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RATIONAL SURFACE AUTOMORPHISMS
WITH POSITIVE ENTROPY

by Takato UEHARA (*)

ABSTRACT. — The aim of this paper is to construct rational surface automor-
phisms with positive entropy by means of the concept of orbit data. The concept
enables us to introduce some mild and verifiable condition, and to show that if
an orbit data satisfies the condition, then there exists an automorphism realizing
the orbit data. Applying this result, we describe the set of entropy values of the
rational surface automorphisms in terms of Weyl groups.

RESUME. Le but de ce travail est de construire des automorphismes de
surfaces rationnelles d’entropie positive au moyen de la notion de donnée d’orbite.
Celle-ci nous permet d’introduire une condition faible et vérifiable, et de démontrer
que si une donnée d’orbite satisfait cette condition, alors il existe un automorphisme
qui réalise la donnée d’orbite. En appliquant ce résultat, nous décrivons I’ensemble
des valeurs d’entropie des automorphismes de surfaces rationnelles du point de vue
des groupes de Weyl.

1. Introduction

In this paper, we consider automorphisms on compact complex surfaces
with positive entropy. According to a result of S. Cantat [5], a surface
admitting an automorphism with positive entropy must be either a K3
surface, an Enriques surface, a complex torus or a rational surface. For
rational surfaces, rather few examples had been known (see [5], Section 2).
However, some rational surface automorphisms with invariant anticanon-
ical curves have been constructed recently. Bedford and Kim [3, 4] found
some examples of automorphisms by studying an explicit family of qua-
dratic birational maps on P2, and then McMullen [11] gave a synthetic

Keywords: rational surface, automorphism, entropy, orbit data.
Math. classification: 14E07, 14J50, 37F99.
(*) The author is supported by Grant-in-Aid for Young Scientists (B) 24740096.



378 Takato UEHARA

construction of many examples. More recently, Diller [6] sought automor-
phisms from quadratic maps that preserve a cubic curve by using the group
law for the cubic curve. We stress the point that these automorphisms can
be all obtained from quadratic birational maps. The aim of this paper is
to construct yet more examples of rational surface automorphisms with
positive entropy from general birational maps on P? preserving a cuspidal
cubic curve.

Let FF: X — X be an automorphism on a rational surface X. From
results of Gromov and Yomdin [8, 14], the topological entropy hiop(F')
of F is calculated as hiop(F') = log A(F*), where A\(F™) is the spectral
radius of the action F* : H?(X;Z) — H?(X;Z) on the cohomology group.
Therefore, when handling the topological entropy of a map, we need to
discuss its action on the cohomology group, which can be described as an
element of a Weyl group acting on a Lorentz lattice. The Lorentz lattice
ZYN is the lattice with the Lorentz inner product given by

N
ZLN:@Z'eiv (eiaej): -1 (Z:j:]"’N)
1=0

For N > 3, the Weyl group W C O(Z") is the group generated by
(pi) N1, where p; : ZWN — Z5N s a reflection defined by

€p — €1 — €2 — €3 (ZZO)

€; — €41 (’L 75 0)

(11> pi(x) :l’+($,ai)-ai, o =

We call the Wiy-translate & := Uf\gl W - «; the root system of Wy,
and each element of ®x a root. On the other hand, if A(F*) > 1, then
there is a blowup © : X — P? of N points (pi,...,pny) with N > 10
(see [12]), which gives an expression of the cohomology group : H?(X;Z) =
ZIH|®Z[E1])® - -+ ® Z[EN], where H is the total transform of a line in P2,
and Fj; is the total transform of the exceptional divisor over p;. Moreover,
there is a natural marking isomorphism

(1.2) ¢r: 28N — H*(X;Z), br(e0) = [H], br(ei) =[Ei] (i=1,...,N).

ANNALES DE L’INSTITUT FOURIER



RATIONAL SURFACE AUTOMORPHISMS WITH POSITIVE ENTROPY 379

It is known (see [13]) that there is a unique element w € Wy such that the
following diagram commutes:

71N L> 71N

(1.3) %l lm

HX(X;Z) —— H*(X;Z).
Then w is said to be realized by (m, F') (see also [11]). A question at this
stage is whether a given element w € Wy is realized by some pair (r, F).
McMullen [11] states that if w has spectral radius A(w) > 1 and no periodic
roots, that is,

(1.4) wh(a)£a  (a€dy, k=1),

then w is realized by a pair (m, F'). However, since the root system @y
is an infinite set when N > 10, it is rather difficult to see whether w
has no periodic roots. Indeed, he shows condition (1.4) only for the so
called Coxeter element. One of our interest is to introduce a more verifiable
condition and to construct realizations of much more Weyl group elements.

Another interest is to find the entropy values of rational surface au-
tomorphisms. In general, the topological entropy of any automorphism
F : X — X is expressed as hyop(F) = logA(w) for some w € Wy (see
also Proposition 3.3). Namely, for the entropy values

E := {hiop(F) | F : X — X is a rational surface automorphism},

we have
E ClogA :={logA| A € A},
where A is given by

(1.5) A={MNw)=21|we Wy, N >3}

The entropy values of automorphisms having been found so far seem to
be contained in a very thin subset of log A. On the other hand, one of our
main results bridges the gap between two sets E and log A, which is stated
as follows.

THEOREM 1.1. — The logarithm of any value \ € A is realized by the
entropy of some rational surface automorphism F : X — X. In particular,

we have
E =logA.

We will show this theorem by introducing the concept of orbit data.
Now let us consider an n-tuple f = (fi,..., f,) of quadratic birational
maps f; : P72, — P? with each P? being a copy of P? and PZ = P2.

TOME 66 (2016), FASCICULE 1
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Note that the inverse of any quadratic map is also a quadratic map and
a quadratic map has three points of indeterminacy. So the indetermi-
nacy sets of fg‘El can be denoted by I(fy) = {le,pzz,ng} C P? | and
I(f[l) = {le,pZ2,pZS} C P? with a suitable matching of the indices
(¢, 7) between forward and backward indeterminacies to be specified later
(see Section 3). Then we assume that the orbit of each backward indeter-
minacy point reaches some forward one. More precisely, with the notation
pF :pii,j forv e K(n) :={t=(4,5)|i =1,2,...,n, j = 1,2,3}, suppose
that there is a permutation o of (n) and a function u : K(n) — Z>o such
that the following condition holds for any ¢ € K(n):

(16) Pt #pS O<m<p()./ eKm),  p =pl,.
where p)” is defined inductively by
(L7 ple=p, €PF pri= L) €P] ((=i+m modn).

Then, by blowing up the orbit segments p; = p%,p?, ... ,pf(L) = p:(b) for

¢ € K(n), we can cancel all indeterminacy points of (f;) and (f, '). That
is, if m; : Xy — P? is a blowup of points p™ with 0 < m < pu(:) and i+m =
¢ mod n, then the birational maps f; : PZ_, — PZ lift to biholomorphisms
Fy: Xy_1 — Xy, whose composition gives an automorphism F' := F,,0---0
F1 : Xo — X, = Xy. Now, we denote by k() the number of points among
P, pl,. .. ,p" 1ying on P2 or, in other words, x(1) = (u(t) +i —i1 +1)/n
with o(t) = (i1,71). It is easy to see that () > 1 provided i; < ¢. This
observation leads us to the following definition.

DEFINITION 1.2. — An orbit data is a triplet T = (n, 0, k) consisting of
e a positive integer n,
e a permutation o of K(n), and
e a function k : K(n) — Zx¢ such that p() = k(¢) - n+i1—i—1 > 0.

DEFINITION 1.3. — An n-tuple f = (fi1,..., fn) of quadratic birational
maps fo is called a realization of an orbit data 7 if condition (1.6) holds
for any ¢ € K(n).

A question here is whether a given orbit data admits some realization.

To answer this, we consider a class of birational maps preserving a cus-
pidal cubic C' on P2. Let Q(C) be the set of quadratic birational maps
f: P2 — P? satisfying f(C) = C and I(f) C C*, where C* is the smooth
locus of C. The smooth locus C* is isomorphic to the complex plane C

and is preserved by any map f € Q(C). Thus, the restriction f|c- is an
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automorphism expressed as
flex :C—=C, t—=do(f) -t+c(f)

for some 6(f) € C* and ¢(f) € C. For an n-tuple f = (f1,..., fn) € Q(O)",
the determinant of f is defined by §(f) := [, 6(fe)-

Moreover, we take advantage of introducing the concept of orbit data to
state a more verifiable condition than (1.4) in terms of a finite subset I'(7)
of @y, that is,

(1.8) wh(a) # (ael(r), k=1),

where w, is an element of Wy with N := 3 () £(¢). The orbit data 7
canonically determines I'(7) and w,, whose definitions will be given later
(see Definitions 3.9 and 5.10). It will be also seen later that any element w €
W is expressed as w = w, for some orbit data 7 (see Proposition 3.12).
Thus, once an orbit data 7 with w = w; is fixed, the finiteness of I'(7)
enables us to check easily that w satisfies condition (1.8). It should be
noted that an expression for w in terms of factorization into a product of
the generators (p;) ;! yields the orbit data 7 = (n, o, &), and the number
of pg in the expression is the length n, where py corresponds to the standard
Cremona transformation. As an expression for a given element w € Wy is
not unique, neither is an orbit data 7 satisfying w = w,.

Condition (1.8) is referred as the realizability condition, for reasons that
become clear in the following theorem.

THEOREM 1.4. — Let 7 be an orbit data with A(w;) > 1. Then, T
satisfies the realizability condition (1.8) if and only if there is a realization

fr=(f1,---, fn) € Q(C)" of T such that §(f.) = Mw,). The realization
f. € 9(0)" of T with d(f.) = M(w,) is uniquely determined. Moreover, T
determines a blowup 7, : X, — P? of N points on C* in a canonical way,
which lifts f, := f, o---0o f1 to an automorphism F. : X, — X,:

X, 2 X,

~ | |~

pz I, p2,
Finally, the pair (7, F;) realizes w, and F; has positive entropy hiop(F;) =
log A(w,) > 0.

As seen in Theorem 1.6, almost all orbit data satisfy the realizability
condition (1.8). Furthermore, even if an orbit data 7 does not satisfy the
realizability condition (1.8), another orbit data 7 with the same spectral
radius, called the sibling of 7, does satisfy the condition.

TOME 66 (2016), FASCICULE 1
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THEOREM 1.5. — For any orbit data 7 with A(w,) > 1, there is an orbit
data 7 satisfying A(w;) = AMwz) > 1 and the realizability condition (1.8).
In particular, ¥ is realized by f..

Theorem 1.1 is a consequence of Theorem 1.5 and the fact that any
element w € Wy is expressed as w = w, for some 7.

Finally, we give a sufficient condition for (1.8), which enables us to see
clearly that almost all orbit data are realized, and to obtain an estimate
for the entropy.

THEOREM 1.6. — Assume that an orbit data T = (n, 0, k) satisfies
(1) n>2,
(2) k(¢) = 3 for any ¢ € K(n), and
(3) if v # V satisty iy, = i., and k(0™ () = k(o™ (/) for any m >
0, then ' # o™ (1) for any m > 0, where 6™ (1) = (im,jm) and
) = (i ).
Then the orbit data T satisfies 2" — 1 < Mw,) < 2" and the realizabil-
ity condition (1.8). In particular, F, has positive entropy log(2" — 1) <
hiop(Fr) < log2™.

Diller [6] constructs, by studying single quadratic maps preserving C,
automorphisms with positive entropy realizing orbit data 7 = (1,6,R).
As is seen in Example 5.13, there is an orbit data 7 such that F, is not
topologically conjugate to the iterates of F: that Diller constructs for any
7 = (1,6,k). Moreover, the element w, determined by this orbit data
admits periodic roots and thus does not satisfy condition (1.4).

Any quadratic map in Q(C') is determined completely, up to a linear con-
jugation, by the configuration of the three indeterminacy points, which lie
on the smooth locus C* = C, and the map is degenerate to a linear one when
the indeterminacy points are collinear (see Lemma 4.2 and Remark 4.3).

Hence for an orbit data 7 = (n, 0, k), the 3n conditions pf(b)

= p:(b) deter-
mine 3n indeterminacy points {p;"},cx(n) and an n-tuple F=f1, ., fn)
Our investigations on the existence of a realization are divided into two
steps. The first step is to check that 7 admits a tentative realization, namely,
each map f; is indeed quadratic (see also Definition 4.1). Proposition 4.13
states that a tentative realization f of 7 exists if and only if w, has no
periodic roots in a subset I';(7) of ® with n elements. When 7 does not
satisfy the condition, another orbit data 7 = (n,d, k) with 1 < n satisfies
AMwy) = AMw,) and admits a tentative realization. The second step is to
check that the tentative realization f is indeed a realization of 7, that is,
check whether an orbit {p]”},>0 satisfies p]* # pj before reaching pj(b).
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Proposition 5.7 shows that f is a realization of 7 if and only if w, has
no periodic roots in I's(7) = T'(7) \ I'1 (7). Even if 7 does not satisfy the
condition, f is a realization of another orbit data 7. Note that the con-
figuration of the orbits {pY,... ,pft(L)}Lelc(n), which are blown up to yield
an automorphism, is closely related to the eigenvalue problem of w, (see
Proposition 4.7). Then the sibling 7 of 7 determines essentially the same
configuration of the blown up points as 7. On the other hand, under the
assumptions in Theorem 1.6, Proposition 4.15 gives an estimate for the
spectral radius A(w,) and shows the absence of periodic roots in I'y(7),
and then Proposition 5.9 guarantees the absence of periodic roots in I'y(7),
which proves Theorem 1.6. We notice that most of the methods in this
paper may be applicable for rational surface automorphisms in positive
characteristic, except one crucial point where the first dynamical degree is
related to the determinant of birational maps preserving the cuspidal cubic
curve, which does not make any sense in positive characteristic at least as
it appears.

This article is organized as follows. After a preliminary study in Section 2,
Section 3 is devoted to developing a method for constructing a rational
surface automorphism from a realization of 7. In Section 4, we discuss the
existence of a tentative realization of 7, and in Section 5, we investigate
whether it is indeed a realization and prove Theorems 1.1 and 1.4-1.6.
Finally, Propositions 4.15 and 5.9 are proved in Section 6.

Remark 1.7. — In the sequel, we will often use the following notations
for a given orbit data 7 = (n, 0, k).
(1) For ¢ = (i,7) € K(n), put tm = (im, Jm) = 0™ (). We will also use a
similar notation for another orbit data (e.g. for o/ = (¢, j") € K(n),
PUt Ly, = (i i) = 0™ (V)
(2) For each ¢ € K(n), put ¢(¢) := 0*(1), where k > 0 is determined by
the relations x(o*(1)) = 0 for 0 < £ < k, and k(c®(1)) > 1.

2. Preliminary

In this section, we give a preliminary study of birational maps between
complex surfaces, mainly in order to clarify the meaning of the equality
in (1.6), since p™ may be an infinitely near point on P2. To this end, from
a birational map f : X — X on a compact surface X, we build up a new
surface map f. : X. — X.. Although the surface X., which may be
regarded as the set of all proper and infinitely near points on X, becomes

TOME 66 (2016), FASCICULE 1



384 Takato UEHARA

noncompact and rather larger than X it gives certain nice properties to the
map f~ as is mentioned below. These properties are used in our arguments
of this article.

Throughout this paper, by a surface we mean a smooth irreducible pro-
jective surface over the complex numbers. Let X be a surface, and con-
sider a pair (z,7 : X = X) of a point = € X and a proper modification
7: X — X. Two pairs (z1,71) and (ze,m2) with m; : X; — X are said
to be equivalent, denoted by (z1,7m1) ~ (x2,m2), if 7r1_1 omg : Xo — X is
locally biholomorphic at x5 and z; = 7rf1 o ma(x2). Let X be the set of
all equivalence classes of (z, 7). The equivalence class of (z, ) is denoted
by [z,7]. Then, x € X can be identified with [z,idx] € X, which is said
to be proper. Moreover X is equipped with the topology generated by

{U.|]z,7: X — X] € X_ and U C X is an open neighbourhood of z},

where U, := {[y, 7] € X |y € U}. We notice that U is identified with U,
via y — [y, 7], which gives X . the complex structure induced from that on
X, namely, X, becomes a (noncompact) complex surface.

Let f : X — Y be a birational map with its inverse f~1 : ¥ — X.
Moreover assume that Y C PV and f(X) is contained in no hyperplane of
P¥, so that f*H is a curve on X for any hyperplane H C PV. Put

I(f) :=={z € X |z € f*H for any hyperplane H c PV},
We call I(f) the indeterminacy set of f, on which f is not defined.

Remark 2.1. — Let f : X — Y be a birational map and x € X be a
point. Then f is locally holomorphic at x if and only if « ¢ I(f). Moreover,
f is locally biholomorphic at x if and only if 2 ¢ I(f) and f(z) ¢ I(f~1).

For a curve C' C X, let v, (C) be the multiplicity v,(7=*(C)) of
7~ 1(C) at x and put
Co = {[r,n] € Xo|vpm(C) =21} C X,
where 771(C) := 7=1(C \ I(f)) is the strict transform of C. Note that the

definition of multiplicity is well-defined by virtue of the following lemma.

LEMMA 2.2. — If (x1,71) and (xo,ms) are equivalent, then we have
Vo, (11 (C) = vy (13 (C)).

Proof. — For i = 1,2, assume that U; C X; are open subsets contain-
ing xz; such that 7r51 om : Uy — Us is a biholomorphism with zo =
7yt o mi(xy). Since U = m1(Uy) = ma(ny ' o m(Uy)) = m(Usz) C X,
one may assume I(m; ') NU C {z} by taking sufficiently small U;, where
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z = m(z1) = ma(x2) € X. Note that v, (m; '(C)) equals the multi-
plicity of 7, /(CNU\ {z}) C U; at z;, and that m, '(CNU\ {z}) =
my tom(my N (CNUN\{x})) = m5 tom (a7 H(C N U\ {z})). Hence, we have
Ve, (17 H(C)) = v, (151 (C)) as 7y tomy = Uy — Us is a biholomorphism. [

In what follows, two proper modifications 71 : X7 — X and 75 : Xo =& X
are identified if m; Lomy: Xo — Xy is an isomorphism. Under the identi-
fication, a blowup 7, : X, — X of a point x € X is uniquely determined.
Then, we have the following proposition.

PROPOSITION 2.3 ([1, 2]). — Let f : X — Y be a birational morphism
of surfaces. Assume that y € I(f~1). Then, f factorizes as

fix Ly, Iny,

where m, : Y, — Y is the blowup of the point y, and f X = Y, is
a birational morphism. Moreover there exists a sequence of blowups w; :
Y, — Y;_1 of points with Yo =Y and Y,, = X such that f =m0+ 0m,.

PROPOSITION 2.4. — Let m, : X, — X be the blowup of a point x €
X. Then there exists an isomorphism (X,). — X \ {[z,idx]}, given by
[z, 7] = [z, 75 o 7]

Proof. — First we notice that [z, 7, o7] # [z, idx] since z € I((mzom)~1).
Now we construct the inverse of (X, )~ — X \{[z,idx]}. Take an element
[z,7] € X\ {[r,idx]}. Then we may assume that = € I(7~1). Indeed, if
x = #(z), then # is not locally biholomorphic at z as [z, 7] # [z,id x], which
means that x € I(77!). On the other hand, if x # #(2) and = ¢ I(7#~!), that
is, #71 is locally biholomorphic at x, then put 7 := #om, with y := 771 (z).
Since z # y, z := m, ! (z) satisfies [2,7] = [z,#] and = € I(7~'). Hence
we can assume that x € I(#7!). Proposition 2.3 says that # factorizes
as @ = 7, o w for some proper modification mw, which yields inverse of

(Xz)~ = X0\ {[z,idx]}. Therefore the proposition is established. O

For two pairs [z;,m; : X; — X|, we put [z1,m] < [22,72] if 77{1 oy
X2 — X is locally holomorphic (not necessarily locally biholomorphic) at
T9 and 21 = 71'1_1 o ma(x2). Note that the definition is independent of the
choice of (z;,m;) € [x;,m;]. Proposition 2.3 shows that [z, 7] is proper on
X.. if and only if there is no point [x,n] # [x1,m1] with [z, 7] < [z1,m].
We write [x1, 7] & [x2, 2] if either [z, m] < [z2,72] or [x1,71] > [22, m2].

DEFINITION 2.5. — A finite subset K C X. is called a cluster if
[#1,71] € K for any [x1,m1] < [x2, 72| with [x2,m2] € K.

TOME 66 (2016), FASCICULE 1
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PROPOSITION 2.6. — Let C' be a curve on X, and Cy, Cy be curves
having no irreducible component in common. Then we have the following.

(1) I/[whm](C) 2 Vigy,mo) (C) for [x1,m1] < [x2, 2]

(2) (C1,C9) = Z Viw,)(C1) - Vg 7 (C2), where (-,-) is the
[z,7]€(C1)~N(C2)~
intersection form on X.

(3) (C1)~ N (Co)~ is a cluster.

Proof. — Assertion (1) is a consequence of Proposition 2.3 and the fact
that v,, (C) > v, (7,1 (C)) for any blowup m, : X, — X of a point  and
for any points zy € X with 2z, = 7(z2) € X. In order to prove assertion
(2), we use the fact that (7 1(Cy), 7, 1(Ca)) = (C1,C2) — v2(C1) - v (Co)
for the blowup 7, : X, — X of a point z. If (C1,C3) = 0, then it follows
that v, (C1) - v2(C2) = 0 for any z € X and thus vj; ) (C1) - V[z.7)(C2) = 0
for any [z, 7] € X, which yields (C1)~ N (C2)~ = 0. Hence assertion (2)
holds when (C1,C3) = 0. On the other hand, if (Cy,C3) > 0, then there
is a point x € X such that vy ;q(C1) - V[z,:4)(C2) = v2(C1) - v2(C2) > 0
and thus (71';1(01), W;l(CQ)) = (Cl, CQ)_V[I’id](Cl) V[z,id] (02) < (Ch CQ)
Hence by replacing X with X, namely, X with (X,)~ = X\ {[z,id]} by
Proposition 2.4, and C; with 7 *(C;), we can repeat this argument finitely
many times to yield assertion (2). Finally we notice that (C1)~ N (C2)~ is a
finite set by assertion (2). Assertion (1) shows that (C). N (Cs)~ becomes
a cluster, which yields assertion (3). 0

For [z, m0] € X~, an element [z, 7] € X satisfying 7,,, = mgom,,0- -0
Moy a0d 2g = Ty, 020, (2;) for 1 < i < m is called a point in the m-
th infinitesimal neighbourhood of [zg, mp] or a point infinite near to [zq, mo).
A point in the 0-th infinitesimal neighbourhood of [zg, 7] is interpreted as
[20, o] itself. If [zo, mo] is proper, [zm, Tm] is called an m-th infinitely near
point on X or an m-th point for short. Note that if [z, 7] < [x2, 2], then
[z2,m2] is a point in the m-th infinitesimal neighbourhood of [zq, 7] for
some m € Zxo by Proposition 2.3.

Next we construct a proper modification mx : Xg — X from a cluster
K Cc X.. Put K = {[zo,70], [x1, 7], .- [®m—1,Tm—1]} so that if [x;, m;] <
[z, m;] for i # j then [z;,m;] # [z;,7;] and ¢ < j. We also put Yj := X
and vy := idy, : Yo — Yo. For k € {0,...,m — 1}, let yx be a point of Y}
inductively given by the relation

(21) (ykay()oylo"'oyk) € [xk,’/Tk},

and let 41 : Y11 — Yi be the blowup of yi € Yj. It should be noted that
Yy is determined uniquely. Indeed, when k = 0, 7y is locally biholomorphic
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at xg as [xg,mo] is proper, and hence yo is given by yo = 1/0_1 o mo(xo) =
mo(2o). Moreover, under the assumption that yo, . .., yr—1 are already given
by (2.1), the point [zg, 7] € X\ {[x0, 70, [Xk—1,Tk—1]} = (Yi)~ is
proper on (Y;)~ and yy is also determined uniquely in a similar argument.
The proper modification 7 : X — X is given by the composition

m, Vm—
Tk Xk =Ym 25 Y1 — - 27 25 Y, =X,

called the blowup of the cluster K. The definition of mx is independent
of the choice of ordering in the cluster K. Moreover, the total transform
Ej = (Vgg1 0+ 0ovy)*(E}) of the exceptional curve Ej, of vy is called the
exceptional divisor of wx over the point [xg_1,Tp—_1].

Now let X and Y be projective surfaces and f : X — Y be a birational
map. Assume that Y C PV and f(X) is contained in no hyperplane of PV,
so that f*H is a curve on X for any hyperplane H C PV, Put

I(f)~ := {[z, 7] € X | [z, 7] € (f*H)~ for any hyperplanes H C P"}.

It follows from Proposition 2.6 that the set I(f).~ is a cluster. For proper
modifications 7: X - X andv:Y — Y, put f,r :=vloform: X =Y.

PROPOSITION 2.7 ([1, 2]). — For any birational map f : X — Y of
surfaces, put mo 1= mypy . Xo = Xpp . — X and v 1= mpp-1y 1 Yo 1=
Yr(s-1). = Y. Then, the map f,, x, : Xo — Yo is a biholomorphism.

PROPOSITION 2.8. — For any [z,7 : X — X] € X\ I(f)~, there
is a unique element [y,v : ¥ — Y] € Y.\ I(f~')~ such that f, . is
locally biholomorphic at = € X and y = f, () € Y for some (and any)
(z,7) € [z, 7] and (y,v) € [y,v].

Proof. — First we prove the existence of [y,v] € YO\ I(f~1)~. Let fo :=
fuo,mo © Xo — Yo be the biholomorphism given in Proposition 2.7, and let 7 :
X — Xy be a proper modification with (zo, 70 #) € [z, 7] € X\ I(f)~ =
(Xo)~ (see Proposition 2.4). Since foo7 : X — Y, is a birational morphism,
Proposition 2.3 shows that there is a proper modification o : Y — Y, such
that 2~ 'o foo#t : X — Y is a biholomorphism. As f, x,0s = D~ o foo#t with
v :=1poD, we can see that [y,v] € (Yo) XY \I(f71)~ for y := fo npor(2)
is a desired element.

Next we prove the uniqueness of [y,v]. For ¢ = 1,2, assume that there
are (yq,v; : Y, — Y) such that f,, » : X = V; are locally biholomorphic
at z and y; = f,, »(z). Then 1/2_1 ovy = fu,x 0 Vfﬂ (Y, = Yy is locally
biholomorphic at y; and ya = fo, o f, !

(Y1) = vy ' ovy(y1), which means
that (y1,v1) ~ (y2, v2).
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Finally, we assume that (x1,7; : X — X) ~ (xg,mg : X5 — X) and
(y1,v1 : Y, — Y) ~ (ya,v2 : Yy — Y), and that f,, r, : X, =Y is locally
biholomorphic at z1 with y1 = fu, x,(21). Then f,, », = 1/2_1 ofomy =
(vy fovr)o fy, m o(my Loy )~ is locally biholomorphic with ya = f,, x,(22),
which means that the relation [z, 7] — [y, v] is well-defined. The proposition
is established. O

By virtue of Proposition 2.8, we can define a map

fo t X NI(f)n = YNI(f ey ful(z, 7)) = [y, v,

which is in fact a biholomorphism with the inverse (f~1)..

Remark 2.9. — Let Ix = {[z1,71],. ., [@m,7™m]} C X~ and Iy =
{ly1,v1]s -+, [Ym>vm]} C Yo be clusters satisfying I(f)~ C Ix, I(f~1)~ C

Iy and fo([xg, 7k]) = [yk, vi] for [k, mx] € I(f)~, and let X — X and
Y — Y be the blowups of Ix and Iy respectively. Then the blowups lift
f X — Y to a biholomorphism f: X — 17, and f sends EjX to EY,
where EX and E} are the exceptional divisors over [zg, ;] ¢ I(f)~ and

[yr, vi] & I(f~1)~ respectively.

Hereafter, a surface X~ is denoted simply by X, a point [z, 7] by z, a
map f~ by f, a curve C. by C, and a cluster I(f)~ by I(f) whenever no
confusion arises.

Remark 2.10. — TUnder the above notations, we have f(z1) < f(z2) € Y
for any x1 < xo € X \ I(f). Hence, for an m-th point z € X \ I(f) on X,
it is seen that f(z) is an (m — my 4+ m_)-th point on Y, where

my = max{{ > 0| 3(£ — 1)-th point z € I(f) with z = ¢},
>

m_ = max{¢ > 0|3(¢ — 1)-th point yo € I(f~1) with f(z) =~ yo}-

In particular, for a proper point = € X \ I(f), the image f(x) is also proper
on Y if and only if there is no (proper) point y € I(f~1) with f(z) ~ v,
where f(z) ~ y is equivalent to f(z) >y as I(f~!) is a cluster.

3. Construction of Rational Surface Automorphisms

In this section, we develop a method for constructing a rational surface
automorphism from a composition f = f, o---o f; : P? — P2 of quadratic
birational maps f; : P2 — P2 and an orbit data 7. If 7 is compatible with
the maps f = (f1,..., fn), f lifts to an automorphism F : X — X through
a blowup 7 : X — P2, Moreover, we calculate the action F* : H*(X;Z) —
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H?(X;Z) of the automorphism F, and also calculate a Weyl group element
w, realized by the pair (7, F).

First we consider a rational surface X, that is, a surface birationally
equivalent to P2, and an automorphism F : X — X of X. By theorems of
Gromov and Yomdin, the topological entropy of F' is given by hiop(F') =
log A\(F*), where \(F'*) is the spectral radius of the action F* : H*(X;Z) —
H?(X;Z) on the cohomology group. In this paper, we are interested in the
case where F' : X — X has positive entropy hiop(F) > 0 or, in other words,
A(F*) > 1. Then, the surface X is characterized as follows (see [10, 12]).

ProOPOSITION 3.1. — If X admits an automorphism F : X — X with
A(F*) > 1, then there is a birational morphism 7 : X — P2.

It is known that any birational morphism 7 : X — P2? is expressed
as m = wg for some cluster K = {z1,...,xn}, where mx is the blowup
of K. Then 7 : X — P2 gives an expression of the cohomology group:
H?*(X;Z) = Pic(X) = Z[H] ® Z[E1] & - -- & Z[EN], where H is the total
transform of a line in P2, and E; is the exceptional divisor over the point
;. The intersection form on H?(X;Z) is given by

([H],[H]) =1
(B, [B5]) = =65 (i,j=1,....N)
([H]a[Ei])ZO (izla"'aN)a

where §; ; is the Kronecker delta. Therefore H?(X;Z) is isometric to the
Lorentz lattice Z" via the marking ¢, : Z"N — H?(X;Z) given in (1.2).
The marking ¢, is isometric and determined uniquely by 7 : X — P2 in
the sense that if ¢, and ¢/ are markings determined by 7, then there is an
element p € (p1,...,pN—1), acting by a permutation on the basis elements
(e1,...,en), such that ¢, = @, op, where p; is given in (1.1). Moreover the
Weyl group Wiy plays an important role in our discussion as is mentioned
in the following proposition (see [7, 9, 13]).

PROPOSITION 3.2. — For any birational morphism  : X — P? and any
automorphism F : X — X, there is a unique element w € Wy such that
diagram (1.3) commutes.

Thus, a pair (7, F') determines w uniquely, up to conjugacy by an element
of (p1,...,pn—1). In this case, the element w is said to be realized by (r, F),
and the entropy of F is expressed as hiop(F) = log A(w). Summing up these
discussions, we have the following proposition.
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PRrROPOSITION 3.3. — The entropy of any automorphism F' : X — X on
a rational surface X is given by hiop(F') = log A for some X € A, where A
is given in (1.5).

Indeed, when F : X — X satisfies A(F*) = 1, the entropy of F is
expressed as hiop(F') = log A(e) with the unit element e € Wy.

Remark 3.4. — If 7 : X — P? is a blowup of N points with N < 9, and
F: X — X is an automorphism, then one has Ao, (F) = 0 (see e.g. [11]).

Next we recall some properties of quadratic maps (see also [6]). Let
f : P2 — P? be a quadratic birational map on P2. It is known that f
can be expressed as f = [_ogo l;l, where I,l_ : P2 — P2 are linear
transformations, and g : P? — P? with I(¢g*!) = {p1,p2,p3} is a simple
quadratic birational map given in exactly one of the following three cases:

Case 1: g=g1 : P23 [z:y: 2] [yz: 2z : xy] € P2,

p1=[1:0:0]
and pe=1[0:1:0]
]73:[01011]7
Case 2: g=g2: P23 [z:y: 2]~ [22:y2:2?%] € P2,
p1=1[0:1:0]
and pe=1[0:0:1]
p3 > p1,
Case 3: g=g3: P22 [z:y: 2]~ [2% 2y :y? +22] € P?,
p12[020:1]
and D2 > p1
p3 > p2.

Let 7 : X — P? be the blowup of the cluster {p1,p2,p3}, and let H be the
total transform of a line in P?, L, Ls, L3 be the strict transforms of the
linesx =0,y = 0, z = 0, respectively, and E; be the exceptional divisor over
the point p; for 2 = 1,2,3. Then L; is linearly equivalent to H — E; — E},
for {i,5,k} = {1,2,3}. The birational map g lifts to an automorphism
g : X — X, which sends irreducible rational curves as follows:

Casel: g=¢q1: E;— L; (i€{1,23}),

Case 2: =05 : Bi—Es — Ei—Ey
AR B, — L (i€{23}),
E]_ —E2 — E1 —E2
Case 3: giggi FEy—FE3; — FE;—Ej3
E3 — Lg,
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Figure 3.1. Geometry of g, : P? — P?
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Figure 3.2. Geometry of gy : P? — P2
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D s Eg\—3> R E3
1 1
1 \ |l
o g3 °
{z =0} p1 <p2 <p3 {z =0} p1 <p2 <p3

Figure 3.3. Geometry of g3 : P? — P?

(see also Figures 3.1-3.3). Note that g sends a generic line to a conic passing
through the three points pi,ps2,p3 in either case. Therefore, the action
g* : H*(X;Z) — H*(X;Z) on the cohomology group H?*(X;Z) = Z[H] ®
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Z|E\) ® Z|Es) @® Z|Es] is given by

- { [H] ~2(H] - YL, [E]
(3.1) g
[Ei] w— [H] - [E] - [Bx]  ({i,5,k} = {1,2,3}).

For a general quadratic birational map f =[1_ogo ljrl :P?2 — P2, put

(3.2) pi =lx(p1), pf =lx(p2), pi =1l+(ps)
with {i,7,k} = {1,2,3}. Then one has
(3.3) I(fil) = {p1 apz ) P3 }

Moreover, formula (3.1) leads to the following lemma, which is stated in a
general situation (see also Remark 2.9).

LEMMA 3.5. — In the above notations, assume that I := {pli, . ,pﬁ}
are clusters satisfying f(pj) = p; foranyi=4,...,N. Let & : X* — P?
be the b]owups of I, and let H¥ C X* be the total transforms of lines in
P? under 7+, and EjE C X* be the exceptional divisors over the points pz
Then, the quadramc birational map f : P? — P2 lifts to an isomorphism
f: Xt — X~ and its cohomological action f* : H2(X ~:7Z) — H2(X*:7Z)
is given by

[H] e 2lH) - YO[B
(34)  F{ BT e [HY -5 - B (k) = {1,2,3)
(E7] B} ((=4,...,N).

Remark 3.6. — From here on, we assume that a quadratic birational
map f=[_ogo l;l : P2 — P2 lifts to f: X+ — X~ whose cohomological
action is given as in (3.4). Then the points pf given in (3.3) are expressed
as (3.2) for some {i,7,k} = {1,2,3}, and hence the indices of the forward
indeterminacies are determined uniquely by those of the backward indeter-
minacies and vice versa. In particular, it follows that p;L < pj+ if and only

if p; <pj.

Next we turn our attention to a method for constructing rational surface
automorphisms in a general context. Let Y7,...,Y,, be rational surfaces,
and f := (f1,..., fn) be an n-tuple of birational maps f, : Yo_1 — Yo

; -1
with Yo := Yo Let I(fo) = {p/1,-- 0/, )} C Yeo1 and I(f;') =
Py 7p;"77(£)} C Yy be the clusters of indeterminacy points, and let
Ky ={t=04)]i=1,...,n,5 =1,...,n1(¢)} be the sets of indices.
Then it turns out that the cardinalities of the sets K4 are the same, that
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is, Yy 1 n+(0) = Y-, n-(£), since Y,, = Y;. Moreover, for m > 0 and
v = (i,7) € K_, we inductively put

p=p; €Y, plt = fe@"') €Y (£=i+m (mod n)).
Note that a point p™ is well-defined if p™~t ¢ I(f,). Moreover, let us
introduce a generalized orbit data T = (n, o, k) consisting of the integer
n > 1, a bijection ¢ : K_ — K4 and a function & : K_ — Z3( such that

k(t) = 1 provided i1 < 4, or in other words, a function x satisfying u(c) > 0
for any ¢ € K_, where o(¢) = 11 = (i1,71) and p : K_ — Zx¢ is given by

(3.5) p()=rk() n+ir—i—1=10,,_1(k(1))
with
DEFINITION 3.7. — Let f be an n-tuple of birational maps and T =

(n,o,k) be a generalized orbit data. Then f is called a realization of T if
the following condition holds for any + € K_:

(3.7) pt£ph (0<m < p(), € Ky), pr = pt

o(L)”

It should be noted that in condition (3.7), two points p™ and pj, may

satisfy pI"* ~ pj. From a realization f of 7, we will construct an automor-

phism. So let us give the following lemma.

LEMMA 3.8. — There is an element 1° € K_ such that p}s is proper for
any 0 < m < p(e°).

Proof. — Take an element ° = (i°, j°) € K_ such that p,. is proper and
() =min{p(t) | ¢ € K_ and p; is proper}.

Then, we claim that pl% is proper for any 0 < m < u(e°). Indeed, assume the
contrary that p/2~ ! is proper but p’2 is not proper for some 0 < m < u(t°).
Then it follows from Remark 2.10 that there is a proper point p; such
that p; < p7. The minimality of x(:°) yields p¥ ¢ I(fs) for any 0 < k <

w(t°) —m, and so pfmo)*m < pfﬁ(bo) by Remark 2.10. Since ptﬁ(bo) = pj(w) €

I(fie) and I(f;0) is a cluster, P7™ s also an element of I(fio) and
thus is equal to p:(L). This means that p(r) = p(e®) —m < p(e°), which
contradicts the assumption that p(¢°) is minimal. Thus, p’% is proper for
any 0 < m < p(°). O

For .° = (i°, j°) € K_ given as in Lemma 3.8, let Y,/ — Y7 be the blowups
of distinct proper points {p7 |0 < m < u(c?), i° +m = ¢ (mod n)}. These
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Figure 3.4. Blowup of indeterminacy points

blowups lift f; : Yo—1 — Yp to f; : Y/, — Y/ (see Figure 3.4). In this case,

one has
I\ =19
. 1= {Hm (0 #9),
' I\ e} (=)
()™ = {m—l) i

We notice that f = (f1,-.., fr) also satisfies condition (3.7) for any ¢ €
K" := K_\{:°}, which means that 7 is a realization of 7/ = (n, ol plicr)-
One can therefore repeat the above argument by replacing f with 7, K_
with K” and 7 with 7/. In the end, from (3.8), the resulting map becomes
a biholomorphism. Namely, let 7, : X, — Y, be the composition of the
above blowups, that is, the blowup of the cluster I, := {pI" |t € K_, 0 <
m < u(e), i+ m = £ (mod n)}. Then the blowups 7 lift fo: Yo—1 — Y5 to
biholomorphisms Fy : Xy_1 — Xp:

F,
Xz,1 —Z> Xg

WHJ lm

Yo — v,
and 7, := m, : X, — Y also lifts f := f,o---0f1 :' Y — Y to the
automorphism F, := Fj,0---0 F; : X; — X, where Y := Yy =Y, and
X = Xg =X,
We now restrict our attention to the case where each component of f =
(f1,--., fn) is a quadratic birational map with Y, = IP’% and 7 is an original
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orbit data with K, = K_ = KC(n). Note that f, satisfies the assumption
in Lemma 3.5 with I, = I,_; and I_ = I,. Therefore, the cohomological
action of the biholomorphism Fy : X, 1 — X is expressed as in the form
of (3.4), and that of the automorphism F. : X; — X, can be calculated
in terms of the composition F} = Fj o--- 0 F*. The Weyl group element
w, € Wy realized by (7, F) is given as follows.

Let H C X, be the total transform of a line in P? under =, and EZ“ c X,
be the exceptional divisor over p]*, where m = 6, (k). Then the cohomol-
ogy group of X, is expressed as H(X;;Z) = Z[H]®(D.exc(n) @Z(:L%Z[Eﬂ)
Now, we consider the lattice

7" = Zeo@( Diek(n) @Z(:qze?)g N (N = Z K(L))’

ek (n)
with the inner product given by
(eg,e0) =1
(ek,ek)y = —1 teK(n), 1<k<k(L))

(eo, ef) = (efc’ ef’/) =0 ((L, k) # (L/7 k/))

Then an isomorphism ¢, : ZYN — H2(X, : Z) defined by ¢,_(eq) = [H]
and ¢,_(e¥) = [E¥] is the marking corresponding to 7. Moreover, for each
1 € K(n), put 5(¢) := o%(1), where k > 0 is determined by the relations
k(cf(1)) = 0 for 0 < £ < k, and x(c*(¢)) > 1. Then an automorphism
rr 47 — 77 is defined by

() = €p
T, 6}7(“) — ef(b) (k(t) = 1)
ek =oefl (2<k < R(),

Note that the map ¢ — (¢1) = d(o(¢)) becomes a permutation of {¢ €
K(n)|k(:) > 1}, and so e}r(“) is well-defined. The automorphism r, is an
element of the subgroup (p1,...,pn—1) C Wn generated by p1,...,pn—1.
On the other hand, for 1 < m < n, an automorphism ¢, : Z7 — Z7 is
defined by

€o — 2e9 — 22:1 e}}(m,e)

(3.9) qm : eé(m,i) —  eg— e}r(m,j) — eé(m,k) (i, 4,k =41,2,3})
ek el (otherwise).

The automorphism g, is conjugate to py under the action of (p1, ..., pn_1).

We notice that if ¢ # j € {1,2,3} then a(m,i) # a(m, j). Indeed, assume
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the contrary that a(m,i) = a(m, j). Let k; > 0 be the integer determined
by the relations ¥ (m,i) = &(m, i) and x(c’(1)) = 0 for 0 < £ < k;. One
may assume that k; > k; and thus (m,j) = o%(m, i) with k = k; — k;. As
(mye,ig) == o'(m,i) satisfies k(myg,ig) = 0for 0 <L < k—1<k; — 1, we
have m = mg < my < --- < my = m, which is a contradiction.

Now we define the lattice automorphism w, : ZHN — ZLN,

DEFINITION 3.9. — For an orbit data T, we define the lattice automor-
phism w, : ZT — Z" by

Wy :=1,0q 0 0qy,: LT — 7.
We sometimes write w, : Z4N — 7LV,

Indeed, it will be seen that w, € Wy is realized by (7., F;), that is,
b, ow, = FFf o ¢ ZVN — H?*(X,;Z). Summing up these discussions,
we have the following proposition.

PROPOSITION 3.10. — Assume that f is a realization of 7. Then the
blowup 7, : X, — P2 of N = > ex(n) E(t) points {p"[v = (i,j) €
K(n), m=06,0(k),1 <k <k()} lifts f = fy,0---0 f1 to the automorphism
F, : X, — X,. Moreover, (7., F;) realizes w, and F, has positive entropy
htop (Fr) = log A(w;) > 0.

Proof. — We will only show that (7., F;) realizes the Weyl group ele-
ment w, given in Definition 3.9. For the blowup 7, : X, — ]P’%, let Hy C Xy
be the total transform of a line in ]P’% and, for k > 1, Eg“m.m C Xy be the
exceptional divisor over the point p;"; with

- { Ok —1) (i<0)
| (k) (i>0).

The cohomology group of X, admits an expression
(L,
H*(Xe; Z) = ZIH)®( S D4y ZIEL),

where (¢, £) is the number of points among p?,p?, ... Y lying on P2
Since the indeterminacy sets of fejEl are expressed as I(f, ') = {pg’j |7 =

1,2,3} and I(fe) = {pﬁ(ﬂzg(f)]” |7 =1,2,3}, the action F} : H*(X; Z) —
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H?*(X,_1;7) is given by
3 k(o™t £,7),4—1
[H ] = 2[Hpq] — Zj:ﬂEg(—l(g,g'),je)—l )]

k(o7 (L,5).0—1 k(o7 (0,k),0—1
(Bl = [Heal = [B5 S0T VT = B2 S50

o~1(4,5),—1
FZ* : ({Z,],k}:{1,273})
[EG o = Bl (Ge{l,2,3}k>2)
[Eé,j),l] = [Eé{:z’,j)j—l] (7’ 7é £7 J € {17273}7 k 2 1)

(see Lemma 3.5). Now, for ¢ > 1, an isomorphism G, : H*(X;Z) —
H?*(X;7Z) is defined by Ge([H,]) = [H] and G(([Ef,]) = [EE], where EY
is the exceptional divisor over p™ "¢ € P2 if Ef ¢ is the exceptional divisor

should be interpreted as p;n(:)"(b)*l

m
L

over p € P2. In this definition, p
provided m > p(t). The isomorphism G, sends [Ef /] as
[E;(Ll)] (if 43 > ¢ and k = (¢, 0))

Go([Er)) = { BT (otherwise, if i > ()

[EX) ( otherwise ).
Since G, = id, the action F} is expressed as
Ff=Ffo---oF; =(FfoGy')oFjo---0Fy,
where ﬁe* =Gy_10F;o G[l. It should be noted that

k(o™ (L,5).0—
Goa([E2, 59T = Gul[Bl )0

[EX sy (if f2>Cand &((4,5),6) = 1)

[Ef 5] ( otherwise )

- [E;(E,j)]a
since the conditions ¢1 > ¢ and k((¢,j),£) = 1 are equivalent to saying that
k(¢,j) = 0, where o(¢,j) = (¢1,j1). Therefore, for £ > 2, one has
(3.10)
[H] = 2[H] - Z?:1[E};(z,j)]
Frod (Bl = =B, [Ele) (k) = {1,2,3)
[Eé,j)] = [E@J)] ( otherwise ),

TOME 66 (2016), FASCICULE 1



398 Takato UEHARA

as Goo((BlY ) = Gul[BY, ) /]) and Geor(EE ) o)) = Gel(EE ) )

when i # £. Finally, by observing that

3 k(e™1(1,5
[H] = 2= - BN )
k(o™ (1,5 k(o™ (1,k
[Eé(l,i)] = [H] - [Ea(—l(L(j) 7))] - [EU(—l(l,(k) ))]
Fl*oGl_l : ({Zvjvk}:{17273})
Bl =BG @#D)
[Eé“w.)] — [EZ}%] (otherwise),

we define an isomorphism G : H2(X,;Z) O by

[H]  — [H]
(3.11) Go:{ B = [BL, )] (k)= 1)
[Ef] = [EF (1<k<k()-1)

Then, Ff = Go o Fi o G satisfies (3.10) with £ = 1, and F* satisfies
F*=Gy'oFfo---oF;. From (3.10) and (3.11), one has F} = ¢._ogo¢; !
and Gg' = ¢, or; 0 ¢!, which shows that w, is realized by (7, F). O

We conclude this section by establishing the statement that a given ele-
ment w € Wy can be expressed as w = w, for some orbit data 7. To this
end, we spend a short while working with an element w € Wy not acting
by a permutation on a non-empty subset of the basis elements {e; };-Vzl,
namely, there is no element e; € {e;} with w*(e;) € {e;} for any ¢ > 1, and
explain how to construct an orbit data 7 with w = w, briefly. First, note
that w can be expressed as

(3.12) W=T0q 0" qp,

;-V:l (see the proof of Proposition 3.12).

Moreover, there are elements {e},;}7_; C {e;}}_, such that g, sends

{ej}ilo as

where r is a permutation of {e;}

€0 — 26() — Z?:l e}me
m - 67171,1' = eo— 61171,]' - 67171,k ({17]7 k} = {17 273})
e; — e (otherwise).

We notice that it may happen that e},j = ezl’,j/ when ¢ # /. For each
(i,7) € K(n), it turns out that there is a unique element (¢', ;') such that

(3.13) ezl’,j’ =(i#_10---0q1 0 r1 oqnpo---oqq or~1 0gp,0---0 qurl(eZ{j)
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with minimal length, where the length is the number of automorphisms g,

. . 1 1
in (3.13). Roughly speaking, ¢; ; and e;, ;, are regarded as backward and

forward indeterminacy points respectively, and the length is the number
of points from eg,j to e%/7j,. So we define o(i,j) = (i',4") and u(i,j) to be
the length in (3.13). Note that x(i,5) is the number of r~! in (3.13), and
o becomes a permutation of IC(n) because of the minimality of the length.
Then 7 = (n, 0, k) is an orbit data satisfying w = w;.
Example 3.11. — Consider the element w € Wj5 given by
ep — 3eg—2e —es —e3—eq— €5
w e1 = 2eyp—e1 —ey—e3—ey4— €5

e, + eyg—e] —er_; (’L S {2, 3,4, 5})

It can be checked that w is expressed as w = r o ¢; © g2, where
rieg ey, ez— e € O(=01),

and (e1,1,€1,2,€1,.3) = (e1,€2,€3), (e2,1,€22,€23) = (€1,€4,€5). Then it is
seen that

ear=er1, ek =1 "(ear), (ke{l,23}),
ea; # ek, €171 toglerr), ek =qor togler),
(7 €1{1,2,3}, k€ {2,3}).

This means that w admits an expression w = w,, where 7 = (2,0, k) is
given by

o:(Lk)— (2,k) = (1,k), (ke{l1,2,3}),

k(1,1) =0, k(i,7) = 1 (otherwise),

(n(1,1) = p(2,1) = p(2,2) = p(2,3) =0, p(1,2) =p(1,3) =2).
PRrROPOSITION 3.12. — For any w € Wy, there is an orbit data T =

(n,o,k) such that w = w, : Z“N — ZYN under some identification
{e;11<j < Ny={ef|Le K(n),1 <k<k()} with N = > e B0

Proof. — First we prove that any element w admits expression (3.12).
Since w is an element of Wiy, it can be expressed as

w:TO'pO'rl'.'pO'T’rnfl.pO.rma
where 7 is a permutation of {e; }j\;l The expression can be written as
-1
w:r.{(rl...rm) .pO.(rl...Tm)}

oAt ) po (Pt ) b (T p0 T ),
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where r = ro---7, is also a permutation of {e;}. By putting ¢; :=
(Ti cen 'r'm)71
and j = 1,2, 3, we have expression (3.12).

po - (ri--rm) and e} ;= (ri-- )" (ey) for i =1,...,m

Next, under the assumption that w does not act by a permutation on a
non-empty subset of {e;}¥

j=1, we show that the orbit data 7 constructed
above realizes w. Put

k+1 . —1 —1 1
€ = n0-0qIOT 1 0¢,0-:0qLOoT  0Gy0--0qit1(e; ;)

for 1 < k < k(i,7) — 1, where the number of r~! in the righthand side is

k. Since e}, ;) = ei; when (i, j) = 0, one has ¢;

— ol :
- o(i,j) = €i.j» Which shows

¢m sends {eF} as in (3.9). Moreover it follows from the minimality of the

length in (3.13) that e} ; = rogio-: -oqn(ef’;’l) =roqo-- -oqn_l(e?jl) =
cee= r(efjl), and also that eigz7j) =rogo-- -oqi/_l(ei(iyj)) = r(e},(m)) =

r(eé(g(i’j))) for k(4,7) = 1, which means that r = r.. Now we claim that
{e;} = {eF}, that is, any element e,,, € {e;} can be expressed as e,, = eF for
some ¢+ € K(n) and 1 < k < k(1). Indeed, assume the contrary that e, # eF
for any ¢ € K(n) and 1 < k < k(¢). Then e, satisfies w’(e,,) ¢ {e}} and
thus w’(en,) € {e;} for all £ > 1, which is a contradiction. Moreover, we
can easily check that e # ek for any (1, k) # (¢, k') with 1 < k < &(¢) and
1 < k' < (), which shows that N = 3 () £(¢). These observations
show that w is expressed as w = w..

Finally we consider a general element w € Wy. Then w can be expressed
as w = wy - W, where wy does not act by a permutation on a non-empty
subset of {e; }§V21 and hence admits an expression w; = w; for some orbit
data ¥ = (m,5,%), and @ is a permutation of {e;}, sending the basis
elements, after reordering {e;}, as

€eo = €g
W ek ek (e K(m),1 <k <R(Q))
k k—1 - Al
Emtoil Y €miogin (=10 k€ Z/R(i)Z)
for some ¢ > 0 and & : {1,...,£} — Z>1. Now, by composing auto-
morphisms of the form ¢, 12; 1 © Gmyo; With e}n+2i71’j = e}nﬁw for all
i =1,2,3, which are also permutations of {e; }évzl, we add elements e}n+2i71
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and construct @. Namely, 7 = (n, 0, k) is defined by n :=m + 2¢ and
(i+1,7)
either j=landi=m+1m+3,....m+2(—1,
or j=23andi=mm+1,.... m+20—1
0(60) =\ (i=1,5) (j=1landi=m+2,m+4,...,m+20)
gim,j) (j=2,3andi=m+2()
5(1,7) (otherwise),
either j=landi=m+1,m+3,....m+2(—1,
or j=23andi=mm+1,... m+20—1
R((i—-m)/2) (jJ=landi=m+2,m+4,...,m+2()

0

k(i J) =
K(m, j) (j =2,3 and i =m + 20)

k(i,7) (otherwise).
A straightforward calculation shows that w = ws - @ can be expressed as
W= w; =7;04q;0---0q,. Thus the proposition is established. ]

4. Tentative Realizability

As mentioned in the previous section, an automorphism can be con-
structed in terms of a realization of an orbit data. At this stage, of particu-
lar interest is the existence of such a realization. In this and next sections,
we investigate this existence by restricting our attention to birational maps
preserving a cuspidal cubic. The aim of this section is to define a concept of
tentative realization of an orbit data 7, which is a necessary condition for
realization, and to show that the tentative realization of 7 exists under the
condition that some finitely many roots determined by 7 are not periodic
ones of the Weyl group element w, (see condition (4.9)).

In this section, we mainly consider the smooth points of the cuspidal
cubic, which is also described in a more general context as follows. Let X
be a surface, C' be a curve in X, and z be a proper point of the smooth
locus C* of C. Moreover, put (Xo,Cg,z0) = (X,C*,z), and for m > 0,
inductively determine (X,,,C},, ) from the blowup 7, @ X, — X1
of 1 € C},_1, the strict transform C, of C,_; under m,,, and a unique
point z,, € C} NE,,, where E,, is the exceptional curve of 7,,. The unique
point x,, is called the point in the m-th infinitesimal neighbourhood of x
on C*, or an m-th point on C*. Moreover, if a cluster I consists of proper
or infinitely near points on C*, then we say that [ is a cluster in C*.
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Now let C' be a cubic curve on P? with a cusp singularity. In what follows,
a coordinate on P? is chosen so that C' = {[z : y : 2] € P?|y2? = 23} C P?
with a cusp [0 : 1 : 0]. Then the smooth locus C* = C'\ {[0 : 1 : 0]} is
parametrized as C > t — [t : t3 : 1] € C*. We denote by B(C) the set
of birational self-maps f of P? such that f(C) := f(C\ I(f)) = C and
I(f) c C*, and denote by Q(C) C B(C) and L(C) C B(C) the subsets
consisting of the quadratic maps in B(C) and of the linear maps in B(C),
respectively. Any map f € B(C) restricted to C* is an automorphism of
C* expressed as

Flow 1 CF o[t t3 1] [6(F) t+c(f): (5(f) - t+c(f)®: 1] € C7,

for some 6(f) € C* and ¢(f) € C. The value §(f) is called the determinant
of f. It is independent of the choice of coordinates. Moreover, when f €
Q(C), it turns out that the indeterminacy cluster I(f~1) is also contained
in C* (see Lemma 4.2).

We give the following definition for an n-tuple f = (f1,..., f.) € Q(C)"
of quadratic birational maps f; preserving C.

DEFINITION 4.1. — An n-tuple f = (f1,...,fn) € Q(C)" is called a
tentative realization of an orbit data T = (n, o, k) if p) p:(L) for any
v € K(n), where p™ is given in (1.7) with f, restricted to C* and thus is

well-defined, as fo|c~ is an automorphism.

We should note that a realization f of 7 is of course a tentative realization
of 7, and thus the existence of a tentative realization is of interest to us.

Now, we describe a quadratic birational map f € Q(C) in terms of the
behavior of f|c+. The following proposition states that the configuration of
I(f~1) on C* and the determinant 6(f) of f determine the map f € Q(C)
uniquely (see [6, 11]).

LEMMA 4.2. — A birational map f belongs to Q(C) if and only if there
exists d € C* and b = (by)3_, € C* with by + ba + b3 # 0 such that f can
be expressed as f = fqp, where fq, € Q(C) is a unique map determined
by the following properties.

(1) o(fap) =d.
(2) p; = [be:b}:1] € C* for I(f;;) = {p;,p3,P3 }-
Moreover, the map fq;, € Q(C) satisfies the following.
(1) e(fap) = =5 (b1 + bz + b3) € C*.
(2) p; ~ lag : a} : 1] € C* for I(fap) = {p{.p3,p3}, where a; =

1 2
E{be - g(b1 + b +b3)}-
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Remark 4.3. — The quadratic map fap([z @y : 2]) = [f1 : fa : f3]
mentioned in Lemma 4.2 is explicitly written as

fi = (d/3){(1/12 — 3up)x? + 11322 — 3wy + 2vyz — (Ve — 3V3)Z$C}
f2 = (d/3)*{v1 (Vi — s + 27ws)a? — 27y + vivs2® + 9(2vf — 3us)ay
+ (8v3 — 2Tvivg + 2Tu3)yz — V2 (v1vg — 9V3)Z.’L‘}

fzs =z + 1322 —yz — 2,

where vy = 14(d, b) is given by
vy =a1+az+az, V2 =aiaz+azasz+asai, V3= aia2a3.
In a similar manner, any linear map f € £(C) is determined uniquely

by the determinant §(f) of f (see [6]).

LEMMA 4.4. — For any d € C*, there is a unique linear map f € L(C)
such that §(f) = d. In particular, the map f € £(C) with §(f) =1 is the
identity. Moreover, for any f € L(C), the automorphism f|c+ restricted to
C* is given by

flow [t t3 1) = [0(f) -t (5(f)-t)%: 1.

Next, let us consider the composition f = f, o f,_10---0 f; : P? — P?
of quadratic birational maps f = (f1,...,fa) € Q(C)". Put I(f') =
{pi, % pi5) and
(4.1) 15:_] = f1_1|C 00 i111|c(p?:j)’ ibz_J = falco--o fi+1|C(pi_,j)
(see Figure 4.1). Then it is easy to see that I(f*!) C {ﬁfj | (3,7) € K(n)}.
Moreover, let 6(f) be the determinant of f defined by §(f) = [[/—, §(f:)

or, in other words, d(f) = 6(f).

PROPOSITION 4.5. — Let f = (fi,...,fn) € Q(C)"™ be an n-tuple of
quadratic birational maps in Q(C) with d = 6(f) # 1, and let p;; be
the points given in (4.1). Then there is a unique pair (v,s) of values v =
(v)iexc(n) € C*™ and s = (s;)j, € (C*)" satisfying

1—1 n
(42) Vi1 + V2 + V3= —ZSk+(d—2) -8 —d Z Sk, (1 <1 < n),
k=1 k=i+1

such that the composition f = f, o---o fi satisfies
(1) flew :t+ e (t+3c)® 1] > [d-t+ Loy (d-t+ §c,)® : 1] with

(4.3) Cs 1= Z Sk,
k=1
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(2) ﬁ;j ~ [vi; + %cs (v + %63)3 (1] e C*,
(3) j)/j:j = [ui,j =+ %CS : (um + %Cs)g : 1] S C*, where

(44) 'Ll/iyj = %{Ui,j — (d — ].) . 87;}.

Conversely, for any d € C\ {0,1}, v € C3>" and s € (CX)" satisfying
equation (4.2), there exists an n-tuple f = (f1,..., fn) € Q(C)" such that
the composition f = f, o--- o f; satisfies 6(f) = d and conditions (1)-
(3). Moreover, f is determined uniquely by (d,v,s) in the sense that if
f=(fi,.--, fn) and 7/ = (f{,...,f}) are determined by (d,v,s), then
there are linear maps g1, ..., gn—1 € L(C) such that the following diagram

commutes:

: ; fo "
P o B} S .. L PR, s PR
|- el
]P)g f1 ]P)% f2 frn-1 P%_l fn ]P)%

Proof. — From Lemma 4.2, each map f; € Q(C) is given by f; = fa, v, ,)
for some d; € C* and (bi,j)f‘:l € C? with bi :==b;1 +bi2+ b3 # 0. Then
the maps f; and f restricted to C* can be expressed as f;|c= ([t : t3 : 1]) =
[yi(t) = y:(8)® : 1] and flo= ([t : 3 : 1]) = [y(t) : y(t)® : 1], respectively,
where y;, y : C — C are given by

1
7bia

() =d; -t —
yi(t) 3

and ¥y := y, 0 Yp_1 0 --- 0 y;. Now we put CL = dip1 - digo - dy, a;j =
(bi,j — %bz)/dl and

Giji=y; ooy (aiy),

bij :=yno- - oyiy1(bij),
i)z‘ = 51,1 + 51’,2 + i)i,?)-
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Then it follows that f):‘j ~ iy caj; 1, pry = [bi : Z)fj :1] and d = do.
A straightforward calculation shows that

1 « y
) =d-t— 2> 2" by,
k=1

. y 1 o= v
bij=di bi;— 3 Z dy - by,
k=i+1
v d—1
= i'bi,j_73 Sk
k=i+1

n

where s; := d; - b;/(d — 1) # 0. If we put

viji=d (ZSIH-CZ Z 5k>7

k=i+1

then we have

Vi1t 02+ 3= Jibi - (Z sp+d Z Sk)

k=1 k=i+1

Z—ZSk+ (d—2)s —dz Sky

k=i+1

which shows that equation (4.2) holds. Moreover, since b; = d; -b; — (d—1)-

D kit Sk = (d=1){si—=3 " _; ;1 sk} and thus 375 2 by = (d—1)-cs,
the map y(t) =d-t— (d — 1) - ¢5/3 has the unique fixed point ¢;/3 under
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the assumption that d # 1. Finally, we have

v v d—1 <
bi,j:di'bid—TZ Sk

k=i+1

1
:Ui,] (Zsk+d Z Sk)_T Sk
=i+1 k=i+1
1

5Cs»

= Uity

. d—1¢
d'éi,j:di'bi,j_(d_l)'si"_Tzsk

=V + (Zsk+d Z Sk) —]_)-SZ-—|—d;1k§_:18k

k=i+1

d
:vi7j—(d—1)~si+§

Cs-

Thus conditions (1)—(3) hold.
Conversely, for any d # 1, (s;) and (v; ;) satisfying (4.2), the maps
(fi) = (fa,,(b:;)) with
dy---dy = d,

dﬁ%{v” (Zsk—f—d Z sk)}

k=i+1

bij =

give the birational map f = f, o---o f; satisfying §(f) = d and conditions
(1)=(3). Moreover, assume that there are two n—tuples =, fn) and
7 =(fl,....f) in Q(C)" such that f = f,0---of; and f' = f o of1
satisfy §(f) = 6(f') = d and conditions (1)—(3 ) for (d,v s) Put g; := z+1
ofitoflo-ofl P2 — P2 Then one has f/ = g; ' o f;0g;_1, where
gn = id. It follows from condition (2) that I(f, 1) = I((f,)~!), which means
that g,_1 = f, ' o f! is an automorphism of P2 | preserving C, and thus
gn—1 € L(C). In a similar manner, under the assumption that g; € £(C)
for some 1 < i < n, condition (2) shows that I(f; ') = ¢I((f/)~!) and
hence g;_1 = f;l og;o f! € L(C). Moreover, it follows from condition (1)
that the determinant of go is given by 6(go) = §(f') - 6(f)~* = 1, which
means that go = id (see Lemma 4.4). This completes the proof. O

Remark 4.6. — From the definition of p given in (4.1), we have the
following relations:
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Figure 4.1. The points ﬁXj €I(f) and p; ; € I(f= 1)

(1) fI&(p;) =~ p,/, or equivalently d* - v, = v, if and only if p™ ~ p,,
where m = 6; i/ (k) with 6, ;/ (k) given in (3.6).

(2) fIE(p7) ~ p)), or equivalently d* - v, = u,, if and only if p™ ~ p7},
where m = 0, +_1(k + 1). In particular, it follows from (3.5) that
p’f(b) o~ p:(L) if and only if f|g(L)71(]5L_) ~ ﬁ:(b).

Indeed, for example, assertion (1) can be established from the relation
P, = fitiloo-ofitle(,)
~ fitiloo--o f o (fIEW;)))

= fitalo oo fitle o (fle)* o falo oo finle(pr)
ai,i’(k)
Assume that there is a tentative realization f of 7. Then, the relation
v . Kk(t)—1 /v v K(L)—
pf( )~ pj(L) yields f\c( ) (p,) ~ p:(b) and thus "1 .y, = Ug(y) = Uy,
for any « € K(n). Hence, from (4.4), the pair (v,s) € C3" x (C*)™ satisfies

(4.5) v, =d" v, +(d-1) -5, (= (i,5) € K(n)),
which is equivalent, when d is not a root of unity, to the expression

&= - (d — 1)
O dEa—1

where [t := #{u |k > 0} and ¢ := g,(¢) = Zi;é k(tx). Conversely, if
there is a pair (d, v, s) € (C\{0,1}) x C3" x (C*)" satisfying (4.2) and (4.5),
then, by virtue of Proposition 4.5, there is a tentative realization f € Q(C)

of 7 with §(f) = d. Therefore, it is important to consider whether the
system of equations

(4.6) v, = v,(d) = (A5 iy +d™ iy b bd sy ),

i—1 n
Vi1 + Vi + U3 = _Zsk+(d_2)‘$i—d Z sk, (1<i<n)
(4.7) k=1 k=i+1
v,, = d*W .y +(d-1)-s (L € K(n))
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for (d,v,s) € (C\ {0,1}) x C3" x (C*)" can admit solutions, which are
closely related to the eigenvalue problem of the Weyl group element w,.
Namely, as is mentioned in the following proposition, solutions of (4.7) will
appear in the coefficients of eigenvectors of w..

PROPOSITION 4.7. — Let 7 be an orbit data, and d be a complex number
different from 0 and 1. Then, a vector y # 0 in Z™ ®z C expressed as

y:vo~eo+2v5-ef €l ®;C

is an eigenvector of w, corresponding to the eigenvalue d if and only if there
is a pair (v,s) # (0,0) € C3" x C" satisfying equations (4.7) such that the
following conditions hold:

(1) v* =dF=1. v, for any 1 € K(n) and 1 < k < k(1).

(2) wo = cs, where ¢ is given in (4.3).
Moreover, for the eigenvector y corresponding to the eigenvalue d, a pair
(v,8) # (0,0) € C3™ x C" satisfying equations (4.7) and conditions (1)—(2)
is uniquely determined.

Proof. — Assume that y is an eigenvector corresponding to d. It is easy
to see that the coefficient of ¥ in w, (y) is v**! for any 1 < k < (1) — 1.
Hence, one has v**! = d - v* or v = d*=! . v!}. Moreover, we determine
(v,5) € C*" x C" as follows. Put v,; = v ; for i € {1,2,3}, and s, =
(vo +vyr)/(d—1), where vy, :=vp1 +Vn 2+ vy 3 For 1 << n—1, assume
that v;,; and s; with j > £ 4 1 are already determined. Then, put

ok, (k(6,1) > 1)
Vgi = ’ ,
Uiy —(d—=1)-s,  (k(€,) =0)
where o(¢,i) = (¢,i); = (¢1,41) (note that ¢4 > ¢+ 1 if k(¢,4) = 0), and
{ (wo+ve)/(d=1)+ 3 jpp1sn  (£22)
Sy =
Yo — 22:2 Sk (é = 1)7

where vy := vp1 + vp2 + 3. At this stage, it is easily checked that (v, s)

)

satisfies conditions (1)—(2), equation (4.2) for ¢ > 2 and equation (4.5) for
k(1) = 0. Now we claim that the following relation holds for 1 < £ < n+ 1:

qgo...oqn(y):fvé.eo+z ’Z)Lo€L1+ Z 'UL'G}Y(L)

(z)<>€ i<t<iy
r()>1 K(L)=0
(4.8)
+ Z{’UL —(d—1) sl} € ,) +Z d* 1y, ek,
1<i k=2

Ko™ )21
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where v == Y4} sp+d Y7, si. Indeed, if £ = n+1, the relation is trivial.
Assume that the relation holds when ¢+ 1 > 2. Then the automorphism g,

changes only the coefficients v/*! and Vi in geg1 0+ 0 gn(y) as follows:
3 3
qr (UZH'@O—FZ W,i'efl-;(e,i)> = (20" +ue) '60—2 (Uz+1+vf,j+vl:k).eé(l,i)v
i=1 i=1

where {i,j,k} = {1,2,3}. Therefore, when ¢ > 2, equation (4.8) holds from
the facts that 20! 4+ v, = v, vt + vy + v = (d — 1) - s — v, and
that {ve; — (d—1)-s¢} - eé(“) = VUp—1(4,i) * eé(a,l(“)) if K(c=1(¢,1)) = 0.
Moreover, since the coefficient of eg in w,(y) is d-vg and ey is fixed by 7.,
the coefficient of eg in g1 0+ --0¢q,(y) is expressed as 2v? +v; = d-vg = v!,
which yields v1 = (d — 2) - s1 — dY__, sk. Thus, the coefficient of e; ;
in g o---0qy(y) is given by v1; — (d — 1) - 81 and equation (4.8) holds
when ¢ = 1. The claim follows from these observations. In particular, (v, s)
satisfies equation (4.2) for i = 1.
By the above claim, we have

qro-0aqu(y) = v et D v = (d=1)-si, frebi,+ vk
r(L)>1 k>2

Thus, the coefficient of e in w,(y) is v} = d-c,. Similarly, the coefficient of
e in w, (y) is given by v,, — (d—1)-s;, . This means that v,, —(d—1)-s;, =
d- v = @*© .y, and that (v, s) satisfies equation (4.5) for x(¢) > 1. It
should be noted that v # 0, since if v = 0 then one has s = 0 from (4.5)
and so y = 0, which is a contradiction.

Moreover, the above argument shows that, for the eigenvector y, a pair
(v,s) is determined uniquely by equation (4.2) for ¢ > 2, equation (4.5)
for x(¢) = 0, condition (1) for k¥ = 1 and condition (2), which gives the
uniqueness of (v, s).

Conversely, we can easily check that, for a pair (v, s) # (0,0) € C3" x C"
satisfying equations (4.7), the vector y given by conditions (1)—(2) is an
eigenvector of w;, corresponding to d. The proof is complete. O

Let w : ZYN — ZV"N be a lattice automorphism in Wy. It is known that
the characteristic polynomial x,,(t) of w can be expressed as

"y :{Raw (Aw) =1)
b Ro(t)Sw()  (Mw) > 1),

where R, (t) is a product of cyclotomic polynomials, and S, (¢) is a Salem
polynomial, namely, the minimal polynomial of a Salem number. Here, a
Salem number is an algebraic integer § > 1 such that its conjugates include
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6~ < 1 and the conjugates other than 6*! lie on the unit circle (see [11]).
Therefore, if w satisfies A(w) > 1 and d satisfies S,,(d) = 0, then there is a
unique eigenvector, up to constant multiple, corresponding to d. Moreover,
an eigenvalue d with |d| > 1 is unique and is a Salem number d = A(w) > 1.

To simplify the notation, we put S-(t) := Sy, (t) and A(7) := A(w,).
Then, the following corollary of Proposition 4.7 can be established.

COROLLARY 4.8. — Assume that d is not a root of unity and there
is a solution (v,s) # (0,0) € C3" x C" of equations (4.7). Then, d is a
root of S;(t) = 0, and v and s are nonzero. Conversely, if d is a root of
S.(t) = 0, then there is a unique solution (v,s) € (C3"\ {0}) x (C™\ {0})
of equations (4.7), up to a constant multiple.

Proof. — First assume that d is not a root of unity and there is a solution
(v,s) # (0,0) € C3 x C" of (4.7). Then d is a root of S.(t) = 0 from
Proposition 4.7. Moreover v and s are nonzero. Indeed, if v = 0 then s =0
from (4.5), and if s = 0 then v = 0 from (4.6). Conversely, if d is a root of
S, (t) = 0, then a solution (v, s) # (0,0) € C3* x C" of (4.7), which satisfies
v # 0 and s # 0 from the above argument, is unique, as an eigenvector
corresponding to d is unique. O

For a root d of S.(t) = 0, let (v,s) € (C3"\ {0}) x (C™\ {0}) be a
solution of (4.7) as is mentioned in Corollary 4.8. If s satisfies sy # 0 for
any ¢ = 1,...,n, then there is a tentative realization f € Q(C)" of T
such that 6(f) = d from the above argument. Moreover, the composition
f = fano-- o f1 is unique up to conjugacy by a linear map in £(C), as a
solution of (4.7) is unique up to a constant multiple. Summing up these
discussions, we have the following proposition.

PROPOSITION 4.9. — Let 7 be an orbit data with A(t) > 1, d be a
root of S-(t) = 0 and s # 0 be the unique solution of equations (4.7) (see
Corollary 4.8). Then s satisfies s; # 0 for any 1 < £ < n if and only if there
is a tentative realization f of T such that 6(f) = d. Moreover, the tentative
realization f of T is uniquely determined in the sense that if there are two
tentative realizations f = (f1,..., fn) and ?l =(f1,..., f}) of T such that
5(f) = 5(?/) = d, then there are linear maps gi,...,g9n, € L(C) such that
the following diagram commutes:

7 ’ f’:Li 7/1
P Bp o L P, s B
gol .‘hl gn—ll gn,l
f f Fn— fn
Py pp L, P S pr
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where go 1= ¢n.

Remark 4.10. — As is seen in Proposition 4.9, the tentative realization
f of 7 with §(f) = d is unique. However, when p, ~ p;, for some . #
e {(i,1),(4,2), (4,3)}, there remains an ambiguity about how to label
indeterminacy points, namely, about a choice between p < p?,[ and p* >
P (see also Remark 3.6).

Proposition 4.9 raises a question as to whether, for a given orbit data 7,
the solution s of (4.7) satisfies sy # 0 for any £ = 1,...,n. This question
can be solved in terms of the absence of periodic roots. To see this, we need
some preliminaries.

Let w € Wi be a general Weyl group element with A(w) > 1. Then there
is a direct sum decomposition of the real vector space:

RVY .= 7MWV @, R =V, @ V¢,

such that the decomposition is preserved by w, and S,,(t) and R, (t) are the
characteristic polynomials of w|y, and wl|y. , respectively. We notice that
V& is the orthogonal complement of V,, with respect to the Lorentz inner
product. Moreover, let ¢,, be the the minimal positive integer satisfying
d*» = 1 for any root d of the equation R,(t) = 0. Then we have the
following lemma.

LEMMA 4.11. — Assume that 6 = AM(w) > 1, and let d be an eigenvalue
of w that is not a root of unity. Then, for a vector z € Z“, the following
are equivalent.

(1) (2,y4) =0, where y4 is the eigenvector of w corresponding to d.
(2) zeVeNZLN.

(3) z is a periodic vector of w with period {,,.

(4) z is a periodic vector of w with some period k.

Proof. — (1) = (2). First, we notice that y4 can be chosen so that
ya € ZMN ®7 Z[d]. The coefficient of e; in y4, and thus that in y4 for any
conjugate d’, are expressed as (yq); = v;(d) and (ya); = vi(d') for some
vi(z) € Z[z]. Since z = (2;) € ZYN and so (2,y.) = 20 - vo(z) — doigo it
vi(z) € Z[z], we have (z,ys) = 0 from the relation (z,yq) = 0. Thus it
follows that z € V¢ N ZMN.

(2) = (3). For any eigenvalues d, d’, we have

(Ya, yar) = (w(ya), w(ya)) = d-d" - (Ya, ya),
which means that (y4,ys ) = 0if d-d’ # 1. In particular, one has (ys,ys) =
(yl/g,yl/(;) = 0. Moreover, since ys,y1/5 € RYYN are linearly indepen-
dent over R, (ys,%1/5) is nonzero, and thus either (ys + v1/5,¥s + y1/s)
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or (Ys — Y1/5,Ys — Y1/s) is positive. As RYN has signature (1, N) and V4,
has signature (1, s) for some s > 1, V¢ is negative definite. This shows that
w|ye has finite order. Since any eigenvalue d of w|y. satisfies d‘» =1, we
have w’ (z) = 2.

(4) = (2). Assume that w®(z) = 2 for some k > 1. We express z as
z =2/ + 2" for some 2’ € V,, and 2" € V£, and then express 2’ as 2/ =
25, (d)—0 %d * Ya for some zq € C. Under the assumption that wk(z) = 2,
one has } g (g0 %d Ya =2 = wh(2') = 280 (d)=0 d* - z4 - y4. This means
that zq = d* - z4 for any d with S,,(d) = 0. Since d is not a root of unity,
24 1s zero for any d. Therefore, we have 2/ = 0 and z = 2" € V£, and the
assertion is established.

Assertions (3) = (4) and (2) = (1) are obvious. Therefore the lemma is
established. ]

Now, for an orbit data 7, let P(7) be the set of periodic roots with period
Ly, , that is,
P(r):={acdy]| whe (@) = a}.
Moreover, we define a finite subset of the root system by

Iy(r —{Oée|€—]. n}CCI)N7

where «f is given by

g 1= qn o oqeri(eg — e 1) — a(e,z) - €§(£,3))~

LEMMA 4.12. — Let d be a root of S;(t) = 0 and s = (s;) be the
solution of (4.7). Then for each 1 < £ < n, af belongs to P(7) if and only
if Sy = 0.

Proof. — Assume af € P(7), which is equivalent to saying that (af, yq) =
0 from Lemma 4.11. By (4.8), we have

(af,ya) = (€0 = €5(0,1) = €(0,2) — €3(0,3): e+1©** © dn(Ya))

(Zsk+d Z Sk) +Z”“

k=(+1
:(Zsk+dz Sk)+<725k+(d72)8g7dz Sk)
k=041 k=1 k=0(+1

= (d — 1)8[

As d # 1, the equation (af,yq) = 0 is equivalent to saying that s, =0. O
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Propositions 4.13, 4.14 and 4.15 mentioned below run parallel with The-
orems 1.4-1.6 in terms of condition (4.9) (see Proposition 4.13). Namely,
Proposition 4.13 states that 7 admits a tentative realization if and only
if 7 satisfies condition (4.9), Proposition 4.14 shows that the sibling 7 of
any orbit data satisfies the condition, and finally Proposition 4.15 gives a
sufficient condition for (4.9).

PROPOSITION 4.13. — Let 7 be an orbit data with A(7) > 1 and d be
a root of S (t) = 0. Then, T satisfies the condition

(4.9) Iy(r)NnP(r) =0,

if and only if there is a tentative realization f € Q(C)" of T such that
§(f) = d. Moreover, the tentative realization f € Q(C)" of 7 with §(f) = d
is uniquely determined.

Proof. — This proposition is an immediate consequence of Propo-
sition 4.9 and Lemma 4.12. (|

PROPOSITION 4.14. — For any orbit data 7 = (n,o, k) with A(1) > 1,

there is a data ¥ = (n, &, k) with i < n such that 7 satisfies condition (4.9)
and (1) = (7).

Proof. — Let d be a root of S;(t) = 0 and (v,s) € C x (C3"\ {0}) x
(C™\ {0}) be the solution of (4.7) for 7 as in Corollary 4.8. If s, # 0 for
any £ = 1,...,n, then putting 7 = 7 leads to the proposition. Otherwise,
assume that sy = 0 for some ¢. Then we put n := n — 1, and for any
ve K(n) = {(i,7) € K(n) |i # L}, choose v(¢) so that iy = -~ =1d,(,)—1 = £
but i,y # £. A new orbit data 7 = (1,5, k) is defined by (1) := v (1)
and k(i) := ZZZ%A #(c*(v)) for any ¢ € K(1). Then, since v,, = d**) .
v, +(d—1) -5, and s; = 0, we have v,, = d**) - v, + (d — 1) - 5, for
any ¢ € K(n), where 5(1) = ts = (is,j5). Moreover, as v satisfies (4.2),
the new vector ¥ = (v,),ex(n) also satisfies (4.2) with n = n and § =
(81y.+-y80—1,5041,---,8n) # 0. Hence, (d, v, 3) is a solution of (4.7) for 7,
which means that S;(t) = Sz(¢t) and thus A\(7) = A(¥).

Therefore, either $; # 0 for any ¢, or we can repeat the above argument
to eliminate §; = 0 from §. Since each step reduces n by 1, 7 satisfies §; # 0
for any ¢ after finitely many steps. |

PROPOSITION 4.15. — For any orbit data 7 satisfying conditions (1)
and (2) in Theorem 1.6, there is an estimate 2™ —1 < A(7) < 2". Moreover,
T satisfies condition (4.9).

The proof of this proposition is given in Section 6.
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5. Realizability

The aim of this section is to construct a realization of an orbit data 7
and to establish our main theorems. In the previous section, we construct
a tentative realization of f € Q(C)" of 7 under condition (4.9). However, f
does not necessarily become a realization of 7. We give two such examples
after stating a preliminary lemma. To this end, for ¢« = (4,7),/ = (¢/,7') €
K(n), let us define a root O‘ﬁu by

k
Qi =Gqno--0 Qi'+1(€52§ - eé(b,)) € oy.

LEMMA 5.1. — Assume that an orbit data T satisfies condition (4.9).
Then, for a tentative realization f of T mentioned in Proposition 4.13, the
following are equivalent.

(1) p* = p,, form > 0.
(2) pm+t = p for some £ > 0.
(3) p ”Npé for any £ > 0.
(4) dk v, = v, where m = 60, (k) > 0.
(5) ak, € P(r).

m

Proof. — One can easily check that assertions (1)—(4) are equivalent (see
also Remark 4.6). Moreover, by virtue of (4.8), the condition oz o € P(1),
or (af’u,yd) = 0 from Lemma 4.11, is equivalent to saying that

0= (Ozfu, Ya) = (628 - 6¢1;(L/)7Qi/+1 o+ 0qn(ya)) = d* v, — vy,

where the last equality follows from the fact that the coefficients of eXF (o) Land
e(l_f(L,) in gir410---0¢qy(ya) are d* - v, and v,/ respectively, since 6; (k) = 0
(see also (4.8))). The lemma is established. O

Remark 5.2. — 1If f is a realization of 7 and p™ =~ p,, for a positive
integer m > 0, then it follows that p]* > p,, and pmtt > pf, for any £ > 0
with m + ¢ < p(e) and € < p() (see Remark 2.10).

Example 5.3. — Consider the orbit data 7 = (2, 0, k) given by

o:(1,1)—(1,2) = (2,2) — (2,1) — (1,1), (1,3)—(2,3) — (1,3)

k(1,1) =k(2,2) =4, k(1,2) =k(1,3) =0, k(2,1) =1, k(2,3) =3

(.u“(la 1) = ,LL(2, ) =7, M(lv 2) = :u(lv 3) =0, :u‘(27 1) =0, N(2v 3) = 4)
Then, equations (4.7) for 7 admit a solution (d,v,s) with d = A(7)
1.582, which is the unique root of t6 —t* —2t3 — 2 + 1 = 0 in |t| >
v o= (7)1 1,V1,2,V1,3,V2,1, V2 2,7)2’3) ~ (1, 7.269, 8.048, 0, 17 1779) and s
(s1,82) =~ (1.717,—10.765). Proposition 4.9 assures that there is a tentative

2
2

Q

—_
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0; i (k) - - @ 0, . (k)+u(’)

Figure 5.1. Orbit segments starting at two indeterminacy points

realization f = (f1, f2) € Q(C)? of 7, all the indeterminacy points of which
are proper as vy ; # v ; for any i # j. However, f is not a realization of 7.
Indeed, assume the contrary that f is a realization of 7. The fact that v, =
V2,2 and Lemma 5.1 yield pil A Pg 9, which means that p%’l = fa(p141) >
P22 and thus pi, > pg}l for each £ =1,...,u(1,1) = 7 (see Remark 5.2).

On the other hand, since p“(ll’l) = pj(l )= pfz and pf2 is proper, one has

“(1 2 ;é pJr but p2 p(Lh-1 _ pr. Hence, f is not a realization of 7. This
argument implies that there should not be a periodic root aﬁ » € P(7) with
m = 6;,(k) >0 and u(t) < m+ u() (see Figure 5.1). We remark that
the solutions of (4.7) for 7 are the same as the ones for another orbit data
7 =(2,0,K) given by

g:(L,0)—(2,0) — (1,£), (£e{1,2,3}),

and that f is a realization of 7. In particular, one has A(¥) = \(1) > 1

Example 5.4. — Consider the orbit data 7 = (1,0, k) given by

o:(1,1)—(1,2) — (1,1), (1,3)—(1,3)
{ k(1,1) =k(1,2) =4, k(1,3)=3.

Then, equations (4.7) for 7 admit a solution (d,v,s) with d (T) ~
1.582, which is the unique root of t5 — t* — 2t3 — 2 +1 = n |t >
1, v = (v1,1,v1,2,v1,3) = (—0.190,—0.190, —0.338) and s = ( ) (1).

Proposition 4.9 assures that there is a tentative realization f = (f1) € Q(C)
of 7, whose indeterminacy points satisfy pljf1 ~ pr. However, f is not a
realization of 7. Indeed, assume the contrary that f is a realization of 7. If
it is assumed that pfg > pfl (see Remark 4.10), then it follows that p{’Q >
pi, for any £ =0,...,3. On the other hand, since p} | ~ p} , ~ pf; = pf,
and pr > plfl, one has pil = p1+,1 and p?’z = pf,Q. The case pfl > pr
is the same. Hence, f is not a realization of 7. This argument implies that
there should not be a periodic root O‘(O1,i),(1,j) € P(r) with p(1,4) = p(1,4)
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and (1,7) = o(1,4) for some i # j. We remark that the solutions of (4.7)
for 7 are the same as the ones for another orbit data 7 = (2, J, k) given by

5 (1,0 = (1,0), (£e{1,2,3}),
and that f is a realization of 7. In particular, one has A\(¥) = A\(7) > 1
Based on the above two examples, we give the following definition.
DEFINITION 5.5. — We define subsets '3 (1), T'2(7) and T's(7) of the set
To(r) ={af, |v=(i,5),/ = (i,j') € K(n),0 < 0;,4(k) < p(1)} C Py

(1) Let Ti(7 ) be the set of all roots o , € Ty(7) with 6, (k) > 0 such
that pu(ot(v)) = p(at() + deo - GM( ) for £ =0,...,h—1 and
(o)) < w(a™(")) + Sno - 0:,i (k) with some h > 0, where &;
stands for the Kronecker delta.

(2) Let I'3(7) be the set of all roots o), € Ty(7) with k = 0, i = ¢’ and
j # j' such that u(c’(1)) = u(c*(v)) for any £ > 0 and ' = o’(1)
for some h > 1

(3) The set T'y(7) is defined by the union T'y(7) := T'i(7) UT3(7).

Example 5.6. — Consider 7 and 7 given in Example 5.4. Then we have
F%(T):{ef—e;|i,j€{172,3},k::273,4}, F%( )_{61 62762 6%},
I3(7) =T5(7), I3(7) = 0.

Moreover, it can be checked that w, admits periodic roots el — el and

ed — el in T'y(7), and w; admits no periodic roots in T'y(7).

From the above preliminaries, we have the following three propositions,
which also run parallel with Theorems 1.4-1.6 in a similar way to Propo-
sitions 4.13, 4.14 and 4.15.

PROPOSITION 5.7. — Let 7 be an orbit data satisfying A(7) > 1 and
condition (4.9), and f € Q(C)™ be the tentative realization of T such that
§(f) = d is a root of S.(t) = 0 as is mentioned in Proposition 4.13. Then,
f is a realization of T if and only if T satisfies the condition

(5.1) To(7) N P(r) = 0.

Proof. — First, assume that f € Q(C)" is a realization of 7, and also
assume the contrary that there is a root o , € To(1) N P(7) # 0. If of , €
I'}(7), then Lemma 5.1 shows that p!™ ~ p,, with m = 6, ;+(k) > 0 and thus
p* > p,, (see Remark 5.2). Let h > 0 be the integer given in item (1) of
Definition 5.5. When h = 0, the relation pj(L) =l e pi‘/( “7™ means that
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w)—m _ 4 " A _ ; ; :
P = p, for some ¢ and thus p(¢") = p(v)—m, since the indeterminacy
set is a cluster. But this is impossible because p(t) —m < u(/). In a
similar manner, when h > 1, it follows that pfe W > pfe(L,) for each 1 <

h h
¢ < h. Moreover, the relation pjhﬂ(b) = pgfzb)(b)) > p’;,(lz,()m means that

(o™ (1)) = u(a"(V')), which is a contradiction. Hence we have T'}(7) N
P(7) = 0. On the other hand, if f,, € I'3(7), then the relation < can not
be well defined. Indeed, assuming that p,” < p,,/, one has pjﬁ W < pi(b,)
for any ¢ > 0. Since (1) = ¢/ and u(c’(r)) = p(c®(+')) for any £ > 0, it is
easily seen that ¢/ satisfies either o"(:/) = ¢, or o (¢/) = " and o"(\"") =
with {¢, ¢/, "} = {(4, 1), (4, 2), (4,3) }. The former case is impossible because
it follows in this case that p,, < p,”, which contradicts the assumption that
p, < p, . The latter case is also impossible, because it follows in this case
that p,, < p,, and p,, < p,, which is also a contradiction. Similarly, the
assumption p, > p,, yields a contradiction. Therefore, we have I'(7) N
P(7) = 0. These observations show that condition (5.1) holds.

Conversely, assume that condition (5.1) holds. For two pairs of indeter-
minacy points pii and p,ﬁ j satisfying pi P p,j;j, we fix p,f,i < pi j if either
w(k,i) < p(k,j),or p(k,i) = p(k, ) and pf(kyl.) < pf(kyj) (see Remark 4.10).
In other words, when there is 0 < h < oo such that u(ot(k,i)) = u(a’(k, 7))
for 0 < ¢ < h and p(o”(k,i)) < p(o”(k,j)), we fix pf[(k’i) < pf@(k,j) for
each 0 < ¢ < h. This is well-defined because of the absence of roots in
I'2(7) N P(7). Now in order to check condition (1.6), for a given + € K(n),
by putting

QF(m) = {{pf?pf?%pln} 0<m<ul)—1)
L {of 1ph svt,t (m=p(),

“ln, S p-
Q; (m) = {{pb_lpi S}
{p; |p, ~p"}

we will show the condition

m

S HQ ) = #QF ) 20 (0<m < (),
0

STHQL (k) — #Q/ (k) = 0.

k=0

In our situation, it should be noted that

#QF(m) = max{f > 0| there is an (¢ — 1)-th point p¥ with p™ =~ p}.
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Hence, for each 0 < m < pu(e) —1, if pL is an ¢-th point with £ > #Q; (m )
which means that p™ # p for any / € K(n), then p*+! is a (#Q; (m

1) — #Q;F (m) +£)-th point (see Remark 2.10). As p¥ is a #Q; (0)-th point7
p" is a (o #Q7 (k) = X5y #Q (k))-th point with (37, #Q; (k) —
Z O #Q (k) = #Q; (m) under condition (5.2), which shows that p™ #
ph for any 0 < m < pu(t) — 1 and ¢/ € K(n). Finally, since p’f() ~ p:(L)

are (Sils #Qi (k) — Tily ™ #Q1 () = #Q7 (u(1)-th points, we have
H(L)
P =Wy
Condition (5.2) is a consequence of the following two assertions:
(1) For any p,, € Q, (my), there is a unique mo with m; < ma < pu(e)
and p:(L,) € Q;f (m2).
(2) For any p}, € @/ (ms), there is a unique my with 0 < m; < my and
p;—l(L/) € Q, (m1).

Indeed, these two assertions lead to the bijection

]:L : {(mlap;) | 0 < mi < ,U/(L)ap:' € Q:(ml)}
— {(ma,p) |0 < ma < p(v),p) € QF (m2)}

defined by F,(m1,p,) = (mg,pj(L,)). Since m; < mg, the bijection F,

yields condition (5.2).

To finish the proof of the proposition, we only prove assertion (1) as
assertion (2) can be treated in a similar manner. For uniqueness, assuming
that there are ma < m such that plj(b,) € Q (m2)NQ;" (m), namely po(L )~
p"2 ~ p!", one has af, € ['§(7) N P(7) with m —mg = n - k > 0, which is
a contradlctlon.

Next we show the existence of ms. Assume that p;, € @, (my) for some
0 < my < p(e), which means that ozL ', € P(r) with mq = 6, (k1) > 0.
If u(e) > p(') + mq, then one has p ) € Q*( (¢/) + mq). On the other
hand, if p(e) < p(d') + mq, then the root aL !, belongs to I'3(7) N P(7),
which is a contradiction. Finally, suppose that w(t) = () + mq, or in
other words pi( ) & i ,) If m; = 0, then the assumption p;” > p,, leads to

J(L) > pa(L and thusp ) € Q" (11(¢)). On the other hand, if m; > 0, then
we also have pa(L) € Q;”( ( )). Indeed, assume the contrary that pj(L,) ¢
Qf (u(v)) or pj(L,) > pj(b). Fix 1 < h < oo satisfying u(o?(1)) = p(a’(V))
for 1 < £ < h and p(a"(1)) < p(a(1)). If h = oo, then the existence of
L > 0 with o = id shows that u(:) = u(at (. )) = u(at () = u(t), which
is a contradiction. If A < oo, then the root a !, belongs to I'}(7) N P(7),
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which is also a contradiction. Assertion (1) is established by combining all
these observations. Therefore the proof of the proposition is complete. [

PROPOSITION 5.8. — Let 7 be an orbit data satisfying A(7) > 1 and
condition (4.9), and f be a tentative realization mentioned in Proposi-
tion 4.13. Then, there is an orbit data ¥ such that \(7) = A\(¥) and f is a
realization of 7. In particular, T satisfies condition (5.1).

Proof. — Let d be a root of S;(t) =0, (v,s) € (C3"\ {0}) x (C™\ {0})
be a solution of (4.7) as in Corollary 4.8, and u, be given in (4.4). If
Iy(7) N P(r) = 0, then putting 7 = 7 leads to the proposition. Otherwise,
we make a decomposition

Py(7) :=T2(1) N P(1) = Py (1) U P (1) U Py(7),

and divide the proof into three steps, where P4 (1) is given by

{o 0 € Po(r) |/ = 1"} (t=1)
Pi(r) == {ak 0 € Po(r) |/ # 1", (0" - u<u>+ez (k) >0} (£=2)
{aks 0 € Pa(r) | # ", u(0) = ult') + 6,00 (k) = 0} (£ =3).

It should be noted that u(¢”) — p(e )+ 0, (k) turns out to be nonnegative
provided af; , € Ty(7), and that pu(c") — u(t') 4 0y 3 (k) = 0 if and only
if pf(b,) = pf(b,,). Now we fix a root au,w € Ps(7), which means that
d* v, = v, and p ~ p;, with 0 < m = ;s (k) < p(/) by Lemma 5.1,
and put m’ = p(") — p(/) +m > 0.

Step 1. — First suppose that of, , € P3(r), which belongs to I'5()
and thus satisfies 0 (k) > 0 or k > 1. As d¥ - v, = v, and d is not a
root of unity, we have v, = 0 and thus d* - v, = v, for any £ > 0. Hence,
it follows that pl, ~ p? =~ pk, ™ and pa( y = p“(b) ~ pfﬁ(u)*k”'n,
where k" > 1 is chosen so that 0 < u(//) — k” - n < n. A new orbit data
7 = (n,o,k) is defined by £() := k(') — k", and £(¢) := k() if ¢ # /. Then
osz, is not defined for 7. The relation d"(b) Y v, = uy(,) = u,, shows that
v,, = d*) v, +(d—1)-s;, for any ¢ € K(n), and thus (d, v, s) satisfies (4.7)
for 7. Therefore, f is also a tentative realization of 7. Moreover, it follows
from the relation S, (t) = S;(¢) that A(7) = A(F).

Since }, ¢ c(n) £(¢) is finite, we can assume that #Pj3 (1) = 0 by repeating
this argument. In particular, an integer k& > 0 with oza € Ps(r) for given
1,17 € IC( ) is at most unique, since if a“, ol e Py(r ) for some k' < k",

thena , € Ps(1) with k=K' — k' > 0.
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Step 2. — Next we assume that af; ,, € PF(7), which also belongs
to T'3(7) and thus satisfies m = 6; ;+(k) > 0. Then a new orbit data
7 = (n,d,K) is defined by

o) (=) W)+ (=)
(6.3) (v):==q0() (t=1") ) == pl”)y—m' (=1")

o(t)  (otherwise), () (otherwise).
Since p ~ P, one has pﬁ(b) _ pft(b) m’ pL( N+m pM/ELH) ~ p;r(b,,) _
Py and gD = g O ) et ehich

yield d*()=1 . ¢, = Ug(,y and dFED=1 Ly, = ug(ry. For v # 4/,1", the
equation d*W=1 . v, = u,(,) leads to d*~1 - v, = us(,. This shows that
v,, = d*") v, +(d — 1) - s, for any ¢ € K(n), where 5(¢) = ts = (is, js),
and (d, v, s) satisfies (4.7) for ¥, which means that f is also a tentative
realization of 7 and that A\(7) = (7).

Now, we w111 show that #P2(7) < #Pz( ). Indeed, for ¢,7 ¢ {//,/"}, it
follows that o e Pi(F ) 1f and only if a - € P3(7). Hence, if one assumes
that af. € PQ( ) and o ¢ PQ( ), then L,L must satisfy {¢, 7} N{J/, "} #
0. When 7= and ¢ ;é ¢, the relation fi(¢v) < f(d) + 6. (k') yields
) < M(L”) + 60,/ (k"), and the relation p(c) > p() + 6;, (k') yields
fi() > V( ")+ 0, (k"), where k" = k + k'. This means that ¥, ¢ P} ()
: ", € P2(r). On the other hand, when 7 =/ and ¢ = ¢”, the relation
ak, v € P3(7) gives d¥ v, = v, with 0 < 8 i (k') < i(+"). Combining it
with d* -v,, = v, one has the equation d*" - v, = v, for k" = k+k’. Since
u(l) = ,u( N—m'+m=pa(")+m =0y (k)+m=0y,(k") >0, we
. € PH(T), Which contradicts the assumption that #P3 (1) = 0.
In a snmlar manner, if a - E P3(¥) and a ;¢ PZ(7), then it can be seen
that aZ, o ¢ P3(7) and az/ € P3(7), Where @7 k") = (5, k+ k)
when ¢ = (/| @, 7", k") = iL,LI,‘k} — K'|) when 7 =/, and (7,7, k") =
("7, |k: — k'|) when ¢ = //. Finally, it follows from fi(¢/) > ji(¢") + 0; i (k)
that of ,, ¢ P3(¥). Since af; ,, € P3(r), these observations show that
#P3 (T ) < #P3 (7).

If ozk ¢ PJ}(¥), which means in fact that ¢ = ¢/, then we further take a
new orblt data so that #P}(¥) = 0. Hence, this step yields the orbit data
7 satisfying either #P3(¥) < #PZ(r) and e B = 2iexm £,
or -, cxein) F(L) < 2,ex(n) (). So we can also assume that #Py (1) =

and ak

K"
have ;) ,

#PZ(7) = 0 by repeating this argument.
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Step 3. — Finally, suppose that ozf,,b,, € P3(r), which can be chosen
so that h = h(//,/) > 0 is minimal among all elements in P3(7), where
1 < h < oo is determined by the relations u(o?(¢))) = u(a?(t")) for 1 <
¢ < h—1and u(e"()) < p(e™(:")). Then we define a new orbit data
7 = (n,5,k) as in (5.3) with m’ = 0. It can be checked that f is also a
tentative realization of ¥ and A\(7) = A(¥), and that #Ps(7) = #P2(7) =0
as p is invariant in this procedure.

Novw we claim that p(3*(/)) = p(o(")) and (&) = (o)
for any 1 < ¢ < h. In particular, oF » ,» does not belong to P3(+) since
W) = p(E) for 1< £ < b and p(Eh() > p(E"(i7)). Tndeed,
when s, s” > 1 are the minimal integers such that ¢* (/) € {¢/,/} and
o (") € {¢/,/"}, one has 5(.") = O'Z( Noor p(at(") = pu(at(V)) for
1 <0< s and () = o) or u(a4(V)) = (o)) for 1 < £ < §".
Moreover, assuming that s’ < ¢ < s’ and that the claim is ver1ﬁed for
< l-1, Weﬁxk’>1W1th1\€” =0k <3 If 5% () = o° (L)zL,
then it follows that o (v ) = o' (/) and pu(5* (”)) = u(E" () =
u(Et = (1) = - = p(3 (), which show that u(3* (:")) = u(a” ().
The case & (/") = 0 (/) = ¢/ can be treated in the same manner. Fur-
thermore, when s” < ¢/ < s’ or s',s” < £, the claim also can be verified
for £ = ¢' in a similar way under the assumption that the claim is already
verified for ¢ < ¢ — 1.

We also claim that #P3(7;¢) = 0 for 1 < ¢ < h and #P5(#;h) <
#P3(1;h), where P3(1;0) := {O‘ﬁlz € P3(7)|h(r,7) = ¢}. Indeed, since
u(a®(1)) = p(5(r)) for any ¢+ € K(n) and ¢ < h by the above claim, it
follows from the asbumption #PJ(1;0) = 0 that #P5(7;¢) = 0 for 1 <
¢ < h. Moreover, if - € P3(#;h) and ak ¢ P3(r;h), then «,7 should
satisfy {¢,7} N {/, "} ;é 0. A btralghtforward calculatlon shows that they
further satisfy either + = ¢/ or 7 = //, and that o}, € PJ(r;h) does not
belong to P3(¥;h) when ¢ = ¢/, and aL’L/,, € P3(T,h) does not belong to
P§(;h) when 7 = o/, where k" = k' + k. Finally, since of, ,, € P3(7;h)
and o), ,, ¢ P3(7; h), we can show that #P3(7; h) < #P5(7; h).

Therefore, by repeating this argument, we can conclude that # Py ()
#P3(7) = #P3(7) = 0 and establish the proposition.

O

PROPOSITION 5.9. — Let 7 be an orbit data satisfying conditions (1)
and (2) in Theorem 1.6. Then we have

To(1) N P(r) = {a)y [im = iy, (0™ (1)) = K(0™(t')), m > 0}.

m’

In addition, if T satisfies condition (3) in Theorem 1.6, then it also satisfies
condition (5.1).
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The proof of this proposition is given in Section 6. We are now in a
position to establish the main theorems. To this end, we make the definition
of the set I'(7).

DEFINITION 5.10. — The finite subset I'(T) of the root system ®y is
defined by

F(T) = Fl(T) UFQ(T) C dy.

THEOREM 5.11. — Let 7 be an orbit data with A\(7) > 1 and d be a
root of S;(t) = 0. Then, T satisfies the condition

(5.4) I'(r) N P(r) =0,

if and only if there is a realization f = (fi,..., f.) € Q(C)" of T such
that §(f) = d. The realization f € Q(C)"™ of T with 6(f) = d is uniquely
determined. Moreover, the blowup 7, : X, — P2 of N = 2 exc(n) K0
points {p"|¢ = (i,7) € K(n), m = 6,0(k),1 < k < (1)} on C* lifts
f = fano---0of1 to the automorphism F, : X, — X,. Finally, (n,, F;)
realizes w, and F; has positive entropy hiop(Fyr) = log A(T) > 0.

This theorem follows from Propositions 3.10, 4.13 and 5.7.

Remark 5.12. — Lemmas 4.12 and 5.1 provide another realizability con-
dition instead of (5.4). Namely, for an orbit data 7 with A(7) > 1, let d
be a root of S-(t) = 0 and (v, s) € (C3>"\ {0}) x (C™\ {0}) be a solution
of (4.7) as in Corollary 4.8. Then 7 satisfies condition (5.4) if and only if

(1) s¢g #0 for any 1 < ¢ < n, and
(2) d* v, # v, for any (k,t,t/) with O‘f,u € I'y(7).

Proofs of Theorems 1.4-1.6. — Theorem 1.4 is an immediate conse-
quence of Theorem 5.11, since « is a periodic root of w, with period
some k > 1 if and only if « is a periodic root of w, with period ¢,,_
(see Lemma 4.11). Moreover, Theorem 1.5 follows from Propositions 4.14
and 5.8, and Theorem 1.6 follows from Propositions 4.15 and 5.9. g

Proof of Theorem 1.1. — For any value A # 1 € A, Theorem 1.5 and
Proposition 3.12 show that there is an orbit data 7 such that A = A(7) and
7 satisfies the realizability condition (1.8). In particular, the automorphism
F. mentioned in Theorem 1.4 has entropy hiop(F;) = log A > 0. Note that
when A\ = 1 € A, the automorphism idp: : P2 — P? satisfies A(idp2) = A =1
and hyop(idp2) = 0. On the other hand, it follows from Proposition 3.3 that
the entropy of any automorphism F : X — X is given by hiop(F) = log A
for some A € A. Therefore, Theorem 1.1 is proved. O
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Example 5.13. — We consider the orbit data 7 = (n,o, k) given by
n=20=id, k(1,£) =3 and k(2,¢) = 4 for any £ = 1,2, 3. Then 7 satisfies
the assumptions in Theorem 1.6, and thus w, is realized by a pair (7, F;),
where 7, : X, — P? is a blowup of 21 points. We can check that equa-
tions (4.7) admit a solution (d, v, s) with d = \(7) & 3.87454251, which is a
root of t674t5+t472t3+t2 —4t+1 = 0, v = (Ul,la V1,2,01,3,V2,1, V2,2, ’U273) ~
(1.749,1.749,1.749,0.233,0.233,0.233) and s = (s1, $2) =~ (—100, —52.274).
Therefore, the entropy of F: is given by hiop(Fr) = log A(7) ~ 1.35442759.
Moreover, for any ¢ # ¢/ with i = ¢’ € {1,2}, the equality v, = v,, shows
that the element w, admits a periodic root a?ﬁL/,
(7). Therefore, the automorphism F does not appear in the paper of Mec-
Mullen [11]. On the other hand, for any data 7 = (1,6, R), let F; : X; — X,
be an automorphism that Diller in [6] constructs from a single quadratic
map preserving a cuspidal cubic. We claim that F, is not topologically
conjugate to FI* for any m > 1. Indeed, assume the contrary that F is
topologically conjugate to F* for some data 7 and m > 1. Then the topo-
logical conjugacy yields A(7) = A(7)™. Moreover, since X, is obtained by
blowing up 21 points, so is X7, which means that Z?Zl R(1,£) = 21 and
thus there are 190 possibilities for #. As & has 6 possibilities, 7 has 1140
possibilities. However, with the help of a computer, it is seen that there are
no data 7 and m > 1 satisfying these conditions. Our claim is proved.

which is not contained in

6. Proof of Realizability with Estimates

As is seen in Section 5, Propositions 4.15 and 5.9 prove Theorem 1.6, or
the realizability of orbit data. In this section, we establish these propositions
by applying some estimates mentioned below. Let ¢, x(d) and ¢; ;(d) be
polynomials of d defined by

(6.1) ’Ub(d) = Zéb,k(d) - Sk,
k=1

(6.2) ’Ui(d) = ’Ul"l(d) + ’Ui’g(d) + Ui’g(d) =— Z Cij (d) -S4,
j=1
where v,(d) is given in (4.6), and let A, (d,z) be an n X n matrix having
the (i,7)-th entry:
An(d,x)ig = -1+ (i>))
—d+ x5 (1 <3)
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with z = (z1,...,2,) = (zi;) € M,(R). Then equations (4.7) yield

S1
(6.3) A (d)s =0, s = ,

Sn
where A.(d) := A, (d, c(d)) with ¢(d) := (¢; ;(d)). Finally, let x-(d) be the
determinant |A.(d)| of the matrix A, (d).

LEMMA 6.1. — Assume that d is not a root of unity. Then, d is a root
of x,(t) =0 if and only if d is a root of S;(t) = 0.

Proof. — If d is a root of x,(t) = 0, then there is a solution s # 0
of (6.3). Thus, (d,v, s) satisfies (4.7), where v = (v,) is given in (4.6). This
means that d is a root of S;(¢t) = 0 (see Corollary 4.8). Conversely, if d is
a root of S (t) = 0, then there is a unique solution (v,s) € (C3"\ {0}) x
(C™\ {0}) of (4.7). Moreover, s is a solution of (6.3) and thus d is a root
of x-(t) = 0. O

Now fix an orbit data 7 satisfying conditions (1) and (2) in Theorem 1.6.

LEMMA 6.2. — Ifd > 1,k € {1,...,n} and ¢ € K(n), then we have
Y s

E+d+1 "

Proof. — In view of equation (4.6), ¢, x(d) may be expressed as either

¢ x(d) =0, o0r ¢i(d = —(d—-1)-d"/(d"— 1) with g +3 < 7, or

¢ p(d)=—(d—1)-(d™+d™)/(d"—1) with m1 +3 <12 and 72 +3 < 7, or

¢, k(d) = —(d—1)-(d" +d™+d™)/(d"—1) with n1+3 < 12, 72+3 < 13 and

n3 +3 < m, since #{m |1 <m <[t im =k} < #{(k, 1), (k,2),(k,3)} = 3.

We only consider the case ¢, x(d) = —(d — 1) - (d™ + d")/(d" — 1) as

the remaining cases can be treated in the same manner. Since d > 1, the
inequality ¢, 1 (d) < 0 is trivial. Moreover, one has

(d) <0.

a,k(d) B _d’h + dm2 S _d772—3 + d"2
d—1 dn—1 = dn—1
d1=0 4+ q1=3 1
> = (14 —)(dC+d?
1 (+dn_1)(d +d ™)
b
T BT
Thus the lemma is established. (|
Since ¢; ;(d) = *Z?ﬁ C(i,0),;(d) from (6.2), the above lemma leads to
the inequality
3
< ¢ i(d) < Tl —
0 < ¢ ;(d) < h(d), h(d) Trd+ &
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Note that for any d > 2 and 0 < z; ; < h(d), each diagonal entry A, (d, x); ;
of A,(d,z) is positive and each non-diagonal entry A, (d,z); ; with i # j
is negative. Let A, (d,z);; be the (i,7)-cofactor of the matrix A, (d, ).
Then, the relation |A,(d,z)| = > i, An(d, x); ; - An(d, z); ; holds for any
j=1,...,n, where |A,(d, x)| is the determinant of the matrix A, (d, z).

LEMMA 6.3. — For any n > 2, the following inequalities hold:
A (d,x); ;>0 (d>2"—1,0< x;; < h(d))
|A,(d,z)] >0 (d>2"0<uz,; <h(d)
|A,(2" —1,2)| <0 (0 <x;; < h(d)).

Proof. — We prove the inequalities by induction on n. For n = 2, the
first inequality holds since

_ —As(d,z);; >0 i #£ j
Aold,); = 2(d, z);, (Z' # ‘7_)
Ag(d, x)i+1,i+1 >0 (Z =] € Z/QZ)

As h(d) < % when d > 3, the remaining inequalities are consequences of
the estimates

[z(d,2)] = (d=2+211)(d =24 222) — (1 —22,1)(d — 212)
>22-1-4 =0

[A2(3,2)[ = (1 +21,1)(1 + 22.2) — (1 = 22,1)(3 — @1.2)
<(1+2)2-01-2)3-2) <o

Therefore, the lemma is proved when n = 2. Assume that the inequalities
hold when n = [ — 1. A straightforward calculation shows that A; ; =
A,(d,x); j can be expressed as

i—1
- Zﬂl,l(ct $i)k7j71 : Al(d, x)k,i
k=1 . (1<7)
- Z Ai—i(dy 21 j—1 - Al(d, @)
k=it+1
o i—1 . )
Aij=<¢ — Z,Al,l(d7 ), - Ailld, )i
k=1 . (i>7)
- Z A1 (dy 21y - Ar(d, @)
k=it1
|Ai-1(d, ") (i=3),
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where z¢ is the (I — 1,1 — 1)-matrix obtained from z by removing the i-
th row and column vectors. Hence, the first assertion follows from the
induction hypothesis. Moreover, as |A;(d, z)| = 2221 Ai(d, )i ;- Ail(d, )i,
the bounds
|.Al(d, (xl, e ,l‘j_l,o,xj_,_l, e ,$Z)|
< [Au(d, z)]
< A, (21, 2o, (d), @, @)

hold for any j, where h(d) is the column vector having each component
equal to h(d). Thus, we have

|Au(d, z)| = [Au(d, (0,...,0))]
=d-1D"td-2)>0  (d>2Y,

‘Al(2l - 1733)' < |Al(2l -1, (E(Ql - 1)7 s ’E(2l - 1)))'

2l -9 +1

220 — 20 +1
which show that the assertions are verified when n = [. Therefore, the
induction is complete, and the lemma is established. O

Let 6 > 1 be the root of S;(t) = 01in |t| > 1 and s # 0 be the solution
of equation (6.3) with d = §. Then (4, v, s) satisfies equations (4.7), where
v = (v,) is given in (4.6) with d = §. We notice that §, which is also a root
of x-(d) = |A,(d)| = 0, satisfies 2" — 1 < § < 2", since x-(2" —1) < 0 and
X+(2") > 0 from Lemma 6.3.

LEMMA 6.4. — For any 1 <1i < n — 1, the ratio s;;1/s; satisfies
z1(n) < Sifl < z2(n),
where e l _— .
zl(n):*w zz(n)'*Q +2"+3

T2 ot 4 6 T2 el 4 3

Proof. — For each ky, ky > 0 with ki +ky < n—2, let AF1%2(§) be the n x
n matrix defined inductively as follows. First, put A%9(§) := A, (d). Next,
let AF1:9(8) be the matrix obtained from A% ~1.9(§) by replacing the i-th
row of A¥1=1.0(§) with the sum of the i-th row and the k;-th row multiplied
by —AF1=10(8); 1, JAE=LO(8),, &,, where i runs from k; + 1 to n. Finally,
let AF1:F2(§) be the matrix obtained from A1*2=1(§) by replacing the i-th
row of AK1#2-1(§) with the sum of the i-th row and the (n — kg + 1)-th
row multiplied by — AR *271(8); i1/ A2 7(8) n_ky41,n—ky+1, Where
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i Tuns from k; + 1 to n — ky. Therefore, each entry of A¥1:F2(§) may be
expressed as

ij+&50  (i<kiandi<y)
ARk (), = R N A
7 5,g+€k1+’” (n—ky+1<iand k; +1<j <)
0 (otherwise),
where
6-2 (i=7)
big=y -1 (i>))
-0 (<),

and Efi ; 1s given inductively by
o 1-gE-g)

i (k < kl)
&, =ci ;(0) €k+1 ’ ’ _k o gllzk k
i,7 i, ) 5 — £ 1— )
Z]‘ij _ ( gz,nfkﬂrkl)( £n7k+k1,]) (k > kl)

0= 24 & ik kth
Moreover, it is seen that 55—“’ ; satisfies the estimates
(2F —1)8 - (2F —1)6 — (2F5 — 1)R(6)
T ok X f,] X fkﬂ gky = k k .
0—2 (6 —2k) + (28 — 1)A(9)
Note that s satisfies AF1:¥2(8§) s = 0 for any k1, ko > 0. In particular, one
has A1 =71(§) s = 0, the i-th and (i + 1)-th components of which are
given by

{ (0=2+€72) 50+ (=0 + 174 5141 =0
(— 1+£z+1 ) si+ (0 *2+fz+1 iy1) Siv1 = 0.
Therefore, we have

Si+1 5—2+§n_2 §—2—E, 5 20%— (2" —4)5 — (2" —6)

Si 6 gz sa+1 5 + En—Q 2(62 + 26 + 3) ’

the righthand side of which is monotone increasing with respect to d, and
thus is less than z3(n) since 6 < 2™. In a similar manner, we have

Sit1 _ 1- 51+1 i 1+¢&, 5
Si §—2+&0% 0 0-2-¢,,
2" 2(1 — h(d))
T o214 (201 — 1)h(d)

> z1(n).
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Thus, the lemma is established.
We remark that the functions z1(n) and z3(n) satisfy

1
0<2z(n) < 3 < za(n) < 1.

Proof of Proposition 4.15. — Recall that § satisfies 2" — 1 < § < 2™
from Lemma 6.3. Moreover, it follows from Lemma 6.4 that s, # 0 for any

£. Thus Lemma 4.12 yields T'1(7) N P(7) = 0.

Next we prove Proposition 5.9.

O

LEMMA 6.5. — For any n > 2, we have the following two inequalities:

1
(1) g1(n) <0, where g1(n) := pr— +1-08-2(n)" Y,
1

(2) g2(n) > 0, where ga(n) := z1(n)" "2 = z2(n)" " — F_o1
Proof. — First, we claim that the following inequality holds:

1

n— 71 71
(64) 21 (’I’L) 1 > on—1 - (TL - 1) (237174 + 24n73>'

Indeed, since

1 1 1 6 1
(1 T on-1 22n—1> (1 Tona T 2%) =1- 94n—2 @ +3) <L

one has

1 1 1 1 1 3
z1(n) > 5(1 + 2n—1) (1 T on—1 22n—1) = 5{1 - (22n—1 T San—2

1 1 1
- 5{1 B (22n—3 + 23n—2)}'

1

)}

Therefore, the claim holds from the Bernoulli inequality, namely, (1+z)™ >
1+ nx for any > —1. By using inequality (6.4), we prove the two inequal-

ities in the lemma.
In order to prove assertion (1), we consider the function of n:

. 1

gi(n) = @ o1o1 +1-(2"=1)-z(n)" L

Then the inequality g1(n) < gi(n) holds since § > 2™ — 1. Moreover, as
d1(2) < 0, one has ¢g1(2) < 0. On the other hand, when n > 3, inequal-

ity (6.4) yields

(2m —1)3 2" —1 1 1

<

2n — 1 n=lon — 12 n—-1 n-1
_ (— — ) o )
on 1 (2n _ 1)3 -1 22n 3 2377, 2
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. gn—1(on _1)2 _ _ . .
Since the terms (2n_(1)3_i , 272‘,1,13 and zﬁnfg are monotone decreasing with

. 27171(27;_1)2 n—1 n—1 . . .
respect to n, the function —1 + CRESIERS| + 57273 + 3dn-z is maximized

when n = 3, which is negative. Therefore, we have ¢1(n) < 0, and thus

g1(n) < 0.
Finally, in order to prove assertion (2), we consider the function of n:
1
M — -2 —1
go(n) = 21 (n)"" = 22 ()" = o

Then the inequality g2(n) > ga(n) holds since § > 2™ — 1. Moreover, as
32(2),32(3) > 0, one has g2(2), g2(3) > 0. On the other hand, when n > 4,
Ja2(n) can be estimated as

9 _ _ _ 1
Ja2(n) = z1(n)" 2(1 - zl(n)) - (zg(n)" L zi(n) 1) — s T
2r -1 -1
> 2z (n)" 2 (1 — 21 (n)) —(n— 1)(z2(n) - zl(n))zQ(n)”_2
1
(2n —1)3 -1’
where the last inequality follows from the general inequality ™ —y™ < n(z—
_ . 2n | on+1

y)z" ! forany z >y > 0. Since z3(n)—21(n) = 3 (22n+2nil-132)(22wt;12n+1+6) <
%22n+21n+1+3 < %22(,},1) ,and z3(n) = %+%m is monotone decreas-
ing with respect to n, and thus is less than ;—i, we have

0t~ st < 03 ()" b <

n—2

where we use the fact that the function (n — 1)%(%) is monotone
decreasing and is less than 1. Moreover, as 1 — z1(n) > z1(n), one has
1 1
v n—1 _ _
G2n) > 2 ()" e~ @ 1p o
1 1 1 1 1
Z Gn=1 {1 —(n— 1)(2271—3 + an—z)} C22(n-1)  (2n—1)3 -1
1 n—1 n-1 1 2n—1
~ on-1 (1 T 92n=3  93n—2  9gn—1 (27 —1)3 — 1)‘
Since the terms 2&%137 2732%12, 2,%1 and % are monotone decreasing
n—1
with respect to n, the function 1 — 2"2,%13 — 2&%12 — 271%1 — (TLQ*W is
minimized when n = 4, which is positive. Therefore, we have ga(n) > 0
and thus g2(n) > 0, and so the proof is complete. O
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PROPOSITION 6.6. — Assume that v,/(§) = 6 - v,(6§). Then we have
k=0, , =iy and k(c™()) = k(™ (1)) for any m > 0.

Proof. — Viewing v,/(8)/(6 — 1) and §* - v,(§) /(6 — 1) as functions of §
(see (4.6))), we expand them into Taylor series around infinity:

vl _ o smel) g, gmen) g, gmanm ) L
0—1 ! /] /141

k
(S(SLL(;S) = —g;, -6 Wk S, - e (W+k _

In view of these expressions, the coefficient of 57t is either —sq or 0. Now
assume the contrary that v,/(6)/(6 —1) and 6% -v,(8)/(5 — 1) have different
coefficients. Let I; and I be the minimal integers such that v,/ (6)/(6—1) and
6% -v,(8)/(6 — 1) have the coefficient —s,,, of 6~'* and the coefficient —s,,,
of §7!2 which are different from the coefficient of 6 't in 6¥-v,(8)/(6—1) and
the coefficient of %2 in v,/ (§)/(6—1) forsome 1 <m; <nand1 < my < n
respectively. Note that s; > sg > -+ > s, and ep41(¢") — e (V) = 3 for
any m > 1 and // € K(n). Thus, v,/ (8)/(§ — 1) — 6% - v,(8)/(§ = 1) = 0
satisfies the estimates
5k v (8) 0% v, (6)
B-1°5-1 -1

smléfll - stéflz — 81

5
P -1

< smlc;*ll — sm26*l2 + 81

If I1 > ls, then it follows that

-1
0< S0 — g 072+ 51571
1 2 63 _ 1
1

< 57l1 . n7157l1+1
s1 s121(n) + 51 51

< 3154191 (n),

which contradicts Lemma 6.5. On the other hand, if I =I5 and mq > ms,
then we have

1 1 §h
0<Sml(5 ! _8m25 1+81m
§h
< slzg(n)ml_lé_ll — slzl(n)m1_25_l1 + 51 51

< —slé_llgg(n),
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where the last inequality is a consequence of the fact that zo(n)™: ! —

21(n)™72 = —z(n)m 2 ((%)ml_2 — 23(n)) is monotone increasing
z1(n)

with respect to my since 0 < z(n), 2 tny < land (jl(zg)ml 2 — z(n) >

ZZ(%% > 0. This contradicts Lemma 6.5. In a similar manner, if [; < ls,

then it follows that

—1 ] 5k
O>Sm1(5 1—8m26 Q_Slm
Ls—lot1 ! 5t
> nTRYTRT 5107 —
s121(n) $1 S1537q

> _516_l2gl ('I’L),

which is a contradiction. On the other hand, if [{ = I, and mq < ms, then
we have

1 ! 5"
0> Sml(s_ 2 — 8m26_ 2 — Slm
5l
> 5121(n)™2 72672 — 51z (n)m2 el — Sis3

> 5157l2g2(n),

which is also a contradiction. Thus, v,(6)/(6 —1) and 6* -v,(5)/(6 —1) have
the same coefficients. In particular, we have i', = i,, and €,,(t') = £, (1) —k
for any m > 1. The relations ¢,,(t/) = e,(t) — k yield (/) = e1(V) =
e1(t) — k = k(1) — k and k(c™()) = k(c™(¢)) for any m > 1. Now,
L > 1 is chosen so that % = id. Then we have i’ = i, = iy, = i and
k(1) = K(a®(t")) = k(oT (1)) = k(1), which shows that k& = 0. Therefore,
the proposition is established. O

Proof of Proposition 5.9. — From Proposition 6.6, if the relation §* -
v7(0) = vy (0) holds, then one has k = 0, i,, = i/, and k(™ (1)) = k(™ (V))
for any m > 0. Conversely, it is easily seen that if i, = i/, and k(o™ (1)) =
k(o™(/)) for any m > 0 then v,(§) = v,(d) holds. In particular, it fol-
lows from Lemma 5.1 that Ty(7) N P(1) = {0‘?,// lim = by, (0™(1)) =
k(a™(¢")), m = 0} and hence (T'a(7) N P(7)) NTi(7) = 0. Moreover, if T
satisfies condition (3) in Theorem 1.6, then any element a? , € Ty(7)NP(1)
does not belong to I'3(7), which shows that T'y(7) N P(7) = 0. Therefore
we establish Proposition 5.9. g
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