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L-INVARIANTS, PARTIALLY DE RHAM FAMILIES,
AND LOCAL-GLOBAL COMPATIBILITY

by Yiwen DING (*)

ABSTRACT. — Let F, be a finite extension of Q. By considering partially de
Rham families, we establish a Colmez—Greenberg—Stevens formula (on Fontaine—
Mazur L-invariants) for (general) 2-dimensional semi-stable non-crystalline rep-

resentations of the group Gal(Qp/Fy,). As an application, we prove local-global
compatibility results for completed cohomology of quaternion Shimura curves, and
in particular the equality of Fontaine-Mazur £-invariants and Breuil’s £-invariants,
in critical case.

RESUME. —  Soit F}, une extension finie de Qp. En étudiant des familles de
représentations galoisiennes partiellement de de Rham, on donne une formule de
Colmez—Greenberg—Stevens (concernant les invariants £ de Fontaine-Mazur) pour
les représentations semi-stables non cristallines de dimension 2 de Gal(Qp/F)).
Comme application, on montre dans le cas critique des résultats de compatibilité
local-global pour le H'-complété d’une courbe de Shimura quaternionique, et en
particulier I’égalité des invariants £ de Fontaine-Mazur et Breuil.

Introduction

Let F be a totally real number field, B a quaternion algebra of center F
such that there exists only one real place of F' where B is split. One can
associate to B a system of quaternion Shimura curves { M } i, proper and
smooth over F, indexed by compact open subgroups K of (B ®qg A>)*.
We fix a prime number p, and suppose that there exists only one place p of
F above p, let =, be the set of embeddings of F,, in Q,. Suppose B is split
at p, i.e. (B ®g Qp)* = GLo(F,) (where F,, denotes the completion of F’
at p). Let E be a finite extension of Q, su Lciehtly large containing all the

Keywords: L-invariants, partially de Rham families, locally analytic representations,
local-global compatibility.
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1458 Yiwen DING

embeddings of F, in Q,, with O its ring of integers and w a uniformizer
of Og.

Let p be a 2-dimensional continuous representation of Gal := Gal(F'/F)
over E such that p appears in the étale cohomology of My for K su [ciehtly
small (so p is associated to certain Hilbert eigenforms). By Emerton’s com-
pleted cohomology theory [27], one can associate to p a unitary admissible
Banach representation ﬁ(p) of GL,(F},) as follows: put

HY(K",E) = (Ii<_m lim Hi(Mgry, xr F, OE/wg)> Ro, E
n K]’)

where K* denotes the component of K outside p, and K, runs over open
compact subgroups of GLy(F,,). This is an E-Banach space equipped with
a continuous action of GLy(F,) x Galp xHP, where HP denotes certain
commutative Hecke algebra outside p over E. Put

1(p) = Homey (o, H' (KT, ).

This is an admissible unitary Banach representation of GL,(F,,) over E,
which plays an important role in p-adic Langlands program [11]. In [24],
it'’s proved that if the local Galois representation p,, := p|Ga1FP (where
Galp, = Gal(F,/F,)) is semi-stable non-crystalline and non-critical, then
one could find the Fontaine-Mazur L-invariants (£, )ses,, 0of p,, (Which are
invisible in classical local Langlands correspondence) in ﬁ(p), generalizing
some of Breuil’s results in [13].

However, when F, is dilerent from Q,, a new phenomenon is that
there exist 2-dimensional semi-stable non-crystalline Galr, -representations
which are critical (or more precisely, critical for some embeddings in X,)).
We consider this case in this paper. Denote by S.(p,) (resp. S,(p,)) the
set of embeddings where p,, is critical (resp. non-critical), one can associate
to p,, the Fontaine-Mazur L-invariants £, but only for embeddings ¢ in
Sn(pe). In this paper, we prove that these L-invariants can be found in
ﬁ(p), meanwhile, we prove a partial result on Breuil’s locally analytic socle
conjecture [15] for embeddings in S.(py).

One important ingredient in [24] is Zhang’s generalization [44, Thm. 1.1]
of Colmez-Greenberg-Stevens formula [22] (on L-invariants) in Fj,-case.
But the results in [44] are only for non-critical case. The following theorem
generalizes such a formula in general case, which is of interest in its own
right.

ANNALES DE L’INSTITUT FOURIER



L-INVARIANTS AND LOCAL-GLOBAL COMPATIBILITY 1459

THEOREM 0.1 (Corollary 2.3). — Let A be an affinoid E-algebra, V
be a locally free A-module of rank 2 equipped with a continuous A-linear
action of Galg,, let z be an E-point of A, and suppose

(1) V is trianguline with a triangulation given by
0 — Ra(61) — Diig(V) — Ra(d2) — 0,

where 0; are continuous characters of F[j in A%,

(2) V, := 2*V is semi-stable non-crystalline with L, € E for o €
Sn(V2) the associated Fontaine—-Mazur L-invariants (cf. Section 1.3,
where S,(V,) denotes the set of embeddings where V, is non-
critical),

(3) V is Sc(V,)-de Rham (cf. Section 2, where S.(V;) = Z, \ Sn(V2));

then the differential form

d |Og(515;1(p)) + Z ﬁod(Wt(51551)o) € Q114/E
o€Sn (V)

vanishes at the point z.

Such formula was firstly established by Greenberg-Stevens in [29,
Thm. 3.14] in the case of 2-dimensional ordinary Galg,-representations
by Galois cohomology computations. In [22], Colmez generalized this theo-
rem to 2-dimensional trianguline Galg,-representations case by Galois co-
homology computations and computations in Fontaine’s rings. Theorem 0.1
in non-critical case (i.e. S.(V.) = @) was obtained by Zhang in [44], by gen-
eralizing Colmez’s method. In [37], Pottharst generalized [29, Thm. 3.14]
to rank 2 triangulable (¢, IM)-modules (in Q, case) by studying cohomology
of (¢, M)-modules.

The hypothesis (3) in Theorem 0.1 is new but crucial. In fact, the state-
ment does not hold (in general) if the condition (3) is replaced by (only)
fixing the Hodge—Tate weights for o € S.(V.) (namely, replacing the S.(V.)-
de Rham family by S.(V,)-Hodge-Tate family). Partially de Rham families
appear naturally in the study of p-adic automorphic forms, e.g. one encoun-
ters such families when studying locally analytic vectors in completed coho-
mology of Shimura curves (e.g. see Proposition 4.14), or certain families of
overconvergent Hilbert modular forms (e.g. see Appendix A, in particular
Conjecture A.9). Note Theorem 0.1 also applies for families of F,-analytic
Galp,-representations (cf. [7], which in fact can be viewed as special cases
of partially de Rham families). Indeed, this theorem also includes the case
of parallel Hodge—Tate weights for some embeddings (and such embeddings
would be contained in S.(1.)).

TOME 67 (2017), FASCICULE 4



1460 Yiwen DING

Return to the global setting before Theorem 0.1, and suppose moreover
p is absolutely irreducible modulo wg, and p,, is of Hodge-Tate weights
ﬁz@ = (W?%)UEEW with w € 2Z, k, € 2Z3, (where we use
the convention that the Hodge-Tate weight of the cyclotomic character
is —1). Since p,, is semi-stable non-crystalline, there exists a € E*, such
that the eigenvalues of ¢ (where d, is the degree of the maximal un-
ramified extension in F,, over Q,) on Dy (p,,) are given by {«,p%a}. Put

2—w
2

alg(hy,) = ®ex, (Sym**? E? ®p det ~=)owhich is an algebraic
representation of Resy_ o, GLo over E, and

St(a,@zp) =unr(a) odet®Rp StRp alg(@zp) ,

which is in fact the locally algebraic representation of GLy(F|;) associated
to p, via classical local Langlands correspondence, where unr(c) denotes
the unramified character of F sending uniformizers to o, and St denotes
the usual smooth Steinberg representation of GL,(F|,). Moreover it’s known
St(a,ﬁzp) — ﬁ(p). By Schraen’s results ([41]) on Breuil’s £L-invariants, one
can associate to p,, a locally Q,-analytic representation Z(%th,ésn(pp))
of GL»(F,) over E (cf. Section 3, as suggested by the notation, this rep-
resentation is determined by «, hy, and QS"(%)), whose socle is exactly
St(aaﬁzp)-

THEOREM 0.2 (Theorem 4.22(2), Corollary 4.23). — Keep the
above notation, Z(a,th,ésn(%)) is a subrepresentation of the locally

Qp-analytic representation M(p)q,—an- Moreover,

Z(Oz,ﬁzp,égn(pp)) — M(p)g,—an
if and only jféign(%) =Ls, (p,)

This theorem shows the equality of Fontaine—-Mazur L-invariants and
Breuil’s L-invariants. As in [24], we use p-adic family arguments on both
Galois side and GL(F),) side. The main objects are eigenvarieties, where
live the locally analytic T'(F)-representations and Gal -representations.
On one hand, we use the global triangulation theory to relate the
Galp,-representations and T'(F,)-representations; on the other hand, the
locally analytic T'(F,)-representations and locally analytic GLo(F,)-repre-
sentations are linked by the theory of Jacquet—-Emerton functor ([26, 28]).
Roughly speaking, we get a picture as follows:

ANNALES DE L’INSTITUT FOURIER
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Locally analytic
T (F,)-representations
(Eigenvarieties)

Triangulation WUHCUOH formula
Jacquet-Emerton functor

Trianguline Locally analytic
Gal Fe -representations GLg3 (F,)-representations

All these relations are in family. The global triangulation theory and The-
orem 0.1 allow one to find the L-invariants in the related T'(F,)-represen-
tations. Via the second arrow, one can thus find the £-invariants on GL,-
side. A key fact is that the family of Galois representations associated to
locally T-analytic vectors of H'(KP?, E) is >, \ {r}-de Rham (cf. Theo-
rem 4.13), which ensures Theorem 0.1 to apply (this observation, together
with Schraen’s results [41] on Breuil’s L-invariants, in fact leads to the
discovery of the hypothesis (3) in Theorem 0.1).

For the critical embeddings, by using global triangulation theory and
Bergdall’s result, we prove some results on Breuil’s locally analytic socle
conjecture ([15]). Namely, for each o € S.(p,,), one can associate a locally
Qp-analytic representation I7(c, by, ) of GL2(F,) (see Section 3), which
can be viewed as a o-companion representation of St(c, by, ).

THEOREM 0.3 (Theorem 4.22(1)). — Keep the notation as in Theo-
rem 0.2, IS(«, ﬁzp) is a subrepresentation of MN(p) if and only if ¢ € Sc(p,).

Thus from ﬁ(p), we can read out S.(p,,) by Theorem 0.3, and then Ls,(0.)
by Theorem 0.2. Since p, is determined by {a, ks . Sn(pe), Ls, ()} We
see:

COROLLARY 0.4. — The local Galois representation p, is determined
by N(p)an-

We refer the body of the text for more detailed and more precise state-
ments.

In Section 1, we recall (and define) the Fontaine—-Mazur L-invariants in
terms of B-pairs, and develop some partially de Rham Galois cohomology
theory for B-pairs. We prove Theorem 0.1 in Section 2. In Section 3, we
recall Schraen’s theory on Breuil’s L-invariants of locally Q,-analytic rep-
resentations of GLo(F},). The content of these three sections is purely local.
In the last section, we prove Theorem 0.2 and Theorem 0.3. In Appendix A,
we study some partially de Rham trianguline representations.
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1. Fontaine—Mazur L-invariants

In this section, we recall (and define) Fontaine-Mazur L-invariants for 2-
dimensional B-pairs (see Definition 1.20 below). Let F, be a finite extension
of Q, of degree d with O, the ring of integers and « a uniformizer, ¥, :=
{o: F, — Q,}, Galp, := Gal(Q,/F,). We fix an embedding « : F, — B
(and hence embeddings ¢ : F,, — C,, Bar), and view B(J{R, Bar, C,, as F,-
algebras via . Let E be a finite extension of Q, su Lciehtly large containing
all the embeddings of F,, in Q,. For an F,-algebra R and o € Z, put
R, := R®p, , E (e.g. we get E-algebras BQ“R}U, Bar.o» Cp); for an R-
module M, put M, := M ®gr R,.

1.1. Preliminaries on B-pairs

Let B, := B®Z!, recall

cris !
DEFINITION 1.1 ([6, 82]).

(1) A B-pair of Galp, is a couple W = (We,WJR) where W, is a
finite free B.-module equipped with a semi-linear continuous ac-
tion of Galr,, and WJR is a Galp,-stable B(TR—Iattice of Wyr =
We ®p, BCTR. Let r € Z~, we say that W is (a B-pair) of rank r if
rkBe W, =r.

(2) Let W, W’ be two B-pairs, a morphism f : W — W’ is defined
to be a B.-linear Galp, -invariant map f. : W. — W such that
the induced Bgr-linear map far = fe @ id : Wyr — Wiy sends
W(TR to (W' )IR. Moreover, we say that f is strict if the B('IR—modu]e
(W Ix/ Fir(WiR) is torsion free, where fi; == de|W§R'

ANNALES DE L’INSTITUT FOURIER
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By [6, Thm. 2.2.7], there exists an equivalence of categories between the
category of B-pairs and that of (,, I')-modules over the Robba ring B;fig’F@
(e.g. see [6, §1.1]).

Let A be a local artinian E-algebra with residue field E.

DEFINITION 1.2 ([34, Def. 2.11, Lem. 2.12]).

(1) An A-B-pair is a B-pair W = (W, W) such that W, is a finite free
B. ®q, A-module, and W is a Gal, -stable finite free Bl ®q, A-
submodule of Wyr = W, ®p, Bar, which generates Wqar. We say
W is (an A-B-pair) of rank r if tkp, g, 4 We = 1.

(2) Let W, W' be two A-B-pairs, a morphism f : W — W' is de-
fined to be a morphism of B-pairs such that f. : W, — W/ (cf.
Definition 1.1(2)) is moreover B, ®q, A-linear.

As in [33, Thm. 1.36], one can deduce from [6, Thm. 2.2.7] an equivalence
of categories between the category of A-B-pairs and that of (¢, ")-modules
free over R4 := B, 1 8, A.

Let W be an A-B-pair of rank r. By using the isomorphism

(1.1) Fo@9, A= [[ A a®@b (0(@)b)oes, ,
ocX,

one gets By ®g, A = Ggexn, Bir, and Wiz — @oex, Wig ,, Where
« € {0,+). Put Do(W) := W™ and Dar(W) := Wf;IF“. The last one
is thus a finite F|, ®g, A-module, and admits a decomposition (accord-

ing to (1.1)) Daqr(W) = ] Dgr(W),. For o € 2, one has in fact

oEX,
Gal
Dar(W)o = Wy o
DEFINITION 1.3. — Keep the above notation, let o € 2, W is called

o-de Rham if Dgr(W), is a free A-module of rank r; for S C X,, W is
called S-de Rham if W is o-de Rham for all o € S (thus W is de Rham if
W is Z,-de Rham).

Remark 1.4. — Let W be an A-B-pair, for o € Z,, W is o-de Rham if
and only if W is o0-de Rham as an E-B-pair. The “only if” part is trivial.
Suppose W is o-de Rham as an E-B-pair, denote by m 4 the maximal ideal
of A, and d4 := dimg A, thus dimg Dgr (W), = rd4. Consider the exact
sequence 0 — mgDgr(W)s — Dar(W)s — Dar(W/m4),, we deduce the
last map is surjective and dimg Dar (W/m4), = r by dimension calculation
(since dimgmaDgqr(W), = dimg Dgr(maW), < (da — 1)r), from which
we deduce Dggr (W), is a free A-module.

TOME 67 (2017), FASCICULE 4



1464 Yiwen DING

DEFINITION 1.5. — An A-B-pair W of rank r is called triangulable if it’s
an successive extension of A-B-pairs of rank 1 | i.e. W admits an increasing
filtration of sub-A-B-pairs W; for 0 < i < r such that Wy =0, W, = W,
and W;/W;_1 is an A-B-pair of rank 1.

Denote by B4 = (B. ®q, A,B;{R ®q, A) the trivial A-B-pair. Let x
be a continuous character of F¥ in A, following [34, §2.1.2], one can
associate to y an A-B-pair of rank 1, denoted by B4(x) (and we refer to
loc. cit. for details). By [34, Prop. 2.16], all the rank 1 A-B-pairs can be
obtained in this way: let W be an A-B-pair of rank 1, then there exists
a unique continuous character x : FJ — A* such that W = Ba().
For a continuous representation V' of Galg, over A, denote by W (V) =
(Be ®q, V; Bix ®q, V) the associated A-B-pair. The Galg, -representation
V is called trianguline if W (V) is triangulable.

1.2. Cohomology of B-pairs

Recall the cohomology of E-B-pairs (note that A-B-pairs can also be
viewed as E-B-pairs). Let W = (W,, W) be an E-B-pair, following [33,
§2.1], consider the following complex (of Galr, -modules)

C W) = W, & Wi, 2925 gy
Put H(Galg,, W) := H(Galg,, C*(W)) (cf. [33, Def. 2.1]). By definition,
one has a long exact sequence
(1.2) 0— H°(Galp,, W) — H(Galp,, W.) & H*(Galp,, W)
— H(Galp,, War) 2 H'(Galg,, W)
— H? (Gale, We) D ]’Il(Galng7 W;R) — Hl(Gale s WdR) .
For an E-B-pair W, denote by WV the dual of W

wVY = (Wev = Homp, gq, 5(We, Be ®q, E),
(WV)&LR = HomB;R%pE(WjR, B(;,LR ®q, E))

where W, (WVY)i; are equipped with a natural Galp,-action. One can
check WV is also an E-B-pair.

Remark 1.6. — As in [33, Def. 1(3)], one can also consider the dual W’
of W as B-pair with W/ := Homp,_ (W, B.) and (W)} := Homp+ Wik,
Bjr) (equipped with a natural Gal F, -action). Moreover, W/, (W)ix can

ANNALES DE L’INSTITUT FOURIER
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be equipped with a natural E-action: (a- f)(v) := f(av). One can check this
action realizes W' as an E-B-pair. Moreover, the trace map trg g, : £ —

Qp, induces bijections W = W/ and (W) i, — (W')ig: f + trg g, of,
and these bijections give an isomorphism W = W' as E-B-pairs.

Denote by W (1) the twist of W by W (xcyc) Where xy. is the cyclotomic
character of Galr,, (base change to E):

W@ = (W@ = We 85,00, WKeyedes
Wi = Wik OBt 2o, E W(chC);{R)'
By [33, §2] and [34, 85], one has

PROPOSITION 1.7.
(1) HY(Galp,,W)=0ifi ¢ {0,1,2}, and
2
> (1)’ dimg H'(Galp,, W) = —d(rk W).
i=0
(2) There exists a natural isomorphism H*(Galg,, W) = Ext"(Bg, W),
where Ext!(Bg, W) denotes the group of extensions of E-B-pairs
of Bg by W.
(3) Let V' be a finite dimensional continuous Galf, -representation
over E, then we have natural isomorphisms H*(Gal Fo,W(V)) =
Hi(GaIF@, V) for all i € Z}O.
(4) The cup-product (see [34, 85] for details)
(1.3) U:HYGalg

) W) X Hz_i(GaIF@: WV (1))

— H*(Galp,, Bp(1)) = H*(Galg,, Xcye) = E
is a perfect pairing for i = 0,1, 2.

Remark 1.8.

(1) In fact, in [34, §5], it’s shown that the cup-product Hi(GaIFp, W) x
H?* "(Galp,,W'(1)) — H*(Galg,,Q,(1)) = Q, is a perfect pairing
(see Remark 1.6 for W’). By discussions in Remark 1.6, identifying
WY and W', this pairing then is equal to the composition of (1.3)
with the trace map trg,q,, from which one deduces (1.3) is also
perfect.

(2) Let W be an E-B-pair, for an exact sequence of F-B-pairs

00— W, — Wy — W3 —0,

TOME 67 (2017), FASCICULE 4
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one has the following commutative diagram

Hi(Galg,,Ws) xH/(Galp,,W) —— Ht(Galp,, Ws @ W)

| H |

HHY(Galg, W) x HI(Galg,, W) —— H it (Galg,, W, @ W),
where the §’s denote the connecting maps, U the cup-products, and
W; ® W is the E-B-pair given by (W; @ W), := (W), ®B.®q, E We,
(Wi @ W) g = (Wi)ir ©Bt.@q, B Wik-

(3) If W is moreover an A-B-pair, by the same argument as in [33, §2.1],
one can show there exists a natural isomorphism Hl(GaIFp, w) =
Ext' (B4, W) as A-modules, where Ext' (B4, W) denotes the group
of extensions of A-B-pairs of B4 by W.

Put (cf. [33, Def. 2.4])
H,(Galp,,W) = Ker[H'(Galp,, W) — H'(Galp,, War)] ,
H!(Galp,, W) = Ker[H"(Galg,, W) — H'(Galg,, W.)],
where the above maps are induced from the natural maps
c*(W) — [W, — 0] — [War — 0].
Note that by (1.2), the map H'(Galy,,W) — H'(Galp,, War) factors
through (up to +1) the natural map H'(Galg,, W) — H'(Galp,, Wi). If

W is a de Rham A-B-pair, let [X] € H'(Galp,, W) = Ext' (B4, W), then
X is de Rham if and only if [X] € H,(Galp,,W). Moreover, in this case,
by [33, Lem. 2.6], the natural map H'(Gals,, W) — H'(Galg,, War) is
injective, thus H}(Galg,, W) = Ker[H*(Galg,, W) — H"(Galg,, Wir)].
One has as in [33, Prop. 2.10]

PRrROPOSITION 1.9. — Suppose W is de Rham, the perfect pairing (1.3)
induces an isomorphism

H,(Galp,,W) = H}(Galp,, W (1))".
For J C X, J#0, put
H, ;(Galg,,W) := Ker[H'(Galg,

©?

W) = @oesH' (Galp,, War,o)],
where the map is induced by
C.(W) — [WdR — 0] — [@geJWdR,g — 0]
Thus we have H;?ZP(GaIFp7 W) = Hj(Galg,, W),
H, ;(Galg,, W) = N,esH, (Galg,, W),

ANNALES DE L’INSTITUT FOURIER
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and Hl(GaIFp, W) — @UEJHl(GaIFWWdRJ) factors through (up to £1)
the natural map Hl(GaIFp, W) — @UEJHl(GaIFp, WdJ“R’U) (see the discus-
sion above Proposition 1.9). Moreover, suppose W is a J-de Rham A-B-
pair, for [X] € H'(Galp,, W) = Ext' (B4, W), X is J-de Rham if and only
if [X] € Hgl)J(GaIF@,W). By the same argument as in [33, Lem. 2.6], one
has

LEMMA 1.10. — Let J C X, J # 0, suppose W is J-de Rham, then
the map
©ocsH' (Galp,, Wiko) — DocsH' (Galp,, War,»)
is injective.
Thus if W is J-de Rham, then one has
(14) H, ;(Galp,, W) = Ker[H'(Galg,, W) = ©ocsH' (Galg,, Wik )]

LEmMMA 1.11. — Let J C X, J # 0, suppose W is J-de Rham, if
HO(Galy,, Wi ,) =0 forall o € J, then H!. ,(Gal,, W) = H'(Galg,, ).

Proof. — It’s su [cieht to prove H, ,(Galr,, W) = H'(Galg,, W) for
all o € J. Since W is o-de Rham and HO(GaIFp,WjRJ) = 0, we see
W(TRJ = @igz%(tiB(TR,o)”i where n; = 0 for all but finite many i. However,
for i € Z1, H'(Galp,,t'B; ,) = 0, thus H'(Galp,, Wi ,) = 0, from
which (and (1.4)) the lemma follows. O

For an E-B-pair W, 0 : F} — EX, put W(0) := W ® Bg(5) (see
Remark 1.8 (2) for tensor products of £-B-pairs, and Section 1.1 for Bg(9)).
If there exist k, € Z for all o € X, such that § = [,y ok, then by [33,
Lem. 2.12], one has natural isomorphisms

(15) W) =W, WO g = Goecx, W) ir.o = Soes, Wik -
Thus if k, € Z3( for all o € =, one gets a natural morphism
(1.6) it W) — W

with j. = id and j i the natural injection @, cx t* Wi , < ®oes, Wik -

Let J C X, J #0, W be a J-de Rham E-B-pair, let k, € Z>¢, such
that (t* Wi, )97 =0 for o € J (thus th- Wi | = e, (' Bl )™
with n; = 0 for all but finite many i for o € J), let § :=[], ., o%e. The
morphism (1.6) induces an exact sequence of Galr,_-complexes

0 — [W(8)e ® W) jx — W(0)ar] — [We & Wik — War]
- [@aeJ(W;R,a/tk" Wir,») = Ol
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Taking Gal g, -cohomology, one gets
0 — H°(Galp,, W(8)) = H(Galp,, W) = ©ec,H(Galp,, Wi ,/t*)
— H'(Galp,, W()) - H'(Galp,, W) = @y, H' (Galg,, Wi ,/t*).

©? ©)

By our assumption on k,, H°(Galr,, W(9)) = 0 and H'(Galr,, W ,) =
H'(Galg,, Wi ,/t") for i = 0,1, from which and Lemma 1.10 (and the
discussion above it), one gets

(L.7) 0— H°Galp,, W) = @,esH(Galr,, Wi )

— H'(Galp,,W(5)) — H, ;(Galp,,W) =0,
which would be useful to calculate Hgl,J(Gale,W). At last, note that
a morphism of E-B-pairs W; — W5 induces a map Hl(GaIF@,Wl) —
H'(Galp,, W3) which restricts to maps H}(Galg, , W) — H}(Galg,, W>)
with x € {e,g,{g, J}}.

1.3. Fontaine—Mazur L-invariants

Let x be a continuous character of F* in £, x is called special if there
exist k, € Z for all o € X, such that

x=unr(g™ ") [ o* =xeye [ o
oEX,, oEX,,

where unr(z) denotes the unramified character of F¥ sending uniformizers
to z. In this section, we associate to [X] € Hgl(GaIFp, Bg(x)) the so-called
Fontaine-Mazur L-invariants for special characters y.

Let x = Xeye Haezp oke=1, by [33, Lem. 2.12], Br(x). = (B. ®q, E)t,
Be(X\)ir = @oes, t" Big,. Put n = [],c5 o'~*, thus Bg(n) =
BE(X)V(]-)! Be(m)e = Be dq, FE and BE(”)IR = @aeEptlika BJRJ- Put

(1.8) Sc(x) ={oeZ,| ks € Zgo},
San(x) ={oc €, | ko € Zx1},

thus Bg(x) is non-S, (x)-critical (cf. Definition A.2). By [33, Prop. 2.15,
Lem. 4.2 and Lem. 4.3], one has

LEMMA 1.12. — Keep the above notation.
Q) If S.(x) = 0, then
dimg H(Galg,, Be(n)) = dimg H*(Galr,, Bp(x)) = 1,
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and
dimg H'(Galp,, Bp(x)) = dimg H'(Galp,, Bp(n)) = d+1;
if Sc(x) # 0, then
dimg H'(Galp,, Bp(x)) = dimg H'(Galp,, Bg(n)) =0
fori =0, 2, and
dimg H'(Galy,, Be(x)) = dimg H'(Galg,, Be(n))
=d(=[F, Q).
(2) We have

dimg H; (Galr,, Be(x)) = d — |S.(x)|

and
dimg Hy(Galr,, Be(x)) = d+1—|S.(X)!.
If S.() =0,
dimg H,(Galg,, Bg(n)) = 0;
if Se(x) 7 0,

dimg H!(Galg,, Be(n)) = |S.(x)| — 1.

Suppose first S.(x) = 0 (thus H}(Galr,, Be(x)) — H'(Galg,, Be(x))),
we would use the cup-product

(19) <~,'>:Hl(Galpp,BE(X))XHl(Ga|Fp,BE)
— H*(Galp,, Bp(x)) = E
to define L-invariants for elements in Hl(GaIFW, Be(x)).
LEMMA 1.13. — The cup-product (1.9) is a perfect pairing.

Proof. — The natural morphism j : Bg(x) — Bg(1) (cf. (1.6)) induces
an exact sequence of Gal, -complexes

(1.10) 0 — [Be(X)e ® BE(X)dr = Be(X)ar]
— [Be(1)e ® Be(1) gz = Be(1)ar]

N [@UEEWtBQ_R}O-/tkﬁ B('IR)U — 0] — 0.
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Since H'(Galp,,tBjy ,/t**Bi; ,) = 0 for any i € Zx,, we see j induces
isomorphisms H*(Galy,, Bg(x)) — H'(Galg,, Bp(1)) for i € Z3,. More-
over, the following diagram commutes

H'(Galg,, Bp(x))xH"(Galg,, Bg) —— H>(Galr,, Bx(x))

HY(Galp,, Be())x H(Galg,, Bp) —— H*(Galp,, Bp(1)).
Since the cup-product below is perfect by Proposition 1.7(4), so is the above
one. 0

Recall that H'(Galy,, Bg) = H'(Galp,, E) = Hom(Galp,, E), where
the last denotes the E-vector space of continuous additive characters of
Galp, in E. Before going any further, we recall some facts on additive
characters of Galg, .

1.3.1. A digression: additive characters of Galr,

Let Wg, denote the Weil group of Fi,. We fix a local Artin map Artg, :
Fx = W;L:j sending uniformizers to geometric Frobenius. One has thus

H'(Galp,, Bg)=H"(Galg,, E)=Hom(Galr,, E)=Hom(Gal} , F)
(1.11) L Ar,
=Hom(Wp., E) — Hom(F, E)
where the fourth isomorphism follows from the fact that any character of
Z in E gives rise to a continuous character of 7 := h(Lnﬂ Z/nZ in E. \We
would identify these E-vector spaces via (1.11) with no mention.
For a uniformiser « € F* one gets a character ¢, : F,' — O/ which
is identity on (’)g and sends w to 1 . Let ¢, := o ologoey : pr — F
for o € X, and ¢y, : Fg — Z be the unramified character sending p to 1
(thus sending w to e~ 1).

LEMMA 1.14. — {45 = }sex, and ¢, form a basis of Hom(F, E).
Proof. — One has isomorphisms

(1.12) Hom(Og, E) = Homg, (Fy,, E)

= Homg(F, ®q, E, E) = Homg ( 11 EE)

oEX,,
where the first isomorphism is induced by the log map. For 7 € >, one sees

Tolog: Of — E corresponds to the map Haezp E,— E, (a5)esx, + ar.
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So {0 olog}sex, form a basis of the E-vector space Hom(Oy, F), and
hence {¢, = }sex, form a basis of the E-vector subspace of Hom(F.*, E)

generated by characters sending w to 0. The lemma follows. O
The cyclotomic character x.,. of Galr, corresponds (via Artr, ) to the
NF@/Q‘;)

character FY ——— Q, — Z, with the last map being identity on
Z, and sending p to 1. Consider the restriction of NFW/QP to O, which
corresponds (via (1.12)) to the map tr € HomE(HUGEp EE) : (a5)s —
Zaeng, o(a,). This map is in fact a generator of HomE(HJGEp E, FE) over
F,®q, E. Forany f € F,®q, I, denote by v ¢, the character F. — E such
that wf7p|og§ coincides with the preimage of f - tr HomE(ngz@ E.E)
in Hom(Og, E) via (1.12) and that vy ,(p)=1. For 7 € X, denote by
1, € F, ®q, F = ngz@E with (1), = 1 and (1,), = 0 for ¢ # 7.
Let ¢, = ¢, to simplify, we see ¢, o = ., + 7(log(p/@))Yu: (by
comparing their values of p and OF). In particular, {¢;;}sex, and ¥y,
also form a basis of Homg, (F, E).

For 7 € %, the embedding ¢ : F,, < By induces ¢, : E < B, . —
C,p,-. One gets

1 HY(Galp

©?

E) — H'(Galp

. Bir,) — H'(Galg,,C, ;).

For ¢ € Hl(GaIFp,E), 1 is mapped to zero if and only if there exists = €
C,,~ such that x(g) = g(x) — =. It’s known that for any ./ # ¢ : F, — C,,
there exists u,, € CJ, such that g(u,) = (v o £5(g)) - u,y (Where e, is
viewed as a character of Galr, via Artg, ), put =, := log(u,/), we have
g(z,)) — x, = logoe,(g). From which we deduce that for any " # 7,
1 (17 ) = 0. Similarly, we have ¢ () = 0. So ¥, € Hj(Galf,, Bp) =
H,(Galg,, E) = ker[H'(Galp,, E) — H'(Galg,, ®scx,Bar,o)], and is a
generator of H;(Galpp, Bg) (which is 1-dimensional over E). For S C %,
recall H; o(Galr,, E) = Ker[H'(Galf,, F) = ©,esH' (Galr,, Bar,o)], by
the above discussion, one has

LEMMA 1.15. — The E-vector space H, 4(Galr,, E) is of dimension
|2, \ S|+ 1, and is generated by {tsw}oex, \s and Py, (thus can also be
generated by {sp}toes \s and Yu;).

1.3.2. L-invariants

Return to the situation before Section 1.3.1 (thus x is a special character
with S.(x) = 0). Let [X] € H*(Galp,, Be(x)) = Hgl(GaIFWBE(X)), by
Proposition 1.9 and Lemma 1.15, [X] € Hel(GaIFp,BE(X)) if and only if
([XT, ¥ur) = 0 (cf. (1.9)).
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DEFINITION 1.16 (non-critical case). — Keep the above notation, if

[X] ¢ Hé(Galea BE(X))7 foro € ZKH pUt E(X)(T = <[X]77/)<T,p>/<[X]77/)ur> S
E (cf. (1.9)), and the {L(X)s}sex, are called the Fontaine-Mazur L-
invariants of X; if [X] € H} (Galg,, Be(x)), we define the Fontaine-Mazur
L-invariants of X to be (L(X)o)oes, = ([X], Yo p))oex, € PIHE).

Remark 1.17. — Let X' = unr(g~") [[,cy,_ 0" with L <k, <k, for all
o € . The natural morphism j : Bg(x) — Bg(x’) induces isomorphisms
j 1 H(Galp,,Br(x)) — H'(Galg,,Bg(x')) for i € Z>, (by the same
argument as in the proof of Lemma 1.13), moreover, the following diagram
commutes

H'(Galg,, Be(x)) xH'(Galr,, Bs) —— H*(Galr,, Bo(x))
HY(Galy,, Bp(x))xH'(Galp,, By) —— H*(Galr,, Be(x)).

We see by definition (ﬁ(X’)g)gegp = (L(X)o)oes, if [X'T=i([X]) (up to
scalars).

Consider now the case S.(x) # 0 (i.e. the critical case). Let

=y H ol7F =unr(¢1) H oke H o,

7€Sc(x) 7€Sn(x) €S (x)

thus x* is also special and S.(x*) = 0. The natural morphism of j :
Be(x*) — Bg(x) (cf. (1.6)) induces a map j : H'(Galp,, Be(x*)) —
H'(Galr,, Be(x))-

LEMMA 1.18. — Im() = H;)SC(X)(GaIFWBE(X)) = H)(Galr,, Be(x))-

Proof. — By (1.7), Im() = Hglﬁsc(x)(GaIFp,BE(x)). By Lemma 1.11,
H; ,(Galp,, Be(x)) = H'(Galg,, Bp(x)) for o € S,.(x), and hence

H) 5 (Galr,, Be(x)) = Hj(Galr,, Be(x))-

The lemma follows. O

Let 7/ =], c5. (" ", 50 x* = x7'. We claim the cup-product

(1.13) H'(Galr,, Be(x)) x H'(Galr,, Be(n)) — H*(Galg,, Be(x*))
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is a perfect pairing. Indeed, similarly as in the proof of Lemma 1.13, this
follows from the commutative diagram (recall n = x ™! xcyc):

HY(Galp,, Bp(x))xH'(Galr,, Bu(n)) —— H*(Galr,, Bs(x*))
HY(Galp,, Bp(x))x H (Galp,, Be(n)) —>— H(Galr,, Bu(1)).
One deduces from Proposition 1.9 that this pairing induces isomorphisms
H,(Galr,, Bp(x)) = H}(Galg,, Be('N*,
H}(Galp,, Bp(x)) = H)(Galg,, Be(n')) ™.

(1.14)

Let j’ denote the natural morphism Bg(n’) — Bg, the following diagram
commutes

H'(Galp,, Be(n))x H'(Galg,,

(1.15) v i

H'(Galp,,Bg) xHYGalp,, Bp(x*)) — H*(Galr,, Bp(x")).

By (1.7), Im(}’) = H;SC(X)(GaIFp,BE).

LEMMA 1.19. — Denote by (-,-), the bottom (perfect) pairing in (1.15),
then the following pairing

Br(x)) — H*(Galr,, Be(x"))

(116) (-,-):H, s () (Galr,, Bg) x Hy(Galr,, Be(x))
— H?*(Galp,, Be(x*)) = E,
with (z,y) := (z,y*),, where y* is a preimage of y in H'(Galg,, Bp(x")),

is independent of the choice of y* and is a perfect pairing. Moreover, this
pairing induces an isomorphism H; (Galg,, Bp)t = H! (Galg,, Be(x))-

Proof. — The independence of the choice of »* follows from the commu-

tativity of (1.15) and the fact Im(’) = H;SC(X)(GaIFWBE). Indeed, for

y' € H'(Galg,, Be(x"), if i(y') =0, by (1.15), Im(") C (E - y)*".
By (1.14), the top pairing in (1.15) induces a perfect pairing

H'(Galp,, Be(n))/H(Galr,, Be(n')) x Hy(Galg,, Be(x)) — E.
We claim j’ induces an isomorphism
H'(Galg,, Be(n))/H, (Galg,, Be(n')) = H, s (Galr,, Br),

from which one can easily deduce (1.16) is perfect. Since H} (Galg,, Bg) =
{0}, HX(Galp,,Bg(n')) C Ker(j) (note i’ sends H!(Galr,, Bp(n')) to

©?
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H}(Galp,,Bg) = 0). By Lemma 1.15,
dImE Im(;’) = dImE H;’SC(X)(Galpp, BE) = |Sn(X)‘ + 1;
by Lemma 1.12,
dimg H'(Galp,, Be(n')) = d
and
dimg H, (Galr,, Be(1)) = [S.(x)| — 1.

By dimension calculation, the claim follows.

The second part follows from (1.14) and the fact that the map j’ sends
H;(GalFKJ,BE(U/)) to H;(GaIFW,BE). O

Using this pairing and Lemma 1.15, one can now define Fontaine-Mazur
L-invariants in general case:

DEFINITION 1.20 (general case). — Let x be a special character of I},
[X] € Hy(Galr,. Bp(X)), if [X] ¢ H;(Galr,, Bp(X)), for o € Su(x), put

L(X)o = ([X],Y0,p)/{[X],Yur) € E (cf. (1.16)), and {L(X)o }es, (v) aTe
called the Fontaine-Mazur L-invariants of X; if [X] € H}(Galr,, Be(x)),
we define the Fontaine-Mazur L-invariants of X to be (L(X)s)ses, (x) =

([X], Yo p)oes, (v) € PITXITIE) (cf. (1.16)).
Remark 1.21. — Keep the above notation, and let
[X] € Hy(Galg,, Be(x)), [X*]le H'(Galr,, Be(x"))
such that j([X*]) = [X], then we have
(LX) ves, () = LX) ses, () -

Let X be a 2-dimensional triangulable E-B-pair with a triangulation
given by
0 — Bg(x1) = X = Be(x2) — 0.
We denote by (X, x1, x2) a such triangulation. The E-B-pair X is called
special if Xlxgl is special. Suppose X is special, let
[Xo] € H'(Galg,, Be(x1xz ")

be the image of [X] via the isomorphism

Ext'(Br(x1), Be(x2)) — H'(Galr,, Be(xix5 ")) -

If [Xo] € H;(Galpp, Br(xix3 '), we define the L-invariants of (X, x1, x2)
to be the L-invariants of [Xy]; if moreover [X,] ¢ Hel(GaIFp, BE(Xlxgl)),
these are called £-invariants of X (since in this case, X admits a unique
triangulation, cf. [33, Thm. 3.7]).
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Let V' be a 2-dimensional semi-stable representation of Galr, over E,

and
0— Be(x1) > W(V) = Be(x2) — 0

a triangulation of W (V). Suppose Xlxgl is special, which is equivalent to
that the eigenvalues a1, oy of the E-linear operator p% on Dy (V) satisfy
alagl = q or ¢—'. One defines the L-invariants of (V, x1,x2) to be the
L-invariants of (W (V), x1, x2), which are called the Fontaine-Mazur L-
invariants of V' if V' is moreover non-crystalline.

2. L-invariants and partially de Rham families

Let x be a special character of F in £, X be a character of F/ in
(E[€]/€%)* such that ¥ = x (mod €). So there exists an additive character
¢ of F¥ in E' such that X = x(1+¢y). By results in Section 1.3.1, there exist
a, € E forall 0 € 2, and a,, € E such that ¢ = ay )y, + ZUEE@ oY p-

Let X be an El[e]/e-B-pair of rank 2 such that

[X] € H'(Galp,, Bgg,e (X)) = Ext' (Bgiq e, Bpig e (X)) -
Denote by X, := X (mod ¢), which is a triangulable E-B-pair and lies in
H'(Galr,, B(x)). Suppose X, is de Rham (i.e. [X,] € H,(Galr,, Be(x))),
and denote by Lg ) = (Lo)oes, (x) the associated L-invariants (cf. Defi-
nition 1.20). This section is devoted to prove the following theorem.

THEOREM 2.1. — Keep the above notation, and suppose X is S.(x)-de
Rham (cf. Definition 1.3), then

@.1) Qyr + Zaesn(x) asL, =0 if Xy is non-crystalline,
) ZaeSn(x) acLy, =0 if Xy is crystalline.
Remark 2.2.

(1) Such formula was firstly established by Greenberg-Stevens [29,
Thm. 3.14] in the case of 2-dimensional ordinary Galg,-representa-
tions by Galois cohomology computations. In [22], Colmez general-
ized [29, Thm. 3.14] to 2-dimensional trianguline Galg, -representa-
tions case by Galois cohomology computations and computations in
Fontaine’s rings. Theorem 2.1 in non-critical case (i.e. S.(x) = 0) was
obtained by Zhang in [44], by generalizing Colmez’s method. In [37],
Pottharst generalized [29, Thm. 3.14] to rank 2 triangulable (p,I")-
modules (in Q, case) by studying cohomology of (¢, ')-modules.
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(2) The hypothesis X being S.(x)-de Rham would imply that a, = 0
for all o€ S.(x). In fact, X being S.(x)-de Rham implies Bg 2 (X)
being S.(x)-de Rham. We claim that B2 (X) is S.(x)-de Rham if
anonly if a, =0 for all o € S.(x). Indeed, it’s easy to see Bg,c2(X)
is Sc(x)-de Rham if and only if By c2(1 + ve) is S.(x)-de Rham.
Viewing Bgjq/.2(1+1¢) as an extension of Br by By defined by ¢ €
Hl(GaIFp, Bg) (cf. Section 1.3.1), we see B 2 (1+¢) is Se(x)-de
Rham if and only ¢ € H;,sc<x)(Ga|anBE)’ which is equivalent to
that a, = 0 for all o € S.(x) by Lemma 1.15. However, the converse
is not true. This is a new subtlety: the formulas in (2.1) do not hold
(in general) if one only assumes a, = 0 for all o € S.(x) (e.g. see the
discussion before Lemma 2.7 below).

We translate this theorem in terms of families of Galois representations.
Let A be an al[nald E-algebra, V' be a locally free A-module of rank 2
equipped with a continuous Gal y, -action. Thus Dar (V) :=(Bar®q,V)“*'"e
is an A ®q, F,-module. Using A ®q, F, = [Les, A a®b = (ac(b))s,
one can decompose Dgr(V) = Goex, Dar(V)o. For o € ,, we say V' is
o-de Rham if Dar(V), is locally free of rank 2 over A. Let R4 := Rp®xrA,
one can associate to V' a (¢, IN)-module D,;z(V') (cf. [31, Thm. 2.2.17]) over
R 4. Suppose D,i(V') sits in an exact sequence of (¢, M)-modules over R 4
as follows:

0 — Ra(61) — Dyig(V) — Ra(d2) — 0,

where §; : F,, — A* are continuous characters, and we refer to [31,
Const.6.2.4] for rank 1 (¢, N)-modules associated to characters. For a con-
tinuous character x of F¥ in A*, y induces a Q,-linear map

A By — A, s L x(exp(ar))lao,

and thus an E-linear map dx : F, ®q, £ = ]],cx £ — A. So there exists

(Wt(x)s)oesx, € APl called the weight of x, such that dy((ac)ses,) =
Zaezp a, Wt(x),. Let z be an E-point of A, and §; , := 2*J;, suppose

o V., := 2z*V is semi-stable;
e 01,65 1 is special.

Put S, (V2) := Sn(61,205 1), Se(V2) = Se(b1,2052) (cf. (1.8)), and Lg, (v,
the Fontaine—-Mazur L-invariants of V. By Theorem 2.1, one has
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COROLLARY 2.3. — Keep the above notation, suppose moreover V is
S¢(V>.)-de Rham, then the differential form in Q1 B

dlog(6165 1 (p)) + LodWt(61651),) if V. is non-crystalline
2 c€Sn(V2) 2
Zaesn(vz) Ead(Wt(51551)g) if V, is crystalline

vanishes at z.

Remark 2.4. — Partially de Rham families would appear naturally in
the study of p-adic automorphic forms, e.g. one encounters such families
when studying locally analytic vectors in completed cohomology of Shimura
curves (see Proposition 4.14 below), or certain families of overconvergent
Hilbert modular forms (see App. A below). Note that this formula also
applies for families of F,-analytic Galr, -representations (cf. [7], which can
be viewed as special cases of partially de Rham families).

The rest of this section is devoted to the proof of Theorem 2.1. We use
Pottharst’s method [37] (but in terms of B-pairs). It’s clear that X being
S:(x)-de Rham is equivalent to saying that B/ .2(X) is Sc(x)-de Rham

and [X] € Hgl_’SC(X)(GaIFp,BE[e]/ez(i)). As discussed in Remark 2.2(2),

Bgiq/e2(X) being S.(x)-de Rham is equivalent to that a, = 0 for all o €
Sc(x). Thus it’s su [cieht to prove

PROPOSITION 2.5. — Suppose a, = 0 for all o € S.(x) and [X] €
H;}SC(X)(GaIFp,BE[e]/EZ (X)), then the formulas in (2.1) hold.

Let k, € Z for all o € =, such that x = unr(g~") [, ez, oko. One has a
natural exact sequence of E-B-pairs

(2.2) 0= Bp(x) = Bgjg/e(X) = Be() — 0,

by taking cohomology, one gets an exact sequence

(2.3) 0— H'(Galp,, Bu(x)) = H (Galr,, Bri /(X))
% H'(Galp,, Bu(x)) & H*(Galg,, Be(x)).

Note «([X]) = [Xo]. We suppose ¢ # 0 (since the case ¢ = 0 is trivial).

First consider non-critical case (i.e. S.(x) = 0), thus k, € Z>, for all
o € . In this case, one has H'(Galr,, Be(x)) = H,(Galr,, Be(x)),
which is of dimension d + 1 over E. One also has

LEMMA 2.6.
dimg H'(Galp,, Bp(q (X)) = 2d + 1.
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Proof. — Let W := Bpge2(X) for simplicity, one has
2
> (-1)'H'(Galp,, W) = —2d.
=0
It’s easy to see HO(GaIFp,W) = 0 (cf. [33, Prop. 2.14]); moreover one
has dimp H(Galp,, W¥(1)) = 1 let n = [],cx, ol=Fs, then WV(1)
is an extension of Bg(n) by Bg(n) (defined by ), by [33, Prop. 2.14],
dimg H%(Galy,, Bg(n)) = 1, which together with the fact ¢ # 0 deduces
dimg H%(Galp,, WV(1)) = 1. By the duality between H°(Galy,, WV (1))
and H?*(Galg,, W), one sees dimp H*(Galp,,W) =1, so H'(Galp,, W) =
2d + 1. U
In particular, the map « is not surjective. On the other hand, by Re-
mark 1.8(1) (applied to Wy = W3 = Bg, W2 = Bgq/e2(1 +ey), W =
Bg(x)), we see the map ¢ is given (up to scalars) by = — (x,), where
(-,-) denotes the cup-product

H'(Galp,, Be(x)) x H'(Gal,, Bg) — H*(Galg,, Bp(x))

(cf. (1.9)). So one has (since [Xo] = ([X]))
(24) 6([XO]) = Z ao<[XO]71/JU,p> + aur<[XO]7wur> = 07
oEX,,

from which we deduces Proposition 2.5 in non-critical case by the definition
of L-invariants of X, (cf. Definition 1.16).

Suppose now S.(x) # 0, in this case dimg H'(Galy,, Bg(x)) = d. One
can show as in the proof of Lemma 2.6 that dimpg Hl(GaIFp,BE[E]/Ez ) =
2d, so « is surjective (cf. (2.3)). Consequently, one can not expect any
formula without further condition on X.

As in Section 1.3.2, put x* = x[[,cq o' ", and X* = x*(1 +

) = X [1,es,() 7" Note Bpig/e2(X) and Bjq/e2(X*) are both Se(x)-
de Rham (see Remark 2.2(2)). By (1.7), one has an exact sequence

(2.5) 0 = H°(Galp,, Bgi/2 (X)) (= 0)
— @G’GSC(X) HO(GaIF@ ) BE[e]/ez (%):R,yg/tl_ka)
— Hl(GalF@,v BE[E]/EZ(%ﬁ)) - H;SC(X)(GaIFK,a BE[E]/eZ(@) — 0,

from which (and Lemma 2.6) one calculates:

LEMMA 2.7.
dimg H; 5 ,(Galr,, B 2 (X)) = 2d+ 1 —2[S.(x)| -
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The commutative diagram of E-B-pairs

0 —— Bp(x) —— Bp(X*) —— Be(x) —— 0

| | |
0 —— Bg(x) —— Be(x) —— Be(x) —— 0

induces a commutative diagram (by (1.7))

H'(Galp,,Bp(x*)) — H"Galp,,Bge2(x*)) —  H(Galp,, Bp(x*)

| | |

~ K
H;SC(X)(Gale, Bg(x)) — H;,SC(X)(Galpp,BE[el/sz x) % H;,SC(X)(Galpp,BE(X)) ,

where all the vertical arrows are surjective, the two horizontal maps on the
left are injective, and the top sequence is exact. Note that by Lemma 1.18
and Lemma 1.12, H;SL.(X)(GaIF@, Br(x)) = H,(Galr,, Be(x)) is of dimen-
sion d+1—|S.(x)|. Since dimg Im(k) = d = dimg Hl(GaIFp, Br(x")) -1,
one has dlmE |m(/‘€g) = dImE H;}SC(X)(Gale,BE(X)) —1=d-— |SC(X)‘,
which together with Lemma 2.7 shows that the bottom sequence is also
exact and that dimg Im(x,) = dimg H;}SC(X)(GaIF@,BE(X)) — 1 (in par-
ticular, x4 is not surjective).
Denote by

[X*] € H'(Galp,, Bp(q/e (X))
a preimage of [X] € Hgl,SC(X)(GaIFp7BE[ﬁ]/GZ(@) via j, [Xg] = r([X1),
thus j([Xg]) = [Xo]. By (2.4) applied to [Xg], one has (note that a, = 0 for
o € Sc(x))
Z a0<[X§]»1/)a7p> + aur<[X§]7 Yur) =0,

oEX,,
from which, together with the definition of L-invariants for [X,] (Defini-
tion 1.20, see in particular Remark 1.21), Proposition 2.5 follows.

3. Breuil’s L-invariants

In [9], to a 2-dimensional semi-stable non-crystalline representation V' of
Galg,, Breuil associated a locally analytic representation (V") of GL2(Q,)
(Breuil also considered Banach representations, but we only focus on lo-
cally analytic representations in this paper), which can determine V' and
in particular contains the information on the Fontaine-Mazur L-invariant
of V. Roughly speaking, Breuil found that certain extensions of locally
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analytic representations (of GL2(Q,)) can be parametrized by some in-
variants (which are referred to as Breuil’s L-invariants), and by matching
these invariants with Fontaine-Mazur L-invariants, one could get a one-
to-one correspondence (in p-adic Langlands for GL2(Q,)) in semi-stable
non-crystalline case. In [41], generalizing Breuil’s theory, Schraen associ-
ated a locally Q,-analytic representation of GL,(F},) to a 2-dimensional
semi-stable non-crystalline representation of Galr,, (although only the non-
critical case was considered in loc. cit., Schraen’s construction can easily
generalize to critical case). We recall some results of loc. cit. in this section.

Let V be a 2-dimensional semi-stable non-crystalline representation of
Galr, over E of distinct Hodge-Tate weights Qgp = (k1,05 k2,6)0ex,, (Where
k1, < k2,5, and we use the convention that the Hodge—Tate weight of the
cyclotomic character is —1), denote by «a, go the eigenvalues of p% on
Dy (V) := (B ®g, V)“*'7o. By [33, §4.3], the E-B-pair W (V) admits a
unique triangulation:

0 — Bg(61) - W(V) — Bg(d) — 0

where

si=unr(@) [[ o [ o7,

ocES, o€S,
0o = unr(qc) H o k2o H o ke,
o€ESy €S,

S, is a subset of >, and S, = X, \ S,. In fact, S, = 56(61551) is the

set of embeddings where V is critical (cf. Definition A.2 below). Since V'

is semi-stable non-crystalline, so is W (V'), one can thus associate to V' the

Fontaine-Mazur L-invariants L4 € E!®»| (see the end of Section 1.3).
For S C %, let hg := (k1,0, k2,0)0es and put

(31)  alg(h) 1= @oes(Sym*= "7t B2 @ det™ 2ot
\Y%
= (@pes (Sym*2e Mol B2 g detthe)7)
which is an irreducible algebraic representation of Resr, o, GL2 with the
action of GL3(F;) on (-)? induced by the natural action of GLy(E) via o.
Put

(32) X(Oé,ﬁs) = Unr(O&) H Uﬁklv” ® unr(a) H O.*kz‘a+1,

o€eS oces

which is a locally S-analytic character of T'(F,,) over E. Consider the locally
S-analytic parabolic induction (cf. [41, §2.3], where B(F,) denotes the
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lower triangular subgroup)
1o, hg) = (Indz 2 x(a, hg)) ¥,

by [12, Thm. 4.1] (see also [41, §2.3]), we have
(1) socgr,(r,) I(a, hg) = (Unr(a) o det) ®g alg(hg) =: F(a, hg);
(2) put Z(a, hg) = I(a, hg)/F(a, hg), then
SO0CGL,(F,) Z(, hg) = (Unr(a) o det) ® g Stwg alg(a, he) =: St(a, hg),
which is also the maximal locally algebraic subrepresentation of

> (o, hg), where St denotes the standard smooth Steinberg repre-
sentation;

(3) leto € =,
x(a,h,)° = unr(a)a_kz“’ ® um’(oz)a_kl*”"’l7
and I¢(a,h,) = (IndGng(F" x(ev, b))~ (which is irreducible
by [12, Thm. 4.1]), then one has a non-split exact sequence
0 — St(a, h,) = Z(a, h,) = IS(a,h,) — 0.

ForLe Fando € Z, letlog, , = 1, + L1y, (cf. Section 1.3.1) which
is thus the additive character of F* in £ satisfying that log, . |og =oolog
and that log, »(p) = £

Let d,, := |S,|, and ¥(Lg, ) be the following (d,, + 1)-dimensional repre-
sentation of T'(F,,) over £

63 wies) (5 )

1 log,, r, (ad™') log,, . (ad™') - |090Mn|,7c%n(ad_1)
0 1 0 e 0

—|o 0 1 0 ,
0 0 0 1

with o; € S,,. One gets thus an exact sequence of locally S, -analytic rep-
resentations of GLy(F,):

GLz Sn—an
(34) 0— I(a,hg ) — (lnd X(,hg ) @p P(Ls. ))
2 I(a, hg, )P — 0.

Put (o, hg ,Lg ) = s—l(F(a,@Sn)@dn)/F(a@Sn), which is thus an ex-
tension of d,,-copies of F(a,hg ) by Z(a, kg ):
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F(a7ﬁ 5. )
—L,, Sn
7)602
Z(a7h5") F(aaﬁsn)
_ﬁadn
F(O"hsn)'

Remark 3.1.

(1) Let £ € E%, asin [41, Prop. 4.13], one can show (o, hg , L ) =
>(a,hg, ,Lg,) if and only if ;gn = Lg, . In particular, one can re-
cover the data {a, hg ,Lg } from Z(a,hg ,Lg ).

(2) Let s = (K] o, kb o)oes, € Z215 I with k] , — k1o = kb 5 — koo =
ne, thus alg(hy ) = alg(hy ) @5 Qses, 0 odet”™ . It's straightforward
to see Z(a, by, ,Lg,) = 2(a,hg, ,Lg,) O (Ves,0 o det”"”).

(3) By replacing the terms Iog%_cgi (ad™1) in Pv(Lg,) by
log,, . (ad~1) + x; o det with an arbitkary locally o;-analytic (ad-
ditive) character xi of FX in E, one can get a locally Q,-analytic
representation >(a,hg ,Lg ) in the same way as (o, hg ,Lg ).
By some cohomology arguments in [41, §4.3] (see [24, Lem. 5]), one
can actually prove

(3:5) Z(a,hg,, Lg,) = Z(a,hg, Lg,) -

(4) For o € S, denote by ¥(L,) the following 2-dimensional represen-
tation of T'(F):

a 0\ _ (1 log, ., (ad™1)
One has thus an exact sequence
GLZ(F@) S, —an
0 — I(ahs,) — (52" x(ashs,) @5 ¥(L,))
=% I(a,hg ) — 0.

Put X(a,hg ,L,) = s;'(F(a,hg ))/F(a,hg ), the following iso-
morphism is straightforward:

Z(O(, hSn ) Cal) @E(avﬁs”) z(a7 ﬁsnv ‘Caz)@E(a,ﬁ

sn)

e EBZ((LESH) Z(O{7h5n ) ‘Co'dn) % Z(OZ, hSnaésn) .
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Put F(a,hs ) i= F(a,hs) @ alg(hs,), Z(a,hs) = Z(a,hg) @
alg(hg,), and Z(o, by, , Ly, ) = Z(a, hg, , Lg,) @ alg(hg, ) which is thus
an extension of d,-copies of F(a,ﬁgp) by (o, hg, ), and carries the in-
formation of {a, by ,Lg }. For o € Z,, put I5(a,hy ) = I5(a, h,) ®F
alg(hs \ (0})-

4. Local-global compatibility

We prove some local-global compatibility results for completed cohomol-
ogy of quaternion Shimura curves in semi-stable non-crystalline case.

4.1. Setup and notations

Let F' be a totally real field of degree d over Q, denote by >, the set
of real embeddings of F. For a finite place I of F, we denote by F; the
completion of F" at [, Oy the ring of integers of Fy with o, a uniformiser of
O,. Denote by A the ring of adeles of Q and A the ring of adeles of F.
For a set S of places of Q (resp. of F), we denote by AS (resp. by A%) the
ring of adeles of Q (resp. of F) outside S, S the set of places of F' above
that in S, and A 1= A3F.

Let p be a prime number, suppose there exists only one prime g of F
lying above p. Denote by =, the set of Q,-embeddings of F, in Q,; let @
be a uniformizer of O, F,, the maximal unramified extension of Q,, in
Fo, do =[F,0:Qpl, e . =[F, : F,0l, ¢ :=p® and v,, a p-adic valuation
on Q, normalized by v,(w) = 1. Let E be a finite extension of Q, big
enough such that E contains all the Q,-embeddings of F' in Q,, O the
ring of integers of £ and wg a uniformizer of Og.

Let B be a quaternion algebra of center F with S(B) the set (of even
cardinality) of places of F' where B is ramified, suppose |S(B)NZ | =d—1
and S(B)NZ, = 0, i.e. there exists 7, € X, such that B®p , R = My(R),
B®p,R=Hforall o € 2\ {7}, Where H denotes the Hamilton algebra,
and B ®q Q, & M>(F,,). We associate to B a reductive algebraic group G
over Q with G(R) := (B®q R)* for any Q-algebra R. Set S := Resc /g Gy,
and denote by A the morphism

hiS(R)=C* — G(R) = GLy(R) x (H*)4 1,

a+bi ((“ b),l,.-.,1>.
-b a
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The space of G(R)-conjugacy classes of 4 has a structure of complex mani-
fold, and is isomorphic to h* := C\ R (i.e. 2 copies of the Poincaré’s upper
half plane). We get a projective system of Riemann surfaces indexed by
open compact subgroups of G(A*°):

Mg(C) :=G(Q\ (1" x (G(A™)/K))

where G(Q) acts on h* via G(Q) — G(R) and the transition map is given
by

G\ (" x (GA%)/E) — GQ)\ (h" x (G(A®)/K2)),

4.1
1) (@9) = (@.9),

for K| C K. It’s known that Mg (C) has a canonical proper smooth model
over F (via the embedding 7..,), denoted by Mg, and these { Mg} form
a projective system of proper smooth algebraic curves over F. Note that
one has a natural isomorphism G(Q,) — GL2(F},). For an open compact
subgroup K of G(A™), let K, := KN G(Q,), and K? := K N G(A>P), so
one has K = K?K,,.

Let Ko := GL2(O,), and in the following, we fix an open compact
subgroup KP? of G(A>P) of the form HW K, small enough such that
KPK, ¢ is neat (e.g. see [35, Def. 4.11]). Denote by S(K?) the set of finite
places I of F' such that p { [, that B is split at [, i.e. B®p F| — My(F),
and that K? N GLo(F)) = GLo(Oy). Denote by HP the commutative Og-
algebra generated by the double coset operators [GLo(Oy)g; GLo(O))] for
all g; € GLy(F) with det(g() € O, and for all [ € S(KP). Set

7= |6L0) (5 1) eLaon)]

Sp= |:G|—2(Ol) <7g[ 2{) GLz(O[)}

then H? is the polynomial algebra over O generated by {71, Si}ics(kr)-

Denote by Z, the kernel of the norm map .4 : Resp,q G,,, — G, Which
is a subgroup of Z = Resp,q G,,. We set G¢ .= G /2.

For a Banach representation V' of GLy(F,,) over E (cf. [39, 82]), denote
by Vg, —an the E-vector subspace of locally Q,-analytic vectors of V', which
is stable by GL2(F},) and hence is a locally Q,-analytic representation of
GLa(F,). If V' is moreover admissible, by [40, Thm. 7.1], Vg, —an is an
admissible locally Q,-analytic representation of GL,(F,) and dense in V.
For J C %, denote by V;_,, the subrepresentation generated by the locally
J-analytic vectors of Vg, ., (cf. [41, 82]), put Vo := Vj_an.
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Let A be a local artinian E-algebra, for a locally Q,-analytic character
X = x1 ® x2 of T(L) over A, let wt(x) = (Wt()1,0, Wt(X)2,0)oex, =
(Wt(x1)o, WE(x2)o)oes, € A%l be the weight of . For an integer weight
A e 724l denote by &y the algebraic character of T'(L) over E with
weight .

Let V be an E-vector space equipped with an E-linear action of A (with
A a set of operators), y a system of eigenvalues of A, denote by V4=X the
x-eigenspace, V[A = x] the generalized y-eigenspace, V4 the vector space
of A-fixed vectors.

Let g, b, b, t denote the Lie algebra (over F,,) of GL2(F,), B(F,), B(F,),
T(F,) respectively. For a Lie algebra g’ over F,, put g’Ep =g ®q, E =
EBgegpgl QF,,0 E = @gegpg;; let J C 2, put g{] = @ge]glg.

4.2. Completed cohomology and eigenvarieties

We recall the construction of eigenvarieties from the completed cohomol-
ogy of quaternion Shimura curves and survey some properties.

4.2.1. Completed cohomology of quaternion Shimura curves

Let W be a finite dimensional algebraic representation of G¢ over E.
As in [18, §2.1], one can associate to W a local system Vy, of E-vector
spaces over My . Let W, be an Og-lattice of W, and denote by Sy, the set
(ordered by inclusions) of open compact subgroups of G(Q,) = GLy(F},)
which stabilize W,. For any K, € Sy, one can associate to Wy (resp. to
Wy /w3, for s € Z>1) a local system Vyy, (resp. Vo w3 ) Of Op-modules
(resp. of Op/wy-modules) over My, k». Following Emerton ([27, §2.1]),
we put

Hét(vaw()) = Hét(MKpr’@,VWO)

lim
—
KPGSWO

. . - i _ -
- “_>m MHét(MKpr@aVWo/zrﬁE)u
K;,,ESWO s

B W) = i imy OV Vi)
s K,,ESWO

HL(KP Wo)p = Hi(KP, Wo) ®o, E;
ﬁét(Kpa WO)E = ﬁét(va WO) ®OE E.
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All these groups (Og-modules or E-vector spaces) are equipped with a
natural topology induced from the discrete topology on the finite group
Hgt(MKpr’@, Vo =3 ), and equipped with a natural continuous action of
HP x Galp and of K, € Sy,. Moreover, for any [ € S(K?), the action of
Galp, (induced by that of Galy) is unramified and satisfies the Eichler—
Shimura relation:
Frob, > —T(Frob; ' +¢/t5; =0

where Frob; denotes the arithmetic Frobenius, ¢ the prime number lying
below [, f; the degree of the maximal unramified extension in £y over Q,
(thus ¢/t = |O/w|). Note that ﬁgt(KP7 Wo) g is an E-Banach space with
the norm defined by the O-lattice HY,(KP, Wy).

Consider the ordered set (by inclusion) {W,} of Og-lattices of W. Fol-
lowing [27, Def. 2.2.9], we put

Hét(vaw) = “_>mHét(Kp7WO)Ea
Wo
HE(KP, W) = lim He (KP, Wo)g
Wo

where all the transition maps are topological isomorphisms (cf. [27,
Lem. 2.2.8]). These E-vector spaces are moreover equipped with a natural
continuous action of GLo(Fy,) (cf. [27, Lem. 2.2.10]).

THEOREM 4.1 ([27, Thm. 2.2.11(i), Thm. 2.2.17]).

(1) The E-Banach space ﬁét(K P W) is an admissible Banach repre-
sentation of GLo(F). If W is the trivial representation, the repre-
sentation ﬁét(K P W) is unitary.

(2) One has a natural isomorphism of Banach representations of
GLy(F,,) invariant under the action of HP x Gal(F/F):

H(KP, W) = H{(K”, E) @5 W.
(3) One has a natural GLy(F,,) x HP x Galg-invariant map
HL(KP, W) — HL(KP,W).

Let p be a 2-dimensional continuous representation of Galg over F such
that p is unramified at all | € S(KP) and that the reduction p over kg (up
to semi-simplification a priori) is absolutely irreducible. To p, one can as-
sociate a maximal ideal m(p) of HP as the kernel of the following morphism

HP — kg = OE/wE,
Ty — tr(Frob; '), Sy~ ¢~/ det(Frob; '), V [ € S(K?).
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For an H?-module M, denote by M5 the localisation of M at m(p).

Put Z, := 1+ 2w0, C Z(GL2(F,)) (where the latter one denotes the
center of GL2(F},)). Put

Up :={gp € 1+ 2wM>(0O,) | det(g,,) = 1},

and H,, := Z,U; which is a pro-p open compact subgroup of GL»(O,,).

PROPOSITION 4.2. — get W be an irreducible algebraic representation
of G¢, and suppose that H}(K?, W)z # 0.

(1) The natural morphism
HL(KP, W5 — HL(KP, W)5.00

is an isomorphism, where oo denotes the smooth vectors for the
action of GLy(F)).

(2) Let ) be a continuous character of Z; such that Mm =1,
then one has an isomorphism of H-representations

HE (P, W)Z2=0 =5 CU, B)*
where Z; acts on C(Uy, E)®" by the character v, and U; by the

right regular action.

Proof. — Part (1) follows from [35, Prop. 5.2]. Part (2) follows by the
same arguments as in [35, 85] (see also [24, Cor. 1]). O

Remark 4.3. — One can check (Z(Q) N KPH), C Zy(Qp) (cf. Sec-
tion 4.1), in particular, any continuous character of Z; factoring through
Z1/(Z1 N Zp(Q,)) satisfies the assumption in Proposition 4.2(2).

4.2.2. Eigenvarieties

Let JC 3, ks € 2Z3, for all 0 € J and w € 27Z, we set
W (k ,w) = @,e(,(sym’%*2 B2 @p det™ % )"@E (®U€EF\J (det%)d),
which is an irreducible algebraic representation of G over E with the action
of GL2(F,) on (x)? induced from the standard action of GL,(E) via o :
GL2(F,) — GLa2(E). Note the central character of W(k;, w) is given by
A (where .4 denotes the norm map), thus W(k,,w) can be viewed
as an algebraic representation of G°. One has W(k,,w') = W(k;,w) ®p
W(2,,w'—w) (where w’ € 2Z), and W (k;,w) = W (k;,w)@r W (k ;,0)
for J' C J.

Let p be a 2-dimensional continuous representation of Galr over FE, ab-
solutely irreducible modulo wg, such that p is unramified at all [ € S(K7?)
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and that H(K?,E); # 0. By Theorem 4.1 (2), HL(KP, W (k g, w)) &
HY(K?, E) ® Wk, w), thus HE(K?, Wk, w)); # 0 for J C 5. Put
n:= HL (K7, E)5.0,-an, and for J C %, put

H(EJ,’U)) =H, t(Kp W(kJ7w))pZ \J—an OF W(kJ?w)

which is in fact a closed subrepresentation of I (cf. Corollary B.2 below).
Indeed, we have

ﬁgt(Kp W(k]a w))ﬁ Yo\J—an RF W(kJ7 ,w)\/
—> (I_I RF W(kjaw))z \J—an RF W(kj7w)v

ko—2 12 o
= (l_l ®F ®scs(Sym E?®p det” ) )2 \Jan
®E (Qges,\s(det?)” )®E W(/mw)V
ko—2 12 o
— (I‘I QF @ccs(Sym E’@pdet™# ) )EW*an

g (Docs SyM* 2 E2 @p det™ 2 )Y« 1,

where the first isomorphism is from Theorem 4.1 (2), and the last injection
follows from Proposition B.1 below. Similarly, for J' © J, we have a natural
closed embedding invariant under the action of GLy(F,) x H?:

4.2) Nk, w) — Mk, w).
Note TM(ky,w) = M, and by Proposition 4.2 (1),

N(ks, ,w) = H, &L (KP, Wiks, ,w))s @ Wi(ks, ,w)Y.
We have the following easy lemma.

LEMMA 4.4. — Keep the above notation, and let V' be a locally %, \ J-
analytic representation of GLy(F,,), then

(43) HomGLz(F@) (‘/a ﬁe}t(Kpa W(EJa w))ﬁ,E@\Jfan)
= HomGLz(Fg7)(V RF W(kJ, w)v I'I(k], U}))
AN HOI‘T]G,L2 F, )(V RE W(kj,w)v I'I)

where the first map is given by f — f ® id, and the second is induced by
the injection M(k ;, w) — 1.

Proof. — Given a morphism g : V @g W(k;,w)" — I, consider the
composition

g®1d

V-V ®E W(kla U))\/ ®E W(k Jo ’LU) é}t(Kp7 W(E,]a w))ﬁ,(@pfan
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whose image is contained in flgt(Kp, Wk, w))sx,\J—an Since V is locally
>, \ J-anlaytic, and it’s straightforward to check this gives an inverse (up
to non-zero scalars) of the composition (4.3). The lemma follows. O

Let JC 3, k; € ZZI;II and w € 27Z, consider
@4) Ny w)2 =N = H(EP Wk, w2y ©8 Wk w)Y,

which is an admissible locally Q,-analytic representation of GLy(F,,) over
E, equipped with a continuous action of #? commuting with GL»(F},). Ap-
plying Jacquet-Emerton functor (for the upper triangular subgroup B(F,),
cf. [26]), we get an essentially admissible locally Q,-analytic representation
Jp(N(k;, w)?=N"") of T(F,) over E, whose strong dual corresponds to
a coherent sheaf M (k;, w) over T (which denotes the rigid space over E
parametrizing continuous characters of 7°(F,)) such that

F(T, Mo(k ;, w)) = Jp(N(k,, w)?=N"")V

as coadmissible modules over the Fréchet-Stein algebra (’)(f). By funto-
riality, Mo(k;,w) is equipped with an O(f)—linear action of #H?. Follow-
ing Emerton [27, §2.3], we can construct an eigenvariety from the triplet
{Mo(ky,w), T, HP}:

THEOREM 4.5. — There exists a rigid analytic space E(k;, w)s over E
together with a finite morphism of rigid spaces i : E(k;,w); — T and a
morphism of E-algebras with dense image

(4.5) H? o, OT) — OE(k;, w)p)
such that
(1) a point z of E(k;,w)s is uniquely determined by its image x in
T(E) and the induced morphism X\ : HP? — E, called a system of
eigenvalues of HP; hence z would be denoted by (x, \));

(2) for a finite extension L of E, (x,\) € E(k;, w)5(L) if and only if
the corresponding eigenspace

Jp(M(k,, w)2=N"" @p L)TFo)=xH"=A

is non-zero;

(3) there exists a coherent sheaf, denoted by M(k ;,w), over E(k ;,w)5,
such that i, M(k;,w) = Moy(k;,w) and that for an L-point z =
(x, A), the fiber M(k;, w)|Z is naturally dual to the (finite dimen-
sional) L-vector space

Jp(M(k;, w)?>=N"" @p L)TEFI=xH=A
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By (4.4), one has an isomorphism

4.6) Jp(N(ks,w) =)
= Jp(HE(KP, W (kg w)EE\ ) @8 Xk gy w),

where x(kj,w) = ([, (07 ® ses (072 @07 s a
character of T'(F,,) over E. Thus, by Theorem 4, 5(2) if (x, ) € E(kj,w)z,
then wt(x)1,, + Wt(x)2,, = —w for all o € =, and wt(x)1,o — Wt(x)2,0 =
ke, —2forall o € J.

Denote by fgp\J the rigid space over E parametrizing the locally >, \ J-
analytic characters of T'(F,,), and denote by f(@t,,w) the image of the
following closed embedding

TZP\J — T7 X = X(Ejvw)X7

which parametrizes locally Q,-analytic characters of T'(F,) with fixed
weights (fe=1=2 2=he—w) for 5  J. By the isomorphism (4.6), it’s easy to
see the actlon of O(T) on Mo(kJ,w) factors through (’)(T(kJ,w)) conse-
quently, the morphism £(k ;, w); — T factors through T(kJ, w). Denote by
T(EJ,w)O the closed subspace of T(kj,w) consisting of the points y with
X|z, = N %, thus the morphism E(k;, w); — f(&J,w) factors through
f(@J,w)o. Denote by Z; := { (g a01) a €1+ 2w(’)p}, and W,
the rigid space over E parametrizing continuous characters of 1 + 2wO,,
(thus of Z7), and Wi (k) the closed subspace of W, of characters x with
wt(x), = k, — 2 for all o € J. One has thus a natural projection

g Ty w)o — Wilky) X Gy x = (X2, X(20))

w 0
0 1
Prop. 4.2.36]), Jp(N(k,;,w)?*=N ")V is a coadmissible module over
OWi(k;) x Gy,), in other words, j,Mg(k;,w) is a coherent sheaf over
Wl(&]) X Gm

where z, = ( ) By Proposition 4.2(2) and (the proof of [26,

PROPOSITION 4.6.

(1) The support Z(k;, w) of j.Mo(ky,w) on Wi(k;) X G, is a Fred-
holm hypersurface in Wi (k ;) X Gy, and there exists an admissible
covering {U;} of Z(k;,w) by affinoids U; such that the natural
morphism U; — W induces a finite surjective map from U; to an
affinoid open W; of Wy (k ;), and that U; is a connected component
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of the preimage of W;. Moreover, I'(U;, j.Mo(k ;,w)) is a finite pro-
jective O(W;)-module.

(2) Denote by g the natural morphism E(k ;,w); — Z(k;,w), and let
{U;} as in (1), then g~ "(U;) is an affinoid open in E(k;, w)7, and
we have (g~ (U;), M(k;,w)) = TG~ 1U;), Mo(ky, w)) = M;. Let
B; be the affinoid algebra with Spm B; = g~'(U,), then B; is the
O(W;)-subalgebra of Endp,)(M;) generated by the O(W;)-linear
operators in T'(F,) x HP.

Proof. — As discussed in the proof of [26, Prop. 4.2.36] (which can
apply by Proposition 4.2(2)) (see also [16, Lem. 3.10], [23, 85.4] and the
discussion before [24, Prop. 5]), one can reconstruct £(k;,w); by the
method of Coleman-Mazur-Buzzard, and then the proposition follows
from [17, §4, §5]. O

Denote by x the composition
K E(Eja U))ﬁ — Z(EJ’ w) — Wl(k.])a

which also equals the composition £(k ;, w); — f(@,,w)o — Wi (k).

4.2.3. Classicality
Let z = (x, \) be a point of £(k;,w)5, z is called classical if there exist
ke € 2Z>; for all 0 € X, \ J such that
(5 (ks . w)) @p By T 520,
Note I'I(EE@, w) is a locally algebraic subrepresentation of M(k ;, w) by (4.2).

In fact, by the description of locally algebraic vectors of N ([35, Thm. 5.3]),
one sees z is classical (for z € £(k;, w);) if and only if

(J5(Maig) ®@p EY = 20,
where “lalg” denotes the locally algebraic vectors.
For a locally analytic character x of T'(F,,) over E, put
C(x)i={o€eZy | Wt()1,0 — Wt(X)2,0 € Z>0};
for S C C(x), put

X% =X H < wi(X)2,0 =Wt ()10 -1 th(x)l,gfwt(x)2,6+1> .
oes

Let

I(x) :=soc (deLz )K’) X>@P7an.

Note I(x) is locally algebraic if and only if y is locally algebraic and dom-
inant, and we refer to [41, §2.3] for more description of I(y).
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DEFINITION 4.7. — Let z = (x,A) be a point of £(k;,w)s, for S C
C(x) NJ, we say z admits an S-companion point if z& 1= (xg, \) is also a
point of E(k j, w)5.

Denote by §5 = unr(¢—') ® unr(g) the modulus character of B(F,).

LEMMA 4.8.

(1) Let z = (x,A) be a point of E(k;,w)s with x locally algebraic
and dominant, suppose for any ) # S C 3\ J, I(x§d5") is not
a subrepresentation of I'I(EJ,w)HP:’\, then the point z is classical.
We call the points satisfying this assumption X, \ J-very classical.

(2) Let z = (x, ) be a point of E(k ;,w); with x locally algebraic and
dominant, then z is X, \ J-very classical if and only if z does not
have S-companion point for all ) # S C X, \ J.

(3) Let z be a X, \ J-very classical point of £(k ;,w)5, then the natural

injection
@.7)  Jp(N(k, whag) " OIX[HP = N, T(F,) = X]
— Jp(M(k, w)) O XHP = X, T(F,) = ]
is an isomorphism (where T(O,) = OF x OF — T(F)).

Proof. — The lemma follows from the same arguments in [23, §6.2.2],
while we give an alternative proof using Breuil’s adjunction formula [14,
Thm. 4.3].

Let us first prove (1). By [14, Thm. 4.3], a non-zero vector v €
Jp(N(k;, w))TFe)=xH"=A would induce a non-zero morphism of locally
Qp-analytic representations of GL,(F,,)

(48)  FE2(UGs,) Dy, (- WEONY, $:05") — Nk, w) =

where “v” denotes the dual in the BGG category O°=¢, and v, := X5v_vt1(x)
is a smooth character of 7'(F,;). By the structure of the Verma module,
[36, Thm. (iv)] and [41, §2.3], one sees that any non locally algebraic irre-
ducible constituent of the left object in (4.8) has the form I(Xgégl) with
0 #S C 3. Note for any v € M(k,,w)™ =*, the U(g,s)-submodule gen-
erated by v is finite dimensional (and we call such vectors U(g)-finite).
However, if S is not contained in =, \ J, I(x§d3") does not have non-zero
U(g)-finite vectors, and thus I(Xcségl) can not be a subrepresentation of
M(k,;, w)*"=*. This, together with the assumption, implies that I(x&d5"

can not be a subrepresentation of M(k;,w)*"=* for all ) # S C =,
Thus the morphism (4.8) factors through the locally algebraic vectors, so

v € Jp(M(k,, whag)TFI=H=A "and 2 is classical.
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Let us then prove (2). If z is not X, \ J-very classical, then there ex-
ists ) # S C 3, \ J, such that I(x%05") — M(k,,w)™"=*. By apply-
ing the Jacquet-Emerton functor, one gets xg — Jp(N(k;, w))*=* (e.g.
by [14, Thm. 4.3]), and thus z§ € £(k;, w);. Now suppose there exists () #
S C %, \ J such that 2§ € £(k;,w)5, by Breuil’s adjunction formula [14,
Thm. 4.3] applied to a non-zero vector in Jg(M(k ;, w))TFe)=XsH"=A one
gets a non-zero morphism

(49) Fl(U(es,) By, ) (- WEOE)) vd5") — Nk )=

Any irreducible constituent of the left object has the form I(Xg,égl) with
S C 8 C Z,. On the other hand, by the same argument as in the proof
of (1), one sees if S is not contained in X \ J, I(X?S/égl) can not be a
subrepresentation of M(k ;, w). So there exists S” C X, \ J such that (4.9)
induces an injection I(x%,65") <= M(k,, w)™"=*, thus z is not =, \ J-very
classical.

(3) follows by applying Breuil’s adjunction formula [14, Thm. 4.3] to the
T(F,)-representation on the right side of (4.7), and by the same arguments
as in the proof of (1). O

Since (& ;, w) is contained in the unitary Banach GL,(F,)-representa-
tion H'(K?, E), the following proposition follows easily from [12, Prop. 5.1]:

PROPOSITION 4.9. — Let z = (x, A) be point in E(k ;, w); with x locally
algebraic and dominant, and suppose

(4.10) vp(gx1(@)) < Ueigf\ SWt0) 10 — Wiz, + 1}
then the point z is 2, \ J-very classical.

A point z = (x, A) of £(k;, w)5 is called spherical if x is the product of
an unramified character with an algebraic character (i.e. wt(y) € Z2!4l and
Xd;tl(x) is unramified). By the standard arguments as in [19, §6.4.5] (see
also [19, Prop. 6.2.7]), one can deduce from Proposition 4.9 (and Proposi-

tion 4.6):

THEOREM 4.10.

(1) The set of spherical points satisfying the assumption in Proposi-
tion 4.9 are Zariski dense in E(k ;,w)5 and accumulates over spher-
ical points.

(2) The set of points satisfying the assumption in Proposition 4.9 ac-
cumulates over points with integer weights.
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By Chenevier’s method [21, §4.4], one can prove

PROPOSITION 4.11. — Let z € E(k;,w);(E) be a X, \ J-very classical
point, then the weight map k is étale at z; moreover, there exists an affinoid
neighborhood U of z with x(U) affinoid open in W(k ;) such that O(U) =
O(x((1)).

Proof. — Indeed, by Proposition 4.6, Theorem 4.10, one can reduce to
a similar situation as in the beginning of the proof of [21, Thm. 4.8]. Since
z is X, \ J-very classical, one has the bijection (4.7) (which is an analogue
of [21, (4.20)], see also [24, Lem. 4]). The proposition then follows from
the multiplicity one result for automorphic representations of G(A), by
the same argument as in the proof of [21, Thm. 4.8] (see also [24, §4.4.3]
especially the arguments after [24, Lem. 4]). O

4.2.4. Families of Galois representations

By Carayol’s results [18], the theory of pseudo-characters and the density
of classical points, we have

THEOREM 4.12. — For a point z = (x,A) of £(k;, w)s, there exists
a unique continuous irreducible representation p, : Galp — GLy(k(2))
which is unramified at places | ¢ S(KP) satisfying pZ(FrObl_Q) —
)\(T[)pZ(FrObl_l) + A(S1) = 0, where k(z) denotes the residue field at z.

By the fact that p.[gai,, is de Rham for classical points z € £(k;, w)z
(and of Hodge-Tate weights (“~£c+2 wtke) for o € .J), Shah’s results [42]
and the density of classical points, one has

THEOREM 4.13. — Let z € E(k;,w)5(E), the restriction pZ|Ga1Fp is
J-de Rham of Hodge—Tate weights (W, %’“") for o € J.

Proof. — The theorem follows from the same arguments of the proof
of [24, Thm. 6] (see also [23, Prop. 6.2.40]) by replacing the global triangu-
lation results by Shah’s interpolation result [42, Thm. 2.19] in the last step
(note by [2, Lem. 7.2.11], £(k;, w)5 is nested since it’s finite over f). O

PROPOSITION 4.14. — For z € E(k;,w)5(E), there exists an open affi-
noid U of E(k;,w);rea and a continuous representation py : Galp —
GL,(O(U)) such that the specialization of py at any point 2/ € U(E)
equals p,.. Moreover, for o € J, Dar(pr)e = (BdR,(,@EpU)GalF@ is a
locally free O(U)-module of rank 2.
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Proof. — The first part follows from [3, Lem. 5.5]; the second is hence
from Theorem 4.13 and [42, Thm. 2.19] applied to py. O

By [38], pz,p := pz|Ga1F@ is semi-stable (thus trianguline) for any spheri-
cal classical point z of £(ky, w)5. As in [24, Thm. 6], by global triangulation
theory [31] [32] applied to £(ky, w); (note £(k;, w); is a closed rigid sub-
space of £(kg, w)z), we get

THEOREM 4.15. — For any point z = (x = x1 ® x2,A) of E(kj,w)z,
p-.o 1s trianguline with a triangulation given by

0— 72k(z)(51) — I)ﬁg(pzvp) — 7€k(2)(52) —0

with

61 = unr(q)x: HO’EEZ th(X)z,afwt(x)lﬂfl,
62:Z = X2 HUEE@ U_l HUGE JWt(X)l‘U_Wt(X)Z,U-Fl?

where . C C(x), Ry(-) denotes the Robba ring Bjig,Fp ®q, k(2), and
Diig(pz,p) = (Bjig@)(@ppz,p)GalF@ is the (¢, I")-module (of rank 2) over Ry,»)

associated to p, , (we refer to [5] for B;rig’F@, Bjig and (¢, N)-modules).

COROLLARY 4.16. — Let 2 = (x, A) € E(k;, w)5(F) and suppose

(4.11) unr(@xaxz ' # [ o™ for all (ne)ses, € 27
oEX,

for § C %, \ J, if z admits an S-companion point then S C X,.

Proof. — Applying Proposition 4.15 to the point zg, the corollary then
follows from [33, Thm. 3.7]. O

One can moreover deduce from the proof of [31, Thm. 6.3.9] (see also [23,
Prop. 6.2.49)]):

PROPOSITION 4.17. — Let z be a classical point of E(k;,w)5, U be an
affinoid neighborhood of z, suppose any point of U satisfies (4.11), then
for any o € Z,,, Zy,, = {2 € U(E) | 0 € Z,/ is a Zariski-closed subset of
U(E).

DEFINITION 4.18. — Let z = (x, A) be a point of E(k j,w)z, for S C Z,,
we say z is non-S-critical if (4.11) is satisfied and £, NS = (.

COROLLARY 4.19. — Let z = (x,\) € E(k;, w)z(E) with x locally al-
gebraic and C(x) = X, if z is non-X, \ J-critical, then z is X, \ J-very
classical.
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Proof. — By Lemma 4.8(2), it’s su [cieht to show z does not have
S-companion point for § # S C X, \ J. But this follows from Corol-
lary 4.16. O

THEOREM 4.20. — Let z = (x,A\) € E(k;,w)5(E) be a non-%, \ J-
critical classical point, then the weight map k is étale at z. Moreover, there
exists an affinoid neighborhood U of z such that W = x(U) is an affinoid
open in W(k ;) and O(U) = O(W).

Proof. — The theorem follows from Proposition 4.11 combined with
Corollary 4.19. O

The following proposition, which follows from the same argument as
in [24, Cor. 5], would be useful to apply the adjunction formula in families.

PROPOSITION 4.21. — Let z = (x,A) € E(k;,w); be a non-Z, \ J-
critical classical point, and suppose unr(g®)y, 1 (p)w;é(p) # 1 where 1, :=
Xav_vtl(x)’ then there exists an admissible open U of z in £(k ;,w); such that

any point of U is non-%, \ J-critical.

4.3. Local-global compatibility

Let p: Galgp — GLy(E) be a continuous representation such that
1) pp = p|Ga1Fp is semi-stable non-crystalline of Hodge-Tate weights
hy, = (et wthe) o5, fork, € 2Z>; and w € 2Z with {a, ga}
the eigenvalues of p% on Dy (p,), Se = Sc(p,) (cf. the discussion
before Corollary 2.3) the set of embeddings where p, is critical,
Sn 1= Sulpp) = Z,\ Se and Lg € EI5»I the associated Fontaine—
Mazur L-invariants;
(2) Homga, (p, H (K7, W(Ez,,,w))) # 0 (in particular, p is associated
to certain Hilbert eigenforms);
(3) p is absolutely irreducible modulo wg.
Note that, by the condition (2), p is unramified for places in S(K7?). And
by the Eichler—Shimura relations, one can associate to p a system of eigen-
values ), : H? — E. Put 7(p) := Homga, (p, HL (K?, E)), which is an
admissible unitary Banach representation of GL(F,,). One has
#(p) = Homg,i,. (p, M) = Homga,. (p, 7" =)

The injection H} (K?, W(@Ep,w))ﬁ — I?Iélt(Kp, W(Ezp, w))7,0,—an iNduces
an injection

HE(K?, W (ks ,w))5 @5 W (ks ,w)" < H'(K?, E)g,—an
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thus the condition (2) implies in particular 7(p) # 0.

By local-global compatibility in classical local Langlands correspondence
(for ¢ = p, cf. [38]) and the isomorphism in Proposition 4.2 (1), there exists
an isomorphism of locally algebraic representations of GLo(F),):

(4.12) St(a, hy, )" < F()tate
with some r € Z>; (note that alg(ﬁzp) = W(@Ep,w)v and thus we have

St(a,ﬁzp) = St®p unr(a) o det ®EW(EEP7w)V). The main result of this
section is (see Section 3 for notations)

THEOREM 4.22.

(1) Let T € %, then 7 € S, if and only Iﬁ(a,ﬁzp) is a subrepresenta-
tion of T(p).
(2) The natural restriction map

(4.13) Homgr,(r,)(X(a, by, L, ), T(p)g,—an)
— HomGLz(Fp) (St(OL, th,)a %(p)pran)

is bijective. In particular, >(c, ﬁzp, L ) is a subrepresentation of
7/T\-(p)(@,p—an-

By the same argument as in the proof of [24, Cor. 6], we have

COROLLARY 4.23. — Let é’sn € E?, then Z(a,ﬁzp,égn) is a subrepre-
sentation of T(p) if and only if Ly = L, .

Combining Corollary 4.23 and Theorem 4.22(1), we see

COROLLARY 4.24. — The local Galois representation p, can be deter-
mined by 7(p).

Proof of Theorem 4.22. — First note that we only need (and do) prove
the same result with 7(p) replaced by N*"=*. For S C 2, 0 €2, put

7 := 5\{o}. Note the injection St(c, hy; ) < M(ky, w)™ = gives a spher-
ical classical point z, = (x,, A,) € E(ky, w)5(F) where x, := X(a7h233)63;
moreover, for any S C 3, z, € E(k;, w)z(F).

Let us first prove (1). Let 7 € X, and consider I'I(EZ; ,w)and 5(@22 , W)5.
If If(a, by ) — I‘I(@E;ﬂw)ﬂ":% (which is equivalent to I7(a, by ) —
M*"=*, since any latter morphism factors through I'I(Ezz,w) by Lem-
ma 4.4) then (z,)5 = ((xp)%, Ap) € 8(@2;,10)? (see the Kproof of Lem-
ma 4.8(2)). However, if (z,)S € 8(@2;,10)5, by Corollary 4.16, 7 € 3., =
S, the “if” part follows.
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Now suppose 7 € S. = %, we first use Bergdall’s method [4] to show
the weight map « : E(@E;,w) — Wl(kgga)ﬁ is not étale at z),:

We only need to consider the case where £(ky-, w); is reduced at z, since
otherwise, « is not étale at z, (in fact, by the same argument as in [20, §3.8],
one can probably prove that 5(@2?3,10)5 is reduced at z,). Take U to be
an irreducible a [nald neighborhood of z, in £(ky, w); small enough such
that Proposition 4.14 holds. The composition O(Ueq) — 5(&2;,11))5 -7

gives a continuous character 6 : T(L) — O(Usea)” (With 8|z, = N ).
By [32, Prop. 4.3.5], there exists (shrinking U if necessary) an injection of
(¢, M)-modules over Ro () := Rr, ©a, OUrea):

(4.14) RO (Urea) (01 UNF(Q)) “— Diig(pea);

moreover, the specialisation of the above morphism to any point in U is still
injective. Let ¢ : Spec Ele]/e? — U.,.q be an element in the tangent space
of Useq at z,, one deduces from (4.14) an injection of (¢, ")-modules over
REjq/e (Where the injectivity follows from the fact that (4.14) specializing
to z, is still injective)

(4.15) Ry (01 unr(@)) = Dyig(t* purea) -

Note ¢*§ = X, (Mod €) and Dyig(t*pu,.q) is an extension of D,iz(p) by
Dyig(p). Since 0|z, = N=%, wt(t*0) = (E==2=2 — a,¢, 2= + a,€) e,
for (as)oes, € E? and thus the Sen weights of D.s(t*pu,.) are given by
(ZE2=2 + ae, B2=2=2 — g,€) ey, . The map (4.15) induces an injection

R/ — Drig(t puea) @ p1e Ripe((t*61 unr(g)) ™) =: D,

where D is an extension of D,z (p) ®r, RE‘(X;& unr(g—1)) by itself and
has Sen weights ((1 — k,) + 2a.¢,0),¢x,,. By the same argument of [14,
Lem. 9.6] (replacing the functor D..is(-) by D (-)), one can show 1 — k.,
is a constant Sen weight of D, and hence a, = 0. Consequently, we see the
composition Ty,.q,2, — Ty w(z,) — TWi(ky.).n(z,) 1S Z€ro, where Tx
denotes the tangent space of X at z for a point z in a rigid analytic
space X, and the first map denotes the tangent map induced by «. Thus
the map Te(kyw)s rearzo Twl(@z;)m(zp) is zero; however, since we as-

sume E(Ezg,w)g to be reduced at z,, we see the induced tangent map
Te(kyr w)mzy = TWr (g, ) m(2p) factors though the above zero map and thus
ksr sy

also equals zero, from which we see « : E(ky-, w); = Wi(ky-) is not étale
© ©
at z,.
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By Prop. 4.11, z, is not X{-very classical, and hence by definition,
I¢(e, by ) = I((x,)505") is @ subrepresentation of I‘I(@E;,w)”p:%, which
concludes the proof of Theorem 4.22(1).

To prove (2), we use the same arguments as in [24, 85.3]. The injectivity
of (4.13) (with 7(p) replaced by M*"=*») follows from the fact that Zp
(as a classical point of £(kg_,w);) does not have S-companion point for
) £S5 C S,. Indeed, if (4.13) is not injective, by results on the Jordan-
Holder factors of Z(a,ﬁzp) (e.g. see [12, Thm. 4.1]), we see either F'(«, ﬁzp)
is a subrepresentation of M*"=*, or there exists §) # S C S, such that
I((Xp)gégl) is a subrepresentation of M*"=* which are both impossible
since the locally algebraic representation F(a,ﬁzp) can not be injected
into M*"=* by (4.12), and z, is non-S,,-critical hence S,-very classical by
Corollary 4.19.

Let b = (35=, 5 )oes, = hg, — (%, %)scs,, thus by definition we
have St(a, s, ) = St(a, his,) @ W ks, , )",

z(avhgp) = z(avhlsﬂ) QF W(ESC,U))V,

X(athW) = X(aahgn)X(ESva)i and z(aaﬁzpvésn) = z(aahgnvésn) ®E
W(kg, ,w)" (see Remark 3.1(2)). By Lemma 4.4, to prove
Homar, (p,)(Z(a, by, Lg, ), 1 =)

— Homgy, () (St(e, by, ), 17 =27)

is surjective, it’s su [cieht to prove the restriction map

(416)  Homeryr,) (Z(0 b, £, ). HL(K?. W (ks )2 2 )

—an
— Homa,(r,) ( Stle b ), HE (K", W ks, w2 )
is surjective.
It’s convenient to work with a “twist” of the eigenvariety £(kg_,w)5: asin

Section 4.2.2, one can construct an eigenvariety £ together with a coherent
sheaf M from the essentially admissible representation of T'(F},)

(4.17) Jp (ﬁfélt (KP, W (ks , w)) 2 ) ,

P,Sn—an

such that

F(E,M) = Jp (ffét (K?, W (ks , w))" )v;

P,Snp—an
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the natural morphism & — T would factor through fgn (since (4.17) is
locally S, -analytic); moreover, by the isomorphism (4.6), one has a com-
mutative diagram

OGN (ex (kg w),A)

£ E(ks,,w)5
4.18 ~ x—=xx(kg, w) ~
(4.18) Ts, s T(kg,,w)

l |

ko —2
xox [, e, @

Wi.s, Wi(k;)

where the upper and outer square are Cartesian. Moreover M equals the
pull-back of M(kg_,w) via the top horizontal map. Denote by z/, = (x/,, A,)
the preimage of z, in £, where x|, = X(a,ﬁ’sn)(SB. There exists an admissible
strictly quasi-Stein (cf. [25, Def. 2.1.17(iv)]) open U of z, in E(kg_,w)5
satisfying
e any point of U is non-S,,-critical (Proposition 4.21),
o MU M(kg,,w)) is a torsion free O(Wi (kg ))-module (Proposi-
tion 4.6).
Take U to be the preimage of U in &, which satisfies hence
) for z=(x,\) €U, S CC() NSy, 25 := (x5, A) does not lie in &,
(2) U is strictly quasi-Stein,
3) r, M) is a torsion free O(W; s, )-module.
The natural restriction map (which has dense image) (&, M) — U, M)
induces (by taking the dual with the strong topology)

(419) T M) — (€, M) = Jp (L (K7, Wks ,w))2s ),

P,Sn—an
and we have:

PROPOSITION 4.25. — The map (4.19) induces a GLy(F,,)xHP-invariant
morphism

Snp,—an
(4.20) (Ind%(L;S“) U, M) op 5,;1)

Z1
p,Sp—an’

— HL(KP, W (kg ,w))

Proof. — The proposition follows from the same argument for [24, Cor. 7]
(by replacing “Q, — an” by “S,, — an”). Indeed, by assumption and [24,
Lem. 14], (U, M)V is an allowable locally S, -analytic representation of
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T(F,) equipped with a continuous action of #? which commutes with
T(F,). By the property (1) of &, Lemma B.4 and Remark B.5 below,
one can prove as in [24, Lem. 16] that (4.19) is balanced. Since I'(i/, M)Y
is O(W s, )-torsion free, the proposition follows by Lemma B.6 below. [

Return to the proof of Theorem 4.22(2). Let 7 € S,,, and W, g, (kg-) de-
note the closed rigid subspace of W; g, parametrizing characters moreover
with fixed weights &k, —2 for o € S7. Put & 1= & xw, o Wi s, (ksf) Note
z c & forallT e S,,. Moreover since £ is étale over W, ¢, at z , & is étale
over Wis, (ks-) at z;,. Let ¢, : Spec Ele]/e? — &, be a non- zero element in
the tangent space of ST at z;,, the composition ¢, : Spec Ele]/e2 — & — T
thus gives a locally S,,-analytic character X/, , : T(F,) — (Ele]/€?)* sat-
isfying that Y/, . = x/, (mod ¢), X, .|z, = 1, and X, (x})~" is locally
T-analytic.

Consider (txM)Y, which is a subrepresentation of "¢/, M) (since the
restrcition map '/, M) — tiM is surjective) of T'(F,) equipped with a
continuous action of HP. By the second part of Theorem 4.20 (note that
we have a similar result for (£, W s,) thus for (£-, Wy s, (ks))), we have

(1) there exists r such that (¢ M)V = (2;77)@T as T'(F,)-representations,
(2) (txM)Y is a generalized \,-eigenspace.
The map (4.20) thus induces

Sp,—an
(lnolGLZ Bz m)Y op 65 )
GLa(F,) v Sp—an
(IndB(F FU, M) ©p )

— H}, (KP, W (ks, ,w))

p,Sn—an ’
In particular, each vector not killed by ¢ in (¢ M)Y induces a morphism

Sp—an
(deLz(FW 5;) — HL(KP W (ks , w)) 2

B(F,) ~PT HE = Al

P,Sn 7an[

Since 7, . is an extension of x|, = x(p, Q’Sn)éB by itself, one has an exact
sequence

0 — (I3 T 0 16,) " (1m0

B(Fy)
Sp,—an

GL3(F,,
= (52 o)) —0.

Let 3. := s '(F(a, ks ))/F(a, b ). By the same argument as in [24,
§5.3] (see in particular the arguments after [24, Lem. 12]), we can prove
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the restriction map

_ -
Homar, ) (Zr HACK?, W ks, w))§ )

— Homa, s, (St b, ), L (7, W (ks w))F =)

is surjective. However, by Proposition 4.26 below, one has X, &
Z(a,ﬁgn, L.). Thus for any 7 € S, the restriction map

HomGLz(Fp) (Z(Oé, hiS'nv ‘C‘r)a ﬁélt (Kp; W(Escv w))Hp:)\p)

Sp—an

—_— HomGLZ(Fp) (St(a, ﬁfgn)y ﬁelt (va W(ESL.’ w))g:,::ﬁ)

is surjective. From which, together with Remark 3.1(4), we see (4.16) is
surjective. This concludes the proof of Theorem 4.22(2) (assuming Propo-
sition 4.26). O

PROPOSITION 4.26. — Keep the notation as in the proof of Theo-
rem 4.22, there exists a locally T-analytic character 1. such that

~ IN—1 oy 1 lo - d*l + ). d
Xp ()= (o 9, . (a . )+ - (a ))

as (2-dimensional) representations of T(F). Consequently (by Rem-
ark 3.1(3)), . = Z(a, b, L;).

The rest of the paper is devoted to the proof of Proposition 4.26. Note
that the image &, of &, in (kg , w); is an one-dimensional rigid space con-
taining 5(@2;,11;); as closed subspace. Since both £/ and S(Ezé,w)ﬁ are
étale over W1(Eg;) at z,, and have the same residue field £, we see they

are locally isomorphic at z,. In particular, the composition Spec E[e]/e? Lry
& — E(kg, , w)5 gives a non-zero element in the tangent space of 5(@2; W5
at z,, still denoted by ¢, : Spec E[e]/e* — 5(@23, w)z, moreover it’s straight-
forward to see (e.g. by (4.18)) the character of gT(F@) induced by this map is

given by X, - := X, ,x(ks,,w). Note X, -x, " = X/, .(x,)". Since X, -x, '
is locally r-analytic, there exist v, n € E, p € E* such that (cf. Sec-
tion 1.3.1)

G = (L + et + petr ) @ (L+ ety — petr ).
It’s su Lcieht to prove

(4.21) y—n=-=2L 1.
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Indeed, if (4.21) holds, we get

~ _ +1n)e
Xp,TXp ! = <1 + ue(iﬁT/l/}llr + 1;[}7',]0) + (,‘Y 217) wur>

2
= (1+10g, . e+1re)®(L—10g, . e+1re),
with ¢, = ”TT@Z;M, from which Proposition 4.26 follows.
We show (4.21). Let U be an a [nald neighborhood of z, in £(ky, w)s

small enough such that Proposition 4.14 applies, we have thus a continuous
representation py : Galp — GLo(O(Useq))-

® <1 - Hf(_ﬁrwur + wT,p) + (,y * n)el/)ur>

Non-critical Case. — Suppose S,, = Z, i.e. z is non-Z-critical. By
Proposition 4.21, shrinking U, we can assume any point in U is non-,-
critical. Let U, be the preimage of U in 5(&2@,10# (via the natural closed
embedding S(@E@,w)p — E(ky,w)p), since U, is étale over Wl(ﬁzg) at
zp, shrinking U, we can assume U is a smooth curve. Let py, : Galp —
GL2(O(U,)) be the representation induced by py, xv, : T(L) — O(U;)*
be the character induced by the natural morphism U, — f(kz;;w)- Ap-
plying [31, Thm. 6.3.9] to Dyix(pu, ) With pu_ o, := pu, [Gai,, (see Theo-
rem 4.15, note ., = () for all 2/ € U, by the assumption on U), we get an
exact sequence

0 = Row, ) unr(@)xu, 1) — Drigpu, o) = Row,)(xu, 2 H o 1) =0,
oS,

which induces (where p., := tXpy, |, : Galp, — GLa(E[e]/€?))

0— RE[e]/ez (unr(Q)SZp,T,l) - Drig(ﬁT.,p) — RE[E]/CZ(SZP,T72 H 071) —0.
oeX,

Thus, (4.21) follows from Theorem 2.1.

Critical case. — Assume henceforth S. # (). We shrink U such that the
Proposition 4.17 applies, so Zy, (if non-empty) is a Zariski-closed subset in
U forany o € Z,. We know z € Zy,, if and only if o € S.. By shrinking U
(as a neighborhood of z), one can assume Zy, =0 for o € S,,. Let 7 € S,
U. be the preimage of U in S(Ezg,w)ﬁ, and shrink U such that U, is a
smooth curve. Let Zy;_ , the preimage of Zy . in U,, which is a non-empty
Zariski-closed subset for o € S., whose dimension is either 0 or 1 locally
at z. Denote by Sy (resp. S1) the subset of S. of embeddings o such that
Zy. - is of dimension 0 (resp. of dimension 1) locally at z. By shrinking U
(and thus U, note U, is smooth), one can assume Zy_, = {z,} for o € S
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and Zy_ , = U.(E) for o € S;. We define PU, 0+ XU.» Pr,e the same way
as in the non-critical case.

Critical case (1). — Suppose Sy = (. In this case, for any z € U,,
3. = S.. By applying [31, Thm. 6.3.9] to D.is(pu, ), We get

0= Row,) <U”f(Q)XUT,1 H Ulk”)

€S,
— Drig(pUT,p) — RO(UT) (XUT’Q H 0'_1 H Jka—1> — 0,
oEY, oeS,.

which induces

0 = Rpjqe (unr(q)xpﬂ H olhe )

ocES.

— Drig(ﬁ‘r,p) — RE[e]/sz (2,0,7',2 H 071 H 0k01> — 0.

o€, ocES.

On the other hand, by Proposition 4.14, p. , is 27 -de Rham. We can hence
apply Theorem 2.1, and (4.21) follows.

Critical case (2). — Suppose Sy # 0. By assumption, for z € U, (E),
27 2y, Z; =51 CS.=S5yUS;. By [31, Thm. 6.3.9] (see in particular [31,
(6.3.14.1)]) applied to D,iz(pu, ), ONe gets an exact sequence

(422) 0— RO(UT)<unr(q)XUT71 11 al—’%)
ocESL

— Drig(pU,p) — RO(UT) (XUT.Q H 0.—1 H O.k’a—l) - Q -0
(TEEP oc€eS,

where @ is a finitely generated Ry, )-module killed by certain powers of
t (€ Rg) and is supported at z,. Tensoring (4.22) with E[e]/e? via ¢, one
gets exact sequences (see [31, Ex. 6.3.14])

(4.23)  Dyig(prp) LREH Je2 (y,”g I 11 a’%l)

oEX,, oESL

— Q ®o(, ), Elel/e® — 0,

0 — REjq/e (unr(q)xwl H ol ke ) — Ker(f).
oc€S1
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For simplicity, put

§=0, @0 = (unr(q)ym,l H alkf') ® <yp’772 H o1 H gkol>7

oc€S1 gE€D, o€S1
0=10,®6 = (unr(q)xpy1 H glko)@)(xﬂ H s H O,kc,1>7
o€Sy UEZW oc€SL
0 = 0] ® 8y = (unr(q);,m1 11 al’%)@g(gpm2 1+ 11 01%1)7
ocES. oET, oES,
§ =01 @05 = (unr(q)XpJ H al"%>®<xp72 H o1 H ng—1)’
O'ESC UEZ@ UESC

and note that ¢’ is the trianguline parameter of p,,.

We see Ker(f) and Im(f) (cf. (4.23)) are (o, ")-modules over R g /2 (i.€.
(p, M)-modules over Ry equipped moreover an El[e]/e2-action commuting
with R, note that such modules may not be free over R g ,.2). Denote
by fo the map Diig(p,) — RE(d2) induced by (4.22) via the pull-back z7,
one has a commutative diagram (of (p, ')-modules over Rg)

0 —— Diig(py) ——  Drig(py) —— Diig(p,) —— 0
fol fl fol
0 —— Rp(d) —— Rpe(02) —— Rp(d) — 0

which induces thus a long exact sequence

0 — Ker(fo) = Ker(f) = Ker(fo) = Q ®ow, ).z, E
= Q®ow, ), Eld/e® = Q®ow,).-, E—0.

By discussions in [31, Ex. 6.3.14], one has (where we refer to [31, Not. 6.2.7]
for the ¢,’s)

Ker(fo) = Re(d)),
Im(fo) = Re(dy),
Q®ow,),, £ = RE(51)/( H t§”71> ,

g€So

thus there exist r, € Z, 0 < r, < k, — 1 for all o € Sy such that Im(s) =
Re(d7) where 67 = 01 [[,cg, 0" However, since Ker(f) is a saturated
sub-(, [)-module of D, (p-,,,), and the latter has Sen weight of the form

(—Eet® + a6, Be==2 1+ b, €) ex,, We SEE 7, =0 OF ky — 1 for o € So.
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One has a natural isomorphism (translating these in terms of E-B-pairs,
one can check this isomorphism by the same argument as in the proof of
Lemma 1.13)

Ext'(Re(61), Re(8])) — EXt'(Re(5)), RE(4))).
We claim [Ker(f)] equals (up to scalars) the image of [R g/ (62)]: Indeed
one has isomorphisms
(4.24)  Ext'(Rp(5), Re(8))) — Ext'(Re(5)), Re(5)))
5 Ext'(Rp(61), Re(6))) = Ext' (Rp(51), Re(61)).
The composition 4 in (4.24) actually sends [REH/GZ(@)] to [T\’,E[E]/ez(gl)]
(up to scalars), since both i([R g2 (07)]) and [Rg(q 2 (51)] fit “+” in the

following commutative diagram (with the maps on the left and right sides
being the natural injections)

0 —— Ru(d) —— . s Rp() —— 0

l l !

0 —— Rp(d) —— Rppye(d) —— Rp(d;) — 0;

on the other hand, since RE[G]/€2(51) — Ker(f), one sees the composition

of the last two morphisms in (4.24) sends [Ker(f)] to [RE[E]/ez(gl)] (up to
scalars), the claim follows.
Similarly, Im(f) lies in an exact sequence of (p, M)-modules over Rg:

0 — Rp(65) = Im(f) = Rp(55) — 0
with 65 = 05 [[,¢5, 07", and the natural isomorphism
Ext'(Rg(8), Re(8)) — Ext'(Re(03), Re(53))

sends [REjq,e2 (55)] to Im(f).
CrAmM. — There exists a (@, ")-module D free of rank 2 over R/
such that

(1) D lies in an exact sequence of (¢, [")-modules over R e2:
0 = Rpye2(07) = D — R e2(9) — 0;

(2) D = Dyig(pp) (mod €);

(@) D is S.-de Rham.

Assuming the claim, since &} (05) " = 8,(85) " (1+ (v —n)etur +2p€1; ),
one can deduce again from Theorem 2.1 that v —n = —2L. 1 (4.21). In the
rest of this section, we “modify” D,;;(p-,) to prove the claim.
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The natural morphism of (p, N)-modules over Ry /e2: RE[G]/ez(gé) —
Im(f) induces a morphism

Ext'(Im(f), Ker(f)) — Ext' (R, (53), Ker(f))

(here Ext' denotes the group of extensions of (i, M)-modules over RE[q)e2)-
Denote by D’ the image of D,i,(p-,) Via this morphism. In fact, D’ is just
the preimage of R /.2 (5’2) C Im(f) via the natural projection D, (p-, ) —
Im(f). The natural morphism of (p, ")-modules over Rg,.2: Ker(f) —
R i(q/2(5;) induces a morphism

Ext! (R /e (0), Ker(f)) — Ext' (Rpjq/e2(05), Ripeyye2(81))

let D be the image of D’ via this morphism. We check that D satisfies the
properties (2) and (3) in the claim.
We have a commutative diagram

0 —— Ker(f) —— Diig(pr,p) —— Im(f) —— 0

0 —— Ker(f) —— Drig(frg) —— Im(f) —— 0

which induces a long exact sequence

(4.25) 0= Ru(3}) — Duglp) > R(H) = Re() & (Re@)/ ] 1)

oc€So
= Diiglp) > Ri(@) & (R@)/ [ t37) = 0.
og€So
For a (i, M)-module D" over Rz, denote by D"[e] the kernel of € which
is a saturated (i, IN)-submodule (over Rg) of D”. One sees the natural mor-
phism D’ < Dyi,(pr,) induces an isomorphism D'[€] = Dyig(pr,e)l€] =
Dig(pe)- Indeed, one gets an injection D'[e] — D,iz(pr,)[e], on the other
hand, by (4.25), the image of D.iz(pr o)le] = Diig(pr,o) — Im(f), which
equals Im(r), is contained in Rp/2(d5), thus Diig(pr )] € D' so
Diig(pr,0)lel € D'[e], from which one gets the isomorphism. The (¢, I)-
module D’/ D’[€] sits in an exact sequence

0— Re(8)) — D'/D'[e] = Re(5) — 0

and is a submodule of Dig(0r,0)/ Drig(pr,0)lel = Diig(po). By the con-
struction of D, one gets a natural morphism D’ — D which induces an
isomorphism D,i.(p,,) = D'[e] = Dle] = Dyig(p,), and thus an injection
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D’/D'[e] — D/Dle]. One gets commutative diagrams

0 —— Rg(d)) —— D'/D'[e] —— Rp(d) —— 0

w2 l ! |

0 — Rp(¥) —— D, —— Rp(h) —— 0

for D, € {D/Dlel, Dyig(pe)} (for D/Dle], this follows from the construc-
tion of D; for D,iz(p,), this follows from the construction of D’ discussed
as above). So D/Dle] = D,ig(p,,) (Which are both equal to the image of
D’/ D'[e] via the natural morphism

Ext'(Re(8), Re(57)) — Ext'(Re(5), Re(5))),

the property (2) follows.

To show D is S.-de Rham, one needs only to prove D’ is S.-de Rham
since D’ is a (p,N)-submodule of D with the same rank. Since D’ is
a (p,MN)-submodule of D.i,(p- ), by the equivalence of categories of B-
pairs and (¢, N)-modules ([6, Thm. 2.2.7]), one gets an injection W (D') —
W (Drig(pr,e)) of E-B-pairs where W (D") denotes the associated B-pairs
for a (¢, M)-modules D”. Since D" and D;z(p-,,) are both of rank 4 (over
RE), one sees W(D")ar — W (Drig(pr.0))ar. Since Dyig(pr.o) is S.-de
Rham, so is D’. This finishes the proof of the claim and thus (4.21) in
So # (-case.

Appendix A. Partially de Rham trianguline
representations

In this appendix, we study some partially de Rham triangulable E-B-
pairs, and show that partial non-criticalness implies partial de Rhamness
for triangulable E-B-pairs. As an application, we get a partial de Rhamness
result for finite slope overconvergent Hilbert modular forms.

Let F,, be a finite extension of Q,, X, the set of embeddings of F, in
Qp, Galp, = Gal(Q,/F,), E a finite extension of Q, su [ciehtly large
containing all the embeddings of F,, in Q,. Let y be a continuous character
of FX over E, recall that we have defined the weights (Wt(x),)oex,, € E!¢
of x (cf. Section 2); in fact, (—wt(x),)scs, are equal to the generalized
Hodge—Tate weights of the associated E-B-pair Bgr(x) (cf. [33, Def. 1.47]).

LEMMA A.1. — Let x be a continuous character of F* over E, for
o € Z,, Be(x) is 0-de Rham if and only if wt(x)., € Z.
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Proof. — The “only if” part is clear. Suppose now wt(x). € Z, by mul-
tiplying y by o~ "t(X)- and then an unramified character of F/¢, one can
assume that y corresponds to a Galois character x : Galr, — E* and
wt(x), = 0. In this case, by Sen’s theory, one has C,, ®z x = C,, as
Galp,_-modules (since x is of Hodge-Tate weight 0 at ). Consider the exact
sequence

0= (tBy,, @5 )% — (Bfx, @5 )
= (Cpo @5 ) — H'(Galp,, tBy , @ X),

it’s su [cieht to prove H'(Galr,,tBiy , ®z x) = 0. For i € Z-, we claim
H'(Galp,,t""' Bi, ,©x) = H'(Galg,, ' Bjy ,®gX) is an isomorphism:
one has an exact sequence

(Cpo (i) @5 )70 — H'(Galp,,t""' By , © X)

— H'(Galp,,t'Blg , ®5 X) — H'(Galg,,Cp (1) ®& X),
since C, ,®px = C,, o, the first and fourth terms vanish when < > 1. We get
thus an isomorphism H'(Galr,,tBjg ,©rx) — H'(Galr,,t" Big ,® £ X)
for n>> 0, from which we deduce H'(Galr,,tBJy , ®r X) = 0. O

DEFINITION A.2 ([32, Def. 4.3.1]). — Let W be a triangulable E-B-pair
of rank r with a triangulation given by

(A.l) 0=WoCW1 C---CW,1 CW,. =W
with W11 /W; = Bgr(x;) for 0 < ¢ < r — 1 where the x;’s are continuous
characters of F[} in E*. For 0 € Z,, suppose Wt(x;)s € Z for all 0 < i <

r—1, W is called non o-critical if (note the generalized Hodge—Tate weight
of Bp(x:) at o is —Wt(xi)s)

Wt(x1)o > Wt(x2)s > -+ > Wt(Xy)o;

for ) # J C X, suppose Wt(x;)o € Z for 0 < i <r—1,0 € J, then W is
called non J-critical if W is non o-critical for all o € J.

PROPOSITION A.3. — Keep the notation in Definition A.2, let ) # J C
2, suppose W is non J-critical, then W is J-de Rham.

Proof. — It’s su [cieht to prove if W is non-o-critical, then W is o-de
Rham for 0 € J. Let ¢ € J, we would use inductionon 1 < i < r—1;
by Lemma A.1, W, is o-de Rham; assume now W; is o-de Rham, we show
Wiy1 is also o-de Rham. Note [W;,,] € Ext'(W;, Be(xit1)), let W/ :=
W; ® Be(x;.h), Wiy == Wis1 ® Bg(x;}4), by Lemma A1, Wi, is o-de
Rham if and only if W/, , is o-de Rham. One has [W/, ,] € H'(Galp,, W)).

©?
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On the other hand, since wt(x;)e > Wt(xi+1)o for 1 < j < 4, we see
HO(Galrg,, (W/){r,) = 0, thus by Lemma 1.11, H; (Galp,, W/) =
H'(Galp,,W/). So W/, is o-de Rham, and the proposition follows. [

Example A.4. — Let xyr @ Galg, — Fg be a Lubin-Tate character, o :
F, — E, and consider Hl(GaIF@, ooxrr). By Proposition A.3, any element
in Hl(GaIFp,O'OXLT) is o-de Rham, which generalizes the well-known fact
that any extension of the trivial character by cyclotomic character is de
Rham. In fact, suppose F,, # Q,, using (1.7), one can actually calculate:
dimg H;J(Gale,aoXLT) =d—1|J\{o}|

Partially de Rham overconvergent Hilbert modular forms

Let I be a totally real number field of degree dr, Zr the set of embed-
dings of F in Q, w € Z, and k, € Z>2, ke = w (Mmod 2) for all 0 € Zp.
Let ¢ be a fractional ideal of F'. Let h be an overconvergent Hilbert eigen-
form of weights (k, w) (where we adopt Carayol’s convention of weights as
in [18])), of tame level N (N > 4, p t N), of polarization ¢, with Hecke
eigenvalues in E (e.g. see [1, Def. 1.1], where E is big enough to contain
all the embeddings of F' in Q,). For a place p of F' above p, let a,, de-
note the U -eigenvalue of h, and suppose a, 7 0 for all p|p. Denote by
pn : Galp — GLo(F) the associated (semi-simple) Galois representation
(enlarge E if necessary) (e.g. see [1, Thm. 5.1]). For p|p, denote by py
the restriction of p;, to the decomposition group at p, which is thus a con-
tinuous representation of Galr, over E, where F, denotes the completion
of F at p. Let v, : Q, = QU {+0o0} be an additive valuation normalized
by v, (F,) = Z U {+0c0}. Denote by ¥, the set of embeddings of F,, in Q.
This section is devoted to prove

THEOREM A.5. — With the above notation, and let § # J C Z,.
() If vlag) < infoes{ks — 1} + 3 o5 w=kot2 then py, is J-de
Rham.
) Ifvy(ap) < ZOEJ(kU—1)+Z(762@ w*k;”, then there exists o € J
such that py, , is o-de Rham.

Remark A.6. — This theorem gives evidence for Breuil’s conjectures
in [10] (but in terms of Galois representations) (see in particular [10,
Prop. 4.3]). When J = %, (and F|, unramified), the part (1) follows directly
from the known classicality result in [43].

One has as in Proposition 4.15
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PROPOSITION A.7. — For p|p, pn,e Is trianguline with a triangulation
given by
0 — Bg(61) = W(phn,p) = Br(d2) =0,
with
_ _w—kg+2 1—ky
{51 = unry(ay) ngE@ g : ngEh o )
_wtkg _
b2 = unry(gebe/ag) [lpes, o [Toes, ™71,
where unr,(z) denotes the unramified character of F\ sending uniformizers
to z, q, = ple with fo the degree of the maximal unramified extension
inside F, (thus vy(qe) = d,, the degree of F, over Q,,), and X}, is a certain
subset of Z,.

Proof. — Consider the eigenvariety £ constructed in [1, Thm. 5.1], one
can associate to h a point z;, in £. For classical Hilbert eigenforms, the result
is known by Saito’s results in [38] and Nakamura’s results on triangulations
of 2-dimensional semi-stable Galois representations (cf. [33, §4]). Since the
classical points are Zariski-dense in £ and accumulate over the point z,
(here one uses the classicality results, e.g. in [8]), the proposition follows
from the global triangulation theory [31, Thm. 6.3.13] [32, Thm. 4.4.2]. O

Since W (p,,) is étale (purely of slope zero), by Kedlaya’s slope filtration
theroy ([30, Thm. 1.7.1]), one has (see also [33, Lem. 3.1])

LEMMA A.8. — Let w, be a uniformizer of F,, then v,(61(wy)) = 0.

Proof of Theorem A.5. — By the above lemma, vi,(ay) > 3,5, (ko —
1)+ Y, ex, Uit Thus for 0 # J C X, if vg(ay) < infoes{ky — 1} +

Yoex, 2 (resp. vp(ap) < Y,eslho =)+ o5 %) then
JNZ, =0 (resp. J € £3,) and thus py, , is non-J-critical (resp. there exists
o € J such that p, , is non-o-critical) (note Zp, \ X, is exactly the set
of embeddings where py, ,, is non-critical). The theorem then follows from
Proposition A.3. O

We end this section by (conjecturally) constructing some partial de Rham
families of Hilbert modular forms as closed subspaces of £ ([1, Thm. 5.1]).
For p[p, denote by W,, the rigid space over E parametrizing locally Q,-
analytic characters of O7. One has a natural morphism of rigid spaces
W, = APl v Wt(x\)o)oes,. For J C 2, k, € Z for 0 € J, de-
note by W, (k;) the preimage of the rigid subspace of APl defined by
fixing the o-parameter to be k, for o € J. Let W, denote the rigid space
(over E)) parametrizing locally Q,-analytic characters of Z . Recall (cf. [1,

Thm. 5.1]), one has a natural morphism « : & — [],, W, x Wo (where
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the right hand is denoted by W¢ in loc. cit.), mapping each point of £
(corresponding to overconvergent Hilbert eigenforms) to its weights.

Now fix plp, 0 € J C X, w € Z, and k, € Z>2, ko, = w (mod 2) for all
o € J. Consider the closed subspace

Wolk,) x [ Wor = Wo x [[ Wer — [ Wer x Wo
©'lp o' lp o' lp
o' #p o' #p
where the last map is induced by the E-point (z — z") of W,. Denote by
E(k;,w)" the pull-back of W, (k) x [] |, Wy Vvia x, which is a closed

P #p
rigid subspace of £ consisting of points with fixed weights &, for o € J and
w. Let £(k;, w) be the Zariski-closure of the classical points in £(k;, w)’.

CONJECTURE A.9. — Keep the above notation, let z € £(k;,w) (E),
and suppose the associated Gal p-representation p, is absolutely irreducible.
Then z € E(k;, w)(E) if and only if p, , := pzlcal, is J-de Rham.

Appendix B. Some locally analytic representation theory
of GLa(F))

Recall some locally analytic representation theory of GLo(F},) used in
the paper.

PROPOSITION B.1. — Let V' be a locally Qp-analytic representation of
GLy(F,) over E, J C %, and W be an irreducible algebraic locally J-
analytic representation of GLy(F|,) over E. The composition

(Bl) (V@E WV)E@\J,an REW —V®g wY QW —V
is injective, where WV denotes the dual representation of W.

Proof. — The proof is similar as that of [25, Prop. 4.2.4]. The case J = ()
is trivial, and we suppose J # (. We equip V @ WV with a g, X gs,°
action by (X1, Xo)(v ® w') = (X1v) @ v’ + v ® (Xaw'). Denote by A the
morphism gs_ — gs_ X gz, * — (z,z). We have thus

(VopW¥)s g — (Vep W),

Since Enng@ (W) = Endg, (W) & E, by the double commutant theorem,
the morphism of E-algebras

(B.2) U(gs) — Endg(W)(=W @ W)

is surjective. We equip U(gs) (resp. W @ WVY) with a g; x gj-action by
(X1, X2)(X) = X1 X — XXy (resp. by (X1, Xo)(w ® w') = (Xjw) @ w' +
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w ® (Xow”)). One can check the map (B.2) is g; x gs-invariant. By taking
the dual, we get a g; x gs-invariant injection (recall for a Lie algebra b
over E, and a representation U of h over £, Homg(U, E) is equipped with
an h-action given by (X f)(uv) = —f(Xu) for X € b, f € Homg(U, E) and
u e U)

(B.3) WY @p W — Homg(U(g,), E).

Moreover, one can check that the composition of (B.3) with the evaluation
map Homg(U(gy),E) — E, f — f(1) is equal to the natural morphism
WY @rW — E, v @w+— w(w).

Consider the following composition induced by (B.3)

(B4) Ve wY RQEW «— V®g HomE(U(gJ),E) — HomE(U(gJ), V),

which is in fact gs, x g x gs-invariant, where the g5 x g; x gs-action on
Vop WY g W (resp. on Homg(U(gs), V)) is given by (X1, X5, X3)(v ®
wow) = (X)) uw @w+v® (Xw)@w+vew @ (Xzw) (resp.
by (X1, X2, X3))(X) = X1 (f(X)) — f(X2X) + f(XX5)). Moreover, the
composition of (B.4) with the evaluation map

(B.5) Homp(U(gs),V) =V, f = f(1)

is equal to (B.1).

Denote by Az : g5 <= gs, X g X g7, X = (X, X,0). Thus the
left object of (B.1) is equal to (V @ WY ®p W)?12(81) We claim the
map (B.5) induces an isomorphism Homg(U(g;), V)?2(87) =5 V| from
which the proposition follows. Indeed, the map V. — Homg(U(g,),V),
v — [X — Xuv] is obviously a section of (B.5), and one can check the
image is contained in Homz(U(g), V)?2(87) and the induced map V —
Homz(U(gy), V)212(87) js bijective (since any f € Hompg(U(g), V)212(87)
satisfies f(XY) = X f(Y) for X € g;, and Y € U(g,)). O

COROLLARY B.2. — Keep the notation of Proposition B.1, suppose
moreover V' is admissible, then the representation (Vg Wv)gp\,]_an(@ W
is a closed subrepresentation of V.

Proof. — Since V is admissible, so is V @ WY @ W. Since (V ®f
WY)s, \J—an @ W is obviously a closed subrepresentation of Ve@p WY ®p
W, by [40, Prop. 6.4], (V ®r W¥)s \/—an ®r W is also admissible. By
loc. cit., in this case, the map (B.1) is strict and has closed image, which
concludes the proof. O

Let V' be an admissible locally Q,-analytic representation of GLo(F},)
over E, the associated Jacquet-Emerton module Jg(V) is thus an
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essentially admissible locally Q,-analytic representation of T'(F,,) (cf. [26,
Thm. 0.5]). Let U € Repy, (T'(F},) (cf. [26, §3.1]), and suppose U is allow-
able (cf. [28, Def. 0.11]), recall first the following theorem of Emerton.

THEOREM B.3 ([28, Thm. 0.13]). — Keep the above notation and hy-
pothesis, suppose moreover V is very strongly admissible (cf. [28, Def. 0.12]),
then one has a natural bijection

Homyp(r,\(U ®k 6B, Jp(V))Pa = Homgr,(r,) ( GLZ(L ), V)

where “bal” denotes the balanced maps (cf. [28, Def. 0. 8]) and we refer
to [28, 82.8] for the definition of IE(LLZ(L (U) (see also the paragraphs which
follow).

Recall the definition of balanced maps (in GLy(F,,)-case). Let N(F,) be
the nilpotent radical of B(F,,), and let CQP*POI(N(FW), FE) denote the a [nel
E-algebra of the algebraic group Resgj N xq, B = Resg: G4 xq, E, thus
CU—PNN(F,), E) = ®oes, Elo(2)] = Elzy ] Let CL—PYN(F,),U) =
CY—PNN(F,),E) @ U = Ekzp] ®@r U = U[gzp], which can be nat-
urally equipped with a gs_-action (cf. [28, §2.5]) such that for my =
(mo)oes, € Z25), 2% = [ 5, 0(2)™ € C& P N(F,), E), and
u € U,

o Zy - (uz™=) = my(ds — ax)uz"=e + (Z, - W)z"=o, for Z, =

¢ 0 et, C
0 d,) <8

m 0 if my =0 IZpl
o X ,(uz=>¢)= _ where 1, € Z< ' with
vt ) {mguzmzw o otherwise >0
1 o/=0 <0 1>
1) = yand X4 , = € 9o,
(1) {O 0_,7&0 +, 0 0 g
o X_, - (uz™=0) = (hy - u)z™=etle — mouz"=e* e with X_, =

00y _ ., _(1 0)_
1 0) %= g 1) 8

The embedding U — U@ZFW] (which can be easily checked to be by -
invariant, where by, acts on U via by, — ts_, and the ts _-action on U is
induced by the T'(F,;)-action) thus induces

(B6)  U(gs,) ®u(es,) U — CUPUN(E,), U) = Ulzy |

Let 7 denote the Lie algebra of the nilpotent radical of B(F,), since
U(gs,) = U(ns,) ®@p U(bs,), U(es,) ®ues,) U = Ums,) ®@p U. One
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gets thus a map
U@s,) @p U — CHPUN(F,),U) = Ulzy, ]

which is in fact given by

(B.7) ( 11 X"ﬁ«;) ®u (( 11 mﬁl(hg _j)> u) s,

oces, ceY, j=0

forallue U, my € Z'fg", where we let [T7% " (h, —j) be 1 when m, = 0.

Let f: U ®g ég — Jp(V) be a morphism of locally Q,-analytic T'(F,)-
representations. Fix a compact open subgroup Ny of N(F,,), and consider
the composition «(f) : U ®g 05 — Jp(V) — V (where the last map is the
canonical lifting with respect to Ny, cf. [26, (3.4.8)]), which is by, -invariant
(where by, acts on U ®p ép Via by, — ts_), and induces thus a U(gs,)-
invariant map (where the first isomorphism follows from the fact that dp
is smooth):

(B.8) U(gs,) ®u(es,) U = U(gs,) ®ues,) (U ®E o) — V.

Recall the map f is called balanced if the kernel of (B.6) is contained in
the kernel of (B.8).

Let J C X, and suppose moreover U and V' are locally J-analytic.
Let C/~PY(N(F,), E) := ®,cs El0(2)] =: Elz,], and C7~PYN(F,),U) =
C/=PYN(F,),E) @ U = Ulz,]. Since U is locally J-analytic, one can
check that C/~PY(N(F}), U) is a U(gs, )-submodule of C%~PY(N(F,), U),
and the action of U(gs, ) on C/P°{(N(F,),U) factors through U(g,).
Moreover, one can check (e.g. by (B.7)) that the map (B.6) factors through

(B.9) U(gs) ®uge,) U — CTPUN(F), V).

Identifying U(g,) @u (s, U With U@ )@ U, C/ PN (F,), U) with E[z,],
this map is in fact equal to

(B.10) U(m)) ®r U — Elz,],

me—1
(HXT;) QU > ((H H (h(,j)> u) 2
oceJ ceJ j=0

forallu e U, m; € Z';(') where we let H;":"O’l(hg — 7) be 1 when m, =0.
Let f be the morphism as above, and consider the bx_-invariant map «(f) :
U®gép — V. Since both U and V" are locally J-analytic, the action of by
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on U®gdop and V factors through b ;. Thus «(f) induces a U(g)-invariant
map

(B.11) U(g.7) ®ue,) U = U(gs) @ue,) (U ®E dB) — V.

Since V is locally J-analytic, the morphism (B.8) in fact factors through
(B.11). Thus we have

LEMMA B.4. — Keep the above notation and hypothesis (in particu-
lar U and V' are locally J-analytic), a morphism f : U ®g g — Jp(V)
is balanced if and only if the kernel of (B.9) is contained in the kernel
of (B.11).

Remark B.5. — Keep the above notation and hypothesis, by (B.10), we

see f is balanced if and only if for any (my)scs € Z‘;f(‘), if w € U killed by

[oes T (ho = ). then ([T,e; X™5) - ((N)()) =0 € V.
Let t/; be the Lie subalgebra of t; generated by {h,},c..

LEMMA B.6. — Keep the above notation and hypothesis, and 5uppose
the strong dual U] is a torsion free U(t;)-module, then IGLZ(F U) =

(IndSt2(Fv)

B(F,) U)’7=a In particular, in this case we have (by Theorem B.3)

J—an
Hom (o) (U @ 6, T (V)™ < Homap, () ((lndg(L;f’; )U) ,V).

Proof. — Since U is a torsion free U(t,)-module, for any 0 # X €
U(t)), the morphism U — U, u — Xu is surjective. Consequently, we see
that (B.10) (and hence (B.9)) is surjective. The image of (B.6) is thus equal
to CJ*POI(N(FW) U). As in [28, 82.4], for a local closed subrepresentation

(see loc. cit. for the definition) X of (Indg?;(?’) U)& 21 denote by X, the

stalk of X at neutral element e € GL2(F,,)/B(F,,). One has the following
commutative diagram

B(F)

l l

Qp—an
CLPUN(E,), U) —— (Ind5 20 v)

J—an
CIPUN(F),U) —— (Ind520 D)

where the horizontal maps are injections with dense image as in [28,
(2.5.20)], and the vertical maps are natural embeddings. By [28,
Prop. 2.8.10], IGL2 (e )(U)e is the closure of the image of (B.6) in
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(IndSk2Fe) )20 “which thus coincides with (IndS™2"%) )7 —an, from
Bre) GL2(Fy,) GL2(F,) )
- 2L o 2(L'p J—an
which we deduce that IE(F@) ) = (IndE(Fp) U) . O
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