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MINIMAL MODEL THEORY FOR RELATIVELY
TRIVIAL LOG CANONICAL PAIRS

by Kenta HASHIZUME (*)

ABSTRACT. — We study relative log canonical pairs with relatively trivial log
canonical divisors. We fix such a pair (X, A)/Z and establish the minimal model
theory for the pair (X, A) assuming the minimal model theory for all Kawamata
log terminal pairs whose dimension is not greater than dim Z. We also show the
finite generation of log canonical rings for log canonical pairs of dimension five
which are not of log general type.

RiESUME. —  Nous étudions des paires log-canoniques relatives telles que des
diviseurs log-canoniques sont relativement triviaux. Nous fixons une telle paire
(X,A)/Z et montrons la théorie des modéles minimaux pour la paire (X, A), assu-
mant la théorie des modeles minimaux pour toute paire Kawamata log-terminale
telle que la dimension de cette paire n’est pas aussi grande que dim Z. Nous mon-
trons aussi la finitude de I’anneau log-canonique de toute paire log-canonique telle
que la dimension de cette paire est cing et cette paire n’est pas de type log-général.

1. Introduction

Throughout this paper we work over C, the complex number field.

In the minimal model theory for higher-dimensional algebraic varieties,
one of the most important problems is the existence of a good minimal
model or a Mori fiber space for log pairs. In this paper we only deal with
the case when the boundary divisor is a Q-divisor.

CONJECTURE 1.1. — Let (X, A) be a projective log canonical pair such
that A is a Q-divisor. If Kx + A is pseudo-effective then (X, A) has a good
minimal model, and if Kx + A is not pseudo-effective then (X,A) has a
Mori fiber space.

Keywords: good minimal model, Mori fiber space, log canonical pair, relatively trivial
log canonical divisor.
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Conjecture 1.1 for log canonical threefolds is proved by Kawamata, Kol-
lar, Matsuki, Mori, Shokurov and others. Conjecture 1.1 for Kawamata
log terminal pairs with big boundary divisors is also proved by Birkar,
Cascini, Hacon and M®Kernan [5]. But Conjecture 1.1 is still open when
the dimension is greater than three.

An interesting case of Conjecture 1.1 is when (X, A) is a relative log
canonical pair whose log canonical divisor is relatively trivial. The situation
is a special case of lc-trivial fibration, which is expected to play a crucial role
in inductive arguments. For example, Ambro’s canonical bundle formula
for Kawamata log terminal pairs, which is proved by Ambro [2], gives an
inductive argument. On any klt-trivial fibration (X,A) — Z, which is a
special case of lc-trivial fibration, Conjecture 1.1 for (X, A) can be reduced
to Conjecture 1.1 for a Kawamata log terminal pair on Z by the canonical
bundle formula. Ambro’s canonical bundle formula is expected to hold for
log canonical pairs in full generality but it is only partially solved (cf. [11],
[13] and [15)).

In this paper we establish an inductive argument for log canonical pairs
in the above situation. The following is the main result of this paper.

THEOREM 1.2. — Fix a nonnegative integer dy, and assume the exis-
tence of a good minimal model or a Mori fiber space for all d-dimensional
projective Kawamata log terminal pairs with boundary Q-divisors such that
d < dy.

Let m: X — Z be a projective surjective morphism of normal projective
varieties such that dim Z < dy, and let (X, A) be a log canonical pair such
that A is a Q-divisor. Suppose that Kx + A ~q, z 0.

Then (X, A) has a good minimal model or a Mori fiber space.

The following theorem follows from Theorem 1.2.

THEOREM 1.3. — Let (X,A) be a projective log canonical pair such
that A is a Q-divisor and the log Kodaira dimension k(X,Kx + A) is
nonnegative. Let F' be the general fiber of the Iitaka fibration and (F, Af)
be the restriction of (X, A) to F. Suppose that (F, Ar) has a good minimal
model.

If (X, A) is Kawamata log terminal or k(X, Kx + A) < 4, then (X, A)
has a good minimal model.

As a corollary of Theorem 1.3, we have

COROLLARY 1.4. — Let (X, A) be a projective log canonical pair such
that dim X = 5 and A is a Q-divisor. If (X, A) is not of log general type,
then the log canonical ring R(X, Kx + A) is a finitely generated C-algebra.
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We recall some previous results related to Theorem 1.2, Theorem 1.3
and Corollary 1.4. In [19], Gongyo and Lehmann established an inductive
argument for Q-factorial Kawamata log terminal pairs (X, A) with a con-
traction f : X — Z such that v((Kx + A)|r) = 0, where v(-) is the
numerical dimension and F' is the general fiber of f. More precisely, in the
situation, they proved existence of a Kawamata log terminal pair (Z', Az/)
such that Z’ is birational to Z and (X, A) has a good minimal model if and
only if (Z', Az/) has a good minimal model. On the other hand, Birkar and
Hu [6] proved existence of a good minimal model for log canonical pairs
(X,A) when Kx + A is the pullback of a big divisor on a normal variety
whose augmented base locus does not contain the image of any lc center
of (X, A). In particular they proved existence of a good minimal model for
all log canonical pairs (X, A) when Kx + A is big and its augmented base
locus does not contain any lc center of (X, A). On the other hand, Lai [26]
proved Theorem 1.3 in the case when X has at worst terminal singularities
and A = 0. Related to Corollary 1.4, Fujino [9] proved the finite genera-
tion of log canonical rings for all log canonical fourfolds. In the klt case,
Birkar, Cascini, Hacon and M®Kernan [5] proved the finite generation of
log canonical rings in all dimensions.

In Theorem 1.2, the case when X = Z implies equivalence of Conjec-
ture 1.1 for Kawamata log terminal pairs and Conjecture 1.1 for log canon-
ical pairs (see also [16]). If (X,A) is Kawamata log terminal, then The-
orem 1.2 follows from Ambro’s canonical bundle formula for Kawamata
log terminal pairs (cf. Proposition 4.1). But since we do not assume that
(X, A) is Kawamata log terminal, we can not use the canonical bundle for-
mula directly. We also note that we do not have any assumptions about lc
centers of (X, A) in Theorem 1.2. We hope that Theorem 1.2 will play an
important role in inductive arguments for the minimal model program.

We outline the proof of Theorem 1.2. We prove Theorem 1.2 by induction
on dy. Note that we can assume Kx + A is pseudo-effective. First we take
a special dlt blow-up of (X, A) so that A = A"+ A” where A" is a reduced
divisor or A” = 0 and all lc centers of (X, A’) dominate Z. Next we replace
7 (X,A) = Z so that Z is Q-factorial and Kx + A’ ~g, z 0. Then we
can apply Ambro’s canonical bundle formula to (X, A’), and if we write
Kx + A ~g ©*D, we can run the D-MMP with scaling. When A” = 0
(in particular when (X, A) is klt), a good minimal model for D exists and
we can show the existence of a good minimal model of (X, A) by using it.
For details, see Section 4. When A” # 0, we divide into three cases. In any
case, we can check that for any sufficiently small rational number u > 0
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the pair (X, A —uA") has a good minimal model or a Mori fiber space. For
example, assume (X, A — uA’) has a good minimal model and D is not
big, where D satisfies Kx + A ~g 7*D. This situation is one of the three
cases and other cases are proved similarly. By choosing u sufficiently small,
we can construct a modification (X', Ax/) — Z’ of (X, A) — Z such that
X --» X' is a sequence of finitely many steps of the (Kx + A — uA”)-
MMP to a good minimal model. We can also check that Theorem 1.2 for
(X',Ax/) — Z' implies Theorem 1.2 for (X,A) — Z. Since D is not
big, the contraction X’ — W induced by Kx/ + Ax: — ulA’, satisfies
dim W < dim Z. Furthermore, by choosing u appropriately, we can assume
X' — W satisfies Kx'+ Axs ~g,w 0. Then (X', Ax/) has a good minimal
model by the induction hypothesis. Thus we see that (X, A) has a good
minimal model. For details, see Section 5.

The contents of this paper are the following. In Section 2 we collect
some definitions and notations. In Section 3 we introduce the definition of
D-MMP, where D is R-Cartier and not necessarily a log canonical divisor,
and prove some related result. In Section 4 we prove Theorem 1.2 in a
spacial case which contains the klt case, and reduce Theorem 1.2 to a
special situation. In Section 5 we prove Theorem 1.2. In Section 6, we
prove Theorem 1.3 and Corollary 1.4.

Acknowledgments. The author would like to express his gratitude to
his supervisor Professor Osamu Fujino for useful advice. He thanks Pro-
fessor Paolo Cascini for a comment about Theorem 1.3. He also thanks
Takahiro Shibata for discussions. He is grateful to the referee for valuable
comments and suggestions.

2. Preliminaries

In this section we collect some notations and definitions. We will freely
use the notations and definitions in [25] and [5] except the definition of
models (see Definition 2.2). Here we write down only some important no-
tations and definitions, including the notations not written in [25] or [5].

Divisors. — Let m : X — Z be a projective morphism of normal varieties
and let D = > d;D; be a Q-divisor. Then D is a boundary Q-divisor if
0 < d; < 1 for any 4. The round down of D, denoted by LD, is > d; D,
where Ld;J is the largest integer which is not greater than d;. Suppose that
D is Q-Cartier. Then D is called a log canonical divisor if D is the sum
of the canonical divisor Kx and a boundary Q-divisor. D is trivial over
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Z, denoted by D ~q, z 0, if D is Q-linearly equivalent to the pullback of
a Q-Cartier Q-divisor on Z. D is anti-ample over Z if —D is ample over
Z. In this paper we mean the same definition by saying that D is trivial
(resp. anti-ample) with respect to m. D is semi-ample over Z if D is a Qx¢-
linear combination of semi-ample Cartier divisors over Z, or equivalently,
there exists a morphism f : X — Y to a variety Y over Z such that D is
Q-linearly equivalent to the pullback of an ample Q-divisor over Z.
For any Q-divisor D on X, we define a sheaf of Oz-algebra

R(X/Z,D) = @m.0x(cmD.).

m2>=0

We simply denote R(X, D) when Z is a point. If D is a log canonical
divisor, then R(X/Z, D) is nothing but the log canonical ring.

Similarly we can define boundary divisors, log canonical divisors, trivi-
ality over Z, semi-ampleness over Z, and so on for R-divisors.

Let X --» Y be a birational map of normal projective varieties and let
D be an R-divisor on X. Unless otherwise stated, we mean the birational
transform of D on Y by denoting Dy or (D)y.

Singularities of pairs. — Let X be a normal variety and A be an effective
R-divisor such that Kx + A is R-Cartier. Let f : Y — X be a log resolution
of (X,A). Then we can write

where E; are prime divisors on Y and a(E;, X,A) is a real number for
any i. Then we call a(E;, X, A) the discrepancy of E; with respect to
(X,A). The pair (X, A) is called Kawamata log terminal (klt, for short)
if a(E;, X,A) > —1 for any log resolution f of (X,A) and any F; on Y.
(X,A) is called log canonical (lc, for short) if a(F;, X,A) > —1 for any
log resolution f of (X,A) and any E; on Y. (X, A) is called divisorial log
terminal (dlt, for short) if A is a boundary R-divisor and there exists a
log resolution f : Y — X of (X,A) such that a(E,X,A) > —1 for any
f-exceptional prime divisor E on Y.

Next we recall the construction of dlt models. The following theorem is
proved by Hacon.

THEOREM 2.1 (DIt blow-ups, cf. [10, Theorem 10.4], [24, Theorem 3.1]).
Let X be a normal quasi-projective variety of dimension n and let A be an
R-divisor such that (X, A) is log canonical. Then there exists a projective
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birational morphism f :Y — X from a normal quasi-projective variety Y
such that:

(1) Y is Q-factorial, and

(2) if we set

r=f"'A+ Y E
E: f-exceptional
then (Y,T') is dlt and Ky + T = f*(Kx + A).

We call (Y,T) a dlt model of (X, A).

Next we introduce the definition of some models and the construction of
the log MMP with scaling for Q-factorial log canonical pairs. Our definition
of models is slightly different from the traditional one in [25] or [5].

DEFINITION 2.2 (cf. [4, Definition 2.1] and [4, Definition 2.2]). — Let
m : X — Z be a projective morphism from a normal variety to a variety
and let (X,A) be a log canonical pair. Let ©’ : X' — Z be a projective
morphism from a normal variety to Z and ¢ : X --+ X' be a birational
map over Z. Let E be the reduced ¢~ '-exceptional divisor on X', that is,
E =3 E; where E; are ¢~ '-exceptional prime divisors on X'. Then the
pair (X', A" = ¢, A + E) is called a log birational model of (X, A) over Z.
A log birational model (X', A’) of (X,A) over Z is a weak log canonical
model (weak lc model, for short) if

e Kx/ + A’ is nef over Z, and
e for any prime divisor D on X which is exceptional over X', we have

a(D,X,A) <a(D, X' A").

A weak lc model (X', A") of (X, A) over Z is a log minimal model if
o X' is Q-factorial, and
e the above inequality on discrepancies is strict.
A log minimal model (X', A’) of (X,A) over Z is called a good minimal
model if Kx: + A’ is semi-ample over Z.
A log birational model (X', A") of (X,A) over Z is called a Mori fiber

space if X' is Q-factorial and there is a contraction X' — W over Z with
dim W < dim X’ such that

e the relative Picard number p(X'/W) is one and Kx, + A’ is anti-
ample over W, and
e for any prime divisor D over X, we have

a(D,X,A) <a(D, X', A")

ANNALES DE L’INSTITUT FOURIER
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and strict inequality holds if D is a divisor on X and exceptional
over X'.

DEFINITION 2.3 (The log MMP with scaling, cf. [4, Definition 2.4], [12,
4.4.11]). — Let m : X — Z be a projective surjective morphism from a
Q-factorial normal variety to a variety and (X, A + C) be a log canonical
pair such that Kx + A + C is w-nef, A is a boundary R-divisor and C' is
an effective R-divisor. We set Xo = X, Ax, = A and Cx, = C and set

Ao = inf{p € Ry | Kx, + Ax, + pCx, is nef over Z}.

If Ao = 0, we have nothing to do. If Ay > 0, then there is a (Kx, + Ax,)-
negative extremal ray Rg over Z such that (Kx, + Ax, + 2Cx,) - Ro =0
by [10, Theorem 18.9]. Let fo : Xo — Vy be the extremal contraction
over Z given by Ry. If dim V) < dim X, then we stop. Assume dim V =
dim Xy. Then fy is birational. If fy is a divisorial contraction, then set
X1 =W, Ax, = fo«Ax, and Cx, = fo.Cx,. If fo is a flipping contraction,
then there is the flip ¢ : Xo --» X1 of fo over Z by [4, Corollary 1.2]
or [21, Corollary 1.8], and we set Ax, = ¢.Ax, and Cx, = ¢.Cx,. By
construction X is Q-factorial. We set

A =inf{p € Ry | Kx, + Ax, + pCx, is nef over Z}.

Then we have \; < Ag. If Ay = 0, we stop the process. If Ay > 0, then
there is a (K x, + Ax, )-negative extremal ray Ry over Z such that (Kx, +
Ax, + M Cx,) - Ry = 0. By repeating this process, we get a non-increasing
sequence of nonnegative real numbers {\;};>0 and a sequence of steps of
the (Kx + A)-MMP over Z

(X = X0, A=Ax,) - (X1,Ax,) ==+ - (X, Ax,) - -
This log MMP is called the (Kx + A)-MMP over Z with scaling of C'.

Remark 2.4. — Let (X, A) be a log canonical pair and (X', A’) be a
log minimal model or a Mori fiber space of (X, A). If the birational map
X --» X’ is a birational contraction, our definition of log minimal models
and Mori fiber spaces coincides with the traditional one.

In [4], log minimal models and Mori fiber spaces are supposed to be dlt.
On the other hand we do not assume it in Definition 2.2. But the difference
is intrinsically not important. Indeed, if a log canonical pair (X, A) has a
log minimal model (X’, A’) as in Definition 2.2, any dlt model of (X', A’)
is also a log minimal model of (X, A). If (X, A) has a Mori fiber space as
in Definition 2.2, we can construct a Mori fiber space of (X, A) which is dlt
by taking a dlt model of (X, A) and by running the log MMP with scaling.

TOME 68 (2018), FASCICULE 5
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In this way, when (X, A) has a log minimal model (resp. Mori fiber space),
we can construct a log minimal model (resp. Mori fiber space) of (X, A)
which is dlt.

Next we introduce the definition of log canonical thresholds and pseudo-
effective thresholds.

DEFINITION 2.5 (Log canonical thresholds, cf. [20]). — Let (X, A) be
a log canonical pair and let M # 0 be an effective R-Cartier R-divisor.
Then the log canonical threshold of M with respect to (X, A), denoted by
let(X, Ay M), is

let(X, A; M) = sup{t € R| (X, A + tM) is log canonical}.

DEFINITION 2.6 (Pseudo-effective thresholds). — Let (X, A) be a pro-
jective log canonical pair and M be an effective R-Cartier R-divisor such
that Kx + A 4+ tM is pseudo-effective for some t > 0. Then the pseudo-
effective threshold of M with respect to (X, A), denoted by 7(X,A; M),
is

T(X,A; M) = inf{t € Ry | Kx + A + tM is pseudo-effective}.

The following important theorems are proved by Hacon, M°Kernanand
Xu [20]. In their paper, one is called the ACC for log canonical thresholds
and another one is called the ACC for numerically trivial pairs.

THEOREM 2.7 (ACC for log canonical thresholds, cf. [20, Theorem 1.1]).
Fix a positive integer n, a set I C [0,1] and a set J C R, where I and J
satisfy the DCC. Let T, (I) be the set of log canonical pairs (X, A), where
X is a variety of dimension n and the coefficients of A belong to I. Then
the set

{let(X, A; M) | (X, A) € %,(I), the coefficients of M belong to J}
satisfies the ACC.

THEOREM 2.8 (ACC for numerically trivial pairs, cf. [20, Theorem 1.5]).
Fix a positive integer n and a set I C [0,1], which satisfies the DCC.
Then there is a finite set Iy C I with the following property:
If (X, A) is a log canonical pair such that
(1) X is projective of dimension n,
(2) the coefficients of A belong to I, and
(3) Kx + A is numerically trivial,
then the coefficients of A belong to Ij.
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Finally we introduce the definition of log smooth models and two related
results. Corollary 2.11 is a special kind of dIt blow-up used in this paper.

DEFINITION 2.9 (Log smooth models, cf. [4, Definition 2.3] and [4, Re-
mark 2.8]). — Let (X, A) be a log canonical pair and f : Y — X be a log
resolution of (X, A). Let T be a boundary R-divisor on Y such that (Y,T")
is log smooth. Then (Y,T') is a log smooth model of (X, A) if we write

Ky +T = f*(Kx +A) + F,
then

(1) F is an effective f-exceptional divisor, and
(2) every f-exceptional prime divisor E satisfying a(E,X,A) > —1 is
a component of F' and I' — . T"..

By the definition, SuppT" = Supp f.*A UEx (f) and the image of any Ic
center of (Y,T') on X is an lc center of (X, A). For any f-exceptional prime
divisor E, E is a component of F if and only if a(E, X,A) > —1. When A
is a Q-divisor and f : Y — X is a log resolution of (X,A), we can find a
Q-divisor T on Y such that (Y,T') is a log smooth model of (X, A).

LEMMA 2.10. — Let m : X — Z be a projective morphism from a
normal variety to a variety. Let (X, A) be a log canonical pair. Then there
is a log smooth model (Y,T") of (X, A) such that

(1) T =T"+T", whereI" > 0 and T'” is a reduced divisor,
(2) (mo f)(SuppI”) € Z, and
(3) every Ic center of (Y,T' — tI'"") dominates Z for any 0 < t < 1.

Proof. — Replacing (X, A) with its log smooth model, we can assume
that (X,A) is log smooth. For any lc center S of (X, A) not dominating
Z, let mg : Xg — X be the blow-up of X along S. Then Xg is a smooth
variety and 7g'(S) is a divisor on Xg. In particular it is a Cartier divisor
on Xg. Let f: Y — X be a log resolution of (X, A) such that Y is also
a common resolution of all Xg, and construct a log smooth model (Y,T")
of (X,A). Let T be the reduced divisor such that I is the sum of all
components of LI'J not dominating Z, and set IV = T' — I'””. Then I" and
I satisfy the conditions (1) and (2) of the lemma. We prove that I and
I'" satisfy the condition (3) of the lemma.

Fix 0 < t < 1 and let T be an lc center of (Y,I' — tI'”). Since (Y,T) is
le, T is an lc center of (Y,T') and T is not contained in SuppI'”’. We prove
that T dominates Z.

Suppose by contradiction that 7' does not dominate Z. Then f(T) is
an lc center of (X,A) not dominating Z and therefore w;(lT)(f(T)) is a

TOME 68 (2018), FASCICULE 5
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Cartier divisor on Xy(7) by construction. Set M = f~*(f(T)). Clearly we
have (7w o f)(M) C Z, and M is a divisor because M is the support of
the pullback of ﬁ;(lT)( f(T)). Moreover T is contained in a component of
M because T is irreducible. Since Supp ' = Supp f; A U Ex (f), we also
have M C SuppI'. Therefore T is contained in a component G of I such
that (wo f)(G) € Z. On the other hand, T is an irreducible component of
the intersection of some divisors in LI because T is an lc center of the log
smooth model (Y, T'). Since (Y, T') is log smooth, the coefficient of G in T is
one. Then T is contained in Supp I and we get a contradiction. Therefore
T dominates Z and so we are done. O

Let m : X — Z be a projective morphism from a normal variety to a
variety and (X, A) be a log canonical pair. In the rest of this paper, the
phrase “(X,A = A’ + A”) satisfies all the conditions of Lemma 2.10 with
respect to m” means that we can write A = A’ + A” where A’ and A”
satisfy the conditions (1), (2) and (3) of Lemma 2.10 with respect to .

COROLLARY 2.11. — Let 7 : X — Z be a projective morphism of nor-
mal quasi-projective varieties and (X, A) be a log canonical pair. Then
there is a dIt blow-up f : (Y,T') — (X,A) such that (Y,T = IV +T")
satisfies all the conditions of Lemma 2.10 with respect to mo f.

Proof. — Let (Y, T =TI"4+T") — (X,A) be a log smooth model of
(X,A) as in Lemma 2.10. We run the (Ky +I')-MMP over X with scaling.
By [4, Theorem 3.4], we get a good minimal model ¢ : (Y,T') --» (Y, Ty)
over X. Let f : Y’ — X be the induced morphism. Then f is a dlt blow-
up of (X,A). Set I'y, = ¢.I'" and Ty, = ¢.I'”. Then we can check that
(Y,T'yr =T%, +TY%.,) satisfies all the conditions of Lemma 2.10 with respect
to wo f because a(D,Y,I' —tI'") < a(D,Y’, Ty, —tI'},) for any sufficiently
small positive real number ¢t and any prime divisor D over Y. Therefore
f: (Y Ty/) = (X,A) is the desired dlt blow-up. O

3. Minimal model program

In this section we study the Minimal Model Program for any R-Cartier R-
divisor D which is not necessarily a log canonical divisor. More precisely, we
define a sequence of birational maps, which we call D-MMP, and construct
the D-MMP under some assumptions.

DEFINITION 3.1 (The D-MMP). — Let X be a Q-factorial normal pro-
jective variety and let D be an R-divisor on X. Then a finite sequence of
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birational maps
p: X=Xg->X1 - --2X,

is a sequence of finitely many steps of the D-Minimal Model Program (D-
MMP, for short) if

(1) there exists a boundary R-divisor A on X such that (X,A) is log
canonical and ¢ is a sequence of finitely many steps of the (Kx+A)-
MMP, and

(2) for any 0 < i < n, the birational transform Dx, of D on X;, which
is always R-Cartier by the condition (1), is anti-ample with respect
to the extremal contraction f; : X; — V;, that is, X;41 = V; or
X,41 is the flip of f;.

An infinite sequence of birational maps
X:XO ——-)Xl —— e ___)Xi —— e

is a sequence of steps of the D-MMP if X --» X; is a sequence of finitely
many steps of the D-MMP for any i.

Remark 3.2. — Our definition of D-MMP is slightly different from usual
one because we assume (1), that is, any sequence of finitely many steps of
the D-MMP is always the log MMP for a log canonical divisor.

By the definition, all X; are Q-factorial. In (1) of the above definition,
we can in fact find a boundary Q-divisor instead of a boundary R-divisor.

Notation as above, suppose that D is a Q-divisor and let X; --+ X;11
be a step of the D-MMP. Then it is a step of the (Kx + A)-MMP for
some Q-divisor A. Let X; — V; be the extremal contraction. Then we can
write X,;11 = Proj(R(X;/V;, Dx,)). Indeed, we can check that X, =
Proj(R(X;/Vi, Kx, + Ax,)) even if X; — V; is a divisorial contraction.
By the cone theorem [12, Theorem 4.5.2] and since Dy, is anti-ample over
Vi, Dx, ~q,v; m(Kx, + Ax,) for some positive rational number m. Thus
Xiy1 ~ Proj(R(X;/V;, Dx;,)).

DEFINITION 3.3 (The D-MMP with scaling). — Let X be a Q-factorial
normal projective variety and let D be an R-divisor on X. Let A be an
R-divisor such that D + A is nef. Then a sequence of birational maps

X:XO ——-)Xl ——-)-~-——-)X7;——-)~--

is the D-MMP with scaling of A if
(1) it is a sequence of steps of the D-MMP, and
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(2) if we set
Ai = inf{y € Ryo | Dx, + nAx, is nef}
for any i, then Dx, + \;Ax, is trivial with respect to the extremal
contraction X; — V;.

If divisors D and A on X are given and there is no confusion, we denote
the D-MMP with scaling of A by

(X = Xo,M0) --» (X1, A1) == - == (X, \) - -+
where A\; = inf{y € R | Dx, + pAx, is nef}.
Remark 3.4. — Notation as above, let
(X = Xo,00) == (X1, A1) ==> - == (X, Ay) —=» - -

be a sequence of steps of the D-MMP with scaling of A. Pick an index
1 2 0 and a real number ¢t < A;, which is not necessarily positive. By the
definition of the D-MMP with scaling, the sequence of birational maps
Xo --» -+ —=» X; --» X;41 is a sequence of finitely many steps of the
(D +tA)-MMP with scaling of (1 —t)A. If we set \}; = (\; —¢)/(1 —¢) for
any 0 < j < 4, then the (D + tA)-MMP with scaling can be written

(X0, Ag) == -+ == (Xi, \}) > Xipa.

In particular, if t < \; for any ¢, then the above sequence of birational maps
is the (D + tA)-MMP with scaling of (1 —¢)A

(X0, Ap) == -+ == (Xy, A) ==» -
where . = Z_t —t Or anv i.
here X = (A — £)/(1 — 1) for any i

If D is the log canonical divisor of a log canonical pair, we can identify the
D-MMP with the standard log MMP on the log canonical pair. Therefore
Definition 3.1 is a generalization of the standard log MMP. Similarly, we
can check that Definition 3.3 is a generalization of the standard definition
of the log MMP with scaling.

Finally, we prove two results related to the D-MMP with scaling.

LEMMA 3.5. — Let m : X — Z be a projective surjective morphism
from a normal projective variety to a Q-factorial normal projective variety
with connected fibers, and let (X, A) be a log canonical pair such that A is
a Q-divisor. Suppose that (X,A = A’ + A") satisfies all the conditions of
Lemma 2.10 with respect to . Suppose in addition that Kx + A ~q 7*D
and A" ~qg 7*E for a Q-divisor D and an effective Q-divisor E on Z
respectively. Let A be a big semi-ample Q-divisor on Z such that A+ E is
also semi-ample and D + A is nef.
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Then there is a sequence of birational maps of the D-MMP with scaling
of A

(Z — Z07)\O) ey e —— (Zl7>\1) —— e

such that the D-MMP terminates or lim;_,,,\; = 0 when the D-MMP
does not terminate. In particular, we always have lim; ,,,A\; = 0 when D
is pseudo-effective.

LEMMA 3.6. — Let m : X — Z be a projective surjective morphism
of Q-factorial normal projective varieties with connected fibers, and let
(X, A) be a log canonical pair where A is a Q-divisor. Suppose that (X,0)
is Kawamata log terminal and there is a Q-divisor D on Z such that K x +
A ~g 7*D. Let A be an effective Q-divisor on Z such that D + A is nef
and (X,A + 7*A) is log canonical. Suppose that there is a sequence of
birational maps of the D-MMP with scaling of A

(Z — Z07)\0) ey e —— (Z’“AZ) ——3 .

with the corresponding numbers \; defined in Definition 3.3. We set Xy =
X and Ax, = A.
Then we have the following diagram

(Xo,Axy) = = — = (Xpy, Axy ) - == — = (Xp,, Ax, ) - ==
N

(ZosXo) == ————— =(Zu M) — === = = (2 N) — — >
such that

(1) for any i, m; is projective and surjective with connected fibers,

(2) the upper horizontal sequence of birational maps is a sequence of
steps of the (Kx + A)-MMP with scaling of 7* A such that if we
set kg = 0 and

)\; = inf{,u € R>0 | KXj + AXj + ,u(ﬂ'*A)XJ is nef},
where (1" A)x; is the birational transform of m* A on X, then \; =
\; for any k; < 7 < ki+1; and
(3) for any two indices i < i’ and any Q-divisor B on Z;, we have
(W:B)in/ = ﬂ;/BZi, .

In particular, Kx, + Ax,, ~q 7Dz, for any i and the (Kx + A)-MMP
with scaling of m* A terminates if and only if the D-MMP with scaling of
A terminates.
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Proof of Lemma 3.5. — Fix a strictly decreasing infinite sequence of
rational numbers {a, }n>1 such that 0 < a,, < 1 for any n and lim,,_,cca, =
0. By the condition (3) of Lemma 2.10, any lc center of (X,A — a,A"”)
dominates Z for any n. We also have Kx + A —a, A" ~g 7*(D — a, E) by
the hypothesis. By [13, Corollary 3.2], there are Q-divisors ¥,, on Z such
that all (Z, ¥,,) are klt and D —a,E ~g Kz+¥,,. Fix a sufficiently general
semi-ample Q-divisor A’ ~g A + E such that (Z,¥,, + A’) is klt for any
n > 1. Similarly, fix a sufficiently general semi-ample Q-divisor A” ~g A
such that (Z,¥,,+ A’ + A”) is klt for any n > 1. Then (Z,¥,, +a, A +tA")
is also klt and

D+ (t+an)A=(D—apnE)+an(A+E)+tA
(*) ~o Kz + 9, +a, A"+ tA”

for any 0 <t < 1 and n > 1. We note that A’ is big.

Since Kz + ¥1 + a1 A" + (1 — a1)A” ~g D + A is nef, we can run the
(Kz+ 91 +a1A")-MMP with scaling of (1 —ay)A”. By [5, Corollary 1.4.2],
this log MMP terminates with a good minimal model or a Mori fiber space

Q:Z =Ty -2y~ Iy, =7

of (Z,U1+a1 A’). It is also a sequence of finitely many steps of the (D+a; A)-
MMP since we have D + a1 A ~g Kz + ¥1 + a1 A’.
For any ¢ > 0, we set

A = 1nf{,u S R;O | Kzi + (LIJI)ZZ' + a,]_A/Zi + /,6(1 — al)A%i is nef}

where (¥1)z, is the birational transform of ¥ on Z;. We note that Ay, 1 >
0 by the definition of the log MMP with scaling. By the above (x), for any
0<i<ky, Dz + (a1 +N(1—a1))Az, is nef and trivial with respect to the
extremal contraction of the (Kz + Uy + a; A’)-MMP. Since Dy, + a1 Az,
is anti-ample with respect to the extremal contraction, Dy, is anti-ample
with respect to the extremal contraction for any 0 < ¢ < k;. Moreover, if
we set
A; =inf{u € R0 | Dz, + pAz, is nef}

for any 0 < i < kg, then X, = a1 + \;(1 — a1) by the above discussion.
Therefore ¢ is a sequence of finitely many steps of the D-MMP with scaling
of A (see Definition 3.3). Pick a rational number ¢ < a;. Then we have
t <\, _psincea; < X ;. By Remark 3.4, ¢ is a sequence of finitely many
steps of the (D + tA)-MMP with scaling of (1 —¢)A for any 0 < ¢ < a;.
Since Kz + ¥, + ap, A" ~g D+ a,A, A” ~g A and {a,}n>1 is a strictly
decreasing sequence, we see that ¢ is also a sequence of finitely many steps
of the (Kz + ¥, + a, A')-MMP with scaling of (1 — a,)A” for any n > 1.
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If (Z/,(¥1)z + a14’,) is a Mori fiber space, then the D-MMP with
scaling terminates and we stop the process. If (Z',(¥1)z + a14%,) is a
good minimal model of (Z,¥; + a; A’), then A\;, = 0. By the above (x) we
have

KZ’ =+ (\Ijl)Z’ —+ alA/Z/ ~Q DZ’ + alAZ’
~Q Kz + (\I/Q)Z/ =+ a2Alz/ + (0,1 — ag) %/,
and thus Kz + (Ua)z + a2A’, + (a1 — az) A%, is nef. Moreovrer the pair
(Z',(V2)z + a2A’;,) is kit since ¢ is a sequence of finitely many steps of
the (Kz + Uy + a2 A’)-MMP. So we can run the (Kz + (U3)z + a2d’))-
MMP with scaling of (a1 — a2)A”%,. By [5, Corollary 1.4.2], this log MMP
terminates with a good minimal model or a Mori fiber space

w . Zl:Zkl -——> Zlirl —— 3 e —— Zk2 :Z//

of (Z',(¥2)z + azA’;). By the same discussion as above, we can check
that 9o ¢ : Z --» Z" is a sequence of finitely many steps of the D-
MMP with scaling of A and also a sequence of finitely many steps of the
(Kz 4+ 9, + a,A")-MMP with scaling of (1 — a,,)A” for any n > 2.

By repeating the above discussions, we get a sequence of birational maps

Z:ZO ——> Zl ——> e ——> Zk7 —— e
such that

o for any ¢ > 1, the birational map Z --» Zj, is a sequence of finitely
many steps of the (Kz + ¥, +a;A")-MMP with scaling of (1 —a;)A”
to a good minimal model or a Mori fiber space,

e the whole sequence of birational maps Z --» -+ --» Z; —-» .-+ is
a sequence of steps of the D-MMP with scaling of A, and

e if the D-MMP does not terminate and if we set

)\j = inf{u S R;O ‘ DZj + ,LLAZJ is nef},
then A\, < a;.
The third condition follows from the fact that DZki + aiAZki is nef. By
the definition of {ay,}n>1, we have lim; o A; < lim;,ooa; = 0 when the
D-MMP does not terminate. Therefore lim; .., A; = 0 and hence we see

that the above D-MMP with scaling of A satisfies all the conditions of the
lemma. So we are done. O

Proof of Lemma 3.6. — Set my = 7 and let [ : Zy — V} be the extremal
contraction. Note that Kx, + Ax, + 73 A is nef since D + A is nef. By the
definition of D-MMP and the cone theorem [12, Theorem 4.5.2], there is
a general ample Q-divisor H on Zj such that D + H ~q,y, 0. Therefore
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Kx,+Ax, +7{H ~q,v, 0. By [4, Theorem 1.1] and [4, Theorem 4.1 (iii)],
the (Kx, +Ax,)-MMP over V; with scaling of an ample divisor terminates
with a good minimal model

¢ : (XO;AXO) - (XlaAXl) —— e == (Xkl = X’,Axkl = AX’)

over Vy. Then we can check that ¢ is a sequence of finitely many steps of
the (Kx, + Ax,)-MMP with scaling of 75 A and if we set

/\; = inf{u S R>0|KXJ, +AXJ +,LL(7TSA)XJ is nef}

for any 0 < j < ky, then A\ = \] = = A, 1 = Mo (see, for example,
the proof of [22, Proposition 4.1]).

Since Kx+ + Ax/ is semi-ample over Vj, there is a natural morphism
X' = Z' =Proj(R(X'/Vy, Kx + Ax+)) over V. By construction we have
Kx/ + Ax/ ~q,z 0. Now Z; = Proj(R(Zy/Vy, D)) by Remark 3.2, and
for any large and divisible positive integer m, we have

R(Zo/Vo,mD) ~ R(Xo/Vo,m(Kx, + Ax,))
~ R(X'/Vo,m(Kx: + Ax))

as sheaves of graded Oy, -algebra. Therefore we have Z' ~ Z;. We put
m : X' — Zy ~ Z'. Then we see that m; has connected fibers by taking a
common resolution of ¢. We also see that Kx’ + Axs ~g 7Dz, because
Kx/ + Ax ~Q, Z; 0 and KXO + AXO ~Q 7T8D. Since X is Q-factorial and
(X0, 0) is klt, it is easy to see that X’ is Q-factorial and (X’,0) is klt.

We prove (n}B)x = Bz, for any Q-divisor B on Zj. First we prove
(m§B)x ~q 7Bz, and after that we prove (n§B)x: = mfBz,. Recall
that f : Zy — Vj is the extremal contraction of the D-MMP. Let f; :
Z1 — Vi be the induced morphism. By construction, there is a rational
number r and Q-Cartier Q-divisor G on Vj satisfying B—rD ~q f*G. Then
3B —r(Kx,+Ax,) ~q 75 f*G. By taking the birational transform on X',
we obtain (n§B)x — rrj Dz, ~qg 71 fiG because Kx' + Ax: ~q 7 Dz,.
Since Bz, —rDz, ~q fiG, we see that (7§ B)x’ ~q 7} Bz,. Next we prove
(r§B)x: = 7w Bz, as Q-divisors. We note that B or —B is nef over V}
because the relative Picard number p(Zy/Vp) is one. Let p : Z — Zy and
p’ 27 = Z1 be a common resolution of Zy --+ Z;, and let ¢ : X = Xo
and ¢’ : X = X’ be a common resolution of ¢ : Xog --+ X’ such that the
induced map h : X Zisa morphism. We set F = p*B — p"*B,. Then
F or —F is effective by the negativity lemma. Moreover, by construction,
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we have
(o B)x+ — Bz, = ¢.q¢" 3B — ¢,.q"" 1 Bz,
= q.(h"p"B) = ¢.(h"p" Bz,) = ¢.h" F.
On the other hand, since (7§ B)x/ ~qg 71 Bz,, we have ¢,h*F ~g 0. Then
q.h*F = 0 because F or —F is effective. In this way, we see that (7§B)x' =
71 Bz, as Q-divisors.

Now we have (m§A)x+ = nfAgz,. Since (X', Ax/ + M (7§A)x/) is lc,
(X', Ax: + MmfAz, ) is le. Therefore we can apply the above arguments
to m : (Xk?17AXk1) = (X', Ax/) = Z; and A\ Az,. By repeating these
arguments, we have the following diagram

(Xo,Ax,) — > — > (X, Ax,, ) === — = (Xp,, Ax, ) ===
T |
(Zo,No)— —————— >(Z1,M)— — > — — > (Z;,\) — — >
such that

e for any 7, m; is projective and surjective with connected fibers,

e the upper horizontal sequence of birational maps is a sequence of
steps of the (Kx, + Ax,)-MMP with scaling of 7§ A such that if we
set kg = 0 and

)\; = inf{,u € R>0 | KXj + AXj + ,U(ﬂ'SA)Xj is nef},

then /\9 = \; for any k; < j < ki1, and
. (v:B)
Pick any two indices 7 < 7' and Q-divisor B on Z;. Then we can check that
(7} B)x, , = 7Bz, by induction on i’ — 4. Therefore the diagram satisfies
all the conditions of the lemma. ]

Xiypy = Tig1Bz,,, for any ¢ and any Q-divisor B on Z;.

4. Proof of the main result in klt case and a reduction

In this section we prove Theorem 1.2 in a special case, which contains
the klt case, and prove a reduction lemma.

Proposition 4.1 below is a special case of Theorem 1.2. From this propo-
sition we see that Theorem 1.2 holds when (X, A) is klt.

PRrROPOSITION 4.1. — Fix a positive integer d, and assume the existence
of a good minimal model or a Mori fiber space for all projective Kawamata
log terminal pairs of dimension d with boundary Q-divisors.
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Let 7 : X — Z be a projective surjective morphism of normal projective
varieties such that dim Z = d. Let (X, A) be a log canonical pair such that
A is a Q-divisor and every lc center of (X, A) dominates Z. Suppose that
Kx +A ~q, z 0.

Then (X, A) has a good minimal model or a Mori fiber space.

Proof. — We can prove this by the same arguments as in the proof of [6,
Proposition 3.3]. We write details for the reader’s convenience.

By taking the Stein factorization of 7, we may assume that 7 has con-
nected fibers. We may also assume that Kx + A is pseudo-effective because
otherwise we can find a Mori fiber space of (X, A) by [5]. By [13, Corol-
lary 3.2], there is a Q-divisor ¥ on Z such that (Z, ¥) is kIt and Kx +A ~q
7*(Kz + ¥). Then Kz + ¥ is pseudo-effective (cf. [27, II 5.6 Lemma]). By
the hypothesis, there is a good minimal model ¢ : (Z,¥) --» (Z', ¥ /) of
(Z,0).

Let f: W — Z and f' : W — Z’ be a common resolution of ¢ and
let g : (Y,T') = (X, A) be a log smooth model such that the induced map
h:Y --» W is a morphism. Then we see that f'oh : Y — Z’ has connected
fibers. Moreover we have Ky +I' = ¢*(Kx + A) + E for an effective g-
exceptional divisor F and f*(Kz+¥) = f*(Kz 4+ Uz )+ F for an effective
f'-exceptional divisor F. Then

Ky +T'=g"(Kx +A)+ E~qg'm"(Kz + V) + E
= (Kz+V)+E=0f*"(Kz +Vz)+h*F+E.
We run the (Ky + I')-MMP over Z’ with scaling of an ample divisor
) (G (RN /4NN

Pick an open set U of Z such that the restriction of ¢ to U is an isomorphism
¢l : U — ¢(U) and the codimension of Z'\ ¢(U) in Z’ is at least two. By
shrinking U if necessary, we can assume that F' is mapped into Z’\¢(U).
Set V.= (mog) ' (U). Since Kx + A ~g z 0 and by the definition of
log smooth models, we see that (7= 1(U), Al 1)) is a weak lc model of
(V,T'|y) over U with relatively trivial log canonical divisor. Since U ~ ¢(U),
the (Ky + I')-MMP over Z’' must terminate over ¢(U). In other words, if
Vi denotes the inverse image of ¢(U) on Y;, the divisor (Ky, + I'y;)|v; is
Q-linearly equivalent to the pullback of (Kz/ + Wyz/)|4y for any i > 0.
Therefore E is eventually contracted over ¢(U).

By the above facts, we see that (h*F)y, + Ey, is mapped into Z'\¢(U)
for any i > 0. In particular (h*F)y, + Ey, is a very exceptional divisor over
Z' (cf. [4, Definition 3.1]). Moreover, by the definition of the log MMP with
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scaling, Ky, +T'y;, ~q, z (h*F)y, + Ey, is the limit of movable divisors over
Z' for any ¢ > 0. Then (h*F)y, + Ey, = 0 by [4, Lemma 3.3]. Therefore
Ky, +T'y, is Q-linearly equivalent to the pullback of Kz + ¥z for some
1. Since Kz + Wz is semi-ample, Ky, + I'y, is also semi-ample. Therefore
(Y;,Ty;) is a good minimal model of (Y,T'). Since (Y,T") is a log smooth
model of (X, A), (X, A) also has a good minimal model. So we are done. [J

We can prove the following proposition by using [5, Corollary 1.4.2] and
the same discussion as in the proof of Proposition 4.1.

PROPOSITION 4.2. — Let w : X — Z be a projective surjective mor-
phism of Q-factorial normal projective varieties with connected fibers. Let
(X, A) be a log canonical pair such that A is a Q-divisor and every lc center
of (X, A) dominates Z. Suppose that Kx + A ~qg ©*D for a Q-divisor D
on Z.

If D is big, then (X, A) has a good minimal model.

We close this section with a reduction lemma, which plays a key role in
the proof of Theorem 1.2.

LEMMA 4.3. — To prove Theorem 1.2, we may assume the following
conditions about 7 : (X,A) — Z.

(1) 7 has connected fibers, (X,0) is Q-factorial Kawamata log terminal
and Z is Q-factorial,

(2) (X,A = A"+ A") satisfies all the conditions of Lemma 2.10 with
respect to m,

(3) Kx + A ~q ©*D and A" ~q n*E, where D is a pseudo-effective
Q-divisor and E is an effective Q-divisor on Z, and

(4) there is a Q-divisor A on X such that Kx + A+ 0A is movable for
any sufficiently small § > 0.

Proof. — By taking a dlt blow-up and by replacing (X, A) if necessary,
we can assume that X is Q-factorial and (X, 0) is klt. We may also assume
that Kx + A is pseudo-effective because otherwise we can find a Mori fiber
space of (X, A) by running the (Kx +A)-MMP with scaling. We note that
existence of a good minimal model of (X, A) is equivalent to existence of
a weak lc model of (X, A) with semi-ample log canonical divisor (see [4,
Corollary 3.7]). By taking the Stein factorization of m and by Corollary 2.11,
we may assume that 7 has connected fibers and the condition (2) of the
lemma holds.

Next we show that we can assume A” ~q z 0 to prove Theorem 1.2.
Since Kx + A is pseudo-effective and A" is vertical over Z, we see that
Kx + A’ is pseudo-effective over Z. We run the (Kx + A’)-MMP over
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Z with scaling of an ample divisor. By [4, Theorem 1.1], this log MMP
terminates with a good minimal model ¢ : (X, A") — (X', A’.,) of (X, A")
over Z because Kx + A’ + A" ~g 7 0. Set A%, = ¢, A" and Ax = ¢, A
Then (X', Ax = A, + A%,) satisfies all the conditions of Lemma 2.10
with respect to the morphism X’ — Z. Let 7’ : X’ — Z’ be the Stein
factorization of the morphism induced by Kx/ + Ay, over Z. Then =’
has connected fibers and it is easy to see that the morphism Z’ — Z is
birational. Therefore (X', Ax: = A', + A%,) satisfies all the conditions
of Lemma 2.10 with respect to 7’. Moreover we have Kx/ + Ax: ~g, z 0
and Ky + Ay, ~q, z 0. Therefore A%, ~g z 0. Since ¢ is a birational
contraction and both Kx + A and Kx: + Ax: are Q-linearly equivalent to
the pullback of the same divisor on Z, (X,A) has a weak lc model with
semi-ample log canonical divisor if (X', Ax/) has a weak lc model with
semi-ample log canonical divisor. In this way, by replacing 7 : (X,A) —» Z
with 7’ : (X', Ax/) — Z', we may assume that A” ~g z 0. Then there is
an effective Q-Cartier Q-divisor E on Z such that A” ~q 7*E.

Now we can prove that we may assume the condition (1) of the lemma
to prove Theorem 1.2. Let E be a Q-divisor defined above and pick a Q-
divisor D on Z such that Kx + A ~g 7*D. By the condition (2) of this
lemma and the condition (3) of Lemma 2.10, every lc center of (X,A’)
dominates Z. Since Kx + A’ ~q z 0, by [13, Corollary 3.2], there exists
a klt pair on Z. Let f : Z — Z be a dlt blow- up of the klt pair. By
construction Z is Q-factorial and Z and 7 are isomorphic in codimension
one. Let g : (Y,TV) — (X, A’) be a log smooth model of (X, A’) such that
the induced map h : Y --» Zis a morphism. Then wog = f o h and we
can write

Ky +T"=g"(Kx+A")+ F ~q (foh)*(D—E)+ F

with an effective g-exceptional divisor F' which contains every g-exceptional
prime divisor whose discrepancy with respect to (X,A’) is greater than
—1. We run the (Ky + I")-MMP over Z with scaling. Since Z and Z are
isomorphic in codimension one, by the same argument as in the proof of
Proposition 4.1, we obtain a good minimal model ¢ : (Y,I") --» (Y',T%.)
over Z. Let b/ : Y’ — Z be the induced morphism. Then Y is Q-factorial,
(Y’,0) is kIt and A’ has connected fibers. We also have Fy» = 0 and Ky +
Iy, ~q (foh/)*(D — E) by construction (see the proof of Proposition 4.1).
Set

V=0¢ug" A" ~g (foh')E  and Ty, =T% +T1%..
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By taking a common resolution of X --» Y’ we see that (Y',T'y/) is
lc. Moreover we see that 'Y, is a reduced divisor. Indeed, we can write
g* A" = g7tA” + 3 a;E; where E; are g-exceptional prime divisors and
a; > 0. Then a(E;, X, A’) > —1 because (X, A = A’ 4+ A”) is lc. Therefore
Supp (3. a;E;) C SuppF. Since Fy: = 0, we see that I'Y,, = ¢.g; 1A
and thus I'Y, is a reduced divisor. Now we can easily check that (Y, T'y» =
I, +T%.,) satisfies all the conditions of Lemma 2.10 with respect to A'. If we
set D' = f*D and E' = f*E, then Ky' + Ty’ ~g h’*D" and T'{,, ~¢ h"*E".
By construction we can also check that (Y, T'y/) is a log birational model
of (X,A). Therefore, to prove Theorem 1.2 for (X,A), we only have to
show that (Y’,T'y/) has a weak lc model with semi-ample log canonical
divisor. In this way, by replacing 7 : (X,A) — Z with A’ : (Y',Ty/) — Z,
we may assume the condition (1) of the lemma.

Finally we show that we can assume the condition (4) of the lemma to
prove Theorem 1.2. Since Kx + A is pseudo-effective, D is pseudo-effective
(cf. [27, 11 5.6 Lemmal). Let A be a general ample Q-divisor on Z such that
A+ FE and D + A are also ample. By Lemma 3.5, there is a sequence of
birational maps of the D-MMP with scaling of A

(Z = Zo.Xo) =2+ == (ZiAg) > oo+

Then we have lim; ,.,A; = 0. Moreover, by construction of the D-MMP
with scaling in Lemma 3.5, Dz, + \; Az, is semi-ample if A; > 0.

Since A is a general ample Q-divisor and D + A is nef, by Lemma 3.6,
we have the following diagram

(XaA)f7>”'77}'(Xkl’AXkl)77>"'77>(kaAin)77}"'
(ZO’)‘O) 777777 >(Z1»)\1) - T *>(Zi,)\i>fff>
such that

(i) for any i, m; is projective and surjective with connected fibers,

(ii) the upper horizontal sequence of birational maps is a sequence of
steps of the (Kx + A)-MMP with scaling of 7* A such that if we
set kg = 0 and

N =inf{u € Ryo| Kx; + Ax; + p(n*A)x; is nef},

then /\; = \; for k; << ki+1, and
(iii) for any two indices ¢ < i’ and any Q-divisor B on Z;, we have
(W;B)in/ = W;‘,Bzi,.
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Set A’ = m* A. Since (X, 0) is klt and X is Q-factorial, (Xy,, 0) is kit and X,
is Q-factorial. We also have Kx, + Ax, ~q m; Dz, and Ay, ~q 7/ Ez,
by (iii) of the above properties. Taking a common resolution of X --»
Xk,, we see that (Xy,, Ax, =AY, + Al ) satisfies all the conditions of
Lemma 2.10 with respect to m;. In this Wayzwe can replace 7 : (X,A) = Z
with 7; : (Xk,, Ax, ) = Z; for some i > 0 and hence we may assume that
Kx + A is nef (i.e., the (Kx + A)-MMP terminates after finitely many
steps) or the (K x + A)-MMP contains only flips. We may also assume that
Kin + Ain + )\ZA/XA ~Q ﬂ:(DZi + )\11421) is semi-ample if A; > 0.

If Kx + A is nef, then any ample Q-divisor satisfies the condition (4) of
the lemma. If \; > 0 for any i, the divisor A’ satisfies the condition of the
lemma because Kx + A + \; A’ is movable and lim;_, o A; = 0. In this way
we can assume the condition (4) of the lemma. So we are done. O

5. Proof of the main result

In this section we prove Theorem 1.2. First we prove Theorem 1.2 as-
suming Proposition 5.1, Proposition 5.3 and Proposition 5.4. After that,
we prove Proposition 5.1, Proposition 5.3 and Proposition 5.4.

Proof of Theorem 1.2. — We prove it by induction on dy. Clearly The-
orem 1.2 holds when dy = 0. Fix an integer dy > 0 and assume Theo-
rem 1.2 for dy — 1, and pick any 7 : (X,A) — Z as in Theorem 1.2. By
Lemma 4.3, we can assume that 7 : (X, A) — Z satisfies all the conditions
of Lemma 4.3. Moreover we may assume that E # 0 because otherwise The-
orem 1.2 follows from Proposition 4.1 and the condition (3) of Lemma 2.10.
Then we have the following three cases.

Case 1. — D is not big and D — eF is pseudo-effective for a sufficiently
small positive rational number e.

Case 2. — D is not big and D—eF is not pseudo-effective for any positive
rational number e.

Case 3. — D is big.
But then Theorem 1.2 follows from Proposition 5.1, Proposition 5.3 and

Proposition 5.4 below. So we are done. O

Next we prove Proposition 5.1, Proposition 5.3 and Proposition 5.4.
From now on we freely use the notations of the conditions (2) and (3)
of Lemma 4.3.
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ProrosITION 5.1. — Fix a positive integer dy and assume Theorem 1.2
fordy—1. Let w: (X, A) = Z be as in Theorem 1.2 satisfying all conditions
of Lemma 4.3. Let D and E be as in the condition (3) of Lemma 4.3.

If D is not big and D — eF is pseudo-effective for a sufficiently small
positive rational number e, then Theorem 1.2 holds for (X, A) — Z.

Proof. — We can assume E # 0. We prove it with several steps.

Step 1. — In this step we construct a diagram used in the proof.

Fix a strictly decreasing infinite sequence of rational numbers {ay,}n>1
such that 0 < a, < e for any n and lim,_,.a, = 0. Then D — a,F is
pseudo-effective for all n > 1. By [13, Corollary 3.2] and the definition of
D and E, there are Q-divisors ¥,, on Z such that all (Z, ¥,,) are klt and
D—apE ~g Kz +%,. Then Kx + A —a, A ~Q ’R'*(KZ +\Ifn).

By the hypothesis of Theorem 1.2, (Z,¥,,) has a good minimal model.
By [4, Theorem 4.1(iii)] and running the (Kz + ¥, )-MMP with scaling,
we get a good minimal model (Z,¥,) --» (Z,,(V,)z,) of (Z,¥,). By
Lemma 3.6, we obtain the following diagram

(X, A —anA") = 2> (X, Ax, — an A )

such that ¢,, is a sequence of finitely many steps of the (Kx + A —a,,A”)-
MMP with scaling. Then Kx, +Ax, —a,A%  ~q 7, (Kz,+(¥,)z,) by the
condition (3) of Lemma 3.6. Therefore Kx, +Ax, —a,A’; is semi-ample
and thus (X,,Ax, —a,A’ ) is a good minimal model of (X, A — a,A").
We note that X,, is Q-factorial and (X,,0) is klt, and =, : X,, — Z,
is projective and surjective with connected fibers by the condition (1) of
Lemma 3.6. We also note that Kx, + Ax, —tA% ~q 7, (Dz, —tEz,)
for any ¢ > 0 by the condition (3) of Lemma 3.6.

Step 2. — In this step we prove that there are infinitely many indices n
such that (X,,,Ax, ) is lc.

Suppose by contradiction that there are only finitely many indices n such
that (X, Ax,) is lc. Fix ng such that (X;, Ay,) is not lc for every i > ny.
Consider

I = {M S R)() | M = lCt(XZ,A/Xl, A/)/(7), ) > Tlo}

where A’y is the birational transform of A" on X;. Then I does not contain
one by our assumption. On the other hand, since A’Xi is the birational
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transform of A" on X;, any coefficient of component in A’y is in a finite
set which does not depend on i. Moreover A’y is a reduced divisor and
let (X5, A’Xi; A’)’(i) > 1 — a; by construction. Since lim,,_,s.a, = 0, by the
ACC for log canonical thresholds (cf. Theorem 2.7), the set I must contain
one. In this way we get a contradiction and thus there are infinitely many
indices n such that (X,,,Ax,) is lc.

Step 3. — By taking a common resolution of ¢,, we can check that
(Xn,Ax, = Ay + A% ) satisfies all the conditions of Lemma 2.10 with
respect to m,. In this way, by Step 1 and Step 2 we can get a strictly
decreasing infinite sequence {a,, }n>1 of positive rational numbers such that

(i) an < e for any n and lim,_,a, = 0, and
(ii) for any m > 1, there is a diagram

(X, A —ap, A7) =" = (X, Ax, — anA%)

L———————-—-- > Zn

such that
(ii-a) X, and Z,, are Q-factorial, (X,,Ax, ) is lc, (X,,0) is klt and
Ty, is a projective surjective morphism with connected fibers,
(ii-b) (Xn,Ax, = A, + A% ) satisfies all the conditions of Lem-
ma 2.10 with respect to m,, Kx, + Ax, ~q 7Dz, and
Ag(n ~Q W:LEZ”, and
(ii-c) ¢y, is a sequence of finitely many steps of the (Kx+A—a,A")-
MMP to a good minimal model (X,,Ax, —a,A% ).

By replacing {a, }»>1 with its subsequence again, we also have that
(ii-d) X; and X, are isomorphic in codimension one for any ¢ and j.
Indeed, for any n > 1, every prime divisor contracted by ¢, is a component
of No(Kx + A — ap,A”). Moreover Kx + A — eA” is pseudo-effective by

the choice of e. Therefore, by the basic property of N, (), we have

NO’(KX + A — anA”)
< (1 - ‘Z’)NU(KX +A)+ %’NU(KX +A—eA).

Thus every prime divisor contracted by ¢, is also a component of N, (K x +
A) 4+ N,(Kx + A —eA”), which does not depend on n. Therefore we can
replace {a, }n>1 with its subsequence so that X; and X j are isomorphic in
codimension one for any 7 and j.
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We note that Dz, — (a, — §)Ez, is not big for any sufficiently small
rational number § > 0. Indeed, the birational map Z --» Z,, is a sequence
of finitely many steps of the (D — a, F)-MMP. Then Z --» Z, is also
a sequence of finitely many steps of the (D — (a, — §)E)-MMP for any
sufficiently small § > 0. Since D — tE is not big for any ¢ > 0, we see that
Dz, — (an, — §)Ez, is not big for any sufficiently small 6 > 0.

Step 4. — Suppose that (X7, Ax,) has a good minimal model. Then we
can show that (X,A) has a weak lc model with semi-ample log canoni-
cal divisor. Indeed, by [4, Theorem 4.1 (iii)], any (Kx, + Ax, )-MMP with
scaling of an ample divisor terminates. So we can get a sequence of finitely
many steps of the (Kx, + Ax,)-MMP to a good minimal model ¢ :
(X1,Ax,) --» (X', Ax/). By construction Kx + Ay is semi-ample. Fix
a sufficiently small positive rational number ¢ < a;. Then v is also a se-
quence of finitely many steps of the (Kx, + Ax, —tA% )-MMP. We note
that any lc center of (X1, Ax, —tA’% ) dominates Z;. By Proposition 4.1,
(X1,Ax, —tA%) has a good minimal model, and thus (X', Ax: —tA%/)
has a good minimal model. Therefore we can run the (Kx, +Ax, —tA%,)-
MMP with scaling of an ample divisor and obtain a good minimal model
V(X Axr —tA%) - (X7, Axr — tA%). Now we get the following
sequence of birational maps

X —d)—{) X1 —%-) X' —di,» X",
where ¢ (resp. ¢, ¢') is a sequence of steps the (Kx + A — a;A”)-MMP
(resp. the (Kx, + Ax,)-MMP, the (Kx/ + Ax: — tA%,)-MMP) to a good
minimal model. Since we pick ¢t > 0 sufficiently small, by the standard
argument of the length of extremal rays, we see that Kx» + Ay is also
semi-ample (see, for example, the proof of [3, Proposition 3.2(5)] or the
proof of [22, Theorem 1.2]).

We prove that X; and X" are isomorphic in codimension one. More
precisely, we prove that both ¢ and v’ contain only flips. We note that ¢;
is in particular a birational contraction. Recall that there is a Q-divisor A on
X such that Kx +A+4§A is movable for any sufficiently small § > 0, which
is the condition (4) of Lemma 4.3. Therefore we see that Kx, +Ax, +6Ax,
is movable for any sufficiently small 6 > 0. Then N,(Kx, +Ax,) =0, and
1 contains only flips. Moreover Kx/ + Ax: — a1 A%, is movable because of
the condition (ii-c) of Step 3. So N,(Kx' + Ax: — a1A%,) = 0. We also
have N,(Kx: + Ax/) = 0 since Kx + Ax/ is semi-ample. Since ¢ satisfies
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0 <t < ay, we have
NU(KX/ + Axr — tA /)

t t
g (1 — ;)NO'(KX’ + AX/) + ;NU(KXI —|— AXI — CLIA;/(/)
1 1

=0

and 1)’ contains only flips. Thus we see that X; and X" are isomorphic in
codimension one.

Recall that X; and X; are isomorphic in codimension one, which is the
condition (ii-d) of Step 3. Therefore X,, and X" are isomorphic in codi-
mension one for any n. By the condition (i) in Step 3, we have ¢t > a,
for any n > 0, where {ay},>1 is defined in Step 3. Since Kx» + Axn
and Kx» + Ax» — tA%, are semi-ample, Kx» + Axr» — a, A%, is also
semi-ample for any n > 0. Now we recall that (X,,Ax, — a,A% ) is
a good minimal model of (X, A — a,A"”). From these facts, we see that
(X", Axr — anA'%.) is also a good minimal model of (X, A — a, A"”) for
anyn > 0.Let p: Y - X and ¢ : Y — X" be a common resolution of
X --» X”. Then

p*(KX + A — anA") — q*(KXH + Axn — anA’)/(”) >0
for any n > 0. Since lim,,_, a, = 0, we have
P (Kx + A) = ¢"(Kxo + Ax) > 0

by considering the limit. Since Kx~ + Ax~ is semi-ample, we see that
(X", Axn) is a weak lc model of (X,A) with semi-ample log canonical
divisor.

In this way, to prove Proposition 5.1, we only have to prove that (X, Ax,)
has a good minimal model.

Step 5. — Finally we prove that (X7, Ax,) has a good minimal model. If
Ez =0,then Kx, +Ax, = Kx, +Ax, — CL1A/)'(1 is semi-ample. Therefore
we may assume that Fz, # 0. Recall again that any lc center of (X1, Ax, —
tA’ ) dominates Z; for any 0 <t < a;.

Pick a sufficiently small positive rational number v < a;. By [13, Corol-
lary 3.2], there is a Q-divisor ¥’ on Z; such that (Z;,¥’) is klt and
Dy — (a1 —u)Ez ~q Kz + ¥. Then (Z;,7’) has a good minimal
model by the hypothesis. Run the (Kz, + ¥')-MMP with scaling of an
ample divisor. By [4, Theorem 4.1 (iii)], we obtain a good minimal model
(Z1,9") --» (Z1, \I//Z;) of (Z1,%'). Furthermore, by Lemma 3.6, we obtain
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the following diagram

[}
(XI,AXl - (Gl - U)Al)lgl) - > (X{aAX{ - (al - U)A/)'q)

such that the upper horizontal birational map ¢ is a sequence of finitely
many steps of the (Kx, + Ax, — (a1 — u)A% )-MMP to a good minimal
model. Since Kx, +Ax, —a; A’)'(l is semi-ample and u is sufficiently small,
by the standard argument of the length of extremal rays, we see that ¢
is also a sequence of finitely many steps of the (Kx, + Ax,)-MMP and
Kx; +Ax; — alA’)’q is semi-ample (cf. [3, Proposition 3.2(5)]). From this
we also see that (X1, Ax) is le. Now we have

Kx; +Ax; — (a1 —u)A%, ~g 71 (Dz; — (a1 —u)Egz) and
KX{ + AX{ — alAS’q ~Q 77/1*(DZ{ — alEZE),

where Dz — (a1 — U)EZ1 and Dz, — a1 Ez; are semi-ample.

Recall that Dz, — (a1 —J)Ez, is not big for any sufficiently small rational
number ¢ > 0. Therefore Dz — (a1 — §)E; is not big for any sufficiently
small rational number § > 0. Pick two sufficiently small rational numbers
uy and uz satisfying 0 < w1 < ug < u. Then we see that Dz — (a1 fui)Ea
is semi-ample for ¢ = 1,2 because these are represented by a Qsg-linear
combination of Dz — (a1 — U)EZ{ and Dz —ay Ez;. Moreover Dz, — (a1 —
ui)EZ£ is not big. For i = 1,2, let f; : Z] — W, be the Stein factorization
of the projective morphism induced by Dz — (a1 —u;)Ez;. Then Wy ~ Wa.
Indeed, let C be a curve on Zj. Then

C is contracted by fi

s O (Dzi — (a1 — ul)Ezi) =0

& C-(Dz; —a1Ez) =C - (Dz; — (a1 —u)Ez) =0

< C- <Dzi — (CLl — 'U/Q)Ezi> =0

< (' is contracted by fs.
Thus Wy ~ Ws. Set f : Z] — W = W; ~ Ws. By construction we have
dimW < dimZ] and Dy — (a1 — u;)Ez; ~qw 0 for i = 1,2. Then
Ez; ~q@,w 0, and moreover Dz ~q, w 0. Therefore Kx; + AX{ ~q,w 0.
Since we assume Theorem 1.2 for dy — 1, by applying this hypothesis to
fom : (X{,Ax;) = W, we see that (X7, Ax/) has a good minimal model.
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Then (X1, Ax,) also has a good minimal model by construction. Thus we
complete the proof. O

Remark 5.2. — In the proof of Proposition 5.1, we use the condition that
D — eF is pseudo-effective from the start. On the other hand, we do not
use the condition that D is not big until the final part of Step 5. Therefore
we can use the same discussions as in Step 1-4 and the first half of Step 5
to prove Theorem 1.2 in Case 3.

PRroPOSITION 5.3. — Fix a positive integer dy and assume Theorem 1.2
for dg—1. Let w : (X, A) — Z be as in Theorem 1.2 satisfying all conditions
of Lemma 4.3. Let D and E be as in the condition (3) of Lemma 4.3.

If D is not big and D —eF is not pseudo-effective for any positive rational
number e, then Theorem 1.2 holds for (X,A) — Z.

Proof. — We prove it by using similar techniques used in the proof of
Proposition 5.1.

Step 1. — In this step we construct a diagram used in the proof.

Let {€y }n>1 be a strictly decreasing infinite sequence of rational numbers
such that 0 < €, < 1 for any n and lim, €, = 0. By [13, Corollary 3.2
and the definition of D and F, there are Q-divisors ¥,, on Z such that
all (Z,%,) are kIt and D — ¢, E ~g Kz + ¥,,. Fix a sufficiently general
ample Q-divisor A on Z such that D + (1/2)A and (1/2)A — E are nef,
(X,A+7*A) islc and (Z,¥,, + A) is kit for any n. Then

K;+U,4+A~gD—e,E+ A

1 1 1
=D+ 5AJren(iA—E) + 5(1 —€en)A

is nef. Therefore we can run the (Kz + ¥,,)-MMP with scaling of A, and
we get a Mori fiber space

(Z, W)~ (Zn, (U)2.) 23 W,
Let 7,, = 7(Z,¥,,; A) be the pseudo-effective threshold of A with respect
to (Z,¥,). Then 0 < 7,, < 1. By the basic properties of the log MMP with
scaling, Dz —e Bz, +7,Az, ~9 Kz, +(¥y)z, + Az, is nef and trivial
over Wy,. Clearly Dz, — e Ez, ~q9 Kz, + (V,)z, is anti-ample over W,
by construction. Since Dz is pseudo-effective, it is nef over W,, and hence
we see that E; is ample over W,,. By Lemma 3.6, we obtain the following
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diagram
(X,A - EnA//) - —>(Xy,Ax, — GnA/)/(n)
Z——=—=—=—=-=-—-- > Zn . Wy,
such that

(i) the upper horizontal birational map is a sequence of finitely many
steps of the (Kx + A — €, A”)-MMP,
(ii) m, is projective and surjective with connected fibers, and
(iii) Kx, +Ax, ~qm,Dz, and A% ~q 7, Ez, for any n.

Step 2. — In this step we prove that there is an index n such that
(Xn,Ax,) is lc and Dy, is trivial over W,,. The idea is similar to the
proof of [7, Proposition 8.7] or [18, Lemma 3.1]. By the cone theorem [12,
Theorem 4.5.2], Dy, is trivial over W, if and only if Dz is numerically
trivial over W,.

By the same arguments as in Step 2 in the proof of Proposition 5.1, we
can find infinitely many indices n such that (X,, Ax, ) is lc. Therefore, by
replacing €, with its subsequence, we may assume that (X, Ay, ) is lc for
any n. Moreover we may assume that the dimension of W, is constant for
all n by replacing ¢,, with its subsequence.

Since Dy is nef over W,, and since Dz, —e€,Ez, is anti-ample over W,
Dy, —vpEz, is numerically trivial over W,, for some 0 < v, < €,. Then
we have

Kx, +Ax, — l/nA/)/(n
=Kx, + A% + (1 —wvn)A% ~gmi(Dz, —vnEz,) =w, 0.

Let F, be the general fiber of f, o m,. Then (Fy, (Ax, —v,A% )|F,) is lc,
and A% |r, ~q (7, Ez,)|F, is not numerically trivial since Ez, is ample

over W,,. Consider
T ={veRy|Kp, + Ak |p, +vA% |r, =0 for some n}.

Clearly T D {1 — vp}n>1 by the definition of v,. Conversely, v = 1 — v,
is the unique number satisfying Kr, + A’y |, + VA% |, = 0 because
A% |F, is not numerically trivial. Therefore we have T' = {1 — v, }n>1. By
construction, the dimension of F), is constant for any n and any coeflicient
of component of A’y |r, or A% |F, isin a finite set which does not depend
on n. Since lim,, o€, = 0 and 0 < v, < €,, T must contain one by the
ACC for numerically trivial pairs (cf. Theorem 2.8). Then v,, = 0 for some
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n. In this way, we see that there is an index n such that (X,,Ax, ) is lc
and Dz is trivial over W,.

Step 3. — Fix an index n such that (X,,,Ax, ) is lc and Dy is trivial
over Wy,. Recall that Kz + ¥, ~qg D — ¢, E and 7, is the pseudo-effective
threshold of A with respect to (Z,¥,,). In this step we prove that D —
t(en B — 1, A) is not big for any rational number 0 < ¢t < 1. Note that
D — t(e,E — 1, A) is pseudo-effective for any 0 < ¢t < 1 because it is
represented by a Q>¢-linear combination of D and D — e, E + 1, A.

Suppose by contradiction that D — t(e, F — 7, A) is big for some 0 <
t < 1. Then Dz, — t(enEz, — ThAz,) is also big. On the other hand,
Dy, is trivial over W,. Moreover Dz — e, Ez, + 17,Az, is also trivial
over W, as we mentioned in Step 1. Therefore Dy, — t(e, Ez, + m,Az,)
is trivial over W, and thus it is Q-linearly equivalent to the pullback of
a Q-divisor on W,. Because dim W,, < dim Z,,, we get a contradiction.
Therefore D — t(e, E — 7, A) is not big for any rational number 0 < ¢ < 1.

For this n, we put € = ¢, and 7 = 7, in the rest of the proof. Since
Kx +A—t(eA” —1n*A) ~g (D —t(cE—TA)), Kx + A—t(eA” —77* A)
is also pseudo-effective for any 0 < ¢ < 1.

Step 4. — We set
E—E—-1A and A=A"—Trp ~Q ™ E.
€ €

Note that E and A may not be effective. We see that D — tE is pseudo-
effective for any 0 < t < € because D — tE = D — (t/€)(eE — TA). Since
Kx + A —tA ~g (D —tE), Kx + A — tA is also pseudo-effective for
any 0 < ¢t < e. Moreover, for any 0 < ¢t < ¢, (X, A — t&) is le. To see
this, recall that 0 < 7 < 1, which is mentioned in Step 1. So we have
0 < tr/e < 1 for any 0 < ¢ < e. We also recall that (X, A + 7*A) is le.
Since A —tA = A —tA” + (tr/e)m* A, the pair (X, A — t&) is indeed lc for
any 0 <t < e

Step 5. — From this step we use the same arguments as in the proof of
Proposition 5.1. We only write down the outline of the proof.

Fix a strictly decreasing infinite sequence of rational numbers {a,}n>1
such that 0 < a, < € for any n and lim,_.,.a, = 0. With the divisors
D and E, we carry out the same arguments as in Step 1 in the proof of
Proposition 5.1. When we apply the arguments of Step 2 in the proof of
Proposition 5.1, a minor change is needed. More precisely, we need to carry
out the arguments with the effective part of A. But we can eventually obtain
the same result, that is, (X,,Ax, ) is lc for infinitely many indices n. By
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the same arguments as in Step 3 in the proof of Proposition 5.1, replacing
{an }rn>1 with its subsequence, we get a strictly decreasing infinite sequence
{an}n>1 of positive rational numbers such that

(i) an < € for any n and lim,,—,sa, = 0, and
(ii) for any n > 1, there is a diagram

(X, A — apA) =2 = (X, Ax. — anAx.)

|

A > Zn

such that
(ii-a) X, and Z, are Q-factorial, (X,,Ax, ) is lc, (X,,0) is kit and
Ty, is a projective surjective morphism with connected fibers,
(ii-b) Kx, + Ax, ~g miDyz, and Ax, ~g 7:Ez, , and
(ii-c) ¢y, is a sequence of finitely many steps of the (Kx +A — anﬁ)—
MMP to a good minimal model (X,,, Ax, — anﬁxn).
Now we carry out the argument as in the latter part of Step 3 in
the proof of Proposition 5.1 with (X, A) and A instead of (X, A)
and A”. Then we see that we can assume
(ii-d) X; and X are isomorphic in codimension one for any ¢ and j.

Moreover, as in the last part of Step 3 in the proof of Proposition 5.1, we
see that Dz — (a, — 0)Ez, is not big for any sufficiently small rational
number § > 0.

Step 6. — Finally we complete the proof by using the same arguments
as in Step 4 and Step 5 in the proof of Proposition 5.1. To carry out,
we only check that every lc center of (X1, Ax, — tA x,) dominates Z; for
any 0 < t < a;. Once we can check this, we see that (X;,Ax,) has a
good minimal model by the same arguments as in Step 5 in the proof of
Proposition 5.1, and thus (X, A) has a weak lc model with semi-ample
log canonical divisor by the same arguments as in Step 4 in the proof of
Proposition 5.1.

For any 0 < t < a1, every lc center of (X1,Ax, — tﬁxl) is also an lc
center of (X1,Ax, — alﬁxl) because (X7, Ax,) is lc. Therefore we may
check the condition only when ¢t = a;.

Recall again that 7 is a rational number such that 0 < 7 < 1. Since
a1 < €, we have a17/e < 1. Since (X, A+ 7*A) is lc and

A—aA=A-a A" + (a17/)T* A < A+ 7 A,
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every lc center of (X, A—ay 5) is an lc center of (X, A+7*A), and moreover
it is also an lc center of (X, A — A”). Since any lc center of (X, A — A”)
dominates Z by the condition (3) of Lemma 2.10, we see that any lc center
of (X, A—aq E) dominates Z. Since ¢ is a sequence of finitely many steps of
the (Kx + A — alz)—MMP, any lc center of (X1, Ax, — algxl) dominates
Z1. Thus we complete the proof. O

Finally we prove Theorem 1.2 in Case 3. As we state in Proposition 5.4
below, we can in fact prove the case with assumptions weaker than Propo-
sition 5.1 or Proposition 5.3, i.e., we can prove the case without assum-
ing the existence of a good minimal model or a Mori fiber space for all
do-dimensional projective Kawamata log terminal pairs with boundary Q-
divisors.

PRrROPOSITION 5.4. — Fix a positive integer dy. Assume Theorem 1.2 for
do — 1, and assume the existence of a good minimal model or a Mori fiber
space for all d-dimensional projective Kawamata log terminal pairs with
boundary Q-divisors such that d < dy — 1.

Let m : (X,A) — Z be as in Theorem 1.2 satisfying all conditions of
Lemma 4.3. Let D be as in the condition (3) of Lemma 4.3.

If D is big, then (X, A) has a good minimal model.

Proof. — Let F be as in the condition (3) of Lemma 4.3, that is, an effec-
tive Q-divisor such that A” ~gp 7*E. We may assume that E # 0 because
otherwise the proposition follows from Proposition 4.2. Fix a sufficiently
small positive rational number e < 1 such that D — eFE is big. We prove
the proposition with several steps.

Step 1. — First we note that the arguments of the proof of Proposi-
tion 5.1 work with some minor changes by using Proposition 4.2 (cf. Re-
mark 5.2). Therefore we only have to prove that there is a good minimal
model of (X, A) under the assumption that D — aF and D — (a — u)E are
semi-ample, where 0 < a < e and 0 < u < a are rational numbers. Note
that D — aF is big since a < e.

Pick a sufficiently large and divisible positive integer m such that
a/(m+1) <wand 1/m < u. Fix A ~g m(D — aE) a general semi-ample
Q-divisor. Then A is big and we have

A—l—Ew@m(D—aE)—i-E:m(D— (a—l)E>

and

D+ An~gD+m(D—aE) = (m+1) (D—(a— ¢ )E)
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Since 0 < a/(m+1)<u,0<1/m<wuand D —aF and D — (a —u)FE are
semi-ample, we see that A+ F and D + A are semi-ample. By Lemma 3.5,
there is a sequence of birational maps of the D-MMP with scaling of A

(Z =Zo,Mo) —=> -+ == (Ziy Ai) == -+

such that lim;_,,\; = 0.

First we prove existence of a log minimal model of (X,A). Take a dlt
blow-up f: (Y,T') = (X, A). Then we only have to prove that (Y,T') has a
log minimal model. Set gg = 7o f:Y — Z and A’ = g§ A. By construction
we have Ky +1I' ~qg g5D. Since A is a general semi-ample divisor on Z, we
may assume that (Y,T'+ A’) is also dlt. Set G = f*A”. By Lemma 3.6, we
have the following diagram

(Y:}/()5F:FO)7>...7>(Yk17FYk1)7>'.'7>—(Yk’i?FYki)7>—'..
gol gll gz‘l

such that

(i) the upper horizontal sequence of birational maps is a sequence of
the (Ky + T')-MMP with scaling of A’,
(ii) if we set ko = 0 and

\j = inf{p € Rxo | Ky, + Ty, + pAy, is nef},

then )\9 = \; forany i > 0 and k; < j < k;jy1, and
(i) Ky,, +Tv,, ~¢ g; Dz, and Gy, ~q g{ Ez,.

Step 2. — In this step and the next step, we prove that the (Ky + I')-
MMP with scaling of A’ terminates.

Let C be any curve on Yj contracted by the extremal contraction asso-
ciated to Y; --» Y ;1. In this step we prove that C' C Supp Gy, . If we can
check this, we may prove that the above (Ky +T')-MMP occurs eventually
disjoint from Supp G.

By the definition of the log MMP with scaling, C - (Ky, +I'y;) < 0
and C - (Ky; + I'y; + AjAjy,) = 0. Therefore (C' - Ay ) > 0. We also have
A" ~g m(Ky +T — a@) by the definition of A. Then

a(C'GYj):C'(KYj-i-FYj)— (C‘A/yj)<0-

1
m
Since a > 0 and Gy, is effective, we see that C' C Supp Gvy;.

Step 3. — We apply the standard arguments of the special termination
(cf. [8]). Note that Supp G C Supp . I'.. By replacing (Y, T') with (Yy,,I'y;)
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for some i > 0, we may assume that the (Ky +T')-MMP contains only flips
and flipping locus on each flip contains no lc centers.

Let S C SuppG be an lc center of (Y,I') and let .S; be the birational
transform of S on Y;. We define Q-divisors I's; by the adjunction (Ky, +
I'y;)ls; = Ks,+I's;. Then (S}, I's,) is dIt. By induction on the dimension of
S we show that for any j >> 0 the induced birational map ¢; : (S;,T's;) --»
(Sj4+1,1's,,,) is an isomorphism. By the argument as in [8], for any j > 0,
S; and Sjy1 are isomorphic in codimension one and ¢;.(Ks, +I's;) =
Ks, , +Ts,,,. By replacing (Y,T") with (Y,,[s,) for some i > 0, we may
assume that S; satisfies the above properties for any j > 0. Let (T,0) —
(S,T's) be a dlt blow-up and A” be the pullback of A’. By replacing A” if
necessary, we may assume that A" is effective and (7,0 + A”) is dlt. Set
T = T and QT(? = O. By the same arguments as in the proof of Lemma 3.6
(see also [8]), we get the following diagram

(T3,01g) == -+ == (7, @) ==+ == (TF =Ty, O ) == -

? i+1

| |

(Y,F,)\g) ***** >"'*****>(Yi+1>FYz‘+1’)‘;+1)f>”'

such that
(i) the upper horizontal sequence of birational maps is a sequence of
steps of the (K7 + ©)-MMP with scaling of A”, and
(ii) the morphism T? — Y; is the composition of a dlt blow-up of
(Si,T's,) and the inclusion S; < Y;.
By construction, we also have the following property.

(iii) If we set

A =inf{y € Ry | Kpy + Op + pAl; is nef, 0< j < I},

3

then \? < X
Note that we may have A} < \] because the morphism T — Y; is not
surjective. If A\? < M., then we have TP ~ T} ~ ... ~ T/ = T2, by
construction.

By (iii) of the above properties, Kro +O70 + M AY, is pseudo-effective.
Then K7 + © + A)A” is also pseudo-effective. Sincé lim; oo\, = 0, we
see that K + © is pseudo-effective. Now consider the composition of mor-
phisms 7" — S — Y — Z, which we denote h : T — Z. Recall that
S C SuppG and that go(SuppG) C Z. Let Zr be the normalization
of h(T). Then Kr + O ~q, z, 0 because Ky + I'y ~q,z 0. Moreover
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dim Zr < dim Z by construction. Since we assume Theorem 1.2 for dy — 1,
applying the hypothesis to (T, ©) — Zr, we see that (T, ©) has a good min-
imal model. Then the above (K7 + ©)-MMP with scaling terminates by [4,
Theorem 4.1 (iii)] because lim;_, A, = 0. Therefore the induced birational
map ¢; : (S5,T's;) -+ (Sj41,1s;,,) is an isomorphism for any j > 0.
Then, by the argument of the special termination (cf. [8]), we see that the
(Ky + I')-MMP with scaling occurs eventually disjoint from Supp G. In
this way we see that the (Ky + I')-MMP with scaling of A’ constructed in
Step 1 must terminate.

Step 4. — Finally we prove that (X, A) has a good minimal model. By
Step 3, the D-MMP with scaling of A constructed in Step 1 terminates
(cf. Lemma 3.6). By Lemma 3.6, we have the following diagram

(XvA)77>"'77>(inaAin)
(Z,)\(J)77>"~**>(Zi,)\i:0)

such that (Xy,,Ax, ) is a log minimal model of (X,A). We note that
Kin + Ain ~q m; Dz, and Dy, is big. Then Kin + Ain is semi-ample
by Lemma 5.5 below. So we are done. |

LEMMA 5.5. — Fix a positive integer dy. Assume Theorem 1.2 for dg—1,
and assume the existence of a good minimal model or a Mori fiber space for
all d-dimensional projective Kawamata log terminal pairs with boundary
Q-divisors such that d < dy — 1.

Let m : X — Z be a projective surjective morphism of a normal projective
varieties such that dim Z < dy, and (X, A) be a log canonical pair such
that A is a Q-divisor. Suppose that Kx + A is nef and Kx + A ~g 7*D
for a big Q-Cartier Q-divisor D on Z.

Then Kx + A is semi-ample.

Proof. — By taking a dlt blow-up, we can assume (X, A) is Q-factorial
dlt. We show Kx + A is nef and log abundant. Indeed, Kx + A is nef
and abundant since it is Q-linearly equivalent to the pullback of a nef and
big Q-divisor on Z. Let T be any lc center of (X, A) and define Ap by the
adjunction (Kx+A)|r = Kr+Ag. Then (T, Ar) is dlt and K7+ Ar is nef.
Let Zp be the normalization of the image of T on Z. If dim Z7 < dim Z, by
Theorem 1.2 for dy — 1, we see that K7 + A is semi-ample. In particular
it is nef and abundant. On the other hand, if dim Zr = dim Z, it is easy
to see that K7 + Ar is Q-linearly equivalent to the pullback of nef and
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big Q-divisor on Zp. Therefore it is nef and abundant. Thus we see that
Kx + A is nef and log abundant. Then Kx + A is semi-ample by [14,
Theorem 4.12]. So we are done. O

6. Proof of other results

In this section we prove Theorem 1.3 and Corollary 1.4.

THEOREM 6.1. — Let 7w : X — Z be a projective surjective morphism of
normal projective varieties and let (X, A) be a log canonical pair such that
A is a Q-divisor. Suppose that Kx + A ~q 7*D for a Q-Cartier Q-divisor
D on Z.

Ifdim Z < 3 or dim Z = 4 and D is big, then (X, A) has a good minimal
model or a Mori fiber space.

Proof. — By the same arguments as in the proof of Lemma 4.3, we can
assume that 7 : (X, A) — Z satisfies all the conditions of Lemma 4.3. Note
that bigness of D still holds after the process. Since the log MMP and
the abundance conjecture hold for all log canonical threefolds, the theorem
follows from Theorem 1.2 and Proposition 5.4. g

Proof of Theorem 1.3. — Let f : X --+ W be the litaka fibration.
Taking an appropriate resolution of X if necessary, we may in particular
assume that X is Q-factorial, (X,0) is kit and f is a morphism. By [23,
Theorem 2] (see also [1, Theorem 0.3]), we can in particular assume that W
is smooth and all fibers have the same dimension (cf. [21, Theorem 2.1]).
By construction, there is an effective Q-divisor £ such that Kx + A ~q E.
Then we can write E = E" + EV, where every component of E” dominates
W and EV is vertical. Since all fibers of f have the same dimension, the
image of any component of E¥ on W is a divisor. Then we can consider

up =sup{u|E’ — uf*B is effective}

for any prime divisor B on W. Then it is easy to see that up is a rational
number for any B and there are only finitely many divisors B such that
up > 0. Set

B'=) upB and E =E'-f'B.
B

Then Kx + A ~g w E" 4+ E’ and E' is effective. Moreover we see that £’
is very exceptional over W (cf. [4, Definition 3.1]).
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We run the (Kx + A)-MMP over W with scaling of an ample divisor
X:Xo——9X1——9»..——9Xi——+a.a.

Let f; : X; — W be the induced morphism and let F; be the general fiber
of f;. Recall that (F,Ap) has a good minimal model by the hypothesis.
Since k(F;, (Kx, + Ax,)|r,) = 0, we have

for any ¢ > 0. Therefore E?( + EY. is vertical and thus we have Kx, +
Ax, ~o,w ES( We note that ES( is very exceptional over W because the
(Kx +A)-MMP occurs only in Supp (E"+E’). Moreover Kx, +Ax, ~o. w
E' is the limit of movable divisors over W for any i > 0. Then EY, =0
by [4, Lemma 3.3]. Therefore Kx, + Ax, ~g,w 0 for some i. Let D be
a Q-divisor on W such that Ky, + Ax, ~g f*D. Then D is big since
I€(W, D) = H(Xi, Kx, + Axl) = dim W.

If (X, A) is klt, then (X, Ax,) is also kIt and (X;, Ax,) has a good mini-
mal model by Proposition 4.2. Note that W is in particular Q-factorial from
our assumption. On the other hand, if (X, Kx + A) < 4, then dim W < 4
and therefore (X;, Ax,) has a good minimal model by Theorem 6.1.

Therefore we see that (X, A) has a good minimal model. O

F, ~q Ex, F, ~Q0

Proof of Corollary 1.4. — Since (X, A) is not of log general type, we
have k(X, Kx + A) < 4. We take the litaka fibration f : X --» W, and
taking a resolution we can assume that f is a morphism. We can assume
k(X,Kx + A) > 0 because otherwise the statement is obvious.

Suppose that x(X,Kx + A) = 1. In general, there is a Q-divisor B
on W and a positive integer m such that R(X, m(Kx + A)) ~ R(W, mB)
(cf. [17]). Since W is a smooth curve, R(W, mB) is finitely generated. Then
R(X,m(Kx + A)) is finitely generated, and thus R(X, Kx + A) is finitely
generated.

Suppose that k(X, Kx +A) > 2. Let F be the general fiber of the Iitaka
fibration and let (F,Ag) be the restriction of (X, A). Then (F,Ar) is lc
and dim F' < 3 by construction, and thus (F,Ap) has a good minimal
model. Then (X,A) has a good minimal model by Theorem 1.3. Thus
R(X,Kx + A) is finitely generated. O
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