8|x—y|<2p forall p<aq,
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from which it follows that

_ Ix—y| < 2pd '(1+2d,,,K)" @V,
Thus we have (3.6). Q.E.D.

Next we consider the behavior of %(x,Ve) and % (y,Vo) for two
different phase functions ¢ and @. First we prepare the following :

Lemma 3.9. — Let @ and @ be phase functions satisfying Condition
P on I';. Suppose that the principal curvatures of the wave front of ¢
are greater than x > 0 on I'; "% . Then we have for all p # j

(3.12)  sup [Vo,(x)—Ve,(x)| < o, SupqlV(P(X)—V(T)(X)I

*<Tp.0) xeljn

where 0 < a, < 1 and independent of j and p.

Proof. — Suppose that
(3.13) z=y+ Vo)) = w+ nVow)

where zeI',, y, wel; and 1, n are positive numbers. If y = w we
have immediately Vo,(z) = V(f)p(z). Suppose that y # w. Denote by n
the plane on which z, y and w lie. The intersection of = and I is a
smooth curve, which we represent as x = y(c) by o the length of
curve from y to x. Suppose that w = y(s)(s>0). We introduce a
coordinate (y,,y,) in © such that (0,0) corresponds to y and y,-axis is
the direction Vo@(y) and w lies in y, > 0. Denote as

y(©) = (31(0),y,(0)),
and set

i(0) = Vo(y(o),  j(©) = Vo(y(o).
Note that the strict convexity of I'; implies

dy,

I (0)=2c>0 for all ce(0,s).

Indeed, since at the point such that dy,/do = 0 dy/do is parallel to
i(0), it is impossible to hold (3.13). Denote by i;(c) and j,(c) the
y;-component of i(c) and j(o) respectively. Since the principal curvatures
of wave front of ¢ is greater than %, we have

diy

(c)?ué&(c) for all 0<o<s.
do

do
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Set

Ldi, _ Ldy, _
J;) %-(90') de = I(o), L E(GO‘) de = Y(o).

Then I(c) > »wY(o). Comparing the y,-component of the both sides of
(3.13) we have

y1) + nji(s) = y,:(0) + 7, (0).

Taking account of i;(0) = 0 we have
Y1) = y1(0) = — G ()i, (0)— (1 () —i1(5)).
By using the above notation we can write the above relation as

sY(s) = — msl(s) + n( () —i1(5),

from which we have

s = — (YO +nI) "G (5)—i1(9).
Now

J16) = i1(0) = jy(s) — iy(s) + iy (s) — i1 (0)
= sI(s) + j1(s) = ix(s) = Y(S)(X()+nI(s)) ™ (1 () = i1 (),

ie.,

Ji() = iy(s) = A+nY () ()1 ()11 (0)).
Thus we have
U1 (=i ()| = (1+d; W)j ()~ (0)].
By using [j(s)| = [i(s)| = 1 we have
) =i = (1+d; %) j(s)—i0)],

which is nothing but )V(pp(z)—V(Bp(z)l < (1+d; 07! Vo (w)—VoWw)].
Since z is arbitrary on I',; we have (3.12) from the above
inequality. Q.E.D.

CoroLLARY 3.10. — Let @ and ¢ be phase functions satisfying
Condition P on T';. Set

P = B0, E’j=‘pj€’-

There exists a constant 0 < o < 1, which is independent of ¢ and ¢,
such that _ . 3
|Ve;— Vo |(T) < o™ Vo —Vo|(T)).
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Proof. — By Lemma 3.4 we see that the principal curvatures of the
wave front of @ and @; > 2K if |j| > 1. Then applying Lemma 3.9 we
have

IVOG, i1, i~ Y901 oo i| T o) S
Ak IV, i1, i 0~ Y0 ie om0 T G ) S
@'k_l!V(P,-l_V(Bh‘(Fjl,m) < oy ' |Vo-Vo|(T). QED.

By using the argument in Section 5 of [I1] we can derive the
convergence of derivatives of Vo and Vo.

ProrosiTION 3.11. — It holds that
|V(pi_V(Bj|p(rj) < Cpa‘jl—IIV(p—V(B'p(rj)9 p= 19 2a e

With the aid of Proposition 3.11 we can prove the following
proposition by the same procedure as in Section 4 of [I3].

ProvposiTION 3.12. — It holds that
X0, Vo) — X !(x, Vo | ,(T) < Coil™!.

Now we turn to consideration of the periodic rays in Q. Let y be
a periodic ray in Q. Take one of the reflecting points x, of y, and
trace the ray starting from x,. Suppose that we pass the reflecting

points x;, X,, ..., X, one after another, and go back to x, from x,.
Namely,
n —_—
(3.12) Y= U XXpe1  (Xne1=Xo)-
=0

Suppose that x; e T';, and set j = (jo,Ji, - - - »Ja) € I™. For a periodic
ray y we set

F(y) = {i= (i1, ...,iy) € I”; 'y €T, such that

n —_—
Y= U Yi+1 Dne1=Yo)}-
=0

Obviously, 1f (jO’jl’ e ’jn) EJ(’Y), @‘j = (jl ,jz, s ’jn’jo) € j('Y) and
R = (usju-15---sJo) €F(y). Thus, if je #(y), then we have

(3.13) £(y) = {BY, RG'};1=0,1, . . .,n}.
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For any finite sequence j = (jo,j;,...,j,) €I™ such that j, # j,
there exists a periodic ray y such that je #(y). Indeed, consider

min{z lyz—yml;y,el“jl,l:o,l,...,n, and yn+1=y0}_
1=0

n
Evidently it exists because Y |y,—y.;| 1is continuous in

=0
(yo’yla"'syn)erjo X r.il X oeee X rin and rio x rfl X oo X rjn is
compact. If (xo,Xy,...,x,)eT; X T; X .- xT; is an n-tuple of
points which gives the minimum, for a broken line in Q
n
Y= U XX+ 1
1=0

it is easy to check that at each x, v verifies the law of reflection of
the geometric optics. Thus, v is a periodic ray in Q.

Now we show that
(3.14) ) = 2£®)

implies v = y. From (3.14) there exist sequences of reflection points
(X0>Xg,...,%,) Of v and (%5,%,,...,%,) of ¥ such that x,, % ely,
1=0,1, ..., n. Set E=(x;—xXo)/1%;—Xo| and E=(x, —%p)/|X; —Xo!.

Choose phase functions ¢ and ¢ satisfying Condition P on T'j, such
that Vo(x,) = & and Vo(x,) = £. Since y and 7 are periodic, we have

Xo+1(X0, V) = x, X,.1(X0,V0) = X,
Enr1(%0,VO) = &, Ep+1(X0, V) = E.
Therefore it follows that for any integer r > 1

X, n+ 1) (%0, VO) = Xo, Xy n+ 1,(§o,V<T>) = fo-
Then we can write the above relations as

Xo = X7 0(0x0, Vo), Xo = X" (%, Vo, (s<7).

Then we have
|xo"3€0| < IX—S(”H-)(XO:V(Prj)“X_s(nH)(;o,V(Brj)l +
‘X_S(n+1)(£0’ V(Prj)_X_S("+1)(£Oa V(Br])l =1+ 1.
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The application of Proposition 3.8 gives
11| < Cos®™*1),
On the other hand, from Proposition 3.12 we have
[1I| < Catr9e+D,
Thus we have for any 1 < s <r
[xo— %o < C(as®+ D g9t 1)y

~

which implies x, = X,. By the same argument, for other reflecting
points we have x, = %,. Hence y = y. Thus we have

TueoreM 3.13. — For any j= (jo,...,j.) €I™ such that j, # j,
there exists uniquely a periodic ray y in Q such that
jef().

4. Asymptotic solutions in the exterior
of one convex body.

In this section we fix je{l,2,...,J} arbitrarily. Let a be an
oscillatory function on I'; x R of the form

4.1 a(x,t;k) = e*VO7f(x,t;k)
where k > 1, Yy e C*(I'j) and fe C*(I';x(0,00)).

DerFmNiTION 4.1. — We say that a boundary data a of the form (4.1)
satisfies Condition B on T'; if

(i) there exists a phase function @ satisfying Condition P in T'; such
that

o=V on (Jsupp f(..5k),
: t,k
@ IfC.,;0L,T;xR) < C,  for all k=1,p=0,1,....

DEFINITION 4.2 — We say that a boundary data on T'; of the form

(4.2) m(x;k) = €@ g(x;k)

satisfies Condition A on T'; if
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(i) there exists a phase function @ satisfying Condition P in I'; such
that

e=Vy on |Jsupp g(-;k),

t,k

() 1g(k),T)<C,forall k=1,p=0,1,....
We set
Q=R-0;,, j=1,2,...,J.

First we consider asymptotic solutions of the problem
Ou=0 in Q; xR
4.3) u=a on I; xR
suppu < Q; x (0,00).

For m satisfying Condition B we can construct an asymptotic solution u
of the form

N
4.9 u(x,t;k) = *©@0 Y 4 (x,;k) (ik) 7'
: =0

Indeed, as is known (see, for example, [KSL], [I1]), when
v, =0,1,2, ..., N, satisfy

Tv, =0 in Q;xR

vo = f(x,t;k) on I'; xR,
and for [ > 1

Ty, = Qv in Q; xR

v, =0 on I'; xR

where

T= 2%+ VeV + Ao,

it holds that

R
R.

@5) Ou = 4@ 9ik"Ooy  in  Q; X
’ u=a on I'; X

[

Moreover we have
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Lemma 4.3. — It holds that
(4.6) supp (-, ;k) = {(y+ Vo (y),t+1);12>0,(y,1) € supp f(-, ;k)},
4.7 1ol Q;(R)XR) < C,lVQ|, 4 2(T)Iflp+ 2(T;xR).

By means of the proof of Lemma 3.3 of [I4] we have

LemMa 4.5. — Let m be an oscillatory boundary data of the form
(4.2) satisfying Condition A on T'; and let h(t)e C*(0,00). If we set
(4.8) f(x,t:k) = g(x;k)h (1),

a(x,t;k) = e VO f(x, k),

then a satisfies Condition B on I'; and v, constructed for a can be

J
expressed as
21

4.9) vletk) = ¥ £,,50h9¢— (@)~ (X! (x,Ve)),

q=0
|gl,q|p(gj(R)) < Cp|V(p|p+Zl(r_i)|g|p+21(rj)'
Especially
80.0(:k) = Ag(x)g(X ™! (x,Vo);k),
Ao(x) = {Go(x)/Go (X1 (x,V@))}'7
where G,(x) denotes the Gaussian curvature of €,(x) at x.

Take a function b(x,t;k) e C*(R3 x R) with the following properties :
b is equal to the right hand side of (4.5) in Q; x R, and

supp b N {OXR} < {(x,t); dis ((x,t),supp f(-, -;k)) < 1/2},
(4.10)  [bl,(O,R) < Ck NPV, on(THIf1,+28(T; ¥ R).
Let z(x,t;k) be the solution of

Oz= —-5» in R*xR
(@.11) {supp zc R x {t > 0}.

Then it follows from (4.10) that
(4.12)  1z|,(Q;(R) X R) < C, gk ¥ ?* 2|V, 35 (L)1 f1p+ 25(T; ¥ R) .

We set
w=u-++z.

Then from the choice of b we have
(4.13) Ow=0 in Q; x R.
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Suppose that
suppf(-,-;k) = I'; x (T,T+1).
Then we have
supp {w(-, T+ L;k),w,(-, T+ L;k)} = {x; dis (x,0) < 3/2}.

If we choose p; > 0 as 0; < {x;|x|<p;}, the Huygens principle implies

(4.14) suppw(-,;K)c{(x,0);t>T—1,t—(T—1)—(p;+1)<|x|
<t —(T-1) + (p;+1)}.

Let f be a boundary data of the form (4.8). We consider the Laplace
transform in ¢ variable of the asymptotic solution w constructed in the
above, that is,

00

w(x,u;k) = J e Mw(x,t;k) dt.

— 0

By setting
s(x, k) = Wx, wk)/A(u+ik),
we have
ProrosiTioN 4.4. — For a boundary data

m(x;k) = e*g(x;k)
satisfying Condition A, there exists a function s(x,u;k) such that
(i) for each keR s(-,p;k) is a C*(Q)-valued entire function,

(ii) s(,mk)eL*(Q) if Rep>0,

(iii) W =D)s(x,p;k) =0 in Q,
N 21 B

(V) s(pk) =Y (Y &,,(x;k)k+pP) (k)™ x
I=0 p=0

s —wx-1
e~ HIEE—VXTI@YO) 4 (1KY,
where r satisfies

(4.15) r(-, k), (Q;(R)) <
CR,p,xe_Rep(R+pj+l)k_N+p+2 |V(p|p+2N(Fj) |g|p+ 2N(Fj)

for —a<Rep<1, Im@pu+ik) <1,
W) s(x, k) = m(x,k) + r(x,u;k) on T

j*

Proof. - The estimate (4.14) of the support of w implies (i), and
(iii) follows immediately from (4.14). (iv) and (v) are evident from the
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properties of u except for the estimate (4.15). If we choose h(t) so that
AWl =1 for |Imp/ <1, —a<Rep<lI,
then (4.15) follows from (4.12) since
r(xwk) = 2(x,mk)/hGk+p).

From now on, we shall use the following definition for the brevity
of statement.

DEeFINITION 4.5. — Let @ be an open set in R® and let 9 be a
domain in C. We say that a function s(x,u;k) satisfies Condition S in
(0,2) when

(i) for each keR s(-,u;k) is a C®(®)-valued holomorphic function
in 2,

(ii) s(-,mk)e L*(@)  if Rep>0,
(ii1) Wm2—A)s(x,m;k) =0 in o for all LED.
We denote the solution s constructed in Proposition 4.4 for m by
s, k) = S;(wm(-;k) .
Thus S; may be regarded as a mapping from the set of boundary data

satisfying Condition A on I'; into the set of functions satisfying
Condition S in (Q;,C).

Let x e C*°(R) be a function such that

N for t< — 6
@ = {0 for t> —8,2,

where 8, is the constant in Lemma 3.1. As to the asymptotic solution
s = S;m we shall use the following notations :

Bi(wm = S;(wmlr,,

oo\ , 4 ) e o) — ok~ Lo
Bl(1;q)m = x(;%)e Y 84,5 (x; K)(ik+ p)Pe 0+ oG —oX ™ von |
p=0

0 . )
B(w;qym = <l—x<;3%>)e"“" Y, 84, p(x; k) (ik+ p)? X
p=0

e~ O -0(X ™ 1(x,Ve)|
Ty

0
(@) = x(a—‘fl’)z\q,(x)g(x—l (x, Vo),
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It follows from Proposition 4.5 that the dependency of
Bi(1), Bi(n; q), Bi(w;q) on p is holomorphic.

DEFINITION 4.6. — We say that a boundary data
m(x;k) = e*Ig(x;k)

satisfies Condition E on T'; when

1g(-,k),T) < C, for all k(p=0,1,---)
and
{x+1E(x);t=0, xe | )suppg(-,k)} N (do-neighborhood of O— )=,
k

where E(x) is a vector in R® such that |E(x)|=1, n(x)-E(x)=0
and
E(x) — (E(x)-n(x)n(x) = gradry.

We have the following Proposition by means of Proposition 7.5 of [I1].

PROPOSITION 4.7. — For a boundary data m satisfying Condition E on
I'; we have a function s(x,p;k) such that

(i) s satisfies Condition S in Q;,0),
(i) 15(-, 1K) 1,(Q(R)) < Cr pe RH*R 25+ k2 |Vl 13 (T8l 5+ 2n(T))
i) Is(,wk)—m(-,0)1,(T) <

Cr,pe "R P VEN2IV| o0 (T gl 28 (T
@iv) for | #j
“;('3u;k)|p(rl) < CR,pe_Reu(R+pj+1)k—N+plV(p|p+2N(rj)|g|p+2N(rj)'
We denote by S;(n) the mapping from a boundary data m satisfying

Condition E on T to s a function satisfying Condition S in (I';,C) that
is constructed in Proposition4.7, that is,

s(C,mk) = S;(wm(-,k).
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5. Construction of asymptotic solutions in Q.

In this section we shall construct a first approximation of the solution
to the problem

5.1) {m%—mu=0 in Q

Uu=m on T,

where m is a boundary data of the form (4.2) satisfying Condition A
onT;.

Define m; and s;, §; for j = (jjs, -~ j,) e I, by

my(x,p;k) = Bi(Wm = B'_ (1,0)-B~1(1,0)- - - Bl (w,0m ;

Jn—1 in-2
si(e k) = S5, (Wmy, si6,wk) = Y. Si(w B (1,0)m;.
1#j,
Set
(52)  wOGwk) = ¥ (=D Hs0xp k) + 5001k}

jelr j
In order to investigate the convergence of (5.2), first we shall make
a decomposition of 1. For i = (ig,i;, " * * »im) € I™ and j = (jo,j1, -+ Ju) € I”
such that i, # j, we denote by (i,j) an element in I™*"*! defined by
(i’j) = (io’ils e ’im’jo’jls e ’.]n)

Let i = (ig,iy, - - - »im) € I™ such that i, # i,, and let re N. We denote
by ri an element in I*™*)~1 defined by

r
N~

A= (- ).

We say that i = (ig, iy, - - - »i,) € I™ is primitive when i, # i, and there
are no j = (jo,j1» - Jn) € I™ and r > 2 such that i = rj. Denote by I(2?)
the set of all the primitive elements in /.

Set for i = (ig,iy, - siy) € [(P)
P'i = {(ri,ig,iy, i) ;r=21,0<s<m— 1},

Pi = Piv{i}.
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Lemma 5.1. — For each 1 < j < J there exist ¢; and ¢ subsets of
I(?) such that Pj, P'j (je #;,i' € #;) are disjoint with one another and

(5.3) I = ( U Pj) u( U P’j')'-
jetj i’ € 5

Proof. — 1t is sufficient to prove for j = 1. Now we prove the following
assertion by the induction in n: for n>1 there are

FO, 7V < I(P) A I such that

G4 P, Py, jefP fefV =1, 2,

o9 mwe=0{(ua)o(u

ERTY e s

n are disjoint

and

It is evident that this assertion implies the statement of Lemma

We set
W=@0p, 2<p<lJ.

Evidently ji" € I(#?) n IV, and
J
Y < (AP,
p=2

Thus in the case of n =1, (54) and (5.5) hold by choosing ¢ =

((L,p:2<p<Ty, FV = &.
Suppose that (5.4) and (5.5) hold for n = m. Let j = (Ljy, - jm+1)
be an element in "1 such that

(5.6) Q {(,gw )U (,Q.P’J’»

,jm) We have from (5.5) for n

) (L))

lEJx

Il
3

If weset jy=(1,j;,...

i'e
1

C s

1

namely we can write j as
(5‘7) j’z(rialsila'-',is)’ i:(1’i15i2,'-~’ip)ej(1p)u‘f(lp),

r=1, I1<s<p-—-1,
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or

5.8 j=rn, i=(,i,i,...,i)efPUIP, r>1.

In case of j,.; = 1, it happens only the case (5.7). Indeed, in case of
(5.8) we have je P'i = Pi. This contradicts (5.6). In case of (5.7)
evidently j € I(#) and je P'j’. Consider the case of j,.; # 1. Now
for the both cases of (5.7) and (5.8) we have j e I(#). Setting

I = {j=(1,j1,Jzs - - - Jm+1) 5 satisfying (5.6) and j,.,# 1},
j(1m+1)’ = {j= (1 7j1 9j2a s ’jm+1); SatiSinng (56) and jm+1 =1}

We have for j satisfying (5.6)

je< U Pi)u( U m').
jesmty iesmty

It is evident that the disjointness of (5.4) holds for n = m + 1. Thus
the assertion is proved for n = m + 1. Q.ED.

To show the convergence of (5.2) we have to express m; and s;
more explicitely. Let j= (,j;,...,j)eI{. It is easy to show the
following by the induction :

(5.9) myx,uk) = V4@ (x)e” TP V-, vapy
where we define 4; by
in jn—
Aj((P)g(x) = Aj,,_l((p(j,jl,...,jn_l))-Aj',,_;((P(j.jl,...,j,,_z))
A9y, AT (O)R().

Indeed, for j = (j,j;) from the definition of B? (1;0)

iko(x) 4J L~ @R (@) — WX~ 1x, Vo))
MG, u k) = e D41 (0)g(x;k)e " .
By using the fact that
Puipn = @ on I ),
o=V on Tj,

we see that (5.9) is valid for n = 1. Suppose that (5.9) is valid for
n=1.Let j=(G,ji,--sdi+1)> § = (Gsj1>--.,j)). Since (5.9) holds for
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j’» we have

i — @+ik) @, -vx~ F(x,ve,))
my(x ) = ety A (@)glx)e” v v,

Now from the definition we have

my(x,;k) = B3 (s 0)my (x, k) =
iko; (%) ,j — ()@ () — v~ 1 (x. Vor
I 4141 (0. 4 (o)g(x)e ROV e Te

Note that we have on I |

(p] = (er s X_ fjli(x, V(pJ,) = X |j|(x’ V(p’) .
Evidently

A1 (0p) 45 () = 4;(9).

Hence (5.9) holds for any jeI{*". Thus we have shown that (5.9) is
valid for any je ;.

Note that Lemma 3.1 implies

0PG,js, - rin-d

o X7'(x,Vey) =28, for any xeu;(Vo).

Thus from the definition of 4; we have

on
Aos=Agy My, XTIV, AV, V).

00,
(5.10) A;(0)g(x) = x(ﬂ) Ay ;(X)g(X ~"(x, Voy),

Lemma 52. — Let i= (j,iy,...,i,)€F;, and let y be a periodic
ray in Q such that i€ #(y). Suppose that

(5.11) Y= U X X141 x el
1=0

12 x”+1 = Xg-

Then there exist phase functions @7, 1 =10,2, ...,n, such that
(i) @i satisfies Condition P on I';,
(i) o7 (x) =0,
(i) ®f* QR = 1 +deyy 0<ISN—1, 0L 0% = 0% +dyy, »

Where d(Y)il = |x,+1"‘x,| .
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Proof. — Take a phase function Y satisfying Condition P on T;
such that

VY(xo) = 0, VW(xo) = (x1—x0)/1%1— X0l .
Forr>0,0<1<n, we set
Vi = (I)(ri.t)\l’-
Evidently we have for all r > 0, 0 < I < n
(V\I’ri,l)(xt) = X+ —x)/ X0 1— x4,
“l’ri,l(xl) = rdy + lxi—xol + -+ [xl—xl—ll (n>l>1)’

5.12
G2 {\l’(r+1)i,l(xl) = V1) + d,.

Applying Corollary 3.10 to ¥ and ®,¢, and we have
IV = VWit il p(T) < Cpa™™,
which implies the existence of a smooth vector n;; such that
(5.13) VW= Tl o) < G,
Then from (5.12) and (5.13) it follows that

@i(x) = lim (Y (x) — (rdy+d(y)i0 + o+ dgy)

r—oo

exists and
l@i = (Wi, — (rdy + gy + -+ + dgy))1,(Ty) < C,amt.
By using (5.12) we have (ii) from the above estimate.

By Lemma 3.9 we have for 0 <l <n — 1

(@ (@ +rdy+dgg + - Fdy) — O il () < Cam!,

O (@t rd, t gyt dy) =0 OF Frdy  diyi - gy
On the other hand
(D:'iﬂ il T (rdy+d(y)io+ et d(y)i,) =
Vrige1 — (rdv+d(y)i0+ T +d(y)i,) = Q1+ ~ d(v)i,H-

Thus we have (iii). Q.E.D.
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LEMMA 5.3. — We have
(5.14) IVO@eiip.....p~ VO () < Cra™ ™t
Proof. — Apply Lemma 3.9 to ¢; and y; = @\, and we have
IVo;—V;,(I7) < C,al'.
On the other hand, since m;, in (5.13) is equal to V¢, we have

lv‘l’(ﬂ, igr -+ i )_V(P'?m p(ri) < CpamH .

Combining the above estimates we have (5.14). Q.E.D.

LEMMA 5.4. — There exists uniquely a point x{° in T'; such that

(5.15) | X, (x2,VO)—x;| < Ca™* for all r>0, 0< 1< i,
where C is a constant independent of i.

Proof. — Set
x;n+l = X_rn(xl,V(P(ri,io,---:il))'

Evidently we have
x§'+ rn+l — X (r+r)n (xt , V(P((r+r')i,i0 ..... "l)) = ,
XX (x0 VO, ... i,)) Vo).

Since X~ ""(x;, V@ +ryii.....;p) €Ty, an application of Proposition 3.8

gives

,,,,,

IX§'+")"+I'-X?'+’| < Canr+l .

Thus lim x!"*! exists. Denoting the limit point by x° we have

r— o

(5.16) |x["H = x| < Com*l.
Note that
X 7"(x, Vo) =x, for r>=0, 0<I<n-—1.
Then by using (5.14) we have
| X ™71, VO g, ..ip) ~ X < Ca™ ™t
Since X ""(x1, VOGa g, ....ip) = Xent1 (X", V@) we have
| X (X704 V) — x| < Com*t

Then letting ¥ — oo we have (5.15). Q.E.D.
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By following the argument in Section 4 of [I2] we can derive from
Lemmas 5.3 and 5.4 the following

PROPOSITION 5.5. — Let j= (ri,ig, ...,i) € Pi. Then we have for
s < 1jl/2 o
1X75(-, Vo) — X (-, Vo)1 ,(T) < C,oli?,

XU, V)~ X<, V) () < Cya.

With the aid of Proposition 5.5 we have the following as in Section 7
of [12].

ProroSITION 5.6. — There exists a constant d,; such that
Q5= (@f7dy +dy s Fdyig tdyy + -+ +di),(T) < Cal

holds for all j = (ri,ig, iy, ...,i,) € Pi, and the set {d, ;}. is bounded

in R. I
Now we look for an asymptotic formula for A, ;(x). Set for

0<I<n
7\4,1 = Aq;;’?,(xw 1)

Note that

n =
T=ohiy = Ay

(see, for example [BGR, Section 2]).
By employing the agument of Section 5 of [I2] we have
PropoSITION 5.7. — It holds that for all je Pi
(5.17) [Ag,i(-) = AYa 1 ()b; | ,(Ty) < Cp(hy)a’!.
Here (i) we denote by (A;)
MY =Mho--Ay  for j= (riyig,iy,...,0),

(i) ai,,(x), 1=0,1,...,n are smooth functions in %; (Vo) such
that |a;,|,(%;,(Voiy) < C,, where C, is independent of i and 1,

(iii) b; is a positive constant depending on @, and we have

bl < C  for all i.
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Set
miy(x, k) = eik(pi’(x)ai’,(x).
With the aids of Propositions 5.6, 5.7 and (5.16) we have
(5.18)  {my—g(x"; Wbse” ¥ (e " ymiy |, (T)
< C kP -kat¥ (e "M |g| . ()
for j = (r,iqy,i,,...,i;) where we use a notation
e "0 = (he My, ge M A e M
By setting
sia(x, k) = S, (Wme,
(k) = 55— g b M (e s k),

from (5.18) we have

(5.19) 1£],(QR)) < C, zk7ae " i e ™ Y 1g) L (T).
Thus
Y 5= T Sap...n=80 Kb MY (e 0 e
jePi I=0r=1 I=0
Y are ™M 4+ Yot = g(x®; kybe “%eif + IT.
r=1 iePi

For i = (ig,iy,...,i,), h = (ho,hy, ..., h) € I, with the notation h < i
we signify that ¢ < p and h; = i, for all | < q. Then I is expressed
as
I=2%e ™ (1—1e ™) 1Y (e sy,
In order to estimate I and II we prepare the following
LemMA 5.8. — Suppose that

B<a.
Then we have

sup 3 (L") < CFB),

T oi<i

where the supremum is taken over ie f;u J7.
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Proof. — First we admit that an inequality
(5.20) (hie" it < Chge™

holds where v is a periodic ray in Q such that (iy, i, .
C is a constant independent of y and (ip,i;,...,i).
assertion of Lemma follows from (5.20).

Set

_C -~

Y=

s

YVsVs+15 Yi+1 = Yoo yseris

0

and @3, be phase functions in Lemma 5.2 for
1= (gsiy,...,i) e F().

Then from Proposition3.11 we have

IVor,— Vo2 |,(T) < Co.

Then it follows that .
|ys_xs| < amm(s,l—s)‘

Therefore from the above two estimates we have
Nis/ M= 1] < Camin®!=9),
ldy;/d;;— 1] < Comin(s:1=9)
Substituting these estimates we have (5.20).
Now from the form of I we have

..,i)e #(y) and

Obviously the

Q.E.D.

1] < CF(=Re phe " *1(1—n,e " ¥t

On the other hand from (5.19) we have

< Y 141 ,(Q(R) < TC kPl (e " "y |gl,. (T) =

jePi
Ch? ¥ Mg " Ml Y (e e Myl gy (T) <
r=1 i'<i
CpF(—Re p=Bohe! P g, (L),
where By = — loga/d .-
Set

spp= 3 (=D (s +s).

jePi
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Concerning sp;|r — m, note that s; and §; are so chosen that the
coefficient of ko, of its expansion in k~! vanishes. Then summing up
the above estimates we have

PROPOSITION 5.9. — Let i€ #; U #;, and let y be a periodic ray in
Q such that ie #(y). Set

D, = {wRe p>(log \,)/d.}
Then a series sp; converges absolutely in D, and has an estimate

(5:21)  Ispil ,(AR)) < Cp gMy+ kPF(—Re p) x

16 B W B

where
M, = (IVW,4, T+ Dligl(T)),

and C,  is a constant independent of , g and i. Moreover sp; satisfies

(i) Condition S in (Q,D,),

N
(i) splr—m= Y {Y k™"my,0x,pk)+m;(x, 1K)},

je Pi h=1
where
(5.22) my (x5 k)= "%, (x, 15K,
(5.23) 18515 (T)) < CpuMape gl "y
(5.24) 1,1, (T)) < ek ™V PMyys (he " ")

Now we turn to consideration of the convergence of w® of (5.2).
First we remark that we have from (3.13)

Miie £y = 2.
On the other hand since |i| < d,/dy;,, we have

(5.25) iie £} < Cd,.

From Lemma 5.1 we have

R EE I E

jelj icfjjePi iefj jePi

Y : primitive periodic ray{ Y (Z *> + Y ( y *>}
v ie £ing () \j € Pi iefjnsm\jePli
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Thus for pe ()2, we have from Proposition 5.9
Y

> Is;+ 551 ,(Q(R)) < Cp xMyy+ ,F(—Re pkP x
jelj
#

Y {iie £(NN(FuIPNe 1 —ne R Myt
Thus we have !

PropoSITION 5.10. — The function w® defined by (5.2) satisfies
Condition S in (Q,D), and it is represented on the boundary T" as

N
wO —m=3 {Z k""mj,,,+k'Nn~1j},
jEIj h=1

where m; ; and rﬁj have the properties (5.22)-(5.24).

6. Proof of Proposition 2.2.

In the previous section we have constructed a first approximation
of the solution of (5.1). To arrive Proposition2.2 it suffices to repeat
the preceding argument.

Since m;, is a boundary data satisfying Condition A we can apply
the construction procedure in Proposition 5.10 to each m;,. Denote the
corresponding function by w{%. From Proposition 5.10 we have for each
j = (iO’jl’ : "sjs)EIj and h = 1

N
©) _ _ -K -N>
Wip = M, = ,Z { 2 h™"m; v wtk mj.j}
i'er; Ln'=1
n
where my, v, and m,, ; satisfy
m; g it (X, 1K) = eikq’j"j’(x)gj,h,j’,h'(X,H;k),
—~Re pd;. —Re pd; i’
lgj,h,j',h']p(rj') < CpM2N+pO\-ie Y (e Y,
~ “N+ —Re pd;, —Re pd;n i
|mj,h,j'Ip(rj') < Cpk pM2N+2h+p(;“ie Y (Aye Y,
for je Pi’.

By setting N
W= = Y KTy

h=1 jel
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we have that w'® + w) satisfies Condition S in (Q,D) and

WO+ WD —m|,(QR)) < Cp xMays+ k7> P(F(—Re p))>.

Repeating this procedure we get
w=w+ w4 o4 y®
which satisfies Condition S in (Q,D) and

w=mi,(C) < C,M 5, k™ *P(F(—Re )**2.

2N)2+

Thus we proved Proposition 2.2.
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