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ON LORENTZIAN MANIFOLDS WITH HIGHEST
FIRST BETTI NUMBER

by Daniel SCHLIEBNER (*)

ABSTRACT. — We consider Lorentzian manifolds with parallel light-like vector
field V. Being parallel and light-like, the orthogonal complement of V' induces a
codimension one foliation. Assuming compactness of the leaves and non-negative
Ricci curvature on the leaves it is known that the first Betti number is bounded
by the dimension of the manifold or the leaves if the manifold is compact or non-
compact, respectively. We prove in the case of the maximality of the first Betti
number that every such Lorentzian manifold is — up to finite cover — diffeomorphic
to the torus (in the compact case) or the product of the real line with a torus (in
the non-compact case) and has very degenerate curvature, i.e. the curvature tensor
induced on the leaves is light-like.

RESUME. —  On considére des variétés lorentziennes avec un champ de vec-
teurs de genre lumiére parallele. Comme il est parallele et de genre lumiére, son
complément orthogonal induit un feuilletage de codimension un. Si on suppose les
feuilles compactes et la courbure de Ricci positive (ou nulle) sur les feuilles, on
sait que le premier nombre de Betti est borné par la dimension de la variété ou de
la feuille, suivant la compacité ou non-compacité de la variété. Nous démontrons
que dans le cas ou le nombre de Betti est maximal, quitte & la remplacer par un
revétement fini, toute telle variété lorentzienne est soit difféomorphe au tore (si
elle est compacte) ou alors au produit d’une droite avec un tore (autrement), et
que sa courbure est trés dégénérée, c’est-a-dire le tenseur de courbure induit sur
les feuilles est de genre lumiere.

1. Introduction
We consider (n + 2)-dimensional Lorentzian manifolds™) (M, g) with

parallel light-like vector field V', i.e. with g(V,V) = 0 and V9V = 0 for
the Levi-Civita connection VY of g. Since the vector field V is parallel and
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1424 Daniel SCHLIEBNER

light-like we obtain a parallel line bundle V := RV, while the orthogonal
complement distribution

Vi ={X eI'(TM) | g(X,V)=0}

defines a parallel sub-distribution of the tangent bundle of codimension one
and V C Vt. Being parallel, V* induces a codimension one foliation on
M (which we will, in abuse of notation, also denote by V+) into light-like
hypersurfaces which are the leaves of the foliation, each of which we usually
will denote with L, i.e. TL = V. The holonomy® of each such Lorentzian
manifold is non-irreducible and contained in the stabilizer O(n) x R™ of V
in O(1,n + 1). If, moreover, the projection of the holonomy group onto
R™ is surjective it is even indecomposable. An overview over this topic can
be found for example in [6, 1]. A general interest in this area is to find
topological consequences on the manifold M if it admits such a Lorentzian
metric. In light of this motivation, K. Léarz studied in his dissertation [10],
among other aspects of global holonomy theory, topological questions on
Lorentzian manifolds which admit a parallel light-like vector field. One
result he obtained was the boundedness of the first Betti number(®) by (M)
by the dimension of M under additional assumptions on the structure
of the foliation and the Ricci curvature, cf. [10, Theorem 2.82], see also
Lemma 3.2 in Section 3. To be precise, he proved that every Lorentzian
manifold with parallel light-like vector field® such that the leaves of V+
are compact® and the Ricci curvature of ¢ is non-negative on V= x V-,
fulfills € < b1(M) < dim(M) — 1+ €, where € = 1 if M is compact, and
e = 0 if M is non-compact.

A natural question occurring in this context is, if one can describe the
cases in which the upper bound for the first Betti number is actually
reached. This is basically motivated by the classical Bochner result by
which any compact, oriented Riemannian manifold A/ with non-negative
Ricci curvature has by (N) < dim A and by (N) = dim N if and only if it is
isometric to the flat torus [16, Ch. 7, Corollary 19].

(2) By the holonomy of (M, g) we mean the group Hol; (M, g) := {P~ | v loop in 2} C
O(TxM, gz) of parallel displacements along loops closed in z € M.

(3) We define the first Betti number of any manifold M to be the rank of H'(M,R).
(4) Essentially his assumption on the light-like vector field V' was weaker. Namely he
just assumed V to be recurrent, i.e. such that VIV = w ® V, with w € Q'(M) and
kerw = VL.

(5) Note that by [3], all leaves are diffeomorphic and either dense or closed. Indeed, a time-
orientable indecomposable, non-irreducible Lorentzian manifold is obviously transver-
sally parallelizable, see e.g. [10, Lemma 2.47].

ANNALES DE L’INSTITUT FOURIER
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The main intention of this paper is to give a full answer to this question
in the Lorentzian case under the assumptions that the leaves of V- are
compact and the Ricci curvature of g is non-negative on V+ x V1. Beside
the ideas already used in [10] our main contribution is to prove, along
a leaf of V1, the existence of a horizontal and integrable realization of
the screen bundle ¥ = V+/V, which is a subbundle S of T M isomorphic
to Y. This is done by exploiting the maximality assumption on the Betti
number (Proposition 3.3) and it relates the Ricci curvature of g along a
leaf with the Ricci curvature of a Riemannian metric (Lemma 2.2). We
point out that horizontal and integrable screen distributions are a crucial
tool in the study of Lorentzian manifolds with indecomposable holonomy,
see e.g. [11, 10, 12], since they provide a link between Riemannian and
Lorentzian geometry. As a result we find out that under the assumptions
above, the consequence for the Lorentzian metric g is not to be flat but still
having very degenerate curvature. Indeed, the obtained metrics have light-
like hypersurface curvature. These metrics are in some sense generalizations
of pp-waves and were in light of this motivation already studied by T.
Leistner in [11]. Topologically, the manifolds turn out to be diffeomorphic
(homeomorphic in dimension four) to a finite cover of the torus (in the
compact case) or the product of the real line with the torus (in the non-
compact case).

DEFINITION. — A Lorentzian manifold (M, g) with a global non-trivial
parallel light-like vector field V. € T'(TM), ie. V # 0, g(V,V) = 0 and
VIV = 0, has light-like hypersurface curvature, iff the curvature R satisfies
R(X, Y)W € T(V) for all X,Y,W € T\(V4).

THEOREM 1.1. — Let (M, g) be an orientable (n + 2)-dimensional Lo-
rentzian manifold with parallel light-like vector field V. Assume that the
leaves of the codimension one foliation induced by the distribution V+ are
compact and Ric |y yyr = 0. Then:

(i) if M is compact, then by(M) < n+ 2 and by (M) = n + 2 if and
only if M is — up to finite cover — diffeomorphic (homeomorphic(ﬁ) if
dim M = 4) to the torus and g has light-like hypersurface curvature;

(6) In dimension four, M is only known to be homeomorphic to the torus and to our
best knowledge it seems to be an open problem in geometric topology if M must be also
diffeomorphic to the torus.
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1426 Daniel SCHLIEBNER

(ii) if M is non-compact, then by (M) < n+1 and by (M) = n+1 if and
only if M is isometric to R x T"*! and g has light-like hypersurface
curvature.

In both cases, the leaves of V1 are all diffeomorphic to the torus T™*!.
Concerning non-orientability of M we give the following

Remark. — If M is non-orientable, the topological statements asserted
in the Main Theorem inherit to the 2-fold orientation covering M for M.
In particular we can still conclude by (M) < n+ 2 since by (.M\) =b(M)+
bn—1(M), cf. [2]. Moreover, since a covering is a local isometry, (M, g) has

also light-like hypersurface curvature.

Acknowledgements. — We would like to thank Helga Baum for moti-
vating us to investigate the problem considered in this paper.

2. Preliminaries

Throughout this section, let (M, g) be a Lorentzian manifold with par-
allel light-like vector field. The techniques used within the present paper
involve cohomology theory for foliations. Hence, we will present the required
definitions and facts used in this paper but with just giving references to the
statements in the literature. Indeed, the book [20] is a very good reference
for the most of the theory used here.

2.1. Screen distributions and screen bundles

By the parallel light-like vector field V on (M, g), we obtain a filtration
VcvtcTM
of the tangent bundle and a codimension two vector bundle
Y=V V-—M

which is called the screen bundle of (M, g). It comes with a naturally given
connection V=, induced by the Levi-Civita connection V9 of g: V¢ =
[V%Y] for some Y € I'(V1) sit. [Y] = ¢, where [] : V& — ¥ is the
projection. Taking into account a non-canonical splitting s : ¥ — V*
of the short exact sequence 0 — V — V+ — 3 — 0 one obtains a
codimension two distribution S := s(X) C T'M, called a screen distribution
or realization of the screen bundle Y. Each such realization of the screen
bundle is in 1-to-1 correspondence with a screen vector field Z € T'(T M)
with ¢(Z,Z) =0 and g(V,Z) = 1.

ANNALES DE L’INSTITUT FOURIER
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2.2. Riemannian foliations and Riemannian flows

Let us begin with mentioning that we do not need to distinguish bet-
ween the leaves topologically. Since V= is defined by the closed one form
o = g(V,-), all leaves are diffeomorphic [20, Corollary 3.31] if M is closed.
Moreover, all leaves have trivial leaf holonomy (for a definition we refer
to [20, Section 3]), cf. [17] (see [20, Theorem 3.29] for an English version).
Hence, if M is non-compact, then the assumption on all the leaves being
compact implies that they are all diffeomorphic, [19, Ch. 2, Corollary 8.6].
In particular, in case (i) of the Main Theorem we have that if one leaf L of
V1 is compact then so are all leaves.

Given a foliated manifold (N, F) and a Riemannian metric h on N,
then h is said to be bundle-like for (N, F), iff (Lxh)(Z1,Z2) = 0 for all
X € (TF) and Z; € T(TF*"), where £ denotes the Lie-derivative. In this
case, (N, F,h) is called a Riemannian foliation. Given a foliated manifold
(N, F,h) with Riemannian metric h, consider the normal bundle Q :=
TN /TF and the exact sequence 0 — TF — TN -+ @ — 0. Then,
for a splitting s : Q — TF1», the metric h induces a transversal metric h™
on Q by h™ := s*h|p 1, . We define a connection on @ by

Vi = {w(van), X e D(TF*),
xXP =

(2.1)
*([X,Y,]), X eI(TF),

for any ¢ € I'(Q) and s(p) = Y,. It is torsion-free [20, Proposition 3.8]
and if h is bundle-like, it is metric [20, Theorem 5.8]. Moreover, if hy
and hy are two bundle-like metrics w.r.t. (N, F) such that hf = hl,
then VI = VI [20, Theorem 5.9]. For bundle-like h, VT is called the
transversal Levi-Civita connection of the Riemannian foliation (A, F,h).
Given the transversal Levi-Civita connection VZ of a Riemannian folia-
tion one obtains the corresponding curvature tensors R”. Considering the
bundle isomorphism s(Q) ~ @ one obtains the transversal Ricci curva-
ture Ric” defined through Ric” (e;,e;) := Zgi:le RT (e;, ex, ex, €j) for an
h™-orthonormal frame ¢, € T'(Q) and s(¢¢) = e;.

Given a realization S of the screen bundle, we obtain a naturally associ-
ated Riemannian metric ¢”* corresponding to S by
(2.2)

gR(Va ) = 9(27 ')7 gR(27 ) = g(V, ')79R(Xa )= g(X, ) for X € F<S)

and extension by linearity. This Riemannian metric is of certain interest
since it relates aspects of Riemannian geometry naturally to the Lorentz-
ian geometry. An important example is the following: assume that the

TOME 65 (2015), FASCICULE 4



1428 Daniel SCHLIEBNER

realization S of X is integrable (i.e. [['(S),I'(S)] C T'(S)) and horizontal
(i.e. [I'(S), (V)] € T'(S)) at least along L. Then V9|1, (the induced con-
nection on a leaf L) and V|, (the Levi-Civita connection of the induced
metric by g on L) only differ by a section TN — V, VE|,V = 0 and
Ric? |yiyyr = Ric?” lvexye. We will use this as a key step in the proof of
our Proposition 3.3. Another important property of ¢t is the fact that it
constitutes a Riemannian flow on L. Let us explain this in more detail. A
Riemannian flow (N, F,h) is a one-dimensional foliation F s.t. h is bundle-
like w.r.t. F. Now, since the parallel light-like vector field V' on M has no
zero, it constitutes a one-dimensional foliation F on M and in particular
on each leaf L by its flow. The important property for any g% as in (2.2)
associated to some realization S of the screen bundle is now:

LEMMA 2.1 ([10, Lemma 2.48]). — For each leaf L of V* and any real-
ization S of the screen bundle, (L, F, g*) is a Riemannian flow, where F is
given by the flow of V restricted to L.

For a Riemannian flow (A, F,h) defined by a non-singular vector field
V € T(TN) such that h(V,V) = 1, we define the mean curvature one form
K € QYN) to be k := h(VEV, ).

Finally the following property of g will be important:

LEMMA 2.2. — Let (M, g) be a Lorentzian manifold with parallel light-
like vector field V. If along L there exists a horizontal and integrable real-
ization S of the screen bundle, then V'V = 0 and

(2.3) [RI(X,Y) — RMX, Y)W € T(V) for all X,Y,W € T(S),

where h denotes the Riemannian metric on L defined by h(X,-) := g(X, )
for X € I'(S), h(V,V) = 1 and extension by linearity. In particular we have
that Ric? |yL v = Ric".

Proof. — Since h(V, V) = 1, we obtain h(V"V, V') = 0. Moreover, apply-
ing the horizontality and involutivity property of S, we see by the Koszul
formula for h that

h(Vs, V. %) = g(V§,V, 82) =0
for all S1, Sy € T'(S) since V9V = 0. This proves V"V = 0. Moreover, as
h(V%, Sa,S3) = g(V§, Ss, S3)

for all S; € T'(S) we obtain V9|, —V" € T'(L) for all X,Y € T'(TL*) which
proves (2.3). O

ANNALES DE L’INSTITUT FOURIER
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2.3. Basic and twisted cohomology of foliations

In this paragraph we deal with the term of basic cohomology. A compre-
hensive introduction can be found, e.g. in [20, Chapter 4, Chapter 7]. Let
(N, F) be an arbitrary foliated manifold.

DEFINITION 2.3. — A k-form a € QF(N) is called basic iff X o = 0
and Lxa = 0 for all X € T'(TF). The set of basic k-forms is denoted by
QO (F).

Since Lxda = dLxa = 0 and Xida = Lxa — d(Xia) = 0 for all
X € I(TF) and o € Q%(F), we obtain a subcomplex (Q%(F), dp) of the de
Rham-complex with dg := d

QL (F) and hence a corresponding cohomology
H3%(F), the basic cohomology. Given dp there is also a formal L2-adjoint
dp [20, Theorem 7.10] and hence a transversal Laplacian Ap = dpdp +
Spdp on Q5(F). Naturally, we then say that a basic form a € Q&% (F) is
basic-harmonic iff Aga = 0. For Riemannian flows we have the following
important result relating the mean curvature one form with the basic-
harmonic forms:

THEOREM 2.4 ([4, 13]). — Let (N, F,g) be a Riemannian flow on a
compact manifold N'. Then there exists a bundle-like metric § on N such
that k is basic-harmonic and g7 = gT.

Not enough, we need another definition of cohomology for foliations.
Namely, since for the basic cohomology, Poincaré duality not necessarily
holds, one defines another cohomology theory. The so called twisted coho-
mology for a foliation (N, F,h) with k € QL (N) is defined by the subcom-
plex (Q%5(F),d, := dp — # A-) of the de Rham-complex.(”) We will denote
its cohomology groups by H}(F). It behaves in a nice way as to obtain
a type of Poincaré duality when comparing the basic cohomology and the
twisted cohomology [20, Theorem 7.54].

The orientability assumption in the Main Theorem has the following
background. Since most of the results about Hodge theory in basic coho-
mology require the foliation to be transversally oriented (i.e. there is an
orientation of the normal bundle), we need the following

LEMMA 2.5. — Let (M, g) be an oriented Lorentzian manifold with par-
allel light-like vector field. Then, for each leaf L of V' and any realization

(") Here,  is in general the mean curvature form of the foliation [20, (3.20)]. However,
we will use this only in the setting of Riemannian flows s.t. x is the mean curvature one
form.

TOME 65 (2015), FASCICULE 4
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S of the screen bundle, the Riemannian flow (L,F,g') is transversally
orientable. Moreover, L is orientable.

Proof. — The argument can be found in [10, p. 78]. Namely, one can
prove that Hol(VT) C SO(dimS) and hence ¥ is orientable. In particular,
each leaf L is orientable since any screen vector field Z € T'(T M) defines a
unit normal vector field. O

3. Main Results

Let (M,g) be an oriented Lorentzian manifold with parallel light-like
vector field V inducing an integrable codimension one distribution V+ C
T M and hence a codimension one foliation on M. Recall from the previous
section that, by fixing a realization S of the screen bundle and denoting by
g™t the associated Riemannian metric on M, we obtain a Riemannian flow
F on L by the flow of V and g restricted to L (Lemma 2.1). Throughout
this section we will denote this Riemannian flow by (L, F, g%).

LEMMA 3.1. — Let L be a compact (n+1)-dimensional leaf of V. Then
Hlx(L) = HL(F) @ H for H a subgroup of H(F) € {0,R}.

Proof. — Since (L, F, g%) is a Riemannian flow, by Theorem 2.4, there
exists a bundle-like metric g% such that the mean-curvature one form &
of (L, F,g%) is basic-harmonic. By the Gysin sequence for (L, g%), cf. [18,
Theorem 3.2], we obtain an exact sequence
(3.1) 0 — Hp(F) — Hig(L) — HY(F) — HE(F) — ...
and by taking into account that H?(F) = H(F), cf. [20, Theorem 7.54],
this translates into the long exact sequence
(32)  0— HE(F) — Hig(L) = HR(F) — HE(F) — ...
and thus we obtain the short exact sequence
(3.3) 0 — Hy(F) — Hig(L) — H — 0

for H := im® C H}(F). In particular this is a short exact sequence of
vector spaces and hence splits as a direct sum. Since H(F) € {0,R} by
[20, Corollary 7.57] this completes the proof. O

By assuming non-negativity of the Ricci curvature on T'L x T'L, we ob-
tain the following estimation for the dimensions of Hiy (L) and H(F).
This is precisely the [10, Proposition 2.81] of K. Larz. However, to be self-
contained, make the upcoming proofs more precise and to fix notation we
will present its full proof here.

ANNALES DE L’INSTITUT FOURIER
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LEMMA 3.2. — Let L be a compact (n + 1)-dimensional leaf of V* and
Ric? |7pxrr > 0. Then by (L) < dim HL(F) + 1 < dim L.

Proof. — Again, consider the Riemannian flow (L, F, g®*) and the bundle-
like metric g such that the mean-curvature one form x of (L, F,g%) is
basic-harmonic, constituted by Theorem 2.4. In particular, the induced
metrics on TL/TF =: ¥|1, coincide and hence so do the induced transversal
connections. Defining by S := ker g(V,-) a realization of |1, the transver-
sal Levi-Civita connection V7 : I'(S) — T'(T*L ® S) is given by

pra(VxY), X eI(§),

T L )
(34) VY = {prgqx, Y, Xerm),

for any Y € F(g), where V is the Levi-Civita connection of §¥ (see Section
2.2). Since Ric?(V,:) = 0 and g5 == gR|§X§ we have that

(3.5) Ric} == Ric’ [ 5> 0.

Since any class in Hj(F) can be represented by a A pg-harmonic one-form
a € QL(L) [20, Theorem 7.51], we choose such a basic-harmonic « for
each generator of Hy(F). To apply a Bochner argument we need an ap-
propriate Weizenbock formula which is given by [8, Proposition 6.7] and
by integration reads

0:/ |\vTa\|2+/RicT(aﬁ,aﬁ),
L L

where of is the dual of & w.r.t. gf*. Hence Vi oo = 0 for all X € T'(T'L). This
proves dim H5(F) < n = dimS and thus the second asserted inequality.
For the first inequality we apply Lemma 3.1; this completes the proof. [

We can now prove the key step for the proof of the main result. Namely,
the — by the previous lemma — maximality of the dimension of the first
Betti number of L and Ric? |7« = 0 already yield that L is the torus
with the curvature of V9|, on L being light-like.

PROPOSITION 3.3. — Let (M™*2, g) be an oriented (n + 2)-dimensional
Lorentzian manifold with parallel light-like vector field V such that
Ric? |rLxrr = 0 and the leaves L of the codimension one foliation in-
duced by V* are compact. Then, by(L) < n+ 1 and by(L) = n + 1 if and
only if V9|1, has light-like curvature and L is diffeomorphic to the torus.

Proof. — The proof works as follows: Let b1(L) = n + 1. We will de-
fine for every realization of the screen bundle another screen distribution
along L which is horizontal and integrable. The associated Riemannian

TOME 65 (2015), FASCICULE 4
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metric h to this screen distribution then has non-negative Ricci curvature
by Lemma 2.2 and hence (L, h) is the flat torus implying V9|; to have
light-like curvature.

Step 1. — Fix a realization of the screen bundle and hence a Riemann-
ian flow (L, F,g®) on L and denote by g% the bundle-like metric s.t. the
mean-curvature one form « is basic-harmonic. W.l.o.g. we may additionally
assume g7 (V, V) = 1. We define x := g®(V, ).

Step 2. — Recall that H%(F) € {0, R} (see Lemma 3.1) since (L, F, g%)
is transversally orientable by Lemma 2.5. Assume that H}(F) = 0. Then
we would have by the sequence (3.2) that Hj(F) = Hig(L) which is
impossible due to b1(L) = n + 1 and Lemma 3.2. Hence HE(F) = R and
[15, Theorem A] (see also [20, Theorem 6.17] for an English version) implies
that (L, F,g") is an isometric Riemannian flow, i.e. V is a gF-Killing field
and therefore Lyyx =0 and x = 0.

Step 3. — By Lemma 3.2 and b;(L) = n + 1 we infer dim H5(F) = n.
For (L, F,g™) being an isometric Riemannian flow, the Gysin long exact
sequence (3.2) is given as
(36) 0 — H5(F) — Hip(L) 25 HY(F) 2 HA(F) — ...
where ® = (V' J), and § = [dx A ], see [20, Theorem 6.13]. Note that since
HY(F) = HL(F) by [20, Theorem 7.54] and £ = 0 we have H%(F) =
HY(F) =2 HX(F) = R. This together with (3.6) implies the short exact
sequence

(3.7) 0 — Hp(F) — Hig(L) — im® — 0

1R

with im® = R since b1(L) = n + dimim ®. Hence, by the exactness of
(3.6), ker 6 = R and so 0 = §([1]) = [1 - dx]. Hence [dx] vanishes in H%(F).
In this case, dy = dpa for some o € QL (L). Then, w =y — a € Q}(L) is
closed w.r.t. d and w(V) = 1. We define

(3.8) S := ker w.

Obviously, S is integrable and it is horizontal since Lyw = Ly x —Lya =0
as «a is a basic 1-form and Ly x = 0 by Step 2.

Step 4. — Define a Riemannian metric on L associated to g and S by
1, X=Y=V
X)), X YeTI(S
Mty J9ET) ®)
0, X el(V)and Y € T'(S)

orY eI'(V) and X € I'(S)

ANNALES DE L’INSTITUT FOURIER
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and linear extension. Since S is horizontal and integrable, Lemma 2.2 yields
Ric" = Ric? |rLxrr = 0. Therefore, (L, h) turns into a compact, orientable
Riemannian manifold with non-negative Ricci-curvature and is thus iso-
metric to the flat torus [16, Ch. 7, Corollary 19]. In particular, equation
(2.3) in Lemma 2.2 implies that V9|; has light-like curvature. O

The last lemma of this section now relates the dimension of HJp (M)
with the dimension of Hig (L) for a compact leaf of the codimension one
foliation V.

LEMMA 3.4. — Let (M, g) be an (n + 2)-dimensional Lorentzian man-
ifold with parallel light-like vector field V such that the leaves L of the
codimension one foliation induced by V+ are compact. Then,

(i) by(M) < by(L) + 1.

(i) m (M) = Z ,xm (L) for some homomorphism p € Hom(Z, Aut(ry(L)))
and hence Hi(M,Z) 2 Z & H,(L,Z)/K, for the subgroup K of 1(L)
generated by the elements o(k)([7]) - [Y]~!, k € Z, [y] € m1(L).

Proof. — Since V= is defined as V+ = ker o for o := g(V,-) and do = 0,
all leaves have trivial leaf holonomy (see Section 2.2). The compactness
assumption for the leaves then implies, that M fibers over S! or R with
each leaf being given as a fiber of the fibration [19, Corollary 8.6]. Hence,
if M is not compact, M fibers over R and thus M ~ R x L for a fixed leaf.
Otherwise, if M is compact, M fibers over S* and the long exact sequence
of homotopy groups for fibrations [9, Theorem 4.41] yields

0—m(L) —mM)—Z—0

and hence m (M) = Z ,xmi(L) for some ¢ € Hom(Z, Aut(r(L))) since
Z is free. By the Hurewicz theorem we have Hy(M,Z) = 71 (M),1, where
for any group G we denote with G,y := G/[G, G] its Abelization. However,
for any semi-direct product G = A, x B for some ¢ € Hom(4, Aut(B)) we
have that

Gab = Aap ® Ban/H

with H denoting the subgroup of B generated by elements 1(a)b-b~! with
a € Aand b € B, cf. [7, Proposition 3.3]. Therefore, we see that

Hy(M,Z) = m(M)ap £ Z® H1(L,Z) /K
for the subgroup K generated by the elements p(k)([7])-[y]7%, k € Z, [7] €
71(L). In particular, by (M) = 1 +rank Hy(L,Z) —rank K < b1(L)+1. O
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4. Proof of the Main Theorem

Let us first proof part (i) of the Main Theorem.

With by (M) = n+2 we infer by (L) = n+ 1 by Lemma 3.4(i) taking into
account that by (L) < dim L = n+ 1 by Lemma 3.2. Hence, all assumptions
of Proposition 3.3 are satisfied. We obtain, that the connection V9|, on
each leaf L induced by the Levi-Civita connection of g has light-like curva-
ture. By [11, Proposition 6] this is equivalent for (M, g) to have light-like
hypersurface curvature.

Since L = T"*! and hence M fibers over S' with toric fibers, the long
exact sequence of homotopy groups for fibrations implies that for & >
1 all homotopy groups m(M) vanish. Therefore, M is a K(m(M),1)-
space® | while 7 (M) = 7 ,xmi (L) = Z ,xZ""" by Lemma 3.4(ii) and
since 71 (L) = Z"*1. By assumption, H;(M,Z) = Z"*? @ Tor and hence

Z"? @ Tor = H1(M,Z) = Z® Z"' /K

by Lemma 3.4(ii). But this equation can only hold, if and only if K is
trivial. Namely, comparing the ranks of the left and the right hand side,
we observe

n+2=1+(n+1) —rank K <= rank K = 0.

As K is a subgroup of w1 (L) & Z"*1, K is trivial. Therefore, M"*+2 is a
K (Z"*2 1)-space and hence homotopy-equivalent to the torus [9, Theorem
1B.8]. But in the case of the torus, for dim M < 3 this is even equivalent
for M itself®”) or some finite cover (if dim M > 4) to be diffeomorphic to
the standard torus [22, Page 236]. For dim M = 4 we can only conclude
that M is homeomorphic to T* [5, Chapter 11.5].

It remains to prove part (ii). This is straightforward since M ~ R x L
for a fixed leaf L by [19, Corollary 8.6] (see the proof of Lemma 3.4 for
details) and hence n + 1 = by (M) = by (L) so Proposition 3.3 applies. O

(®) With K (G, 1)-spaces we denote the Eilenberg-MacLane spaces with first fundamental
group equal to G and all other homotopy groups vanishing.

) For the 3-dimensional case, Waldhausen [21] proved this for Haken manifolds and
thus in particular for 3-dimensional closed manifolds fibering over the circle. Note that

for 3-dimensional manifolds classifications up to diffeomorphism and homeomorphism
coincide [14].
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