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SYMPLECTIC PERIODS OF THE CONTINUOUS
SPECTRUM OF GL(2n)

by Shunsuke YAMANA

ABSTRACT. — We provide a formula for the symplectic period of an Eisenstein
series on GL(2n) and determine when it is not identically zero.

RESUME. —  On donne une formule pour la période symplectique d’une série
d’Eisenstein pour le groupe GL(2n) et on détermine sous quelles conditions celle-ci
n’est pas identiquement nulle.

Introduction

After Jacquet and Rallis [6] initiated the study of global symplectic peri-
ods for automorphic representations of GL(2n), Offen [10, 11] determined
which automorphic representations in the discrete spectrum of GL(2n) have
a nonvanishing symplectic period. In this paper we generalize his result to
the entire automorphic spectrum of GL(2n).

We write G for the group GL(2n) viewed as an algebraic group over a
number field F' with adele ring A. Fix a skew symmetric matrix e in G(F)
and let H = H. denote its symplectic group. For an automorphic form ¢
on G(A), we define the symplectic period of ¢ by

PH(p) = / o(h)dh.
H(F)\H(A)

The integral may not converge in general, but can be defined via regular-
ization (see [10]). Let m be an irreducible subrepresentation of the space of
automorphic forms on G(A). We say that 7 is H-distinguished if there is
¢ € 7 such that P (¢) # 0. In the description below, we refer to the body
of this paper for all unexplained notation.

Keywords: symplectic periods, intertwining periods, continuous spectrum.
Math. classification: 11F67, 11F70.



1562 Shunsuke YAMANA

The theory of Eisenstein series provides a description of the contin-
uous spectrum of L?(G(F)\G(A)) in terms of the discrete spectrum of
Levi subgroups of G. Let @ = LV be a standard parabolic subgroup of
G of type (ki,...,k.). Given a square-integrable automorphic form ¢ on
V(A)Q(F)\G(A) and s € a} ¢, the Eisenstein series

E(g,¢,8)= Y. (yg)el> O
YEQIN\G(F)
converges for Rs regular enough in the positive Weyl chamber. The Eisen-
stein series is meromorphic in the complex parameter s and is holomorphic
near the imaginary axis v/—1a}.

Lemma 2.4 shows that if s € /—1a}, then E(1,s) has a convergent
integral over H(F)\H(A). Thus PH(E(1,s)) is a meromorphic function
on aj - which is holomorphic on v/=1a}. In Proposition 2.5 we will show
that P#(E(y,s)) is identically zero unless all k; are even. In the latter
case we derive a formula of P (E(1),s)) from a formula of the symplectic
period of truncated cuspidal Eisenstein series obtained by Offen [10] and the
description of the discrete spectrum proven by Moeglin and Waldspurger
[8], using Cauchy’s integral formula and Fubini’s theorem. The idea of the
proof is the same as that of Arthur [1]. This formula generalizes the formula
that was proven by Jacquet and Rallis [6] and then extended by Offen [10].

To rewrite this formula in a form which is more suitable for our purpose,
Section 3 extends the theory of the intertwining period to square-integrable,
but not necessarily cuspidal, automorphic forms on V(A)Q(F)\G(A). Sup-
pose that all k; are even. We take a skew symmetric matrix y in L(F) and
n € G(F) so that y = ne'n. Let H, = nHn~* be the symplectic group of
y. Put L, = H, N L. The period integral

Py (4)(g) = / (ig)dl

Ly (F)\Ly(A)
is convergent. We define the global intertwining period by the integral

Jwor, ¢, 5) = P () ()= ) iy,

/17‘1Ly(A)n\H(A)
which converges absolutely for fts € aj, sufficiently regular in the positive
Weyl chamber. We will prove in Theorem 3.2 that for s € a7, ¢ in general
position
PH(E(”% S)) = J(’ng, Y, S)‘

By the description of the discrete spectrum of GL(N) alluded to above,
there is a bijection between irreducible automorphic representations in the
discrete spectrum of L and pairs (d,o), where d = (dy,...,d,), d; is a
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factor of k; for each i, n; = k;/d; and 0 = ®]_,0; is an irreducible cuspi-
dal automorphic representation of [];_, GL(n;, A). Let P; be the standard
parabolic subgroup of GL(k;) of type (n;,...,n;) and view []_, P; as the
standard parabolic subgroup of L. Let 7 be the unique irreducible quotient
of the induced representation of L(A) obtained from the representation

N ®p}3/ini) of [T;_, P;(A), where pp, is the square root of the mod-
ulus function of P;(A). Then 7 occurs in the discrete spectrum of L.

For s € a] ¢ let I(m,s) denote the automorphic representation of G(A)
induced from 7[s] := 7 @ e{>H2 () Let +) € I(m,0). If not all d; are even,
then J(wegr,, s) is identically zero as PLv (1)) = 0 by the result of Offen
[10]. When all d; are even, we will show in Section 4 that J(wgr,1,s) is
factorizable and expressed as a ratio of L-functions up to finitely many
local factors at the ramified places and conclude that J(wer, v, s) is not
identically zero for a suitable choice of i by appealing to Offen’s works
[10, 11]. In particular, I(m,s) is H-distinguished for generic values of the
parameter s, if and only if there is a point s € aj, ¢ such that I(m,s) is H-
distinguished, and if and only if all d; are even. This concludes the project
initiated by Jacquet and Rallis and then developed by Offen.

This project was suggested to us by Erez Lapid, to whom we are most
thankful. We have profited from conversations with Erez Lapid and Omer
Offen during the course of this work. We would like to thank the He-
brew University of Jerusalem, where this paper was partly written. The
author is supported by JSPS Grant-in-Aid for Research Activity Start-up
24840033. This work is partially supported by the JSPS Institutional Pro-
gram for Young Researcher Overseas Visits “Promoting international young
researchers in mathematics and mathematical sciences led by OCAMI”.
Last, but not least, we thank the referee for useful comments.

Notation

Let F' be a number field with adele ring A. For any positive integer m
we denote by G, the group GL(m) viewed as an algebraic group over F.
We fix a natural number n and denote G = Gs,,. Let K be the standard
maximal compact subgroup of G(A) and Py = MyUy the Borel subgroup of
G of upper triangular matrices in G, where My is the subgroup of diagonal
matrices and the unipotent radical Uy of Py is the subgroup of unipotent
upper triangular matrices. A parabolic subgroup of G is called standard if
it contains Py. A Levi subgroup of a standard parabolic subgroup of G is
called standard if it contains My. By parabolic and Levi subgroups of G
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1564 Shunsuke YAMANA

we always mean standard parabolic and Levi subgroups of G. There is a
bijection between standard Levi subgroups of G, and ordered partitions
of m.

Let P = MU be a parabolic subgroup of G. We denote the lattice of
rational characters of M by X*(M). For x € X*(M) we define a ho-
momorphism [x| : M(A) — RY by |x|(m) = [1, [Xv(my)|v, where the
product ranges over all places v of F, y, is the extension of x to M(F),)
and | - |, is the standard absolute value on F,. We form the real vec-
tor space ap; = Homgz(X*(M),R). We also have the dual vector space
apr = X*(M) ®z R, and its complexification a}; c = X*(M) @z C. In case
M = My we write ag = aj,, . The canonical pairing on ag X ag is denoted by
(', ), which induces a nondegenerate pairing on aj; x aps. A height function
Hyr : G(A) — apy is the left U(A)-invariant, right K-invariant function on
G(A) satisfying ePHa (M) = |y|(m) for m € M(A) and x € X*(M). Put
M(A)' = {m € M(A) | Hy(m) = 0}. Let Ay be the image of R2" in
My(A) under the isomorphism My ~ G2", where R — F @ R is given
by £ — 1 ® x. We can form the central subgroup 7T, of M, the inter-
section Ay of Ag with Th/(A) and the discrete part L3, (M (F)\M(A)!)
of L2(M(F)\M(A)'). Note that M(A) = Ay x M(A)! and Hy; induces
an isomorphism Ay ~ ays. It is well-known that L3, (M (F)\M(A)') de-
composes with multiplicity one. We denote by IT4(M) the set of irreducible
(M(F)\M(A)L),
and by IT.(M) the set of irreducible cuspidal automorphic representations

subrepresentations of the representation of M (A)! on L3,
of M(A). We view irreducible representations of M (A)* as representations
of M(A) by extending the action of M (A)! to M(A) so that Ay, acts triv-
ially. If 7 is an irreducible representation of M(A) and A belongs to a}, ¢,
then [A](m) = m(m)eMHa (M) is another irreducible representation of
M (A). The set of associated a}, ¢ orbits is in bijective correspondence un-
der the restriction mapping from M (A) to M (A)! with the set of irreducible
unitary representations of M(A)!.

Let Rt (Mo, M) and A}’ be the sets of positive roots and simple roots
of My in M, respectively. We write p)! € aj for half the sum of elements
in RT(My, M). More generally, for another Levi subgroup L of G with
M C L, the parabolic subgroup PN L of L determines the sets R* (T, L)
and AL, Namely, R*(Ty, L) is the set of elements in X*(Tys) obtained
by decomposing the Lie algebra of U N L under the adjoint action of Ty,
and AL the set of linear forms on aj; obtained by restriction of elements
in the complement of A} in AL. Let (af;)* be the vector subspace of a%,
generated by A%,. Note that there is a canonical direct sum decomposition
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SYMPLECTIC PERIODS 1565

ai, = af @ (ak)*. Let pk, = pL be the projection of pf on aj,. When
L = G, we will write pp and Ay in place of p& and A§;.

Let WM denote the Weyl group of M. We write W = W& For standard
Levi subgroups M, M’ of G we write W (M, M') for the set of elements
w € W of minimal length in wW™ such that wMw™' = M’. A para-
bolic subgroup P’ = M'U’ is said to be associated to P if W (M, M’) is
not empty. Set W (M) = J,,, W(M, M’). Explicitly, an element of W (M)
is represented by a unique permutation matrix that shuffles the diagonal
blocks of M without causing any internal change within each block.

Let w, be the n X n permutation matrix with unit anti-diagonal. Put

0 wn
€:€2n:(_wn 0 )

1

We represent 6 as the automorphism 6(g) = e’g~'e~ 1. The symmetric space

attached to (G, 6) is the variety
C={reG|z0(x)=1}.

The group G acts on C by the twisted conjugation gz = gzf(g)~!. Since
C is a translate by € of the space of nondegenerate skew symmetric matrices
of size 2n, the space C is a single G-orbit. For x € C and any subgroup @
of G we will denote the stabilizer of x in @ by Q.. However, we will denote
by H, the group G, and further by

H=5pn)={geG|ge'g=¢}

the stabilizer in G of the identity. For a subgroup @ of G we will always
denote Qy = @ N H, which gives a bijection between 6#-stable parabolic
subgroups of G and parabolic subgroups of H. If Q = LV is a #-stable
parabolic subgroup, then Qg = Ly Vg is a Levi decomposition for Q.

Note that 6 stabilizes the Borel subgroup Py and hence defines involu-
tions on ag and aj. Let (a3)i denote the +1 eigenspaces of 6 in aj. We
identify (aj); with X*((Mo)u) ®z R. For f-stable Levi subgroups M C L
of G let Aﬁf; be the set of nontrivial projections of elements of A%, onto
(ag)4. Then Aifl’{ is a basis of ((af,;)*);, and AngO)H forms a set of sim-
ple roots for H with respect to the Borel subgroup (FPy)y of H. We make
similar definitions for the set of coroots and denote by (Av)ﬁfl’{ the dual
basis of Aﬁ/f; in (ak;);. There is a unique element pp, € (a};)4 such
that dp,, (m) = e2Pr-Ha(m) for all m € My (A), where dp, denotes the
modulus function on Py (A). We fix Haar measures on various groups as
in [10].

TOME 64 (2014), FASCICULE 4



1566 Shunsuke YAMANA

1. Residues of cuspidal Eisenstein series

This section explains how the general Eisenstein series is obtained as a
residue of a cuspidal Eisenstein series. For two integers a < b we denote
the set {a,a +1,...,b} by [a,b]. We understand that [a,b] = 0 if a > b.
For A € C we define the character v* of G,,(A) by g — |detg|*. Let
(mq,...,my) be an ordered partition of 2n and P = MU the standard par-
abolic subgroup of G of type (my,...,m;). For p = ®;ep qp: € q(M) and
A=A, A) €Eajy o C? we write p[)] for the pull-back of ®i€[1,ﬂu’\f pi
to P(A). We denote by I(p, A) the representation induced from p[\] to G(A)
using normalized parabolic induction. We will write I(p) in place of I(p,0)
and identify the spaces of the representations I(p, \) with the space I(p)
by restricting functions to K. The action is then given by

[1(p, N ()¢ (y) = P (yg)eNTu WD =AHl) (4 € 1(p), g,y € G(A)).
For ¢ € I(p) we define ¥y € I(p,\) by

Ua(g) = ey ().

We will identify W (M) with the permutation group &; of [1,t¢] in the
following way. For 7 € &; we define a permutation matrix wys(7) € W (M)
by war(7) = (Ai;), where A;j; is the m.-1(;) X m; zero matrix unless i =
7(j), in which case A;; = 1,,,,. Note that when w = w(7),

wdiag(gy, .., g )w ™! = diag(gr1(1),- -+ gr-1(1))-
Thus wMw™" is of type (M —1(1y, ..., Mr-101)),

wp = ®i6[1,t]p7*1(i)7 WA = (>“r*1(1)7 ceey >“r*1(t))'
We form the Eisenstein series on G(A) by

E(g,p, )= >, ()
YEP(F)\G(F)
If P = M'U’ is associated to P, then for w € W (M, M') the intertwining
operator M (w, A) is defined by

M(w, N(g) = 67<wA,HMI<g>>/ W(wtug)e N w9 gy,
Uw (M\U’(A)

where U,, = U’ N wUw™!. The series and the integral both converge ab-
solutely if RA sufficiently regular in the positive Weyl chamber, and they
possess meromorphic continuations to the space aj; ¢.

The classification of the discrete spectrum for G,,(A) was established
through a deep study by Moeglin and Waldspurger of residues of cuspidal
Eisenstein series in [8]. The representations in I14(G,,) are parametrized

ANNALES DE L’INSTITUT FOURIER
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by pairs (d, 0¢) where d divides m and oo € II.(Gp,/q). Given such a pair
(d,00), the representation I (083‘1, A4) has the unique irreducible quotient
which is denoted by L(og, Ag), where

—1 d— 1—
r= (51550

2 7 2 7772
The representation L(og, Ag) occurs in L3 (G (F)\Gpm(A)') with mul-
tiplicity one. In particular, L(og,Agq) € II.(G,,) if and only if d = 1. For
@ € I(o$?) the meromorphic function

d—1
E(.\) [TOw = A = 1)

i=1

is holomorphic at A = Ay. We define the multiresidue F_;(p) of E(p, \)
at A = A4 to be its limit as A — Ay4. The functions E_1(p) are square
integrable automorphic forms on G,,(A), and pa, — E_1(p) defines an
intertwining map from I(ng’d, Ag) onto L(og, Ag).

Let k; = d;n; and let (k1,...,k,) be a partition of 2n. Take P to be the
standard parabolic subgroup of G with Levi component

M = GL(n1) x --+ x GL(n1) x - -+ x GL(n;) x - -+ x GL(n,).

dy dy

Let @ = LV denote the standard parabolic subgroup of G of type (k1, ..., k).
Put

0= ®@icpiol™ € H.(M), T = @iennL(0i, Ag,) € Iy(L).
Put

ANp=d+1,diyy),  Al=ld+1dy,—1,  diellr]
where d; = Z;;ll dj for i € [1,r +1]. We put |d| = d.,; and set

Ag = (Mg, Mgy, ..., Ag,) € alyy ~ R
We define on aj; ¢ the linear functionals
Ry(N) = A; — Ajan, j € Lldl -1l

For ¢ € I(0) let

E9g, 0= Y elyg)e O
YEP(P\Q(F)

TOME 64 (2014), FASCICULE 4



1568 Shunsuke YAMANA

be an Eisenstein series induced from P N L to L. The function E¥, (¢) is
defined by

The limit exists and @, — E?l () defines a nonzero intertwining map
I(o,Aq) — I(m).
As a representation of G(A) induced from a unitary representation, () is

known to be irreducible [2, 13]. For s € aj ¢ we study the Eisenstein series

E(E?,(¢), s). The series E(E?, (), s) can be continued to a meromorphic
function on the space aj, ¢ which is holomorphic on v—1aj (cf. [9]). It is
important to note that

(1.1) E(E® (¢).5) = lim |E(g,A+s) ][] [] (M) -1)

A= ha i=1 EA!
k2

For w € W(M) we define the multiresidue M_; (w, s) of the intertwining
operator M (w, A) to be the limit

r

M_y(w,s)= lim |[M(w,A+s)][] 11 (Rj(\) —1)

A—A
N i=1jEA], w(j)>w(j+1)

The limit exists when s € a} - is in a general position.

2. The period of the residue

Let «7(G) be the space of automorphic forms on G(A). For ¢ € &/(G)
and a parabolic subgroup P of G we denote by Ep(¢) the set of exponents
of ¢ along P. Let </ (G)" denote the space of automorphic forms on G(A)
whose exponents \ along P satisfy

<>\’w\/> 7£ <2pPH - pP7w\/>

for all w" € (AV)ﬁH and all f-stable standard parabolic subgroups P =
MU of G. Let A¢ be the finite part of A. The procedure outlined in [4, 7],
using a mixed truncation operator Al to regularize the integral, can be
applied to our case with little adjustment. We refer to [10] for the precise
definition and necessary modifications. Here we recall the properties of the
regularized period and its characterization:

ANNALES DE L’INSTITUT FOURIER
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ProOPOSITION 2.1 ([10]). — (1) The regularized integral
¢ ¢(h)dh
H(F)\H (&)

gives a right H(Ag)-invariant functional on <7 (G)'.
(2) If ¢ € &7 (Q) is integrable over the domain H(F)\H(A), then

/ d(h)dh = / ¢(h)dh.
H(F)\H(A) H(F)\H(A)

(3) For any ¢ € </ (QG) the function T — fH(F)\H(A) AT ¢(h)dh, defined
for T € (ag), sufficiently regular in the positive Weyl chamber, is
of the form Y, px(T)eNT) | where A may be taken from the set
Up,, (pp — 2pp, + Ep(¢)) and pA(T) are polynomials. Moreover, if
¢ € (G), then po(T') is constant and is equal to f;(F)\H(A) o(h)dh.

Let P = MU be a 6-stable standard parabolic subgroup of G and p €
II.(M). We denote by vy, the volume of the parallelogram formed by
Ay, For o € I(p) we define j(¢) by

] = k)dmdk.
i) /KH /MH(F)\MH(A)1 plmkydm

Let us put
1 11 1 §
(21) M= pp, — 2p(PO)H = <—2, ey _5, 57 ey 2) € (ao);r.
THEOREM 2.2 (Offen [10]). — Let p € II.(M) and ¢ € I(p). Then
UM;_I6<M+U))\’T>

AL E(h, ¢, \)dh = i(M (w, A
/H e O N = 3 (M (w, \),

wean (it wh oY)
H

where the sum is over all permutations w € W (M) such that the type of
M’ = wMw™! is of the form (my,...,m¢, My, ..., M1).
Proof. — If M’ = wMw~" is of type (my,...,ms,my,...,my), then
’ M’
ppr = 2ppy, = (pry = PBy ) = 2(P(Poy — PR ,) = PPo = 20(Py) s
from which Theorem 2.2 is nothing but Theorem 7.8 of [10]. |

Let P, @, o and 7 be the same as in Section 1 in the rest of this section.

LEMMA 2.3. — Let s € /—1a} and ¢ € I(w). Then the real parts of
cuspidal exponents of E(1, s) are permutations of the sequence

(—Aay;—Aay;. .3 —Ag,)

TOME 64 (2014), FASCICULE 4
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of length |d| in which the order of elements in the segment —A g4, is preserved
for every i € [1,7].

Proof. — Let ¢ € I(0). The Eisenstein series E(p, A) is concentrated on
parabolic subgroups associated to P and hence so is its residue E(E%, (), s).
If P = M'U’ is associated to P, then the constant term of E(p, A) relative
to P’ is given by

Do M(w, Mp(g)el M Har ),
weW (M,M")

Lemme on p. 650 of [8] and the adjoint formula of the intertwining operators
show that

lim | M(w, A +9)p(9) [T TT (BN =1 | =0

A—Ag =1 jens

unless w reverses the orders of elements in the segments Ay, ..., A,, which
completes the proof by (1.1). O

LEMMA 2.4. — If s € /—1a} and ¢ € I(w), then the integral

/ E(h,1, s)dh
H(F)\H(A)

is absolutely convergent.

Proof. — It is explained in the proof of Proposition 1 of [3] how the
convergence of the period of an automorphic form depends only on its
cuspidal exponents. The symplectic period of an automorphic form ¢ on
G(A) converges if there is k € af such that for each standard parabolic
subgroup P’ = M'U’ of G

(ppr = 2Ry, +v+ KM ") <0

for all w" € (AV)&O)H and all the real parts of cuspidal exponents v of ¢

along P, where k™' is the projection of x on (a!')*. Put

e =(1,...,1,0,...,0), e; =—(0,...,0,1,...,1).
Lemma 2.3 shows that (v,ef) < 0 for all i € [1,2n] and all the real parts
of cuspidal exponents v of E(1,s). Since @’ € (AV)&O)H has the form
1(e) +e,) oref +e; forie€ [1,n—1], we see that (v,ww") < 0. Note that
PP, = p%])/ + ppr. Thus k = pp, works in view of (2.1). O

ANNALES DE L’INSTITUT FOURIER
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For any permutation 7 € &; we define k. € Go; via
k(20 — 1) = 771(3), ke (20) =2t +1 —771(3), i€ [l,t.
Put M™ = mTMn;l. When 7 = 1, we denote ko = K, and Mt =M".

PROPOSITION 2.5. — Let ¢ € I(0) and s € v/—1a} . Then
/ E(h, B2, (¢), s)dh = 0
H(F)\H(A)
unless all d; are even. If all d; are even, then for each T € &,
/ B(h, B, (9), $)dh = vary j(M_1 (k7. 5)9).
H(F)\H(A)

In particular, the right hand side is independent of the choice of 7.

Offen demonstrated the special case of this result for » = 1 in [10].
Though the proof holds almost verbatim for our general case, we reproduce
it here. For \ € a}; - we write W (M), for the subset of W (M) consisting
of all elements w that satisfy the following conditions:

e the type of wMw™1! is of the form (my, ..., msme, ..., m1);
o p+wh e (af), .

LEMMA 2.6. — Let s = (s1,...,8,) € v/—la}. Suppose that si,...,5,
are distinct. Then W (M) +s is empty unless all d; are even. If all d; are
even and if we put t = |d|/2, then T — Kk, is a bijection between &, and
W(M)Ad+5'

Proof. — Assume that w € W(M)a, 1. Note that for z = (z1,...,29) €
ayp oo Where M” is of type (ma, ..., my,mye,...,m1), x € (a5), if and only
if x; = woyp1—; for all j € [1,t]. If we put Aly] = (A1 +y,..., A +y) for
A € C* and y € C, then

Aa+s= (Adl [Sl]a Ad2 [52]7 sy Adr[STD'

By the assumption on s, for each j there is a segment A; to which both
w™1(j) and w™1(2t + 1 — j) belong. Therefore all d; must be even for
W (M)p,+s to be not empty. We can infer from (2.1) that

w2t +1—5) —w () =1, j €1,

Lemma 2.6 is now proven in exactly the same way as in the proof of Lemma
8.3 of [10]. O

We appeal to Lemma 8.1 of [10]. There is a minor error in that lemma.
It is true not for a fixed T" but as T varies.

TOME 64 (2014), FASCICULE 4
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LEMMA 2.7 (cf. [10, Lemma 8.1]). — Let V be a finite dimensional
vector space over C. Let
d
AT =" ai(\)elt T,
i=1
where T € V, a; are meromorphic functions near a point A = Ay € V* and
b; are linear endomorphisms of V* such that by(Ag),...,ba(Ag) € V* are
distinct. Assume that limy_,», fA(T) exists. Then a; is holomorphic at Ag
for all i and

d
; — ) (bi(Xo),T')
Jim f3(T) ;az(we :

Now we are ready to prove Proposition 2.5. In view of Lemma 2.4 and
Proposition 2.1(2) our task is to compute

(2.2) / E(h, E2,(¢), s)dh.
H(F)\H(A)

We use Cauchy’s integral formula to express the residue E(E?, (¢), s) as a
Cauchy integral of E(¢p, \). The Cauchy integral can be interchanged with
the truncation operator, and then Fubini’s theorem allows us to exchange
the Cauchy integral and the period integral. This argument is the same
as that introduced by Arthur on pp. 47-48 of [1] (see also p. 293 of [10]).
Therefore we deduce from (1.1) that

/ AT E(h, B (¢), s)dh
H(F)\H(A)

= lim / AL E(h, o, \ + s)dh R,(\)—1
A—=Aqg H(F)\H(A) ( ) Z-I:[ljg;( j( ) )

This limit exists, and Theorem 2.2 combined with Proposition 2.1(3) and
Lemma 2.7 shows that (2.2) is equal to

Ty Ty en (RS — 1)
HaeAﬁI, <:U‘ + ’LU()\ + 5)7 av> .

B S O+
WEW (M)A y+s

Since (2.2) can be viewed as a meromorphic function in s (cf. Proposition
12 of [4]), it suffices to prove Proposition 2.5 for s in a general position of
v/—1a}. Thus we assume that si,...,s, are distinct and that M_;(k, s)
are holomorphic at s for all 7 € &;. Since the first part of Proposition 2.5
follows immediately from Lemma 2.6, we hereafter assume that all d; are
even. Since we know that the limit exists, we may compute it by computing
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a directional limit in a ‘good’ direction. Recall ¢t = |d|/2. For w € W (M)
and i € [1,¢ — 1] we define the functionals L, ; on aj, ¢ by

L i(N) = A1) = Aw—1(i4+1) T Aw-1(20—i) — Aw—1(2t41—4)>
and we set Ly, ¢(A) = Ay-1(1) — Aw—1(¢41)- Then
{wha¥) | a € ALl } = {LusN) | € [1, 4]}

We fix vg € a}; so that L, ;(vo) # 0 for all ¢ € [1,¢] and 7 € &;. Since
(u+ Kr(Aa+s),a¥) =0 for all 7 € &, (2.2) is equal to

Hzll [I iear Ii(vo)
lim vprr TG (M (K, Ag + 8 + cvg)p) —— L=
c—0 T;t H H::1 L/{T,i (UO)

S M gy T )
= M7 T —
€6, ITi—1 L, i(vo)

by Lemma 2.6. The remaining part of the proof continues as in p. 296 of

[10]. Consequently, vasr j(M-1(kr, s)¢) is independent of . O

3. The intertwining periods

Let P = MU be a parabolic subgroup of G. Offen provides a complete
analysis of the double cosets P\G /H in [10, 11]. We recall the necessary
definitions and results. Let wo denote the longest element of WM. Put
wo = w§ and werr = wHw§ . Set

W(0) = {wwow  wo | w € W}.
We will identify WM\W/W with the set pWpns of reduced repre-
sentatives. We use the relative Bruhat decomposition to define a map
tar 2 PNC = mWon by ey (P *x) = &, where PEO(P) = Pxf(P). Proposi-
tion 3.5 of [10] asserts that ¢y defines a bijection P\C ~ W (0) N pyWans.
For £ € W(8) N yWyn we write O for the unique P-orbit in C that ¢y,
maps to &.

The set of admissible twisted involutions is defined by

In(0) = {€ € uWonr | wolwo = £, €0(M)E™" = M} € W(OM, M).
If £ € Tp(0), then €0 acts as an involution on a},, and (a}*w)gie denotes the
+1 eigenspaces of €6 in a},. For £ € J/(6) we put

D¢ = {f € R"(Tn,G) | €08 < 0},
We = {8 € RY(Ly,G) | ¢05 = £B}.
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For &€ € Tp(0) and & € Ty (0) we set
W(E, &) ={weW(M,M)|wé=~Ewwwy, wd>0for eV},
WO(&,¢) ={we W(M, M) | wé = wowwy, wh >0 for § € ¥}

Let (mq,...,m;) be the type of M. An M-admissible involution of [1,¢]
is a permutation 7 € &; which satisfies 72 = 1 and m; = M1 for
i € [1,t] and such that m; is even whenever 7(i) = i. We associate to
&€ € In(0) NW(0) an M-admissible involution ¢ of [1,t] via

wd! Ewo = war(7¢).
The map & — 7¢ is a bijection between Jps(6) N W (6) and the set of all
M-admissible involutions of [1,¢]. We put Sg = {i € [1,t] | 7¢(i) = i}.

Let p € II;(M). Let £ € Jp(0) N W () and choose z € O N ME. We
define p¢ € (a}‘w)ge by requiring dp, (m) = e{2re:Ha(m) for all m € M, (A),
where 0p, is the modulus function of P,(A) and (a}‘w)ge is identified with
X*(M,)®@zR. Since O¢NME is a unique M orbit by [10, Proposition 3.6(2)],
pe is independent of the choice of 2. There is m € M such that mM,m™! is
the subgroup of M consisting of matrices of the form diag[as, ..., at], where

t -1

a; = ‘a; € Gp, whenever 7¢(i) = j # i, and a; € Sp(m;/2) whenever

Te(4) = 4. Lemma 2.4 shows that for any ¢ € I(p) the period integral

PY=(y)(g) =

/ P (mg)dm
M (F)\Ma(A)!
is well-defined.
We choose 7 so that = 1 % 15,. The intertwining period is defined by

31 JEY.A) = PMz (1) (nh)eNHy (1) gp,

[z‘le(A)n\H(A)
for A in some open set of 2p — pp + (a*M,C)g_e- The integral makes sense
and depends neither on the choice of x nor on 7.

ProOPOSITION 3.1. — Notation being as above, if 7y is a sufficiently large
real number, then the integral (3.1) converges absolutely when RA—2p¢+pp
belongs to

Dt ={A € (ahy)g | (A, BY) > for all B € D}
Proof. — For each i there is a pair (d;,0;) such that p; ~ L(o;,Ag,),

where d; divides m; and o; € II.(G),, q,). We can take x € O N Mo
to define J(&,v, A). Let P’ = M'U’ be the parabolic subgroup contained

in P which corresponds to the partition obtained from (mg,...,m;) by
replacing the entry m; by (%%,...,%%) for i € S¢. Let p' = ®;e(1,p, be a
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representation of M'(A), where p}, = p; if i ¢ Se, and pf, = 0®% if i € S¢.
Define N = (A},..., ) € ajy by X, = 01if i ¢ Se, and X, = kg, Ag, if
i € Se. Since Proposition 2.5 shows that PM= (1)) is identically zero unless
all d; are even, we may suppose that all d; are even. Applying Proposition
2.5 to p; for each i € Se, we see that there is an element ¢’ € I(p') satisfying

PY=(9)(g) :/ PMe () (pg)e'-Harr (29 dp,
P (A)\Pz(A)
and hence
J(Ea 11[}5 A) = J(é-M'7w/a A + A/)v
where we view &y = & as an element of Jps(6). One can readily check
that D§7M C DgM,)M/ and
A + )\/ —+ ppr — 2/)51\4/ (S (a’j\/[/@)gM,@,

which reduces the statement to the case where S¢ is empty.

We write 7¢ as a product of disjoint reflections

e = (i1,51) -+ (ie/2, Jes2)-

There is no harm in assuming that p;, =~ p;, for k € [1,t/2]. We write an
Iwasawa decomposition of g € G(A) with respect to P(A) as g = p(g9)k(g)-

Taking into account a canonical identification of p;, with its contragredient,
we see that

etomt @) P ) ) — [ I C OO

Is a matrix coefficient of the unitary representation p;, ®---® p;, ,, so that

sup e~ PP Ha(9) pPMs (1) (g)] < oo.
geG(A)

Proposition 4.3 of [10] now completes our proof. O

THEOREM 3.2. — Let ¢ € I(m) and s € v/—1a} . Then

/ B(h, v, s)dh = 0
H(F)\H(A)

unless all d; are even. If all d; are even, then
/ E(hvwvs)dh: J(WGLaZZJaS)'
H(F)\H (&)

Proof. — We may assume that all d; are even. Put
x = diagleg,, ..., e e €C,  ka = diaglka,,...,kaq.| € W(M, M).

Note that tr(x) = wer € Tp(0) N W(P). The intertwining operator
M_1(ka) = M_1(ka,s) is independent of s. We define w’ € W (M) by
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Kla| = w'ka. If L' is the Levi subgroup of G of type (&, 5 . ke k)

then w’ is given by w’ = wr: (ko). When we view wyy, as an element of
T (0), we will rewrite it as £y7. One can check that w’ € W(&yr,12,). By
the functional equation stated in Theorem 7.7 of [10]

j(M(w/7 /\)(b) = '](127“ M(wlv A)gba UJ/A) = J(€M7 ¢a )‘)
for all ¢ € I(o). By rewriting the formula of Proposition 2.5, we get

/ E(h, B (), )dh = vyy1 (M (', kaha +5)M_ (ka)p)
H(F)\H(A) "

= Unm, J(En, M_1(Ka)p, kala + s).
Note that
v € CNMoly, Qo= Lay,  Puy, =P, =0, (az,(C)l_ugLG = aEC'

Applying Proposition 2.5 to E?l(ap) with L and L, in place of G and H,
we get

H

Unf / PMe (M_1(ka)p)(gg)elrata (a9 dq
Pr (A\Qa (4)

_ / E?, (o) (hg)dh = P"*(E2, (¢))(9)-
Lo (F)\La(A)

Since
(s, Halqg)) = (s, Hr(qg)) = (s, H(9))
for s € aj ¢, ¢ € Q:(A) and g € G(A), we finally obtain

(3.2) / E(h, % (9), 5)dh = J(wpr,, B2 (). 5)
H(F)\H(A)

for s in some open set of aj, . Since the left hand side is meromorphically
continued to a7, - and holomorphic on v —1aj by Lemma 2.4 (cf. Proposi-

tion 12 of [4]), so is J(wer, E% (), s). The stated identity is obtained by
evaluating at s € /—1aj. g

We are going to prove the following result in the next section.

PRrROPOSITION 3.3. — Notation being as in Theorem 3.2, we assume
that all d; are even. Then there is ¢ € I(m) such that the function s —
fH(F)\H(A) E(h,,s)dh is not identically zero.

We set forth the following conjecture:

CONJECTURE 3.4. — Let o € II.(M) and 7 € II4(L) be as in Section 1.
If all d; are even, then I(mw, ) is distinguished by H for each A € \/—1a3.
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The following theorem generalizes Theorem 7.7 of [10].

THEOREM 3.5. — Let p € II4(M), ¢ € I(p) and & € Tpr(0) N W (H).
(1) J(&, ¢, \) extends to a meromorphic function on the space 2pe —

PP+ (ahrc)ep-
(2) For & € Ty (0) and w € W(E, &)

J(&, M (w, N, w\) = J(&,9, \).

Proof. — We can deduce the theorem from (3.2) and [10, Lemma 4.4] by
the same technique as in [4, 7]. The detail is left to the reader. O

4. The local intertwining periods

Let P = MU be a parabolic subgroup of G of type (my,...,m¢), p €
II4(M) and & € Jp(0) N W (). Choose x € O¢ N ME and 7 so that z =
n % 1a,. We assume that 7¢(i) # ¢ for all ¢ € [1,t]. We may suppose that
pi = pre(i) for all i € [1,1] as PM:(3)) is identically zero for all ¥ € I(p)
otherwise. Then the period integral P« gives rise to the unique (up to
a scalar) M, (A)-invariant form lp;, on p. We fix an identification of p
with a restricted tensor product ®,p,. This identification presupposes the
choice of K,-fixed vectors in the space of p, for almost all v. The invariant
form s, on p decomposes into local invariant forms {5, ,, on p,. The local
intertwining period is defined by

o890, A) = Lnty o (B0 () e ) gy

/TIIPm(Fu)ﬁ\H(F«;)

for ¢, € I(p,) and for A in some open set of 2p¢ — pp + (@} ) - Then we
have the factorization

Y(RIPYES || PAKINSIE

provided that ¢ = ®,, is factorizable.

We switch to a local setting and drop the index v from our notation.
Thus F' = F, is a local field of characteristic zero. When X is an algebraic
group over F', we will write X = X (F') for simplicity. The length function
Uyr : W(M) — Zxg is defined in [9] by

Oy (w) = #{a € RY (T, G) | wa < 0}.

For any Levi subgroup M and a € Ay there is an element s, € W (M)
characterized by the property that £3/(s,) = 1 and s, < 0.
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LEMMA 4.1. — Let§{ € Ty (0)NW(0), & € Tnp (0)NW(0), and o € Ayy.
Assume that s, € W(§,¢').

(1) Lonr (&) = Lons (€), Lons (§)+2 or Lypr(§) —2 according as Efa = +a,
a#E0a >0 or —a # {Ha < 0.

(2) Assume that Sg is empty and —a # £0(a) < 0. Let p be an irre-
ducible unitary representation of M. Let ¢ € I(p) and X\ € 2p¢ —
pp + (a3y,c)ep- If the double integral defining J(&, 1, A)converges
absolutely, then

J(E, M(sa, MY, saA) = J(§,9, A).

Proof. — The proof of (1) is the same as that of Lemma 3.2.1 of [7]. Since
war (Ter) = sawnr(Te)sy !, if Se is empty, then Se/ is empty. The proof of
(2) mimics the argument of Proposition 10.1.1 of [7] by utilizing Lemma
3.8 of [10]. O

By the same reasoning as [4, 7, 10] we can use Lemma 4.1 to deduce
convergence and meromorphic continuation of J(&,1, A) from those of the
intertwining operators. As far as the convergence is concerned, we may
replace p by the trivial representation. We will not repeat the proof.

PROPOSITION 4.2. — Let p be an irreducible unitary representation of
M, ¢ € I(p) and & an element of J5;(6) N W () such that Sg is empty.

(1) J(&, ¢, \) converges absolutely when R\ — 2pe + pp € D¢ .
(2) J(& 1, A) is continued meromorphically to 2pe — pp + (0 ¢)gp-

Let (dinq,...,d.n,) be a partition of 2n, P = MU the parabolic sub-
group of G of type (n1,...,n1,...,Np,..., ), and o = ®i€[1’r]gz®di an
irreducible unitary generic representation of M. Suppose that all d; = 2t;
are even. The local L factors L(s, 0; x 0} ) are defined by Jacquet, Piatetski-
Shapiro and Shalika [5] in the nonarchimedean case. Since o is unitary and
generic, the factors L(s,0; x ¢)) are holomorphic in Js > 1.

We use the notation defined in the proof of Theorem 3.2. Take a decom-
position w’ = S84, Sq,, where £ = Ly (w'), a; € Ay, and My = M,
Mi+1 = SaiMiS;.l for ¢ € [1,6]. Since €9M(§M) = QEM(’LU/), Lemma 4.1(1)
shows that —a; # &;0a; < 0, where & = &y, Eiv1 = Sa, Ei(WoSa,wo) ™t for
i € [1,4]. Applying Lemma 4.1(2) successively, we get

J(Ears ¢, A) = J(Lap, M(w', ), w'N), ¢ € I(o).

Observe that M (kq) = M (kq, Aq + s) is independent of s. Note that when
d is even,

{UG:F) |1 <7 <k <d, ra(§) > ra(k)} = {(2, k) | 1 <25 <k < d}.
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If F' is a nonarchimedean field, ¢ is unramified and ¢ € I(o) is K-invariant
such that ¢(e) = 1, then by the Gindikin-Karpelevich formula
r ti—1 2t;

L(k —2j,0; ® o)
M(ra)p =] I H Lk—2j+1,0,®0))

i=1 j=1 k=2j5+1

L(l,0; ® o) )ti™t
—¢H
L(2j+1,0,®0))

and M(w', kaAa + s)¢(e) is equal to

2]€+SZ Sj+t' tj,O'i@Jv)

l<z<]<rk 1= 1Ll*2k+5%*57+t —tj+1l,0i®0))
H H —8j+2k‘—ti—tj—1,0'i®0;/)
. . . _ . \VAN
1<i<j<r k=1 L(si = sj +ti +1;+1 =2k, 0y, © )

PROPOSITION 4.3. — Notation being as above, J({nr, M (ka)w, Kala +
s) is not identically zero as a meromorphic function and as ¢ varies.

Proof. — For g € G and ¢ € I(o) we put

i (2)(g) = /P |, b (M (saplage e ) dg

as in [12]. Theorem 5 of [11] tells us that jr_ is not identically zero on I(o).
Note that

J(€rrs M (Ka)p, kala + 5) = / g, () (hm)elsHrtm) gp,
Qs \H

Since dim Q + dim H, — dim L, = dim G, we see that QH,, is an open set
in G. Thus this integral can be taken to be nonzero by choosing ¢ to be
supported in a small neighborhood inside Q\QH,n. O

Back to the global setup, we are now ready to prove Proposition 3.3. Let
S be a finite set of places of F' which contains all the archimedean places
and such that for all v ¢ S, 0, is unramified and ¢, is K,-invariant. Then

/* E(h, E?,(¢), s)dh = H Res,1 L7 (5,01 @ o))"

H(F)\H(A) [ LS (2 + Lo @ 0))

Sj+2k— i — j—l,O’i@O’j)

ti LS
< 11 1l 7 :
1<i<j<r k=1 '_sj+ti+tj+1_2k’oi®oj)

< | Jo(6ar, M(ka)py, Kala + ).
vES

Proposition 4.3 now completes the proof of Proposition 3.3.
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