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A GENERALIZATION OF THE ALEKSANDROV
OPERATOR AND ADJOINTS OF WEIGHTED

COMPOSITION OPERATORS

by Eva A. GALLARDO-GUTIÉRREZ
& Jonathan R. PARTINGTON (*)

Abstract. — A generalization of the Aleksandrov operator is provided, in
order to represent the adjoint of a weighted composition operator on H2 by means
of an integral with respect to a measure. In particular, we show the existence
of a family of measures which represents the adjoint of a weighted composition
operator under fairly mild assumptions, and we discuss not only uniqueness but
also the generalization of Aleksandrov–Clark measures which corresponds to the
unweighted case, that is, to the adjoint of composition operators.
Résumé. — On introduit une généralisation de l’opérateur d’Aleksandrov, afin

de représenter l’adjoint d’un opérateur de composition à poids sur H2 par une
intégrale selon une mesure. En particulier, nous montrons l’existence d’une famille
de mesures qui représentent l’adjoint d’un opérateur de composition à poids, sous
des hypothèses assez faibles. On discute l’unicité, et aussi la généralisation des
mesures d’Aleksandrov–Clark, qui correspond au cas sans poids, c’est-à-dire au
cas de l’adjoint des opérateurs de composition.

1. Introduction

Let D denote the open unit disk of the complex plane, T its boundary
and m the normalized arc-length measure on T. For 1 6 p <∞, let Hp be
the classical Hardy space, that is, the space of holomorphic functions f on
D for which the norm

‖f‖p =
(

sup
06r<1

∫
T
|f(rζ)|p dm(ζ)

)1/p

Keywords: Aleksandrov operator, Aleksandrov–Clark measures, Weighted composition
operators.
Math. classification: 47B33, 30D55.
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is finite. The space consisting of bounded analytic functions on D will be
denoted by H∞.
Given two analytic functions h and ϕ on D such that ϕ(D) ⊂ D, it is

possible to define a linear map Wh,ϕ by

(1.1) Wh,ϕf(z) = h(z)f(ϕ(z)) for f ∈ Hp.

If Wh,ϕf also lies in Hp, then we say that f belongs to the domain of
Wh,ϕ, which will denoted by D(Wh,ϕ). The linear map in (1.1) is called a
weighted composition operator. In some instances, we will write Cϕ = W1,ϕ
to denote the standard unweighted composition operator.
As a consequence of the Littlewood Subordination Theorem [9], it is

straightforward that the condition h ∈ H∞ is always sufficient for bound-
edness of Wh,ϕ. By considering the image of the constant functions, it is
clear that h ∈ Hp is a necessary condition.
In 1990, D. Sarason [16] described composition operatorsW1,ϕ as integral

operators acting on the unit circle. Indeed, if M denotes the space of all
finite complex Borel measures on T endowed with the total variation norm,
Sarason’s approach was as follows: if µ ∈ M is given, then the Poisson
integral

P [µ](z) =
∫
T
Pz(ζ) dµ(ζ),

where Pz(ζ) = 1− |z|2

|ζ − z|2
, (ζ ∈ T), is the Poisson kernel for z ∈ D, defines

a harmonic function on D. Consequently the function P [µ] ◦ ϕ is also har-
monic, and therefore it is the Poisson integral of a unique measure ν ∈M.
Thus it makes sense to define

W1,ϕ µ = ν.

It holds that W1,ϕ : M → M is bounded and, furthermore, that W1,ϕ
restricts to a bounded operator Lp(T) → Lp(T), where Lp(T) = Lp(T,m)
for 1 6 p 6 ∞. Moreover, viewing the Hardy space Hp as a subspace of
Lp(T) (through the non-tangential boundary values of Hp functions), the
restriction of W1,ϕ to Hp coincides with the standard definition of W1,ϕ.
Later, Cima and Matheson (see [2]) proved that if ϕ(0) = 0, then

W1,ϕ : M→M is the adjoint of the Aleksandrov operator Aϕ, considered
first by A. B. Aleksandrov in [1] and defined on the space of continuous
functions on the circle C(T) by

(1.2) Aϕf(α) =
∫
T
f(ζ) dτϕ,α(ζ), (α ∈ T),
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A GENERALIZATION OF THE ALEKSANDROV OPERATOR 375

where τϕ,α is the positive measure with Poisson integral

(1.3) P [τϕ,α](z) = <
(
α+ ϕ(z)
α− ϕ(z)

)
, (z ∈ D).

Recall that the family of measures {τϕ,α : α ∈ T} in (1.3) are called the
Aleksandrov–Clark measures associated to ϕ. Recently, Aleksandrov–Clark
measures have played an important role in connection with composition
operators (see [12], [13], or [7] for instance). Nevertheless, these measures
have important applications in other areas of analysis (we refer the reader
to the lecture notes [15], the book [3] and the surveys [10, 14], for more on
the subject).
Let us remark here that the Aleksandrov operator takes Lp(T) boundedly

into itself for all 1 6 p 6 ∞. The key point is the so-called Disintegration
Theorem which states that for all f ∈ L1(T), one has f ∈ L1(T, τϕ,α) and
the equality

m =
∫
T
τϕ,α dm(α)

holds true in the following sense∫
T
f dm =

∫
T

(∫
T
f dτϕ,α

)
dm(α)

for all f ∈ L1(T). Hence, for any f ∈ L1(T) the expression defined in (1.2)
is well-defined form-almost every α ∈ T. Using the Disintegration Theorem
and the fact that {τϕ,α : α ∈ T} are positive measures, it is easy to check
the boundedness of Aϕ in L1(T). The boundedness of Aϕ in L∞(T) is trivial
and the rest follows e.g, by interpolation (see [15, Theorem 4.1] for more
details).
Furthermore, if ϕ(0) = 0 then W1,ϕ : Lp(T) → Lp(T), (1 6 p < ∞) is

the adjoint of the Aleksandrov operator acting on Lq(T), where 1
p

+ 1
q

= 1

(see [15, Section 5]).
The aim of this paper is to extend, in some sense, the Aleksandrov oper-

ator in order to represent the adjoint of a weighted composition operator
in H2 by means of an integral with respect to a measure.

Note that in the easiest case when h ∈ H∞ and ϕ(0) = 0, in which Wh,ϕ

is just the product of the analytic Toeplitz operator Th and the composition
operators Cϕ, one deduces taking into account what we said before that
the adjoint of Wh,ϕ in L2(T) should be given by the integral operator:

f ∈ L2(T)→
∫
T
f(ζ)h(ζ) dτϕ,α(ζ).

TOME 63 (2013), FASCICULE 2



376 Eva A. GALLARDO-GUTIÉRREZ & Jonathan R. PARTINGTON

Nevertheless, it is not so clear that when Wh,ϕ acts on H2 (identified with
a closed subspace of L2(T) through the non-tangential boundary values of
the H2 functions), that the integral operator (the candidate for the adjoint
of Wh,ϕ):

f ∈ H2 →
∫
T
PL2(T)→H2(f h)(ζ) dτϕ,α(ζ),

may be expressed by means of an integral with respect to a measure; here
P = PL2(T)→H2 denotes the Riesz projection from L2(T) to H2, which is
continuous. Indeed, one of the main difficulties we will find and which will
make the problem harder than in the unweighted case W1,ϕ is, simply the
well-known fact that the harmonic extension of a product of functions is not
in general the product of the harmonic extensions, unless they are analytic.
Another difficulty that we shall address is that, even in the case when

ϕ is the identity, we may only conclude that W ∗h,ϕ (which is the Toeplitz
operator Th) only maps the disc algebra into itself for a restricted class of
symbols h.
In Section 2, we will prove that under these circumstances the adjoint of a

weighted composition operatorWh,ϕ in H2 may be represented by means of
a family of finite complex measures {τh,ϕ,α : α ∈ T}. We will show that, in
principle, τh,ϕ,α is not uniquely determined (it will be only determined up to
an absolutely continuous part g dm, where g ∈ H1

0 = {f ∈ H1 : f(0) = 0}).
Nevertheless, imposing a condition of minimality in norm in order to obtain
uniqueness, we will prove that the family {τh,ϕ,α : α ∈ T} is the right
generalization of the Aleksandrov–Clark measures in the sense that they
coincide whenever h ≡ 1. We will close the section with a Disintegration
Theorem for the measures {τh,ϕ,α : α ∈ T} similar to that stated before for
the Aleksandrov–Clark measures.
If given any Borel measure µ on T, we write µ = µa dm + µs for the

Lebesgue decomposition of µ, where µa is the density of the absolutely
continuous part, and µs is singular, in Section 3 we will identify the atoms
of τsh,ϕ,α. As in the case of the Aleksandrov–Clark measures, τsh,ϕ,α will be
closely related to those points on T where the angular derivative of ϕ exists
(finitely).
Finally, we will discuss compactness of weighted composition operators

in connection with the family of measures {τh,ϕ,α : α ∈ T}, showing that
if Wh,ϕ is compact in H2 (or even in H1), then τsh,ϕ,α = 0 for any α ∈
T, generalizing a previous result proved by Sarason [16] in the setting of
composition operators.

ANNALES DE L’INSTITUT FOURIER
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2. A family of measures associated to the adjoint of Wh,ϕ

In this section, we will show the existence of a family of measures which
will represent the adjoint of a weighted composition operator, discussing
uniqueness as well as the fact that they generalize Aleksandrov–Clark mea-
sures in the unweighted case.

Let us begin by recalling that the reproducing kernels kw for H2 are
defined for w ∈ D by

kw(z) = 1
1− wz , (z ∈ D),

and satisfy 〈f, kw〉 = f(w) for f ∈ H2. It is quite straightforward to show
that the adjoint of a bounded Wh,ϕ on H2 satisfies

W ∗h,ϕkw = h(w) kϕ(w), (w ∈ D).

The next lemma will be useful in our approach to prove the existence of
a family of measures representing W ∗h,ϕ. Before stating it, recall that the
Riesz projection PL2(T)→H2 defined on L2(T) by

PL2(T)→H2f(z) =
∫
T

f(ζ)
1− ζz

dm(ζ), (z ∈ D)

is continuous from L2(T) to H2. Moreover, L2(T) may be decomposed in
the following way:

L2(T) = H2 ⊕H2
0,

where H2
0 = {f ∈ H2 : f(0) = 0}. Note that in the above identity we

are identifying H2 through the non-tangential boundary values of the H2

functions.

Lemma 2.1. — Suppose that Wh,ϕ defines a bounded operator on H2.
Then Wh,ϕ defines a bounded operator on each of the spaces L2(T) and
H1. Moreover, if Wh,ϕ is a compact operator on H2, then it is compact
when regarded as an operator on each of L2(T) and H1.

Proof. — First, let us assume that Wh,ϕ is a bounded operator on H2.
Now, for f ∈ L2(T), we may write f = f+ + f−, where f+ ∈ H2 and
f− ∈ H2

0. Now

‖Wh,ϕf‖2 6 ‖Wh,ϕf+‖2 + ‖Wh,ϕf−‖2,

and

‖Wh,ϕf−‖2 = ‖h(f− ◦ ϕ)‖2 = ‖h(f− ◦ ϕ)‖2 6 ‖Wh,ϕ‖ ‖f−‖2,

from which we conclude easily that Wh,ϕ is bounded on L2(T).

TOME 63 (2013), FASCICULE 2
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Next, if f ∈ H1 we may use the Riesz factorization theorem [8, p. 84] to
write f = gh, where g, h ∈ H2 and ‖f‖1 = ‖g‖2‖h‖2. Then

Wh,ϕf = (Wh,ϕg) (Cϕh) ,

and so

‖Wh,ϕf‖1 6 ‖Wh,ϕ‖2 ‖Cϕ‖2 ‖g‖2‖h‖2 = ‖Wh,ϕ‖2 ‖Cϕ‖2 ‖f‖1,

from which we obtain boundedness on H1.

The compactness results are proved similarly. If (fn) is a bounded a
sequence in L2(T), we may write each fn = fn+ + fn−, where fn+ ∈ H2

and fn− ∈ H2
0. We may then pass to a subsequence and relabel it to

assume that both (hf+n ◦ ϕ) and (hf−n ◦ ϕ) converge, which establishes
the convergence of (hfn ◦ ϕ), by a calculation similar to the one above
showing boundedness.
Likewise, for a bounded sequence (fn) in H1, we write each fn = gnhn

with ‖fn‖1 = ‖gn‖2‖hn‖2, and use the identity Wh,ϕfn = (Wh,ϕgn)(Cϕhn)
to obtain the desired conclusion. This proves the lemma. �

In the case of unweighted composition operators, it was shown by Shapiro
and Sundberg [17] that compactness on H2 and compactness on L1(T)
are equivalent. Whether it is true for weighted composition operators that
boundedness or compactness on H2 implies the same for L1(T) is unknown:
the converse is easily seen to be false, as suitable examples can be con-
structed by taking a weight that lies in H1 but not H2. However, it is
possible to derive necessary and sufficient conditions for boundedness and
compactness on L1(T) by regarding Wh,ϕ as an integral operator, an idea
introduced by Sarason [16] in the unweighted case.

Proposition 2.2. — The operator Wh,ϕ is bounded on L1(T) if and
only if

A := sup
06r<1,ζ∈T

∫
T
|Kr(ξ, ζ)| dm(ξ) <∞,

where for suitable ξ, ζ ∈ C we define

Kr(ξ, ζ) = h(ξ)1− |rϕ(ξ)|2

|ζ − rϕ(ξ)|2 .

Moreover, if the operator is bounded, then its norm is A.
Further if Wh,ϕ is bounded, then it is compact on L1(T) if and only if

|ϕ(ξ)| < 1 a.e. on T and given any ε > 0 there exists δ > 0 such that

sup
η,ζ∈T,|η−1|<δ

∫
T
|K1(ξ, ζ)−K1(η ξ, ζ)| dm(ξ) < ε.

ANNALES DE L’INSTITUT FOURIER
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Proof. — Using the ideas of [16], we note that if |ϕ(ξ)| < 1 a.e., then
the weighted composition operator may be expressed, using the Poisson
extension of f ◦ ϕ for f ∈ L1(T) as

Wh,ϕf(ξ) = h(ξ)Cϕf(ξ) =
∫
T
K1(ξ, ζ)f(ζ) dm(ζ),

from which we have

‖Wh,ϕ‖ = sup
ζ∈T

∫
T
|K1(ξ, ζ)| dm(ξ),

using the standard formula for the norm of an integral operator on L1(T).
The general case is obtained on considering the operators Wh,rϕ, which
tend strongly to Wh,ϕ as r → 1.
For compactness, it is necessary that |ϕ(ξ)| < 1 a.e., as otherwise, on

writing en(z) = zn for n = 1, 2, 3, . . ., we see that the sequence of images
(Wh,ϕen) cannot tend to zero in norm. In this case we may use a standard
compactness criterion for integral operators on L1(T), which may be found,
for example, in [6, Cor. 5.1]. �

Recall that the Cauchy transform, Kµ, of a finite complex Borel measure
µ ∈M is defined for z ∈ D by

(Kµ)(z) =
∫
T

dµ(ζ)
1− ζz

.

The space of all Cauchy transforms Kµ will be denoted by K. An analytic
function Φ in D is called amultiplier of the space of the Cauchy transforms if

f ∈ K⇒ Φf ∈ K.

The set of multipliers of K will be denoted by M(K). If Φ ∈ M(K), the
multiplication operator

MΦ : K→ K, MΦf = Φf,

is well-defined and bounded on K when this space is given the quotient
norm

‖f‖K = inf{‖µ‖ : µ ∈M, Kµ = f},
inherited fromM. We refer the reader to [3, Chapter 6] for more properties
and results on multipliers of K. In particular, it is known from [3, Prop.
6.1.5] that the following conditions are equivalent for h ∈ H∞:

(a) h ∈M(K);
(b) the Toeplitz operator f 7→ Thf = PL2(T)→H2hf maps H∞ bound-

edly into itself;
(c) Th maps the disc algebra A(D) boundedly into itself.

TOME 63 (2013), FASCICULE 2
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It is also known from [3, Thm. 6.4.1] that for h ∈ H∞ given by h(z) =∑∞
n=0 hnz

n the condition

∞∑
n=2
|hn| logn <∞

is a sufficient condition for h to lie inM(K).
The significance of the above remarks in the context of weighted compo-

sition operators is explained by the following observation.

Lemma 2.3. — Suppose that the Toeplitz operator Th mapsA(D) boun-
dedly into itself. Then for any analytic self-map ϕ : D → D the adjoint of
the weighted composition operatorWh,ϕ on H2 maps A(D) boundedly into
itself.

Proof. — For f ∈ A(D), we haveW ∗h,ϕf = C∗ϕThf . Consider the operator
C∗ϕ acting on A(D). Observe that a finite linear combination

∑N
j=1 ajkwj

of reproducing kernels is mapped into
∑N
j=1 ajkϕ(wj), which also lies in

A(D). Since C∗ϕ is bounded in the uniform norm, and since the finite linear
combinations of reproducing kernels are dense in A(D), one deduces that
C∗ϕ preserves A(D).

Alternatively, if ϕ(0) = 0, C∗ϕ is just the Aleksandrov operator Aϕ, which
is well-known to preserve analyticity and to be a contraction in the uniform
norm [15, Thm. 4.1]; in the general case one can compose with a linear frac-
tional transformation, for which the adjoint of the associated composition
operator is easily seen to preserve A(D) (cf. [4]). �

Suppose that Wh,ϕ defines a bounded operator on H2. Having in mind
Lemma 2.1, and in order to get a family of measures associated toW ∗h,ϕ, one
would be tempted to check if W ∗h,ϕ takes the the space C(T) of continuous
functions on T into itself (here we are again identifying functions through its
non-tangential boundary values). However, since W ∗h,ϕ includes an implicit
Riesz projection, this is not a fruitful line of enquiry.
Suppose that W ∗h,ϕ is bounded on A(D). If α ∈ T, then the mapping

f ∈ A(D) 7→W ∗h,ϕf(α)

is bounded on A(D), and thus there exists a measure µh,ϕ,α ∈ M(T), not
unique, such that

h(z)kϕ(z)(α) = W ∗h,ϕkz(α) =
∫ 2π

0
kz(eiθ) dµh,ϕ,α(θ) =

∫ 2π

0

dµh,ϕ,α(θ)
1− z eiθ ,
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for every z ∈ D. In order to express this in the language of Cauchy trans-
forms, we take the complex conjugate of the measure, and write

(2.1) h(z)kϕ(z)(α) = h(z)
1− αϕ(z) =

∫
T

dνh,ϕ,α(ζ)
1− ζ z

= (Kνh,ϕ,α)(z).

That is, it is the Cauchy transform of the measure νh,ϕ,α. According to
[3, Prop. 4.1.4], although νh,ϕ,α is only determined up to an absolutely
continuous part g dm, where g ∈ H1

0 and m is Lebesgue measure, there is
a unique measure of minimal norm such that (2.1) holds.

Definition 2.4. — Suppose that W ∗h,ϕ is bounded on A(D). For α ∈ T
the Borel measure τh,ϕ,α on T is defined to be the minimal-norm measure
such that ∫

T

1
1− ζz

dτh,ϕ,α(ζ) = h(z)
1− αϕ(z)

for all z ∈ D.

Note that we have the identity∫
T
f(ζ) dτh,ϕ,α(ζ) = W ∗h,ϕf(α)

for all f ∈ A(D), since it holds for f = kz.

Remark 2.5. — A detailed and explicit account of the extremal problem
inf

h∈H1
0
‖g − h‖1, in the case when g is a polynomial, can be found in [8,

p. 169, Ex. 3].

Observe that we have a Herglotz-like formula as in the case of Alexan-
drov–Clark measures based on the identity:∫ 2π

0

eiθ + z

eiθ − z
dτh,ϕ,α(θ) =

∫ 2π

0

[
−1 + 2

1− e−iθz

]
dτh,ϕ,α(θ).

We state it as a proposition:

Proposition 2.6. — Suppose thatW ∗h,ϕ is bounded onA(D). Let τh,ϕ,α
be the Borel measure given by Definition 2.4. Then∫ 2π

0

eiθ + z

eiθ − z
dτh,ϕ,α(θ) = − h(0)

1− αϕ(0) + 2h(z)
1− αϕ(z) .

Example 2.7. — Let ϕ(z) = z2. In the unweighted case h(z) = 1 we
have ∫

T

dτh,ϕ,α(ζ)
1− ζz

= 1
1− αz2 = 1

2

(
1

1− βz
+ 1

1 + βz

)
,

TOME 63 (2013), FASCICULE 2
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where β is a square root of α. Thus τh,ϕ,α = 1
2 (δβ + δ−β), where δ denotes

a Dirac point mass, since adding on a continuous part can only increase
the norm. This is the standard Aleksandrov–Clark measure.

Example 2.8. — Let ϕ(z) = z2. A similar computation as before applies
for the weight h(z) = z, and the corresponding measure, although now
complex, is still atomic and concentrated on ±β.

The case h(z) = z2 is more interesting. We now have∫
T

dτh,ϕ,α(ζ)
1− ζz

= z2

1− αz2 = −α+ α

2

(
1

1− βz
+ 1

1 + βz

)
,

Again the singular part is atomic; the continuous part can be expressed as
−αdζ/(2πiζ), or as −αdθ/(2π), where ζ = eiθ, since∫

T

ζ dζ

1− ζz
= 2πi.

This cannot be reduced in norm by adding on an anti-analytic symbol. A
similar story holds for h(z) = z3, where the continuous part has Radon–
Nikodym derivative proportional to ζ.

With the Example 2.7 at hand, one might ask if the family of measures
{τh,ϕ,α : α ∈ T} given by Definition 2.4 agrees with the Alexandrov–
Clark measures when h ≡ 1. In other words, if in the unweighted case, the
Aleksandrov–Clark measures corresponds to the minimal norm ones. The
answer is affirmative and the next lemma is the key of the argument:

Lemma 2.9. — Let f ∈ L1(T) be a function such that f > 0. Then
‖f + h‖1 > ‖f‖1 for any h ∈ H1

0.

Proof. — For any u ∈ L1(T) and v ∈ L∞(T), let us denote by 〈u, v〉1,∞
the dual pairing

∫
T u(ζ) v(ζ) dζ, which gives the dual pair (L1(T), L∞(T)).

Then, if f ∈ L1(T) is a positive function and h ∈ H1
0 one has

〈f + h, 1〉1,∞ = 〈f, 1〉1,∞ = ‖f‖1.

Since ‖f + h‖1 = sup{|〈f + h, v〉1,∞| : v ∈ L∞(T) and ‖v‖∞ 6 1}, one
easily obtains the statement of the lemma. �

With Lemma 2.9 at hand, we have the following

Proposition 2.10. — Let ϕ be a holomorphic self-map of D such that
ϕ(0) = 0. The family of Aleksandrov–Clark measures {τϕ,α : α ∈ T}
associated to ϕ agrees with the family defined by Definition 2.4 for h ≡ 1,
i.e. {τ1,ϕ,α : α ∈ T}.
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Proof. — It is clear that W1,ϕ is a bounded operator on H2. Hence, any
measure satisfying equation (2.1) with h ≡ 1 can be expressed by:

ν1,ϕ,α = τ1,ϕ,α + g dm,

for g ∈ H1
0. Now, τ1,ϕ,α is the Aleksandrov–Clark measure associated to ϕ

at α since by definition the Cauchy transform of τ1,ϕ,α is given by

(K τ1,ϕ,α)(z) = 1
1− αϕ(z) , (z ∈ D).

Having in mind that Aleksandrov–Clark measures are positive measures,
by Lemma 2.9 one deduces that ‖ν1,ϕ,α‖ > ‖τ1,ϕ,α‖. �

Remark 2.11. — Note that if ϕ is a holomorphic self-map of D such
that ϕ(0) 6= 0, then Cϕ : L2(T) → L2(T) does not correspond exactly
to the adjoint of the Aleksandrov operator on L2(T) (see [15, Section 5]).
This explains the hypotheses ϕ(0) = 0 in Proposition 2.10. Moreover, when
ϕ(0) 6= 0, the Cauchy transform of the Aleksandrov–Clark measure τϕ,α is
given by:

(Kτϕ,α)(z) = 1
1− αϕ(z) + ‖τϕ,α‖ − 1

2 + i
=(αϕ(0))
|α− ϕ(0)|2 ,

for z ∈ D (see Corollary 9.1.7 in [3]).

Finally, givenWh,ϕ a bounded weighted composition operator on H2, we
will prove a Disintegration Theorem for the family {τh,ϕ,α : α ∈ T}.

Theorem 2.12 (Disintegration Theorem). — Let Wh,ϕ be a bounded
weighted composition operator on H2 such that W ∗h,ϕ is bounded on A(D).
Let {τh,ϕ,α : α ∈ T} be the family of measures associated to Wh,ϕ, given
by Definition 2.4. Then, for any g ∈ A(D) it holds that∫

T

(∫
T
g(ζ) dτh,ϕ,α(ζ)

)
dm(α) =

∫
T
g(ζ) h(ζ) dm(ζ).

Proof. — Let z ∈ D. Since τh,ϕ,α is a complex measure, one has

(2.2)
∫
T

1
1− ζz

dτh,ϕ,α(ζ) =
∞∑
n=0

(∫
T
ζn dτh,ϕ,α(ζ)

)
zn.

On the other hand, h(z)/(1− αϕ(z)) for z ∈ D is an analytic function on
D; so we may write:

(2.3) h(z)
1− αϕ(z) = h(z)

[
1 + αϕ(z) + α2(ϕ(z))2 + · · ·

]
, (z ∈ D).
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From (2.2) and (2.3) it follows that
∫
T ζ

n dτh,ϕ,α(ζ) corresponds to the n-th
coefficient of the Taylor series of

h(z)
[
1 + αϕ(z) + α2(ϕ(z))2 + · · ·

]
.

Integrating with respect to α ∈ T, we get the n-th Taylor coefficient of h,
that is, ∫

T

(∫
T
ζn dτh,ϕ,α(ζ)

)
dm(α) =

∫
T
h(ζ) ζn dm(ζ).

From here, the statement of the theorem follows. �

3. Identifying atoms of the singular part of τh,ϕ,α

In this section, we examine the points of T where the measures {τh,ϕ,α :
α ∈ T} associated to a boundedWh,ϕ on H2 have point masses. We will see
it is closely related to the those points where ϕ has finite angular deriva-
tives.
Let us recall that if the quotient (ϕ(z) − η)/(z − ζ) has a finite non-

tangential limit at ζ ∈ T for some η ∈ T, then this limit is called the
angular derivative of ϕ at ζ and denoted by ϕ′(ζ):

ϕ′(ζ) = ∠ lim
z→ζ

ϕ(z)− η
z − ζ

.

It satisfies ϕ′(ζ) = |ϕ′(ζ)|ζη with η = ϕ(ζ). Moreover, if ϕ has an angular
derivative at ζ, then the Aleksandrov–Clark measure τϕ,α has an atom at
ζ, and τϕ,α({ζ}) = 1/|ϕ′(ζ)|. For more properties on angular derivatives
of functions and its connection with Aleksandrov–Clark measures, we refer
the reader to [3, Chapter 9] and [15].

Theorem 3.1. — Let Wh,ϕ be a bounded weighted composition opera-
tor on H2 such that W ∗h,ϕ is bounded on A(D). Let {τh,ϕ,α : α ∈ T} be the
family of measures associated to Wh,ϕ, given by Definition 2.4. Let ζ ∈ T.
Then τh,ϕ,α({ζ}) 6= 0 if and only if

∠ lim
z→ζ

ϕ(z) = α and ∠ lim
z→ζ

(
h(z) ζ − z

α− ϕ(z)

)
6= 0.

Furthermore,

τh,ϕ,α({ζ}) = ∠ lim
z→ζ

αh(z) (ζ − z)
ζ (α− ϕ(z)) .

The proof follows the lines of [3, Theorem 9.2.1], which is based on Nevan-
linna’s proof [11] of the Julia–Carathéodory Theorem.
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Proof. — By Proposition (2.6), we have that∫ 2π

0

eiθ + z

eiθ − z
dτh,ϕ,α(θ) = − h(0)

1− αϕ(0) + 2h(z)
1− αϕ(z) .

Let ζ ∈ T fixed. Multiplying both sides of the above formula by ζ − z we
get
(3.1)∫ 2π

0
(eiθ + z) ζ − z

eiθ − z
dτh,ϕ,α(θ) = −(ζ − z) h(0)

1− αϕ(0) + (ζ − z) 2h(z)
1− αϕ(z) .

Now, if z belongs to an Stolz angle Γβ(ζ) of vertex ζ and angle β, there
exists a constant c depending just on Γβ(ζ) such that∣∣∣∣ ζ − zeiθ − z

∣∣∣∣ 6 |ζ − z|1− |z| 6 c.

Taking the limit in (3.1) when z → ζ for z ∈ Γβ(ζ) and applying the
Lebesgue Dominated Convergence Theorem, we deduce

(3.2)
∫ 2π

0
lim
z→ζ

(eiθ + z) ζ − z
eiθ − z

dτh,ϕ,α(θ) = lim
z→ζ

2αh(z) (ζ − z)
α− ϕ(z) .

Now, for z ∈ Γβ(ζ) one has

lim
z→ζ

(eiθ + z) ζ − z
eiθ − z

=
{

2ζ, if eiθ = ζ;
0 otherwise,

so replacing in (3.2), one deduces

(3.3) ζ α τh,ϕ,α({ζ}) = ∠ lim
z→ζ

h(z) ζ − z
α− ϕ(z) .

If τh,ϕ,α({ζ}) 6= 0, then ∠ limz→ζ ϕ(z) = α and

∠ lim
z→ζ

(
h(z) ζ − z

α− ϕ(z)

)
6= 0.

The converse follows just taking into account expression (3.3). �

3.1. Compactness of weighted composition operators

In this subsection, we discuss compactness of weighted composition op-
erators in connection with the family of measures {τh,ϕ,α : α ∈ T}. Recall
from Lemma 2.1 that a weighted composition operator Wh,ϕ that is com-
pact when acting on H2 automatically defines a compact operator on H1.
Our main result in this section is in the flavor of Sarason’s Theorem [16]
in the setting of composition operators, who proved that Cϕ is compact
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in H2 (and therefore in Hp for any 1 6 p < ∞) if and only if τsϕ,α = 0
for any α ∈ T. In the context of weighted composition operators, under
the assumption that the weight h is a multiplier of the space K of Cauchy
transforms, we have the following

Theorem 3.2. — Let Wh,ϕ be a bounded weighted composition oper-
ator on H2. Assume that h ∈ M(K). Then Wh,ϕ is compact in H1 if and
only if τsh,ϕ,α = 0 for any α ∈ T.

The key point of the proof of Theorem 3.2 is a theorem of Goluzina, which
establishes the relationship between two measures µ and ν belonging toM,
the space of all finite complex Borel measures on T endowed with the total
variation norm. The theorem asserts that if the equation

(3.4) h Kµ = Kν

holds for some h ∈M(K), then dνs = hdµs (see [3, Theorem 6.3.1]).
Proof. — First, let us assume that Wh,ϕ is compact in H1. Observe that

Kτh,ϕ,α = hKτ1,ϕ,α
for any α ∈ T. Since h ∈ M(K), Goluzina’s Theorem (see [3, Theorem
6.3.1]) will ensure that τsh,ϕ,α = 0 for any α ∈ T as far as we prove that
τs1,ϕ,α = 0 for any α ∈ T. This will be accomplished by proving that
W1,ϕ = Cϕ is compact on H1 (and therefore, by Sarason’s Theorem, the
result will follow). Note that, automatically, Cϕ will be compact on Hp for
any 1 6 p <∞.
We proceed by contradiction. Assume Cϕ is not compact on H1. Then,

there exists {wn} ⊂ D such that |wn| → 1, but

lim
n→∞

∥∥∥∥Cϕ 1− |wn|2

(1− wnz)2

∥∥∥∥
1
6= 0

(see [15], for instance). So, there exists ε > 0 and a subsequence {wnk
} ⊂ D

such that
lim
k→∞

∥∥∥∥Cϕ 1− |wnk
|2

(1− wnk
z)2

∥∥∥∥
1
> ε.

On the other hand, sinceWh,ϕ is compact in H1 by hypotheses, it follows
that

lim
k→∞

∥∥∥∥Wh,ϕ
1− |wnk

|2

(1− wnk
z)2

∥∥∥∥
1

= 0

(see [5], for instance). Hence, for any δ > 0, one deduces that

lim
k→∞

(1− |wnk
|2)
∫
{ξ∈T: |h(ξ)|>δ}

|h(ξ)|
|1− wnk

ϕ(ξ)|2 dm(ξ) = 0,
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and this is a contradiction, because h ∈ H∞ and thus it is non-zero almost
everywhere. Therefore, Cϕ is compact on H1 and the implication follows.
In order to prove the converse, let us assume τsh,ϕ,α = 0 for any α ∈ T.

Once again, from the observation

Kτh,ϕ,α = hKτ1,ϕ,α
for any α ∈ T along with the facts that h ∈M(K) and Goluzina’s Theorem
(see [3, Theorem 6.3.1]), we may ensure that τs1,ϕ,α = 0 for any α ∈ T. In
other words, W1,ϕ = Cϕ is compact on Hp for any 1 6 p <∞.
In order to prove that Wh,ϕ is compact in H1, it is enough to show that∥∥∥∥Wh,ϕ

1− |a|2

(1− az)2

∥∥∥∥
1
→ 0

as |a| → 1 (see [5], for instance). By the Cauchy–Schwarz inequality, one
has

(3.5)
∥∥∥∥Wh,ϕ

1− |a|2

(1− az)2

∥∥∥∥
1
6

∥∥∥∥ (1− |a|2)1/2 h(z)
1− aϕ(z)

∥∥∥∥
2

∥∥∥∥ (1− |a|2)1/2

1− aϕ(z)

∥∥∥∥
2

which tends to zero as |a| → 1 since Wh,ϕ is bounded in H2 and Cϕ is
compact on H2. This proves the converse, and therefore Theorem 3.2. �

Remark 3.3. — If the weight h is not a multiplier of the space K in
Theorem 3.2, then are self-maps ϕ of the disc for which we cannot introduce
the measures τh,ϕ,α as in Definition 2.4 For instance, take

h(z) = exp
(
z + 1
z − 1

)
.

It holds that h 6∈ M(K) (see [3, Theorem 6.6.11]). Consider ϕ(z) = z. Then
Wh,ϕ = Th, which is clearly bounded on all Hp spaces, whereasW ∗h,ϕ = Th̄,
which is not bounded on A(D).
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