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OVERCONVERGENT COHOMOLOGY OF HILBERT
MODULAR VARIETIES AND p-ADIC L-FUNCTIONS

by Daniel BARRERA SALAZAR (¥)

ABSTRACT. —  For each Hilbert modular form of non-critical slope we con-
struct a p-adic distribution on the Galois group of the maximal abelian extension
unramified outside p and oo of the totally real field. We prove that the distribution
is admissible and interpolates the critical values of the complex L-function of the
form. This construction is based on the study of the overconvergent cohomology
of Hilbert modular varieties and certain cycles on these varieties.

RESUME. —  Pour une forme de Hilbert de pente non critique, ’on construit
une distribution p-adique sur le groupe de Galois de I’extension abélienne maximale
du corps totalement réel, non-ramifiée en dehors de p et co. On démontre que la
distribution obtenue est admissible et interpole les valeurs critiques de la fonction
L complexe de la forme de Hilbert. Cette construction est basée sur I’étude de la
cohomologie surconvergente des variétés modulaires de Hilbert et de certains cycles
sur ces variétés.

1. Introduction

The construction and study of p-adic analytic L-functions for elliptic
modular forms has been extensively studied by several authors using dif-
ferent approaches. In [14] the authors described the modular symbols ap-
proach and stated a conjecture about the exceptional zeros of those p-
adic L-functions. Glenn Stevens gave a new construction of these p-adic
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L-functions using his theory of overconvergent modular symbols (see [18,
20]). His construction works also in families which allowed him to prove the
exceptional zero conjecture (see [19, 21]). For Hilbert modular forms, the
construction and study of p-adic analytic L-functions has been considered
by authors such as Manin [13], Dabrowski and Panchishkin (see [8, 17]),
Mok [15] and Dimitrov [9]. The construction in [9] is based on modular sym-
bols setting a framework for generalising Stevens’ work which is the object
of this paper. Before stating our result, we first briefly recall Stevens’ con-
struction. Let p be a prime and inc,, : Q— @p an embedding. Let N > 4
be an integer such that (N,p) = 1 and we put I' = T'y(pN). For k > 2
an integer and L a p-adic field, we denote by Dy (L) the space of L-valued
locally analytic distributions on Z, endowed with an action of I' depending
on k; the space of overconvergent modular symbols can then be described
as HY(T,Dy(L)). Let f be a p-stabilization of a newform of weight k and
level N, such that U, f = af and the p-adic valuation of « is strictly less
than k£ — 1. Using the Eichler—Shimura isomorphism one obtains a class
¢ € HYT,Sym" %(L)) such that U, = ay. The first step in Steven’s
method is to lift ¢ to an element ® € H}(T', Dx(L)) such that U,® = a®
(see [18]). This is an analogue of Coleman’s classicality theorem for over-
convergent modular forms. The p-adic L-function of f is then obtained by
evaluating ® on the cycle {oco} — {0}.

Let now F be a totally real field of degree d. Consider a Hilbert modu-
lar variety Yx of level K C GLQ(AEDOO)) and fix a cohomological weight A
of GLy/F. Let L be a sufficiently large p-adic field. We denote by Dy (L)
the space of locally analytic distributions on O ® Z,, with values in L, en-
dowed with an action of a semigroup in GL2(Q,®F') and having VY (L), the
algebraic representation of weight A, as a quotient. We consider the over-
convergent cohomology H® (Y, Dx(L)). This cohomology was introduced
in [2] and [22], and is the natural object which generalises the overcon-
vergent modular symbols. For a positive rational number h € Q we are
interested in the “slope-< h part” of this cohomology, which essentially
is the subspace of H(Yg,Dy(L)) such that every eigenvalue of U, has
p-adic valuation < h and is denoted by HY(Yx,Da(L))S". This subspace
has good properties when HZ(Yx, Dx(L)) admits the so called “< h-slope
decomposition” with respect to U,, this property implies for example that
H3 Yy, DA(L))S" is a direct summand of H¢(Yx,Da(L)). The following
theorem generalises Stevens’ classicity theorem to the case of Hilbert mod-
ular forms (see 5.1 for more details). Its proof adapts the method of [22],
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where the analogous statement is established for the usual cohomology,
namely by working on the boundary of the Borel-Serre compactification
of YK.

THEOREM 1.1. — HZ(Yx,Dy(L)) admits a decomposition with respect
to U,. Moreover there exists h(\) > 0 depending only on A, such that if
h < h()\) then we have a canonical isomorphism:

H{(Yie, DA(L))Sh —— H{ (Y, VY (L))"

An immediate consequence of this result is that given any cuspidal au-
tomorphic representation 7 of GLa/F contributing to H(Yy, VY (C)) and
any p-stabilized new vector f in m which has non-critical slope, one has
a well defined class ® € HY(Yx,Dx(L)) (see 7.1). The main objective of
this article is to attach a p-adic L-function to such a class. To achieve
this we evaluate this class on the automorphic cycles introduced in [9].
Those cycles are morphisms of real analytic varieties C, : X,, — Y where
X, = HCI;(p")(R/Z)d71 x R%, and CIf(p") is the narrow ray class group
of F. We remark that in the case F' = Q we are considering the disjoint
union of the paths joining a/p™ and oo, for a € {0,...,p™ —1} coprime to p,
inside the modular curve. In 6.2 we use these cycles to define a distribution
valued sequence of evaluations, ev,, for each n € N, on the overconvergent
cohomology, which are analogues of the evaluations described in [9, §1.5].
Using ev; we construct a morphism:

(1.1) HY(Yg,Dr(L)) — D(Gal,, L),

where Gal, = Gal(F?*> /F) where F?* is the maximal abelian extension
of F' unramified outside p and oo, and D(Gal,, L) is the space of locally
analytic distributions on Gal,. Then puf € D(Galy, L) is defined as the
image of ® under the map (1.1). Remark that F?:°° contains the cyclotomic
extension of F', and denote by N : Gal, — L* the continuous character
given by the cyclotomic character. For s € Z,, and any continuous character
x : Gal, = L* we put:

Ly(f,x,8) == pe(xN°71).

By construction this function is analytic in the variable s € Z,. We are
now in a position to state our main theorem:

TOME 68 (2018), FASCICULE 5



2180 Daniel BARRERA SALAZAR

THEOREM 1.2. — The distribution ps € D(Galy, L) is admissible. Let
x : Gal, — L* be a finite order character of F' such that x,(—1) =1 for
each o € X, then we have:

p
L(F.x.1) = inc, (L (7w ®£§<,1)T(X)) HZpa
T plp

here LP(m ® x,s) is the L-function of m twisted by x without the Euler
factor in p, T(x) is the Gauss sum, §). is a period attached to  and Z, are
local factors defined in terms of m, and X,.

The proof of the admissibility uses crucially all evaluations ev,. The
proof of the interpolation formula is based on some computations given
in [9].

As mentioned, a study of the p-adic properties of special values of L-
functions attached to Hilbert modular forms was carried out for example
in [8]. The present work has several advantages. For instance while in [8]
the construction of the p-adic L-function was donne by using the Ranking
method we use the theory of overconvergent modular symbols, which is
more flexible to applications. In this direction, in [3], in collaboration with
M. Dimitrov and A. Jorza, we extend the method of the present paper
to construct p-adic L-functions in families, and investigate the exceptional
zero conjecture for central critical values of Hilbert modular forms of any
weight. We would like to point out that the Stevens’ method for the con-
struction of p-adic L-functions, has been developed in the context of G L4
in [4, 24] and [5]. Finally we would like to mention that Januszewski con-
structed p-adic L-functions for GL,, X GL,_; in [11]. We hope that these
results will motivate similar constructions of p-adic L-functions for more
general reductive groups. The article is structured as follows. In Section 2
we introduce some basic notations used in this work. In Section 3 we prove
the existence of slope decomposition for the compactly supported cohomol-
ogy of Hilbert modular varieties. In Section 4 we introduce some spaces of
distributions. Section 5 is devoted to the proof of Theorem 1.1. In Section 6
we use automorphic cycles to construct evaluations on the overconvergent
cohomology and we construct in particular the map (1.1). Finally in Sec-
tion 7, we construct p-adic L-functions and we prove Theorem 1.2.

Acknowledgments. I would like to thank my PhD thesis advisor,
Mladen Dimitrov, for suggesting this problem and for his guidance and
assistance. I also thank Eric Urban for kindly answering a number of ques-
tions. Thanks are due to Olivier Fouquet, Michael Harris, Adrian Iovita,
Vincent Pilloni and Jacques Tilouine for support and motivation. Finally,
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the author would like to thank the anonymous referees for their helpful
comments and suggestions to improve the presentation of this paper.

2. Hilbert modular varieties
2.1. Notations

Let F be a totally real number field, d = [F' : Q] and X be the set of
embeddings of F in C. In this paper we consider Q as a subfield of C and
then we identify ¥ with Hom(F, Q). We denote t = (1,...,1) € Z*F. We
denote by A the ring of adeles over Q and A; the ring of finite adeles. We
put Ar = A®qg F and Ap s = Ay ®g F. Let p > 2 be a prime number
and inc, : Q — @p an embedding. For each o0 € ¥ there is an unique
p | p in F such that inc, o o correspond to p. We obtain a decomposition
Yp = |_|p‘p Y, where X, is the set of 0 € ¥ corresponding to p under

inc,. Moreover, let v, : @: — Q be the non-archimedean valuation such
that v,(p) = 1.

For each prime ideal p over p we choose an uniformizer, w,, of F},. In all
this paper we suppose that wg‘“ = p, where e, is the inertia degree at p.
Using the decomposition F' ® Q, = lep F, we obtain a group homomor-
phism u : (F®Q,)* = (Or®Z,)*. Let G = Resp,./zG L2, B be the Borel
subgroup of the upper triangular matrices and 7" be the standard torus.
Let Z be the center of G and we denote G = G/Z.

2.2. Hilbert modular varieties
2.2.1.

Let G, be the connected component of the identity in G(R), Zo, = Z(R)
and K1 = SOs(Fy), where F,, = F ® R. Let K be an open compact
subgroup of G(Ay) then we define the Hilbert modular variety of level K
by:

Y =G(Q)\ G(A)/KKE Z.
This variety is a complex manifold and we can describe more explicitly its
connected components. Let Cjt := F*\ A% /det(K)F% and for each x € Cjt
we choose gx € G(Ay) such that the image of det(gy) in Cit is x. Then we
have a decomposition:
Y= || Y

XGC;

TOME 68 (2018), FASCICULE 5
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where Yy = G(Q) \ G(Q)gy KGL /KK Z.,. Moreover if we denote 'y =
GQ)n gng‘;lGio then Yy ~ I'y \ Hp, here Hp := H*F and H is the
upper half plane.

HypoTHESIS 2.1. — We suppose in all this paper that for each x € C}
the group Ty := I'yx/T'x N Z(Q) is torsion-free.

This hypothesis is satisfied if K is sufficiently small. In that case we

deduce that Yk is smooth and the fundamental group of Yy is I'x.

Remark 2.2. — We will fix in all this work representatives gx whose
image in G(Q,) is trivial.

2.2.2. Borel-Serre compactificacion

The variety Yy is not compact, here we will describe the Borel-Serre
compactificacion of Yx. To construct this compactification we first enlarge
Hp. We denote G(Q)* := G(Q) N GL, and let G*4(Q)* be the image of
G(Q)* in G*4(Q). In [6] it is constructed a space Hf containing Hp, and it
is proved that it is a manifold with corners with smooth boundary. There
is a continuous action of G*(Q)* on Hf extending the action over H,
moreover if T is a torsion free arithmetic subgroup of G*4(Q)* then I'\ Hp
is a compact surface with fundamental group I'. More explicitly we have:

EF = HF |_||_|6(]3)7
P

where the second union is over the set of Borel groups of G4, and each
e(P) is a contractible space. Moreover the boundary | |, e(P) is stable
under the action of G24(Q)™, in fact we have: ve(P) = e(yPy~1!) for each
v € G*4(Q)* and Borel group P.
Using these notations we define the Borel-Serre compactification of
Yk by:
XK = |_| fx \EF

xGC;

2.3. Cohomology and Hecke operators
2.3.1. Cohomology

Let M be a module with a right action of K, and suppose that K N
Z(Q) acts trivially. We denote by L£(M) the sheaf over Y given by the
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local system G(Q) \ (G(A) x M)/KK%Z,, — Yk which is defined by
v(g,m)kks = (vgkkoo, m - k). For some specific modules M we will be
interested in the cohomology groups: H* (Y, L(M)) and H:(Yx, L(M)).
Suppose that the action of K on M factorizes through the image of K into
G(Qp), then the groups I'x act on M and so for ? € {0, c} we have the
following decomposition:

Hy(Yie, L(M)) = Becr Hy(Tx \ Hp, L(M)) = Bpecr Hy(Tx, M),

where the term in the middle £(M) is the sheaf over Ty \ Hp given by
the local system defined by v(z,m) = (yz,my~1) for v € Tk, z € Hp and
m € M. Let T be a torsion free arithmetic subgroup of G®4(Q)* then we
have the following exact sequence:

w——= H{(U'\ Hp, L(M)) — H'(T'\ Hp, L(M))
—— HY(T\ OHp, L(M)) — - --
here the sheaf £(M) on T'\OHF is defined as before. The boundary of T'\Hp

is given by Upep.I'p \ e(P) where Br is a fixed set of representatives of
the classes of the Borel groups under the action by conjugation of I and
I'p =I'N P. Then we obtain:

H*(0(T'\ Hp), Lr(M)) ~ @ H*(Tp \ e(P), Lr,(M))

PeBr

~ P H*(Tp, M

PeBr

(2.1)

2.3.2. Hecke operators

Let A € G*(Q)* be a semigroup acting on M, I', I” C A be as before,
and XA € A such that TV N ACA™! is of finite index in I”. For ? € {0, c} we
define:

[CyT) « HY(T \ Hp, M) — H}(I" \ Hp, M),

by [[ALY] = Corll::mmfl o[AJoresfy—1yy here Corgmmfl and Tesy |y 1pvy
are the classical co-restriction and restriction map on the cohomology and
[A] : HY(TOATIYAN\HE, M) — HY(T'NATA"Y\Hf, M) is given by the map
M — M, m — mA. In the same way, we define Hecke operators in the adelic
point of view. Let R C G(Ay) be a semigroup acting on M. Let K C G(Ay)
be an open compact subgroup contained in R and satisfying 2.1. For each
x € R we put [KoK] = Corgnyie—1 i O [T] 0 TSk grz—15a:

[KaK] : Hi(Yi, L(M)) —> Hi(Yie, L(M))

TOME 68 (2018), FASCICULE 5



2184 Daniel BARRERA SALAZAR

where Corgnyxy-1 x and resg gnz-1x, are as before, moreover, the mor-
phism (2] : HY(Yine-1x2, L(M)) = Hi(Yirzra—1, L(M)) is given as fol-
low: let x : Ygrzke-t — Yine-1ke De given by g € G(A) — gz €
G(A), then [z] is the morphism obtained using the y-cohomomorphism
Line-1x:(M) ~ Lxnziz—1 (M) (in the notations of [7]) which is defined
by (g,m) — (gz=1, am).

Denote by Ay the image of R in G(Q,), then let Ay C G(Q)" be the
inverse image of Ay under the map G(Q)* — G(Q,) and finally let A C
G*4(Q)* be the image of Ay in G*3(Q)*. Then A acts on M and T'y C A
for all y € Cjz. We suppose that z € R satisfy det(K) = det(K Nz~ ' Kz)
and let o : C;g — C}; be the bijection such that for each y € C;g we can
write gy = Aygy(y)kc where Ay € G(Q), k € K and ¢ € Gf,. Then using
the above notations we have:

(2.2) [KaK] = P [ToM Tyl
yeck
Notation 2.3. — We use the usual notations about Hecke operators. If

(6 w,) € R we denote U, the operator [K (§ ., ) K] and if (§ ) € R the

we write U, = [K (4 9) K. We have U, = L, U,’.

2.4. Algebraic representations of GG

Through all this work we fix (k,r) € Z*F x Z such that k, > 2,
k, = r mod 2 and | r | k, — 2 for all 0 € Xp. Let L be a finite
extension of @, containing a normal closure of F. Attached to the data
(k,r) we get a dominant character, A\, for (G, Br,TL), corresponding
to (Re2tr —kel2ir) o € (Z x Z)®F ie. if A is a L-algebra then for
t=((% b((), )oesy € T(A) we have:

At) = H ac]:o o bo e
oEX R
Let V, be the irreducible algebraic representation of highest weight A of
G, then V) is the algebraic induction of A from the Borel subgroup of the
lower triangular matrices to G. We have an explicit description of this
representation. Let A be a L-algebra then we have:

Va(4) 2 Q) Sym*(A) @ det TF,
oEX R
rt—k+2t

here the action is given by: (¢-P)(X,Y) = (det(g))” 2 P(aX—cY,—bX+
dY), for g = (2Y) € G(A) ~ Gly(A)*F and P(X,Y) is a polynomial in
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the variables X = (X,)oexn, and Y = (Y, )sex, which is homogeneous

of degree k, — 2 in the variables X, and Y,. We denote L(k,r;L) =

Qe Sym* (L) ® det%w, regarded as a left G(L)-module. Let

crit : L(k,7; L) — L be the morphism such that P(X,Y) € L(k,r; L) is
k— 2t Tt k— 2t+

sent to the coefficient in front of X Y . Consider the morphism
ec: VY(L) — L given by ¢ (k 2t+rt) (f+), where f, € V(L) is uniquely

k— 2t+r

determined by the condition f, (%) = =z for all z € F ®g L. Then
we have the following commutative diagram:

23) |-

3. Slope decomposition for the compactly supported
cohomology

In this section we prove the following theorem. Let R C G(Ay) be a
semigroup and K C G(Ay) be an open compact subgroup contained in
R satisfying hypothesis 2.1. Let M be a compact Frechet space over L
equipped with a continuous left action of R, where L is a finite extension
of Qp. Suppose that the action of R on M factorizes through the image of
R in G(Q,) and moreover K N Z(Q) acts trivially.

THEOREM 3.1. — Let © € R. Suppose that the action of x on M gives
a completely continuous operator on M. Then for each h € Q and i € N
there is a < h-decomposition of H.(Yy, L(M)) with respect to [KzK].

This kind of result was proved in [22] to H! (Y, £(M)). In this work we
adapt the strategy used in [22], to the cohomology of the boundary of the
Borel-Serre compactification of Y. Finally using the mapping cone we can
prove the theorem.

3.1. Complexes
3.1.1.

Let ' be a torsion free arithmetic subgroup of G*4(Q)*. The compact
variety I'\HF is a smooth C°°-variety with corners, then by [16] we can find
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a finite triangulation of I'\ H inducing a triangulation on its boundary. We
fix one of those triangulations. Using the natural projection Hp — I'\ Hp
we obtain a triangulation on Hp. For each i € {0,...,2d} we denote by A;
the set of simplexes of degree ¢ of this last triangulation. The group I" acts
on A\;, and the quotient by this action is a finite set, in addition each orbit
is in bijection with I'. Let C;(T") := Z[A;] be the free Z-module generated
by A;. Then C;(T") is a free Z[I'J-module of finite rank and by considering
the standard boundary operators we obtain the following exact sequence
of Z[I']-modules:

0——Co(l) —— - ——C1 (') —=Cy(I') —=Z ——0.

When M is a left Z[[']-module we define C*(T", M) := Homrp(C,(T"), M),
then:
e The cohomology of C*(I', M) compute the cohomology of I i.e. the
groups H*(T', M);
e C(T', M) is isomorphic to M", here r; is the number of orbits of
the action of I" on A;.

3.1.2. Complexes from the boundary

From the triangulation of H fixed in 3.1.1 we obtain a triangulation of
OHF. If we call A? the set of i-simplexes of this triangulation then in the
same way that in 3.1.1 we consider the Z[T']-modules:

CP(T) = Z[AY).

Let B be the set of Borel groups of G and we denote by Z[B] the free
Z-module over B. The group I" acts on B by conjugation, then Z[B] is in
fact a Z[I']-module.

PROPOSITION 3.2. — The Z[T[]-module C?(T') is free of finite rank.
Moreover C2(T") is a resolution of Z[B], i.e. we have the following exact
sequence of Z[I']-modules:

(81) 0—>Cgy,(T) —= - —= CY(T) —= CY(T) —= Z[B] — 0.

Proof. — The first affirmation is a consequence of the fact that the action
of I' on OH is free and the triangulation of I'\ Hf fixed in 3.1.1 is finite. By
construction, the complex computes the homology of OHp. Moreover we
have a decomposition OHp = | |pcpe(P) (see 2.2.1) where each e(P) is a
contractible topological space, then H;(0Hr) = 0 if i > 0 and Ho(0Hr) =
Z[B]. So we deduce the exact sequence (3.1). O
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If M is a module with an action of I' then for each i € N we define
CH(I', M) := Homp(C2(T), M).

From (3.1) we deduce that C§(I", M) is a complex. In Proposition 3.4 we
give other description of the complex C§(I", M). Let P be a Borel of G4,
let e(P) be the contractible space attached to P (see 2.2.1) and denote
I'p :=I'N P(Q). The triangulation of Hp fixed in Section 3.1.1 induces
a triangulation of e(P), then for i € {0,...,2d — 1} we denote by AF
the set of simplexes of dimension ¢ in this triangulation. In fact, we have
AP ={se ;|sCe(P)}. Wedenote C;(T'p) the free Z-module over AL,
then we have:

LEMMA 3.3. — For each i the module C;(T'p) is a free Z[I' p]-module
of finite rank. Moreover we have the following exact sequence of Z|l p]-
modules:

(32) 0—Cy_1(T'p) — -+ —C1(T'p) — Co(T'p) —Z — 0.

Proof. — This lemma is proved in the same way as Proposition 3.2. O

If M is a left Z[I' p]-module we define C*(I'p, M) := Homr, (Ce(T'p), M).
Let Br be a fixed set of representatives of the classes of the Borel groups
under the action by conjugation of T

ProOPOSITION 3.4. — We have:

(1) For each Z[T')-module M we have an isomorphism:
C(;(F, M) — @PEBFC. (FP7 M)7

this isomorphism is functorial in M.

(2) Each C4(T, M) is isomorphic to finitely many copies of M. Moreover
the cohomology groups H*(T'\OHr, L(M)) are calculated by taking
the cohomology of the complex C§(I", M).

Proof. — We have the following decomposition of Z[I'|-modules:
X)) =P D C.[To).
PeBr Q~P

then is enough to define for each P € Br an isomorphism:

Homr (@q.p Ce(Tq), M) —— C*(T'p, M).
Fix P € Br. We define Homr(g..p Ce(I'g), M) — C*(I'p, M) by ¢ —
©ley(rpy- We will verify that this map is an isomorphism. Let ¢ such that

oleyrpy = 0. Let Q@ ~ P and s € Co(I'g). There exist v € T" such that
75 € Co(T'p), then p(s) =y~ 1p(ys) = 0. So ¢ = 0 and then the morphism
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is injective. To prove that it is surjective, let ¢ € C*(I'p, M) and we define
P Dgop Ce(l'q) = M as follows: let s € Co(I'q) where @ ~ P and we
choice v € T such that ys € Co(T'p), then we define B(s) := v Lp(vs). Is
not difficult to prove that © is well defined and is I'-equivariant.

The first affirmation of part (2) is deduced from the fact that C2(I")
is a free Z[I'J-module of finite rank. Finally from part (1) and
decomposition (2.1) we deduce that the cohomology of C3(I', M) is
H*(T'\ 0Hp, L(M)). O

3.1.3. Compact supports

We recall de notion of mapping cone of a morphism of complexes. Let A
be an abelian category. If # = #® : C'®* — D® is a morphism of complexes
of elements of A, we obtain a new complex of elements in .4 denoted by
Cone(r)® and defined as follows: for each i € Z we have Cone(r)’ :=
C? @ D! and the differential is defined by:

d : Cone(r)* — Cone(m)" ! |
(¢,d) — (—dc(c), —n'(c) + dp(d)).

If T c G*(Q) and M a I'-module we denote 7* : C*(I', M) — C3(T', M)
the morphism of complexes obtained from the inclusion C2(I') C C,(T).
We define:

C3 (T, M) := Cone(m)®.

PROPOSITION 3.5. — Fach CY(I', M) is isomorphic to finitely many
copies of M. Moreover the cohomology groups H2(I'\ Hp, L(M)) are cal-
culated by taking the cohomology of the complex C$(I", M).

Proof. — The first assertion is a direct consequence of 3.1.1 and Propo-
sition 3.4. We have two long exact sequences:

r——= H{(U'\ Hp, L(M)) — H'(T'\ Hp, L(M))
—— HY(T \ OHp, L(M)) — - --
and
+—= HY(C2(I', M)) —= H'(C*(T', M)) —= H'(C3(T", M)) — -

Moreover, for each i we have H*(I'\Hpg, £L(M)) ~ H*(C*(I', M)) and H*(T"\
OHp, L(M)) ~ H'(C3(I', M)). Then, using the five lemma we obtain the
proposition. (|
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3.2. Hecke operators on complexes

In this subsection we define operators on C?(T', M) which induces the
standard Hecke operators on the cohomology.

3.2.1. Compatible pairs

Let I and I” be torsion free arithmetic subgroups of G®4(Q)* and ¢ :
I' - TV a group homomorphism. We take a left I-module N and a left T"-
module M. A pair (¢, a) is called compatible if o : M — N is a morphism
of Z[I'l-modules when we consider M as a Z[I['|-module via ¢. In [22] the
author associates a morphism «® : C*(I",M) — C*(I', N) to each such
pair. We obtain an analogous morphism in the boundary.

By Proposition 3.2, C2(I') is a projective resolution of Z[B] by Z[I]-
modules. Via ¢ we can consider C(I") as other resolution of Z[B] by Z[I'|-
modules, then there is a map ¢, : C2(T') — C2(I") compatible with ¢,
and it is unique up to homotopy. Then we obtain a map a® : C§(I', M) —
C3(I',N) given by ¢ — «a o ¢ o ¢,. This map is uniquely defined up to
homotopy. The relation between these constructions is given by:

Co(T) — CW(I) C*(D,N) = C*(I", M)

IR |

Co() —— (1) C3(T,N) =—— C3(I", M)

the first diagram is in homotopy category on Z[I'] and the second one in
the homotopy category on Z.
o If we take ' C IV, M = N, ¢ be the inclusion and « the identity,
then we obtain the restriction map: resh : Cy(I", M) — C5(I", M).
e Suppose A C G*(Q)7 is a semigroup, I' C A and A € A such that
AA~! C A. Moreover suppose that M is a left A-module. We take
¢ : \ATA™! = T given by v — A "'yX and M — M defined by
m — Am. Then obtain a morphism denoted by [A] : C3(T', M) —
CH(ATA™L, M).

3.2.2. Corestriction map
Suppose I' C T" is of finite index. The complex C2(I") is a projective

resolution of Z[B] by Z[I']-modules. Then there exists a map 7 : C2(I") —
C2(T") of I'-modules, unique up to homotopy. If M is a left I"-module then
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we obtain a map Cor? : C3(T, M) — C3(I", M) called the corestriction
map and defined as follows: fix a decomposition IV = Ugv,I" then for any
p e Cy(T', M) we put

Corp: (¢)(s) = > vgp(r(7;'5))-

This map is uniquely defined up to homotopy. In [22] is defined a morphism
Corp. : C*(I, M) — C*(I", M), and we have commutative diagrams as
in 3.2.1 relating these two corestriction morphisms.

3.2.3. Hecke operators

Let A € G*(Q)* be a semigroup, I',I” C A be free torsion arithmetic
groups. Let A € A be such that I N AL'A™! is of finite index in I/. We
define:

[CATY]: C5(T, M) — C5(T7, M)

by [FAF/] = COI‘F:Q)\F)\fl o [)\] (e} resll:m\,lr,)\.

In [22] is defined the Hecke operator [TATY] : C*(T', M) — C*(I", M) and

we have the following commutative diagram:

oo, m) 25 oo

o, m) 2 os vy

This diagram live in the homotopy category over Z, in this last category
the mapping is well defined and we obtain a morphism:

(3.3) [CATY]: C2(T, M) — C2 (I, M).
Remark 3.6. — These morphisms give the usual morphisms on the co-
homology.

3.3. Conclusions

Consider the notation on the beginning of this section. On the cohomol-
ogy we have the decomposition (2.2), then from Subsections 3.1 and 3.2 we
obtain immediately the following proposition:
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PROPOSITION 3.7. — Suppose that K satisfies hypothesis 2.1, the action
of R on M factorizes through the projection R — G(Q,) and K N Z(Q)
acts trivially on M. Then, there exists a bounded complex RT'8 (K, M) such
that:

(1) The cohomology of RU's(K, M) is H} (Y, L(M)).

(2) Each RU:(K, M) is isomorphic to finitely many copies of M.

(3) We can define operators over RI'S(K, M) giving the classical Hecke
operators on H(Y, L(M)).

Proof of Theorem 3.1. — From Proposition 3.7 and [22, §2.3.13], we de-
duce the existence of the < h-decomposition of RI'® (K, M) with respect to
[KxK] for each ¢ € Z. Finally we deduce the theorem from the discussions
in [22, §2.3.10] and [22, §2.3.12]. 0

4. Distributions

In this section we recall the definition of the spaces of distributions that
we will use to define the p-adic overconvergent coefficients on Hilbert mod-
ular varieties. Moreover we describe the space of distributions on some
Galois groups.

4.1. Generalities
4.1.1. Definitions

Let X C Qp be an open compact subset. Let A(X,L) be the vector
space over L of the locally L-analytic functions f : X — L. Let A, (X, L)
be the subspace of A(X, L) such that f € A,(X,L) if and only if f is
analytic on the disks of radius p~". The space A, (X, L) is a Banach space
when equipped with the norm defined as follows. Let f € A, (X, L) and
fix a covering of X by disks of radius p~". Fix one of these disks and let

a=(ay,...,a;) € X be one of its centers, over this disk we can write:
flay,...,x) = Z em(@) (1 —a)™ . (2 —ap)™7,
meN”

Then we define ||f]l, = sup{p_"zimﬂcm(a)\p | m € N",a} where a
run through the set of centers of the fixed covering of X. Because X is
compact we have A(X, L) = Up>0An(X, L) and then we will consider the
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inductive limit topology on A(X, L). Let D(X, L) be the continuous dual
of A(X,L). Moreover, let D,,(X, L) be the continuous dual of A, (X, L),
then D, (X, L) is a Banach space and D(X, L) is the projective limit over
n of the D, (X, L)’s. It is possible to prove that the inclusions A, (X, L) C
An+1(X, L) are completely continuous (see [22, Lemma 3.2.2]). From this
fact we deduce that D(X, L) is a compact Fréchet space.

4.1.2. Admissibility

Let M be a vector space over L endowed with a decomposition M =
UnenM,,,such that for each n M, is a Banach space, M,, C M,, 1 and this
last inclusion is completely continuous. We consider M with the inductive
limit topology of the M,,’s. Let M (resp. M,’) be the continuous dual of
M (resp. My,). If p € MY we denote ||u||, the number || |ar, [|n, Where
I - || is the norm obtained in M.

DEFINITION 4.1. — Let h € Q. A p € MV is called h-admissible if there
exists a constant C' > 0 such that for each n we have ||u||, < Cp™h.

Remark 4.2. — If we take M = A(X,L) and M, = A,(X,L) then
€ D(X, L) is h-admissible if there exist some C' > 0 such that for each
n € N and for all f € A, (X, L) we have | u |,< Cp™| f|n-

In particular if we put X = Z, then we obtain that if 4 € D(Z,, L) is
h-admissible then there exist C' > 0 such that for all a € Z,, j € N and
n € N we have:

1(Latprz, (2 = a)?)], < Cp" =7,
Compare with [1] and [23].

4.2. Distributions on Op ® Z,,.
4.2.1. Spaces

We fix an identification of Or ® Z, with an open compact of (@g. Using
the notations of 4.1.1 we denote:

A(L) := A(Op ® Z,, L), D(L) :=D(Op @ Zp, L),
An(L) == Ap(Op @ Zy, L), D, (L) := Dp(Op ® Z,p, L)

and we have
D(L) = Dy, (L).
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4.2.2. The action of a semi-group

We define some groups and semi-groups in G(Q,):
T = {(39) €T(Q,) | ba~' € Or ©Z,)
T+ = {(89) € T(Q)) | ba~! € pOr B L, ).
I={(2%) € G(Z) | c€pOpr Ly}
Ap=IT T =G(Q,)N{z(L§) | a€(OF @ Zp)*,b,c,d € O ® Ly,
ze(FoQ)*}

We define an action of A, on A(L) and D(L). For f € A(L), v € A, and
z € O ® Zp, we put:

o Ify=(2%) el let:

L [(la—cz) 0 —b+dz
(1)) _A( 0 det(v)(a—02)1> f( a—cz )
o Ify=(29) €Tt let:

u(a) 0 1
=A d
Y A ]
see Subsection 2.1 to the definition of the function w.
This definition gives us a well defined continuous action on A(L), simply
because we made explicit the action defined in [22]. The space A, (L) is
stable under this action. Then we obtain a continuous action on D(L)

and D, (L). These spaces endowed with this action are noted by Ax(L),
A)\’n(L), 'D)\(L) and D,\W(L).

LEMMA 4.3. — Let v € T** then the morphism defined on Dy (L) is a
compact operator.

Proof. — See [22, Lemma 3.2.8]. O

Remark 4.4. — Depending of the situation we will use the right action
of A, on D(L) or the left action of A !,

4.2.3. Op-modules

Let A(Or) be the Op-module of the functions f € A(L) with values in
Op. The topology in A(L) induces a topology on A(Op) and we denote
by D(Op) its continuous dual. We have A(L) = LA(Op) then we can
consider D(Op) as a Op-sub-module of D(L) in the natural way. It is
important to remark that A(Oy) is stable under the action of A, and then
we obtain a right action of A, on D(OL). As before we write A5(OpL)
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and Dy(Op) when we consider the action of A, on these modules. We
denote Ay ,,(Or) == Ay (L) N Ax(Opr). This Or-module is stable under
the action of A,. We consider the induced topology on it and we call its
continuous dual by Dj ,,(Op). Moreover, we have the restriction morphism
DA(OL) = Dxn(OL), it is continuous and compatible with the action of A,,.

Remark 4.5. — For each n the space Dj ,, (L) is a Banach L-vector space
and Dy ,,(Or) ® L = Dy ,(L). But is important to remark that Dy (L) is
just a compact Frechet and D (Op) ® L # Di(L).

4.2.4.

Let Vx(L) < Ax(L), f — f be given by f(z) = f({#%) for each z €
Z, ® O, here we consider V(L) as the algebraic induction of A. This
map is a continuous homomorphism, then we obtain 7 : Dy(L) — V(L)Y
Moreover, it is I-equivariant map but not A,-equivariant, in fact for any
i € Da(L) we have:

(Lt 0 _ngezpi’““?”ﬂ().1 0
5 \o w,)) O F 7 \o wp )’

4.2.5. Invariant distributions

Here we define a space of distributions that will be very useful to define
evaluations on the overconvergent cohomology. Let E(1) be the sub-group
of OF of totally positive units. We denote by Af (L) the space of f €
A\(L) such that fx(§9) = f for all e € E(1). In fact f € Al (L) if and
only if f(ez) = MN(§9)f(2) for any e € E(1) and z € Op ® Z,. We can
verify that A;\r (L) is stable under the action of TF. Moreover, the space
AT (L) is a Frechet and we have Af (L) = UneN.A;\r’n(L), here A;\r’n(L) is
the Banach space given by A} (L) N Ay, (L). Let DY (L) be the continuous
dual of Af(L). Then Dy (L) is a compact Frechet and it is endowed with
a continuous right action of TF.

4.3. Distributions on Galois groups

We describe the space of distributions where we find the p-adic L-
functions.
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4.3.1. Galois groups

Let FP*° be the maximal abelian extension of F, unramified outside p
and oco. We denote

Gal, = Gal(FP™/F).

Let F! be the narrow class field of F', by definition we have Gal(F!/F) ~
Cl;. Then we have a natural morphism Gal, — CIJIE. The kernel of this
morphism described using by class field theory: we consider E(1) inside
(Op ® Zp)™ in the natural way, then we have an exact sequence of topo-
logical groups:

(4.1) 0—— (Or ®Z,)*/E(1)

r

Gal, 1 0.

Then we obtain a natural decomposition Gal, = ercf; Gal, x. If we

choose for each x € Cl; a ox € Gal, «, then the last exact sequence gives
us a homeomorphism:

(4.2) rx : (Op ® Zp)* /E(1) — Gal,

Remark 4.6. — Using Class field Theory we can identify finite order char-
acters of Gal, with Hecke characters of F' of finite order whose conductor
contain only primes of F' lying above p. In the rest of this paper we freely
use this identification.

4.3.2.

Let Gal, = (Op ®Z,)* / E(1). The topological groups Gal, and Gal, are
p-adic spaces, and we fix isomorphisms of these groups with open compact
subsets of Qzl)‘*“s, where ¢ is the Leopoldt defect of F. Then using notations
in 4.1.1 we can consider the spaces A(Galy, L), D(Galy, L), A(Galy, L) and
D(Galy, L); in addition in D(Galy, L) and D(Gal,, L) we have the notion
of admissible distribution (see 4.1.1).

From the decomposition Gal, = erCI;: Gal, x and (4.2) we obtain an
isomorphism of Frechet spaces A(Galy, L) = A(Gal, L)Cl; given by f
( fx)xeCIIt where fyx = f o rx. Then we obtain an isomorphism of compact
Frechet spaces:

(4.3) D(Gal,, L) = D(Gals, L)'
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Remark 4.7. — We can identify the space A(Gal), L) with the space
of functions f € A((Of ® Zy)*, L) such that f(ez) = f(z) for all z €
(Or ®Z,)* and e € E(1). So we obtain that:
forxome A((0F®ZP)X,L)}

44) A(Gal,,L)={f:Gal, > L
(14)  A(Gal,.L) {f aly Ync It

here 7 : (OF ® Z,)* — Gal} is the natural projection.

4.3.3.
Let A(Galy, L) — AY (L), f +— f be defined by:

- 0 if 2¢ (Op ®Z,)*
(4.5) F(z) = ) | v
ANGED)f(z) f2€(Or®Z,)™,
here A = (klf;itrt) € 7. This morphism is in fact continuous, then we
2

obtain:
Dy (L) — D(Galy, L), denoted by pu— p*.

LEMMA 4.8. — We have:

(1) There exists C' > 0 depending only on X\ such that if n > 1 and
f € An(Galy, L) then f € A;n(L) and moreover we have || f||, <
Cllf -

(2) Let h € Q. If u € D (L) is a h-admissible distribution then p* €
D(Galy, L) is also h-admissible.

Proof. — Firstly if f € A,(Gal), L) then is clear that f € Aj\'m(L) for
n > 1. Now let g) : Op ® Z, — L be defined by gx(z) = AX(§ ). Then
gr € A;O(L). If we denote C' = ||g|lo then we have ||f|l, < C||f|.- The
second part of the lemma is a direct consequence of the first one. O

5. Comparison theorem

Let L be a finite extension of Q,, containing the normal closure of F'. In
the next two sections we will exclude L of the spaces defined above. For
example we use Vy, Dy, Di ... instead of V\(L), Dx(L), Di (L)...

Let K be an open compact subgroup of G(Ay) whose image in G(Q))
is contained in A,. The morphism D) — VY, described in 4.2.4, is I-
equivariant then we obtain a morphism on the cohomology:

™ HY(Yi, £(Dy)) — HI(Yie, L(VY)).
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On HZ(Yk, L(Dy)) we consider the <-slope decomposition with respect to
Up (the existence of such decomposition is given by Theorem 3.1). Over
H3(Yi, L(VY)) we consider <-slope decomposition with respect to UJ =

kg—2—r
ngng > U, By 4.24 we have 1o U, = US o7 then 7 induces a
morphism of the <-slope parts. In fact we have the following result:

THEOREM 5.1. — We denote k° = min{k, | 0 € Xp}. If h € Q and
h < k° — 1 then we have a canonical isomorphism:

HE(Yie, L(Dx)S" —— HI(Yie, L(VY))S".

To proof this theorem we follow [22]. The main difficulty to use the
approach used in [22] is the existence of the slope decomposition for the
compactly supported cohomology, such existence was proved in Section 3.
To finish we use the locally analytic version of the BGG-resolution.

5.1. BGG resolution

Let Vi = V(L) be the locally algebraic induction as defined in [22,
§3.2.9]. As in [22] we can see V) within A and it is invariant under the
action of A,, then we obtain a A,-equivariant map Dy — V. We have a
canonical inclusion Vy C Vy, moreover we have a right action of A, over
V), moreover it is I-equivariant. We obtain an [-equivariant morphism
VY — VY and then

H{ (Yie, L(VY) —— H{ (Vi L(VY))-

If we consider U, on the left side and Uz? on the right side, then this map
is compatible with these Hecke operators, moreover from Theorem 3.1 we
deduce that H?(Yy, £(Vy)) has slope decomposition with respect to U,.
Then in the same way that in [22, Lemma 4.3.8] we can prove that for each
rational number h we have:

(5.1) H{(Yie, LOVY)) S —— HI (Y, L(VY)S"
We fix ¢ € X and denote by A, the algebraic character of T defined by:
—ko+r kodtr kp—2+r —kp+2+r
At)=as > bo? ] a = b =
pPEXF—0O

for each t = ((¢ bop))pezF' From [22, Proposition 3.2.11] we have an I-

equivariant morphism ©, : Ax — Ay, remark that this morphism is not
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equivariant with respect to the action of all A,, in fact we have:

(4 ) )

We obtain an I-equivariant morphism:
(52) 9; : ’D)\U — 'D)\.

We denote ¥ = ) 5. ©Y, then from [22, Proposition 3.2.12] we have
the following exact sequence:

P

(53) @JGZF IDAU'

In fact, this sequence is the last part of the locally analytic BGG-resolution
of VY (see [22, §3.3]).

Dy VY 0,

5.2. Proof of Theorem 5.1

From the discussion in 5.1 we obtain a morphism HZ(Yg,L(D,)) —
H(Yy, £(VYY)), this morphism is compatible with the Hecke operators.
From (5.1) is enough to prove that Hd (Y, £(Dy))S" — HL(Yie, L(VY))Sh
is an isomorphism. We write Xr = {01, ...,04}. We denote 3¢ = () and for
each s € {1,...,d} we write:

For each s € {1,...,d} let Qs be the quotient of Dy, such that the
following sequence is exact:

@\/

o

0 —> Q, — > coker(2,_;) — coker(X,) — 0.

Remark that A, acts on coker(X;) and @, and in fact the last sequence
is I-equivariant. However, this sequence is not A,-equivariant, in fact we
have:
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Passing to the cohomology and by considering the action of U, we obtain
the following exact sequence:

H(YVic, £(Qu)) <=k =) o HA(Yig, £{coker(S,-1)))<"
= H(Yic, L(coker(S,))) <8 — HE (YVic, £(Q,)) <=k,

From 4.2.3 we deduce that in H!(Yg, £(Q))S"~(Fes=1) there is a O -lattice
invariant by U,, for any 4. By assumption, for each s we have h—(k,,—1) <
0 then H(Yg, £(Q,))Sh~Fes =1 = {0}, and so:

Hg(YK, £(coker(§]s,1)))<h ~ Hg(YK, £(coker(§]s)))<h.

Finally, clearly we have coker(Xy) = D, and from (5.3) we obtain
coker(X4) =V, then we deduce the theorem.

6. Evaluations on the cohomology

In this section, to each class in the overconvergent cohomology we attach
a distribution over the Galois group introduced in 4.3. Moreover we prove
the admissibility of this distribution when the class is an eigenvector of U,
with slope non zero. To do that we use the automorphic cycles introduced
in [9]. In all this section we fix an open compact subgroup of G(A ), denoted
by K, such that {(49) | u € OF,v € Op} C K and its image in G(Q,)
is contained in A,. We fix {ax | x € Cl}.} C A ; a set of representatives
of C1}. such that a;' € Op and ay, = 1. Using the notations of 2.2.1 we
consider gx to be (%9 for each x € CIj.

6.1. Automorphic cycles

For n € N we denote:

Up™) :={ucOF|u—-1¢€p"Op} and CIL(p") := F* \ AX/U(p")FL.
The group U(p") is open and compact in A .. Let E(p") =0 NU (") FL,
then E(1) is the group of totally positive units of Op. The real analytic
variety X,, := F>*\A}/U(p") has dimension d. For each y € Cl}.(p") we fix
a representative ay € A} we have the following decomposition in connected
components:

Xn = |_| Xn,ya
yeCIL(p™)
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where X,, y = F* \ F*ay,U(p™)FL/U(p"). The morphism E(p") \ Ff —
Xn,y given by [z] — [ayz] is an analytic isomorphism. Moreover from the
Dirichlet’s Theorem E(p")\ Ff is isomorphic to (R/Z)4~1 x R. We deduce
that X, y is connected and orientable.

If x € Ap then we denote x, by its image in F' ® Q,. The morphism
A — G(A), z = (2#»") induces a morphism of analytic varieties,
called automorphic cycle in [9]: Ck , : X, = Yk.

6.2. Evaluations

We define certain evaluations on the overconvergent cohomology, these
evaluations will be useful to construct our p-adic L-function and to prove
its properties. Let n € N, we define the evaluations in four steps:

Step 1. — The cycle Ck ,, gives the morphism:
(6.1) HY(Yg, L(Dy)) — HY(X,, Fn).

where F, := Cj ,(L(Dy)). We can verify that JF,, is the sheaf of locally
constant sections of the local system:

F, = F*\ (AX x D)) /U(p") — X,
where the action on A% x Dy is given by f(z, u)v = (fav, /‘*(8 (vp?)p—n M,
fEF*,x €Al u€DyandveU().

Step 2. — Let £,,(Dy) be the sheaf over X,, given by the locally constant
sections of the local system:

L,(Dy) :=F*\ (A x D) /U(p") — X,,
where f(z,p)v = (foev,px(§9)), fe F*,x € Ax,u€ Dy and v € U(p").

The matrix (| ;nl) € A, satisfy ( (“’P_Ppw)((l) ;nl) = () ;})(8 ) for

each v. Then the morphism AY x Dy — AX x Dy given by (z,u) —
(2, o ( ;nl )) defines a morphism of sheaves F,, — L£,,(D,), then we obtain:

Step 3. — Let L£(D,) be the sheaf over E(p™) \ Fi of locally constant
sections of the local system:

E(p")\ (Ff x Dy) — E(p") \ F,

where e(c, ) = (ce,pux (§9)) for e € E(p™), ¢ € FY, and p € D,
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Let y € Clf(p") and let h : E(p") \ F£ — X,y be given by the repre-
sentative, ay, of y. We have h* (L, (Dy)lx, ,) = £(Dx) and then we obtain
an isomorphism:

(6.3) H(Xny, Ln(Dy)|x,,,,) = HI(E(p") \ F5L, L(D))).
The function Dy — D) defined by y — u ‘Ai (see 4.2.5) gives a morphism

of sheaves over E(p")\ F£: £(D,)) — D). Here, by abuse of notation, Dy
means the constant sheaf with stalk Dj{. We obtain a morphism:

(6.4) HY(E(p") \ FE, L(Dx)) ——= HAE(p") \ F55, Dy).

The real analytic variety E(p™)\ FZ is connected, orientable and of dimen-
sion d then HY(E(p™) \ F£, DY) ~ Dy . From (6.3) and (6.4) we obtain:
(6.5) HE (X, £a (D)) ——= (D)0,

Step 4. — Finally from (6.1), (6.2) and (6.5). we get the following eval-
uation:

evin i H(Yi, £L(Dy)) — (D)),

These different evaluations are related by:

LEMMA 6.1. — For each n > 1 we have the following commutative
diagram:

H3 (Y, Lk (Dy)) . HX Yk, Lxc(Dy))
levK,nH ievmn
(DHCFEE™) T (ph)CRe™)
here try, : (D;“)Cl;(pnﬂ) — ('D/J\F)Cl;(pn) is the morphism
trn((ﬂx)xem;(pnﬂ)) = (Vy)yem;(pn)

with vy =3
image in C1f(p") is y.

sy Mx; where x — y means the set of x € Cl}(p"*1) whose

Proof. — We prove that in each step of the construction of our evalu-
ations we have a commutative diagram. Firstly we construct a morphism
HY( X1, Fpy1) — HY(X,, Fn). Let pry, : Xp11 — X, be the canonical
morphism, F := (pry)«(Fni1) and & = Gal(X,41/X,) =~ Op/pOF. The
morphism « : F,41 — F, given by (y,u) — (y, 1+ ($9)) is well defined
because we have the following identity:

G666 )
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Let U C X, be an open small enough such that pr;,*(U) = UgesU, C
Xpn+1 and for each g pr,, induces an homeomorphism i, : U — Uy, then we
have (U, F) = T(pr= ' (U), Frt1) = Sges'(Uy, Fut1). We define:

DU, F) —=TI(U, Fn), 5:(sg)ge®—>zge®aosgoz'g.

We obtain a morphism of sheaves F—F,. Remark that H?(X,, 1, Fri1)=
HY(X,,F), then we obtain:

(59
Hg(Xn-i-lv}-n-i-l) 41)) g(Xnv}-n) .

We have the following commutative diagram:

HY(Yi, Lk(Dy)) s HY(Yk,Lk(Dy))

L

0p)
Hg(XnJrl»]:nJrl) £ Hg(Xm]:n)

Denote F' = pr,(Ln4+1(Dy)), if we repeat the last construction using in-
stead of a the morphism o : L,41(Dyx) — L,(D,) defined by (y,pu) —
(y, 1), we obtain a morphism X,: F' — L,(D,) of sheaves over X,,.
This morphism gives us the trace morphism in the cohomology
HE (X1, £as1 (D)) = HE(X, £a(D2). From (50)(5 1) = (4 4)
we deduce the following commutative diagram:

(59
HY(Xp11, Fos1) Y s HYX,, F)

| |

HY(Xpy1, Log1(Dy)) 2% HY(X,,, L,,(Dy))

Finally decomposing the morphism H%(X,11,Ln+1(Dy)) — HY(X,,
L,(D,)) on the connected components of X,, and X, +1 we obtain the
following commutative diagram:

HY( X011, L1 (Dy)) 225 HE(X,,, £,,(Dy))

l |

trn

(DR T (D} )OI 0
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6.3. Construction

Using evg 1 we achieve to attach a distribution to each class in the
overconvergent cohomology.
Let ® € HY(Yy, L(D,)) and we write

N
evi 1(®) = (Vy)yeclg(p) € (DDCIF(M-

For each x € Cl}. we define:
[ = Z (vy)* € D(Galy, L),

y€ECIL(p)x
here Clf(p)x is the set of y € Cl}.(p) whose image in Cl}. is x, and (vy)*
is the image of vy, under Dy — D(Galy, L). Finally let ue € D(Galy, L)
be the distribution corresponding to (Mx)xem; € D(Gal, L)Clzt using the
isomorphism (4.3). Then we have:

po  A(Galy, L) — L,
(6'6) f — Z Ux(fx)

xECl;

where fx € .A(Galg7 L) is defined in 4.3.2.
The following diagram summarize our construction:

HY(Y, L(Dy)) % (D)% @) — (D)

|

D(Galy, L) <~— D(Gal, L)°'r

6.4. Classical cycles and evaluations

The results of this subsection will be used to prove that the distribution
ue € D(Gp, L) is admissible (see 6.5).

6.4.1. Cycles

Let f € F and E C E(1) be a subgroup of finite index. Let I' C GLa(F')
be an arithmetic subgroup such that (¢ #=9/) € I for all ¢ € E. Then
y — f + iy induces a morphism:

c;: E\Ff — > I'\Hp.
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Remark 6.2. — Let f, f' € F be such that (} ¢7/7) €T then cf = ¢p.

Let 7, : CIf(p") — Cl}. be the natural map. For each x € Cl}. we write
Cl;(p™)x := 7, *(x). Recall that from hypothesis on K we deduce that Y
has ﬁCl; connected components, Yx = |_|x€Cl;: Yx.

LEMMA 6.3. — We have:
(1) If x € Cl} then Clj(p")x = F* \ F*ax FLOX/U(p")F} and we
have an isomorphism % ~ Cl}(p™)x. Moreover the associ-

ation O — @F given by a — u,, where u, is 1 at the premier
numbers different that p and a in p, gives us:

Op \X .
(78)" ~_ _op

+
(D Tl BT Cle(p™)x

Op X
(2) Fix a set of representatives S,, C Op for % Then we have

the following commutative diagram:

Ugc —
" aC_g\p—n
Uaes, EGM\FL —————TIx \Hp

l CK.n

'—'ye(n;(pn) Kpy — Y«

Proof. — The part (1) is clear. Let a € S, and call y the corresponding
class in Cl}(p")x. Let [r] € E(p") \ F% then its image in X, y is [raxu,]
and we have Cr  ([raxua]) = [("" (‘”’1 )] = |( s (7ap1 )o< )], the last
identity comes from:

(maua (apI”)p> _ ((1) ap;”) (Tgx (—apl‘")oo) (12; (ap‘"la;l)?)

here (ap‘”a;l)? denotes the finite adele which is (ap~"ay;?); for [ # p and

0 for I = p. Finally c_q\ - ([r]) = [-5% +ir] = [([ 7 " )i] then its image
in Yy is [(8 (ﬂlp;n)oo )gx} = [(6 (ﬂlp;n)m ) (aox 1 )] CK n([raxua]) U

6.4.2. Evaluations

We define evaluations on the cohomology of T' \ Hp in the same way
that in 6.2. Let f € F, E C E(1) and I' C GLy(F) be as before, moreover
we suppose that the image of I' in G(Q,) is contained in A, and fix a
decomposition f = ab~!, where a,b € O and b # 0.

ANNALES DE L’INSTITUT FOURIER



OVERCONVERGENT COHOMOLOGY AND p-ADIC L-FUNCTIONS 2205
Step 1. — Using c; instead of Ck ,, in step 1 of 6.2 we obtain:

HIT\ By, £(Dy)) — = HI(E\ Ft, i £(Dy)

Step 2. — Explicitly the sheaf c}iﬁ(DA) is given by the fiber bundle E \
(Ft x D)) — E\ Ff where e(y,u) = (ey, p * (egl f(lfle_l))). So using

(39) instead (, ;nl) of step 2 in 6.2 we obtain:

*(1 a)
HY(E\ F4,¢L(Dy) —% HYE\ F, L(Dy)),

here £(D,) is the sheaf over E'\ Ff given by F.f x Dy where the action is
e(y. 1) = (ey, px (5" 9)).

Step 3. — Finally, using HY(E \ F£,L£(Dy\) - HY(E\ F£, DY) ~ Df
we obtain:

evp, s« HA(T'\ Hp, £(Dy)) —= Dy

6.4.3. Description of evr s

Let Af\c be the subspace of A (L) of functions g such that (egl f(lflefl) ) *

g = g for all e € E. This space is a Frechet space and we denote D{(L) =
Df\c its continuous dual. The morphism A} — Af{ g = (39)xgis
continuous and then gives us D{\ — D;\F.As in 4 we consider the subspace
A§,0 C Af\ of functions that can be expressed as a converging power series
on all O ® Z,,. This space is a Banach space and we call Df\c,o its dual. We
have the restriction Dy o — D§,0~ In the same way, we can define spaces
A{yO(OL) and Df\:O(OL) and we have the restriction morphism D) o(Or) —
D{,(O1).

Op X
Remark 6.4. — Let a’,a € Op be defining the same class in 7(”7;?{)) ,

is not difficult to obtain an isomorphism between D}” " and Dilp " and
moreover the following diagram is commutative:

ap™" +
Dy > Dy

-

a/p—n
D)\
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In particular the image of D}” RN Dj\' depend only on the class of a in

(ez)”
PO

E(1)

Remark 6.5. — The restriction morphism Dy — D{ gives HY(E\FZ, c}L(Dy)) —
HY(E\F},D]) ~ D]. So we obtain a morphism HZ(I'\Hp, £L(Dy)) — Di.
Moreover by definition we have the following commutative diagram:

evp s+ HYT\ Hp, £(Dy)) — > HY(E\ Ft,ciL(Dy)) —> Df

(6.7) i
o (5 8)
A
Remark 6.6. — In the same way that in the last remark we can define
morphisms:

H{(T\Hp, L(Dxo)) = Df o, and HI(T\Hp, L(Dr0(01))) = D ,(O1).

6.4.4. Op-modules

LEMMA 6.7. — Let I' C G(Q) be an arithmetic group with image in
G(Q,) contained in A,. Let ¢ € HI(I'\Hp, L(D,)), then there exist C(¢) >
0 such that:

o if (f,E) is a pair satisfying conditions in 6.4.2 to respect with
I' and if v € D{ is the image of ¢ under the morphism HZ(T' '\
Hp, £L(Dy)) — D{ defined at the end of 6.4.2, then:

[v[lo < C().

Proof. — Considering the notation of 4, 6.4.3 and by definition we obtain
the following commutative diagram:

HY(T\Hp, L(Dy)) ——— HHE\ F, ¢;L(Dy)) —— Df

] |

HY(T\Hp, L(Dx)) HY(E\F4, 3 L(Dxo)) D{,

] |

HY(D\HF, £(Dx0(01))) —> HAE\F, c3L(Dx0(01))) —= D{ ,(O1)
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Dy,0 is a Banach L-space then there exists 8 € L* such that the image
of B¢ through HY(T' \ Hp, L(D,)) — HAT \ Hp, L(D,0)) is contained in
HHT \ Hp, L(Dx0(0L))). We write C(¢) =| 8 |,*.

Let (f, E) be as before and let v € D{ be the image of ¢ under the
morphism HE(T'\ Hg, £(Dy)) — Df\c. Because the choice of § the image of
Br in Df\f,o is in fact contained in 'DQO(OL) and then ||Sv|lo < 1. Then we
obtain:

[Vl = C(®@)][Brllo < C(®). 0

6.4.5. Classical and automorphic evaluations

Fix ®€ HY(Yi, £L(Dy)) and n>1. We denote evg ,,(®) = (Vy)yeCIjg(p") €

(D;\F)CIF(’?”). Fix x € Clf: and a € S,,, then denote by vy, € D;apin the
image of ® under:

n

HY(Yi, £(Dy)) — H¢(Yx, L(Dy)) —= HY(Dx \ Hp, £(Dy)) — Dy "
here the last morphism was described in the end of 6.4.2.
LEMMA 6.8. — Let y € Cl;(p")x be the image of a € S, under the

Op X
bijection % ~ Clf(p")x. Then we have:

Uy = V- * 1 —a
y — x,a 0 pn :

Proof. — From Lemma 6.3 we obtain the following commutative dia-

gram:
H{ (Yx, £(D3)) H{ (T \Hp, £(Dy))
lCT*L @‘lesnciapfn
HE (Uyecrt (pry, Xny» CRL£(Dx)) —= Bacs, HI(E(™)\ FL, ¢ -u £(Dy))
l*(é o) acsn*(p p)
HE(Uyeorg o) Xnys £a(D2)) HE(B(p")\FE, Ln(Da))%

\ Cl; (p" -

Dy

Here the right column is by definition (evp, _qp-n)acs, - Finally we obtain
the result from (6.7) O
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6.5. Admissibility

LEMMA 6.9. — Let ® € H(Yx, L(D,)). Then there exists C = C(®) >
0, depending only on ®, such that for eachn > 1 we have ||vy |, < C where

evina(®) = (Vy)ye(ﬁ}(p")'

Proof. — Let x € Cl}.. Let &5 € HY(I'y \Hp, £L(D,)) be the image of ®.
Let Cx > 0 be given by Lemma 6.7. If n > 1 and y € Cl}(p”)x let a € S,

Op X
be corresponding to y by the isomorphism % 5 Cl}(p™)x. Then

from 6.8 and 6.7 we have:
loxlln = llsa * (5 57 )lln < llrxallo < Cx
We take C(®) := max{Cy | x € CI1} O
PROPOSITION 6.10. — Let ® € H3(Y, L(D,)) be such that U,(®) =

a® where o € L*. We denote h = vp(a) then pe € D(Gal,, L) is an
h-admissible distribution.

Proof. — As g € D(Galy, L) is obtained from (Nx)xem; €D(Galy, L)CIJE
under isomorphism 4.3, then it is enough to prove that iy is h-admissible for
each x € Clf. Fixx € Clf. Let n > 1 and denote evy ,(®) = (vy)
then using Lemma 6.1 we obtain:

Hx =a "t Z (Vy)x'
yECIE (p™)x

Let C > 0 be the constant obtained in 4.8 then ||ux||, <:
P max{||(vy) I |y € Clp(p")x}
< Cp""Mmax{|[vyln [y € Cli(p")x}

Let C(®) > 0 be the constant obtained in 6.9, then we deduce that for
each n > 1 we have || pux|n < C(®)Cp~hp™", so py is h-admissible. O

y€eCIE (pn)

7. Automorphic representations and p-adic L-functions
7.1. Construction
Let m = 7 @7y be a cohomological automorphic representation of G(A)
of type (k,r) where (k,7) € Z*F x Z such that k, > 2, k, = r mod 2 and

| 7 |< ko — 2 for each 0 € Tp. Let ¢ be the conductor of m and suppose
that K7(cp) satisfy the condition 2.1. Let k, be a number field containing
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the normal closure of F' and the field of definition of 7f. Let L be a p-adic
field containing k.. We call A the dominant character attached to the data
(k,7) as in 2.4. Let f; € Sy (K1(c)) be the newform attached to 7 (here
Sk, (K1(c)) is the space S w)(Ki(c),C) with w = (B2=T),ex, in the
notations of [10]). We suppose that the following condition is satisfied:

HypOTHESIS 7.1. — There exists a p-stabilisation of f;, denoted f €
Sk, (K1(c) N Ko(p)) C Sk, (K1(cp)), such that if we denote by a, € Q
the eigenvalue of f with respect to the Hecke operator U,, then we have:

kg —2—1
Vp (incp (pZ“ezF 2 ap>) <k® -1,

where k° = min{k, | 0 € Zr}.

Using a result of Matsushima—Shimura—Harder ([10, Proposition 3.1])

]
we obtain a class 61(f) € He,(Yi(ep), L(VY(C))). Let H ., (Yi(cp),
L(VY(C)))[f,1] be the space of the Hecke eigenclasses in Hg, . (Y1(cp),

L(VY(C))) with the same eigenvalues that f and sign (1,...,1) € Z*F.
This space is 1-dimensional (see [10, §8]), then fixing a period Q, € C* we
obtain a well determined class:

¢r € HI(Y1(ep), LIVX(L))).

kg —2—1
By construction we have quﬁf = a¢r with a = incp(pzvezF 2 ap).
By hypothesis v,(a) < k° — 1 and then by Theorem 5.1 there exists an
unique

®¢ € HY(Y1(cp), L(DA(L)),
whose specialization is ¢¢ and U,®s = a®¢. Using the construction de-
scribed in 6.3 we define:

pe = a 'pe, € D(Galy, L)
THEOREM 7.2. — The distribution us € D(Galy, L) is h-admissible

where h = vp(a). Let x : Gal, — L* be a finite order character of F
such that x,(—1) =1 for each 0 € ¥, then we have:

4e) = ine, (LP(W ® X, 1)r(x)) 12

Qr
plp

here LP(7 ® X, s) Is the L-function of 7 twisted by x without the Euler
factor in p, 7(x) is the Gauss sum as defined in [9, §2.5], and:

a;cond(xp) if xp is ramified
Zp =9 o (@)~ (103 X (@) " Nirjo(p) )
1—apxp (@)

if not.
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where, d, is the p-adic valuation of the different of F, o, = inc,(a,) and
ay is the eigenvalue of £ with respect to the hecke operator U,.

In this statement we use Remark 4.6 to see x : Gal, — L* as a finite or-
der Hecke character of F.. Remark that from [10, Theorem 8.1] we know that
w € Q where n is a integer such that M <n < w
and x is any finite order Hecke character of F. We prove this theorem in
the next two subsections. In the next subsection we recall the evaluations
described in [9] and we make explicit the relation with our evaluations.
This explicit relation allow us relate our construction with L-values. We
would like to remark that a basic problem in our construction is the lack
of uniqueness of our p-adic L-functions. This problem is a consequence of
the fact that Theorem 1.2 does not guarantee the interpolation of enough
critical values. This problem is settled in the ongoing work [3]. We refer
to [12] for a precise study of distributions on Galois groups and the problem
of uniqueness.

7.2. A computation of Dimitrov

We follow [9] to define evaluations on H (Y, (p), £(VY(L))), moreover
we relate these evaluations with some critical values of L(w,s). Here we
will denote VY (L) by VY and Dy (L) by Dy. These evaluations are defined
in the same way as in 6.2:

e Using the automorphic cycle Ck, (¢p),n We obtain:

Hg(YKl(CP)’E(VX))*)H (X, CIXQ(CP)

LVY));

e Let £,(VY) be the sheaf on X,, obtained by considering the action
u e U(p™) on VY by the matrix (¢ {) on the right. Then the right
action of ( 1) on VY gives Cx o) L(VY) = L, (VY) a morphism
of sheaves over X,,. Then we obtam: H4 (X”vCIXQ(cp JLVY)) —
Hd(XnaLn(VX))Q

e Consider the morphism VY — L defined by ¢ (k 2t+rt) (

2o (67) =
z for all z € F ®g L. Then we obtain H4(X,,, L,,(VY)) —
HY(X,, L) ~ LC#®");
e Putting all these steps together we get:

fx),
where f, € VY is uniquely determined by the condltlon I«

+/ 0n
ev?(l (¢ep),n : Hcd(YK1(C17)a ‘C(VX)) I LC]F(p )
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LEMMA 7.3. — Weputcr: Df — L, p — cr(p) = (o) u(z 2 ).
2
Then we have the following commutative diagram:

+/on
evKl(cp),n : Hg(}/l(cp)v‘c(p)\)) I (D;)CIF(p )

L (™)

k—2t—rt Cl

P OVE (o) t HY(Yi(ep), L(VY))

Proof. — If we denote by 7 : Dy — VY the projection, it is I-equivariant,
moreover for each p € Dy we have:

(oo )= o)

So comparing the definitions of ev and eV, (cp),n the lemma follows.

O

(cp) n

LEMMA 7.4. — Let ¢¢ be as in 7.1, and for each n > 1 we denote
evKl(cp) (6¢) = (ay,f)yecpg(pn) e LO%®") Let x : Gal, — L* be a finite
order character such that x,(—1) = 1 for each 0 € ¥p. Let n > 0 large
enough such that x factorizes through the projection Gal,, — Cl;(p"), then
we have:

k—2t—rt . Lp( ®x,1
p" o Z X(¥)ay,~ = inc, ( Q. ) HZP

y€CIE (pm) plp

Proof. — Using the notations of [9, §1.5] with w = (ks — 2)pexn, and
wop = r, and the commutative diagram (2.3) we obtain:
, k—2t—rt c
S;L()liggp)ﬂyn((bf) =p" T« nevK11(cp),n(¢f)
k—2t—rt _
= pn 2 o ”(ay’f)yecllt(pn) .

Finally the lemma result from the calculations given in the proof of [9,
Theorem 2.4]. O

7.3. Proof of Theorem 7.2

We have that U,(®¢) = a®¢, then from Lemma 6.10 we deduce that pr
is an h-admissible distribution where h = v, («).
Let x : Gal, — L* be a finite order character such that y,(—1) =1
for each o € ¥p. Let n > 1 be such that the conductor of x is divided by
p"Op. Then we can consider x to be defined on Cl}(p").
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. T (pn "
We write evi, (¢p)n(Pr) = (Vy)y601;(pw,) € (D)C'#®"). From definition

in 4.3.3 and Lemma 6.8, we obtain that if x € CI5 and y € CI5(p")x then
we have:

k — 2t K—2t4rt
v () = (k2t+rt)x<y>uy<z2 )
2

here yx is given by the composition of the homeomorphism ry : Galz —
Gal, x and x.
As before we write ev%(cp)m(qéf) = (ayf)yeClj;(pn)' Then we have:

pe(x) = o prae (X)

=a" Y Y )

x€CI yeClt (pm)x

YD (i‘_;fft)ny)uy(z"%“*”)

x€Clf yeClh (p™)x 2
k—2t4rt
=p" 7 a" Y x(¥)ay
yecﬁ(p")
P
incp< (W®X’ )HZ
plp

The second equality follows from Lemma 6.1, the fourth from Lemma 7.3
and the last one from Lemma 7.4.
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