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TWISTED EIGENVARIETIES AND SELF-DUAL
REPRESENTATIONS

by Zhengyu XIANG

ABSTRACT. — For a reductive group G and a finite order Cartan-type auto-
morphism ¢ of G, we construct an eigenvariety parameterizing t-invariant cuspidal
Hecke eigensystems of G. In particular, for G = Gl,,, we prove, any self-dual cus-
pidal Hecke eigensystem can be deformed in a p-adic family of self-dual cuspidal
Hecke eigensystems containing a Zariski dense subset of classical points.

RESUME. — Pour un groupe réductif G et un automorphisme d’ordre fini ¢ de
type Cartan de G nous construisons une variété propre paramétrant les systémes
propres de Hecke automorphes cuspidaux t-invariants de G. En particulier, pour
G = Glyn, on prouve que chaque systéme propre de Hecke cuspidale autoduale
de pente finie peut étre déformé dans une famille p-adique de sytémes propres de
Hecke cuspidaux autoduaux contenant un sous-ensemble Zariski-dense de points
classiques.

1. Introduction

Let G be a reductive group over Q, consider the locally symmetric space
Sc(Ky) associated to G and a neat open compact subgroup Ky of G(Ay),
the finite adelic points of G. If T is a maximal torus of G and X a regular
dominant algebraic weight of G with respect to T, consider Vy, the finite
dimensional irreducible algebraic representation of G with highest weight
A, and its dual VY. There is a standard action of the Hecke algebra H¢ on
the cohomology spaces H*(Sq(Ky), VY (C)). An automorphic representa-
tion that can be realized in H*(S¢(Ky), VY (C)) is said of level Ky and of
cohomological weight A.

Once fixed a prime number p and an embedding i, : @p — C, we are in-
terested in the behavior of automorphic representations when their weights

Keywords: eigenvariety, p-adic automorphic form, self-dual representation.
2010 Mathematics Subject Classification: 11F33, 11F55, 11F75, 11F85.



2382 Zhengyu XIANG

varying p-adically. This leads to the study of p-adic automorphic represen-
tations. For simplicity, assume G splits over Q,,. Let B be a Borel subgroup
of G /Q, containing T/Qp7 consider the situation Ky = K?I,,, where K? is
open compact in G(A%}) and I, is an Iwahori subgroup of G(Q,) in a
good position with respect to the pair (B, T). Let H,, be the p-adic Hecke
algebras of G under this setting (see Section 2.1). If 7 is a cuspidal automor-
phic representation of G whose cohomological weight A\*# is algebraic, its
p-stabilizations are irreducible representations of H, that can be realized
in the cohomology space H*(Sa(Ky), VY (Q,)) (refer [18, Section 4.1.9]),
where A = \*8¢ is a p-adic arithmetic weight obtained by twisting A&
with some finite order character € of T(Z,), and V), is the locally algebraic
induced representation of a p-adic cell of G(Q),) from A (see Section 2.3).
Those representations of #, from p-stabilization are most important ex-
amples of p-adic automorphic representations, and are called classical. Let
S be the finite subset of “bad” places defined in Section 2.1, further re-
moving the information over § form H,,, we obtain a commutative algebra
Rs p, which can be identified in the center of #,. The central character of
a classical p-adic automorphic representation defines a character of Rs,
appearing in H*(Sq(Ky), VY (@p)) for some arithmetic p-adic weight \. It
is called a p-adic arithmetic Hecke eigensystem of weight .

One is interested in interpolating the arithmetic Hecke eigensystems for
weight A over the p-adic weight space X. For this, Ash and Stevens devel-
opped the notion of “overconvergent” cohomology, which played the role of
“overconvergent modular forms” in the classical theory of p-adic modular
forms ([4]). Concretely, for a p-adic weight A € X(@p), there is a Q,-Fréchet
space Dy, on which the U, operators acting as compact operaters (see Sec-
tion 2.3). This gives an action of #, on the “overconvergent” cohomology
spaces H*(Sq(Ky),Dy). We call an irreducible representation of H, (resp.
a character of Rs ) appearing in H*(S¢(Ky), DA(Q,)) a p-adic overcon-
vergent automorphic representation (resp. Hecke eigensystem). According
to [4], [18, Theorem 5.4.4] and [20, Corollary 8.6], that every finite slope
arithmetic cuspidal Hecke eigensystem 6 lies in a family of finite slope over-
convergent cuspidal Hecke eigensystems whose weights vary p-adical ana-
lytically. This result can be a consequence of the theory of “eigenvariety”.
An eigenvariety for group G is a rigid analytic space whose points param-
etrize finite slope overconvergent Hecke eigensystems. A large part of the
work in [4], [18] and [20] mentioned above are devoted to the construction
of eigenvarieties for different groups.

ANNALES DE L’INSTITUT FOURIER



TWISTED EIGENVARIETIES AND SELF-DUAL REPRESENTATIONS 2383

There are two motivations for this paper. The first one is about the arith-
meticity of a family of overconvergent Hecke eigensystems, that is, if the
family contains enough arithmetic Hecke eigensystems. In the language of
eigenvariety, it asks an irreducible component of an eigenvareity contain-
ing a Zariski dense subset of arithmetic points (such a component is called
arithmetic. If (modulo twisting) a Hecke eigensystem 6 is not in any arith-
metic component, it is called arithmetically rigid. For a concrete definition,
see [3] or Section 7.3 below). In [3], Ash, Pollack and Stevens show that
the answer is not always positive, in particular, for G = Gl3, they make
the next conjecture:

CONJECTURE 1.1 (Ash—Pollack-Stevens). — Let @ be a finite slope cus-
pidal Hecke eigensystem of Gls. If 6 is not arithmetically rigid, then 6 is
essentially self-dual.

In this paper, we obtain the inverse of its statement for Gi,,:

THEOREM 1.2. — Every essentially self-dual finite slope cuspidal Hecke
eigensystem of Gl,, is not arithmetically rigid.

We actually work on a more general situation. Let ¢ be Cartan-type auto-
morphism of G such that ¢ stabilizes (B,T') q,, and consider the ¢-invariant
automorphic representations (resp. overconvergent representations, Hecke
eigensystems, etc.). Let X* be the subspace of X consisting of ¢-invariant
p-adic weights (see Section 2.2), to study families of t-invariant Hecke eigen-
systems with weights varying in X*, we construct twisted eigenvarieties over
X" parametrizing (-invariant finite slope overconvergent Hecke eigensystems
(see Section 6):

THEOREM 1.3 (twisted eigenvarities). — There is an eigenvariety R,
parameterizing t-invariant finite slope overconvergent Hecke eigensystems
of G,ﬁthat is, RY%, Is a rigid analytic space such that every point y €

%»(Qp) can be viewed as a pair (A,0), where 0 is a t-invariant finite

slope overconvergent Hecke eigensystem of weight A\ € X*(Q,,). There is a
subvariety €%, of RY.,, satisfying:

(1) For any arithmetic (X,0) € R5%,(Q,), (\,0) is in €4, (Q,) if and
only if 0 is cuspidal and has a non-trivial .-twisted Euler—Poincare
characteristic.

(2) Every irreducible component of €, is arithmetic, equipped with a
projection onto a Zariski dense subset of X*.

(3) €4, is equidimensional with the same dimension to X*.

TOME 68 (2018), FASCICULE 6



2384 Zhengyu XIANG

In particular, if G = Gl,, and ¢ is of Cartan-type, the t-invariance is
same to the self-duality. Then the twisted Euler—Poincare characteristic of
an (essentially) self-dual Hecke eigensystem is always non-trivial. So &,
parameterizes all self-dual finite slope cuspidal Hecke eigensystems (see
Section 7). In case that n = 3, this also gives some hint for Ash—Pollack—
Stevens’ conjecture, as in Theorem 7.8 and Remark 7.9 below.

Our second motivation is to develop a twisted version of Urban’s theory
of finite slope character distribution [18, Section 4.5]. A finite slope charac-
ter distribution is a morphism J : H, — @p which is a linear combination of
the traces of finite slope overconvergent representations. Urban proves that,
there is an eigenvariety associated to every analytic family of effective finite
slope character distributions, [18, Section 5]. This eigenvariety parameter-
izes the finite slope overconvergent Hecke eigensystems appearing in the
character distributions. However, Urban’s theory excludes many interest-
ing cases, like Gl, with n > 2. The reason is, the coefficients of Urban’s
distributions are essentially given by the Euler—Poincare characteristics. So
for a group G such that G(R) does not satisfy the Harish-Chandra con-
dition, they are trivial. To avoids this issue, we introduce the notion of
“twisted” finite slope character distributions (see Section 5). Concretely,
we construct a distribution which is a linear combination of the twisted
traces of (-invariant finite slope overconvergent representations. We show
this distribution has similar properties as Urban’s character distributions,
in particular, it gives a construction of the twisted eigenvariety &* in the
theorem above (see Section 6).

In practice, there are two new difficulties. The first one is the lack of a
twisted version of Franke’s trace formula as in [18, Theorem 1.4.2], which
plays an essential role to cut out the cuspidal representations from the
whole cohomology. To cure this, we have to go through Franke’s theory
of Eisenstein spectral sequence ([11]), and study carefully how ¢ acting on
each step of Franke’s theory. This is done in Section 4, where we proves
a twisted version of Franke’s trace formula (Theorem 4.1). The second
difficulty appears during the construction of the twisted eigenvariety. Since
we consider the twisted traces, locally our twisted distributions are no
longer pseudo-representations as in [18, Section 5.3.1], so we do not have
the “second construction” as Urban did ([18, Section 5.3]). We bypass this
difficulty by borrowing the construction of the full eigenvariety in [20] to
construct a “bigger twisted eigenvariety” first and then working in this
bigger space. This is done in Section 6.3.

ANNALES DE L’INSTITUT FOURIER
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One can view Urban’s finite slope character distribution as a p-adic
analogue to Selberg’s trace formula, then our theory gives an analogue
to the twisted trace formula. In [18, Section 6], Urban gives a simplified
geometric expansion of his distribution following the work of Franke [11]
and Arthur [1]. A complete expansion as [1, (3)] can also be given. In
a consequent paper [21], we will establish a geometric expansion of our
twisted distributions as well. One can then expect a p-adic family version
of Arthur—Clozel’s comparison theory ([2]). we hope this comparison will
give a relation between eigenvarieties.

Acknowledgment. I'd like to thank Professor Eric Urban here, the base
of this work on his paper [18] is obvious. Without his help this paper will
not exist.

2. Preliminary
2.1. Notation

Throughout this paper, we fix p a rational prime number and an iden-
tification Q, = C. Let A = Ag be the adelic ring of Q, Ay, and Ay its
archimedean and finite part respectively. For any algebraic group H over
Q, put Hoo = H(Aw) and Hy = H(Af). We also denote by H(A)! C H(A)
the subgroup of all h € H(A) with [[, |{(h)], = 1 for all characters of H
defined over Q, where the product is running over all places of Q.

Let G be a quasi-split(?) reductive group over Q, denote by Z = Z its
center. Let K, be a fixed maximal compact subgroup of G, and fix a good
maximal compact subgroup K C G(A) whose archimedean component is
K. For every prime number [, denote by K; an open compact subgroup of
G(Qq). Put Ky =[], K; such that for almost all I # p, K; to be maximal.
Denote by K? = K} =[], K; and K = Ko Ky. Consider the locally
symmetric space of G associated to K:

(2.1) Sa(Ky) = GOQ\G(A)/K 2.
Properly choose a finite set of representatives {g;}; in G(A) such that
(22) G(A) = G(Q < 6L x giksy,

(1 This assumption is not necessary but for the convenience of discussion only. Other-
wise, one has to use the notation as in [18, Section 1.3.1].

TOME 68 (2018), FASCICULE 6
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where G is the identity component of G,. We then have

(2.3) Sg(Kf) %|_|Fi\7-lg,

where T'; = T'(g;, K) is the image of g;Kg; ' NG(Q)* in G*(Q) and Hg =
GL /K Zoo N GL. We further assume K is neat (that is, T'; contains no
element of finite order), then Sg(K) is a smooth real analytic variety of
a finite dimension, say, d. We also write

(2.4) Sq = HgSg(Kf).
Ky

Let T be a maximal torus of G and B a Borel subgroup of G containing
T. Let N be the unipotent radical of B, and N~ its opposite. At p, we
fix a Iwahori subgroup I of G(Q,) with respect to B, this means that we
have fixed compatible integral models G,B,T,N, N~ for G,B,T,N,N~
over Z, (according to a fixed chamber C; of the Bruhat-Tits building BL
of Gq, ), such that I = I, where for any integer m > 1,

(2.5) Im ={9€G(Zp)|g € B(Z/p™Z) mod p™}
is the Iwahori subgroup of depth m. By Iwahori decomposition,
(2.6) I = (I " N™(Qp))T(Zp)N (Zy).

We normalize the Haar measure on G(Q,) such that the measure of I is 1.
Once fixing the Iwahori level at p, we write

(2.7) Sem = lim S (K7 1)
KP
Now put
(2.8) TH = {t e T(Qy) |tN(Z,)t ™' C N(Z,)}
(2.9) TH = {t eTt ﬂ N (Zp)t " = {1}},

(2.10) Ab =1, T L, AN =1, T 1,
and consider the p-adic cells
(2.11) Q= In N N7 (Qp)\ I € N7 (Q)\G(Qp).

For any g € A}, write g = ng_tgng‘ by Iwahori decomposition, then the
s-action of A on Q,, is defined as follow (see [4, Section 5.2] and [18,
Section 3.1.3]): Fixing a splitting £ of the exact sequence

(2.12) 1= T(Zp) = T(Qy) = T(Qp)/T(Zp) = 1,

ANNALES DE L’INSTITUT FOURIER
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for any [z] € ©, define

(2.13) [2] + g = [§(ty) " zg].
As in [18, Section 3.1.2 (11)], we choose £ so that for any algebraic character
Mle € X*(T) and t € T(Q,)

(2.14) NUB(E(1) = A ()],
The Atkin—Lehner algebra of G at p is defined by:
(2.15) Up = C(A5] [Ty Lp) = T[T T(Zy))],

which does not depend on the depth m. We then define the global p-adic
Hecke algebras:

(2.16) Hp = Hp(G) = C?(G(AI;)) @ Uy,

and for any open compact subgroup K? of G (AI;), define its subalgebra of
KP-bi-invariant functions by:

(2.17) Hy(K?) = CZ(KP\G(AY)/K?) @ U,

Given t € T7T, denote by wu; the element in U, whose image in
Zp|T* )T (Zy)] is t. The operator u; can be viewed as the double coset oper-
ator I,,tl,, as well. A Hecke operator f is called admissible, if f = fP ® u,
and t € T, We denote by H/, the subalgebra of H, generated by admis-
sible operators. For fixed KP, let S be the finite set of primes [ such that
K is not maximal, define

(2.18) Rsy = (G (4770 )/ w4,

Rs, is commutative and can be identified in the center of H,(K7?).

Throughout this paper, we assume that G has a finite order automor-
phism ¢ of Cartan-type, that is, at oo, ¢ is of the form ad(g.,) o 8, for some
Joo € G and the Cartan involution 6 (with respect to Ko ). It is innocu-
ous to assume that the triples (B,T,I,,) are stable under ¢. Indeed, let
(B, T, I,,) be such a triple and g the based root datum associated to it,
consider the splitting exact sequence [17, 2.14]:

(2.19) 1 — Int(G) — Aut(G) 2 Aut(h) — 1.
If (B, T, I,) is not stable under ¢, we fix a splitting
(2.20) ~v 1 Aut(v) = Aut(G, B, T, {ua}) — Aut(G)

and replace ¢ by its image ¢’ under v/, then ¢’ fixes the pair (B, T). Since ¢/
has the same image under f3 as t, it differs + by a conjugation. So ¢/ is also
of Cartan-type. Since Aut(t)g) is finite, that ¢/ is of finite order. Finally,

TOME 68 (2018), FASCICULE 6



2388 Zhengyu XIANG

noticing that {u,} is the set of an arbitrary choice of nontrivial u, € U, in
each unipotent root subgroup U,, associated to the basis {«} in g, we can
properly choose {u,} such that each w, corresponds to a wall of a same
chambre C in BL. C gives an Iwahori subgroup which is stable under ¢'.
Further assuming that K ]’Z is stable under ¢, we define ¢ acting on the
Hecke algebra #,(K?) by sending f to f*, where f'(g) := f(gfl) for any
g € G. This is well defined since that 7" and T are stable under ¢
by (2.8) and (2.9). Moreover, for u; € U,, it can be verified directly that

(2.21) Uy = Upe.
2.2. Weight spaces

2.2.1. Classical weight and co-weight

Let X*(T) be the set of algebraic weights of T, and X, (T') the set of
algebraic co-weights. There is a canonical duality pairing

(2.22) (+,): XN(T)x X (T) = Z
such that for any A € X*(T), p¥ € X.(T) and a € Gy,
(2.23) Ao pY(a) = aPr)

We define ¢ acting on X*(T') by sending A to A\* such that \*(¢) ()
for any t € T, and define ¢ acting on X, (T) by sending u" to ( such
that (1V)'(a) = (u¥(a))* " for any a € G,,. One can verify directly that

(2.24) (A (1)) = (A ).

=
H\/)L

2.2.2. p-adic weight space

There is a rigid space X7 associated to T)q,, such that for any field
LCQ,

(2.25) :{T<L) = Homcont (T(Zp)’ L* )
Since T(Zy) = Z;, x 11, with some finite group II, that
(2.26) %7(Q,) = Hom,,(ILQ, ) x (B1,1(Q,)°)"-

So the underlying space of X is finite many copies of the r-tuple open unit
ball, whose points are (continuous) p-adic weights. Put Zx» = Z(Q) (| K?I
and let X := Xg» C X7 be the Zariski closure of the subset of p-adic

ANNALES DE L’INSTITUT FOURIER
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weights which are trivial on Zg». The automorphism ¢ induces a operator
on X which sends A to A‘, where A‘(t) := A(t* ) for any ¢ € T (Z,). Denote
by X* the subspace of X consisting of t-invariant weights.

Recall, for any n, there is a rigid space ¥, such that for any field L C @p,

(2'27) O(‘Zn/L) = An(T(ZP)»L)a

where A,,(T(Z,), L) is the space of locally n-analytic L-valued functions
on 7(Z,). The natural pairing

(2.28) Xr(L) x T(Zyp) — L™, (A, t) — A(¢)
induces a continuous injective homomorphism 7(Z,) — O(Xy)*.

LEMMA 2.1. — For any affinoid subdomain {4 C X or X*, there exist
a smallest integer n(l), such that for any finite extension L of Q,, every
element \ € (L) is n(i)-locally analytic. Moreover, there is a rigid analytic
map U X Ty — Bi,1, such that for any L, its realization at L-points is
the pairing (2.28).

It follows immediately from [18, Lemma 3.4.6].

2.3. Analytic induced modules and distribution spaces
2.3.1. Induced modules

We firstly recall necessary definitions from [18, Section 3.2] and intro-
duce varies induced modules. Let F' be the splitting field for G and assume
(B,T);r is a Borel pair contained in some minimal p-pair. For e ¢
X*(T)p), let Vyaie be the finite dimensional irreducible algebraic represen-
tation of G' with highest weight A& over F. Concretely speaking, for any
subfield F’ C C containing F, it can be viewed as the algebraic induced
representation:

. G(F' c P
(2.29) Vs (F') = ind {7, (AE)20e.
We can identify A\*& with the p-adic weight obtained by the composition
al J—
(2.30) T(Z,) = T(F) 25 F* - Q.

Given any finite extension L/Q, in @, such that F C L (under the fixed
embedding Q, < C), let € : T(Z,) — L* be a finite character factoring
through 7 (Z,/p™Z,), one can consider the p-adic weight A = \*8¢, and
its m-locally analytic induction

(2.31) VA(L) = indG7) ()™,

TOME 68 (2018), FASCICULE 6
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There is a natural map
(2.32) Vyate (L) (€) < VaA(L).

The *-action described in Section 2.1 induces an action of A™ on V) (L),
via the right *-translation.

Now for any A € X(L), let Ax(L) be the space of locally L-analytic
functions f on I such that

(2.33) f(n"tg) = A(t)f(9),

where, as in (2.6), n= € INN(Q,), t € T(Zp) and g € I. Ay(L) can be
viewed as a subspace of A(Qy, L), the space of locally L-analytic functions
on Qi: let T(Z,) act on A(€4, L) by the natural translation, then

(2.34) ANL) = A(Q, L)[A] := {¢ € A(S, L) [t¢ = A(t) o}

The *-action A* on A(Qy, L) is naturally defined, it commutes with the
translation of T(Z,). So the *-action of A% is well defined on A, (L). For
g € AT and ¢ € A\(L), we define

(2.35) g o([z]) == o([z] * g).
Now define the L-valued distribution space
(2.36) Di(L) := Homeont (Ax(L), L),

the continuous dual of Ay(L). The *-action of AT on Dy(L) is natu-
rally defined. A deatiled study of Ax(L) and Dy(L) can be found in [18,
Lemma 3.2.8], in particular, we have next proposition:

PROPOSITION 2.2. — Dy (L) is a compact Fréchet space over L. If § €
ATT then the *-action of § defines a compact operator on Dy (L).

Remark 2.3. — The theory of compact operators on orthonormalizable
(p-adic) Banach spaces is originally due to Serre and generalized by Cole-
man [10]. The theory is generalized to compact Fréchet spaces by Urban
in [18, section 2], where he shows that most results of compact operators
on Banach spaces still hold for compact Fréchet spaces.

For A € X*, v acts on V), V, and A,. Concretely, let f be a function
on N~ (L)\G(L), define f‘(g) = f(gfl). If f is in one of those induced

modules, f'(bg) = f(b' g ) = At ) f(g" ) = A(t)f (g), for any b =
tn € B. So Vy, V) and A, are stable under ¢. We let ¢ act on D), via duality.

ANNALES DE L’INSTITUT FOURIER
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2.3.2. Analytic family of induced modules

Let il be an affinoid subdomain of X or X*. Fix n > n(i). There is a
rigid space (£2,,) such that (’)((Qm)ﬁg/L) = A, (Qm, L) for any L C Q,,
where A,,(Q,, L) is the space of locally L-analytic functions on Q,, with
local analytic radius p~". Keeping this identity, let Ay, (L) be the ring of
rigid analytic L-valued functions on £ x (€1),® such that
(2.37) S [tn]) = A@) f (A, [n])
for any A € (L), t € T(Z,) and n € N(Z,). Here we view f(\,—) as a
function in A, (2,,, L). This implies that
(2'38) Aﬂ,n = O(M)@)AW(N(Z;D))

In particular, Ay, is an O()-orthonormalizable Banach space. Similar
to (2.34), since

(2:39)  Auwn = {f € O(();2)Q0W) [t(f@ 1) = fott € T(Zy),*},
that the *-action of AT is well defined on Ay ,,.
Now define
(2.40) Avi= | Aun,
n>2n()
and let Dy, := Homoy)(Aun, O1)) be the continuous O(U)-dual of
Ay . There is a canonical injective map
(2.41) O(U)&LDn (N (Zp), L) = Dy ,,.
Let Dy, be the image of this map, define
(2.42) Dy := @Du,m
Ay and Dy are AT-modules with the #-action. Since the inclusions Ay, C
Ay nt1 are completely continuous, Dy is a Fréchet space over O(Y).
PROPOSITION 2.4. — Notation as above, we have

(1) Ay ®x L= A\(L) and Dy ®x L = Dy(L) via specialization.
(2) If § € ATY, the x-action of § gives a compact operator on the
O(W)-projective compact Fréchet space Dy;.

All of these results can be found in [18, section 3.4].

Remark 2.5. — We make some remarks here:

(1) The *-action of A" on D is compatible with the natural action of
I on it.

TOME 68 (2018), FASCICULE 6
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(2) The *-actions of AT on VY., (L), VY(L), Dr(L) and Dy(L) are
right action, we translate it into a left action by defining for every
de At

Ok 1= %01

(3) For Ky = KPI, we view D as a Ky-module via the projection
Kf — 1.

3. Twisted actions on resolutions and cohomology spaces
3.1. Cohomology spaces and resolutions

We firstly recall some standard results of the cohomology spaces on which
we work later. Let M be a (G(Q), K)-module on which Zx acts trivially.
M defines a local system on S¢(Ky), which is denoted by M as well. One
is interested in the cohomology space H*(Sq(Ky), M). In this paper, M
is one of VY., (L), VY (L), Dx(L) and Dy(L), where the upper index v
indicates the continuous dual space.

There are two equivalent ways to define the cohomology. Let Sg(Ky) =
S /Ky be the Borel-Serre compactification of the real manifold Sg(Ky),
where S¢ = G(Q)\G(Af) x Hg and Hc is a contractible real manifold
with corners. There is a canonical projection:

(31) 7T:§G %Eg(Kf),

which extends the natural projection 7 : Sq — Sq(K).

Fix a finite triangulation of S¢(Kf) and pull it back to S¢. Let Ci(K )
be the corresponding chain complex, that is, Cy(Ky) is the free Z-module
over the set of ¢g-dimensional simplexes of the pull-back triangulation.
C.(Ky) admits a right K s-action, and Cy(Ky) is a free right Z[K ¢]-module
of finite rank. We define

(3.2) RI™(Ky, M) := Homp, (Ci(Ky), M),
then RIV (K, M) is isomorphic to finitely many copies of M and
(3.3) W (RU* (K, M)) = H?(Sg(Ky), M).

Another way to define the cohomology is using the M-valued de Rham
complex Q*(Sq(Ky), M). The natural duality between Q*(Sg(Ky)) and
C.(Ky) implies that the two definitions are coincident.
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Remark 3.1. — As summarized in [18, Section 1.2], for a (G(Q), K)-
module M, there are two equivalent ways to define the local system M
on Sg(Ky), with respect to the Ky-module structure and to the G(Q)-
module structure respectively. So are the two definitions of cohomology
space above.

3.1.1. Functoriality

There is a functoriality for RI™ (K, M). Let ¢ : K} — K be a group
homomorphism and ¢# : M — M’ a homomorphism between a K f-
module M and a K’-module M, such that o" (p(k"Ym) = k' (m) for

any k' € K} and m € M. The pair (¢, ") then induces a morphism
¢* : RI™(Ky, M) — RI™(K}, M") up to homotopy, see [18, Section 4.2.5].

3.1.2. Hecke operators on resolution and cohomology

Apply the functoriality, as in [18, Section 4.2], f = fP @ u, € H,(KP)
defines a morphism RI'(¢) : RI'* (K, M) — RI'*(K;, M) by the composi-
tion:

RT*(Ky, M) — RT*(tK st~ M) — RT*(KNtK st~ M) — RT*(K;, M)

where the first map is given by the pair (ad(t~1),m — t * m), the second
is by the restriction map from KN tht_1 to tht_l, and the last one is
given by the corestriction as writing

(3.4) Ky =Ujkj(KpNtKpt™h).

It is easy to see that RI'(t1) o RI'(t2) = RI'(t1t2). This defines an action of
H,(KP) on RI'™ (K, M) and therefore defines an action on the cohomology
spaces H*(Sq(Ky), M). We denote this action by * as well.

If M = Dy(L) and t € T*, by the fact that R['Y(Ky, M) is a fi-
nite copy of M, Proposition 2.2 implies that f is a compact operator on
RT*(KPI,Dy(L)). If 4 is an open affinoid of X and A € 4, by Proposi-
tion 2.4, RT*(KPI,Dy(L)) can be obtained by the specialization of
RT*(KPI, Dy) at A. Moreover, for affinoids ' C 4, RT**(K?I,Dy/) can be
obtained via the natural restriction morphism O({) — O(U’). The Hecke
action is compatible with specialization and restriction.
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3.1.3. ¢ action on resolution and cohomology

Assume A € X* and 4l is an open affinoid of X*. Let M be one of VY (L),
VY(L), Dx(L) and Dy(L). Choose Ky = KPI C G(Ay), such that KP? is
stable under ¢. Consider morphisms ¢ : Ky — K¢ and ¢ : M — M defined
as in Section 2.

LEMMA 3.2. — Assume M = VY (L), VY (L), DA(L) or Dy(L). For g € I,
reM,

(3.5) gxa'=(g"*z)"

Therefore, by the functoriality, ¢ defines an morphism on RI'™*(Ky, M) up
to homotopy. In particular, ¢ acts on the cohomology H*(Sq(Ky), M).

The lemma follows immediately from a computation by definition.

3.1.4. Action of “H,(K?)

For t-invariant KP, define the (-twisted Hecke algebra:
(3.6) “Hyp(KP) = Hy(KP) % (1),

where (1) is the finite group generated by ¢ and the semi-product % is un-
derstood as a crossed product, since at every place the local Hecke algebra
can be viewed as a group algebra of double cosets. We write f x ¢ and ¢ X f
for the products of f € H,(K?) and ¢. We similarly define “H,, then “#,
is the inductive limit of *H,(KP).

LEMMA 3.3. — There is an action of “H,(K?) on RT'*(K¢, M), extend-
ing the *-action of H,(K?) and t.

Proof. — We have to check that the s-actions of H,(K?) and ¢ on
RT™*(K, M) are compatible in the sense that ¢ X f = f* x . So we only have
to check:

(3.7) Lo RT(t) o™t = RT(t"),
which is again directly from the definition. ]

3.1.5. Comparison with the standard sheaf-theoretic action

Assume M = VY (C), we compute the cohomology by de Rham complex:
(3.8) H(5c(Ky), M) = h*(Q"(Sa(Ky), M)),
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and we have the standard sheaf-theoretic definion of #, action on it.
By (2.13), for any ¢ € V), and § € AT,

(3.9) 3% 6= NE(ts) (8- ¢)-
This implies, for any f = f? ® uy € H,p, that the x-action of f on
HY(Sq(Kp), M) is the twist of the standard action of f by A(&(%)).

The t-action on Q*(Sq(Ky), M) = Q*(Se(K))®M is define by (. 71)*®
¢, where (171)* means the pull-back on differential forms induced by the
map

(3.10) T SG(Kf) — SG(Kf)
This t-action can be described explicitly as follow. Let T(Sg) and

T(Sa(Ky)) be the sheaves of left invariant vector fields on Sg and Sq(Ky)
respectively, the projection 7 induces a push-forward surjection:

(3.11) et T(Sq) = T(Sc(Ky)).
One views an ¢ differential form 7 in Q*(Sg(K ), M) as a map
(3.12) T:NT(Sq(Ky) = O(Sa(Kyf)) @ M

then 7* is defined as
(3.13) 7' (mti A -+ Ag)([9]) i= (((maei 01 A - - A e 5g)) ([9]1)"

where ¥ is a left invariant vector field on Sg, g € G(A)* and [g] indicates
the class of g in Sg or S¢(Ky). It is easy to check that ¢ is well defined on
H*(Sa(Ky), M) under this definition. The duality between Q*(Sq(Ky))
and C.(K;) implies that this action coincides with the one defined by
functoriality.

3.2. Twisted action on finite slope cohomology

We need a lemma on slope decompositions of a compact projective
Fréchet space according to compact operators.

LEMMA 3.4. — Let A be a Q,-Banach algebra, M a compact projective
Fréchet A-module, and f a compact A-linear operator of M. Then the Fred-
holm determinant R(f, X) of f is entire over A. If R(f, X) = Q(X)S(X)
over A, such that QQ and S are relatively prime and @ is a Fredholm poly-
nomial with invertible leading coefficient, then there is a decomposition
of M:

(3.14) M = N¢(Q) ® Fr(Q)

into f-stable close submodules satisfing:
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(1) Q*(f) annihilates N;(Q) and is invertible on Fy(Q);
(2) the projector on Ny(Q) is given by Eq(f) with Eq(X) € XA{{X}}
whose coefficients are polynomials in the coefficients of Q and S.

Moreover, if A is noetherian, then N;(Q) is of finite rank, and the charac-
teristic polynomial of f on N;(Q) is Q. In particular, for h € Qxg, we may
choose Q(x) such that N¢(Q) = M<S", the < h-slope decomposition of M.

Proof. — The lemma is known if M is a projective Banach module by
Serre [15] and Coleman [10]. Now M is a projective compact Fréchet space,
there are projective A-Banach modules M, with compact operators f,,
such that

(3.15) M =1lim M,, f=1lmf,

with f,, = f|M,,. Now R(f, X) = det(1—X f|M,,) for n sufficiently large, so
R(f,X) = Q(X)S(X) gives the expected decomposition M, = N, ((Q) ®
F,.¢(Q). Let p,, be the projector of M,, onto Ny, (@), by [8, Theorem 3.3],
there is a power series ¢ € A[T] depending only on @, such that p, = ¢(fy,).
Moreover, N, ¢(Q) and F, ¢(Q) are given by the image and kernel of p,
respectively. Denote by 41, the transation map from M, to M,. By
definition, we have a commutative diagram:

M M,y =22 M,
(3.16) fl fn+1i / lfn
M Mn+1 Unt1n n

Taking projective limit, we have a projector p = @(b( fn) on M and the
decomposition M = N¢(Q) & Ff(Q). Indeed, by the definition of com-
pact operator, N, ;(Q) are isomorphic for n sufficiently large. So the last
statement follows. |

Considering admissible f = f? ® uy € Rs,p, f defines a compact op-
erator on the complex RI'(Ky,Dy(L)). For any h € Qx, we define the
< h-slope part H*(Sq(KPI),DA(L))S" of H*(Sq(KPI),Dy(L)) with re-
spect to f according to the previous lemma. Then the finite slope part of
H*(S¢(KPI),Dy(L)) is defined by:

(3.17) H},(Sc(KPT), Dx(L)) = lim H* (S (KP1), DA(L))S".
h
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Since Rsp is in the center of H,,(K?), that H} (Sq(KPI),DA(L)) is inde-
pendent of f, and endowed with the *-action of H,(K?). We also define

(3.18) H},(86, Da(L)) = lim H7,(Sa(KP1), Da(L)).
Kp

PROPOSITION 3.5. — Assume A € X*. The x-action of 1, (K?) on the fi-
nite slope cohomology H3},(Sq(KPI),Dr(L)) extends to an action of
“H,(KP). Therefore the action of H, on H}‘S(S'@’DA(L)) extends to an
action of *H,.

Proof. — We only have to prove the first statement. For this we need
the next result from [18, Lemma 2.3.2]:

LEMMA 3.6. — Let M, M’ be two L-Banach (or Fréchet) spaces, u
and v’ endomorphism of M and M', and M = MS" @ M, and M' =
M’ f,h @ M their < h-slope decompositions respectively. Assume f is a
continuous linear map from M to M’ such that fou = u' o f, then f
respects the slope decompositions.

Since ¢ x f = f* x t, the lemma implies that

(319) v Hf(Se(KPI), DA(L))" — H} (Sa(K71), DA(L)F"
is well defined. Let [ be the order of ¢, define
l

(820)  HJ,(Se(K"1), DA(L)F" i= () H{,(Sa(K"T), Dy(L)) 3l

Then
(3.21) v HY(Sa(KPI), DA(L))S" — HYf (Sa (K1), DA(L))S".

Since the finite slope part is independent of f, the proposition is obtained
by taking the inductive limit on h. (|

3.3. i-invariant finite slope representations

In this section, we introduce the t-invariant finite slope automorphic
representations, which are the main objects we concern in this paper. We
first recall a well-known result for admissible representations of a locally
profinite group. Let G be a locally profinite group, and K an open compact
subgroup of G. Write H(G) the Hecke algebra of compact supported smooth
functions of G and H(G, K) its subalgebra of K bi-invariant functions.
Then
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PROPOSITION 3.7. — The map 7 +— w¥ gives a bijection between
equivalence classes of irreducible smooth representations (w,V) of H(G)
such that VE # 0 and equivalence classes of irreducible H (G, K )-represen-
tations.

3.3.1. Finite slope representations

let (w, V) be an irreducible representation of H, defined over a p-adic
field L. We say 7 is admissible overconvergent of weight A\ € X(L) if it is
admissible and a subqoutient of H?(Sg, Dx(L)). Since 7 is admissible, that
for any K?, an element in #H,(K?) acts on V as an endomorphism of finite
rank. By the fact that H, = lim H,(KP), there is a well-defined trace
map:

(3.22) Jr(f) = tr(m(f))

for any f € H,. We say m is of level KP? if 75" as a representation of
H,(KP) is not trivial. Let o be an irreducible representation of H,(KP?).
We say o is overconvergent of level KP and weight A if it is of the form
7K” for some admissible overconvergent 7 with level K? and weight \.
Then o is finite dimensional and can be realized in the cohomology space
H1(Sq(KPI),Dx(L)). For fixed K?, the Hecke algebra Rgs , is included in
the center of H,. So the restriction of o to Rs, is a character, which
is denoted by 6,. We call 6, an overconvergent Hecke eigensystem of
level KP and weight A. For such 6, obviously the generalized eigenspace
HY(Sq(KPI),Dx(L))[0] of § is non-zero.

Let 6 be a @p—valued character of U,,. To recall the definition of the slope
of 0, we assume at the moment that G is split at p (refer [18, Section 4.1.2]
for general situation). If 6(u;) = 0 for some ¢ € T, then we say that 6 is of
infinite slope. Otherwise, we say 6 is of finite slope. It is easy to check that
6 is of finite slope if and only if there is ¢ € TT" such that 6(u;) # 0. In
this case, 6 induces a homomorphism from T(Q,)/T(Z,) to @: . We then
define the slope of 6 to be the element g € X*(T)q, ), such that for any
p' € Xu(Tyg,)*

(3.23) (0, 1) = V(O )))-

So we define the slope of an overconvergent Hecke eigensystem 6 to be the
slope of its restriction to U,. For a overconvergent representation 7 or o,
define its slope to be the slope of the Hecke eigensystem associated to it.
It is easy to see, w, o or 6 is of finite slope if and only if it is realized in
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HF (Sa, DA(L)). Moreover, for any u € X*(T)q,), we define

(3.24) H*(Sa(Kp), DA(L))S* = @D H*(Sa(Ky), Da(L))[4).
0| pe<p
It is easy to see that
(3.25) lim H(S6 (K1), Da(L)) < = H}, (Sa(K7), Da(L)).
n

Let 6 be a @p—valued character of U, and A an algebraic weight. We say
that 6 is non-critical with respect to A, if its slope pg is. This means that
for any w # id in Wg, the Weyl group of G, pg ¢ w- X — X+ X*(T)*.

3.3.2. t-invariant finite slope representations

Let p be a finite slope overconvergent representation of H, where H can
be H,, Hy(K?) or Rs . We denote by p* the t-twist of p, that is, the
representation of 1 on V,, which sends f € H to p*(f) := p(f*). We say
p is t-invariant if p* = p. By [6, Appendix], p is t-invariant if and only if
it can be extended to *H. Indeed, if p* = p, then there is a linear operator
A:V, =V, of order [ such that Aop = po A. One can extend p by setting
* acting on V,, via A’. Generally, we use capital letters IT, 3 and © for an
representation of ‘H,, ‘H,(K?) and “Rg, respectively. The next lemma
summarizes results in [6, Appendix]:

LEMMA 3.8. — Notations as above

(1) Assume X (resp. II, ©) is irreducible, then its restriction to H,(K?)
(resp. Hp, Rs,p) is irreducible if and only if the trace of ¥ (resp. II,
©) is not trivial on v x H,(KP) (resp. ¢t X Hp, t X Rs p).

(2) Assume o (resp. w, 0) is irreducible t-invariant, then there are ex-
actly | extensions of o (resp. m, 0) to “H,(kP) (resp. “H,, ‘Rsp),
say G1,...,6, (resp. @1,...,7; 01,...,0;). Each two of them are
differed by a character of order | and are non-isomorphic.

Remark 3.9. — By Proposition 3.7, if o0 = 7TKP, we can assume that

(3.26) 7K =5,

3

Throughout this paper, we use this convention.

Let & be a representation of *H,(K?) which extends a t-invariant over-
convergent representation o of H,(K?). We write

(3.27) Jz(f) :==tr(a(e x f)).

TOME 68 (2018), FASCICULE 6



2400 Zhengyu XIANG

Last lemma tells that Js is not trivial. It is also easy to see the Hecke
eigensystem 6, satisfies

(3.28) 0(f) =0(f*) :==06(f)
for any f € Rs,. We say such a Hecke eigensystem t-invariant. Let 05

be the restriction of & to “Rs . Since ¢ is of finite order and 05 is finite
dimensional, that 65 is diagonalizable under ¢. So 05 is a direct sum of one

dimensional representations of ‘Rs p,, which must be of the form (6,),. So
we have

l ~ ~
(3.29) 85 = @D ((0,)) (@0
=1

where, m((9~g)i, 05) is the multiplicity of (9})1 in A5 and

l
(3.30) Z m((0,),,05) = dimo.

If f € Rsp, then
(3.31) Js(f) = tr(t16)05(f).

Since ¢ is of finite order, all its eigenvalues must be p-adic units. This implies
a simple but important observation that

(3.32) vp(tr(e]a)) = 0.

Let 6 be a finite slope overconvergent Hecke eigensystem with slope uyg.
It is easy to verify that

(3.33) "
So we conclude:
LEMMA 3.10. — If a finite slope overconvergent representation (resp.

Hecke eigensystem) is t-invariant, then its slope pyg is t-invariant.

3.3.3. Classicity

Now we state a twisted analogue to [18, Proposition 4.3.10], which is
the classicity theorem in the cohomological setting. For a dominant weight
A€ X*(T) and t € TT, define

(3.34) N\ t) = wigd [t A=A,
and

l i
(3.35) N*(A.1) == inf N(A,1").
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PROPOSITION 3.11. — Let A = M\*!8¢ be an arithmetic weight of con-
ductor p™*, and p a slope which is non-critical with respect to A*&. Then
for any positive integer m > ny, we have the canonical isomorphism

(3.36) H*(S(KPI),Dx(L))S* = H*(Sq(KPIn), Vax (L, €)) "
Similarly, with respect to f = fP @ u;, t € TTT, for any h < v,(N*(\,t)),
(3.37) H*(Sa(KPI),DA(L))5" = H*(Sa(KLn), Vyue (L, €) 5"
Here VY, (L, €) 1= (Vaus (L)(e))"-

The proof is same to [18, Proposition 4.3.10].

3.3.4. Spectral expansion of twisted overconvergent traces

PROPOSITION 3.12. — Let A € X*(L). For any t-invariant finite slope
1

=17

overconvergent representation  of H,, there are | integers {m](m, \)
such that for all f € H,,

l
(3.38) tr(e x fIHY,(S6, DAL)) = Y > mi(m Az (f)

7|we e i=1

Proof. — Since f is admissible, the trace is convergent. Fix t € T+,
for any h € Qso, consider the t-stable < h-slope part H9(Sg, Da(L))S" of
H?s(gg,DA(L)) with respect to u;. Here we define

(3.39) H%(Sg,DA(L))S" = lim HY(Se(KPI), DA(L)) 5"
Kp

It is equipped with an admissible *-action of H,, since u; is in the center of
Hp. As the proof of Proposition 3.5, this action extends to *H,. Let (7,V)
be a finite slope overconvergent H,-submodule of H?(Sg,Dx(L))S", and
¢ % (V) its image under the s-action of ¢. Consider the next three sets
of finite slope overconvergent representations A, B and C' whose elements
are counted with multiplicity: A = {7 |¢* (V) = Vi}, B = {r|n* =
mex (V)N Ve =0} and C = {r|7* & 7}.
If 7 € Bor C, write

!
(3.40) We =@« (Vo)
i=1
as a ‘“Hy-submodule of H?(Sq, Dy(L))S". Then 1 permutes the compo-

nents of Wy, and tr(v x f|W,) is trivial. If # € A (this implies that
o is t-invariant), then Vi itself is an irreducible *H,-submodule of
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H9(Sq, Dx(L))S". In particular, V; = 7; for some i. Now for any t-invariant
7, let m{, (7, A) be the mulitplicity of 7; appearing in A. We have

(3.41) tr(e x f; HY(Sa, Da(L = Y Zm T, (f).
w|mer i=1

Let h go to infinite, the multiplicity m{, will stay same as h large enough.

So it converges to some m{ € Z, and the proposition follows. O

Remark 3.13. — If G admits multiplicity one theorem, then B = () in
the proof above (otherwise, since o is self-dual, that V, = V,. = V* would
appear with multiplicity at least two).

4. Twisted Franke’s trace formula

In this section, we prove a twisted version of Franke’s trace formula [11
Section 7.7].

4.1. Notation

In this section, we consider more general situation as studied in [11]. Let
G be a connected reductive group over Q which is not necessarily quasi-
split. We fix a minimal parabolic subgroup Py of G and write its Langlands
decomposition Py = MyAgNy. Generally, for a standard parabolic subgroup
P of G, we consider its Langlands decomposition P = MpApNp such
that Ap C Ag and My C Mp, where Lp = MpAp is the standard Levi
subgroup of P and Ap is a maximal spit torus in the center of Lp. If group
(G is quasi-split as in the other sections of this paper, we assume that the
minimal p-pair (Py, Ag) is chosen such that Py = B and Ay C T. Write
dp = X*(P) ® R and a% its subspace of elements whose restriction to Ag
are trivial. If P = Py, we denote a§ := af . Let dg S+ c a§ be the open
positive Weyl chamber, and +a the open positive cone dual to it.

In general, we use small gothics letters for real Lie algebras, for example,
g is the Lie algebra of G, and for any parabolic subgroup P, a = ap is
the lie algebra of Aps, and ag := ap,. Since ap = X, (Ap) ® R, there is
a natural duality between ap and ap, which has been denoted by (-,-).
Now the restriction map dp — dg gives an inverse of the dual of natrual
inclusion ag — ap. So we have decompositions

P > ~ v P
(4.1) ap=apda;, ap=ap>da.
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If there is another parabolic subgroup @ O P, we use Franke’s notation ag

for ap N adQ in ag, and similarly Et}@,.

Let mg C g be the intersection of kernals for all rational characters of G,
and Z(mg) the center of the universal enveloping algebra of mq. For any
standard parabolic subgroup P, define the height function Hp : P(A) — ap

such that for any x € P(A) and any character £ of P,

(4.2) H £(z)], = el&HP@),

v

Hp is then considered as a function on G(A) by the Iwasawa decomposition.
Let VY be as in the last section. Assume Ag acting on VY by a character
&x, let Ty C Z(mg) be the annihilator of £x. For any G(Af)-module M
and 1 € dg, we denote by M(u) the twist of M in which the action of
g € G(Ay) on M is multiplied by the factor elmHae(9)),

Let R = Rg C X*(Ap) (resp. R* = RY, A = Ag) be the set of roots
(resp. positive roots, simple positive roots) of Ay in g. If L is a Levi subgroup
of G, let py, be the half sum of all positive roots of Ay in L, in particular,
write p = pg. For any parabolic subgroup P = LN, let pp be the modulus
function on [ associated to P. Without confusion, we also consider pp as
in ﬁg to be the half sum of all the positive roots of ap in np. For parabolic
subgroups P C @, under the natural projection X*(T)* ® R — a% — ﬁg,
the images of pg are pp and pg. Let We be the Weyl group of G and fix
w§ € Wg a longest element. We define

(4.3) WE ={weWg|w o) e RT, Vac RTNRL}.

As [18, (7)], for any w € WE,

(4.4) w-A=wA+p)—p=wA+pp)—pp.
Recall the Kostant decomposition:

L,V
(45) Hq(n7V\A/((C)) = @ Vw()\_t,_pp).:,.pp((c)z
weW*r
l(w)=n—gq

where n = dim(n) and Vﬁ is the finite dimensional irreducible algebraic
representation of L with highest weight p. Define

(4.6) Wik = {w e Wr w ™ (BY) >0, VB € Rp}.

If A is regular and w € WE,_, then the Eisenstein series associated to a class
in H*(SL,V{ZTX) defines an Eisenstein class in H*(S¢, VY).
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4.2. The Eisenstein spectral sequence

Let Vo = O, (G(Q)A(R)’\G(A)) be the space of C*°-functions of

uniform moderate growth, and R, the natural right translation action of

g € G(A) on V. Let Ay be the subspace of Vi consisting of the functions

that are annihilated by some power of Zy. In [11], Franke proved that the
cohomology

(47) H* (S, V(©))

can be computed by (mg, K ) cohomology with coefficients in Aj:

(4.8) H*(mg, Koo; C*(G(Q)A(R)*\G(A)) @ VY (C))(&x)
= H*(mg, Koo; Ax @ VY(C)) (&)

Indeed, Franke proved that the last cohomology space is the limit of a spec-
tral sequence, which is compiled via the Laurent coefficients of Eisenstein
series.

Let C := Cx be the set of associate classes of Q-parabolic subgroups of
G. For {P} € Cg, let Va({P}) be the subspace of Vi consists of functions
which are negligible along all @ ¢ {P}, that is, the space of functions
¢ € Vg, such that for every parabolic subgroup @ ¢ {P} and for every
g € Ag(A)K, Ry¢n, is orthogonal to the space of cuspidal functions on
Lo(Q)\Lg(A)!, where ¢y, is the constant term of ¢ along N, defined by

(4.9) PNy = / ¢(ng)dn
NQ(Q)\Nq(A)

with respect to the normalized Haar measure:

(4.10) / dn = 1.

No(Q)\Nq(a)
Set Ay (py := AxN Vg ({P}), then as (g, Koo, G(Ay))-modules,
(4.11) A= P Ay

{P}eC
and the cohomology (4.7) equals
(4.12) P H* (me, Koo; Ax(py @ VX (©) (-
{r}
For each { P}, there is a descending filtration (of finite length) Af:f pp P =

0,1,... in the space Ay (py. This filtration depends on a finite supported

Z-valued function T which is defined on the closure %, such that:

(T) T(p) < T(v)if p#vand p—v € Ta.
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The successive quotients A% N { Py /Af’f;; can be described in term of Eisen-

stein series. Following [11, Section 6], define M- X { py to be the set of triples
t=(P,A,x):= (P, A, x¢) with the following properties:

(1) P e {P} is a standard parabolic subgroup;

(2) A: Ap(A)/AR)°Ap(Q) — C* is a continuous character. Let \; €
(a%)c be the differential of the archimedean component of A, we
assume Re()\;) € a}, and T(Re()\;)) =

(3) x:3(mg) — C* is a character, such that:

(4) M\t € suppy(Zy), ie. for any = € Iy, &(z)(M\: + xt) = 0, where
€:3(mg) = S(tNmg)"Ve is the Harish-Chandra isomorphism.

For t,t' € MA Py define a morphism from ¢ to ¢’ to be an element of the
Weyl set Q(ay, at/) which maps A; to Ay and x; to x¢. So Mf:fp} is a
groupoid. Let ch \ { P} be a set of representatives for the isomorphism classes
of objects of MA Py

For t € ./\/l/\’fp}, define V' (¢) to be the space of square integrable K N
P(A)-finite functions f on P(Q)Ap(R)°Np(A)\P(A) with the following
properties

(1) For any parabolic subgroup Q C P, fy, is orthogonal to the space
of cuspidal forms on Mg (Q)\Mg(A).

(2) flag) = e Pl (@) A(a) f(g) for any a € Ap(A).

(3) f is a x-eigenvector of 3(mg).

We let W (t) = ind$ V() be the space of K-finite functions on the space
P(Q)Ap(R)°Np(A)\G(A) such that for any g € G(A), the function f(zg)
of z € P(Q)Ap(R)°Np(A)\P(A) belongs to V().

Let S(t) be the symmetric algebra S((a%)c), which is the space of poly-
nomials on (a$)¢, and also viewed as the algebra of finite sums of iterated

derivatives at \;. S(t) is equipped with the structure of ap-module defined
by the rule:

(A) For € € ap, § € S(t) and any 7 € a$

(4.13) (€0)(n) = A FPrg(n 4 €).

It is then extended to a p-module structure by letting m and n act trivially.
S(t) is also equipped with a P(A)-module structure by the rule:

(B) For any z € P(Ay) and 1) € a$

(4.14) (26)(n) = e(nv+ppt,HP(w)>5(n)_
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So we get a functor from the groupoid Mf:fp} to the category of
(9, Koo, G(Ay))-modules, it assigns to ¢ a module

(4.15) M(t) := W(t) ® S(t) = indG V() ® S(t),
For f € W(¢t) and p € (ﬁg)c, define the Eisenstein series
(4.16) E(f,p) = Z eluter He(9) £ (~g).
YEP(Q\G(Q)

Moreover, for f®d € W(t)®S(t), les MWOE(f, ) € Vo({P}) be the main
value of the Laurent expansion of 0E(f, p) at A (refer [11, Section 6]).
For {P} € C, let C({P}) C C be the subset defined by the property:

(P) {Q} € C({P}), if there is a parabolic Q € {Q}

such that @ contains some parabolic subgroup in {P}.

[11, Theorem 14] asserts that the quotient Ai’f ) /Afz{a;; is spanned by

the main values MWE(f, 1) for all f ® 6 in M (¢) when ¢ is running over
all M3, and {Q} in C({P}).

We can now state Franke’s theorem ([11, Theorem 19]). It gives a spectral
squence to compute the cohomology space (4.7):

THEOREM 4.1 (Franke’s Eisenstein Spectral Sequence (ESS)). — Let A
be a regular algebraic weight, then there is a spectral sequence:
B = @D H(me, Kot MOEVY) = H (g, Koci Ay () V).
tectP

A AP}

Moreover, this spectral sequence degenerates.
Writing K% := K. N P;(R), we compute the summand of E}*? by:
(4.17) HPT(mg, Koo; M(t) @ VX (C))
= H""(mg, Koo; ind%, V(1) ® S(t) ® VY(C))

GA) e (me Npy, KL V(D) @ S(t) @ VY(C))

= indPt(Af)

= @ ndf ) H (4, Kl HY (n; VX (C)) @ V(1) @ S(1)).
i+j=p+q

Apply the Kostant decomposition (4.5), we have
(4.18)  H'(l, Kio; HY (ny; VX(C)) © V(1) @ S(t))
= &P Hi([t,Kgo;Vi’(VMthHth (C)@V(t)® S(t)).

wewht
l(w)=ni¢—j
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Using the notation of [11, Section 6], for any © € a;, let Co be the one
dimensional vector space C on which x € a; acts by muliplication of e{*©).
Twisting Vw(M—pp Yipp, © V(t) by a proper Co to make it a trivial a;-
module, we apply Kinneth theorem for each summand in last equation

with respect to [ = m + a. Then a standard computation shows that
(4.19) H'(l, KL ; H (n; VY(C)) @ V(1) @ S(t))
= @ H' (my, KL Vi (C) V(1) ®Cpg,+a

w(App, )+pp,
weEWS
where W is the subset of w € W¥, such that [(w) = n — j and the natual

projection of w(X + pp,) to 4, is A;. Combing all the results above, for A
regular, the Fi-term, E7*?) of (ESS) can be computed by

(4.20) @ @ @ lndp EAX)) H'(my, KL ;

T, t
tecy fp} i+j=p+q weEW]

Ly,
wa()\v-‘,-ppt)-{-ppt (C) ® V(t)) ® (CPRt—F)\f,
Now Franke’s theorem implies HT(S@VX ((C))(g;l) equals:

421) PP P H (ma, Ke; M(t) @ VX(C))

T,
P P otecy,,

:ED@ @ @indg,,(éyf))HTH(w)fm(mmKéo;

T, t
(P} P otecy,, wew

L,V
Vw(A—&-ppt )+pp,

€)@ V() ®Cpp, 4,
where W! is the subset of w € W, such that the natual projection of

w(A+ pp,) to 6% is A

4.3. Twisted Franke’s trace formula

Let A € X*(T) be a regular dominant ¢-invariant weight, f € H, C
C*(G(Ay)) an admissible p-adic Hecke operator. In this section, we use
(4.21) to compute the alternating trace
(4.22) tr(ex f|H*(Sq,VY(C))) =Y (1) tr(t x f|H"(Sa, VY(C))).

T

The alternating trace tr(f|H*(Sq,VY(C))) without twisting was com-
puted by Franke and Urban in [11, Section 7.7] and [18, Theorem 1.4.2].
Here we have to study how ¢ acts on each step from (4.11) to (4.21).
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4.3.1. t-action on (mg, K )-cohomology

Consider the complex
(4.23) C*(mg, Koo; VY (C)) := Homp__ (A*(mg/tx), Vo @ VY (C)),

which computes the (mg, K )-cohomology H*(mg, Koo; Vo ® VY (C))
by definition. Let ¢, : mg — mg be the push-forward map induced from
t: G(R) — G(R). Define ¢ : Vo — Vi by sending ¢ to ¢*, such that
for any [g] € G@ARP\G(A), ¢(lg) = @(lg)"). Then ¢ acts on
Hompg_ (A9(mg/ts), Vo @ VY (C)) by sending ¢ to ¢*, such that

(4.24) ¢ X = (B((71) X))

for any X € A9(mg/tx). It is straightforward to verify that the action is
well defined up to homotopy.

Now consider the morphism of complexes a : C*(mg, Koo; VY (C))
0*(Sg, VY(C)) that induces the isomorphism H?(mg, Koo; Ve @ VY (C))
H1(S¢,VY(C)). Concretely, for ¢ € C%(mg, Koo; VY (C)), a assigns it a
¢-th differential form 7,4, such that for any g € G(A)!,

(4.25) To(01 A== A g)([9]) = d(vr([e]), - - Bq([eD))([9]),

where v indicates a left invariant vector field on S¢ and v([e]) its value at
] € Sc. Since ¢(@1([€]), -, 7 ([e])) € Va@VY(C), ¢ [e]),-.., 5y([e])) (lg)
means to evaluate its first component at [g]. Compare with Section 3.1, it
is easy to see that the t-action on H?(mg, Koo; Vg ® VY (C)) is compatible
with the c-action on H?(S¢, VY (C)) defined in Section 3.1.

R 4

4.3.2. Image of Ay (p) under ¢

Since that A, is stable under ¢, we now study the behavior of decompo-
sition (4.11) under ¢. Given an associate class {P}, let {P*} be the class
whose elements are P* for all P € {P}. Apparently the map {P} — {P'}
permutes the associate classes. Write { P} := {P*}.

LEMMA 4.2. — Let A;,{P} be the image of Ay (py under t,
(4.26) Ay = A,\,{Pl«*l}

Proof. — Given ¢ € Ay (py, we have to show that, for any parabolic

Q ¢ (P} and g € AQ(A)K, Ry(6')ng L Liup(La(@)\Lo(A)"). Let
dng be the normalized Haar measure on Ng, then dng. is same to the
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Haar measure on N = Ng. induced by the map ¢ : Ng — Ng = Ng..
Now a direct computation shows that

(4.27) (" )vg = (dng.)"-
Then ¢* € Ag.(A)K, and
(4.28) Ry(¢")ng = Ry((9ng.)") = (R o, )"

Noting that the restriction of + on L2, (Lqo(Q)\Lq(A)*) identify its image
with L2 (Loi-1 (Q\Lg.—1 (A)Y), we have

cusp
(429) L?:qu( Q* (Q)\LQL (A)l)L = Lgqu(LQ(Q)\LQ(A)l)
Now the conclusion follows. O

This lemma implies that, in the formula (4.21), only those summand
parameterized by {P} = {P}* will contribute to the twisted alternating
trace.

4.3.3. On Eisenstein series

Consider an associate class {P} and t = (P, A, x) € ijfP} for some

p- For o € W(t) and p € (a8)c, let Ei(p,1)(9) := E(p,p)(g) be the
Eisenstein series defined in (4.16), then A, is spanned by the principal
values of derivatives of all such E(p, u).

LEMMA 4.3.
—1
(4.30) Ey(p, )" = Eu (o' 1 )

where we deﬁne
(1) AL $ Ap- (A)/A(R)* A (Q) — C* as A (@) == Aa);

(2) x tmg = c* aS_X1 "(2) == x(zY);

(3) ti= (P A )

(4) < )i plg'). Then ot € W(). 1

(5) € (a IGDL—l)C’ as a character, it is defined by u* (a) := p(a*).

In particular, there is a natural homomorphism ¢ : S((d%)c) —

S((@%,-1)e).

PL
So we have a homomorphism between vector spaces

(4.31) L M(t) — M@t
such that for p @ 6 € M(t) = W(t) @ S(¢)
(4.32) MW, 6E, (0, 11)" = MWy, 6" Ep (", pi* ).
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Moreover, « induces an homomorphism between the (mg, K )-cohomology
group,

(4.33) ¢: H*(mg, Kooy M(t) ® VY (C)) — H*(mg, Koo; M(t) @ VY (C))

Proof. — (4.30) and (4.32) are from definition directly. To show (4.33),
one only has to notice that ¢ is compatible with (4.24). O

Remark 4.4. — The definition of MW, actually depends on the choice
of a regular element &; € ﬁg, so here (4.3.11) depends on the choice & =
fé_l. However, just as the situation in [11, Section 7], it does not matter
our goal.

Recall that the quotient AZ;’]{’ Py /Aff;; is spanned by the elements of
form MW, 0E(f, ). As observed by Franke and Schwermer in [12], the
only relations between these vectors are the relations provided by the
functional equation of the Eisenstein series for singular X;. So if
t = ¢ in Uprij}, the image of H*(mg, Koo; M(t) @ VY(C)) and
H*(mg, Koo; M (1) @ VY(C)) in H*(mg, Koo; Ay ypy ® VX(C)) coincide.
This implies that, in the first step of (4.21), only those terms with ¢ = ¢*
will contribute to the twisted alternating trace.

4.3.4.

For a standard parabolic subgroup P and the associate class { P} contain-
ing P, consider a triple (P, u,x) € M;?;’;) Let np(u) be the cardinality
of the isomorphism class containing (P, i, x), then np(u) is the number of
Weyl chambres to which p belongs, in particular, np(u) = 1 if u is regular.

Define:

(4.34) T:= {,u € dy ‘praoﬁag (11 + p) is regular in a%, v P} )
T is dense in dp. From now on, assume that

R) AeT.

With the assumption (R), W! = 0 for any ¢ € /\/lf:fp}, unless \; is regular.
In particular, in the alternating trace (4.22), only those ¢ with A; regular
will contribute to the trace. In this case, n,(A\) = 1, and the condition
t = t* equals the condidtion ¢t = t*.
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Combing the discussion in last several sections, (4.22) is computed by:
(4.35)
1 . 1G(Af) s +1(w)—ny t .
Z W tr <L X f‘ (mdPt(Af) @ H (my, K25

t=2te weW?

TR 19 (O 8 V() © o, ) 60

=X S (oo | (@ m e

P=P* A=A* x=x" weW?t

Vetntprypp (C) OV (t))) (éwuﬂp)ﬂp)) ,

where, ¢ is a triple (P, A, x); on the right side of this equation, u is the differ-
ential of the Archimedean part of A and P = LN = M AN the Langlands
decomposition. For a Levi subgroup L, f;, is defined by

(4.36) fr(l) = eber-Hr®) / / f(klnk=")dndk,
Ky JNp(Af)

where the Haar measures are normalized with respect to the Iwasawa de-
composition as in [11, Section 7.7]. The twisting factor appears in (4.36)
because we have twisted the character £, in the (mg, K )-cohomology.
The twisting term C, ., disappears because, as a ap-module, it does not
contribute to the trace. Now combing all x and all the finite parts Ay of A
in the summation, by the definition (1) of V(¢), (4.35) equals

437) > > (=)t <Lx fr ( P B (mp, KL ;

P=Pt p=p* weW?

VES 1100 (€ © Ll Ap R Lr(Q\LP(AD) €atrry )

4.3.5.

Now we study the action of ¢ on the direct sum over Weyl elements

in the last formula. For every o € Vﬁj()\+pp)+pp (C) Cc C(Lp(Q\Lp(A)),
write ¢'(z) := @(z* ). It is easy to see that

L L L
(438) (Vw()\+pp)+pp((c)) :V(w()\+pp)+pp)L((C)'

LEMMA 4.5. — Let ¢ act on the Weyl group W = Ng(T)/T via [z] —
[z'] for any x € Ng(T). Then

TOME 68 (2018), FASCICULE 6



2412 Zhengyu XIANG

(1) Let S, be a simple reflection in W corresponding to a simple root
«, then (S,)" = S,.. In particular, ¢ preserves the length of a Weyl
element.

(2) For any w € W, (w(w))" = w*(at).

(3) Let P € P, then p = pp.

In particular

(439) (Vﬁ)()\—l-pp)—',-pp ((C))L = V’LIL/)L()\—FPP)—"-pP ((C)
Moreover, if X is regular, (VfU(A+PP)+PP (©))" Vi(A+pP)+pP (C) if and only
if wh = w.

Proof. — The proof is straightforward. Concretely speaking, (1) follows
from the fact that S, is the only nontrivial element in Ng (T)/T (see,
e.g. [14, IV]) and (S,)" is a non-trivial element in Ng_, (T)/T. (2) follows
from a direct computation: let [x] be a representative of w, for any t € T,
(w(@) (1) = w(@)() = a(a™t*"*) and w'(a’)(t) = a*((@")"Ha") =
ozt '), (3) follows from the definition that pp(t) := det(Ad(t)]y,)"/2
(see, e.g. [7, III]) and the commutative diagram ad(t)or = toad(t*). Finally,
one deduces (4.39) from (1)—(3) directly. O

Now let Wh* be the subset of W' consisting of elements which are in-
variant under ¢. The previous lemma implies that (4.37) equals

(440) 3" N > (=) (e x fo | (H (mp, KK

P=Pt p=p* weWh+
VS omripe (©) ® L (Ap(R)°Lp(QN\Lp () (Eurtpr)+or))

Recall that for any w € W', w(\ + p) = p. So when p is running over
all classes t € ./\/lf (py» W is running over WE... Let WéI: be the subset
of WE,, consisting of elements which are invariant under ¢, the previous
formula equals

(4.41) Z Z Y=l b (L x fp | (H* (mp, K& ;
P=Ptyewk:*

VEY (@)@ Ldmc(AP(R)OLP<<@>\LP<A>>>><fw<x+pp>+pp>>

S Y O o | (B K

P=P' yewl*

Veirt ooy tpe (OO Leuen (Ap (R Lp (Q\Lp(A))) Ewiri o) +or))

where the equality holds since w(A + pp) + pp is regular for A € T.
Finally, we summarize all the computation above together by:
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THEOREM 4.6 (Twisted Franke’s trace formula). — Assume A is regular
in Y, then for any f € C°(G(Ay)),

(4.42) tr* (L x f | H*(Sq, VY(C)))
= Z Z l(w e trSt(L X fL ‘ chSp(SL’Vw(A+PP)+PP (C)))’

P=p* Ly
wGWE'Ln

where the notation st indicates that we are using the standard Hecke action.

4.4. Cuspidal decomposition formula

Let L be a finite field extension of @, as in Section 2, we have fixed
an embedding L < C. Let A = A\*8¢ be an arithmetic regular dominant
weight in X*(L), define the alternating trace:

(4.43) IG(ux f,A) =t (v x fIH* (Sa, Vime (L, €)),

where * indicates that we are using the #-action defined in Section 3.1.
LEMMA 4.7. — Assume f = f? ® u; € H,,, then

(4.44) IG(ux ) = MED) (e x f | H*(Sa, Ve (C, €))).

Just like [18, 4.5.1 (29)], this is a direct consequence of (3.9) and [18
Lemma 4.3.8].
For any f € H,, define the twisted cuspidal alternating trace by:

(4.45) I8 o(Lx f, )
i= meas(KP)A(E()) tr (o X f | Hyep (Sa(K), VX (C,e)))

if f € H,(KP). This is well defined since ¢ is well defined on the cuspidal
cohomology.

For any w € W" and f € H,(G), define f;™% € H,(L) as below: For
f=fPeu € Hp(G), define:

(4.46) T = e e L () @ wpr1,
where the factor e, (t) = §(t)w71(’“")'*‘pf’|1fw71(‘”°)+’“°|p7 which is trivial

according to our choice of £ as (2.14), (fP)}, is the usual non-normalized
constant term

@i ume= [ o, SRR ) R

For general f, the definition is given by linear extension.
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THEOREM 4.8. — Let \ be a regular arithmetic weight such that \*8 ¢
Y, then for any f as above, I&(v x f,\) equals

SN N (n)erEmeeA T 0k £ v(A+ pp) + pp).

P=P" yewk wewh

Proof. — The proof is essentially same to [18, Lemma 4.6.2]. Since both
sides of the equation are linear on f, it is innocuous to assume that f =
fP@u; and fP = 1g». If X = \218¢ the finite order character € will simply
appear in every step of the proof by multiplying a twisting factor, so we
only have to deal with the case that A = \*& algebraic. By the twisted
Franke’s trace formula and Lemma 4.7, I CI(L x f,A) equals:

v n S L
(448 E E l( yne tr t(L X fL | cusp(SL?Vv ;/+2pp))
P pr UEWéL

For group H = L, N or P, write K7, := KPNH(A%). Then for f = 1x»®@uy,
we have

(4.49) fr(l) = meas(K”) meas(KR) 1 @ (ur)r.
So (4.48) equals
(4.50) Z Z 1)!™+7P meas(KP) meas(K%,)

P=Ptvewpy,
* L,
' trSt(L X ]-Kp ® (ut)L |chsp(SL’Vv )\\/+2pp))

Z Z 1!OH7r meas(KP) meas(K5)

P=Pt yewk:

trSt(L X (ut)L ‘ Cubp(SL’ v- /\+2pP)K€)
Write p := v - A+ 2pp and o, = H (SL,Vﬁvv((C))KL. Since ¢ is well

cusp
defined on o, viewing 1ndPEQ g o, as the restriction of indgggzgjgji Ou

G(Qp), we have

to

(4.51) tr¥ (L x (up)], | o) = trf (L X Ut (

indg(gz; O'“>.

According to the decomposition

(4.52) G@) = || P@Q)uwI
wewl
there is
I L
(4.53) (mdPEg”; ) %“(a{f)w ,
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where the isomorphism is given by ¢ — (¢(w)),ewr . In particular, ¢ acts
on the right side by sending (¢(w)) to (¢(w')). Let W+ be the subset
of W¥ consisting of elements which are invariant under .. Write N,

NNw *Nwand I, :=INLQ,) = wlw™' NL(Q,), (4.4.8) equals
(4.54) Z Z NP meas(KP) meas(Kb)

P=Ptvewyy,

I
Npp(t)]ptr (L X ItI’ (mdggg”) U“> )

Z Z ){@+1P meas(KP) meas(K5)|pp (1)),

P=Ptyewk:

Z Nw(Zy) : tNw(Zp)t ™ tr% (0 x Tpwtw ™I, | a{f)
weWwk.

Noting that
(4.55)  tr¥ (L x Tpwtw I |O'IL)

=tr® (L x Tpwtw g | cuép(SL(KilL),fov))

- tr t(L X (1KP)L & Unytay—1 | :usp(SL(K]lD,IL)aVﬁ’V))
N meas(KP) meas(KD) ’

and

(4.56)

(4.54) equals
(4.57)

MED) Y Do YR pp(t),

P=P* yewk:

Ein

> WalZy)  tN(Zp)t ]t (0 x (Lkr) L ® Upp1 | OLF)

[Nw(Zp) : th(Zp)t_l} = |(w_1(pP) + pp)(t)|;1,

weWk:t
=D > Ve, Y A€
P=P* eyl wewLL

Ein

w () (EE) (™ (pp)+op) (O], o (X (1kr) L O U=, 1)

Z Z Z l(?))+np€( ))\—w’l(,u)+w’1(pp)+pp

pP=p* UEWLl‘n wewl

AppOpIE (e % ceaw(t)(Licr) L ® U1, 1)

SoOY > () T o £ ).

P=P* yewlt wew™
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Here in the last two equations, we used (2.14) again and substituted p =
v - A+ 2pp. This completes the proof. a

5. Twisted finite slope character distributions
5.1. Twisted finite slope character distributions

In this section, we define the notion of twisted finite slope character
distribution, which is a twisted version of Urban’s finite slope character
distributions in [18, Section 4.1.10].

DEFINITION 5.1. — Let ¢ be an automorphism of G with finite order [, L
a finite extension of Q, in @p. An L-valued (-twisted finite slope character
distribution (i-twisted FSCD) is a Q)-linear map J : H;, — L, such that
for any t-invariant finite slope overconvergent representation m of H,, there
is a set of | integers mj(m) := {my,(m)|i=1,...,1}, satisfying:
(1) for any t € TT*, h € Q and KP, there are finitely many m of slope
less than or equal to h, such that mj(r) # 0 and 75" # 0.
(2) for any f € H,,

l
J(f) = szJ,i(W)Jﬁi(f)

™ i=1
For any irreducible ¢t-invariant finite slope representation 7, we define the
multiplicity of 7 in J by

(5.1) my(m) = Z m.y(m).

We say J is effective if it is non-trivial and all its coefficients m ; ()
are non-negative. Given a twisted FSCD J, for any f € 7—[;,, define the
Fredholm determinant of f associated to J by

(5.2) Py(X, f) = [[ ] det(@ = X7;(e x f)yms™

As [18, Lemma 4.1.12], P;(X, f) is an entire power series for all f = f? ®
uy € H,,, if and only if J is effective.

If J is effective, for any c-invariant K7, define V;(K?) to be the comple-
tion of

(5.3) @@(Vﬁi(p)m‘l,i(ﬂ)
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under the super norm |>, v;|| := sup, ||v;||. V;(KP) is a p-adic Banach
space over C, with an action of ‘H,(K?). Moreover, if f in H)(K?) is
admissible, then it is a completely continuous operator and

(5.4) J(f) = meas(KP) tr(v x f|V7(KP)).
This observation leads us to give the next definition:

DEFINITION 5.2. — Fix KP, an L-valued t-twisted finite slope character
distribution of level K? is a Q)-linear map J' : H,,(K?) — L, such that
for any (-invariant finite slope overconvergent representation o of H,(K?),
there is a set of | integers my (o) := {my ;(c)|i=1,...,1}, satisfying:

(1) for any t € TT* and h € Q, there are finitely many o of slope less
than or equal to h, such that mj (o) # 0.
(2) for any f € H,(K?),

"(f) = sz.J’,i(U)J&i(f)

LEMMA 5.3. — If J is twisted finite slope character distribution, then
Jrep = meas(KP)"1J is a twisted finite slope character distribution of
level KP.

Proof. — Let 7 be a t-invariant finite slope overconvergent representa-
tion of H, and 7 an extension of 7 to *H,. Since K? is t-invariant, for
feH,(KP),

(5.5) meas(KP) LIz (f) = tr(e x f|75")

(if #” = 0, both sides are 0). Let & be an irreducible constitute of *H,(KP)
acting on 75" If the restriction of & on H,(K?) is reducible, by Lemma 3.8,
tr(v x f]6) =0. So we have

tr(e x f| 75" Zm&fr Ytr(e x f|o)
(5.6)

—sz a5, 7 )z, (f),

o j=1
where, in the first equality, the sum of ¢ is running over all irreducible
constitute of “H,(K?) in #%" and m(&, #%") is its multiplicity, which equals
1 by Proposition 3.7; in the second equality, the sum of ¢ is running over
all irreducible constitute of H,(K?) in 75" such that ¢ is i-invariant and
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~K”)

m(&;, 7" ), the multiplicities of &; in 75" are all 0 except for one j. Now

meas(KP)~ Z Z (Zmu Uj»ﬁiKp)> Jo, (f)

(5.7) oo g
= Z Zm_]_’j(ﬂ)J
oo j
This verifies the condition (2) in the definition. Condition (1) is a direct
consequence of Definition 5.1(1). O
COROLLARY 5.4. — If o = n%" is a finite slope overconvergent repre-

sentation of H,(K?), then
(5-8) my,.i(0) = my(r).

Similarly, we define the Fredholm determinant for any f € H,, associated
to J' by

(5.9) Pr(X, f) =[] [[det(t — X&:(c x )™

o 1

We say that J' is effective if it is non-trivial and all its coefficients mj ; (o)
are non-negative. In this case, we define V;, as completion of

(5.10) PP i)
under the super norm ||, v;||. Then

(5.11) J(f) =tr(e x fVy).

If JJ = Jj, for some effective J, then it is obvious that J’ is effective,
Vyr = V;(KP) and for any f € H; (KP)

(5.12) Py (X, )| Py(X, ).

5.2. Some (~-twisted distributions

For A\ € X*(L) and f € H,, define
(5.13) IL(x f,0) = tr(e x f | H},(Sq, DA(L))).-
Once we fix K? and if f € H,(KP), then

IL(ex f,0) = meas(KP) x tr(c x f| Hf,(Sc(KPI),DA(L)))

(5.14)
= meas(K?) x tr(c x f | RT*(S¢(KPI),DA(L))),
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and we also define
(5.15) I (0% £ KP) o= tr(e % f| Hpy(Sc(KPT), DA(L))).

Let P¢ (resp. L) be the set of standard parabolic (resp. Levi) subgroups
which are invariant under ¢. For L € L and w € Wélg , we now define
distributions I&O(/,x fyA) and Ig’Lw(L x f,A) by induction on the unipotent
rank of G:

If rk(G) = 0, define

(5.16) I oo x fN) =I5 G (e x f,0) = TE(ux £, 0).

Given a positive integer r and assume the distributions have been defined
for cases that rk(G) is less than r, then for proper L € L and f = fP ®uy,
define

(5.17) I8 5 a0 % A 2= I5 (0 35, w- A+ 2pp)

for regular dominant weight A € T, and define

(5.18) IE o (ex FA) =1 (0% f1% w - A+ 2pp),

(5.19) IL (X £ = Z (—1)fCwdrdimne pf ) (x £LN)
wEWE"

Eis
for general p-adic weights. Then define:
ILo(x LA =15x £, = > IL (x f,N).

proper LELY,

PROPOSITION 5.5. — For ? = L,{L,w} or 0, Iéy?(L X f, ) is a t-twisted
FSCD.

Proof. — For L € L, let o” be an irreducible finite slope representation
of 7—[57 define

. G(A})
(5.20) Iﬁw = 1ndL(A£) (O’?) ® b5,
. G(AY) . . . o
where ind L(AP) 1 the induction normalized by multiplying the factor
§
elpr Hr(9)) 0o, is the character of U, defined by
(5.21) ur = |pp(t)|pbo (Uwtw—1)-
If o is -invariant, let ) be one of its irreducible extensions to “H}. It is
easy to see
(5.22) Jo (f158) = tr(v x fIIf,,).
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So by the induction process in the definition above, we only have to verify
the proposition for Ig;(L x f, ). This follows from Proposition 3.12. O

5.2.1. Classical distributions

The distributions I; defined above will be p-adic interpolations of the
classical distributions I$', which are defined from (twisted) alternating
traces on classical cohomology. For an arithmetic regular dominant weight
A e T and f € H,(KP), meas(Kp)_llg’O(L x f,A) equals
(5.23) A(E()) tr™ (v x f | Hiygp (S (KPT), VX(C)))

AE®)) tr* (e x f | H (mg, Koo
Liusp(G(Q)AG(R)\G(A)" ® V(T)) (1))
M) Mecusp (1) tr (0 x f | H* (mg, Koo (Wﬁn)Kf ® VX(C)))

*M*M

Meusp (1) 1 (0| H* (M, Kooy 782 @ VX (C))) tr(e x f |74 7)

= mea, chusp tI"St |H*(mg,Koo, T ®VV(C)))
tr(e x f| 77%)

where, as Proposition 3.12, the summation is running over all cuspidal
representations m C L2, (G(Q)\G(A),&y) such that 7¢ = 7l is the
Harish—Chandra module of m, i.e., the subspace of 7 consisting of smooth
vectors that generate a finite dimensional vector space under K ; and

Meusp () is the multiplicity of 7 in L%, given by the decomposition

cusp’

(524) L2, (GQ\G(A), &) = @ amewsr (™).

By Proposition 3.7, if 7T§ # 0 then it is t-invariant and irreducible as
a C°(I\G(Ay)/I,Q,)-module. A constitute of the restriction of 7'('} on
H, gives a p-stabilization of 7f, and there are only finitely many such
p-stabilizations (see [18, Section 4.1.9]). So

(5.25) trex f1mf) = S mlp,wh) te(e x £ p),

p

where p is running over all irreducible #,-submodules of 7TJ£ such that
p" = p, and m(p, 7TJ£) is the multiplicity of p in 7'#.
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By the last equality of (5.23), we have to compute the Lefschetz number
L(e,m,A) i= tr (1| H (g, Koo; ot @ VY(C)))
(5.26) = (1)t (o] H (g, Kooy 72 @ VY (0))).

To do so, we need the next theorem, which is easily deduced from Propo-
sition 5.4, 5.5 and Theorem 5.6 in the original paper of Vogan and Zucker-
man [19, Section 5]:

THEOREM 5.6. — Let m be a cuspidal representation (so it is essentially
unitary) such that H*(mg, Koo; 7 @ VY(C)) # 0, then there exists a
0-stable parabolic subalgebra q = [+ u such that

(5.27) dim VY (C)/uVy(C) =1
and T is of the form Aq(woX). Moreover, one has
(5.28) H'(mg, Koo; 750 ® VY (C)) = Homyne (A~ (1N E), C)

To understand the theorem we have to recall some notation from [19].
Here 6 is a usual Cartan involution of G, which gives a Cartan decom-
position

(5.29) g=p+¢t

For a @-stable parabolic algebra q defined as in [19, Section 2] and an ad-
missible weight A defined as in [19, (5.1)], Aq()) is an irreducible g-module
whose restriction on ¢ contains a represntation p(q, \), which is the repre-
sentation of K, of highest weight A + 2p(p Nu), as in [19, Theorem 5.3].
Here Ry = dim(p Nu).

COROLLARY 5.7. — Assumptions as last theorem, if A is regular, then
u is maximal unipotent and q is Borel.

Proof. — It’s a simple observation from the previous theorem. The fact
that VY (C)/uVY(C) is one dimensional implies that VY (C) can be realized
in ind§(x) with some character x of [ whose restriction to t is —wpA. How-
ever, since A is regular, —wgA is regular too. This means that —wgA cannot
be extended to a character of any Levi subgroup which contains T" proporly
(see e.g. [13, Section II.1.18, I1.2.4]). So u is maximal unipotent and q is
Borel. ]

The corollary implies that there are only finitely many cuspidal 7 such
that H*(mg, Koo; 7@ VY (C)) #£0, and their infinity parts 7o are Ap(wo)).
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Write R = Ry, then for each such 7

L(,m,A) = Y (=1) tr(¢| Homyne(A™ (£ p), C))
(5.30) i 4 :
= (=) 3" (=1)" tx(¢| Homyre(A'(t N p), C)).

So we define for any A arithmetic regular dominant in Y,
(5.31) qc,. = L, 7, N).

It is an integer depends on G and ¢ only. In particular

1870@ X f,A) = Z 4G, Meusp () tr(e X f | 7Tf)

= Z(]GL chusp paﬂ—f)tr(fo|p)
(5.32) pCm
= Z QG’LZ Z mcusp pm’/Tf))J (f)
ppt =1 pCTrf

The discussion above together with (5.22) implies:

PROPOSITION 5.8. — Let A be an arithmetic regular dominant weight
inY. For?=0,{L,w} or0, If;l,?(Lx £, A) is a t-twisted finite slope character
distributions.

Proof. — We only have to show the representations appearing in the
twisted traces are of finite slope. Let ¢ be an classical cuspidal representa-
tion of H,(K?), its p-component o, must be of dimension one. As we have
seen in (5.32), every o appearing in the distribution is ¢-invariant, so for
any f = fP ®u; € Hp(KP)

(5.33) Jo(f) = Jov (f*)€0 (us)
with some [-th root of unit £. Now as observed in Section 3.3.2, if o is of
infinite slope, 6, (u) = 0. O

PROPOSITION 5.9. — The character distribution 1870@ x f,A) # 0 if
and only if g, # 0. In this case, define e, := qa}b, then e, 8’00 X fyA)
is effective.

Proof. — We only have to prove the first statement. The “only if” part
is obvious. Noting that U, is commutative, the component p, of p at place
p appearing in (5.32) must be a character 6, of U,. So we only have to
show that there exits a one dimensional subspace of 7T£ which is stable
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under ¢. This is true, because 7715 is finite dimensional and is diagonalizable
under ¢. g

Remark 5.10. — In last proposition, we have to divide gg, to make
sure that the distribution has integral coefficients. If ¢ is of order 2, the
Lefschetz numbers are necessarily integral. In this case, we can define
eq,, = sign(gq,.). All the results and discussion will be same but the dis-
tribution carries more information.

Remark 5.11. — Throughout this paper we have assumed that ¢ is of
Cartan-type to make sure that the cuspidal cohomology is not always trivial
([6, Theorem 10.6]). However, our results hold for any Q-rational, finite
order automorphism such that the Lefschetz number is non-trivial.

Now for any KP, write

(5.34) VENEP) =V, 1 oy (K?) and VE (KP) =V,

rem (eG,LIS:(;()‘))KP
COROLLARY 5.12.

cl,\ cl,\,/
(5.35) VG,O (K*) = VG,O (KP).
5.2.2. Congruence between overconvergent and classical distributions

LEMMA 5.13. — Let X\ be a regular arithmetic weight in T and f =
fP ®uy € H,(KP) is Z,-valued, then
P P

(5.36) IL(ex f,0) = 18 x f,A) mod N*(\,t) Meas(KP),
where N*(\,t) is defined in (3.35).

Proof. — Both sides of the congruence are meas(K?) x Z,-valued by
definition. Let h = v,(N*(\,t)). Noting that for any a € Z and t € T,
(5.37) lapo(t)]p = 10(use)lp,

(3.31) and the observation (3.32) imply that
IL(ex f,0) = te(ex f| Hp o (Sq(KPT), DA(L))S" mod N*(X,t) Meas(K?)

IS(ux f,N) = tr(ex f | H* (Sq(KPLy,), VY(L))S" mod N*(\,t) Meas(KP).

L

Then the lemma is obtained from Proposition 3.11. 0

PROPOSITION 5.14. — Let f = fP @ u; € H,(KP) be Z,-valued and A
regular arithmetic. Then

(5.38) 1L o(ex fIA) =18 (0x f,)) mod N*(X,t) Meas(KP).
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Proof. — We prove the proposition by induction on rk(G). The case
rk(G) = 0 is just the Lemma 5.13 above. Now assume the proposition has
been proved for any proper Levi subgroup L € L¢,. Noting that N*(\,t)
divides & (t)A’“’A”*}‘ if v # w, the cuspidal decomposition formula, Theo-
rem 4.8 implies that, modulo N*(\,t) Meas(K?), 1870(L X f,A) is congruent
to

(5.39) IG(xf,A)— Y S (=) I (ux 8 w A +-2pp).
PEP!, PAG eyl

Now using the induction hypotheses and Lemma 5.13 again, it is congruent

to
(5.40) ILex £ = >0 Ih (x fowe A+ 2pp),
PePy, P#G
which is, by definition, IZ;’O(L x f, ). O

Now recall the Definition [18, Definition 4.6.6], let {\,} be a sequence
of algebraic dominant weights in %(@p) which converges p-adically to a
weight A in X(Q,). We say the sequence is highly regular if, for all positive
simple root a, we have

(5.41) lim A\, (H,) = oo.

n—oo
Parallel to [18, Corollary 4.6.8], we have a direct consequence of Proposi-
tion 5.14:

COROLLARY 5.15. — let {\,,} be a highly regular sequence of t-invariant
dominant weights which converges p-adically to a weight A\ € X*(L). Then
for any f = fP ® u; € H,,, there is

(5.42) im T8 (e x f,An) = 1L (0 £.0)
for 7 =0,0.

5.3. Analyticity with respect to weight

Now we study I éy?(L x f, A) when weights \ varying over the weight space
X*. Let U be an open affinoid of X* and O°(4l) the ring of analytic functions
on Y bounded by 1. For any finite extension L of Q, in @p, define

(5.43) Ax = lim O°(4) C O(X")
sUCxe

and

(544) Axl.,L = A:{L ® L
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PROPOSITION 5.16. — Fix f € H,,(K?), then as functions of A € X*,
I;r;(z,xf, A), I&MM(LXf, A) and Ié,o(fov A) are all in Ax. g, . In particular,
they are analytic over X*.

Proof. — The proof is same to [18, Theorem 4.7.3], so we only sketch it
here. By the induction process in defining Iéﬁ(L x f, ), it suffices to prove
the proposition for Ig(L x f,A). Locally over an open affinoid {f C X*, for
n > n(i), Lemma 2.1 and Proposition 2.4 (1) imply that

(5.45) RT*(KPI,Dy,) @ L = RT*(KPI, Dy (L))

Therefore Fy := meas(KP)tr(c x f | RT*(KPI, Dy s)) (viewed as a func-
tion on 4 via specialization) is in O(4l), such that, for any A € 4, Fy(\) =
Ié(L x f,A). Moreover, since ¢ and f € H, preserve the O°({f)-lattice
RT*(KP?I,Dy ), that Fy is in O°(4), where D, is the O°(4) dual of
A .- So we have

(5.46) IL(ex f,=) = lim Fye lim 0°(8l) = Ax.. 0
Ucxe ucxe

5.4. Effectivity

PROPOSITION 5.17. — Ifgg, # 0, then €G7Lfg_o(l, x f,A) is an effective
t-twisted finite slope character distribution.

Proof. — Since algebraic regular dominant weights are dense in the
weight space, by Proposition 5.16, it suffices to prove the proposition for al-
gebraic regular dominant weights A in Y. Since g, # 0, by Proposition 5.9,
ec I8 o(1x f,\) is effective. Let P& o(ux f, A, X) and PL o(tx f, \, X) be the
Fredholm determinants associated to eg, I o(¢ X f, A) and eG,LIELO(L X fi\)
respectively, define

_PL(x f0X)
P (x fLNX)

(5.47) PLy e x f0 X)

We need the lemma below, which is a direct consequence of Proposi-
tion 5.14.

LEMMA 5.18. — If X is regular, then PCT,_OCZ(L x f, A, X) is a meromorphic

function on Al

1ig(Cp), its zeros and poles are all lying in

{z e Cpllzlp = N*(A 1)}
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Proof of the Lemma. — If J; and J; are two twisted finite slope charac-
ter distributions, then so is J;—Ja, and Py, _ s, (X, f)=Py, (X, f)/ P (X, f).
Write IéTOCl(L x f,A) = I&O(L X f,A) = Ig (v x f,A). Proposition 5.14 im-
plies that, for Z,-valued f = fP ® u; € Hp(KP), IEOCZ(L X [y N 5er =
mod N*(\,t). So PL (v x f,A\,X) = 1 mod N*(\,t). This proves the
lemma. / g

Now we can run the same argument as in the proof of [18, Theorem 4.7.3]
to show our proposition. Choose a closed affinoid subdomain 4 C X* which
contains one hence dense algebraic weights in Y. Shrink [ if necessary
so that we can write Pg‘o(b x f,A\, X) as a quotient of relatively prime
Fredholm series over 4, that is,

T x f,\X)
4 P} A\X)=
(5 8) G,O(foa 9 ) B(LXf,)\,X)’
with both T'(¢ x f,A, X) and B¢ x f,\, X) are in O(U x AL, ). Assume
Bt x f,A, X) # 1, let 20 be the Fredholm subvariety of I x A%ig cut out

by T(¢ x f,A,X) and B(¢ x f, A\, X), that is, 20 = Z(B) — Z(T). Since
the projection pr : Z(B) — il is flat, that its image pr(20) also contains
dense algebraic weights. Now let w = (\,z) € 20(Q,) with A algebraic,
we can choose w’ = (N, z') p-adically close to w such that A’ is algebraic
regular dominant in T and |z'|, < N*(X,t). So by Lemma 5.18, =’ must
be a pole of PG (e x f, X, X). However, since eq [g o(v x f, X) is effective,
P o(tx f, N, X) is entire. So our assumption leads to a contradiction. This
implies that PCT;.O(L x f, A\, X) is entire, therefore, eG,LIéD(L x f,\) is also
effective. O

COROLLARY 5.19. — For any t-invariant standard Levi subgroup of G,
there exists a number ey, , such that, for any w € Wéi’;, eLvLIE;l,L,U)(L x f,\)

and €L7LIé7L7w(I, x f,\) are effective, unless Ig} ; (¢ x f,\) is trivial for
some algrbraic regular weight A € T

Proof. — It follows from the definition of I&L »(t % f,A) and an ex-
actly same argument as the proof of the previous proposition, but for Levi
subgroup L. O

5.5. Multiplicities

For ?=cl or {, write the Fredholm determinants associated to eG,LIé,O (ex
fiA) by Pg;,o(l, x f,\ X), to 6L,J€;,L,w(b x f,\) by P&LM(L x f, A, X). Let
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7 be a finite slope overconvergent representation, write the multiplicities:

.2 _
mG,O(Tra )‘) = meG,LIéYO()\) (W)a

(5.49) o
me o(m A) = Mg 1% () (7),
_ 1,7 _
(5.50) ML (T A) 1= meL,LIgYL)w(A)(W),
mLCfLaw(ﬁ’ >\) = meL,,‘I’(?;,L,w()\) (77)7

For given KP, if # is an overconvergent Hecke eigensystem of level KP, write
its multiplicity in Vé’é(K”) by méfO(H, A). By Proposition 5.5, if  or = is
not t-invariant, its multiplicities are 0.

LEMMA 5.20. — Let A be an arithmetic regular weight and m an (-
invariant finite slope overconvergent representation, which is non-critical
with respect to A%, then

(5.51) mey(m, A) = mgly(m, \)

Proof. — Assume 7 is of level KP. Since 7 is non-critical with respect
to A, there is t € T such that v, (N*(A\,t)) > v, (0x(ur)). if necessary,
we can replace t by IV for some positive integer N to make v,(N*(\,t)) —
vp (0 (uy)) arbitrarily large. Now consider the finite set of t-invariant finite
slope overconvergent representations:

Sher = {p] " #0,0p(p(ur)) Svp(N*(\, 1), gl (0, A) or gy (p, A) #0}

Since X%, is finite, by Jacobson’s Lemma, there is f € H,(K?) such that
7(f) =id,x» and p(f) =0 for any p € X, that is not isomorphic to 7.
Consider fo = (1x» ® ut)f, we have for ? =1 or ¢l

(5.52) Pt x fo, A\ X)
l
= [T det (1 = 7ile x Laew @ ue) X) 604N 5% (X)),
=1

where Sé,O(X ) is the product of the determinants of all representations

whose slopes are strictly greater than v,(N*(A,t)). Noticing that E'}?ﬁ, =
Yk, for any positive integer M, we can therefore choose f independently for
any M. So if necessary, we can replace t by t* such that fo = (1x» @ ug) f
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is Zp-valued. Then by Proposition 5.14 and Lemma 5.18, we have

m4t

Gloi(mA)

(5.53) Hdet (1— 7K (1 x 1 @ ug) X)

v,cl

!
H (1—7K" (1 x 1gr @ ug) X) "G (m) mod N*(A,t)

and they share the same zeros (order counted) mod N*(A,t). If necessary,
replace t by tV as we observed at the beginning of the proof, we can assume
that v,(N*(A,t)) is strictly greater than the p-adic valuation of all the

coefficients of Hizo det (1 — 75" (1 x 1r ® ut)X)mG’QU«i(”’)‘), so we have

(5.54) Hdet (1= 757 (1 x 1r @ ug) X) 60 (7Y

t,cl
—Hdet (1— 75 (1t x 1gr @ uy)X) 604N,

In particular, they have the same degree, which are dim(ﬂ)mbc’fo(w, A) and

dim(w)m&%(ﬂ, A) respectively. So mbc’fé(w, A) = mgo(ﬂ, A). O

Noting that 75" (¢ x 1x» @ us) = 75" (1)0x (us) and 75" is finite dimen-
sional, we can compute (5.54) more explicitly. Fix £ a primitive I-th roots
. (2) R i . . ~KP
of unity, let ka be the multiplicity of ¢/ as an eigenvalue of ¢ in #%". Then
forany i =1,...,1[,

l
(5.55) Z kY = dim 7
and

0,7
me o, (™)

(5.56) Hdet 1— 7K (% 1gr @ ug) X)

. mg?o‘i(ﬂ,)\)
(Hl—w( X ))
Jj=1

1 — €90, (ug) X ) 2 13 M0, s (7))

l
l

11
I

<.
[
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This gives us varies identities between the multiplicities. If we compare the
coeflicients of degree 1, we have

(5.57) thmg 0 ngggl (7, ).

In particular, if I = 2, (5.51) and (5.57) imply that
(5.58) i (m, A) = mgl (m ).

Let A = \*8¢ be an arithmetic weight. If 7 is a t-invariant finite slope cus-
pidal representation, its t-twisted Euler—Poincare characteristic m'; p(m, \)
is defined by:

(5.59) > (1) tx(e | Homgy, (, H(Sc, Vae (C, €)))).
q
If 7 is of level KP, then mY;p(m, A) equal:
(560) D~ 0r(e] Homgg, o (77 HI(Sa(KPT), Vs (€, 6))))
q

Then a computation as in Section 5.2 shows that
(5.61) mipp (T, A) = ga,me(m, A).

Since the distribution eq  I& o(c x f, A) is effective, m"c’fé ;(m, A) are all non-
negative. So in case g¢,, # 0, m'p(m,A) # 0 if and only if m&cé (m, ) #0,
if and only if mLGC%) ;(m, ) # 0 for some i.

We close this section by considering the multiplicities of Hecke eigensys-
tems:

COROLLARY 5.21. — Let A be an arithmetic regular weight and 6 a
finite slope t-invariant overconvergent Hecke eigensysem, which is non-
critical with respect to \*, then

(5.62) mego(0,0) = mglo(0,))

Proof. — This is a direct consequence of Lemma 5.20 and the formula
that

(5.63) mLéo Z mg¢ (o, A) dimo. |

O'IRS
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6. Twisted eigenvarieties
In this section, for group G and finite Cartan-type automorphism ¢, as-
suming that g¢, # 0 (so eq := eq,, # 0), we construct eigenvarieties which
parametrize (-invariant finite slope overconvergent Hecke eigensystems of
G. We call such an eigenvariety a t-twisted eigenvariety of G.

6.1. Twisted spectral varieties

Consider the effective distribution eqIf, o(¢ x f,\), for fixed K? and
f € Hy(KP), write V&S(K”) and PéVO(L x f, A, X) for it as (5.34).

PROPOSITION 6.1 (twisted spectral varieties). — For any f = fPQu; €
H,, (KP) with t € TT*, there is a rigid analytic space &*(f) C X" x A},

such that (A, ) € &*(f)(Q,) if and only if a~* is an eigenvalue of v X f on
VIS (KP
o (KP).

Proof. — This is same to [18, Proposition 5.1.6]. &*(f) is simply defind

as the Fredholm hypersurface cut out by Pgo(b X [0 X)in X x AL, O

6.2. Full eigenvariety

For later use, we summarize some results of [20]. Given K7, let ngp be
the p-adic completion of Rg,p[ut_l,t € T™]. Define Rs, to be the p-adic
analytic space, such that for any L/Q, in @p,

(6.1) R (L) = Homey aig(Rsp, L).

By construction, 6 € Rs (L) is of finite slope. Rs (L) has the canonical
p-adic topology induced by the metric [0 — 6’| =: supcpg  10(f) —0'(f)]p-

Set 9 = X X Rsp, its L-points Y(L) are pairs (A, ¢). The full eigen-
variety is a rigid analytic space & := &g» over QQp, which is a p-adic
analytic subspace of ). The space € is equipped with a projection onto
X, such that (X, 0) € Ex»r(L) if and only if Hf (Sq(KPI),DA(L))[6] # 0,
and, for any f € Rs,p, Ry(f) := 0(f)~! is an eigenvalue of f acting on
H*(Sq(K?I),Dx(L)). Indeed, for any f € Rsp, (A, 0) — (A, Rs(0)) gives
a projection from Ex» onto a subvariety &y of X x A}ig, and & is a piece of
the spectral variety which parameterizes Hecke eigenvalues of f. For detail,
refer [20, Section 6, 7, 8].
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6.3. A big twisted eigenvariety

In this subsection we construct our first twisted eigenvariety K using the
method and notation in [20]. 8 will give us a bigger rigid space so that we
can construct inside it other twisted eigenvarities we really concern. Not
like the work of Urban in [18], we have to do so rather than to construct
our twisted eigenvarieties directly. The reason is, since our twisted finite
slope character distributions are constructed from twisted traces, they do
not provide pseudo-repesentations, so we do not have Urban’s “second con-
struction” as [18, Section 5.3]. Then if we follow the direct construction,
what we obtained is only a p-adic analytic space but not a rigid space.
However, R will be a rigid analytic space, so its subspaces inherit rigid
structures automatically.

Most results in this subsection are parallel to [20], so we omit the proofs.

6.3.1. Spectral varieties

Let 4l be an open affinoid subdomain of X*, consider the action of ‘Rs
on RT(KPI, Dy) := @ RTY(K?I,Dy) as in Section 3.1. By Proposition 2.4
and the discussion in Section 3.1.3, for any f € Rs, admissible, there is
a power series Py(f, A\, X) € OW){{X}}, such that for any A\ € 4, the
specialization of Py(f, A, X) at A is the Fredholm determinant of f acting
on RT'(KPI,D,).

LEMMA 6.2 (Urban). — Let j : N < M be a continuous injection of L-
Banach spaces. Let uy and up; be respectively compact endomorphisms of
N and M such that jouy = uproj. Then M/j(N) has slope decomposition
with respect to up /Ny = up (mod j(N)), and

det(1 — Xupr) = det(1 — Xun) det(1 — Xupy/n)

This lemma is [18, Proposition 2.3.9]. Apply Lemma 6.2 to the situation
M = N = RI'(K,Dy) and j = ¢, we have
(62) Pil(fv)‘vx):PL[(fLa/\aX)'

Let Py(f, A, X) = Qu(X)Sy(X) be a polynomial decomposition as in
Lemma 3.4, and

(6.3) RI(K,Dy) = N¢(Qu) & Fr(Qu)

the corresponding O(4)-module decomposition. Apply Lemma 6.2 to the
situation N = N;(Qu), M = RI'(K,Dy), j = v, uy = f and up = f*, we
have

(6.4) Ny (Qu) = v (N5 (Qu))-
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Define
l

(6.5) Npu(Qu) = () Nyt (Qu),
i=1
which is equipped with a “H,(K?) action.
Recall that, in [20, Proposition 6.4], we defined a weight space 2 C X,
such that for A € X, A € 2 if and only if Hf,(S¢(K),Dy) # 0. Similarly,
define

—~

(6.6) Q.4 = supPo(y) H(NF (Qu)) C U

and 20" the subspace of X* obtained by gluing 20,  for all { and Qg.

Then A € W4 (f)(Q,) if and only if H(N},(Q)) # 0. The next proposition
is a direct consequence of the fact that
Hyo(Sa(K),Dy) = lim H(Sq(K), D»)F"
h

(6.7) . .
=%QM%mﬂwm

PROPOSITION 6.3.
(6.8) W =X'NW

For an admissible f € Rs p, define set {f}* := {fLi x 1<, <1}
For any g € {f}*, define

(69) 6%271179 = Suppo(u)[g] H*’L(Q) CcUx A%ig

PROPOSITION 6.4. — &, ( , Is locally finite over 2y, . A point s =
(A, ) of shx ALy, is in &4  (Q,) if and only if X € Wy, ((Q,) and a™ is
an eigenvalue of g acting on H}‘,L(Q).

The proof is same to [20, Proposition 6.6]. Moreover, discuss as in [20,
Section 6], given {f}* and g € {f}*, we can glue the local spectral varieties
& y 4 for polynomials Qg and open affinoid domains 4 C X*:

THEOREM 6.5. — There is a spectral variety &, = Ggy. , as a rigid
subspace of X* x A% such that, s = (\,a) € 6:(Q,) if and only if X €
20°(Q,) and o is an eigenvalue of g acting on H3 (Sc(K),Dy).

COROLLARY 6.6. — If g = ¢ x f, then

(6.10) &'(f) c &
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6.3.2. A big twisted eigenvariety

We build an eigenvariety over the spectral varieties constructed in last
subsection as in [20, Section 8]. Let LRSJ, be the p-adic completion of
"Rsplug 't € T*]. Since ‘Rs, = Rs, x (1) and ¢ is of finite order [, that
LR&Z, is an [ pieces union of ]:257,,. Define the p-adic space B = Bs, be
such that for any L/Q,,

(6.11) B(L) = Homag o ('R p, L).
There is a natural morphism

(6.12) i:Bsp(L) — Rsp(L)

given by restricting a character § of ‘Rs,, to Rs,p, i.e. 6 := i(f) = é|ﬁcs,p-
This morphism is finite and continuous.

Write 3* = 35, := X' x B. For any admissible f and g € {f}* C ‘Rsp,
define the morphism of ringed space

(6.13) R,: 3" — X' x A®
by (A, 0) — (X, 60(g)~") on L-points, and
(6.14) R O(X){{X}} — O(X")&" Rs p

by > apX™ — > a,(g)”™ on the function rings.
Define the rigid space

(6.15) =11 II Rr,'s,

(1 g€lf]*

as in [20, Section 8|, where its G-topology is defined via R,’s. Concretely,
an open subset of ®* is admissible if it is a union of open subsets of the form
Ry x --- x Ry () for U an open admissible affinoid of &} x --- x & ;
and an admissible covering is the inverse images by R,’s of the admissible
coverings of the corresponding spectral varieties. Then we have a parallel
result to [20, Proposition 8.1]:

PROPOSITION 6.7. — Assume § = (\,0) is in 3(Q,), then j € @L(@p)
if and only if H*(Sq(K),D))[f] # 0 as a *Rs ,-module. Moreover, given
jeD (Q,), there exists an admissible f, such that

(6.16) ﬂ RN (Ry(9) () 21(@,) = {#1}

ge
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For & C X" and Py(f,X) = Q(X)S(X) as in Section 6.3.1, let hy
and h{ be the image of Ry := O) ® Rs, and Ry = OM) ® ‘Rs,
in Endzf(RF(KpI, Dy)) respectively, and let hy g and h{ o be the image
of Ry and R in Endgf (N¢,.(Q)) respectively. Define

(6.17) Ry 1= sp(hy)
and
(6.18) R = suppyy H(WQ))-
PRrROPOSITION 6.8.
ﬁu Q H Ry 16@ U g )
gElfl

The proof of proposition is same to [20, Proposition 8.2]. Moreover, an
argument as [20, Propositions 8.2, 8.3, 8,4] shows that we can patch ﬁQ,Q
with respect to 4 and @ to obtain a rigid space J}t} Define

(6.19) Ro=T] 8y
f
It is a reduced rigid analytic space, and by Proposition 6.7, 6.8
(6.20) R(Q,) = D(Qy).
Now given 4 and Q as above, define i : 8 — & by locally defining

(6.21) i: 8y = suppy,  H(N},(Q)) = €uq = suppy, , H(N}(Q)).

This is defined by the inclusions hy,q < h o and H(N} (Q)) — H(N7(Q)).
In particular, on @p—points, i sends (X, 0) to (A, 0 := §|Rs,p)~ So it is de-

fined on each fibre J}i; coincident with (6.12) and defined locally on points
R 16Q I g((@p). Finally, define K" as the image of £ under i. Its points are
debcrlbed by the theorem below

THEOREM 6.9. — Assume y = (X, 0) is in €(Q,), then y € £(Q,)
implies that 0 is a t-invariant finite slope overconvergent Hecke eigensystem
of weight X. For any f € Rs,p, Ry maps & to Gy, . It is locally finite
and surjective. In particular, dim K < dim X*.

This is directly follows from the definition, noting that f € {f}*.

Remark 6.10. — Generally, R is NOT the eigenvariety parameterizing
all (-invariant Hecke eigensystems. Actually, it parameterizes those 6 such
that, as a one-dimensional subspace of H(S¢(K), D)), tx maps Vj to itself,
as the set A in the proof of Proposition 3.12.
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6.4. Twisted eigenvariety

Now fix KP, for any f € Rsjp, consider the morphism R,xf : 3" —
X x AL defined as in Section 6.3, and define

Tig

(6.22) € = [[(Ruxr) (& (f)),
7

where the product is running over admissible Hecke operators f.

THEOREM 6.11 (twisted eigenvarities). — Given K? as above, there is
a subvariety &%, of €», satisfying:
or any € Cxr(Q is in ,(Q,) if an only if 6 is
1) F )\HGQP A0 €%, (Q,) if and only if 6
t-invariant and m 0(0,) # 0.
very irreducible componen of &%, projects surjectively onto a
2) E ducibl t of &4 ject jectivel t
Zariski dense subset of X*.
» 18 equidimensional wi e same dimension to X", and every
3) &y i idi ional with th di ion to X*, and
irreducible component is arithmetic.

Proof. — Define &' := &%, to be the image of @ under i. Its underly-
ing topological space €“(Q,) is given by the image i(@(@p)). Firstly we
show €(Q,) C €x»(Q,) and the part (1) by modifying the proof of [18,
Proposition 5.2.3]. As in Section 5.1, write

(6.23) V = VI (KP) = EBEBVG“(“)

o

P . . . . . .
where o = 7%” is running over all -invariant finite slope representations

of H,(KP) appearing in the distribution eg.[g’o(L X f, \)iep. Given (X, 0) €
€ (L), fix t € THF, set h = v,(A(uz)) and

W =Vsh,

H,(KP) acts on W since Rs,, is in its center. Since every o appearing
in V is ¢-invariant, that ‘H,(K?) acts on W. Let hy be the image of
Rs, — Endp(W). It is finitely generated by the image of finitely many
elements {f1,...f.} in Rs,. Let Q be the set consisting of 0(uy),d(fi),
and all eigenvalues of wug, ¢ X ug, fi, ¢ X f; on W. Now let R be a number
such that for any a,a’ € Q, vp(a — ) < v,(R), define operators hy = fi,

hiv1 = fz+1(1 + Rh;) and f = uy(1+ Rh;).

Since (\,0) € € (L), there is 0 # wy € V and &; appeaing in V, such
that

(6.24) 0(t x flrup =o(tx flwy
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in particular, wy is an eigenvector of (v X u;) and (). Denote their
eigenvalue by ay and by respectively. Since ¢ is of finite order, by is a unit.
Write § = oy ,, then (X, 0) € €x»(Q,), we want to show i(6) = 0.

Indeed, v,(by) + vy (B(ur)) + v, (O(1 + Rhv)) = 0,(0(0)) + vp(Bu)) +
v,(A(1+ Rh,.)). Since by and 6(¢) are units, by the setting of R, v,(0(u;)) =
v,(A(uz)). This implies that o actually appears in W. On the other hand,
(ap—0(xu))0(1+Rh,) = 0(ux ut)(é(l—i-Rh ) —6(1+ Rhy)). This implies
vp(ap —0(L x up)) > vp(R). Soay = (v x u;) and 6(h,.) = 9( r)- Repeating
the process, we have 0(f;) = 0(f;) for all f;. Therefor 9|Rsp = 0 and
i\, 0) = (\,0) € &L). In partlcular 6 is t-invariant. By our construction
of 6 and formula (5.63), we have m Yo(0,0) # 0.

Now we prove the other direction of (1). If V; := V5, appearing in (6.23),
let V; = D, Vi[(] be the eigen decomposition of V; under ¢, then ‘R, acts
on each V;[(]. Let (A, 0) € €(Q,) be w-invariant. If mLC’;TO(H, A) # 0, there is
some V; such that V;[0] # 0 as a Rg,-module. In particular, § appears in
some V;[¢]. Define @ be the extension of 6 to “Rg, by setting 6(:) = ¢. Tt
is then clear that (\,6) € @(@p) and i()\,0) = (), 0).

With (1), Theorem 6.9 and Remark 6.10 imply that

(6.25) ¢(Q,) C 8(Q))

By construction, for any f € Rs p, there is a commutative diagram:

¢ (Q,) i € (Q,)C Ren (@)
l’“ lRf lRf
& ()@ x A%) N &4(Q,) &%(@,)
(6.26) / /
wL — xb

S

Consider the first column of the diagram. R, s is locally finite, and &
is constructed by the Fredholm power series. So by the same argument
of [18, Theorem 5.3.7], R, is finite surjective. Now Proposition 6.7 and
Corollary 6.6 enable us to run an argument as in [18, Corollary 5.3.8], so
the composition of the first two arrows in the first column is surjective
onto a Zariski dense subset of X*. Since i keeps the first coordinate A,
that the projection from @L(@p) to X* in the second column is also Zariski
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surjective. So dim(€*) > dim(X*). However, (6.25) and Theorem 6.9 imply
that dim(¢') < dim(R*) = dim(20") < dim(X"). So we have dim(€&") =
dim(X%*), X* = 20", (which is why we have the third row of the diagram)
and, in particular, the Ry in the third column is also surjective. Together
with Proposition 6.7, an argument as in [18, Corollary 5.3.8] again shows
that Ry in the second column is also locally finite and surjective.

Now since dim(R*) = dim(X*), denote by 8¢ the union of codimension 0
arithmetic components (i.e. irreducible components contains a Zariski dense
subset of arithmetic points) of K. Then the same argument as [20, Propo-
sition 8.9] shows that

(6.27) R4(Q,) = ¢(Q,)
This proves (2) and (3) of the theorem. O

Remark 6.12. — By the last observation (6.27) in the proof above, through-
out this section we could have worked on the p-adic analytic spaces €¢*(Q,)
and finally define the rigid analytic structure on &* by the one induced
from K“°.

7. The case of Gi,

In this section, we study the case of G = Gl,, over Q. Fix the pair (B, T),
where B is the subgroup of upper triangular matrices and 7' the diagonal
subgroup. Then

(7.1) T = {diag(t1, .., tn) [0p(t1) = - > vy(tn)}
(7.2) T = {diag(tr, ..., tn) |vp(t1) > -+ > vp(tn)}
Define g* := j(*g™')j ! for any g € G, where j = (§; n11-j)1<i,j<n if 7 is
odd; and
j= ( 0 (5i7k+1j)1<i,j<k)
— (0 kot 1—j)1<i i<k 0

if n = 2k is even. It is easy to check that ¢ is an automorphism of G of
order 2, and ¢ stabilizes (B, T, I,,) and T+, T++.

Let 7 be an automorphic representation of G. Apparently, 7 is t-invariant
if and only if 7 is self-dual in the usual sense.
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7.1. IgO(L x f,A) is non-trivial

Consider the (-twisted distribution I, g’o(b X f,A) defined for G and ¢ as
in Section 5.2, we prove it is non-trivial by computing ¢¢ , as in Proposi-
tion 5.9.

ProprosITION 7.1. — Let A € X" be an arithmetic regular dominant
weight in Y. Let m be a self-dual finite slope cuspidal representation of
weight A. Assume that 7 is non-critical with respect to A. Then gg,, # 0.

Proof. — Tt is a computation given by Barbasch and Speh in [5, VL.3]
that
qG,. :L(L7 Ab()\)7 >\)
(73) =(=1)" > (=1)"tr(e | Homne(A' (N p), C))
=(=1)fzlalz1 2 0.
O
Since ¢ is of order 2, for ? = cl or {, we define 6G7LIZ;,0(L x f,A) as in

Remark 5.10. Considering the last paragraph in Section 5.5, we have

COROLLARY 7.2. — Let A € X' be an arithmetic regular dominant
weight in Y. Let m be a self-dual finite slope cuspidal representation of
weight \. Assume that m is non-critical with respect to A. Then m';p(o, \) #
0.

Proof. — By the definition (5.59), combining (5.51) and (5.61), we com-
pute as in Section 5.2:

(74)  mpp(m,A) = Z Meusp(p) L(t, p, A) tr(e | Homgy, (xcr) (WJI"(IJ’ Pf))-
p

Since G = Gl,,, the cohomological packet at infinity for A has only one
element, which is of the form Ay (\) as in Theorem 5.2.3 (see also [16]). So

(7.5)  mipp(m,A)

= L(1; Ap(A), A) Z Meusp(p) tr( | Home(KP)(W;{pa Pr))
poozAh()‘)

= (=nFE2lET N (o] Homgy, () (77 pf))
poo:Ab()‘)
= (—1)l12lz] £,
where the last two lines hold since Gl, admits the multiplicity one
theorem. ]
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Remark 7.3. — Corollary 7.2 implies that the (-twisted eigenvariety &,
we constructed in Theorem 6.11 for Gl,, parameterizes all non-critical self-
dual finite slope cuspidal Hecke eigensystems of level KP.

7.2. Essentially self-dual representations

Generally, a representation 7 of a reductive group is essentially ¢-invariant
if there exists an algebraic character x of G,, such that y odet ®7* = x. In
our case G = Gl,,, a representation 7 is essentially t-invariant if and only
if it is essentially self-dual in the usual sense.

Now a p-adic weight A € X(L) is determined by n p-adic characters
X1s- -+ Xn Of Gy, (Z,) such that

An essentially self-dual weight is characterized by XiXn+1—i = XjXn+i—j
for any 1 < 4,5 < n. Denote by X° the subspace of essentially self-dual
weights in X, then dim(X¢) = [3] + 1. Given a character X, denote by X
the subspace of essentially self-dual weights with respect to x in X°¢. It is
cut out by the relation xixn+1-i = XjXn+1-j = X, then dim(X5) = [F].

We now construct an eigenvariety ¢, which parameterizes all essentially
self-dual finite slope overconvergent Hecke eigensystems of G, by applying
our method to the group G = Gl,, x Gly, with involution u : (g,z) —
(g%, det(g)x). We remark here that p is not of Cartan-type, however, one
can verify that our discussion through Sections 2-6 still works.

Let B! be the p-adic weight space of Gl it is the rigid unit ball. Consider
the weight space ¥ = X x B!. Denote by X* the p-invariant subspace of

X. It is easy to check that
(7.7) Xt={A=(\x)|AeX,x B}

Its first component projects bijectively to X°.

Consider an open compact subgroup K'f = Kfx K} of @(Af), where Ky
is defined as previous sections and K } is a neat open compact subgroup of
Gli(Ay). We simply fix K} = Z and normalize the Haar measure on Gl;
such that meas(Z;) = 1 for any finite place I. Then the associated locally
symmetric space for G is

(7.8) Se(Ky) = Sa(Ky) x (QX\AS/ZR*) ~ Sq(Ky) x {pt}.

For the group Gly, Tg, =TT = Tai, (Q,) = Q) so the set of U, opera-
tors Uy (Gly) = Zp[T* /T (Zy)] = Zp|Q) /Z)]. This implies that the p-adic
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Hecke algebra for G is given by:
My (KP) = M, (KP) x C(ZP\AF /27) @ L, Q) /2]

(7.9) .
= My (K?) x C2(b} /2,7,).

For any f € H,(K?) admissible, write f = (f&, f1) with fo = f& ® u,
teTt and ff@upy t' € Q-

For a regular dominant weight A\ = (\,x) € X*, let V5 be the finite
dimensional irreducible algebraic representation of G with highest weight
X and Ds the local distribution space defined in Section 2.3. It is not hard
to see

(7.10) Vi 2V x x

where the right side is understood as the space V, together with an action
of Gly given by multiplying the value of x and the isomorphism is given
by ¢ — ¢1 such that ¢1(g) := ¢(g,1) for any g € G. Generally, let 7 be
an irreducible representation of G, since Gl; is in the center of G, 7lee, is
given by a character x and 7|g is irreducible as well. It is easy to check
that 7 = w|g x x, and 7 is p-invariant if and only if 7|g is essentially
t-invariant with respect to x. If 7 is a p-invariant representation of é, as
in Section 3.3, we can extend 7 to a representation 7 of G x (1), and then

restrict 7 to G x (). This gives an p-action on V; such that for any g € G,

(7.11) % x(det(g))m(g") = m(g) x p.

Now we can define p-twisted finite slope character distributions
r_‘fl(u~>< I \) and !j(u x f,\) as (4.4.1), (4.4.3) and Section 5.2, where
?=G,(G,0),(G,M,0). As Remark 5.10 and the discussion in Section 5.4,
Ig 0(“ x f, ) and Ig 0(,u>< f, A) are essentially effective. We can indeed com-

pute them explicitly and relate them to the distributions I, 870(L X fa, A) and
IéyO(L X fa, ) for G, where Igo(,u X f, A) equals

meas(K”)AE(t, ¢')) tr(p x f | Hiywp (S (Ky), VX (C)))
= meas(KP)A(E(8))x(t) tr(p x f | Hiyp(Sa(Kr), VX (C))
=meas(KP)A(E(1)x()x" (f1) tr(u x fa | Hiwg(Sa(Ky), VX))
=x(t")X" (f1)I& o1 x fa, N,

where the last second equation follows from Section 3.1 and (7.10), the
action of 4 is given as in (7.11). In particular, if y is trivial,

(7.12) Ig";l,o(:u X faj\) = Ig,O(L X fa,A).
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Now Corollary 5.15 implies that

(7.13) IL (1 % £ 0) = XY () o1 % fa, M),
and if y is trivial,
(7.14) IE (o x £ A) = 1L o0 X fa, A).

Remark 7.4. — Given character x and A € X° that is essentially ¢-
invariant with respect to y, inspired by the above computation, we can
directly define for f € H,(K?) that

(7.15) I (ex £, A) = Ig o (iy X £, )
and
(7.16) IES (0% fN) o= I o (e % £ N)

where the lower index in p, emphsis that the twisted action p on the
cohomology spaces are defined according to y. Just like Proposition 3.12,
one can show that only the traces of representations that are essentially
t-invariant with respect to x can contribute to these distributions, and the
discussion in Sections 4-6 works for them as well.

Now let A = (A, x) be an arithmetic weight, 7 a p-invariant finite slope
cuspidal representation of G, such that 7|g;, = x. Let (x ') be 7 twisting
the inverse of y by Gl;, and ,, be the factorization of m(y ) to G = G//Gl,,
it is easy to see that m, is t-invariant. Compute by definition, we have

(7.17) mh (1, A) = mlgp(my, A) # 0.
Now by Theorem 6.11, we have

THEOREM 7.5. — Assume G = Gl,, there is an eigenvariety €¢ C €&
defined as in Theorem 6.11, such that

(1) there are two projections p; : € — X¢ and py : € — B! such that
y = (\,,0,) € €(Q,) ifand only if§ is a finite slope overconvergent
Heche eigensystem of weight A\, = p1(y) and is essentially self-dual
with respect to x, = pa(y) with mgfo(((‘) X Xy)xys (A X Xy)y,) # 0.

(2) €¢ is equidimensional of dimension [§] + 1. Its every irreducible
component is arithmetic.

(3) For any x € B!, set ¢ = py ' (x), then €, is the eigenvariety
parameterizing essentially self-dual Hecke eigensystems of G with
respect to x. In particular, €5 = &*.

(4) The projection p; maps € onto X5, C X°. € Is equidimensional
over X3, and all its irreducible components are arithmetic.
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Remark 7.6.

(1) As Remark 11, €¢(Q,) contains all non-critical essentially self-dual
finite slope cuspidal Hecke eigensysems of G.

(2) Applying our theory to Ié’?é(L x f,A), we can construct & directly,
and we can obtain parallel results to Theorem 6.11 for €.

7.3. Ash—Pollack—Stevens Conjecture

Let 6y be a classical finite slope cuspidal Hecke eigensystem of GI,, of
regular weight Ag. Recall, as defined in [3], 6 is called p-adic arithmetically
rigid, if (modulo twisting) it does not admit a p-adic deformation containing
a Zariski dense subset of arithmetic specializations. So if it is contained in
any arithmetic irreducible component of &, it is not arithmetically rigid.
Conjecture 1.1 claims that, if 6 is not essentially self-dual then it is p-adic
arithmetic rigid. Theorem 7.5 gives its inverse:

COROLLARY 7.7. — Assume 0 is essentially self-dual with respective
to x, then it is lying in an arithmetic component of €. In particular, it is
not p-adic arithmetically rigid,.

Proof. — By Theorem 7.5, (A, ) € €5 (Q,). Consider the subset X of
€5 (Qy) consisting of (A,#) such that A is arithmetic and ¢ is non-critical
with respect to A. X is Zariski dense in €7 (Qp) since its projection to X5
contains an arithmetic point Ag. By Corollary 5.21, those points in 3 are
classical and corresponding to cuspidal Hecke eigensystems. O

The next theorem shows that the smooth hyperthesis on arithmetic
points of an eigenvarity may give some hint on the Ash—Pollack—Stevens
conjecture.

THEOREM 7.8. — Assume that every arithmetic point in the eigenva-
riety is smooth. Let 6y be a classical Hecke eigensystem which is not p-
adic arithmetic rigid. Assume the arithmetic component containing 6y also
contains an arithmetic, essentially self-dual Hecke eigensystem, then this
arithmetic component contains a Zariski dense subset of essentially self-
dual Hecke eigensystems. Moreover, 8 is essentially self-dual.

Proof. — By [9], the cuspidal cohomology H,(Sc1, (K),VY) is triv-
ial unless X is essentially self-dual. So as [3], (Ao, 0) is contained in an
arithmetic component over X¢. Then the component must be of dimen-

sion < [§] 4 1 and, by our assumption, intersects with €¢ at some smooth
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point. Since €€ is of dimension [§] + 1. So by our smooth condition that
this arithmetic component is at the same time an irreducible component of
€°. Finally, assume that )\ is essentially self-dual with respect to xg. Then
(Ao, o) is contained in an arithmetic component of & , in particular, it is
essentially self-dual with respect to xo. O

Remark 7.9. — Assume G = Gl3. The Theorem 7.8 assumes that there
is an essentially self-dual point in the arithmetic component. This is not
surprising if the eigenvarieties have good geometry. By [20], we know the
full eigenvariety € has dimension < 3. Let 20 an arithmetic component, it
also projects onto X¢ and is of dimension at least 1. Since we know that &¢
has dimension 2, it should meet 2.
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