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CONFORMAL BLOCKS
AND COHOMOLOGY IN GENUS 0

by Prakash BELKALE & Swarnava MUKHOPADHYAY (*)

ABSTRACT. — We give a characterization of conformal blocks in terms of the
singular cohomology of suitable smooth projective varieties, in genus 0 for classical
Lie algebras and Ga.

RisUME. — Nous donnons une caractérisation des blocs conformes en termes
de cohomologie singuliere des variétés projectives lisses appropriées, dans le genre 0
pour les algeébres de Lie classiques et Ga.

1. Introduction

Consider a finite dimensional simple Lie algebra g, a non-negative integer
k called the level and a N-tuple X = (M1, ..., An) of dominant weights of
g of level k. Associated to this data there is a vector bundle of conformal
blocks V = Vs, on ﬁg, N, the moduli stack of stable N-pointed curves of
genus g [15, 16] The fibers of V on M, n can also be described in terms
of sections of natural line bundles on suitable moduli stacks of parabolic
principal bundles on N-pointed curves of genus g (see the survey [14]).

Now suppose g = 0. Let C be the configuration space of N distinct
points on Al. Let Z = (z1,...,2n) € C and X(Z) be the corresponding N-
pointed curve. Consider the space of conformal blocks VXT (%(2)) associated
to this data. In [3] (generalizing work of Ramadas [10], and using work
of Schechtman-Varchenko [12]), an injective map from Vg (X(2)) to the
(topological) cohomology of a smooth and projective variety Y », consistent
with connections, was constructed (we recall this construction in Section 2).

Keywords: conformal blocks, logarithmic forms, singular cohomology.
Math. classification: 17B67, 14H60, 32G34, 81T40.
(*) The authors were partially supported by NSF grant DMS-0901249.
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Our aim here is to characterize the image of this injective map, for classical
g and Gs. This gives a cohomological description of genus 0 conformal
blocks. We hope that the result extends to the remaining cases for g, but
note that our methods get more difficult to implement in these cases (see
Remark 15.13).

Let h be a Cartan subalgebra of g and A C §* be the root system
of (g,h). Associated to A, the Lie algebra g has a the following Cartan

decomposition:
g=5h @ Jas
acA

where g, is a one dimensional vector space of weight «. The set of roots
A, is decomposed into a union AL U A_ of positive and negative roots.
The set of simple (positive) roots is denoted by R = {a1,...,a,}, where r
is the rank of the Lie algebra g. Let ( , ) denote the Cartan Killing form
normalized such that (6, 6) = 2, where 6 is the highest root. We identify b
with b* using (, ).

Let us recall the main result of [3]. Assume that u = Zf\il A; is in
the root lattice (otherwise VXT(%) = 0) and (\;,0) < k,i € [N]. Write
u= Z;:1 npQy,, where oy, are the simple positive roots and n, > 0. Fix a
map B : [M]={1,...,M} — R, so that u = Zi\ilﬂ(a).

Introduce variables tq,...,ty € Pt — {00, 21,...,2x}. We will consider
the variable t, to be colored by the simple root 3(a). Now consider the
following Schechtman-Varchenko master function [12]:

~0u. [eYR) (A B(a)) ~(B(a),B(b)
R= ][ G HH [I tat)™ =,
1<i<j<N a=1j=1 1<a<b<M

where kK = k + g* where ¢g* is the dual Coxeter number of g. We observe
that the exponents in the Schechtman-Varchenko master function R may
not be integers. Fix a sufficiently divisible positive integer C' so that

(1.1)
C()\iv)‘j)a C(B(a)vﬂ(b))v C(ﬁ(a)v)‘z) € Z,V(L,b€[ML i,jG[N], a‘<ba i<j>

and an “evenness” condition
(1.2) C(a,a) € 2Z, Ya € R.
Consider the following complement of a hyperplane arrangement

Xe={(t1,...,tar) € AM 1ty #ty,ty # 25,0 € [N],a < b€ [M]},
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CONFORMAL BLOCKS AND COHOMOLOGY 1671

and an unramified (possibly disconnected) cover of Xz given by Yz =
{(t17"'7t1\/17y) | kaa = P}7 where

M N
13) P= J[ (zi—2) P ] [](ta — 2)°P 7@

1<i<j<N a=1j=1
[T (te—t,) O30,
1<a<b< M

The master function R lifts to a single valued function of Yz which we again
denote by R. The group pc, € C*, of (Ck)-th roots of unity, acts on Yz.
Let X be the subgroup of the symmetric group Sy on M letters given by

Y ={o€Su|B(a(a)) =Bla)}.
Clearly, ¥ is a product of symmetric groups Sy, X --- X Sy, , where S, =
{id} for n, = 0.

The “evenness” condition (1.2) ensures that the permutation (a,b) acts
trivially on the function (t, —t,)~¢(¥(@):#®) when 8(a) = B(b), and hence,
G =X X pucy acts on Yz by the rule

(0’, C)(tl, cee ,tM,y) = (to.—l(l), cen ,ta.—l(M), Cy).

Define the character x : G — C* by

x(o,¢) = ce(o),
where € is the sign character.

By equivariant resolution of singularities, the action of G on Yz extends
to a suitable smooth compactification Y z. In [10] (for g = sl3) and subse-
quently in [3] (for arbitrary g) a natural inclusion (which by [12] preserves
connections)

(1.4) VIx(z) = HM(Y2,0)

was constructed. Recall that HM9(Y z, C) injects into HM (Yz,C) and is
independent of the compactification. The construction in [3], shows that
the image of (1.4) is in H™:%(Y >, C)X (this was noted before for g = sly
in [10]). This uses the fact that the relevant correlations functions (see
Section 3.2) are symmetric in variables t, and t;, if 8(a) = B(b) (the sign
character is because differentials dt, and dt, skew commute in the exterior
algebra of forms).

THEOREM 1.1. — The inclusion
(15) VI(x(2) = (HMO(Y 2, 0),

is an isomorphism for g classical and Gs.

TOME 64 (2014), FASCICULE 4



1672 Prakash BELKALE & Swarnava MUKHOPADHYAY

Theorem 1.1 for g = s1(2) is due to Looijenga [8] and Varchenko (unpub-
lished).

Remark 1.2. — If H is the weight M-part of the cohomology group
HM(YZ,C) then H carries an action of ¥ x pc, (using functoriality of
mixed Hodge structures). The group on the right hand side of (1.5) is
(HM’O)X.

QUESTION 1.3. — Is there a generalization of Theorem (1.5) in higher
genus (consistent with connections)? See [4], Chapter 6, Section 19.9 for a
related statement.

A few reductions can be made immediately. Consider an element w €
(HMO(Y 2, C))X. On Yz, w can be expressed as a differential form Rq*Q
where ¢ : Yz — Xz is the covering map. Furthermore (2 is of the form

Q= Q(tl,...,t]\/[)dtl ANdto A --- Ndtyy,

where @) is symmetric under the action of ¥. These properties follow im-
mediately from the invariance conditions. The main body of the proof is
broken up into two steps:

1.0.1. The first step

With 2 as above, using the symmetry of ) under the action of ¥ and the
fact that w = Rq*Q extends to (any) compactification of Yz (or equivalently
that R€ is a multivalued, square integrable form on Xz), we will show that
Q2 is a log-form on Xz (the notion of a log-form is reviewed in Section 4).
A part of this argument is done case by case (for classical Lie algebras and

Go).

1.0.2. The second step

We will use results in [12], [2] and [7] to conclude the argument. In [12],
elements in duals of tensor products of Verma modules (of the correspond-
ing Lie algebra “without Serre relations”) are constructed from suitable
log forms on weighted hyperplane arrangements. We show that these ele-
ments lie in the space of conformal blocks thereby showing the surjectivity
of (1.5). This step again uses the square integrability of R€. It also uses the
description of the space of conformal blocks as a quotient of coinvariants
(cf. [7], [2]). This step should be compared with [9].

ANNALES DE L’INSTITUT FOURIER
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2. Conformal blocks

The affine Lie algebra g is defined to be
§=90C((¢)) &Cc,

where ¢ is an element in the center of § and the Lie algebra structure is
defined by

(X @ f(6),Y @9(5)] = [X,Y]® f(§)g(§) + (X, Y) Rese—o(gdf).c,
where f,g € C((€¢)) and X,Y € g.
Let
X(n)=X®, X=X(0)=X®1, Xcgnel

2.1. Representation theory of affine Lie-algebras

Recall that finite dimensional irreducible representations of g are param-
eterized by the set of dominant integral weights P, considered a subset of
h*. To A € P4, the corresponding irreducible representation V) contains a
non-zero vector |A) € V) (the highest weight vector) such that

H|X) = A(H)|N), H € b,
XalN) =0,X, € go,Va € Ay
We will fix a level k in the sequel. Let P, = {\ € Py | (), 0) < k} denote
the set of dominant integral weights of level k, where 6 is the highest
(longest positive) root.
For each \ € Pj, there is a corresponding highest weight integrable irre-
ducible g-module Hy D V, (see [3] for more details). The representation

Hx when A = 0 (still at level k) is called the vacuum representation at
level k.

2.2. Conformal blocks

We will work in genus g = 0, but state the definitions in greater gen-
erality. To define conformal blocks we will fix a stable N pointed curve
with formal coordinates X = (C; Py,...,pN,M1,.-.,nN) With 7; : @C’Pi =
C[l&]], i = 1,...,N, and choose X = (Ar,...,An) € PN. There are a

number of definitions relevant to the situation: Let
N

iv =P o@cC(&)) @ Ce

=1

TOME 64 (2014), FASCICULE 4



1674 Prakash BELKALE & Swarnava MUKHOPADHYAY

be the Lie algebra with ¢ a central element and the Lie bracket given by
N N N N
N Xi@fi,Y Yiwg| =Y [Xi,Yi|® figi+ Y (X, Yi) Resp, (gidf;)c.
i=1 i=1 i=1 i=1
Using the chosen formal coordinate we can realize
9(X)=g®c H'(C — {P1,...,Py},0)
as a Lie subalgebra of §y. Let X be as above. Set
HX =Hy @ @ Hry-

For a given X € g and f € C((&;)), define p;(X ® f) an endomorphism
of Hy; by

pi(X Q@)@ @on) =|v1) Q@+ R (X ® flug)) @+ ® |un),

where |v;) € H,, for each i.
We can now define the action of gny on H; by

N
(X1@ f1, s Xn @ f)lon) @ - @ fon) = Y pa(Xi @ fi) o) ® - @ |ow).
i=1

DEFINITION 2.1. — Define the space of conformal blocks [17]

V(%) = Home (M5 /9(X)Hs, C).

Elements of Vg (X) are frequently denoted by (¥|, those of Hy by [®),
and the pairing by (¥|®).

2.3. Propagation of vacua

Add a new point Py,; together with the vacuum representation V{ of
level k, at Pny1. Also fix a formal neighborhood at Py41. We therefore
have a new pointed curve X', and an extended X' = (A, oy AN, Ang1 = 0).
The propagation of vacuum gives an isomorphism [17]:

V@) 3 Vi), (B o (9]
with the key formula

(T](|1®) @ |0)) = (¥]®).

ANNALES DE L’INSTITUT FOURIER



CONFORMAL BLOCKS AND COHOMOLOGY 1675

3. Correlation functions and the extension theorem
3.1. Correlation functions

Suppose X be a stable N-pointed curve with formal coordinates. Let
(U] € VI(%), |9) € Hy, Qu,.,Qu € C\{PL,..., Py}, Qo # Qua < b
and corresponding elements Xi,..., X3 € g. There is a very important
differential in ®(le:1 Qlc’Qa called a correlation function

(3.1) Q= (V[X1(Q1)X2(Q2) ... X0 (Qur)| D).

Here Q}, is the vector bundle of holomorphic one-forms on C.

We now briefly recall the definition and some important properties of
correlation functions (cf. [17] for more details). One way to define (3.1) is
via propagation by vacua: add points @1, ...Qys with formal coordinates
&1, ..., &y and consider the elements X,(—1)|0) in the vacuum representa-
tion at those points. Let 0p; denote an M-tuple of 0-weights and let N =
(Oar,X). Consider the element |X;(—1)[0) ® Xo(—1)[0)... X (—1)[0) @
|®) of Hy,. Let (W] € VXT, (X') denote the image, under propagation of
vacua, of (¥|. Here X’ is the marked curve associated to P! and the points
(P1,...,PN,Q1,...,Qn) and corresponding formal coordinates.

DEFINITION 3.1. — The correlation function (3.1) associated to |®),
(U, X1,...,Xwm, and distinct points Q1,...,Qn € C\{P1,...,Py} on a
smooth curve C' is defined to be the differential form

(W|X1(=1)[0) @ Xa(~1)|0) @ - -- © Xpr(—1)[0) @ [®)dE; . .. dEps.

It is shown in [17] that the above definition is independent of the chosen
coordinates &1 ..., &n, and defines an element of ®iVI=1 Qb.o.-
The correlation function (3.1) has the following properties (cf. page 70
of [17)).
(1) Q is linear with respect to |®) and multi-linear in X,’s.
(2) If (X4, Xp) = 0 where 1 < a < b < M, then the form 2 has at most
simple poles along the diagonal @, = Qp.
(3) The form € has at most simple poles along diagonals of the form
Qu=PF foralll<a<Mand1<i<N.

3.2. The extension theorem
We will henceforth consider the case C = P!, with a chosen oo and a

coordinate z on Al = P'—{oco}. Consider distinct points Py, ..., Py € Al C

TOME 64 (2014), FASCICULE 4
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P! with z-coordinates zi,..., 2y respectively. The standard coordinate z
endows each P; with a formal coordinate. Let X be the resulting N-pointed
curve with formal coordinates.

DEFINITION 3.2. — For every positive root §, make a choice of a non-
zero element f5 in the root space g_g.

Assume that we are given A1,..., Ay € Py, such that p = Zf\il A; is in
the root lattice (otherwise Vg(%) = 0). Write p = 37 _, nya,, where
are the simple positive roots. It is easy to see that each n), is a non-negative
integer.

Let |X) = |A1) ® --- @ |An) be the tensor product of the corresponding
highest weight vectors. Now (as in the introduction), consider and fix a map
B:[M]={1,...,M} — R, so that = Y20, B(a) with M =37 n,,.

From the introduction, recall the variety Xz its cover Yz, its compact-
ification Yz and the master function R on Y. The following is the main
result from [3]:

Introduce variables t1,. . ., t; considered as points on P1—{co,P,...,Py}.
For every (¥| € VXJr (X), consider the correlation function (an explicit for-
mula is recalled in Section 5.2).

(3-2) 2 = Qa((¥]) = (¥ fon) (1) faea (t2) - - Faan (Ear) | X).

THEOREM 3.3 ([10, 3]).

(1) The multi-valued meromorphic form R on Xz is square integrable.

(2) The differential form Rq*(§)) extends to an everywhere regular,
single valued, differential form of the top order on any smooth and
projective compactification Y z D Y.

(3) The resulting map

(3.3) VI(x(2) = HMO(VzC) € HY(V2,C)
is injective.
Note that by [12], the map Vg(%(i)) — H(Y 3z C) is flat for connec-

tions as 7 varies in the configuration space of N distinct points on P!
(with the KZ connection on VXT (X(Z)) and the Gauss-Manin connection on

HO(Y z,C)).

ANNALES DE L’INSTITUT FOURIER
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4. A review of logarithmic forms

For a smooth algebraic variety X of dimension M, there is complex
Q¢ (X) of logarithmic forms on X. Let j : X — X be a smooth com-
pactification of X such that the complement D is a divisor with normal
crossings. A regular differential w € H°(X, Q%) is said to be logarithmic if
it lies in HO(X, Q%(log D)), this property does not depend upon the cho-
sen compactification (see below). Recall that the complex Q-(log D) is the
smallest subcomplex of j.% which contains Q% is stable under exterior
products, and such that df/f is a local section of Qly(log D) on an open
subset U whenever f is meromorphic (algebraic) function on X which is
regular on X NU.

Locally near a point of D where D is given by z12z5...2; = 0 and
21,...,2u local coordinates on X, an element of Q%(log D) is a linear
combination

Zf]dml A Ndn,,,
I

where the sum is over subsets I = {i1 < -+ < ip} of {1,..., M} of
cardinality m, and dn; = dz;/z; if i < k and dz; if i« > k, and f; is a
holomorphic function. Some basic properties are noted below.
(1) Q%(log D) is a locally free sheaf on X.
(2) Log forms are suitably functorial: If f : (X,D’) — (X,D) is a
map of pairs as above, then there is an induced map Q%(log D)) —
f*Q%, (log D) and hence on the global sections,

0¥ Om 0% om /
H (X, 0% (log D)) — H”(X ', Q% (log D).
(3) Elements of H°(X, Q%(log D)) are d-closed for any m. The resulting
map
0~
(4.1) HO(X, 22 (log D)) — H™(X,C)
is injective (Corollaire 3.2.14 in [6]).

(4) The space of log-forms O, (X) on X as a subspace of HO(X,Q%)is

well defined, i.e., does not depend upon compactifications.
4.1. Complements of hyperplane arrangements

We will restrict now to the case of X = AM — S where S = UjerH;
is a hyperplane arrangement, where H; C AM is given by linear equation

fi=0.

TOME 64 (2014), FASCICULE 4
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LEMMA 4.1. — The space of log forms on X is the differential graded
algebra over C inside the space of meromorphic differentials generated by
the forms df;/ f;.

Proof. — Log forms of any degree embed in cohomology, so it suffices to
show that the DG algebra over C inside the space of meromorphic differ-
entials generated by the log forms df;/ f; maps surjectively into H*(X, C).
This is proved in [5]. O

4.2. A criterion for log forms

DEFINITION 4.2. — Let Z be an n-dimensional smooth algebraic variety,
and I a possibly multi-valued n-form of the following form: For every p € Z,
there is an analytic open subset U of Z containing p, such that I" can be
expressed as I' = fw, where

(1) w is a (single valued) meromorphic form on U.
(2) Some positive integer power of f is a (single valued) meromorphic
function on U.
Let S C Z be an irreducible subvariety. We will denote the logarithmic
degree of T along S by d°(I"). (See [8] for some background on this concept).
Briefly: Blow up Z along S, and let E be the exceptional divisor. Then,
d®(T") — 1 is the order of vanishing of (any branch of) I" along E.

Consider X = Xz from the introduction. In a natural manner X C (P*)M.
The complement (P1)M — X is not a divisor with normal crossings, but is
locally “arrangementlike”. Suppose € HY(X, Q)]‘gf ) is regular along the
divisors t, = co. The following gives a criterion to decide if €2 is a log form.

Consider the following types of strata S C (P')M:

(S1) A certain subset of the t’s come together (to an arbitrary moving
point). That is t; = t3 = --- = tr after renumbering (possibly
changing f3).

(S2) A certain subset of the t’s come together to one of the z’s. That is
t1 =ty =--- =t = z after renumbering (possibly changing 3).

See Section 10.8 in [18], and [11] for the proof of the following proposition.

PRrROPOSITION 4.3. — The following are equivalent:
(1) Qe (X).
(2) The logarithmic degree of Q along each stratum of type (S1), (S2)
is > 0.

ANNALES DE L’INSTITUT FOURIER
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4.3. A basis for the space of log-forms

Consider X = Xz from the introduction.

DEFINITION 4.4. — A marked partition of a finite set A into N parts is
a pair (7, k), where k = (ki,...,kn) is a sequence of non-negative integers
such that Zjvzl k; = |A|, and ® = (m,...,7n) Is a sequence of N maps,

with 7 : [k;] — A such that
(1) Each =  is injective.
(2) A is the disjoint union of the images of ;.
To each marked partition of [M] = {1,..., M} into N parts, we assign
the differential
(4.2) Q7 k) = mnz...gndty A--- Adia,
where n; =1 if k; = 0 and
1
(tr; (1) = tr; @) by (2) = try3) - (b ) — 25)

N = , for k; > 0.
Note that Q(7, k) is (up to sign) the same as the wedge product wyq A wa A
-+ Awp, where

wj = dlog(ty, (1) = tr,(2))) N dlog(tr, (1) = tr,(2))) - - - Adlog(tr, ;) — 2j),
for kj >07 aHdeilifkj =0.

LEMMA 4.5. — The set of forms {Q(7,k)}, where (7, k) ranges over all
marked partitions of [M] with N parts is a basis for the space Q{‘fg(X z) of
top degree log forms on Xz.

Proof. — Given a marked partition (7, k) of [M] into N parts, we can
form a linear map QM (X>) — C as the composition of the operators,

log
R; = Restﬂjm:zj Restﬂj(z)zzj o Restﬂjm:zj
for j =1,...,N. Note that the operators R; commute, and by definition
R; is the identity operator if k; = 0. The map corresponding to (7, E) is
non-zero on (%, k) and vanishes on Q(7/, k) if (7, k') # (7, k).

The forms {Q(7, k)} are linearly independent: Given a linear dependence
relation, apply the map Qf\fg(X z) — C corresponding to (7, E) This shows
that the coefficient of Q(7, E) in the linear dependence relation is zero, as
desired.

They span (cf. [12]): Consider a non-zero product of log forms 7 of the

form dlog(t, —ts) and dlog(t, —2;). Form a (undirected) graph with M + N

TOME 64 (2014), FASCICULE 4
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vertices: the vertices are the variablest,,a =1,...,M and z;,j =1,..., N.
The edges are the following : join ¢, to ¢, if there is a term dlog(t, — t5)
in 7, similarly join t, to z; if there is a dlog(t, — #;). There are no edges
between a z; and a z;.

Now note the following vanishing principle: if we have functions fi, ..., fs
with Y fi = ¢, ¢ a constant, then

dlog fi Adlog fo A --- Adlog fs = dfy Ndfs N -+ Ndfs = 0.

1
Jifao oo fs
It is easy to see from this that the graph produced above does not have
any cycles, and is hence a forest.

(1) There is no path connecting a z; to a z;. This is an immediate
consequence of the vanishing principle above with ¢ = z; — z;.

(2) The union of connected components of 21, . . ., zx is the entire graph:
A connected component with vertices t;,,...,t;, produces a (£ —1)
differential. Since € is a differential of the top degree on Xz, this is
ruled out.

(3) Look at the connected component C' of z1, let ky +1 = |C], for
simplicity suppose that C = {t1, ..., tk,, 21}. We would like to trade
the product of the differential forms corresponding to the edges of
C for a sum of terms (with coefficients) of the form
1

(tr(1) = tr(2) (tr(2) = tr(3) - - (brer) — 21)
where 7 is a permutation of [k4].

This can be achieved by using Lemmas 7.4.3 and 7.4.4 in [12].
Here we indicate an argument which uses the identity

1 1 1

(u—uy)(u —u2) - (u—up)(up —ug)  (u—u)(ug —uy)

Using this repeatedly we can assume (take u = z;) that 21 is con-

dty Aty A+ Adty,,

nected to exactly one of the t’s, say ¢;. We can then use this process
to ensure that ¢; is connected to exactly one of the remaining t’s,
say t2 and continue. At the end, we will have a sum (with signs) of
terms of the form (4.3).

|
4.4. Log forms stable under symmetries
Suppose we have 3 as in the introduction. The group Sy, from the intro-

duction acts on the space of log forms on Xz. We will restrict this action

ANNALES DE L’INSTITUT FOURIER
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to X C Sy, where ¥ = 5, x -+ xSy, is a product of symmetric groups
as in the introduction.

Let € denote the “sign” of a permutation and QM( 2)©* denote the
e-character subspace, under the action of ¥ on Qlog( z). Consider pairs
(8, k), where k = (ki,...,ky) with ZZ 1 ki = M, § = (81,...,0x) with
d; : [kj] = R (not necessarily injective) and

N kj M N
(4.4) DD Sl = Bla) =N,
j=1s=1 a=1 j=1
where R = {a1,...,a,} is the set of positive simple roots of the Lie alge-

bra g. (Another way of saying this is that Zjvzl |5j_1(ap)| = n, for each
p € [r] in the notation from the introduction). Denote the set of (8, k) by B.
For an element (9, k) € B define a differential

(4.5) 000, k) =Y Q7 k),

where the sum is over all 7 such that (7, k) is a marked partition of [M]
with NV parts and with the constraint that Som; =d; forall 1 < j < N.

LEMMA 4.6. — The elements 6(3,k) for (6,k) € B form a basis of
Do (X2).

Proof. — That they span follows from Lemmas 4.5 and 4.7: The 9(57 E)
are the y-averages of the basis (%, k) of Qf\gg( z) with G = 3. The linear
independence is clear because a basis vector Q(7, k) appears in (4.5) for a
unique choice of (4, k). O

LEMMA 4.7. — Suppose a finite group G acts on a finite dimensional
complex vector space V. Let x : G — C* be a one dimensional character of
G. Then the “y-averaging” map T : V — V given by Tv = ﬁ S x(g Hgv
is the projection to the x-isotypical subspace of V.

5. From log forms to representation theory, first steps

Suppose R = {a1,...,a,} is the set of simple positive roots of g, and
e1,...,er and fi,..., f, be the corresponding elements in g. Define a new
Lie algebra: g’ is the Lie algebra with generators ef,... el fi,..., f. and
h € b subject to the relations

[627]0 ] = 5Zjhl7

TOME 64 (2014), FASCICULE 4



1682 Prakash BELKALE & Swarnava MUKHOPADHYAY

[h’ 6/4] = O‘i(h)ega [h7 fz/] = _ai(h)fi/r [h7 hl] =0,
for all 1 < <r; h,h €bh. Let

o) =2

Consider elements

01y = ad(e)) " el 07 = ad(f) L.

Jr7ig

There is a natural surjection g’ — g. Write
g=n @bhong=rehey.

Let u (resp. u™) be the ideal of y (resp. r) generated by 0;; (resp. 0;;). Then
n=y/u,and n= =r/u” (see [13]).

DEFINITION 5.1. — For a dominant integral weight A, let M () be the
corresponding Verma module for the finite dimensional lie algebra g with
highest weight |\). The corresponding Verma module for g’ will be de-
noted by M'()\). Let V), a quotient of M()), be the corresponding finite
dimensional irreducible representation of g.

See [13] for the proof of the following:

LEMMA 5.2.
(1) M(A) is a naturally isomorphic as an n@h-module to the enveloping
algebra U(n™).
(2) There is an isomorphism of ¢t @ h-modules M'(\) = U(x). This iso-
morphism sends 1 € U(x) to the highest weight vector in M'(\).
(3) U(x) is a free (complex) Lie algebra generated by f1,..., fl.

There is a surjection M’(\) — M (), induced from the surjection U (r) —
U(n™). See [13] for the proof of the following proposition.
PROPOSITION 5.3.
(1) The kernel of M'(X\) — M(X) is spanned by elements of the form

f ’ flk U-fjl' fjll‘/\>
(2) The kernel K (X) of the natural surjection M(\) — V) is generated
as a g-module by the elements

1+2(>\ ;o)
T =1
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Observe that for all j (including j = )
14 20ue0)
e f; A)=0¢€ M(N).
For j # i, this is clear because then e; commutes with f;. For j = 4,
the computation reduces to the case of sly. In this case one notes that if
hIA) = m|)), then ef™ T \) = (=m+(—=m+2)+---+(m—2)+m)|\) = 0.
Proposition 5.3 implies that K ()) is spanned as a complex vector space

by the elements of the form (where i, k and i1, ...,14; are arbitrary):
+2((1>\ ZL)
fir oo fin ;N

Writing K'(A) for the kernel of U(x) = M'(\) — Vy, we see that it is a
left U(r)-module spanned (as a C-vector space) by elements of the form

F O N, i £ G i =1 =1,

+2(>\o< i)

(5.2) Lo fl s N, =1,

5.1. Tensor products

We now place ourselves in the setting of the introduction: A1,..., Ay
are dominant integral weights, and 224:1 Bla) =22 X = 30,1 npoy = pu.
Let M = M(/\l) @ MOy) and V =V, ® --- @ Vi Similarly let
M = M'(A1) @ -+ @ M'(An). There is a natural h-equivariant surjection
M’ — M.

Remark 5.4. — The zero weight space of a h module T is denoted by
Ty. For any h-module W which is a direct sum of h-weight subspaces, there
is a natural isomorphism

(W*)o — (Wo)".

To see this note that an element of (W*)q acts by zero on all elements of
W, for all weights v # 0. For the reverse, use the direct sum decomposition
W = &, W,. Note that M V and M’ are direct sums of h-weight subspaces.

Consider m, the subspace of M’ on which b acts trivially (the zero
weight space).

DEFINITION 5.5. — For each (6, k) € B (defined in Section 4.4) associate
the element w(8, k) := |w1) @ |wy) @ - -- @ |wy), where

lw;) = £5,00)f5,2) - - féj(kj)\/\ﬁ € M'(N).

TOME 64 (2014), FASCICULE 4



1684 Prakash BELKALE & Swarnava MUKHOPADHYAY

-

LEMMA 5.6. — The vectors w(d, k) for (6, k) € B form a basis of M’

Proof. — 1t follows from Lemma 5.2 that w(d, ) are linearly independent
vectors. Now b acts on w(é, k) by weight 0 (see equality (4.4)). This shows
that w(d, k) € M’

Now note the general fact: Suppose V is a vector space (possibly infinite
dimensional) with an action of . Also assume that V has a basis consisting
of eigenvectors for . Then any zero weight vector (for ) in V is a sum
of elements of basis vectors which are of zero weight. Applying this to
M’ and basis vectors which are arbitrary tensors of vectors of the form
I5,0005,2) - I3, e,y |Ad)> with 65« [kj] — R we see that My is spanned by
such vectors with

N kj N
POBLIOED BT
j=1s=1 j=1
This shows that (5, k) € B (see equality (4.4)). O
The following is a result from [12]:
PROPOSITION 5.7. — There is a natural isomorphism
(53) Q ( ) - Qlog( )6 Zv
given by the formula (see Definition 5.5)
(5.4) QFV () = > (Wlw(d,k)) A0, k).
(5,k)eB

Proof. — M) M, and Qf‘fg( 2)* each have basis parameterized by B (see

QSV

Section 4.4). The mapping sends the basis dual to the chosen basis

)E,E

of J\Zﬁ to the corresponding basis element of Qf\gg( and is hence an

isomorphism. O

Remark 5.8. — In [12], Schechtman and Varchenko relate the Lie alge-
bra homology of free Lie algebras to the cohomology (with local coefficients)
of certain configuration spaces. The isomorphism (5.3) is a particular case
of their work (compare with (7.2.4) and Section 7.1 in [12]).

Remark 5.9. — It is easy to see that
(5.5) QY () = D (V@B o7, k) AQ(T, E),

(7,k)

where (7, k) vary over all marked partitions of [M] into N parts, and Bo7 €
B is the element (6, k) with 6; = fom; j=1,...,N.
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5.2. Correlation functions
and the Schechtman-Varchenko isomorphism

In the setting of Section 3.2 (and using notation from Section 5.1), let
(| e V(%)

Note that

VI(E(2) € ((V)")® C (M)

Therefore we can consider (¥| as an element of (Mvé)* and apply the
Schechtman-Varchenko morphism (5.4) to it. On the other hand, we have
the correlation function Qg({¥|) from Section 3.2. These coincide as will
be shown below (Proposition 5.10):

(5.6)  Q5V((¥]) = Qa((¥]) = (¥ fs) (tr) facz) (t2) - - - faan (tar)|X).

The equality (5.6) (see (5.3)) should be viewed as an explicit formula for
the correlation function

(U] faey (1) fo) (t2) - - - Facany(tar)|N).
Suppose,

(1) |0) = |v1) ® --- ® |un), where each |v;) € V), .
(2) X:AC[M]—=n".
(3) (] e VI(%).
There is then an explicit formula (cf. [1]) for
(9] TT Xatta)IX),
acA
which generalizes (5.6). It is expressed as a sum over marked partitions

(7,k), of A into N parts (see Definition 4.4).

ProprosITION 5.10.

(5.7)
. (@M X (1) X (2) - X () [V5)
<‘I"HX“““)'A>:Z _ (e, (1) X5 (2) 5 (k) ) N
nea s Hj:1 ((twj(n = tr @) (@) = trj(3) - (g (k) — Zj))

where the sum runs through all marked partitions (7, E) of A into N
parts.(l)

(1 In the above expression (®§.V:1X7rj(1)X7rj(2) e ij(kj)h:j)) EVN ®VA,® - -®Vyy,
and the product of differentials is taken in the order of [M]: if A= {a1 < --- < as} then
NaeAdtq = dta, Ndtay A+ Adig,.
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Proof. — The proof is by induction on s = |A|. Assume A = {¢1,...,ts}
without any loss of generality. Let © = (U] Xy (t1)Xa(ts) ... Xo(ts)|X). If
s = 1, then the result is clear: start with @ = (¥|X;(¢)|7#) Now use the
function —L- and the gauge condition (cf. page 70, [17]) to write

0= Ztl_ (W] pi(X1)|7)dt.

For s > 1, let us write © = fo(t1,...,t,)dt with df = dt,dt, . ..dts. We
want to show that fe equals the right hand side of (5.7) divided by df (we
do this to get rid of the non-commuting dtq,...,dts). We will show that
both sides of the desired equality are equal as functions of #;. It is easy
to see that both sides vanish at infinity. We need to show that they have
equal polar parts at every finite point. Therefore, we need to analyze the
behavior as

(1) t approaches zi: Let © = 1 for simplicity. The polar part of ©
is t1 o fa corresponding to a correlation function with variables
to,...,tp (same X'’s) with |vq) changed to Xi|vq). On the right
hand side we need to consider only terms which have a fraction
t1 = . A little thought convinces us that the equality of the polar
parts at t; = z1 follows from induction.

(2) t1 approaches t,. In this case the polar part of fg is ﬁ fe cor-
responding to a correlation function with points to, ..., tys, with
f8(a) replaced by [X1, X,]. On the other side we should be looking
at terms which have a t; — t, or t, — t; in the denominator. Firstly
all partitions considered should have t; and ¢, in the same part. So
we are looking at words which have XX, or X,X; as sub words.
We use the formula

Oé(tl)ﬁ(ta)XlXa — Oé(ta)ﬁ(tl)XaXl = Oé(tl)ﬁ(ta)[Xl,Xa] + O(t1 — ta).
g

6. The main theorems

As stated in the introduction, our proof of Theorem 1.1 is broken into
two parts.

THEOREM 6.1. — Assume g is classical, or Go. Suppose w € (H:°(Y
C))X. On Yz, express w as a differential form Rq*$), where q : Yz — Xz is
the covering map. Then, Q) is a log-form on Xz.
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From Theorem 6.1 and the Schechtman-Varchenko isomorphism (5.4) we
can write any w € (HM9(Y 2, C))X in the form

w=Rq* Q5" ((T)),
for some (V| € (]\Ajé)* Therefore Theorem 1.1 will follow from the following:

THEOREM 6.2. — Suppose (¥| € (J\Ajé)* is such that Rq*ng(<\I’|) ex-
tends to (any) compactification of Yz (or equivalently that RQEV(<\II|) is a
multivalued, square integrable form on Xz). Then, (V| lies in the subspace
VIEE) C((Vh @+ 0 Vay)")' € ()" -

Remark 6.3. — Note that

(V@ ® V)\N)*)g (V@ ® V,\N)*)O =((VA\, ®---®Vay)o)"
< (Mo)* < (M)

We will prove Theorem 6.2 first, and return to the proof of Theorem 6.1
in Section 9.

Remark 6.4. — Corollary 8.3 from [8] seems to imply Theorem 6.1 im-
mediately without restrictions on g. However, we have not been able to
follow the proof of this result from [8].

7. Proof of Theorem 6.2

Generalizing the considerations of Section 5.2 we introduce more general
“correlation type” functions: Suppose
(1) |0) =|v1) ® - ® |un), where each |v;) € M'(\;).
(2) X: AC[M]— ¢ with X, €.
(3) (¥ e (Mg)*.
DEFINITION 7.1. — Define (V| [],c 4 Xa(ta)|0) to be
(7.1)
3 (W (@50 X, (1) X, @) - Koy ) [05))

7 T () = by ) by 2) = by @) -+ (b i) — 29))

/\(LEA dta,

where the sum runs through all marked partitions (7, E) of A into N parts
as in Section 5.2 (see Definition 4.4).

Remark 7.2. — The authors do not know if Definition 7.1 is a correlation
function in conformal field theory (for non-integrable representations), also
see equations (B4) and (B5) in [1].
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Remark 7.3. — Note that we can form a similar definition with |v;) €
M(\), X : AC [M] — g with X, € n~, and (U] € (M)* (these are objects
for g and not g’). These definitions are compatible: When (U] € (M)* and
X, € r one can project X, to n~, and take the image of (¥| in (m)* and
get two correlations functions, which coincide.

7.1. Residue formulas

If Q is a meromorphic M-form on an algebraic variety Y which presents at
most simple poles along a smooth divisor D, define a meromorphic (M — 1)
form Resp 2, on D by

df
Q=0'N—,
f

Resp Q = Q'|D,
where f is a local defining equation for D.

Remark 7.4. — We need examine the residues of QEV(OIID to prove
Theorem 6.2. Since ng(<\ll|) may not come from a correlation function,
we need to work with the formula in Definition 7.1.

The locus ¢, = ¢, in C* will be parameterized by C4’, where A’ =
A — {a} assuming b < a (“keep the smaller variable”). The locus t, = z;,
or ty =0 (or t, = oo in (P')4) will be parameterized by C4" (or (P1)4"),
where A" = A — {a}. The form (¥|]],.4 Xa(ta)|V) satisfies the following
properties (recall that, by definition, (¥| € (]\Aj(’))*)

(1)
(| T Xalto)l®)

acA
is symmetric in ¢, and ¢, (up-to sign) if X, = X.
(2) The residue of
(O] T Xalta)l?)
acA
along t, = t, with b < a is a similar function (up to sign)
(| IT Xt
ce A’

with A’ = A—{a} and X} = [X,, Xp] (and X = X, for ¢ & {a, b}).
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(3) The residue of
(] T Xa(ta))
a€A

along t, = z; is a similar function (up to sign)

(w IT xitt)l)
ce A’
with A’ = A —{a} and X! = X, Ve € A" and |v}) = |v;) for i # j
and |[v}) = X,|v;).

Remark 7.5. — There are similar formulas in the setting of Remark 7.3
(where one is looking at objects for g rather than g’).

Remark 7.6. — There are similar properties for correlation functions in
the theory of conformal blocks [17].

7.2. Square integrability

Suppose (U] € (J\Zg)* is such that Rq*ng(<\Il|) is square integrable.
The first observation is that @ = ng(<\IJ|) is regular at the generic point
of each of the divisors t, = co. This is because the degree of the function
R along the divisor t, = oo is negative (= —(8(a), 3(a))/k), therefore the
logarithmic degree of Q along this stratum is > 1 which implies that Q is
regular along the divisors t, = oc.

We write Q5Y ((¥]) as a “correlation type” function in the sense of Def-
inition 7.1 (Prop 5.7 and Remark 5.5):

(7.2) 5V (W) = (IS5 (t1) Faay (t2) - Fany (tan) ).

The formulas of the previous section allow us to consider suitable residues
of the right hand side of (7.2) as “correlation type” functions.

Now we begin to probe the square integrability assumptions along deeper
strata. For simplicity, back in the original situation assume that §(2) =
B(3)=---=pB(—ni; +2) = a; and B(1) = o (see (5.1)).

By Lemma 9.2 (5), we know that Res;,—¢, Res,—, - - Resi_,,, o=, Q=
0. This implies that

(7.3)  (Wlad(f) " H)E) T Fhwta)X) =0,

a>—n,,j+2
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7.3. Proof of Theorem 6.2, Part I

Under the square integrability hypothesis we first prove (¥| € (]\A[o)* -
(M)".

The above formulas (formula (7.3) and Section 7.1) shows that (¥| van-
ishes on any tensor |w1) ® - -+ ® |wy ), where some |w,) is of the form

For oo o ad(FL) YD) o f o Fa )

(we need consider only the case |w1) ® -+ ® |wy) € My, and we can use
the description of M, M’ in terms of universal enveloping algebras, see
Proposition 5.3).

7.4. Proof of Theorem 6.2, Part I1

We can now view {2 as a “correlation-type” object for g via (7.2), see
Remark 7.3 and Remark 7.5. Under the square integrability hypothesis we
prove (U] € (Vo)* C (Mp)*, where V. =Vj, @+ ® Vi,

Let n = % and for simplicity, back in the original situation assume
that 5(1) = 61)(25) =..-=f(n+1) = a,. By Lemma 9.2 (5), we know that
Resy, =, Resy,=z; ... Resy, =, 2 = 0. The rest of the argument is as in
Part I (see Expression (5.2)).

7.5. Proof of Theorem 6.2, Part III

Under the square integrability assumption (@] € (V*)8 C (%)*:

We will now show that f;(¥| = 0 for all simple roots a;. To show this
let B(1) = «. Take residues at to,...,tp at z1,22,..., 2y (in all possible
ways). One gets a differential form in ¢; alone. The sum of its residues is zero
(non-zero residues are possible only at z1,...,2zy). This yields f;(¥| = 0.

It follows that (| € (V*)® (To show that e;(¥| = 0 for all i, we reduce
to the case of s[(2). It is then easy to see that the elements ™ (¥|, where
e = e, generate a g-submodule of (170)*, all of whose weights are non-

negative, the symmetry of weights forces these weights to be zero and hence
e(¥] = 0).
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7.6. Proof of Theorem 6.2, Part IV

It is known that (| € (V*)9 lies in VX‘L(%) if and only if
<\II|Tk+1|U> =0,V ‘ﬁ> € V)\l Q- VAN?

where
T:Vy\, @0V, =V, ®@--- 0V,

is given by the formula is the operator vazl Z; fe(i) with fe(i) acting on
the ith position of a tensor product, see [2, 7] (note that it is immaterial
whether we choose fy or ey.)

Suppose (¥| € (V*)9 is such that R is square integrable. We will now
show that (VU] is actually in Vg (X). Our task therefore, considering the
previous paragraph, is to show that for any maps 6; : [I;] — [r] for j =

., N, defining
(7.4) i) = f5,0) @ fs,0)|25) € Vs
one has
(7.5) (U|T* o) @ Jvg) ® -+ @ [un) = 0.

We note that (7.5) is zero unless

l; N

N
>3 650 A — (k+1)0
j=1+¢=1 j=1

We will therefore assume that Y A; — (k + 1)6 is a sum of simple positive
roots.

By successively taking residues (if possible i.e., if > A\; — (k4 1)6 is 0 or
a sum of positive simple roots) arrive at a correlation function

(v TT Xalta)1X).

acA

(1) X1 =Xo="---= Xp41 = fo, where 0 is the highest root in g, and
X is in the weight space corresponding to negatives of simple roots
for j > k+1).

(2) A) = M) ®[X2) ®---®|An), where |A;) € V; is the highest weight

vector.

We claim that

(9| T] Xa(ta)I7)

a€A
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has no poles when t, = ¢, for a,b € [k + 1],a # b and vanishes when
t; = -+ = tp41 = oo. Let {t, : a € B} be the set of variables which
residuate to t1,...,t54+1-

The first part follows from [fy, fo] = 0 (so the residue at t, = ¢, is
zero). To prove the second part assume that (V| [],c 4 Xa(ta)|0) does not
vanish on the stratum ¢; = -+ = ¢x11 = co. Then by Lemma 8.5 (3), the
logarithmic degree of €2 on the stratum S : ¢, = oo,Vb € Bis < k + 1.

The logarithmic degree of R is, on this stratum, (by Lemma 8.5, also
look at calculations at infinity, m = k + 1, see formulas from [3] on stra-
tum (S3))

m?  2m(g* —1)
d%(RQ) < m + degg(R) = m — P R
which is * times k—m—(g*—1) = 0, a contradiction to square integrability.
(See [3]: equatlon (6.4), and the proof (there) of Lemma 6.1).
Now take appropriate residues of the variables t;,j >k + 1 in

(v TT Xalta)1X)

acA

to arrive at a correlation function

Q(t1,... tgy1) = <\IJ| I X >
a€A
where A = {1,...,k+1} and X, = fp for all a € A and |¥) = |v1) ®
|v2) ® - -+ & |vn), where |v;) € Vj is as in (7.4). It is easy to see this new
correlation function vanishes when ¢; = t5 = - -+ = #5411 = oo (this requires
a small argument in the style of Lemma 16.1).We will now show that the
desired vanishing (7.5) holds.

Note that Q'(t1,...,tx+1) is a differential form with singularities only at
t, = z; and vanishes at t; = --- = tx41 = 00. The sum of residues in t;
of the meromorphic form tlQ(tl, ...y tg+1) is zero. Its singularities are in
the set {z1,...,2n,00}. Let u; = = to facilitate computations at infinity.

Write Q' (t1,...,tkr1) = f(t1,-. tk+1)du1 Adug A -+ A dugy1. We obtain

f(thtg, - ,tk, OO) = — ZReStk+1:Zi tk+1QI(t1, e ,tk+1),

i=1
and iterating this, we obtain
k+1 N
0= f(00,00,...,00)= kHH(ZRGSta_z,)htz 1 (s )
a=1 =1

which immediately implies the desired equality (7.5).
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8. Lowest degree terms and logarithmic degrees
along various strata

8.1.

Let Q(t1,...,ta) be a rational function in tq,...,ty with poles only
along the diagonals of the form ¢, = ¢, with 1 < a <b < M and ¢, = z;,
with j = 1,..., N (with M arbitrary in this section) and let S be the
stratum t1 =ty =--- =1t,.

We multiply @ by an factor P = H1<a<b<L(ta — tp)"et where ngp > 0,
to get a rational function C~2, which is holomorphic (generically) on S. Let

Uy = tg —t1 for 1 < a < L. We expand @) as power series with coefficients
in the function field K = K(5) of S.

Q= Z ga(uz, - ,ur).
d>do
Note that we made a choice of a variable t; from the set {t;,...,t.}.
Here g4 is a homogeneous polynomial in the u,’s with coefficients in K (S)
with total degree d and dy is the smallest number such that g4, # 0. Thus
we can rewrite () as follows

1
(8.1) Q=5 > galuz, -+ up).
d>do
DEFINITION 8.1. — We refer to w as the lowest degree term

of @ and dy — deg(P) as the degree of Q) on the stratum S. We also refer
to P as a correction factor of () on the stratum S.

Remark 8.2. — Suppose S is the stratum ¢; = --- =ty = z;. We can
repeat the above definitions of degree, lowest degree term and correction
factors: We multiply Q by P =[], per(ta — )" " [[1cocr (ta — 21)"
to get a function @ holomorphic on the generic point of S. We then expand
@ in powers of t1 — z1,t9 — 21,t3 — 21,...,t, — 21.

8.2. Some remarks on the lowest degree term

The results of this subsection are not used elsewhere in this paper. In
situation of Section 8.1, let hy = gq(ta — t1,...,t, —t1) for d > do. It is
easy to see that hg is a polynomial in ¢y, ..., ¢y, with K = K(S) coefficients.
Note that dy and hy may (a priori) depend upon the choice of the “initial
variable” t;.
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LEMMA 8.3. — The lowest degree and the lowest degree terms have the
following properties:

(1) The lowest degree dy, and the corresponding polynomial hg, €
K|t1,...,tr] are independent of the choice of the initial variable
t1.

(2) If Q is symmetric in t1,ts, then so is hg,.

(3) Suppose @ has no poles along t; = t; fori,j € {1,2,...,L'} and
vanishes on t| = --- = tr,, then so does hg, (here L' < L).

8.3. Logarithmic degree of meromorphic forms

Let Q be a top-degree meromorphic form on AM such that Q has poles
only along the diagonals of the form t, = t;,. Write Q = Q(¢t4, ... 7tM)dﬂt,
where dt = dty...dtps. Let m be the degree of @) on the stratum S : t; =
.-+ =ty. Then by an easy calculation,

LEMMA 8.4. — The logarithmic degree d°(§2) of Q along S equals m +
L—1.
We will call the lowest degree term of @) on S also as the lowest degree

term of €2 on S.

LEMMA 8.5. — Suppose 2 has a simple pole along t; = to. Let S and
S* be the stratat; =ty =--- =ty andt; =t3 =t4 = --- =t respectively
(the stratum S* is in variables t1,ts,...,tr). Then,

d%(Q) < d° (Rest,—¢, Q).
In fact,
(1) If the lowest degree term of ) is holomorphic along t; = to,

d%(Q) < d* (Resg,—¢, Q).
(2) If the lowest degree term of ) has a pole at t; = to,
d%(Q) = d° (Res;,—¢, Q).
The following lemma shows that no new poles are created in the lowest

degree term along any diagonal if we take residues along poles of the lowest
degree term.

LEMMA 8.6. — Suppose ) has a simple pole along to = t3. Further
assume that the lowest degree term of §) is holomorphic (generically) along
t1 = to, t1 = t3 and has a pole along to = t3. Then the lowest degree term
of Resy,—+, Q is also holomorphic (generically) along t; = t.
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We end this section with a definition.

DEFINITION 8.7. — Let J = (j1, j2, - ,jk) be an ordered subset of [ M|
and m be the minimum element in J. Let K = ([M]\J) U {m}. We define
Res ;€2 to be a form on AX obtained from taking iterated residues of §)
along t,, = t,, where a € J\{m} following the order of the set J\{m}
starting from the lowest.

9. The first step

Let Q be any M-form on Xz. As in Section 4.2, we consider the following
types of strata S C (P!)M:

(S1) A certain subset of the t’s come together (to an arbitrary moving
point). That is t; = t3 = --- = t; after renumbering (possibly
changing £3).

(S2) A certain subset of the t’s come together to one of the z’s. That is
t; =to =--- =ty = 2 after renumbering (possibly changing ().

We note the following consequence of the square integrability assumption
(ct. [8]):

PROPOSITION 9.1. — Let RS} be a square integrable form on Xz, then,
(1) The logarithmic degree of R) along a stratum S : t1 =t = --- =1y,
b
SR =d(Q) - Y (B(a).50)) _
1<a<b<L k

where d*(§2) is the logarithmic degree of Q along S.
(2) The logarithmic degree of R) along a stratum S :t; =ty = -+ =
tr =2
b)) (B(a), A1)
dSRQ ;:dSQ_ M 7’>0
(RO) =d5(@) 3 by WAL,

K
1<a<b<L 1<a<L

where d°(§2) is the logarithmic degree of ) along S.

LEMMA 9.2. — Suppose RS is square integrable.
(1) Ifa # b € [M], then Q has at most a simple pole along t, = t.
(2) If (B(a),B(b)) = 0 for a # b € [M], then Q2 does not have a pole
along t, = tp.
(3) € does not have a pole along t, = co for any a € [M].
(4) Q has at most a simple pole at t, = z; for any i.
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(5) Suppose (after possibly changing ) that B(1) = --- = B(m) = a
and Q =[] | (ta — 2;)Q. Then Q vanishes at the generic point of
th = =ty =2z ifm>= 1+2§)‘”‘;)

(6) Suppose (after possibly changing ) that 5(2) = (3) = -+ =
B(m+1) = oy and (1) = a, and Q = HZH;( — t1)Q. Then
Q) vanishes at the generic point of t1 = -+ =ty = typy1 ifm 2
1— Hewed) _ g n;; (see (5.1)).

(i)

Proof. — Consider the stratum ¢, = t;. The logarithmic degree of €2 plus
the quantity M is positive. Therefore, € has a pole of order at most
one along t, = tp, and if the poles are of order one then (8(a), 3(b)) < 0.
This gives us parts (1) and (2) of the lemma. The proof of (4) follows in
the same way by considering the stratum ¢, = z;.

Since the degree of the function R along the divisor ¢, = oo is negative
(= —(B(a), B(a))/k), the logarithmic degree of Q along this stratum is > 1
which implies that Q is regular along the divisor ¢, = co. This proves (3).

For (5) we consider the stratum S defined by ¢t; = --- = t,,, = z;. The
logarithmic degree d°(R2) along S is positive. Thus we get the following:

RO MJFiW S0,
1<a<bsm a=1

m(m—1) (a,«a) (Aj, )
2 ’ tm K

ds(Q) — > 0.

Ifm>1+ 2§)‘J’°)‘) then d5(€2) > 0 which implies that € vanishes on the
stratum S. The proof of (6) is similar to (5). O

Remark 9.3. — To prove Theorem 6.1, we use Proposition 4.3. For {2 as
in the statement of Theorem 6.1, and each stratum S of the form (S1) and
(S2) we need to show that the logarithmic degree d*(2) > 0. The square
integrability assumption gives

d%(RQ) = d*(Q) + degg R > 0,
where degg(R) is the degree of R on a stratum S. So one may hope that

degg R on each stratum is < 1. This may not be the case. For an example,
let g = sla, let x be a large multiple of 4, let m = & +1 and A = 5. Then

the deggR on S :t; = .-+ =ty = 21 with Ay = X equals
1 1 .k
“(=m(m—1)+xm) =mA—(m—1)) = > (= +1
/-e( m(m — 1) + Am) = m( (m—1)) 4(4+ ),

which is > 1 (for large k).
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Remark 9.4. — Our argument uses the square-integrability information
from a select set of strata to build a “profile” of  (Theorem 9.5), and then
use this to prove that the logarithmic degree of 2 is non-negative on every
stratum S.

Assume now that g is classical or Go. We will prove the following property
of the pole structure of . Let T = {1,2,---,¢}. Consider an iterated
residue

Q' = ReszQ = Resy,—, Resy, =, ... Resyy—¢, Resyy—y, Q.
Note that €' is a top degree form in (¢1,ter1,teq2,...,tar)-

THEOREM 9.5. — Suppose RS} is square-integrable. Assume that Q' =
Res Q # 0. Then,
(1) B(1)+---+ B(¥) is a positive root.
(2) The form € has at most a simple pole along any of the divisors
ty =tp,p> L.
(3) The form ¥ has at most simple pole along any of the divisors
t1 = Zj, fOI‘j: 1,...,N.

The following can be proved using Theorem 9.5 and Lemma 16.3.

PROPOSITION 9.6. — Let I,..., I, be pairwise disjoint subsets of [M],
with I; = {a(j,1) < --- < a(j,m;)}, |I;| = m;, j =1,...,n. Then, the
form Resfn e Resf1 2 has at most simple poles along the sets t,(; 1) = 2;
forj=1,...,nandi=1,...,N.

9.1. Proof of Theorem 6.1

Given Theorem 9.5 we will now prove Theorem 6.1. Let w = RS2 be as
in the statement of Theorem 6.1. We need to show that the logarithmic
degree of Q) along any stratum of the form (S1) or (52) is non-negative.
Our proof will follow a sequence of residues.

(1) We always take residues along poles of a suitable lowest degree
term of a form for a given stratum: in this case, by Lemma 8.5, the
logarithmic degree does not change after taking residues.

(2) The pole structure of Res;,—¢, Res,—¢, © as t3 approaches some
other variable can be controlled by the pole structure of Resy,—, 2.
The lemmas proved in Section 16 are crucial to this step.

TOME 64 (2014), FASCICULE 4



1698 Prakash BELKALE & Swarnava MUKHOPADHYAY

(3) If the lowest degree term of € for a given stratum S defined by t; =
to = --- = t, is holomorphic along t; = ¢, for all a € {2,--- , L},
then the lowest degree term of Resy,—, §2 for the new stratum S*
remains holomorphic along t; = t,, where S* is obtained by remov-
ing t, from the stratum S, and a,b € {2,3,...,L}.
We break up the proof into several steps. Let S = S; be a stratum of the
form ¢, = --- =t (a stratum of type (S1)).

9.2. Step I

Let 8(1) = a7 and assume that € has a pole along t; = t2 and (¢; — t2)
does not divide the lowest degree term of 2 for the stratum S. We take
a residue along t; = t3 to get a form Res;, —, 2 and a new stratum Ss

defined by t; = t3 = --- = t7. By Lemma 8.5, d°(Q) = d% (Res;, ¢, ).
By Theorem 9.5, we know that Res;,—¢, €} has at most simple poles as t;
approaches the remaining variables t, for a = 3,..., L.

9.3. Step 1II

We continue taking residues with the new form Res;,—¢, 2 and the same
variable t; along the stratum Ss. The simplicity of the poles of along t; = t,,
where ¢, is any remaining variable is guaranteed by Theorem 9.5. When we
cannot take any more residues, we get a form €, = Res; () and a stratum
Sk, where T' denotes the ordered set of variables that got together during
the residue process.

The lowest degree term of Res () for the stratum S, does not have
a pole along t; = t,, where a € [L]\T. Also Lemma 8.5 gives d°(Q) =
dS+(Resz ). Let b,c € [L]\T, then the pole structure of Res Q2 along ¢, =
t. is controlled by the poles structure of 2 along t;, = t. as in Theorem 9.5.

9.4. Step III

We repeat Step I, Step II to the form Qj = Resz ) and the stratum
Sk starting with a new variable. We keep taking residues along diagonals
of the form t, = ¢, unless all variables of all colors are exhausted. At the
end we get a form €, and a stratum S, such that the lowest degree term
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of Q, for the stratum S, is holomorphic. Then by Lemma 8.5, we get
d*(Q) = d°(Q,). Thus d°(Q) > 0.

The proof that the logarithmic degree along any stratum of type (52):
ty = --- =ty = z is non-negative follows similarly. Note that we do not
take residues along t; = z1. At the last step we will have set of surviving ¢
variables. There are no poles in the lowest degree term when two of these
variables are set together, and only (at most) a simple pole as one of them
is set equal to z; (Proposition 9.6). The logarithmic degree is easily seen
to be non-negative.

9.5. Some reductions in Theorem 9.5

We will show that Theorem 9.5 reduces to the verification of Proposi-
tion 9.7 below (under the assumption of square-integrability of RE2). Sup-
pose Q' = ResQ, where T'= {1,2,...,/} and p > (.

PROPOSITION 9.7. — Assume B(1) + --- + B(¢) is a positive root and
B(1)+---+B(£) + B(p) is not a positive root. Then, )" = Resz (2 is regular
along t; = tp.

9.5.1.

We will show that (3) of Theorem 9.5 is immediate from (1) of Theo-
rem 9.5 and some Lie algebra considerations.

Consider the stratum S : t; = to = -+ = t;, = z;. Our square-
integrability assumption implies that d°(RQ) >0, and d°(Q) <d5’ (Resy )
(by Lemma 8.5) with S’ the stratum t; = z1. Let v = Zi:l B(a).

Now

1<a<b<L

We know that v is a positive root by (1) of Theorem 9.5. Using (A1,7) < k
(since 7 is a root and A; is of level k) and Lemma 9.8 below, we see that
from the above inequality, one gets
k + g* ’
0<—=—+ () =1+d%(Q) < 1+d% (Resz Q).

Therefore d°' (Resz2) > —1, and this proves (3).
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LEMMA 9.8. — Consider a positive root v = Y., &;, where &;’s are
positive simple roots (possibly repeated). Then,

Z (6i75j) > -

1<i<j<n

Proof. — Using Lemma 6.1 from [3],

2 > (6:,6) ial,a ) — 29F > —2¢*.

1<i<j<n i=1
O
Suppose ' = Res5 Q2 is as in Theorem 9.5, where 7' = {1,2,...,/} and
p > £. The final step in showing that Theorem 9.5 reduces to the verification
of Proposition 9.7 is part (2) of the following:

PROPOSITION 9.9. — Consider the stratum S :t; = --- =ty = t,,.

(1) If d°(2) > 0 (resp. > 0), or equivalently the degree of 2 on S
s > —{ (resp. > —{), then Q' has at most a simple pole (resp.
holomorphic) along t1 = t,.

(2) If RQ is square integrable and 5(1)+ - -+ 5(£) + S(p) is a positive
root, then € has at most a simple pole along t1 = t,.

Proof. — Use the inequality d5(Q) < d° (Resy ) (by Lemma 8.5),
where S’ is the stratum ¢; = ¢,. This shows (1).

For (2), we have d*(R) > 0. Set p = £+1. Since Zi:ll B(a) is a positive
root, by Lemma 9.8,

0<d¥(RQ) =d*(@Q) - > Maﬁ(aw%

K
1<a<b<l+1

So d%(€) > —%, and hence d5(Q2) > 0 and we can use (1). O

9.6. Proposition 9.7 implies Theorem 9.5

By the argument in Section 9.5.1, we only need to deduce (1) and (2)
of Theorem 9.5 from Proposition 9.7. Both are by induction on ¢, the base
cases are covered by Lemma 9.2 (¢ = 1). For the induction step for (1), we
use Proposition 9.7: First we note that ReszQ # 0, T = {1,2,...,¢}, and
hence by induction, Zle B(i) is a simple root. If ZHI B(i) is not a root,
then by Proposition 9.7, Res ) is non-zero is regular along t; = ty41 and
hence a further residue along t; = ty41 produces zero.
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For the induction step for (2), we divide into two cases. The first case
isif v = Zf:i B(i) + B(p) is a positive root, and handled using Proposi-
tion 9.9. The second case is when ~ is not a positive root, which follows
from Proposition 9.7.

9.7.

The proof of Proposition 9.7 is case by case. We will use the Bourbaki
notation for Lie algebras.

10. Proposition 9.7 for g =sl(n +1)
10.1. The case g = sl(2)

This case is immediate, because (by Lemma 9.2) there are no poles for
Qat t, =tp.

10.2. The case g = sl(3)

Let oy, as (the non-simple root is a1 + a3) denote the positive simple
roots. Suppose (1) = «a; and 5(2) = ao. Proposition 9.7 in this case
follows from Lemma 9.2 and the following:

PROPOSITION 10.1. — The form ' = Resi,—¢, Q in t1,t3,...,ta, has
no poles as t; =t, for any a € {3,...,M}.

Proof. — Suppose 3(3) = as. Then € = (¢, —t3)(t1 —t3)€2 is holomorphic
at the generic point of t; = to, and that of ¢; = t3 (also to = t3); and
Dt t1.t3)

vanishes at t; = to = t3 by Lemma 9.2. Therefore Q' = Q(trtg) which is

regular at ¢; = t3. The proof when 3(3) = « is similar. a
10.3. The case g=A,, =sl(n+1),n > 2

We will follow the pattern of the case s[(3). The simple roots are aq,. . . ,a,

and the positive roots are of the form o; + aj41 + - -+ + o, where 7 < j.

We will have variables t1,...,ty colored by the simple roots aq,...,a,.

Suppose ti,...,t; have colors ag, ..., ay, for some ¢ < n. Then we want to

prove the following:
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ProprosITION 10.2. — The form
QI = Rest[:tl s RestS:tl Rest2:t1 Q

has poles along t1 = t, only if { <n—1 and 5(p) = 1. (In this case the
pole is simple by Proposition 9.9).

Proof. — The proof is by induction on ¢, for £ = 1 (there are no residue
operations), the statement is just that € has poles along t; = t,, only if the
color of p is ag ((a1, ) = 0 if p > 2) which follows from Lemma 9.2.

10.3.1. The case ¢ = 2

Let €' = Resy,=, Q. The proof that ' does not have a pole at t; = ¢,
if B(p) € {1, s} is similar to the s[(3) case.

Let S(p) € {o1,a9,as}, then Q is holomorphic at the generic point of
t1 = t, and also at the generic point of to = ¢, (a1 + B(p) and as + B(p)
are not roots). Thus by Lemma 16.1, we get ' does not have a pole on
t =t

10.3.2. The case £ = 3

Suppose [(p) € {aa, as, oy}, using the case £ = 2 we know that Resy,—¢,
has no poles as t; = t,, and t3 = t,. Hence by Lemma 16.1, €’ is holomorphic
along t; =t,.

10.3.3. The case when ¢ = 3 and 5(p) = a2

We will now show that Q" is holomorphic along t; = t, if (p) = ax.
Consider Q = (t; — to)(ta — t3)(t1 — tp)(t, — t3)Qt1, ta, ts,t,) which is
regular at the generic point of t; =ty = t3 =t).

We consider (NZ(tl, t,t3,t). By Lemma 9.2, Q) vanishes when ¢ = ¢; and t =
t3 and is hence divisible by (¢t —¢1)(t —t3) (i.e., the quotient is holomorphic
at the generic point of ¢ = ¢; = t3). One may multiply by appropriate
correction factors and view  as a polynomial in the variables ¢;. At this
point we view Q as a function (i.e., divide by dty ... dtyr).

Next, look at

~ ~ to +1 to +1
Q(tlut%ti’ntp)_Q(tla 2 2 p7 35 2 2 p)
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which vanishes at t3 = t,,, is symmetric in ¢2,%, and is hence divisible by
(t2 — t,)*. We may therefore write

Q(ty, to, tg, ty) = (t1 — )% (A) — (t2 ;rt” - t1> (tzgt” —tg)(B).

The residue Q' = W and by the previous equation, the numerator
p
vanishes at t; = t, to the second order. Thus €' is holomorphic along

t =t
10.3.4. The case when £ = 3 and 3(p) = a3

We will show that €' does not have any poles as t; = ¢, if 3(p) = as.
Consider Q = (ty — t,)(ty — t3)(ty — t2)(t1, to, t3, t,). Lemma 9.2 implies
ﬁ(tl,t,t,t) = 0. Hence we can conclude that (Nl(tl,tg,t,t) is divisible by
(t — t2). Now as before we look at

O, ta, t3, 1) = (11,12,

ty+t, tz+t,
2 72 )’
which vanishes at ¢3 = t,, and is symmetric in ¢3 and ¢,,. Thus we may write

Q(t1, to, t3,t,) = (t, — t3)2(A) + (# — t2> (B).

Thus Q' = 75(t1’ti’tt;)’tp)

@ is holomorphic along t; = ).

10.3.5. The case of arbitrary ¢

By induction assume that the proposition is true for £ — 1.

Let € be the iterated residue Res;,—¢, - - - Rest,—¢, 2. Lemma 16.1 en-
sures that whenever 3(p) # {a(—1), @, a(s41)}, the form €’ is holomorphic
along t1 = t,,.

Consider the case when 3(p) € {a(s—1),r}. Using the same techniques
as in case ¢ = 3 and S(p) € {asg, asz}, we can show that ' is holomorphic
along t1 = t,. O

The proof of Proposition 9.7 for g = sl(n + 1) is now complete.

Remark 10.3. — Our proof assumes that ¢; is colored by the simple
root a;. The same argument works even if ¢; is colored by any «y, as long
as all (subsequent) roots are to the “right” of «;. Since this is the case
required for our main argument, we will not write out the argument for the
remaining cases.
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Remark 10.4. — 1In every step of the proof of Proposition 10.2 we were
reduced to checking two key things. We only needed to guarantee that at
any stage the iterated residue is holomorphic along a variable which has
the color of the last two roots added. All other cases were handled by
Lemma 16.1. This reduction will also be used in the remaining cases.

11. Proposition 9.7 for g = Go

The positive simple roots of G are a; and ag. The other positive roots
are a1 + ag, 201 + a9, 3a;1 + ag and 3oy 4+ 2as. The normalized Cartan
Killing form is given by

(a1, 0n) = =, (a1, 00) = =1, (2, a2) = 2.

gv

One can form the “patterns” of positive roots starting from «;, where at
each step, one adds a simple root so that the sum is again a positive root.
The only possible pattern is aq, a1 + s, 2a1 + o, 3a1 + as and 3aq + 2as.

Let 8(1) = 1. The cases ¢ < 2 are easy and immediate.

11.1. The case { =3

Assume (1) = a1, (2) = as, B(3) = a; and B(p) = ay. Let Q =
(tl — tg)(tl - tp)(tg - tp)(tg - tQ)Q Clearly

Q(t17 t17 tla tp)
(tl - tp)Q

Now Q is symmetric in ¢ and ¢, and vanishes at to = ¢, = t; or at

Q=

ty = t, = t3. By the same argument as in Section 10.3.3, we can see that

~ t t t t
O(ty, ta, b3, 1) = (t2 — tp) A+ ( : ; "o tl) (% _tz)B’

and this shows that one can pull a (t; —t,)? out of ﬁ(tl, t1,t1,tp), as desired.

11.2. The case ¢ =4

In this case by our previous arguments, 3(1) = 3(3) = 5(4) = a; and
B(2) = as. Consider the form Q' = Res;,—+, Resi,—¢, Rest,—, Q. We will
show that €' is holomorphic along t; = t, if 5(p) = aa.
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We multiply €2 by a correction factor P = (ty —t2)(t3 —t2)(ts —t2)(tp —t2)
for the stratum t; =ty = t3 = t4 = t, and get a form Q. By Lemma 9.2,
) vanishes on tg =ty =t3 =ty =t,. Setting w = m, we see
that ﬁ(tl, s ta,ty) — ﬁ(w,tg,mw,w) is symmetric in t1, t3, t4, tp and
vanishes on t; =13 = t4 = 1.

By Lemma 15.1, we can rewrite Q(tl, ..., tp) as a sum of terms of the form
(t; — tj)%A;; and Q(w, ta, w, w, w), where i,j € {1,3,4,p}. Since (w — t5)
divides @(w,tg,w,w,w), we get that (t1 — t,) divides ﬁ(tl,tl,tl,tl,tp).
Hence €' has no poles at t; = t, when S(p) = aq.

11.3. The case when ¢/ =5
Let 5(5) = Q9.
11.3.1. The case when 3(p) = a3

The correction factor is P = (t, —t2)(tp —t5)(ta—t5)(t3 —t5)(t1 —t5) (ta —
tg)(tg - tg)(tl — tQ)Q for the stratum tl = t2 = t3 = t4 = t5 = t The
form © is symmetric in 1, t3,%4,t, and in t9,t5. By Lemma 9.2, () vanishes
along the partial diagonals of the form t; = t3 = t4 = t, = t2(four of color
ayq and one of color ag) and of the form ty = t5 = t; (two of color as and
1 of color 7). By Lemma 15.3 and Lemma 8.3, Q has degree at least 4 on
the stratum S : ¢; = --- = t5 = t,. Therefore the logarithmic degree of 2
on the stratum S is at least 4 — 8 + 5 > 0. Therefore, by Proposition 9.9,
Y is holomorphic along ¢, = ¢,.

11.3.2. The case when S(p) = az

We multiply €2 by a correction factor P for the stratum S :¢; = --- =
ts = t, of degree 9 to get a form Q. The form € vanishes on partial di-
agonals of the form ¢ty = t5 = #; (two of color ay and one of color ).
By Lemma 15.2 and Lemma 8.3 the degree of Q on S is at least 5, and
hence d°(Q) > 5— 9+ 5 = 1. Using Proposition 9.9 we conclude that Q' is
holomorphic along t; = t,,.
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12. The case g =B,

The positive simple roots are aq, ..., a,. The positive roots of B,, are of
the form o; + i1+ + o, for 1 <i < ny (s + g1+ -+ o) + (o +
ajp1+Fap)forl <i<j<moai+api+-+ajiforl<i<j<n
The highest root is 8 = ay + 2as + - - - + 2a,. The only possible “pattern”
of positive roots starting at ay is aq, (@1 + aa), ..., (@1 + -+ ap), (a1 +
et amet) H20), . (0 Fag 2034 4 2a,), (0 F 200 + - 200,).

The normalized Cartan killing form is given by

(i, i) =2, 1<i<n; (an,an) =15 (o4, 41) = -1,
1<i<n, (a,0) =0, j>i+1.
Let 5(1) = a1. We will now show Proposition 9.7 in this case. We divide

the proof into several cases. When ¢ = 1, there are no residues and by
Lemma 9.2, Q has at most simple poles ¢; = ¢, if 3(p) = as.

12.1. The case / < n

The proof in this case is similar to the proof of Proposition 10.2.

12.2. The case n <{<2n—2

Let B(n +m) = a(n_m+1) for m > 0. We prove the proposition in this
case by induction on /.

12.2.1. The initial step

When ¢ = n+ 1 by Lemma 16.1 and Proposition 9.9 we only need to
consider the case when 5(p) = a,,. We multiply Q by a correction factor P
of degree n + 1 for the stratum ¢, = -+ ={(,41) =1, to get a form Q. By
Lemma 9.2 the form €2 vanishes along t(,_1) = tn = t(n4+1) = tp. Hence the
logarithmic degree of € along t; = -+ = t(,41) = t, is positive. The proof
in this case is now complete by Proposition 9.9.
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12.2.2. The inductive step

Let f =n+mand T = {1,2,...,n + m}. Assume by induction and
Proposition 9.9 that for m > 1, the meromorphic form Q" = Resz has
at most simple poles along t; = t, if B(p) = a(—m). We will show that
the form Q' = Resy, ., =t, " is holomorphic along t; = t, if B(p) #
Q(n—m—1)- The proof is broken up into the following steps:

Since " has poles along t; = t, if B(p) = a(u—m). It is clear from
Lemma 16.1 that Q' is holomorphic at a generic point of 1 = ¢, if 5(p) &
{Q(n—m-1)s ¥(n—m)» ¥(n—m+1) }- By Proposition 9.9 we know that Q" has at
most simple poles along t1 = t, if (p) = A(n—m—1)-

Now consider the case when f(p) = (n_m). As before we multiply Q
by a correction factor P of degree n + 3(m + 1) for the stratum S defined
by t1 = t2 = -+ = t(ngm+1) = tp to get a new form Q. Lemma 9.2 tells
us that the form € satisfies the same property as that of the function f in
Lemma 15.7. By Lemma 15.7 we see that the degree of Q for the stratum S
is at least 2m + 3 and hence d°(Q) > 0. Using Proposition 9.9, we conclude
that the form €' is holomorphic along t1 = ¢,.

The case when 3(p) = a(;,—m+1) is similar and follows from Lemma 15.8
and Proposition 9.9.

12.3. The case { =2n —1

Let 8(2n — 1) = ag. By Lemma 16.1 we only need to check the cases
when S(p) € {a1,az2,a3}. The proof Q' = Resy,, , =, ... Resy,—, Q is
holomorphic along t; = t, in these cases follow similarly using Lemma 15.6,
Lemma 15.7, Lemma 15.8 and Proposition 9.9.

The proof of Theorem 9.5 for g = B,, is now complete.

13. Proposition 9.7 for g =D,

The positive simple roots of D,, are a1, aq,...,a,. The positive roots
of Dy, are of the form o; + ajp1 + -+ + oj—1 for i < j < n; oy + g1 +
koo + 205 + 205401 F -+ 202 a1 oy for i < j <n—1;
;o +tagfori<n—1, a1+ F+apota, fori <n—1
and a,. If we formally put a, = a,_1) in the above expression of the
positive roots we recover the positive roots of B(,_1).
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There are two possible “patterns” of positive roots starting at «;. The
first pattern is a1, (1 +a2), ..., (@1 +ae+- - Fam_g), (@1 4+ +am_g)+
An-1))s (@14 + gy Q1)+ an), (01 + -+ aog) + 2am_2) +
An—1) T n), .oy (@1 + 200 + 203+ - + 20(n—3) + 20(n_2) + Qn_1) + ).

The second pattern is same as the first except the positive root (ay+-- -+
Q(n—2) + (n_1)) is replaced by the positive roots (ay +- -+ a(—2) + an).

Since D, is simply laced, the normalized Cartan killing form is given by

(i a5) =2, 1 <i<ny (a2, an) = =15 (a4, 0441) = —1,

1<n—2, (anflaan) =0,

(viya;) =0, i+ 1< j except when i =n —2, j =n.

The proof of Theorem 9.5 for g = D,, is same as the case B,,. We only
include the proof of Proposition 9.7 in the case g = Dg4.

Let 8(1) = a;. When £ = 1, there is no residue and Lemma 9.2 tells us
that © has at most simple poles at 1 = ¢, if 8(p) = aa.

13.1. The case ¢ =2

We consider ' = Res;,—, . By Proposition 9.9 the form €' has at
most simple poles along t1 = t, if S(p) € {as, aa}. We will show that €’
is holomorphic along t; = t, if 8(p) € {1, as}. The proof in both these
cases is similar to proof of Proposition 10.2.

13.2. The case ¢ =3

We can assume that §(3) = a3. We consider the form Q' = Resy,—y,
Rest,=¢, 2. By Lemma 16.1 and Proposition 9.9 we only need to show that
Y is holomorphic along ¢1 = ¢, if 5(p) € {a2,a3}. The proof in this case
also similar to the proof of Proposition 10.2.

13.3. The case { =4

Let 8(4) = a4. We consider the form Q' = Resy, =, ... Resy,=¢, Q. By
Lemma 16.1 and Proposition 9.9, we only need to show that €’ is holomor-
phic along t; = ¢, if 3(p) = au.
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13.3.1. The case B(p) = aq

We multiply the form Q by a correction factor P = (t1 —ta)(t2 — t3)(t2 —
ta)(t2 — tp) for the stratum S defined by t1 = to = t3 = t4 = t, to get
a form €. By Lemma 9.2, the form Q) vanishes on ty =ty = t,. Thus
d®(Q)) > 1 — 4+ 4. Hence the proof follows in this case by Proposition 9.9.

13.4. The case /=5

Let 5(5) = ag. We consider the form €' = Res;,—¢, ... Rest,—, 2. We
will show that 2’ is holomorphic along ¢; = ¢,.

13.4.1. The case B(p) = a2

We multiply the form by a multiplication factor of degree 9 for the
stratum S defined by ¢t; =t3--- =t5 =t, to get a form Q. By Lemma 9.2
the form () satisfies the properties of the function f in Lemma 15.7. Hence
by Lemma 8.3 and Lemma 15.7 the degree of Q' for the stratum S is at
least 5. Now the proof follows from Proposition 9.9.

13.4.2. The case B(p) = oy

We multiply the form by a multiplication factor of degree 8 for the
stratum S defined by t; =ty = --- = t5 = t,. By Lemma 9.2 the form Q
satisfies the properties of the function f in Lemma 15.5. Hence the proof
in this case follows as before.

13.4.3. The case B(p) = as or B(p) = au

The proof that ' is holomorphic along t; = t, is similar.
This completes the proof of Theorem 9.5 for g = Dy.

Remark 13.1. — In the above proof for the case £ = 3, by assuming
B(3) = as we followed the first pattern of the positive roots starting at ;.
If we had assumed 3(3) = a4, and followed the second pattern, the proof
would have been similar.
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14. Proposition 9.7 for g = C,

The positive simple roots of C,, are ay, ..., a,. The positive roots of C,,
are of the form a; + a1+ -+ oj fori <j<n; o + o1+ +2a5 +
20541 + -+ 4+ 201 + oy for ¢ < j < n. The highest root 6 is given by
2aq + 209 + - -+ + 2,1 + ay. The only possible “pattern” of positive roots
starting at ay is a1, (1 +ag), ... (r+az+- - Fan), (a1 +as+- - +ap_o)+
20—y F ) + (1 +az -+ og) +20(—2) + 201y F ) .. (a1 +
200 -+ 200 (n—2) F20 (1) F )+ (200 200+ - 2052y F20(—1) F 0 ).

The normalized Cartan killing form is given by the following

(aiaai)zl for 1 < 1< n; (an,an) = 2;

1
(ai7ai+1)=—§ for 1 <i<n; (an-1,0m) =—1; (a;,a;)=0fori+1<j.

Let 5(1) = a;. We give a proof Proposition 9.7 in this case by dividing
the proof into several cases. When ¢ = 1, there are no residues and by
Lemma 9.2, Q has at most simple poles ¢; = t,, if 3(p) = as.

14.1. The case ¢/ < n

The proof follows easily from the same methods used in Proposition 10.2.

14.2. Thecase { =n+1

Let B(n +1) = a(,—1) and Q" = Res;, ¢, ... Resy,—¢, Q. The previous
cases with £ < n and Proposition 9.9 tell us that the form Q" has at
most simple poles along t; = t, if 3(p) = a,—1. Thus by Lemma 16.1, we
conclude that Q" = Res;,,,—¢, Q" is holomorphic along ¢, = t, if 5(p) &
{am—2), a(n-1y, )} If B(p) = (n—2), by Proposition 9.9, €’ has at most
a simple pole along t; = t,,.

14.2.1. The case when 3(p) = a,

We multiply €2 with a correction factor of degree n+ 3 for the stratum S
defined by t; =ty = -+ = t(,11) = t, to get a form Q. By Proposition 9.9
we only need to show that d”(2) > 0. Thus it is enough to show that the
degree of Q for the stratum S is at least 3. By Lemma 9.2, Q has the same
properties as f in Lemma 15.10. Now the proof follows from Lemma 15.10
and Lemma 8.3.
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14.2.2. The case when 3(p) = an_1)

When 8(p) = a(,—1) it follows similarly as above from Lemma 15.9 that
Y is holomorphic along ¢, = ¢,.

14.3. Thecasen+1</{<2n—1

Let f(n—m) = B(n+m) = a(p—m) for m < n. We prove Proposition 9.7
by induction on ¢. The initial step / = n + 1 is proved above. Now we
prove the inductive step. We assume that for 1 < m — 1, the form Q" =
Rest, ,pn_1y=ty - - - ReSty=t,  is holomorphic along t; = ¢, if B(p) # an—m.
By Proposition 9.9, Q" has at most simple poles along ¢t; = ¢, if 5(p) =
a(n,m).

We consider the form ' =Res;, .~ ©”. Lemma 16.1 tells us that the
form Q' is holomorphic along t1 =t if 3(p) € {(n—m—1)s A(n—m)s XUn—m+1)}-
By Proposition 9.9, Q' has at most simple poles along t; = t, if B(p) =
Q(n—m—1)- Thus we are reduced to check the following two cases:

14.3.1. The case when 3(p) = a(—m)

We multiply 2 by a correction factor P of degree n + 3m + 1 for the
stratum S defined by t; = t2 = -+ = {4 4m) = tp to get a form Q.
Lemma 9.2 tells us that the form 2 has the same properties as the function
f in Lemma 15.11. Thus by Lemma 8.3 and Proposition 9.9 we are done.

14.3.2. The case when 3(p) = a(p—m+1)

We multiply €2 by a correction factor P of degree n + 3m + 2 for the
stratum S defined by t; = t3 = -+ = t(,4m) = tp to get a form Q.
By Lemma 9.2 the form Q has the same properties as the function f in
Lemma 15.12. Thus by Lemma 8.3 and Proposition 9.9 we are done.

14.4. The case ¢ =2n —1

By Lemma 16.1, Proposition 9.9 and the previous step we only need to
show that Q' = Rest y, _yy=t, - - - Resg,=t, Q is holomorphic along t; = ¢,
if B(p) € {a1,a2}. The proof in this case is similar to the proof in the
previous step.

The proof of Theorem 9.5 for g = C,, is now complete.
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15. Key Lemmas

Throughout this section f will denote a polynomial in multiple variables
which is symmetric in some variables and vanishes along certain partial
diagonals. We use these properties of f to give a lower bound on the total
degree of f.

15.1. For G,

LEMMA 15.1. — Suppose g(ui,...,u,) is a symmetric polynomial in
U1, ..., U, which vanishes on u; = --- = u,,. Then g is a linear combination
of functions of the form

(Ui — uj)QAij(ul, e ,un),
where A;; are (possibly non-symmetric) polynomials.

Proof. — We first show that g is a linear combination of elements of the
form (u; —u;)B;j, where B;; are (possibly non-symmetric) polynomials. To
see this, divide g as a polynomial in us with remainder, by (us — u1). The

remainder is a (possibly non-symmetric) polynomial in uy,ug, .. ., u,. Now
continue with (u3z —uy) all the way until and including (u,, —w1). The final
remainder is a function in u; alone, which vanishes when u; = -+ = uy,

and is hence zero.

Since g is a symmetric polynomial, we just need to show that polynomials
of the form

h = Z o((ur —u2)Au, ..., upn))
ocES),

can be expressed as linear combinations of polynomials, each divisible by
some (u; — u;)%. As o runs through S, so does o(12). We can therefore
rewrite the above sum as follows: h equals

%( 3 0w —u2) Aur, ug, o)+ > 0((12) (ur—us) Alus, ... ,un))>

ocES, oSy
1
= 5 § 9go
oeSy,

where g, = O’((Ul —ug)(A(uy,ug, ..., up) — Alug,ug, . .. ,un)), i.e., the re-
sult of o acting on the polynomial (w1 —ug)(A(u1, ug, . .., un)—A(ug, uq,. ..,
Uy )). Now note that (u;—usg) divides A(uy, ug, us, ..., un)—A(ua, u1, us, ...,
Uy ). Therefore g, is divisible by

a((ul — uz)2) = (U (1) — uJ(Q))Q.
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O

LEMMA 15.2. — Suppose that f(u1, ug,us, t1,te,t3) is symmetric in uy,
ug, us and vanishes on the nine diagonals of the form u; = ug = t; (two
u’s and one t). Then, degree of f is > 5.

Proof. — Write f as a sum

P (5 BB ) (B )

where h(w, t1,ta,t3) = f(w,w,w,t1,t2,t3) vanishes when w = t; or w = t9
or w = t3, SO we may write

h(w,tl,tg,t?,) = (w - tl)(w - t2)(w - tg)g(wa t17t27t3)'

Clearly, f — f(z%ui, Z::,)ui, %ui,tl,t%tg) vanishes on u; = uy = ug,

and is hence of the form
(ul — U2)2A + (UQ — U3)2B + (ul — Ug)QC.

Therefore,

(15.1) f= (ul — UQ)QA + (U;g — U3)QB + (ul — U3)20
+ (w - tl)(w - t2)(w - t3)g(w7t17t27t3)3

where w = ZTU Put uy = us = t1 = ¢, then the above equation reads

0= (’LL3*C)2D+1(’UJ3*C) (26 Tus 42) (2C Tus 7&3)9(26—’_7”3, ¢, b, tg).
3 3 3 3
Divide by uz — ¢ and set uz = ¢ to get g(c, ¢, ta,t3) = 0, so g(w, t1,ta,t3) is
divisible by (w —t1)(w — t2)(w — t3). The degree of f is at least the degree
of h, so if h # 0 we are done.
In the case h = 0, consider (15.1) with u; = us = c¢. Note that if f
vanishes on w; = uo then it vanishes on all 3 of the v diagonals to order
two and is hence of degree at least 6. So we get the following:

f(ca & u37t17t27t3) = (C - U3)2D(C, u37t17t27t3)3

where D # 0.

Since by hypothesis, f vanishes of diagonal of the form u; = uy = t;
(two u’s and one t) we get that the right hand side vanishes for ¢; = ¢, so
D is divisible by (¢ — t1)(c — t3)(c — t3), and hence the degree of f is at
least five. O
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LEMMA 15.3. — Suppose that f(u1,us,t1,t2,ts3,ts) is symmetric sepa-
rately in uy, ug and ty, ta, t3, t4 and vanishes on diagonals of the form
u; = ug = t; (two u’s and one t) and t; = to = t3 = t4 = uy (four t’s and
one u, two of these). Then, degree of f > 4.

Proof. — Write f as

Ul + Uz U+ U2
(f -/ ( 2 72
where g(w, t1,ta,t3,t4) = f(w,w, t1,ta,t3,t4) and w = “1;7“2

The term in the first bracket vanishes when u; = us and is symmetric in
u1, uz. Also note that g(w,t1,to,ts,ts) is of the form (w — ¢1)(w — t2)(w —
t3)(w — t4)h. So, we reduce to the case g =0 so

Fur,ug, ty,to, ta,t) = (w1 — u2)?A(ug, ug, t1, ta, ts, ta).

If A vanishes on t; = t5 = t3 = t4, then by Lemma 15.1, it has degree > 2.

atlatQat37t4)) + g(w7t17t27t3at4)7

So assume that A is non vanishing on t; = t5 = t3 = t4 = t and consider
the following:
f(ula Uz, t7 t7 t7 t) = (U'l - uQ)QA(uly Ug, t7 ta t) t)

Put uy =t which makes the left hand side vanish and hence A(uy, us, t,t,t,t)
vanishes when u; =t. Therefore A(u,us,t,t,t,t) is divisible by wi—t)(ug—t)
and we are done. O

15.2. For B,, and D,

DEFINITION 15.4. — A polynomial f(z1,...,z,) is symmetric in the
pair (z;, ;) if
O'i’j(f(xl’ cee 7.27”)) = f(-'lfl, oo axn)y

where o; ; is the permutation (¢,j) in the symmetric group Sp,.

LEMMA 15.5. — Suppose f(t1,u1, ta, us, ts, us) is symmetric in the pairs
(t1,u1) and (ta,us). Also assume that f vanishes on diagonals of the form
to = Uq = toy1 and t, = ug = ugy1, for a € {1,2}. Then, degree of f > 4.

Proof. — Suppose f vanishes on t; = uy. Then we can write f as

f(ti,ur, to, ug, ta,uz) = (t1 — up)? fi(ty, us, to, ua, ts, us).

Consider the polynomial ¢ (o, us,ts,vs) := f1(t1,u1,ta, us, ts, ug). It fol-
lows from the properties of f that g; is symmetric in ¢5, us and vanishes
on the diagonals to = us = t3 and to = us = uz. Now it is easy to see that
g1 has degree at least two.
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If f does not vanish on t; = w1, we put t; = u; = c¢. Since f vanishes on
the diagonals t; = u; = t3 and t; = u; = ug, we get the following:

fe e ta,ug, t3,uz) = (¢ — ta)(c — ug) fa(c, ta, uz, t3, us3).

It is easy to see that the polynomial go (2, us,ts, us) := fa(c, ta, ua, t3, us)
satisfies the same properties as g;. Hence go has degree at least two. This
completes the proof. O

LEMMA 15.6. — Suppose f(t1,u1, s tm+1, Ums1) IS Symmetric in the
pairs (tq,uq), for 1 < a < m. Further assume that f vanishes on the
diagonals of the form t, = u, = to41 and t, = Ug = Ug41, where 1 < a <
m. Then, degree of f is at least 2m.

Proof. — We prove this lemma by induction on m. The case m = 1 is
easy and direct. Lemma 15.5 is the case when m = 2. Let us first consider
the case when f vanishes on t; = usg. Since f is symmetric in ¢1, u1, we get
the following:

Fltr,ur,tmrt, Umer) = (B — w)? fr(tr, ur, to, Uz, s bt 1, U 1)-

A careful inspection shows that g1 (ta, ua, -, tmt1, Um+1) := f1(t1,u1, ta,
Uy ybmt1, Ume1) satisfies the same properties as function f with m
variables. Hence by induction we are done.

If f does not vanish on t; = u;, we put t; = u; = c¢. Since f van-

ishes on the diagonal t; = u; = t3 and t; = u; = ug, we can write

fleyeto,ugy .o tmst, Umy1) as follows:

f(C, c, t27 Uy ;tm+1; uerl) = (c_tQ)(C_UQ)fQ(C7 t27 U, 7tm+17 uerl)'
The polynomial go(t2, ua, . . ., tmt1, Umt1) := fa(C, ta, U, -+ g1, Umt1)

satisfies the same properties as f with m variables. By induction, we get

degree of go is at least 2m — 2. Thus f has degree at least 2m. |

The following lemmas are proved by induction, Lemma 15.2 and Lem-
ma 15.6.

LEMMA 15.7. — Suppose f(w,x1,%2,X3,t1,U1,t2, U,y Um) IS
symmetric in x1,%2,23 and also symmetric in the pairs (tq,u,), for all
1 < a < m. Assume that f vanishes on diagonals of the following form:

(1) 21 =2z =w (two z’s and w).
(2) 1 =29 =11 (two x’s and t1) and x1 = x5 = uy (two x’s and uy).
(3) ty = ug =tar1 and tq = uq = Uqr1, where 1 < a < m.

Then, degree of f is at least 2m + 3.

TOME 64 (2014), FASCICULE 4



1716 Prakash BELKALE & Swarnava MUKHOPADHYAY

LEMMA 15.8. — Suppose f(w,t1,uy,x1, T2, T3,ta, Uz, lm, Upm) IS
symmetric in x1,%2,23 and also symmetric in the pairs (tq,u,), for all
1 < a < m. Assume that f vanishes on diagonals of the following form:
(1) 2y =22 =t1 (two x’s and t1) and x1 = x5 = t5 (two x’s and t3).
(2) 1 =22 =uy (two x’s and uy) and 1 = x9 = ug (two z’s and usy).
(3) t1 =uw1 = w and t; = u; = x,,, where p € {1,2,3}.

(4) ty = ug =tar1 and tq, = uq = Ugy1, where 2 < a < m.

Then, f has degree at least 2m + 4.

15.3. C,

The proofs of the following lemmas are similar that of Lemma 15.2 and
Lemma 15.5.

LEMMA 15.9. — Assume f(t1,u1,us,us,v1) is symmetric in u;’s and
vanishes on diagonals of the form u; = us = t; (two u’s and t1) and
u1 = uy = ug = v1. Then, f has degree at least 3.

LEMMA 15.10. — Assume f(t1,u1, us, v1,v2) Is Symmetric separately in
u’s and v’s and vanishes on the diagonals of the form u; = us = t; and
vy = vy = uy (two v’s and one u). Then, f has degree at least 3.

The proofs of the next two lemmas are similar to the proofs of Lem-
ma 15.6 and Lemma 15.2.

LEMMA 15.11. — Suppose f(w,x1,x2, x3,t1,U1,t2, U, b, Up) IS
symmetric in x1,xs,23 and also symmetric in the pairs (t,,uq), for all
1 < a < m. Assume that f vanishes on diagonals of the following form:
(1) 21 =22 =w (two z’s and w).

(2) 21 =z2 =11 (two a’s and t1) and 1 = x9 = w1 (two x’s and uy).
(3) t1 =u1 = xp, where p € {1,2,3}.
(4) to =ug =ta—1 and t, = uq = Ug—1, where 1 < a < m.

Then, degree of f is at least 2m + 4.

LEMMA 15.12. — Suppose f(w,t1,u1, 21, T, T3, t2, U, b, Up) IS
symmetric in x1,xs,23 and also symmetric in the pairs (tq,u,), for all
1 < a < m. Assume that f vanishes on diagonals of the following form:

(1) 21 =xz2 =11 (two a’s and t1) and 1 = x5 = to (two x’s and t2).
(2) 21 = x93 =wuy (two x’s and uy) and x1 = x5 = us (two x’s and us).
(3) t1 = w1 = w and t; = u; = x,, where p € {1,2,3}.
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(4) to = ug = xp, where p € {1,2,3}.
(5) tq = ug =tq—1 and t, = uq = Uq—1, where 2 < a < m.

Then, f has degree at least 2m + 5.

Remark 15.13. — 1In the case of g = F4 we will need to prove several
degree lemmas, for example: Let f be a polynomial in 12 variables uq, ug,
V1, V2, V3, W1, Wy, W3, Wy, Ws, T1, T2, with the following properties

(1) f is symmetric (separately) in u’s, v’s, w’s and z’s.

(2) f vanishes on the following partial diagonals: equality of two u’s
and one v, two v’s and one u, two v’s and one w, two w’s and one
z, two x’s and one w; and three w’s and one v.

Then, we will need to show that the degree of f is > 21.

16. Properties of residues

Suppose € is a top degree form defined in a neighborhood of 0 € CM,
which is regular on the complement of the union of ((%)+M many) divisors
t; th,i < jandt; =0.

LEMMA 16.1. — Suppose 2 has at most a simple pole along t, = to.

(1) Suppose that € is regular at the generic point of t; = t3 and at the
generic point of to = t3. Then the form Resy, —¢, Q in (t1,t3,%4,...)
is generically regular on t; = t3.

(2) Suppose that Q2 has a pole of order less than n along t3 = t4 and a
simple pole along t; = to. Then the form Resy, =, Q in (t1,t3,t4,...)
has poles along t3 = t4 of order less than n.

Proof. — For the first part we proceed as follows:

Assume t far)
g\t1, .- M
Q==""—""Sdt; N--- Ndtyy,
P(t; — tg)
where ¢ is a holomorphic function and P is a polynomial in ¢1,...,tp

whose factors are of the form ¢;'* and (t; —t;)% for suitable exponents n;
and a; ;.
Since P(t,t,t,ta,...,ta) # 0 (generically), therefore the residue which
is (up to sign)
g(tl,tl,tg, e ,tM)
P(t17t17t37. .. ,t]\/[)
is generically regular on t; = t3.
The proof of (2) is similar to (1). O

dty Ndtag ANdta A - ANdty

TOME 64 (2014), FASCICULE 4



1718 Prakash BELKALE & Swarnava MUKHOPADHYAY

Remark 16.2. — Note that if P had a term of the form (¢; + t2 — 2t3),
then after t; = to, we would have had a new pole at t; = t3 in the residue. It
is important that the polar set of {2 does not contain sets like t1+t3 = to+t4,
which after t; = ¢5 turn into a t3 = t4.

LEMMA 16.3. — Let I1,I5,...,I, be pairwise disjoint subsets of [M]
such that |I;| = m;. Then for any o € S, the following equality of iterated
residues of 2 holds:

[1]
2]

3

4

[5

6

7

8

[9]

(10]

(11]

(12]

(13]

14]

Resfm) . -Resfa(n) 0= Resf1 . ~Resfn Q.
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