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MULTIPLE SINGULAR INTEGRALS
AND MAXIMAL FUNCTIONS
ALONG HYPERSURFACES

by Javier DUOANDIKOETXEA

0. Introduction.

Homogeneous singular integrals on the product space R"*™,

Tf = p.v. K*f,  with K(x,y)=9<%sﬁ>|x|‘"|y|"" and

J Qu,v) du = J Q(u,)dv =0, are bounded in LP(R"*™),
sn—1 gm—1

1 < p < oo, when some regularity conditions are assumed on Q, as can
be seen in [5]. In [6] weighted inequalities are obtained for these operators,
always assuming some regularity on the kernel. In this paper we get both
L”-boundedness and weighted inequalities for T with size conditions on Q
instead of regularity, namely: T is bounded in L?(R"*™), 1 <p < o,
if QeLyS" 'xS™" '), ¢>1, andin L?(w), for the natural class of
weights w (described below in § 2), if Qe L®. Our study of T is based
on its decomposition as

Tf = kZUk,j *f

where o, ; are Borel measures given by
0,;(8) = “ K (x,y)g(x,y) dx dy.
2kS|X|<2k+I
2gy<2i+]
Also Hilbert transforms along surfaces can be decomposed in an

Key-words : Multiple singular integral - Maximal function - Fourier transform - Operators
along surfaces.



186 JAVIER DUOANDIKOETXEA

analogous way. For a surface S in R?® parametrized as (s,t,9(s,t)) we
define

@ ® ds d
Hf(X) = p'V'J‘_ J‘_ f(xl —8,X;— t,X3 - (p(s:t)) Z—tt

and we can write

e

Hf = z O'k,j*f

k,j=—o

where the Borel measures o, ; are now defined by

ds dt
oy;(8) = g(5,t,0(s,t)) ——-
2kg|sj<2k+]1 st

2ig)<2i+]

When o¢(s,t) = |s|%t|’, a8 > 0, H is known to be bounded in L?(R3),
[1/p—1/2| < € for some € > 0 (see [8], [12] and [13]). Associated to the
surface S we have the maximal function

hy (hy
Mf(x) = Sup : J J‘ f(xl —8,X3— t,X3 - (p(S,t)) ds dt
o Jo

hy,hy>0 hyh,

which is controlled by
Hf(x) = sup [p,; * f(x)|
k.j

where the p, ; are positive Borel measures given by
2k+1 2J+1
”’k,j(g) = 2—k—j jk J;] g(S,t,(P(S,[)) dS dt
2!

M is bounded in L?(R3), 1 < p < oo, if @(s,t) = |s|*|t|® (see[3]) and if
9(0,0) = Vop(0,0) = 0 and ¢ has nonvanishing second order derivatives
at the origin (see [2]). We get the boundedness of M and H in the whole
range 1 < p < oo for these surfaces and also for some others having a
contact of infinite order at the origin with the OX,;X, plane. These
problems on surfaces appear as a natural generalization of their analogues
on curves, and are posed in[11].

All the results are obtained from the two general theorems stated in § 1.
Two families of measures {,;} and {o,;} being given, we study the



MULTIPLE SINGULAR INTEGRALS 187

boundedness in L? of the operators
Mf(x) = sup |y ; * f(x)]|
kyj

Tf(x) = kz Oy, j * f(x).

Here p, ; will be positive Borel measures and o, ; will have zero integral.
The technique is based on the cutting of the multipliers (the Fourier
transforms of u,; and o, ;) according to a certain Littlewood-Paley
decomposition which allows us to obtain L?-norm inequalities. The method
works when some decay and regularity conditions are supposed on the
multipliers. The extension of the results to more than two parameters is
straightforward but it complicates the notations considerably. In § 2 we
give the applications to multiple singular integrals and in § 3 we deal with
maximal functions and Hilbert transforms along hypersurfaces.

This paper extends to the multiparametric case the results in [4] and the
proofs of § 1 and § 2 follow the same pattern as for the one-parameter case
of [4]. Nevertheless, for the sake of completeness, we state them here. In § 3
the estimates on the Fourier transforms and the boundedness of maximal
functions required by the conditions of theorems 1 and 2 must be proved
(lemmas 2 and 3). As expected, Van der Corput’s lemma is an important
tool in obtaining the estimates; the boundedness of the maximal functions
is a consequence of some inequalities involving lower dimensional maximal
functions which in some cases are bounded by an induction hypothesis.

I should like to thank José L. Rubio de Francia for his help throughout
this work and the referee for his useful suggestions.

1. General Results.

Let us introduce some notation. We write R” = R x R x R™ and
xeR" as x = (x;,x,,x;) with x;eR"%, i=1,2,3.

If f is a function defined on R" and h;eR"(i=1,2) we define
A;lf(xl,xz,x:,) =f(xy+hy,x3,%3) — f(x1,%3,%3)
Ai2f(x1,x2,x3) = f(x1, X3+ hy,X3) — f(x, %3, %3)

A2, 1(x) = AL (8] f(x).
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Given a measure p in R" we define p¥ in R™2*™, u@ in RM*™,
p3 in R™, by p'(E) = p(R"xE), p?(F) = p(R2xF),
p12(G) = p(R"xR2xG) where E, F, G are Borel sets in R™*™,
R"*™, R™ respectively.

Finally, we write |o| for the total variation of the measure o and
t¥* = inf (t%t™®) for t > 0.

The main theorems of this paper are the following :

THEOREM 1. — Let w, ; be uniformly bounded positive measures in R".
Suppose that for some a,b> 1, o, >0, and for all k,jeZ

Iﬁk,(é)' < C|ak§1|—u”’jE.,zl_B
A, i (0.85,E5)| < Clakg, |*|biE,| ~P

|Azzﬁk.j(§1a0,§3)| < C|ak51|_m|bj§2|'3

A2y ,(0.0.80)] < ClakE, [*(bE, |

with C independent of . Suppose also that the maximal functions
M%; = sup |nf; +g, i=12
k,j

KA(1,2 — 1,2
M®:2g = sup |uli? *g|
k,j

are bounded in L? for every p > 1. Then,

Mf(x) = sup | ; *f(x)]
k.j
is bounded in LP(R™) for all p> 1.

THEOREM 2. — Let o, ; be Borel measuresin R" suchthat ||o, ;|| < 1
and

Iak,j(g)l < C|ak§1|im|bj§2|J£B

for some a,b>1, o,B>0 and for all k,jeZ. If
o*(f) = sup||oy ;| *f| is bounded in LI(R") for some q > 1, then,
k.j

Tf(x) = kZ Oy, j * f(x)
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and g(f)(x) = <Z |O,; *f(x)|2>% aré bounded in LP(R") for
k.Jj
1 1 1

b2 2

We shall prove first theorem 2 and use it to prove theorem 1. We begin
with a lemma needed in the proof of theorem 2 :

LeEMMA 1. — Let oy ; be Borel measures in R" such that ||o, ;|| < 1.
If o*(f) = sup|loy;l *f| is bounded in LY(R") for some q > 1, the
k.j
following vector valued inequality holds

1

1 1
<2|ck,j*gk,j|2>2 <C (Z |gk.j|2)2
k,j 141) k,j Po
1 1 1
T
Po 2| 29

Proof. — We present here a proof different from that of [4]. The
inequality

<
1

Zlck,j *gk,j| Zlgk,jl
k,j k,j

1

is obvious because ||o; ;|| < 1. On the other hand, the hypothesis on c*
gives

lisup | oy, ; * gl lly < llo*(sup|gi,;Dll; < Clisup [g;lll,-
kj k.j k.j

Interpolation between these inequalities provides the lemma when
pl—o = %(1 + %) The case p, > 2 is then obtained by duality. O
Proof of theorem 2. — Take two Schwartz functions, y!e & (R™)
Y2 e Z(R™) such that
supp (V)" < {%< |§.|<2}, i=12
o<W) <1, i=12

+ © + 0

YOI @E)IP = Y 1) () = 1.

k=— o j=—o
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If A\I/,Z and :]!]2 are defined by (V) (§,) = (U!) (a*€,) and
}) (€2) = (U?) (¥E;), we can write

Tf = Z Z Ok,j * (‘I’é+t®‘|’f+m) * (‘I’It+l®\ll_yg+m) *f= IZTI,mf-

k,j l,m

Then, ||Tf]|, < Z T, .fll, and we estimate each of the terms of this sum

I,m
by interpolation between the L?-norm and the L™-norm (p, as in
lemma 1).

1
”Tt,mf”po < C“ (Zlck,j * (‘l’é+z®\|’f+m) *f|2>2
k.j

Po

< Cliflly,

Po

< c“(;uw;,@wm) *le)f

where the first and last inequalities are given by Littlewood-Paley theory
(see [10]) and the second one follows from lemma 1.

The L? estimate is provided, as usual, by Plancherel’s theorem
ITmfl3 <) HALmIGk,,-(é)Izlf(é)lz dg
k.j

k.j
where

A;‘.:;l = {gGR"/(l—k—'_l<|E_'1|<a_k_l+l,b_j—m_l<|E_,2]<b_j_m+l}.
The hypotheses on cAyk,j(l‘,) imply
Ty mfllz < Ca™b=P| 1), .

1

2
0 <06 <1 and then

ITAll, < X ITimfll, < C Y a™ =" £]|, < C,lIf1l,.
Im

I,m

1 1 6 1—-90
< —> we have — = - +

for some 0 with
2q p Po

Now, when

The proof of ||g(f)ll, < ClIfll, is similar. It can also be deduced from
the preceding result, by observing that for every sequence (g ;},

&, = * 1, the operator T.f= ;sk,jck,j *f has a bound in L?
J

independent of the sequence of signé; then, the inequality for g(f) is
obtained by randomization. O
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Proof of theorem 1. — Let ®!, ®? be positive Schwartz functions in
R" and R™ respectively, such that (®')"(0) = (@) (0) = 1 and define

(@) () = (") (a*¢y)
()" (&) = (9?) " (VE,).
Then, we define the measures o, ; by
&k,j(a) = ﬁk}(&) - (Q;)A(E:l)ﬁk,j(o’ézaeﬂ)

— (03)” (B2, 581, 0.83)
+ (@) (€)@ (621, j(0,0,E3)

which satisfy the size hypotheses of theorem 2. Moreover, for every f > 0,

M[(x) < sup (Bf @ pit) * f(x) + sup (D @ pi?) * f(x)
k,j k.j
+ sup (B; ® D} @) * f(x) + g(NH(x)

where g(f)(x) is the quadratic mean of {o, ;*f(x)},; asin theorem 2. If
M; is the Hardy-Littlewood maximal function acting on the x;-variable,
we have

sup (@ @ ui) * f(x) < CM; MY (x)
k.j
sup (@] ® wi2)) * f(x) < CM,M2)f(x)
kj

sup (B4 @ P} @ w;”) * f(x) < CM;M,M "2 (x)
k.j

where MW, M® and M®? act on the corresponding variables. M,
and M, are known to be bounded in L?, p > I; M® M® and
M@:2 are also bounded in LP, p > 1, by hypothesis. Since g is
bounded in L?, so is .#. From the definition of o,; we deduce the

boundedness of o* in L2?; then, theorem 2 applies and yields the
boundedness of g (and, therefore, of .#) for g < p < 4; but then o* is
also bounded in such range of p’s and a new application of theorem 2 gives
the boundedness of g and .# wheng < p < 8. Successive applications

of theorem 2 allow us to obtain the whole range 1 < p < 0. For p = o
the boundedness is trivial. O
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2. Multiple Singular Integrals.

The homogeneous singular integral operators in R" defined by

Q
Tf(x) = p.V-f y(ly,.)f(x - y)dy

wn |

with Q homogeneous of degree 0 and mean value zero over the unit
sphere are known to be bounded in L?(R"), 1 < p < oo, under the
hypothesis Qe LY(S""!), g > 1. This result is usually obtained by the
method of rotations of Calderon and Zygmund [1]. It is elementary when Q
is odd (even with Qe L'(S""!)) and when Q is even, the operator is
written as T = — Y R?T, where {R;}}_, are the Riesz transforms,
S =1

which are bounded in L?(R"), 1 < p < oo. Then, the result for odd
kernels is used to handle R;T (see[1] for the details). A general Q can
now be decomposed in its odd and even parts.

We can generalize these operators to R"*™ in the following way : Let

QW1 ¥Y)
Tf(x,,X5) = p.v. f f Z0Ya) gy xa— ) dy, dy,
R"melyll |yl

where y, eR", y,eR™ and y;,=y/|ly;] i=12. The cancellation
hypothesis on Q becomes

f IQ(y’l,y’z) dy} =J IQ(y’l,y’z) dy; = 0.
sn— sm—

If we intend to apply the method of rotations to this case we find that for
the easy part, the oddness of Q in each one of the variables y; and y) is
needed, i.e.,

Q1,2 = — QU=y1,52) = — Q04 —y2) = Q(—)1, —y2)

for every y, e R", y, e R™. Therefore, the rest of the method seems too
difficult to be adapted here.

Anyway, we can show that, also in this case, Qe L¢(S" 'xS"™ 1),
g > 1, is enough to obtain the boundedness of T in LP(R"*™),
1 <p<oo. We do this by decomposing T as

© 2k+1 2i+1
Tf(x) = ), Q(u,v)f(x; —ru,x, —sv) du dv dr ds
2k gn—1lgm—1 rs

k,j=—o 2J

= 2 Ok,j * f(x)
k.j
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and applying theorem 2. Actually, we shall prove a somewhat more general
result because an extra factor of the type h(ly,l,ly,|) is allowed in the
kernel.

CoroLLARY 1. — Let K(x,,x,) be a kernel of the form
K (ru,sv) = r="s~"h(r,s)Q(u,v)

for r,s >0, (up)eS""* x S"~'. Suppose that

a) l Qup)du =0, VYveS"!
Jsn-

Qu)dv =0, VYueS" !

gm—1

Y

QeLlyS" xS 1), g>1.

0 0

PR Ry
b) J |h(r,s)|> drds < CRyR, for every R,,R, > 0. Then,
Tf = 1;.v. K *f is bounded in LP(R"), 1 <p < .

Proof. — Write Tf =) o, ;*f with
k.Jj

2k+1 2j+1
8k (E.:) = Q(u,U)h(r,S)
N L" Li stn—lxsm-l

. exp (—2mi(E, -ru+§,-sv)) du dv dr ds .

rs

We apply theorem 2 (without the third variable &;); let us verify the
conditions of the theorem :

2k+1 2j+1
swor<e [l aw
2k 2J sn=lysm—1
2 drds

exp (—2mi(§, .ru+¢&,.sv)) du dv| - -

2k+1 wmoj+1
=C J J l: f j Q(u,0) Q')
2k 2J (- 1xsm—1y2

exp (—2mi(E, - r(u—u)+§&,-s(v—0"))).du dv du’ dv’:|

dr ds .
rs
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Now

2k+1 agj+l
j ' f exp (= 2mi(E, ru—w) + &y 5(0—0)) T

rs

C
< : .
124, - (u—u)|1 278, - (v—v')|

Moreover, this integral is also bounded by 1; thus, the bound can be taken
as C|2%€,.(u—u)| "%|2%¢,.(v—0)| "¢ for arbitrary e, O<e<1.
Hoélder’s inequality gives

- du dv' L
low () < C”Q”q(j. )

sr—tasn—1 124G - (u—w) [

( war Y
sm—1xsgm—1 278, . (v—V)|**

and choosing & such that e’ < 1 we get

164,;(8)] < CI2°E,| 7127, | ~*.

For the other estimates the cancellation properties are needed :

2k+1 2j+1
|A; 01,;(0.82)] < J j I _ j Q(u,v)h(r,s)
1 gn—1 2] gm—1

2’(
exp (—2mit, . sv) dv ds_s

d
lexp (—2mig, -ru)—1| duTr-
The inner integral can be estimated as before and we obtain the bound

2k+1 2j+1 i
ds\2
¢ f f (f |h(r,s)|2—> 1926, ) laem-1,
2k sn=1\ J2J s

dr o Lo
du7|2"§1||2’§2| ¢ < CllQl 4124, 112%E,] ~*.

The symmetric condition, interchanging the roles of &, and &,, is similar.
The fourth condition

145,01, 00)] < CI2%,] 26,

is a simple consequence of the cancellation properties.
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Finally, we must obtain the boundedness of o* and this will follow
from theorem 1. In fact, since

(Iox;1)"(®) =f J ﬂ [Q(u,0)| | h(r,s)|
2k 2] sh—1ygm—1

d
. exp (—2mi(§, - ru+¢&,.sv)) du dv r ds

rs

the above estimates are also available here and

. 2k+1 pgj+l drd 1
(ox,) (0)<( f f T E s>2 1l
2k 2] rs

is a uniformly bounded sequence. On the other hand, the partial maximal
functions of theorem 1 are controlled (if g=>0) by

2k+1
dr
IGk,jl‘l’*g(x1)<jk f l“Q(u,')”L‘I(S”‘_l)z(r)g(xl_ru)du?
2 s

2j+1

with k(r) = f '

d .
lh(r,s)lz?s and its analogue for x,. Then, the
27

boundedness of the partial maximal functions is a consequence of the one-

parameter result ([4], corollary 4.1). Thus, o* is bounded in L?, p > 1,

and then theorem 2 implies that T is bounded in L?, 1 <p < .
O

After this corollary where LP-estimates have been obtained with size
conditions on Q instead of the regularity assumed in [5], we give another
corollary where we get weighted norm inequalities with somewhat more
restrictive conditions on the size of Q (now, Qe L*), but without the
regularity conditions used in [6].

The class Ay of weights w for which we obtain estimates in L”(w)
can be described as those nonnegative locally integrable functions such that

1 1 -1/(p—1 Pl
o)l o] <+

where R is the product of two arbitrary cubes of R" and R™ respectively.
Alternatively, we can say that we A¥* if for each x; e R", w(x,,") isin
A,(R™) with constant independent of x; and a similar condition holds for
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w(-,x;). These are the weights for which the strong maximal function

1
fE(x1,%0) = su
12X2) = S B0y x BOM)|

: JJ [f(x1=y1,x2—y2)| dy, dy,
B(0,h;) x B(O,hy)

is bounded in L?(w) [7].

COROLLARY 2. — Let
K(xy,x5) = Q(x'1, x2)h(|x1[,1x21) x4 ] ™", 7™

be a kernel such that he L*(R?), QeL®(S" ! x S™!) and

f Qu,v)du = j Qu,p)dv =0
sn—1 sm—1

then Tf(x) = p.v. K#*f(x) is a bounded operator in LP(w), weA},
l1<p<o.

The proof of this corollary follows step by step that of corollary 4.2
of [4]. We only need to be sure that all of them generalize to the product
setting :

i) The extrapolation theorem of Rubio de Francia [9] allows us to
restrict the problem to p = 2;

ii) if we A% the Littlewood-Paley inequalities associated to a product
decomposition hold in L2%(w) [7];

i) |0 | *f(x) < f¥(x), Vk,j; therefore o* is bounded in L*(w),
weA%;

1+e

iv) if we A%, then for some € >0, w is also in A%.

From (ii) and (iii), the operators T,, in the proof of theorem 2 are
uniformly bounded in L3(w). By (iv), the same is true in L2(w!*®).
Interpolating this with the unweighted inequality

1T, mfll; < Ca"b=P"||f]l,, we obtain an exponential decay in the
L*(w)-norm of T,,, finishing the proof. '

3. Maximal functions and Hilbert transforms along surfaces.

Consider a surface S in R>, parametrized as (s,t,¢(s,t)) with
¢(0,0) = 0 and even in each one of the variables, i.c.,

(P(—S,t) = (P(S,—t) = (D(—S,—l) = (P(S,t), s, t> 0.
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The maximal function along S is defined by

Mf(x) = sup
osmsc
i=12

and the Hilbert transform along S is

j f(x1—5,%,—t,x3— @(s,t)) ds dt

HS() = pov. f f foes =52t —(s.0) S
<€y

1< Cy

Both integrals will be a priori defined only for Schwartz functions. The
numbers C, and C, appearing in such definitions depend on S and can
be + oo. When they are finite we can suppose, without loss of generality,
that they are exact powers of 2.

Let us define a new maximal function

skl ppj+l
‘/Vf(x) =sup 2“—+I J\ k . f(xl —S,x2—t,X3—(P(S,t)) ds dt

kSNI 2 2J
J<N,
= sup py ; * f(x)
k<N
J<N,

where 2M*!' = C,, 2™M*!' = C,. It is easy to see that
MI(x) < AN (f)(x)
and the estimates for A4 in LP(R%) will provide those of ./ .

On the other hand, write

2k+1 g+l

dsd
Hf() = z_ Z_ | St =)
=k=2; _;_: O, * f(x).

A and H are now written in such a way that we can apply theorems 1
and 2. Observe that the boundedness of o* required in theorem 2 will here
be a consequence of that of A".

In this paragraph D;@(s,t) stands for the derivative of ¢ with respect
to the i-th variable (i=1,2); D?o(s,t) = D;(D;o(s,t)) and
D1,¢(s,t) = D;(D20(s,1)) -



198 JAVIER DUOANDIKOETXEA

Three types of surface will be considered here :

Type 1. — @(s,t) = |s|*|¢|®, o, B >0. See [3] for the maximal
function and [8], [12] and [13] for the Hilbert transform. Here
Cl = C2 = 4+ . ’

Type 2. — o(s,t) is an even function of class C? in a neighbourhood
of the origin with D2¢(0,0) and D3¢(0,0) # 0, D,,¢(s,0) nonnegative if
D?¢(0,0) > 0 (resp. nonpositive if D%¢(0,0)<0) and a similar condition
over D;,0(0,t). See [2] where the result for maximal functions is obtained
without conditions on D,,. C, and C, must be chosen such that
|ID?o(s,t)| = A (i=1,2) forsome A>0 in 0<s<C,, 0<t<C,.

Type 3. — o(s,t) is an even function of class C? such that D?o(s,t)
and D,,0(s,0) (resp. D3o(s,t) and D;,9(0,t)) are nonnegative and
nondecreasing in s > 0 (resp. in t>0). In this case C; and C, must be
chosen such that these conditions hold in 0 <s < C;, 0<t<C,.
Observe that surfaces with a contact of infinite order at the origin with the
coordinate plane OX;X, are allowed; for example,
o(s,t) = s*t* (e "M4+e ™) for which C, =C, = + .

We can then state the following result :

COROLLARY 3. — If @ is a function of one of the preceding types, then

Nfll, < Clifl,, 1<p<+ o
IHA, < Clifll,, l<p< + .

As a consequence of the boundedness of .# and following a well-
known method we can deduce that

lim —— hih f j f(x,— —t,x3—Q(5,t)) ds dt=f(x) a.e.
m-0"1N2 Jo

hy—0
for every f which is locally in L?(R%), p > 1.

The proof of this corollary is nothing but an application of theorems 1
and 2 to the measures b, ; and o, ; defined above. As indicated the
boundedness of o* is a consequence of that of ./ and the remaining
conditions of the theorems are contained in the following two lemmas.
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LeMMA 2. — If ¢ is of one of the preceding types

~ 1 2k+1 2j+1
W (E) = CYRa] J;k L - exp (—2mi(E s+ &t +E30(s,1))) ds dt

J

and

- . ds dt

o (&) = ” exp (—2mi(§ 15+ &t +830(s,1))) ——
2k <<k +1 st
<21

verify the size properties of theorems 1 and 2 with a =b = 2.

In the following lemma M; represents the Hardy-Littlewood maximal
function acting on the i-th variable (i=1,2,3).

LemMma 3. — a) If ¢ is of type 1, then

M®Yf(x) < CM,M,f(x)
MPf(x) < CM,;M,f(x)
M®2f(xy < CM,f(x)

b) If ¢ is of type 2 or 3, then

M®Of(x) < CM, M, f(x)
M@f(x) < CM,M,f(x)
M®2f(x) < CM3M,f(x)

where vy, and vy, are the plane curves (s,9(s,0)) and (t,9(0,t)) and M,
and M, denote their associated maximal functions.

From the results of maximal functions along curves we know that M,
and M,, are bounded in L?(R?), p > 1 (see [4]); the Hardy-Littlewood
maximal function is also bounded in such L?’s therefore, the inequalities in
this lemma give the boundedness of the « partial » maximal functions
required in theorem 1.

Proof of lemma 2. — It is enough to prove the lemma for ﬁ,‘,j because
the estimates for o, ; are similar after application of the second mean value
theorem for integrals and the evenness of .

After a change of variables the integrals are taken over 1 < s < 2,
1 <t <2 and the exponential function in the integrand becomes
exp [—2mi(2*E ;s +27E,t + E50(2%s5,27t))]. The estimates near zero are now
trivial, they come from the factors [exp (—2mi2*E;s)—1] and
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[exp (—2mi2€,t)—1] present in the integrand. Then, we need only to
obtain the part of the estimates near infinity. Both are symmetric, therefore,
we shall show that

I (6)] < CI2%, |7
for the three types of surface.
Type 1. — Since [i, ;&) = (2, 2€,, 2% ¥ PE,) with p = pgy o, the
only thing to verify is [i(§)| < Cléll_%.
If o # 1 we know (see [11]) that

2
j exp (—2mi(n;s+ n,s%)) ds| < C(ni+n3) '

1
then,
2

dt

1

®) < f

j ’ exp (—2mi(E s+ E;35°P)) ds
1

2
< CJ |3 +E3%P| 714 dr < CIE, 712,
1

When o = 1 slight changes are needed :

2

@I < j dt

1
2
S\j\
1

because I(A,B) = j

1

jz exp (—2mi(E, +E5tP)s) ds

sin (&, +&,tP)
n(&; +E&3tP)

sin (A + Bt?)
A + Btf

dt < C|g, |12

2

dt < C|A|712,

In fact, if |A| > 2P*1|B| it is trivial. If |A| < 2f*!|B| we make the
change of variable t=A + Bt; then dtv=Bpt*P 'dt and
dt < C|B| 'dr. We get

BR | -
A+2PB | o

1(A,B) scmrlf dt < C|B| !log|B| < C|B| !/

A+B

< ClA|7Y2,

Type 2. — Take the domain {0<s<C,;,0<t<C,} such that
|ID2¢(s,t)|, ID3¢(s,t)] = A > 0. Insuchadomain D,,q(s,t) is bounded
(because @ € C?), then |D,0(2%s,271)|, |D,0(2%s,27t)] < Bsup (2%27).
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Write .
g1(s) = 2%¢;5 + &30(2%s,271)
g:(t) = 27E,t + &;,0(2"5,271)

and N = sup (k,j). Then,
2

| ;(€)] < min (f
1

From

5 .
f exp (—2mig,(s)) ds|dt
1

2
)
gl(s) = 22%¢, D2 (2%s,27f)
g5(t) = 227g;,D30(2%s,271)

Jz exp (—2mig,(t)) dt
1

is)

and the condition for the second derivatives we have |gi(s)| = 22%|&;|A,
|g5(t)| = 227|€5]A; then, Van der Corput’s lemma implies

(*) i ()] < CI2NE5| 712,

On the other hand, g(s) = 2*¢, + 2¥¢,D,¢0(2%,27t) is monotone
and when |&,| = B2V E,|, |g,(s)] = %IZ"&II. Then, in such region,
Van de Corput’s lemma gives

I, ;B < CI2%, |71
In the compleméntary region the estimate () yields

I, 8 < CI2Y,|"12B~! < CJ2%,|"?B~!.

Type 3.
“:ik, O < j

1

2

J‘Z exp (— 2mi(2¥€ s+ &30 (2%s,271))) ds| dt

1
Write g(s) = 2*€;s + £30(2%,27); then,

g'(s) = 2%, + 2%¢;,D,0(2%s,271)
and
g'(s) = 22%¢,Dip(2%s,27%r).

For each t, we split the interval 1 < s < 2 into two parts, I, and
I,, as follows: on I,

1€, +D;9(0,271)E;|

(D;0(2¥5,27t) — D;9(0271)1&,] < 5
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and on I, the opposite inequality holds. I, and I, are intervals because
D,o(-,27t) is increasing. Moreover, on I,, g is monotone and
lg'(s)] = 2¥ 1€, +D,p(0,27t)E5|. On the other hand, since D?¢ is
nondecreasing in s

D, 0(2%,27t) — D, ¢(0,27r)

Dig(2*s,2%1) > S

and we have |g’(s)| = 2¥7 2|, +D,0(0,27t)¢5| on I,. From Van der
Corput’s lemma we get for the inner integral the bound
C(2%1&,+D,9(0,271)&;])" /2. Now,

-1/2

é—3 dt .

1+D,(0,27) ;

1

2
I, ) < CI2%, |~ 1/2‘[
1

It is clear that the part of this last integral where D,(0,2/t)€;/&, > — 1/2
or < — 2 is bounded; then, it remains to see that the integral over the
interval (a,b) where — 2 < D,0(0,27t)E;/E, < — 1/2 is also bounded.
After a change of variable u = D,;9(0,27t),/E, we have the bound

-1z -1/2
f [14u|~Y2|2/D,,0(0,2/t),5/E,| " du < 4J 1 +u| "2 du
because from the hypothesis on D;,¢(0,t) we have

D002/ 18]
20 T g

D;,0(0,271) > ]

Proof of lemma 3. — a) The first two inequalities are similar and we
prove only the first. In fact, we shall prove the following

1
hih,

hy [k

J J f(x,—5,%,,x3—5P) ds dt < CM;M,f(x).
0 0

After a change of variables the left-hand side becomes

1 hy s“hg
hh j f(xl"S,xz,x3_t)t(1/m_IS_WB)B_l dt ds.
1%2 JO 1]

If p>1, /-1 is decreasing and

s“hg
J A®-1qp — Bsa/ﬂhz;

0
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then, the integral is bounded by
hy

h—j M f(x;—s,%3,x3) ds < 2M M5 f(x).
1 Jo

If B, (WP~ 1 L s@P-2pl=P and we obtain the bound

1 h 2
M Jo M, f(x;—5,%;,%x3) ds < B M M,;f(x).

The third inequality is easier,

1 1
sup J J f(x1,%,,%x3— 2k BstP) ds dt

k,j JO JO

1t
< supj j f(x1,x5,x3—hs*tP) ds dt
w0 Jo Jo

1

<sup | f(x,,%5,x3—hs®) ds < 2max (1,a” HM,f(x).

h>0 JO

b) Suppose that the second derivatives are positive. In the inner integral

1 hy hy
Wh j U f(xl—S,xz,xg—(p(S,t))dt]ds
112 Jo 0

we make the change of variable t = @(s,t) — ¢(5,0); we get

of

1 hy 0(5,h7) — 0(s,0)
WJ [J S —5,%5,%3—0(5,0) — 1) (05 ) (T + ¢©(s,0)) dt:| ds
12

0 0

where  o,(t) = ¢(s,t) and ;! is the inverse function. But
(07 VY (t+9(5,0)) = (D,0(s,t))"! is positive and decreases when ¢t (and
therefore t) increases; its integral over the interval (0,¢9(s,h,)—@(s,0)) is
h,. Then the double integral above is bounded by

1

by
ho J M, f(xy—5%2,x3—¢(s,0)) ds < M, M;f(x).
1

0o

Finally, for the third inequality we apply to

1 hy
hhf f flx1,%2,%3—@(s,1)) dt ds
12 JO 0
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the same change of variable. This gives
1 M
T M, f(x1,%2,%3—9(s,0)) ds..
hy Jo

If @(s,0) = 0 the proof is finished; if not, a new change of variables
T = ¢(s,0) yields the desired bound. O

If ¢ verifies D?9(0,0), D3¢(0,0) # 0 as in type 2, but without
conditions on D,,, lemma 2 still holds. Then, we can use the estimates for
the associated maximal function proved in [2] and deduce the boundedness
of the Hilbert transform for a class of surfaces larger than those of type 2 :

CoROLLARY 4. — Let @ be an even function of class C?* in a
neighbourhood of the origin with D?¢(0,0) and D3¢(0,0) # 0. Then,

The extension of these results to hypersurfaces in R"*! (n > 2) is
straightforward. The three types of hypersurface corresponding to the

preceding ones are :
n

1) (p(tla’ . 'atn) = l—[ |tilai, Cxi > 0

i=1

2) D}¢(0,...,0) #0, j=1,...,n and D;0(t,,.. ~itn)ly=o i zero or
has the same sign as Df(p(O,. .0, GLj=1,...,n.

3) D}o(ty,---,t,) is nonnegative and nondecreasing in t;’ and

J
D;;o(t,,.. .,t,,)|,j=O is nonnegative and nondecreasing in ¢;.

In all cases, ¢(0,...,0) = 0, ¢ is even in each one of the variables and
@€ C? in a neighbourhood of the origin in the last two cases.

The proof of the analogue of corollary 3 is by induction. Lemma 2 and
its proof are similar in this context. The inequalities in Lemma 3 involve
now maximal functions along lower dimensional manifolds which are the
sections of the hypersurface with the coordinate hyperplanes, i.e.,

(tl’ t ’tn—l,O’(p(tla tet ’tn-—l’o))

and its analogues. The boundedness of these maximal functions needed in
the application of theorem 2 is a consequence of the induction hypothesis.

Finally we apply the boundedness of the Hilbert transform along
surfaces of type 1 to get estimates for convolution operators homogeneous
with respect to a multiparameter group. We state the result in R® where
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the kernel must verify
K(sx1,tx,,5%Px3) = s71 7% "1 7PK (x,,%,,X;).

In such a case, see [8] theorem 2.1, K is determined by its values on the set
Q = {—1,+1} x S'. Moreover, a formula for the integration in « polar
coordinates » holds

f f(x)dx = j J. J‘ f(suy,tuy,s°tPusz)st et *PM (u) ds dt du
R’ aJo Jo st

where M(u) is a function on Q bounded between two positive constants.
If K is odd in the first two variables and H,f stands for the Hilbert
transform along the surface (su,,tu,,|s|*|t|Pu;)

p.v. K *f(x)= 11_{1(1)[ Ku)M(u) (Jm fwf(xl—sul,xz—tuz,

_1 J K@M u)H,f(x) du
4 Jo

thus, if Tf=p.v.Kxf,

ITAl, < ‘_I‘J IK@)| IM(u)] [[H.f]|, du .
Q

Now, it is easy to see that the LP-bound of H, is independent of u. It is

enough to change f into f(x) = f(ﬁ,ﬁ,ﬁ> above. Then, we have
. Uy Uy Us
proved the following :
COROLLARY 5. — Let K be a measurable function on R® such that

i) K(sxy,tx,,5%tPx;) = s71 7% 1 7PK(x)

ii) K is odd in x,,x,.

ii) f K@) du < + oo. Then, ||Tfll, < Clifll,, 1 <p < oo, where
Tf= p.\?. Kx*f.

An example of a kernel K verifying the preceding conditions is :

|x1|m_l|x2|ﬁ_l

Xy 12%1%, 128 + |x5)?

K(x1,x;,x3) = sgn (x;x,) |
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