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REPELLING PERIODIC POINTS AND LANDING OF
RAYS FOR POST-SINGULARLY BOUNDED
EXPONENTIAL MAPS

by Anna Miriam BENINI & Mikhail LYUBICH

ABSTRACT. —  We show that repelling periodic points are landing points of
periodic rays for exponential maps whose singular value has bounded orbit. For
polynomials with connected Julia sets, this is a celebrated theorem by Douady, for
which we present a new proof. In both cases we also show that points in hyperbolic
sets are accessible by at least one and at most finitely many rays. For exponentials
this allows us to conclude that the singular value itself is accessible.

RESUME. On montre que, pour toute fonction exponentielle avec orbite
singuliére bornée, chaque point périodique répulsif est le point d’atterrissage d’au
moins un rayon externe avec adresse périodique. Cela généralise un théoréme de
Douady qui s’applique au polynémes complexes avec ensemble de Julia connexe,
dont on donne une nouvelle démonstration.

1. Introduction

Let f: C — C be an entire function. Then the dynamical plane C splits
into two completely invariant subsets, the Fatou set F(f), on which the
dynamics is stable, and its complement, the Julia set J(f), on which the
dynamics is chaotic. More precisely, the Fatou set is defined as

F(f) :={z € C:{f"} is normal in a neighborhood of z} .

In this paper, we will consider the case in which f is either a polynomial
or a complex exponential map e* 4+ ¢. An important role is played by the
escaping set

I(f)y:=={z€C: f*(2) > o0 as n — co}.

Keywords: rigidity, accessibility, exponential maps, combinatorics.
Math. classification: 37F10, 37F20.
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For polynomials, I(f) C F(f), while for exponentials I(f) C J(f) (see
[1], [6]). However, in both cases the escaping set can be described as an
uncountable collection of injective curves, called dynamic rays or just rays,
which tend to infinity on one side and are equipped with some symbolic
dynamics (see Sections 2 and 3). While in the polynomial case either a
point is escaping or its orbit is bounded, in the exponential case it might
well be that orbits form an unbounded set without tending to infinity.

For a polynomial of degree D with connected Julia set, I(f) is an open
topological disk centered at infinity, and the dynamics of f on I(f) is con-
jugate to the dynamics of 2P on C\D via the Bottcher map (see Section 2).
In this case, dynamic rays are defined simply as preimages of straight rays
under the Bottcher map, and the symbolic dynamics on them is inherited
from the symbolic dynamics of 2P on the unit circle R/Z (see e.g. [11]).
For exponentials, we refer the reader to [19] and to Section 3 of this paper.
A ray is called periodic if it is mapped to itself under some iterate of the
function.

It is important to understand the interplay between the rays and the set
of non-escaping points. A ray gs is said to land at a point z if g5 \ gs = {z};
conversely, a point is accessible if it is the landing point of at least one ray.

Ideally every ray lands and every non-escaping point in the Julia set is
accessible, like for hyperbolic maps (in both polynomial and exponential
setting). One weaker, but very relevant, question to ask is whether all
periodic rays land and whether all repelling/parabolic periodic points are
accessible by periodic rays. By the Snail Lemma (see e.g. [11]) if a periodic
ray lands it has to land at a repelling or parabolic periodic point.

Periodic rays are known to land in both the polynomial and the exponen-
tial case (see Theorem 18.10 in [11] and [13]), unless one of their forward
images contains the singular value.

The question whether repelling periodic points are accessible is harder
and still open in the exponential case; in this paper, we give a positive an-
swer to this problem for an exponential map f(z) = e* + ¢ whose postsin-
gular set

P = U @)
n>0
is bounded. Observe that in this case the singular value is non-recurrent,

ie,c¢ P(f).

THEOREM A. — Let f be either a polynomial or an exponential map,
with bounded postsingular set; then any repelling periodic point is the
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landing point of at least one and at most finitely many dynamic rays, all
of which are periodic of the same period.

For polynomials with connected Julia set, all repelling periodic points
are known to be accessible by a theorem due to Douady (see [8]). Another
proof due to Eremenko and Levin can be found in [5]: their proof covers also
the case in which the Julia set is disconnected. However, neither proof can
be generalized to the exponential family, because both use in an essential
way the fact that the basin of infinity is an open set. Our proof of Theorem
A also gives a new proof in the polynomial setting (see Section 2).

Our second result is about accessibility of hyperbolic sets. A forward
invariant compact set A is called hyperbolic (with respect to the Euclidean
metric) if there exist k € N and n > 1 such that |(f*)'(z)| > n for all z € A,
k > k. Observe that hyperbolic sets are subsets of the Julia set.

THEOREM B. — Let f be either a polynomial or an exponential map,
with bounded postsingular set. Then any point that belongs to a hyperbolic
set is accessible.

Theorem B for polynomials is a special case of Theorem C in [12]. Un-
der an additional combinatorial assumption (only needed for polynomials,
since having bounded postsingular set is a stronger assumption in the expo-
nential case than in the polynomial case) we also show that there are only
finitely many rays landing at each point belonging to a hyperbolic set (see
Propositions 2.11 and 4.5). This is a new result not only in the exponential
case but also in the polynomial case.

For an exponential map whose postsingular set is bounded and con-
tained in the Julia set, the postsingular set itself is hyperbolic (see [17],
Theorem 1.2). We obtain hence the following corollary of Theorem B:

COROLLARY C. — Let f be an exponential map with bounded postsin-
gular set. Then every point in the postsingular set, and in particular the
singular value itself, are accessible.

Part of the importance of Theorem A is that it gives indirect insight on
the structure of the parameter plane. For example, for unicritical polynomi-
als, it implies that there are no irrational subwakes attached to hyperbolic
components (see Section 1.4 in [8], Theorem 4.1 in [18]). The proof in [18]
is combinatorial and can be applied to the exponential family (see Sec-
tion 4.4). The results in this paper are also used in [2] to show rigidity for
non-parabolic exponential parameters with bounded postsingular set.

The structure of this article is as follows: in Section 2 we introduce some
background about polynomial dynamics; we then present the new proof
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of Douady’s theorem about accessibility of repelling periodic points, fol-
lowed by the proof of Theorem B in the polynomial case. The proof in this
paper only uses quite weak information about the structure of dynamic
rays, opening up this result to be generalized to other families of func-
tions beyond the exponential family. In Section 3 we recollect some facts
on exponential dynamics, including existence and properties of dynamic
rays in this case. In Section 4 we state and prove Theorems A and B in
the exponential setting. More precisely, in Section 4.2 we make some esti-
mates about the geometry of rays near infinity that are needed to prove
Theorems A and B for exponentials; the proofs themselves are presented
in Section 4.3.

We denote by feuci(y) the Euclidean length of a curve v and by £q(7y)
its hyperbolic length in a region 2 admitting the hyperbolic metric with
density pq. A ball of radius r centered at a point z is denoted by either
B.(z) or B(z,r).

Acknowledgments. The first author would like to thank Carsten Petersen
for interesting discussions, as well as the IMS in Stony Brook and the
IMATE in Cuernavaca for hospitality. We would also like to thank the
referee for suggesting several improvements and clarifications. This work
was partially supported by NSF. The first author was partially supported
by the ERC grant HEVO - Holomorphic Evolution Equations n. 277691.

2. Accessibility of repelling periodic orbits
for polynomials with connected Julia set

In this section we give a new proof of Douady’s theorem for polynomials
with connected Julia set, showing that any repelling periodic orbit is the
landing point of finitely many periodic rays.

Let f be a polynomial of degree D with connected Julia set J(f) and
filled Julia set K(f). As K(f) is full and contains more than one point,
1 = C\ K(f) is a domain that admits a hyperbolic metric with some
density pq(z). Since f: C\ K(f) = C\ K(f) is a covering map, it locally
preserves the hyperbolic metric.

Since K (f) is connected there exists a unique conformal isomorphism
(see [11, Chapter 18] and [11, Theorem 9.5]), called the Béttcher function
B, which conjugates the dynamics of f on C\ K(f) to the dynamics of z”
on C\ D and which is asymptotic to the identity map at infinity.

Points in C\D can be written as z = e’ with t € (0,00) and s € R/Z.
We refer to ¢ as the potential of z and to s as the angle of z. Consider the
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straight ray of angle s parametrized as Rg(t) = e'e?™S with fixed s € R/Z
and t € (0,00); we define the curve gs(t) := B7!(Rs(t)) to be the dynamic
ray of angle s, and we keep referring to ¢ as the potential.

The space X p of infinite sequences over D symbols projects naturally to
R/Z via the D-adic expansion of numbers in R/Z, and this projection is one-
to-one except for countably many points corresponding to D-adic numbers.
The same projection semiconjugates multiplication by D on angles in R/Z
to the left-sided shift map o acting on X p. In this paper we will use both
models. The sequences in X in our paper represent angles, so we will often
use the term ’angle’ when referring to them.

For s = sps182... and s’ = ssish ... in ¥p we consider the distance

(2.1) s—s/lp =y 1l
. Ditl
7
We will denote by |s — s| the usual distance between angles in R/Z. A
continuous map ¢ acting on a compact metric space (X, d) is called locally
expanding if there exists p > 1 and € > 0 such that d(¢(z), #(y)) = pd(z,y)
for any two points x,y € X with d(z,y) < e. Both the shift map o on Xp
and multiplication by D on R/Z are locally expanding by a factor D.
Define the radial growth function as F : ¢ — Dt. Then since Rg(t) —
Rys(F(t)) under the map z + 2P we also have

(2.2) f(gs(t)) = gos(F (1)).

A fundamental domain starting at ¢ for a ray gs is the arc gs([t, F(t))),
and is denoted by I;(gs)-

The following lemma relates convergence of angles to convergence of
dynamic rays.

LEMMA 2.1. — Let f be a polynomial of degree D. For each t,,t* > 0,
the rays gs, (t) converge uniformly to the ray gs(t) on [t.,t*] as s, — s.

Proof. — The inverse of the Bottcher map is uniformly continuous on
the closed annulus {z € C : z = e'e?™ with t € [t.,t*], s € R/Z}. Since
the straight rays R (t) converge uniformly to the ray Rs(t) on the compact
set [t«,t*], the claim follows. O

The next lemma gives a sufficient condition to determine when the limit
dynamic ray lands. The proof is the same in both the polynomial and in
the exponential cases, once dynamic rays for the latter have been defined
(see Section 3 for dynamic rays in the exponential family).

LEMMA 2.2. — Let g € C, tg > 0, and for all m € N define t,, :=
F~™(tg). Also let gs, be a sequence of dynamic rays such that s,, — s, and

TOME 64 (2014), FASCICULE 4
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such that I, (gs,) C B(zo, ) for some A > 0,v > 1 and for all n > N,,.
Then g lands at xg.

Proof. — To show that gs lands at z it is enough to show that for
each m,

A
Itm(gs) CcB <:C07 W) .

For any fixed m > 0, gs, — gs uniformly on [t,,,tm,—1] by Lemma 2.1. As
I, (gs,) is eventually contained in B (zo, ), taking the limit for n — oo
gives the claim. O

The following lemma is a consequence of the fact that for points tending
to the boundary of a hyperbolic domain, the hyperbolic density tends to
infinity.

LEMMA 2.3. — Let Q C C be a hyperbolic region. Let v, : [0,1] — Q
be a family of curves with uniformly bounded hyperbolic length and such
that v, (0) — 09Q. Then Loyl (Yn) — 0.

For reader’s convenience, we will outline a proof.

Proof. — Passing to a subsequence, we let v, (0) converge to some point
29 € 0. Let us take two more boundary points, 21,22 € 0f, such that
dist(z;,2;) 2 6 >0, 0 <14 < j < 2, where dist is the spherical distance and
d = 6(92). By the Schwarz Lemma, the hyperbolic metric on €2 is dominated
by the hyperbolic metric on C \ {20, 21, 22}, so it is enough to prove the
statement for the latter domain.

Let us move the points (zo, 21, 22) to (0,1,00) by a M&bius transforma-
tion A. Since the triple {zq, 21, 22} is d-separated, the spherical derivative
IDA(2)| is bounded from below by some constant ¢(d) > 0. Hence it is
enough to prove the statement for @ = C\ {0,1}. In this case, the uni-
versal covering H — € is the classical triangle modular function A\ with
fundamental domain

{zeH: 0<Rez<2,/]zx1/2] >1/2}.

Near oo, this function admits a Fourier expansion of form ¢(e™#), where
¢ is a univalent function near 0. Pushing the hyperbolic metric on H down,
we conclude that the hyperbolic metric on §2 near 0 is comparable with
|dz|

do| = —1ZL
PN = g T

Since foe p(x)dx = oo for any € > 0 (i.e., the cusp has infinite hyperbolic
diameter), the curves 7, uniformly converge to 0. Hence inf, p(z) — oo
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as n — oo, and

[dz]]
1(Vn :/ —0 asn— oo,
(7n) o)

where || - || stands for the infinitesimal length of the hyperbolic metric. O

2.1. Proof of Theorem A in the polynomial case

In this section we give a proof of Theorem A in the polynomial case. Up
to taking an iterate of f, we can assume that the repelling periodic point
in question is a repelling fixed point a. Let p > 1 be the modulus of its
multiplier, and let L be a linearizing neighborhood for a.. For the branch
of f~! fixing «, it is easy to show using linearizing coordinates that there
exists a C' > 0 such that for all z € L

1 C
o <l @) <

Before proceeding to the proof of Theorem A let us observe the following:

(2.3)

PROPOSITION 2.4. — The Euclidean length {eyc1(I1(gs)) tends to 0 uni-
formly in s ast — 0.

Proof. — Let t, > 0, t* > F?(t,), Q = C\ K(f). By uniform conti-
nuity of the inverse of the Boéttcher map on compact sets, the Euclidean
length loyci(gs(t«,t*)), and hence the hyperbolic length £q(gs(t«,t*)), are
uniformly bounded in s. So by the Schwarz Lemma, £o(f~"(gs(t«,t*)))
is also uniformly bounded in s and n, and hence £q(I+(gs)) is uniformly
bounded in s for ¢ < ¢, (because for any such ¢, I;(gs) C f~"(g5(t«,t*)) for
some § € R/Z and some n > 0). Since the inverse of the Bottcher map is
proper, dist(gs(t), J(f)) — 0 uniformly in s as ¢ — 0, hence by Lemma 2.3
Leuc1(I1(gs)) — 0 uniformly in s as t — 0. O

THEOREM 2.5. — Let f be a polynomial with connected Julia set, and
let « be a repelling fixed point for f. Then there is at least one dynamic
ray gs landing at o.

Proof. — Let L be a linearizing neighborhood for a and p be as in (2.3).
Let U’ C L be a neighborhood of «, and let U be its preimage under the
inverse branch v of f which fixes «.. Let € be the distance between U and
oU’. By Proposition 2.4, there exists ¢, such that

(2.4) lonar(It(gs)) < e forall se€¥p,t < t..

TOME 64 (2014), FASCICULE 4
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As « is in the Julia set, it is approximated by escaping points with
arbitrary small potential ¢, hence there exists a dynamic ray gs, such that
gs, (to) belongs to U for some tg < te. By (2.4), leua(It,(9s,)) < €, hence
I, (gs,) C U’ (See Figure 2.1).

Figure 2.1. Construction of the curves 7, in the proof of Theorem 2.5.

For any n > 0 recall that ¢™ is the branch of f~" fixing «, and let gs, be
the ray containing 9™ (I3,(gs,)). Observe that o”s,, = s for all n. Let us
define inductively a sequence of curves v, C gs, as

Yo ‘= Ito (gSg)
Tn = w(’}/n—l) U Ito (gsn)'
We show inductively that the curves +,, are well defined and that the fol-
lowing properties hold:
(1) ¥n = s, (tn, F'(to)), where t, := F~"(to);
(2) vn C U’ for all n;
(3) I, (g9s,) CB (a, CdjfiW), for all m < n.
All properties are true for 7, so let us suppose that they hold for ~,_; and
show that they also hold for ~,,. We have that

V(Y1) = ¥(gs,_, (tn—1, F(t0))) = gs, (tn, o)

by the functional equation (2.2) and by the definition of gs_ . Also, ¥ (vn—1)
C U because by the inductive assumption v,—1 C U’ and ¢(U’) = U. As
loncl (11, (9s,,)) < €, and gs_ (t,,to) C U, we have that v, C U’.

Ifzel, (gs,) for m < n,then z = ¢™y for some y € Iy, (gs,_,,) C U,
hence by (2.3) we have

< Cly — «f o C diam U’

|z — « — < o

)

ANNALES DE L’INSTITUT FOURIER
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proving Property 3.

As the sequence {s,} of angles of the rays gs, is contained in R/Z, there
is a subsequence converging to some angle s. As the Julia set is connected,
no singular value is escaping, hence the ray gs of angle s is well defined for
all potentials ¢ > 0. Landing of g5 at a follows from Property 3 together
with Lemma 2.2. g

To prove periodicity of the landing ray constructed in Theorem 2.5 we
use the following lemma.

LEMMA 2.6. — Let (X,d) be a compact metric space, f : X — X be
a locally expanding map and let A C X be a closed invariant subset. If
f:+ A— A is invertible then A is finite.

Proof. — Since A is compact and f : A — A is invertible, it is a homeo-
morphism, so f~! : A — A is uniformly continuous. Let us take ¢ > 0 from
the definition of the local expanding property. Then there exists 0 € (0, ¢€)
such that if d(z,y) < & for some points x,y € A then d(f 'z, f~ly) < e
Moreover, by the local expanding property

d(f e, fhy) < pld(a,y) < pTlo <
Iterating this estimate, we obtain
d(f "z, fy) < p "d(zyy) < p "I —= 0 asn — oo.

Let us now cover A by N d-balls B; C A. Then the last estimate shows that
A is covered by N (p~"d)-balls f~™(B;), which implies that A contains at
most N points. O

PROPOSITION 2.7. — Any dynamic ray gs obtained from the construc-
tion of Theorem 2.5 is periodic.

Proof. — Let B := {sp}nen be the set of angles of the rays ¢"(gs,)
constructed in the proof of Theorem 2.5, and A be their limit set defined
as

A:={seXp:s,, —s fors, €B,n,— o}
The set A is closed and forward invariant by definition, and for any s € A
the ray gs lands at a by the construction of Theorem 2.5. In order to use
Lemma 2.6, we begin by showing that o : A — A is a homeomorphism. We
first show surjectivity of o. For any s,,+1 € B,0s,+1 = s, by definition of
sp. If s € A, there is a sequence s,,, € B converging to s; then the sequence
Sn.+1 € B has at least one accumulation point § € A and since osy, +1 =
Sp, for all ny, by continuity of o we have that 0§ = s. To show injectivity of
o| 4 suppose by contradiction that there exist s, s’ € A such that os = os’.

TOME 64 (2014), FASCICULE 4
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Since « is a repelling fixed point it has a simply connected neighborhood
U such that f: U — U’ D U is a homeomorphism, and since both g5 and
gs land at «, there is a sufficiently small potential ¢ such that gs(¢) and
gs (t) are both in U. Then f(gs(t)) = f(gs'(t)) = gos(F(t)) contradicting
injectivity of f on U. The claim then follows from Lemma 2.6. g

The next lemma can be found in [11], Lemma 18.12. The proof holds
also in the exponential case; see at the end of Section 3 for more details.

LEMMA 2.8. — If a periodic ray lands at a repelling periodic point z,
then only finitely many rays land at 2y, and these rays are all periodic of
the same period.

COROLLARY 2.9. — All the rays landing at a repelling fixed point are
periodic.

This concludes the proof of Theorem A in the polynomial case.

2.2. Proof of Theorem B in the polynomial case

In this subsection we prove Theorem B in the polynomial case and we
show that under an additional combinatorial condition, every point in a
hyperbolic set is the landing point of only finitely many dynamic rays.

Proof of Theorem B. — Let A be a hyperbolic set. Up to taking an
iterate of f, we can assume that there is a d-neighborhood U of A such
that |f'(z)| >n > 1forallz e U.

Fix some z( in A, and let us construct a dynamic ray landing at xq. Let
r, = f"(x0), B}, := Bs(xn), Bn = Bjy(x,). Observe that for each n
there is a branch ¢ of f~1 such that ¥(B/)) C B,_1. We refer to ¢)™ as the
composition of such branches, mapping x,, to T,,_,. Let € := § — §/n, and
let t. be such that the length of fundamental domains starting at ¢ < ¢, is
smaller than e (see Proposition 2.4). Let us define a family of rays to which
we will apply the construction of Theorem 2.5.

Let tg < t. be such that each B, contains a point of potential ¢g. For
each n, let A, be the family of angles s such that gs(t9) € By,. By Propo-
sition 2.4, and because dist(0B,,,0B},) =€, I1,(9s) C Bj, for any s € A, .
For each s € A, , denote by g5 the ray to which ¥™(gs)(to) belongs to
(see Figure 2.2). For any m € N let t,,, := F~™(ty); following the construc-
tion of Theorem 2.5, we obtain that

(V" gs, ) (tm, F(to)) C Bl,_,, forany m <n, s, € A, .

ANNALES DE L’INSTITUT FOURIER
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Also,
n ]
(2.5) I, (Vigs,) C B | zo, pory for any m < n, s, € A, .

Consider now any sequence {s,, } of angles such that s,, € A, , and let a,
be the sequence of angles such that g, := ¢} gs,. Observe that a,, € A,,,

that o™a,, = s,, and that I} (ga,) C B (a:o, ni’"
by (2.5). Then by Lemma 2.2, for any accumulation point a of the sequence

forany m < n, n € N

{a,} the ray g, lands at zg. O
Y

RN

Ja Jsp\ 1 Js

(1)

By B, Bn

By B, _, B,

o

Figure 2.2. Construction of a landing ray for a point o € A. Here only
the pieces of rays gs,, and gs, , between potentials to and F'(to) are shown
in B], and B],_, respectively. Similarly, only the piece of ray ga, between

potential F~(0) and t, is shown inside Bo.

If we assume f to be a unicritical polynomial satisfying some combinato-
rial conditions, we can show that there are only finitely many rays landing
at each z € A. We say that two points 21, 29 are combinatorially separated
if there is a curve I' formed by two dynamic rays together with a common
landing point such that z1, zo belong to different components of C \ I".

Remark 2.10. — Let f be a unicritical polynomial of degree D. Then
there is a rotational symmetry given by f(e*™/Pz) = f(z), implying that
two dynamic rays of angles s,s’ land together if and only if the dynamic
rays of angles s+ j/D,s' + j/D (obtained from the dynamic rays of angles
s,s’ through a rotation of angle 27j/D) do for j = 1...D — 1. Then
by the cyclic order at infinity, two dynamic rays of angles s,s’ can land
together only if |s — 8’| < 1/D; otherwise, the two dynamic rays of angles
s+ 1/D,s" + 1/D would intersect them, giving a contradiction.

TOME 64 (2014), FASCICULE 4
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PROPOSITION 2.11. — Let f(z) = zP + ¢ be a unicritical polynomial of
degree D, and let A be a hyperbolic set. Suppose moreover that either 0
is accessible or that any x € A is combinatorially separated from 0. Then
there are only finitely many dynamic rays landing at each x € A.

Proof. — Since A is a hyperbolic set, up to proving the statement for
f¥(A) we can assume that 0 ¢ A. For z € A, let A, be the set of angles of the
rays landing at . By Theorem B, each A, is non empty. Near x, f is locally
a homeomorphism, so the set A, is mapped bijectively to the set Ay(,) by
the shift map o and there is a well defined inverse o~ ! : Af@) = A
Recall that o is locally expanding by a factor D. Let us first assume that
o~ ! is uniformly continuous on the sets {Az}zen, in the sense that there
exists an € > 0 such that for any x € A, and for any a,a’ € Ay, such that

la —a’| < € we have
1
(2.6) lo~ta—o7ta’| < D la —a’|.

Fix a point yo € A and let y,, := f"(yo). Consider a finite cover of R/Z by
e-balls, say N balls, where € is given by uniform continuity of o ~'. Then for
any n, A, is covered by N balls of radius €. By (2.6), their n-th preimages
have diameter ¢/D™ and cover Ay, . Passing to the limit, we conclude that
Ay, contains at most /N points.

So it is only left to show that ¢! is uniformly continuous in the sense of
(2.6). Suppose by contradiction that there is a sequence of points z,, € A,
and two sequences of angles a,,a,’ € Ay(,,) such that |a, —a,'| — 0,
but |0~ ta, —o~ta,’| = § > 0. Call s,,,s,, the angles 0~ 'a,,,0c~ta,’, and
assume for definiteness that s, < s,’. Since a,, and a,,’ converge to the
same angle and the preimages under o of any angle are spaced at 1/D
apart, § = k/D for some integer k € [1, D — 1]; since the rays gs, and
gs, land together at the point x,, & = 1 by Remark 2.10. By the D-
fold symmetry of the Julia set, the rays of angles s,, + j/D,s,’ + j/D for
j=1...D—1 also land together at the points e>™/Pz, (see Figure 2.3).

Altogether, these D pairs of dynamic rays divide C into D + 1 connected
component. Let V,, be the one that contains the critical point 0. Since for
each i we have:

(Sn/+]/D)7(Sn+]/D)*>1/D a:S’rL*>OO7
we conclude that
(2.7) (sn+ (j+1)/D)—(sy' +j/D) =0 asn— oco.

Let Q = (V. Then 0 € @ by definition, and Q@ N A # () because A is
compact and V,,NA # ) for all n. Let 2 € QN A. By (2.7), there are exactly
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Figure 2.3. Illustration to the proof of Proposition 2.11 for D = 4; the
region V;, is shaded in gray. Its boundary consists of the rays gs,, gs: and
their rotations by w/2. The limiting rays are colored in red, and they all
either land at 0 or land at four different points which are rotations of each
other by /2.

e

D limiting rays entering ). By symmetry, if these rays land, they either all
land at 0, or they land at D different points belonging to some orbit of the
27/ D-rotation. This gives an immediate contradiction with either of our
assumptions:
« Since there are no pairs of rays which could separate 0 from points
of @, the point z € A is not combinatorially separated from 0, giving
a contradiction with the first assumption;
e In the case when 0 is accessible, this implies that no other acces-
sible point can belong to Q; in particular z € A is not accessible,
contradicting Theorem B.

This concludes the proof of (2.6) and hence of the proposition. g

3. Dynamic rays in the exponential family

For the remaining two sections, f(z) = e* + ¢ will be an exponential
function, and J(f) will be its Julia set. Any two exponential maps whose
singular values differ by 27i are conformally conjugate, so we can assume
—m < Ime < 7. Let arg(z) be defined on C\ R_ so as to take values in
(=m, ), and let

R:={2z€C: Imz=1Imc, Rez < Rec}.
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We define a family {L,} of inverse branches for f(z) =e* +con C\ R as
L, (w) :=log|w — | + iarg(w — ¢) + 2mwin.

Observe that L,, maps C\ R biholomorphically to the strip
Sp={2z€C:2mn—7m<Imz < 2mn+7}.

Observe also that |(Ly,) (w)
Dynamic rays have been first introduced by Devaney and Krych in [4]
(with the name hairs) and studied for example in [3]. A full classification of

| = ey

the set of escaping points in terms of dynamic rays has been then completed
by Schleicher and Zimmer in [19]. For points whose iterates never belong
to R, we can consider itineraries with respect to the partition of the plane
into the strips {S,}, i.e.,

itin(z) = sos1s2... if and only if f/(2) € Ss,.

For a point z whose itinerary with respect to this partition exists, we refer
to it as the address of z. The set S of all allowable itineraries is called the set
of addresses; by construction, is is a subset of ZN. Addresses as sequences
can be characterized also in terms of the growth of their entries. According
to the construction, addresses of points cannot have entries growing faster
than iterates of the exponential function. Let us use the function F : t —
e? —1 to model real exponential growth. A sequence s = sgs153 ... is called
exponentially bounded if there exists constants A > 1/27, > 0 such that
for all £ > 0.

(3.1) |si| < AF¥(x)

This growth condition turns out to be not only necessary but also sufficient
for a sequence to be realized as an address (see [19]), so that S also equals
the set of all exponentially bounded sequences in Z" (see also Theorem 3.1
below).

An address is called periodic (resp. preperiodic) if it is a periodic (resp.
preperiodic) sequence. If s = s08182. .., let ||s||o = sup|s;|/27. We call s
bounded if ||s|lc0c < 00. For j € Z and s € S, js stanzds for the sequence

7505152 - - .-
Given an address s we define its minimal potential

. ) |sk| }
ts:=inf <t > 0:lim su =0,.
1 { ke FE(1)

Observe that if s is bounded, t5 = 0.
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Definition, existence and properties of dynamic rays for the exponential
family are summarized in the following theorem ([19], Proposition 3.2 and
Theorem 4.2; the quantitative estimates are taken from Proposition 3.4).

THEOREM 3.1 (Existence of dynamic rays). — Let f(z) = e* + ¢ be an
exponential map such that c¢ is non-escaping, and K be a constant such
that |c| < K. Let s = s9s152... € ZN be a sequence satisfying (3.1), and
let ts be the minimal potential for s. Then there exists a unique maximal
injective curve gs : (ts,00) — C, consisting of escaping points, such that

(1) gs(t) has address s for t > x + 2log(K + 3);

(2) F(gs(t)) = gos(F(1));

(3) |gs(t) — 2misg — t — ts| < 2e7H(K + 2 + 27|s1| + 2mAC) for large t,
and for a universal constant C.

The curve gs is called the dynamic ray of address s. As for polynomials,
a dynamic ray is periodic or preperiodic if and only if its address is a
periodic or preperiodic sequence respectively. Likewise, the fundamental
domain starting at ¢ for g is defined as the arc I;(gs) := gs(t, F(t)).

Remark 3.2. — Fix a parameter ¢ which is non-escaping. If s is bounded,
the constant x in Theorem 3.1 can be taken arbitrarily small, so Prop-
erty (1) holds for ¢ > 2log(K+3). Moreover, gs(t) is approximately straight,
i.e., there exists a constant C’'(K,ts) such that |gL(t) — 1] < C'(K,ts) for
large ¢t and C’'(K,ts) does not depend on s if s is bounded (see Proposi-
tion 4.6 in [7]). It then follows from the asymptotic estimates in Theorem 3.1
that for any ¢ there exists a constant B(t, [|s||«) such that

(32) geucl(-[t(gs)) g B(t7 ||S||oo)) ~ €t —t.

The notion of minimal potential is important to have a parametrization
of the rays respecting some kind of transversal continuity. The following
lemma holds, and will play the role of Lemma 2.1 for the exponential fam-
ily. A proof can be found in [15]; we will use the formulation from [14],
Lemma 4.7).

LEMMA 3.3 (Transversal continuity). — Let f be an exponential map,
{sn} be a sequence of addresses, s, — s € S such that ts, — ts. Then
gs, — gs uniformly on [t,,00) for all t, > ts.

It will be useful to keep in mind the next observation, which moreover
concurs to the validity of Lemma 2.8 in the exponential case.

Remark 3.4. — The addresses of two rays gs, gs landing together cannot
differ by more than one in any entry. Suppose by contradiction that they do:
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up to taking forward iterates of the two rays (which keep landing together
by continuity of f) we can assume that s = sps1s2. .. and 8’ = s{ s s}, differ
by more than one in their first entry. Suppose for definiteness that sy < sj.
By the 27i symmetry of the dynamical plane, the rays with addresses 8’ :=
(st — 1)ssh... and § := (sg — 1)s1s2... land together. Since |sg — sp| > 2,
we have that so < Sp < s, so by the asymptotic estimates in Theorem 3.1
the two curves I' = g5 U g¢» and I = 97U g5, would intersect contradicting
the fact that dynamic rays are disjoint.

We now give a sketch of the proof of Lemma 2.8 in the exponential case,
referring to the proof of Lemma 18.12 in [11] for polynomials.

Proof of Lemma 2.8 in the exponential case. — Let zg be a repelling
periodic point which is the landing point of a periodic dynamic ray gs,
and let A be the set of addresses of the rays landing at zp. Since ||s||s is
bounded, by Remark 3.4 the norm of all addresses in A is also bounded
by some constant M > 0. Then A C Xp for D = 2M + 1, where Xp is
represented as Xp = {—M,..., M}". The proof of Lemma 18.12 in [11]
can then be repeated. O

4. Accessibility for exponential parameters
with bounded postsingular set

4.1. Statement of theorems and some basic facts

From now on we will consider an exponential function f with bounded
postsingular set, which implies that the singular value is non-recurrent; this
excludes the presence of Siegel disks (see Corollary 2.10, [17]). The strategy
used for the proof of Theorem A and B for polynomials can be extended
to the exponential family to prove the following theorems.

The first theorem is Theorem A stated for the exponential family.

THEOREM 4.1 (Accessibility of periodic orbits for non-recurrent para-
meters). — Let f be an exponential map with bounded postsingular set.
Then any repelling periodic point is the landing point of at least one and
at most finitely many dynamic rays, all of which are periodic of the same
period.

COROLLARY 4.2. — For Misiurewicz parameters, the postsingular peri-
odic orbit and hence the singular value are accessible.
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For hyperbolic, parabolic and Misiurewicz parameters Theorem 4.1 has
been previously proven in [20]. The next theorem is Theorem B stated for
the exponential family, with the additional property that the set of rays
landing on a hyperbolic set have uniformly bounded addresses.

THEOREM 4.3 (Accessibility of hyperbolic sets). — Let f be an expo-
nential map with bounded postsingular set, and A be a hyperbolic set.
Then any point in A is accessible; moreover, the dynamic rays landing at
x € A all have uniformly bounded addresses.

Remark 4.4. — The family of rays constructed in Theorem 4.3 form
a lamination. Continuity of the family of rays on compact sets is a con-
sequence of Lemma 3.3. Continuity up to the endpoints follows from the
estimates in (4.9).

We also prove that there are only finitely many rays landing at each
x €A

PROPOSITION 4.5. — Let f be an exponential map with bounded post-
singular set, and A be a hyperbolic set. Then there are only finitely many
dynamic rays landing at each x € A; more precisely there exists a constant
Ny such that for each x € A there are at most Ny rays landing at x.

In the case in which the postsingular set is bounded and contained in the
Julia set, Rempe and van Strien ([17], Theorem 1.2) have shown that it is
hyperbolic (see also [10], Theorem 3, for a different perspective). Together
with Theorem 4.3, this implies accessibility of the postsingular set.

COROLLARY 4.6. — Let f be an exponential map with bounded postsin-
gular set. Then any point in the postsingular set is accessible.

We will prove Theorem 4.1, Theorem 4.3 and Proposition 4.5 in Sec-
tion 4.3. Like in the polynomial case, the strategy is to first prove a uni-
form bound on the length of fundamental domains I7(ga) for some fixed T
and some specific family of addresses, then to translate this into a uniform
shrinking for fundamental domains I;(ga) as t — 0, and finally to study the
local dynamics near a repelling periodic orbit. The main difficulties com-
pared to the polynomial case are to find an analogue of Proposition 2.4,
and to show that the dynamic rays obtained by pullbacks near the repelling
fixed point have uniformly bounded addresses.

In the following, let P(f) be the postsingular set, and  := C\ P(f). As
P(f) is forward invariant, Q is backward invariant, i.e., f~1(Q) C Q.

PROPOSITION 4.7. — If P(f) is bounded, Q is connected.
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Proof. — As P(f) is bounded, there are no Siegel disks, hence either
J(f) = C or f is parabolic or hyperbolic. In the last two cases P(f) is
a totally disconnected set and the claim follows. If J(f) = C, consider
the connected components V; of Q; as P(f) is bounded, there is only one
unbounded V;. On the other side, by density of escaping points, each V;
contains escaping points; as dynamic rays are connected sets, each V; has
to be unbounded, hence there is a unique connected component. O

As Q) is connected, and omits at least three points because ¢ cannot be
a fixed point, it admits a well defined hyperbolic density po. As P(f) is
bounded, we have

(4.1) im 22
|2| =00 peucl(z)

To see this, observe that, since P(f) is bounded, pq is bounded from above
by the hyperbolic density of the set ' := C\ Dg, for some sufficiently large
R. The latter density pg: can be computed directly by using that Q' is the
image under the exponential map of the right half plane {z € C: Rez >
log R}. This yields pg < ﬁ as z — oo giving (4.1).

4.2. Bounds on fundamental domains for exponentials

In this section we prove a uniform bound on the length of fundamen-
tal domains for an appropriate family of dynamic rays (Proposition 4.11).
Observe first that since P(f) is bounded, by the asymptotic estimates in
Theorem 3.1 for any ray gs there exists T sufficiently large such that all
inverse branches of f™ are well defined and univalent in a neighborhood of
9s(T', 00).

PROPOSITION 4.8 (Bounded fundamental domains for exponentials).
Let g5 be a dynamic ray with bounded address and let C' be a sufficiently
large positive constant. Let

A:={aeS8:0™(a) =S5 for some m > 0},
and let {ga}aca be the collection of pullbacks of gs. Then there exists T

such that for allt > T a € A:

(P1) Ifa = ay,...a2a18, then g,(t) =L
(P2) Regal(t) > C;
(P3) louci(It(ga)) < B(t), with B(t) independent of a.

0---0 Lalgg(Fm(t));

Am
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For any positive constant C' let us denote by H¢ the right half plane
He :={z€ C:Rez>C}.
Proposition 4.8 is a consequence of the following proposition.
PROPOSITION 4.9 (Branches of the logarithm). — Let gs be a dynamic
ray with bounded address and fix a small € > 0. Let C > max(2,Rec +
4, %), and such that P(f)NHe = (). Then there exists T > 0 such that for

any m > 0, for any z = gs(t) with t > F™(T) and for any finite sequence
Qm, - - - a1 we have the following properties:

(1) ReL,,, 0-+-0L, (2) —Rec>ReLy(z) —Rec—¢€/2 > C
(2m) |La,, 00 La (2) —c| 2 | L7 (2) — | —e.
Moreover, for some C' > 0
(4.2) (Lay, 0+ 0 Lay)' (2)] < eV [(LF)'(2)].
Proof. — Denote by 0™ the finite sequence formed by m zeroes, and let
A ={acAd:a=0"8, me N}

As |[8]|c < M for some M, we have ||a]|o < M for any a € A’. It follows
from (3) in Theorem 3.1 that for any e there exists T, such that

(43) galt) — ] < €

for any a € A’, t > T.. By Remark 3.2, we have that

(4.4) 9omz(t) = Lg'gs(F™(t)) for t > 2log(K + 3)
and that

(4.5) lowet(I1(ga)) < B(t) ~e' —t Va € A'.

We first show that (1,,,) implies (2,,), and then that (2,,) implies (1,,41).
Let T > T. be large enough. By (4.3) for all ¢t > T,

(4.6) Re Ly (gs(F™(t))) > T — e > C + Rec for all m.

For m = 1, we have that Re L,, (2) = Re Ly(2), so (11) holds by (4.6).
Now let us show that (1,,) implies (2,,).

|Lg'(2) — ¢| = \/\ Re L7 (z) —Rec|? + | Im LF*(z) — Im ¢|?
€

< (Re L7(2) — 1
(Re L§'(2) Rec)\/ +|ReL6”(z)—Rec|

<ReL6”(z)—Rec+% <RelL,, o---0L,(2)—Rec+e

< |Lg,, 00 Lg, (2) —c| +e.

Am
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To show that (2,,) implies (1,,+1) for any m, observe that

RelL o---0L4 (2) =log|Ls,, o--0Lg (2)—¢|

Am41
2€

ILE (=) — ¢
>log |LT(2) —c| —¢/2=Re L] (2) —¢/2 > C + Rec.

> log(|Lg'(2) — ¢ —€) = log|Lg'(2) — ¢|

We now check Equation (4.2). We need a preliminary observation. Let
w be a point with Rew > C whose image f(w) is in Sp. By computing the

Rew

intersections of 05y with the circle of radius e centered at ¢ (and using

the fact that |Im¢| < 7) we obtain
(4.7) Re f(w) > Rec+ €% /2 > (Rew)? > C2.

Since if w := L§'(z) we have fI(w) € Sy for j < m — 1, it follows by
induction that

Re f/(w) = Re Lgl*j (2) = (Re w)Qj > o?
hence
1L (2) — ¢| > Re L7 (2) — Rec > C* —Rec.

Let C' =23 ° m < o0, and let o; := |Lj(2) — c|. Then by direct
computation using Property (2,,) and Taylor expansions we have that

1 1 1
(La,, 0+ 0 La,) (2)| =
! ‘ |2 —cl [La,(2) =] |(Lay,_, 0 La,)(2) — |
1 1 1

<
[z =l [Lo(z) —c| —¢  [(Lg7'(2) ¢ —¢

m—1

m—1
0" ! m - (1—e/av;
<IEEYEINT =g < 1TV E)le 2L os(1—c/a)
i=1 g

<L) (2)]e
O

Proof of Proposition 4.8. All addresses in A are bounded, so by Re-
mark 3.2, ga(t) has address a for ¢t > 2log(K + 3), proving Property (P1).
Take T such that Proposition 4.9 holds. From Property (1,,), Rega(t) >
Re L' (9s(F™(t))) — €/2 > C 4+ Re ¢ proving Property (P2).

Finally, leua(I:(9a)) < B(t) for all a € A’ by (4.5), 80 Lewa(L1(ga)) <
B'(t) for all a € A and for some B’ by (4.2); Property (P3) follows. O
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Let us now show that the length of fundamental domains {I;(ga)}aca
shrinks as ¢ — 0 for the family of pullbacks of the ray g-. The next proposi-
tion follows from classical arguments for normal families, see e.g. [9], Propo-
sition 3. We include a proof for completeness.

PROPOSITION 4.10 (Shrinking under inverse iterates). — Let f be an
exponential map, and U be a simply connected domain not intersecting the
postsingular set. Let K be any compact set and let L be another compact
set which is compactly contained in U and such that L C J(f). Denote by
{f\™} the family of branches of f~™ such that f, ™ (L) N K # (). Then

diam(f, ™ (L)) =0 as m — oo
uniformly in .

Proof. — As U is simply connected, and does not intersect the postsin-
gular set, inverse branches are well defined on U. Suppose by contradiction
that there is € > 0, my — oo, and branches f/\_km’c of f=™* such that

(1) diameyer(fy, ™ (L)) > € for any my, Ag;
(2) [1"(L) N K # 0 for any my, Ag.
By normality of inverse branches, there is a subsequence converging to
a univalent function ¢, which is non-constant by (1). By (2) there is a
sequence of points {z}} € L such that f, "*(z}) € K, and by compactness
of K, the f;km’“ (zx) accumulate on some point y € K. As ¢ is not constant,
there is a neighborhood V' of y and infinitely many my such that f™* (V) C
U, contradicting the fact that y € J(f). O

PROPOSITION 4.11 (Fundamental domains shrinking for exponentials).
Let gs be a dynamic ray with bounded address, {ga}aca be its family of
pullbacks as defined in Proposition 4.8. Given an ¢ > 0 and a compact set
K there exists te = t(K) such that ley1(I¢(ga)) < € whenever t < t. and
Ii(ga) N K # 0.

Proof. — Let Q = C\ P(f), and consider the hyperbolic metric on €.
Let C' > 0 such that Proposition 4.8 holds and such that P(f) NHe = 0.
Let T be as in Proposition 4.8 so that I;(ga) C He for any a € A, ¢t > T.
Inverse branches of f™ are well defined on the family {I7(ga)} because it
is contained in a right half plane not intersecting the postsingular set.

We first show that, for fundamental domains which are pullbacks of
the family {I7(ga)} and which intersect K, in order to have small Eu-
clidean length it is sufficient to have small hyperbolic length with respect
to the hyperbolic metric on Q. The arcs {ga(T, F?(T))} have uniformly
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bounded Euclidean length by (P3) in Proposition 4.8, so they have uni-
formly bounded hyperbolic length because they are contained in He and
He N P(f) = 0 (together with the asymptotic estimates in (4.1)). Then
by the Schwarz Lemma the hyperbolic length of the arcs in the families
{I:(9a) }+<7 is bounded uniformly as well. Since K is compact all fun-
damental domains which intersect K have also uniformly bounded Eu-
clidean length, so there exists a compact set K’ D K such that I;(ga) C K’
whenever I;(ga) N K # (). By compactness of K’ there exists € such that
Louc1 () < € for any curve v C (K’ N Q) with lo(y) < €.

So it remains to show that there exists ¢, such that, for alla € A and ¢t <
te, La(It(ga)) < € whenever I;(ga) N K # ). Since the length feyc1(I7(ga))
is bounded for every a € A by Proposition 4.8, and the family {Ir(ga)} is
contained in He, by the asymptotic estimates in (4.1) there exists a closed
disk D of sufficiently large radius such that £o(I7(ga)) < € for any a € A
with I7(ga) ¢ D. For the pullbacks of any such a the claim then follows by
the Schwarz Lemma (and in fact, for such a t. = T'). Let us now consider
any a € A such that I1(ga) C DNHe. By Proposition 4.10 there is n, such
that diameye f~"(I7(ga)) < € for any n > n. and any branch such that
f7"(Ir(g9a) N K # 0; the claim then holds for any ¢t < t. = F~"<(T). O

4.3. Proof of Accessibility Theorems

In this Section we prove Theorems 4.1 and 4.3 as well as Proposition 4.5.
To ease the following proofs we introduce the proposition below.

PROPOSITION 4.12. — Let K be a compact set, gs, be a dynamic ray
with bounded address, A as in Proposition 4.8, and A’ be any subset of A
such that for some tq > 0 and for all a € A’ the following properties hold:

(1) ga(tO) € K;

(2) Ifa # sg, then ca € A'.
Then there exists M > 0 such that for alla € A', ||a||oc < M. The constant
M depends on K, ty and sg.

Proof. — Let T be as in Proposition 4.8, and let N be such that FN (t) >
T. The set fV(K) is compact, so there exists M’ > |[|so||oc such that
|Imz| < 27M’ for all 2 € fN(K). For any a € A, ga(to) € K, so
gona(FN(t9)) € fV(K) and by Property (P1) in Proposition 4.8, the first
entry of o™Va is bounded by M’. From (2), we get that |[cNall. < M’ for
any a € A.
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We now show that the points g (F™¥ (¢9)) are also contained in finitely
many of the strips S,; then, by Property (P1) in Proposition 4.8, the first
entry of a is bounded by some M for all a € A, and the claim follows
by (2). Using (3.2) it follows that leuel(gona(FN (to), F2N (t0))) < B for
some B > 0, and for all a € A’. Since |(fV)’| is bounded on K because K
is compact, there exists B’ > 0 such that feyc1(ga(to, FN (t0))) < B’ for all
a € A’ so that the points ga(F(to)) are also contained in finitely many
of the strips S,, (since they are a finite distance away from the compact
set K). O

We now prove Theorem 4.1.

Proof of Theorem 4.1. — Let us first assume that the repelling periodic
point under consideration is a fixed point «. Let U,U’, 1) and € be as in
the proof of Theorem 2.5. Let g5 be a dynamic ray with bounded address,
{ga taca be its family of pullbacks and C,T be such that Proposition 4.8
holds. Let K := U’ and t. be given by Proposition 4.11 so that, for any
t < t. and for any I;(ga) intersecting U’, we have that feuc1(l;(ga)) < €.

Consider a dynamic ray gs, such that gs,(to) € U for some ty < t.. To
show that such a point exists, observe that since U N J(f) # 0 there exists
a sufficiently large Ny with fNo(U)N 1y, (gs) # 0, so there exists y € I;_(gs)
such that f~No(y) € U giving the desired gs, (to)-

Now we can use the inductive construction from Theorem 2.5 to obtain
a sequence of dynamic rays gs, such that the arcs v, := gs, (tn, F(to)) are
well defined and satisfy Properties 1-3 in the proof of Theorem 2.5. By
Proposition 4.12, ||s, || is uniformly bounded, so there exists at least one
limiting address s for the addresses s,; by Lemma 2.2 and Lemma 3.3, the
ray gs lands at a.

In the case of a repelling periodic point of period p > 1, the construction
can be repeated using as fundamental domains the arcs between potential
to and FP(tg).

The proof of periodicity of the landing rays is the same as the proof for
polynomials, using the fact that the family of addresses {s,} is uniformly
bounded hence Lemma 2.8 holds. |

The proof of accessibility of hyperbolic sets for an exponential map in the
exponential case (Theorem 4.3) is a bit more complicated than in the poly-
nomial case, essentially because Proposition 2.4 holds for all fundamental
domains while Proposition 4.11 holds only for the family of pullbacks of a
given ray with bounded address. So, when constructing a ray landing at a
point xg, we will need to consider fundamental domains all of which belong
to the family of pullbacks of some initial ray with bounded address. To do
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this, we will consider a subsequence of the iterates of x( all of which have
near by a fundamental domain Iy, (gs, ) (with sufficiently small potential ¢()
of some ray gs, with bounded address; then, we will pull back I, (gs,) and
use the inductive construction from Theorem 2.5 in order to obtain arcs of
rays near xo satisfying (4.8) and (4.9).

Proof of Theorem 4.3. — Up to taking an iterate of f, we can assume
that there is a d-neighborhood U of A such that |f'(x)] > n > 1 for all
x € U. Let gs be a dynamic ray with bounded address and {ga fac.a be its
the family of pullbacks. For € := d —§/n, let t. be such that leya (11 (ga)) < €
for a € A and t < t. whenever I;(ga) N U # 0 (see Proposition 4.11).

Let to < t. be such that for any x € A, B;/,(x) contains ga(to) for
some a € A depending on x. To show that such a tq exists, consider a
finite covering D of A by balls of radius %. For any D € D, there is
Np such that fN?(D) D g=(0,tc), hence for each D there is some a € A
such that g (0, F~"?(t.)) C D. By letting N = max Np, we have that
9a(0, F~Nt.) C D for any D, hence that each Bs () contains ga(F~ (t.))
for some a € A.

Now fix zg in A, and let us construct a dynamic ray landing at xg.
Let x, := f"(20), B,, := Bs(xyn), Bn := Bs/y(2n). For each n there is a
branch 1 of f~! such that ¥(B.) C B,_1. Take a disk D € D containing
infinitely many x,,, say {Zn }nens € D for some infinite set A/ C N. Observe
that for any such n, D C B,. Let sy € A be such that gs,(to) € D;
by Proposition 4.11, leyei(It,(gs,)) < €, so for all n € N we have that
Ito (gso) C B;z

For n € N, let 9™ be the branch of f~™ mapping z, to zo; Y™ can be
extended analytically to B/, and hence to I;,(gs,). Let gs, be the sequence
of rays containing " (I3,(gs,)). Let t,, = F~"(to). Following the inductive
construction from the proof of Theorem 2.5, the arcs gs, (t,, F(to)) satisfy
the following properties:

(4.8) s, (tn, F(to)) C By and

(4.9) I;, (9s,) C B <x0, 77(;> for all n>m, neN.

Consider now the family of addresses s,, constructed for xy and the set
;lxo :{aGS:a:stn for some j <n and neN}.

By definition, if a € Xmo then ca € fLO unless a = sg, and for each
a € Ay, ga(to) € U. It follows by Proposition 4.12 that ||a|. < M for
all a € A,,. In particular, ||s,| < M, and there is a limiting address s
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such that g lands at z¢p by Lemma 2.2. By finiteness of D, there exists
M’ > 0 such that the addresses of all rays coming from the construction
and landing at © € A are bounded by M’. Finally, the addresses of any
two rays landing together cannot differ by more than one in any entry (see
Remark 3.4), so the address of any dynamic ray (not necessarily coming
from this construction) landing at any € A is bounded by M’ + 1. O

Let us conclude by showing that also in the exponential case, there are
only finitely many rays landing at each point in a hyperbolic set, thus
proving Proposition 4.5. The proof is very similar to the polynomial case.

Proof of Proposition 4.5. — For x € A, let A, be the set of addresses
of the rays landing at x. By Theorem 4.3, each A, is non-empty. Since
f is locally a homeomorphism near x, the set A, is mapped bijectively
to the set Ay,) by the shift map o, so there is a well defined inverse
o~ Apz) = Az By Theorem 4.3, the norm of the addresses belonging
to the set A, is bounded by a constant M, so (J,cp Az € ¥p C R/Z for
D =2M + 1 preserving the dynamics.

Assume first that o~! is uniformly continuous in the sense of (2.6). Then
the proof is the same as in the polynomial case by considering a finite cover
of ¥ p by e-balls.

Let us now prove (2.6) in the exponential setting. Assume by contra-
diction that there is a sequence of points z,, € A, and two sequences
of addresses a,,a,” € Ay, such that |a, —a,'|p — 0, but lo~ta, —
o~ ta,/|p = 0 #0. Let s, = 0 ta,, s, = 0~ 'a,’, and assume for def-
initeness that s, < s,. Since |a, — a,’|p — 0, the sequences a,, and a,’
converge to the same address, say a. Since {c71(a)} = {ja with j € Z},
we have that s,, and s,,’
entry, so that § = k/D for some k € N. Since gs, and gs,- land together,
by Remark 3.4 we have that £ = 1. This means that the dynamic rays of
addresses s,, = ja, and s,,’ = (j + 1)a/, belong to the same A, , i.e., land
together for all j € Z.

These pairs of rays divide C into infinitely many regions exactly one of
which contains a left half plane, and which we call V,, (see Figure 4.1).
Let Q = [ V. Since for each n € N there is z,, € ANV, and A is compact
we have that Q N A # () and contains at least a point y € C. Observe that
by (3) in Theorem 3.1 and since rays do not intersect, a dynamic ray of
address s is contained in V,, if and only if ja,’ < s < ja, for some j € Z.
Taking the limit as n — oo, and recalling that lima,, = lima), = a, we
have that no dynamic rays can intersect () except for the dynamic rays of
address ja, j € N. However, by Corollary 4.6 the singular value is accessible

converge to the same sequence up to the first
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(G —2)s

Figure 4.1. Illustration to the proof of Proposition 4.5; the true picture is
invariant under translation by 2mi. The rays are labeled by their addresses.
The region V,, is shaded.

by some dynamic ray gz, whose countably many preimages 953 intersect any
left half plane: it follows that § = a and that none of the dynamic rays of
address ja is landing. This contradicts the fact that A N Q # 0 and that
points in A are accessible by Theorem 4.3. 0

4.4. A remark about parabolic wakes

Theorem 4.1 implies that non-recurrent parameters with bounded post-
singular set always belong to parabolic wakes (see [13], Propositions 4 and 5,
for the definition of parabolic wakes and the relation between parabolic
wakes and landing of rays in the dynamical plane; see also [16]).

There is a combinatorial proof of this fact (see e.g. in [18]) which can be
adapted to the exponential case once Theorem 4.1 is known.

COROLLARY 4.13 (Corollary of Theorem 4.1). — A non-recurrent pa-
rameter ¢ with bounded postsingular set for the exponential family is con-
tained in a parabolic wake attached to the boundary of the period one
hyperbolic component W.

Sketch of proof. — Let ¢y € Wy be a hyperbolic parameter with an
attracting fixed point a(cg). Observe that for any fixed address s, the ray
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g<° lands at a fixed point zs(cp). Let v be a curve joining ¢ to ¢ such that all
2s(co) can be continued analytically together with their landing rays. Call

a(c) the analytic continuation along v of the attracting fixed point «(cp),

zs(c

) the analytic continuation of zs(cp). Suppose that ¢ does not belong

to any parabolic wake attached to Wy. By Theorem A, «(c) is the landing
point of at least one periodic ray, which is necessarily fixed (otherwise, there
would be at least two periodic rays landing at a(c) determining a parabolic
wake). But this gives a contradiction, because for any fixed address s the

fixed ray ¢S lands at the point zs(c) # a(c). O
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