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THE p-RANK STRATIFICATION
OF ARTIN-SCHREIER CURVES

by Rachel PRIES & Hui June ZHU (*)

ABSTRACT. — We study a moduli space AS, for Artin-Schreier curves of genus
g over an algebraically closed field k of characteristic p. We study the stratification
of AS4 by p-rank into strata ASg.s of Artin-Schreier curves of genus g with p-
rank exactly s. We enumerate the irreducible components of ASy s and find their
dimensions. As an application, when p = 2, we prove that every irreducible com-
ponent of the moduli space of hyperelliptic k-curves with genus g and 2-rank s has
dimension g — 1+ s. We also determine all pairs (p, g) for which ASy is irreducible.
Finally, we study deformations of Artin-Schreier curves with varying p-rank.

RESUME. — Nous étudions un espace de modules AS, des courbes d’Artin
Schreier de genre g sur k, un corps algébriquement clos de caractéristique p. Nous
étudions la stratification de ASy par le p-rang, dont la strate ASy, s décrit les
courbes de genre g et de p-rang s. On énumere les composantes irréductibles de
ASg,s et on donne leurs dimensions. Une application, dans le cas p = 2, est que
chaque composante irréductible de I’espace de modules des courbes hyperelliptiques
sur k de genre g et de 2-rang s est de dimension g — 1+ s. Nous déterminons toutes
les paires (p, g) pour lesquelles AS est irréductible. Finalement, nous étudions les
déformations des courbes d’Artin-Schreier dont le p-rang varie.

1. Introduction

Let k be an algebraically closed field of characteristic p > 0. An Artin-
Schreier k-curve is a smooth projective connected k-curve Y which is a
(Z/p)-cover of the projective line. The Riemann-Hurwitz formula implies
that the genus g of Y is of the form g = d(p — 1)/2 for some integer d > 0.
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The p-rank of Y is the integer s such that the cardinality of Jac(Y")[p](k)
is p°. It is well known that 0 < s < g. By the Deuring-Shafarevich formula,
s =r(p— 1) for some integer r > 0.

In this paper, we study a moduli space AS, for Artin-Schreier k-curves
of genus g. We study its stratification by p-rank into strata AS, s whose
points correspond to Artin-Schreier curves of genus g with p-rank exactly
s. Throughout, we assume g = d(p—1)/2 and s = r(p—1) for some integers
d > 1 and r > 0 since the problem is trivial otherwise. We denote by ||
and [-] the floor and ceiling of a real number, respectively, and use the
notation {---} to denote a multi-set. We prove:

THEOREM 1.1. — Let g =d(p—1)/2 withd > 1 and s = r(p — 1) with
r > 0.
(1) The set of irreducible components of AS, s is in bijection with the
set of partitions {e1,...e,41} of d 4+ 2 into r + 1 positive integers
such that each e; #Z 1 mod p.
(2) The irreducible component of AS, s for the partition {e1,...e;11}
has dimension
r+1
a—1-3l(e; - 1)/pl.
j=1
The proof uses ideas from [3, Section 5.1], [11], and [18]. As an application
of Theorem 1.1, we determine all cases when AS, is irreducible, using the
fact that every irreducible component of AS, has dimension d — 1, [15,
Cor. 3.16).

COROLLARY 1.2. — The moduli space AS is irreducible in exactly the
following cases: (i) p=2; or (ii) g =0 or g = (p — 1)/2; or (iii) p = 3 and
g=2,3,5.

When p = 2, the moduli space AS, is the same as H4, the moduli space
of hyperelliptic k-curves of genus g. By [13, Thm. 4.1], H, is irreducible
of dimension 2g — 1 when p = 2. Let H,, C H, denote the stratum
whose points correspond to hyperelliptic k-curves of genus g with 2-rank s.
Theorem 1.1 yields the following description of H, . This also generalizes
the result dim(H,4,0) = ¢ — 1 when p = 2 from [19, Prop. 4.1].

COROLLARY 1.3. — Let p = 2 and g > 1. The irreducible components
of H, ¢ are in bijection with partitions of g+ 1 into s + 1 positive integers.
Every component has dimension g — 1 + s.

The geometry of AS, is more complicated when p > 3. For example,
Theorem 1.1 shows that, for fixed g and s, the irreducible components of
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AS, s can have different dimensions and thus AS, s is not pure in general
when p > 3, Corollary 3.13.

Here is some motivation for these results, which also gives another illus-
tration how the geometry of AS, is more complicated when p > 3. Recall
that the moduli space A, of principally polarized abelian varieties over k&
of dimension g can be stratified by p-rank. Let V, s C A, denote the stra-
tum of abelian varieties with p-rank s. By [17, 1.6], every component of
Vs has codimension g — s in A,. Suppose M is a subspace of Mg, the
moduli space of k-curves of genus g. One can ask whether the image T'(M)
of M under the Torelli morphism is in general position relative to the p-
rank stratification. A necessary condition for an affirmative answer is that
codim(T' (M) NV, s, T(M)) = g — s. This has been verified when M = M,
in [8, Thm. 2.3] and when M = H, for p > 3 in [9, Thm. 1]. Corollary 1.3
shows that this necessary condition is satisfied for M = H, when p = 2.
Corollary 3.13 shows that it is not satisfied for M = AS, when p > 3.

Finally, we study how the components of AS, ; (with varying s) fit to-
gether inside AS,. This is related to the study of deformations of wildly
ramified degree p covers with non-constant branch locus. Under the obvious
necessary conditions, we prove that the p-rank of an Artin-Schreier curve
can be increased by exactly p — 1 in a flat deformation. This yields the
following result.

THEOREM 1.4. — Suppose 0 < s < g—(p—1). If n) is an irreducible com-
ponent of AS, s which is not open and dense in an irreducible component
of AS,, then 7 is in the closure of AS o4 (,—1) In AS,.

When p = 2, we are further able to give a complete combinatorial de-
scription of how the irreducible components of H, , (with varying s) fit
together in H,4, Corollary 4.8.

Here is an outline of the paper. In Section 2, we describe the p-ranks
of Artin-Schreier curves and the relationship between irreducible compo-
nents and partitions. Section 3 contains the proof of the main results. One
finds Theorem 1.1 in Section 3.4, Corollary 1.2 in Section 3.5, and Corol-
lary 1.3 in Section 3.6. The deformation results, including Theorem 1.4, are
in Section 4. We conclude with some open questions.

TOME 62 (2012), FASCICULE 2
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2. Partitions and Artin-Schreier curves
2.1. Partitions

Fix a prime p > 0 and an integer d > 1, with d even if p = 2. Let 0y
be the set of partitions of d + 2 into positive integers eq, es, ... with each
e; # 1 mod p. Let 4, be the subset of 24 consisting of partitions of length
r+1.1If E € Qq, let r := r(E) be the integer so that E € Qg,,.. Write E as
a multi-set {e1,...,e,41} with e < -+ < epyq.

There is a natural partial ordering < on Qg so that E < E' if E' is a
refinement of E, in other words, if the entries of E’ can be divided into
disjoint subsets whose sums are in bijection with the entries of E. Using
this partial ordering, one can construct a directed graph G4. The vertices
of the graph correspond to the partitions E in Q4. There is an edge from
E to E’ if and only if E < E’, and E #* E’, and there is no partition lying
strictly in between them (i.e., if E < E" < E' for some E” in Qg then
E" =E or E" = E).

An edge E < E' in the directed graph G4 can be of two types. The
first type has r(E) = r(E’) — 1. In this case, one entry e of E splits into
two entries e; and eg of E’ such that e = e1 + ez and none of the three
is congruent to 1 modulo p. One can summarize this by writing {e} —
{e1,e5}. The second type has r(E) = r(E’) — 2. In this case, one entry e
of B splits into three entries ey, es, e3 of E’ such that e = e1 +es +e3 and
each e; = (p+1)/2 mod p. It follows that none of the four is congruent to
1 modulo p. One can summarize this by writing {e} — {e1,e2,e3}.

Example 2.1. — Let p = 3 and d = 10. Here is the graph G1¢ for Q1.
{12}

Rt

{6,6} {3,9}
N

{2,2,8} {2,5,5} {3,3,6}
N v v
{2,2,2,6} {2,2,3,5} {3,3,3,3}
T~
{2,2,2,3,3}
{2,2,2,2,2,2}
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We skip the proofs of some of the following straightforward results.
Lemma 2.2 is used in [2], while Lemmas 2.3 and 2.4 are used in Section 3.5.

LEMMA 2.2. — The set Q4 is nonempty if and only if p { (d+ 1). If
pt(d+1), then Qg contains one partition {d+2} which is an initial vertex
of Gg. If p | (d + 1), then Qg1 consists of [(d+ 1)(p — 2)/2p| partitions,
and every vertex of G is larger than one of these.

LEMMA 2.3. — Ifp = 2, there is a unique maximal partition {2,...,2}
in Qg with length d/2 + 1.

LEMMA 2.4. — Let p > 3. A partition is maximal if and only if its
entries all equal two or three. Every integer r + 1 with (d — 1)/3 < r <
d/2 occurs exactly once as the length of a maximal partition. There are
|d/2|—[(d—4)/3] maximal partitions. There is a unique maximal partition
if and only if d € {1,2,3,5}.

Proof. — The first statement is true since if e > 4 then there are ey, es €
Z~g so that e; Z 1 mod p and e; + e3 = e. For the other statements, let E
be a maximal partition of d + 2. Let b denote the number of the entries of
E which equal 3. Note that 0 < b < (d + 2)/3. Let r + 1 be the length of
E. Then d+2 =2(r+1)+band (d+2)/3 <r+1 < (d+2)/2. Any choice
of 4+ 1 in this range yields a unique choice of b which determines a unique
partition E. O

Remark 2.5. — When p = 2, every path in G4 from the partition {d+2}
to the partition {2,...,2} has the same length, which is d/2. When p = 3,
every path in G4 from a minimal to a maximal vertex has the same length,
which is |d/3]. This property does not hold in general for p > 5.

2.2. Artin-Schreier curves

Here is a review of some basic Artin-Schreier theory. Let Y be an Artin-
Schreier k-curve. Then there is a Z/p-cover ¢ : Y — P} with an affine
equation of the form y? —y = f(z) for some non-constant rational function
f(z) € k(z). At each ramification point, there is a filtration of the inertia
group Z/p, called the filtration of higher ramification groups in the lower
numbering [21, IV].

Let {Py,...,P-11} be the set of poles of f(z) on the projective line Pj.
Let d; be the order of the pole of f(x) at P;. One may assume that p { d;
by Artin-Schreier theory. Then d; is the lower jump at Pj, ie., the last

TOME 62 (2012), FASCICULE 2
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index for which the higher ramification group above P; is nontrivial. Let
e; =d;j + 1. Then e; > 2 and e; # 1 mod p. The ramification divisor of ¢
is D := Z;J:ri eij.

LEMMA 2.6. — The genus of Y is gy = (32711 ej) —2)(p—1)/2. The

j=1
p-rank of Y is sy = r(p —1).

Proof. — The first statement follows from the Riemann-Hurwitz formula
using [21, IV, Prop. 4] and the second from the Deuring-Shafarevich formula
[6, Cor. 1.8]. See [23, Remark 1.4] or [24, Section 2] for details. O

2.3. The p-rank of Artin-Schreier curves and partitions

The Artin-Schreier curves of genus g = d(p — 1)/2 with p-rank r(p — 1)
are intimately related to the partition sets 24, as defined in Section 2.1.

LEMMA 2.7. — There exists an Artin-Schreier k-curve of genus g with
p-rank r(p — 1) if and only if d := 2g/(p — 1) is a nonnegative integer and
Q4. is nonempty.

Proof. — By Lemma 2.6, the existence of an Artin-Schreier k-curve with
genus g = d(p — 1)/2 and p-rank r(p — 1) is equivalent to the existence of
f(x) € k(x) whose poles have orders {e; —1,...,e,41 —1} where each e; #
1 mod p and Z;ii e; = d + 2. This is equivalent to {14, being nonempty.

0

Example 2.8. — Let p = 2. Let ¢ > 0 and 0 < s < g. Then Qyy
is non-empty since 2g + 2 can be partitioned into s + 1 even integers.
Therefore, there exists an Artin-Schreier k-curve of genus g and p-rank s
in characteristic 2.

Example 2.9. — Let p > 3. There exists an Artin-Schreier k-curve of
genus g = d(p — 1)/2 with p-rank 0 if and only if p{ (d + 1) by Lemma 2.2.
There exists an ordinary Artin-Schreier k-curve (i.e., with p-rank g) if and
only if 2 | d. If 2 t d, the largest p-rank which occurs for an Artin-Schreier
k-curve of genus g is s = g — (p — 1)/2 by Lemma 2.4.

3. Moduli spaces of Artin-Schreier curves

Consider fixed parameters p, g = d(p—1)/2 withd > 1, and s = r(p—1)
with 0 < s < g. In this section, we study the p-rank s strata AS,, of
the moduli space AS, of Artin-Schreier curves of genus g. We show the
irreducible components of AS, s are in bijection with the elements of 4,
and find the dimensions of these components.

ANNALES DE L’INSTITUT FOURIER
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3.1. Artin-Schreier covers

Let S be a k-scheme. An S-curve is a proper flat morphism Y — S whose
geometric fibres are smooth connected curves. An Artin-Schreier curve Y
over S is an S-curve for which there exists an (unspecified) inclusion ¢ :
Z/p — Autg(Y') such that the quotient Y/¢(Z/p) is a ruled scheme. This
means that there is an (unspecified) isomorphism between each geometric
fibre of Y/u(Z/p) and P'. An Artin-Schreier cover over S is a Z/p-cover
¢ :Y — PL. In other words, it is an Artin-Schreier curve Y over S along
with the data of a specified inclusion ¢ : Z/p < Autg(Y) and a specified
isomorphism Y/u(Z/p) ~ P§.

Consider the following contravariant functors from the category of k-
schemes to sets: AS, (resp. AScov,) which associates to S the set of iso-
morphism classes of Artin-Schreier curves (resp. covers) over S with genus
g. As in [15, Prop. 2.7], one can show that there is an algebraic stack rep-
resenting AS, which we denote again by the symbol AS,. Similarly, e.g.,
[14, pg. 1], there is an algebraic stack representing AScov, which we denote
again by the symbol AScov,. The next lemma is about a natural map from

AScov, to AS,.

LEMMA 3.1. — Let g > 2. There is a morphism F : AScovy, — AS,
and the fibre of F' over every geometric point of AS, has dimension 3.

Proof. — There is a functorial transformation AScov,(S) — AS,(S)
that takes the isomorphism class of a given Artin-Schreier cover ¢ : Y — P},
over S to the isomorphism class of the Artin-Schreier curve Y over S. In
other words, the transformation is defined by forgetting the inclusion ¢
and the isomorphism Y/i(Z/p) ~ P! (and taking the quotient of the set
of inclusions ¢ by the action of Aut(Z/p)). This transformation yields a
morphism F' : AScovy — AS, by Yoneda’s lemma.

To prove the second claim, it suffices to work locally in the étale topology.
Given an Artin-Schreier S-curve Y, by [3, pg. 232], after an étale extension
of S, there exists an inclusion ¢ : Z/p — Autg(Y) and an isomorphism I :
Y/u(Z/p) — PL. Thus Y is in the image of F. There are only finitely many
choices for ¢ since Autg(Y') is finite for g > 2 (e.g., [7, Theorem 1.11]). There
is a three-dimensional choice for the isomorphism I since dim(Aut(P}))=3.
Thus the fibre of F' over Y has dimension three. |

TOME 62 (2012), FASCICULE 2
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3.2. The ramification divisor

This section is about the ramification divisor of a given Artin-Schreier
cover.

Let S be a k-scheme and let n € Z~ . Consider the contravariant functor
Cdiv,,, from the category of k-schemes to sets, which associates to S the
set of isomorphism classes of relative effective Cartier divisors of P} of
constant degree n. This functor is represented by a (Hilbert) scheme which
we denote also by Cdiv,,.

There is a discrete invariant E which induces a natural stratification
Cdiv, j of Cdiv,. To see this, suppose S = Spec(K) where K is a field
with éhar(K) = p. Given D € Cdiv,(S), one can associate to D a locally
principal effective Weil divisor of P with degree n by [12, II, Prop. 6.11, Re-
mark 6.11.2]. After a finite flat extension S’ — S, one can write D' = D X g
S = Z;g e; P; where e; > 1 and Z;g e; =n and where {Py,..., Pryq}
is a set of distinct horizontal sections of P§,. Let E(D) = {e1,...,ers1}
with e; < -+ < eq51. The partition E(D) of n induces a natural strat-
ification Cdivnﬁ of Cdiv,, (where the sections {P,..., P.11} associated

to D can vary). Let Cdiv,), = Ugeq, ,Cdiv, 5 (ie, all E for which each

e; # 1 mod p). For fixed E, let Hz C Sr41 be the subgroup of the sym-
metric group generated by all transpositions (j1,j2) for which e;, = ej,.

LEMMA 3.2. — IfE € Qq,r, then Cdiv, , 5 Is irreducible of dimension
r+ 1.

Proof. — Let A denote the weak diagonal of (P!)"*1, consisting of (r+1)-
tuples with at least two coordinates equal. The quotient of (P*)"+1 — A by
the action of H is irreducible with dimension r + 1. By the remarks pre-
ceding this lemma, the spaces Cdiv,,, 5 and [(PY)" ! — A]/H 5 are locally
isomorphic for the finite flat topology, where the isomorphism identifies D
with the equivalence class of (Py,..., P.y1). Thus Cdivd+27E~ is irreducible
with dimension r + 1. ]

PROPOSITION 3.3. — Let d = 2g/(p — 1). There is a morphism B :
AScovy — Cdivg4o and the image of B is Cdiv}H_Q.

Proof. — Given an Artin-Schreier cover ¢ over S, consider the closed
subscheme D of the fixed points under «(Z/p); this is a relative Cartier
divisor of P of constant degree d + 2 by [3, Lemma 5.2.3, pg. 232]. The
functorial transformation AScov,(S) — Cdiv, 4o, 7(S) yields a morphism
B : AScov, — Cdivg4o by Yoneda’s lemma.

ANNALES DE L’INSTITUT FOURIER
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If D € Cdivg 2(S), then there is a restriction on E(D). As before, one can
identify a pullback D’ = D xg S’ with an effective Weil divisor Z;Z} e; P;
where e; > 1 are such that Z;Z} e; = d+2 and where {Py,..., P41} is
a set of distinct horizontal sections of P§,. If D = B(¢) is in the image
of B, then {Py,...,P.11} constitutes the branch locus of the pullback
¢ = ¢ xg S of ¢ and d; = e; — 1 is the lower jump of ¢’ above the
geometric generic point of P; by [21, IV, Prop. 4]. As seen in Section 2.2,
e; # lmodp for 1 < j < r+ 1. Thus the image of B is contained in
Cdivy,,.

Suppose E € Q4. To prove that Cdiv{li Vo is contained in the image of
B, by descent, it suffices to work locally in the finite flat topology. Given
D= Z;:i e;P;, consider the divisor D = Z;:i(ej — 1)P; of P§. There is
a non-constant function f(z) € O(S)(z) with dive(f(x)) = D. Consider
the cover ¢ : Y — P given by the affine equation y? — y = f(z). Then ¢
is an Artin-Schreier cover with ramification divisor D and the fibres of Y

have genus g by Lemma 2.6. Thus D € Im(B). |

Let AS 0. (resp. AScov . 7) denote the locally closed reduced subspace
of AS, (resp. AScov,) whose geometric points correspond to Artin-Schreier
covers whose ramification divisor has partition E. The morphisms F and B
respect the partition E. Let Fg: ASCOV%E‘ — -ASg,E and B : AScovgﬁ —
Cdiv, wy denote the natural restrictions.

3.3. Artin-Schreier covers with fixed ramification divisor

In this section, we fix a partition Ee Qg and a divisor D € Cdivd+27b:
and study the fibre of B over D. Using [3, Section 5.1], we show that this
fibre is irreducible and compute its dimension. We provide some intuition
by describing the equations for an Artin-Schreier cover with ramification
divisor D.

Notation 3.4. — Let E € Qq,r be a fixed partition {e1,...,e 41} of
d + 2. Consider a fixed divisor D corresponding to a point of Cdiv, , z.
Let AScovg,p be the fibre of By : AScov, g — Cdiv,,, 5 over D.

Notation 3.5. — For1l < j < r+1,lett; =d;—|d;/p] whered; = e;—1.
Let Nz = 7% t;. Let M; = (A1)5~1 x (A' — {0}). Let M = x’X] M;.
There is an action on M by the subgroup Hz C S,y1 generated by all

transpositions (j1,j2) for which dj;, = dj,. Define Mp = M/H .

TOME 62 (2012), FASCICULE 2
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ProroOsITION 3.6. — With notation as in 3.4 and 3.5, the fibre
AScovy p of By over D is locally isomorphic for the finite flat topology to
Mp. Thus AScov p is irreducible with dimension Nz over k.

Proof. — By the definition of Mp, the first claim implies the second. For
the first claim, let  denote a labeling of the r + 1 points in the support of
D. Let ASCOVZ p be the contravariant functor which associates to .S the set
of covers ¢ in the fibre AScovy p(S) along with a labeling 1 of the branch
locus. It suffices to show that the moduli space for ASCOVZ p is locally
isomorphic to M. This statement can be found in [3, pg. 229, pg. 233]. O

Remark 3.7. — In [11, Cor. 2.10], the author constructs an ind-scheme
M which is a fine moduli space for covers Y — P! of k-schemes with group
Z/p and branch locus { Py, ..., P.41} (where Y has unbounded genus). The
k-points of AScov,y p are in bijection with the k-points of M such that ¥’
has genus g. Recall from [11] that M is a direct limit of affine schemes.
This direct limit arises because if S = Spec(K) where K is not perfect, then
there are non-trivial Artin-Schreier covers over S which become trivial after
a finite flat extension of S. In [18], the author addressed this issue using
a configuration space whose k-points are in bijection with covers defined
over k. In Proposition 3.6, we instead followed the approach of [3, Section
5.1].

Remark 3.8. — Proposition 3.6 implies that a flat base change of
AScov, s a Gi x Gp-bundle over Cdiv,,, 5 for some n.

Remark 3.9. — For the convenience of the reader, we provide some
intuition about Proposition 3.6. Let .S be an irreducible affine k-scheme.
Suppose ¢ € AScovy p(S) is an Artin-Schreier cover over S with ramifi-
cation divisor D. Then ¢ has an affine equation y? —y = f(x) for some
f(z) € O(S)(x). The automorphism o = ¢(1) acts via o(y) = y+z for some
z € (Z/p)*. Two such covers ¢ : y? —y = f1(x) and ¢ : y? —y = fa(x) are
isomorphic if and only if fa(z) = (22/21) f1(2)+P =6 for some § € O(5)(z),
see e.g., [18, Lemma 2.1.5]. After possibly changing f(z), one can suppose
z=1.

The cover ¢ is in standard form if p { i for any monomial c;z% in f(x)
whose coefficient ¢; is generically non-nilpotent. Given an Artin-Schreier
cover ¢, after a finite flat extension S’ — S, then ¢ xg S’ has an affine
equation in standard form. To prove this, one uses an étale cover S” — S
with equation a? — a = ¢y to remove a constant coefficient ¢g € O(5) from
f(z). If f(x) contains a monomial caP* with w € Z~(, one uses a purely
inseparable cover S’ — S” with equation b? = c to replace czP¥ with the

ANNALES DE L’INSTITUT FOURIER
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monomial bz". These transformations are uniquely determined and do not
change the isomorphism class of ¢ xg S".

Suppose D = Z;ﬂ e;jP; where {Pi,... P11} is a fixed set of distinct
horizontal sections of P§. If ¢ has ramification divisor D, then f(z) has
a partial fraction decomposition f(z) = Z;ii gj(z) where g;(z) € (z —
Pj)7rO(9)[(x — P;)~ '] is a polynomial of degree d; in the variable (z —
P;)~! with no constant term. (If P; = Py, let (z — P;)~! denote z for
consistency of notation.) If ¢ is in standard form, one can write g;(z) =
Zf;l cij(@ — P;)~" where ¢;; = 0 if p | i and cq,; is never zero. The
isomorphism between M and AScovgw p in the finite flat topology identifies

r+1
j=1

y? —y =371 g;(x) (with the implicit labeling of {Py,..., Pri1}).

(x x?ﬁl ~¢;,;) with the isomorphism class of the Artin-Schreier cover
=1, pfi “»J

3.4. Irreducible components of the p-rank strata

Recall that g = d(p—1)/2 withd > 1 and devenif p =2 and s = r(p—1)
with 0 < s < g. The p-rank induces a stratification of AS, (resp. AScov,).
Let ASg s (resp. AScovy ) denote the locally closed reduced subspace of
AS, (resp. AScov,) whose geometric points have p-rank s.

THEOREM 3.10. — The irreducible components of AScov, , are the
strata AScovg 5 with Ec Qg r. IfE = {e1,...,er+1}, then the dimension

over k of the irreducible component AScov, 5 is d+2— E;g l(e; —1)/p].

Proof. — The image of AScov,, under B is the union of the strata
Cdivy,, 5 of Cdiv}H_2 with 7(E) = r by Proposition 3.3. The stratum
Cdiv, 4o B 1S irreducible of dimension r 4+ 1 by Lemma 3.2.

For E € 4,7, consider the morphism B : AScong — CdivdHﬁ. The
fibre of By over a fixed divisor D is irreducible by Proposition 3.6. By
Zariski’s main theorem, .ASCOVg7 7 is irreducible since B has irreducible
fibres and image. Thus the irreducible components of AScov, s are the
strata .ASCOVQE with E € Qg .

The morphism By is flat since all its fibres are isomorphic. Thus the
dimension of .AScovg) 7 is the sum of the dimensions of Cdiv, ey and of

the fibres of Bg. This equals 7+ 1+ Z;ii(dj —|d;j/p]) by Lemma 3.2 and

Proposition 3.6. This simplifies to d + 2 — Z;:i l(e; —1)/p]. O
Theorem 1.1 in the introduction follows immediately from the next corol-

lary.
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COROLLARY 3.11. — The irreducible components of AS ; are the stra-
ta .ASg 5 with Ec Qg . IfE = {e1,...,er41}, then the dimension dz over

. . . r+1
k of the irreducible component AS z isd —1— Zjil l(e; —1)/p].

Proof. — Let W be an irreducible component of AS, ;. By Lemma 3.1,
F~1(W) is a union of irreducible components of AScov, ;. By Theorem 3.10,
these are indexed by partitions E e Q4. The morphism F' respects the
partition E. In other words, given an Artin-Schreier curve Y, every Artin-
Schreier cover ¢ : Y — ]P’,lC has the same partition. Thus there is a unique
partition occurring for points in F~1(W), and so F~1(W) is irreducible. So
the irreducible components of AS,  are the strata -ASg,E with E € Qg r.
The second statement follows by Lemma 3.1 for g > 2 since dim(W) =
dim(F~1(W)) — 3 and by direct computation for g = 1. O

Example 3.12. — Let p = 3 and g = 10. Here are the dimensions d 3 of
the irreducible components of AS1¢ s.

dimension

dgi2y =6

di228) =7, dias5, =7, diz36) =8
di2226) =8, di22353 =8, dz333 =9
di22233 =9

10 | dy2,2,2,2,2,2y =9

O N|O|®»

The next corollary shows that the image of AS, under the Torelli mor-
phism is not in general position relative to the p-rank stratification of A,
when p > 3.

COROLLARY 3.13. — Ifp > 3, then codim(AS, s, AS,) < g — s.

Proof. — Let d =2g/(p—1) and r = s/(p—1). Let ¢ = min Z;i L(e; —
1)/p| where the minimum ranges over all partitions {ej,...,e,11} with
fixed sum d + 2. By Corollary 3.11, codim(AS, s, AS ) = €. Since |(e; —
1)/p] < (ej —2)/p, one sees that e < (d —2r)/p =2(g — s)/p(p — 1). Thus
e<g—sifp>3. a

3.5. Irreducibility of the Artin-Schreier locus

As an application of Theorem 1.1, we determine all pairs (p, g) for which
AS, is irreducible.
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Corollary 1.2. The moduli space AS, is irreducible in exactly the fol-
lowing cases: (i) p = 2; or (ii) g = 0 or g = (p — 1)/2; or (iii) p = 3 and
g=2,3,5.

Proof. — Let d = 2g/(p — 1). Recall that d is the dimension of AS_ .
The first claim is that there is a bijection between irreducible components
of AS, and partitions E € Qa4 so that dz = d — 1. To see this, note
that [15, Cor. 3.16] implies that every irreducible component of AS, has
dimension d — 1. If " is an irreducible component of AS,, then there is a
partition E € Q4 and an open subset U C I" so that U C ASQ,E' Then
dgz = dim(I") = d — 1. Conversely, suppose dz = d — 1 for some E € Qq.
Then the irreducible space ASg, 7 is open in a unique irreducible component
I' of AS,,.

Thus, AS, is irreducible if and only if there is exactly one partition E €
g with dimension dz = d — 1. Write E ={ey,...,er41}. By Theorem 1.1,
dg=d—1ifandonlyife; <p+1lfor1<j<r+1.

If p = 2, only one partition satisfies the condition e; < 3 for each j,
namely the partition {2,...,2}, Lemma 2.3. Thus A, is irreducible for all
g when p = 2.

For arbitrary p, if ¢ = 0 (resp. g = (p — 1)/2) then d = 0 (resp. d = 1),
and there is only one partition satisfying e; < p + 1, namely the partition
{2} (resp. {3}). Thus AS, is irreducible in these cases.

If p=3and d =2 (resp. 3, 5), only one partition satisfies the condition
e;j < 4, namely {2,2}, (resp. {2,3}, {2,2,3}). Thus AS, is irreducible in
these cases.

Suppose p = 3 and d > 2 and that AS, is irreducible. If E is a maximal
partition, then its entries satisfy e; < 3 < p + 1. Thus Q4 has a unique
maximal partition. By Lemma 2.4, this implies d € {2,3,5}. If p > 5, then
there are at least two partitions satisfying e; < p+1: for example, {4} and
{2,2} when d = 2; {5} and {2,3} when d = 3; {2,5} and {2,2,3} when
d = 5. This is a contradiction and so cases (i)-(iii) are the only cases when
AS, is irreducible. O

3.6. Hyperelliptic curves in characteristic 2

Let H4 be the moduli space of hyperelliptic k-curves of genus g. Let H, .
denote the locally closed reduced subspace of H, parametrizing hyperellip-
tic k-curves of genus g with p-rank s. When p = 2, H, is the same as AS,,.
This yields the following result.
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Corollary 1.3. Let p = 2. The irreducible components of H, ; are in bi-
Jjection with partitions of g+ 1 into s+ 1 positive integers. Every component
has dimension g — 1 + s over k.

Proof. — By Corollary 3.11, the irreducible components of H, s are in
bijection with the partitions of d + 2 = 2g + 2 into s + 1 even positive
integers, which are in bijection with the partitions of g + 1 into s + 1
positive integers. The dimension of the irreducible component for E =
{e1,...,es41}is (d—1) — Z;Ii |(e; —1)/2]. This simplifies to g — 1+ s
since e; is even and |(e; — 1)/2| =e;/2 — 1. O

4. Deformation results and open questions

In this section, we give some results on how the irreducible components of
AS, s (with varying s) fit together within AS,. This involves deformations
of wildly ramified covers with non-constant branch locus.

4.1. A deformation result for wildly ramified covers

The main result of this section is that, under the obvious necessary con-
ditions, the p-rank of an Artin-Schreier curve can be increased by exactly
p — 1 in a flat deformation. Let S = Spec(k[[t]]) and let s be the closed
point of S.

PROPOSITION 4.1. — Suppose p | e; or p | ea. Suppose ¢, is an Artin-
Schreier cover over k, branched at a point b with lower jump e; + e3 — 1.
Then there exists an Artin-Schreier cover 1¥g over S whose special fibre
is isomorphic to 1., whose generic fibre is branched at two points that
specialize to b and which have lower jumps e; — 1 and e; — 1, and whose
ramification divisor is otherwise constant.

Proof. — Let e = e; + e3. By hypothesis, p { (e — 1). Without loss of
generality, suppose p | e;.

Consider the Artin-Schreier cover v, : Yo — Z, which is wildly ramified
at the pomt Yo € Y, above b where it has lower jump e — 1. Let 1/10 :
Y, — Z, be the germ of 1, at y,. It is an Artin-Schreier cover of germs of
curves. Using formal patching, see e.g., [11, Prop. 2.7] or [3, Thm. 3.3.4],
deformations of ¥, can be constructed locally via deformations of z/AJo. With
this technique, one can suppose that the deformation of 1., and thus the
ramification divisor, is constant away from b.
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Now Z, ~ Spec(k[[z1]]). After a change of variables, one can suppose
that the restriction of o to Spec(k((z~1))) has equation y? —y = L.

Consider the deformation g of ¥, over S = Spec(k[[t]]) given by the
normal extension of Spec(k[[z~!,t]]) with the following affine equation:

yP —y =2t (1 — at)e.

On the special fibre, when ¢ = 0, then @s is isomorphic to ﬁo. On the
generic fibre, when ¢ # 0, then 1&5_5 is branched above z=! = 0 and above
7! =t Let F(zr) = 271/(1 — 2t)°*. The order of the pole of F(z) at
x7 ' =0ise—1—e; = ey — 1, which is prime-to-p by hypothesis. Thus the
lower jump above x7! =0 is es — 1.

To compute the lower jump above 2= = ¢, one can expand F(z) around
1/t:

F(z) = (—1)ateta-D(g 1/~
+ (e =) (=Dt letea=D (g —1/p~att 4

After a finite inseparable extension of k((t)) with equation t{ = t, the
leading term of F(x) is a pth power. The second term of F(z) is non-
zero since p 1 (e — 1) and thus it becomes the leading term of the affine
equation in standard form for 1;5_8. Thus the lower jump above z~1 =t
is e; — 1. Thus the cover zﬁg_s is branched at two points that specialize to
b and which have lower jumps e; — 1 and ez — 1. By Lemma 2.6 and [20,
Lemma IV.2.3], the deformation ¢g of ¢, over S is smooth. O

The next result shows that, under a mild necessary condition, the p-rank
of an Artin-Schreier curve can be increased by exactly p — 1 under a flat
deformation. In particular, an Artin-Schreier curve of genus g > p(p—1)/2
and p-rank 0 can be deformed to an Artin-Schreier curve of genus g and
p-rank p — 1.

PROPOSITION 4.2. — Suppose that Y, is an Artin-Schreier k-curve of
genus g and p-rank r(p — 1). Suppose there is a ramified point of Y, under
the Z/p-action whose lower jump d satisfies d > p + 1. Then there exists
an Artin-Schreier curve Yg over S whose special fibre is isomorphic to Y,
and whose generic fibre has genus g and p-rank (r +1)(p — 1).

Proof. — Let e; = p and e = d + 1 — p. By hypothesis, there is an
Artin-Schreier cover v, : Y, — IP’}€7 branched at r + 1 points, including
one point b with lower jump e; + es — 1. The result is then immediate
from Proposition 4.1, because the generic fibre of ¥g is branched at r + 2
points. O
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4.2. Preliminary closure results

In this section, we show that the combinatorial data in the graph Gy
gives partial information about how the irreducible components of AS, s
(with varying s) fit together in AS,. In fact, we will see in Section 4.3 that
the graph G4 gives complete information about this question when p = 2.

For ¢ = 1,2, consider a partition EZ € Q4. Let s; = r;(p — 1). Let
g = .ASg7 7, be the irreducible component of AS s, corresponding to E;
as defined below Proposition 3.3. There is a partial ordering < on €4 from
Section 2.1.

LEMMA 4.3. — Ifl"E1 is in the closure ofl"E? in AS,, then El < Eg.

Proof. — Let S = Spec(k[[t]]) and consider an Artin-Schreier cover ¢g
so that the generic fibre yields a k((t))-point of I'; and the special fibre
yields a k-point of I'z . This is only possible if the branch points of ¢g
coalesce when ¢t = 0. Since B(¢g) is a relative Cartier divisor of constant
degree, the entries of the partition sum together under specialization and
the partition decreases in size. O

The next example and lemma show that the condition El < Eg is fre-

quently not sufficient for I'z to be in the closure of I'z in AS, when
1 2
p=b.

Example 4.4. — Let p=5 and g = 4 and consider E; = {4} and Ej =
{2,2}. Then ' and I'z are both components of AS; with dimension one.
Although E; < Eg, at most a zero-dimensional subvariety of T' 7, can be
in the closure of I" 7, In fact, I' 7, is the supersingular family parametrized
by y> —y = 23 + cz?; while T B, 18 the ordinary family parametrized by
v —y=x+c/z.

For a € Z~, let @ be the integer so that @ = a mod p and 0 < a < p.

LEMMA 4.5. — Suppose El =< Eg with an edge from El to EQ.

(1) If the edge is of the form {e} — {e1,ea} with 2 < & + e < p,
then dimy(I'z ) = dimy(I'z ) and 'z is not in the closure of I'z
in AS,.

(2) In all other cases, dimy(I'z ) = dimy(T'z,) — 1.

Proof. — The dimension comparison follows from Theorem 1.1. If
dimg(I'g, ) = dimg(I'z,), then I'z is not in the closure of I'  since AS,
is separated. (|
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4.3. Closure of the p-rank strata

The main result of this section is Theorem 4.7 which states that every
irreducible component of AS, , satisfying an obvious necessary condition
is contained in the closure of AS, ;1 (,—1) in AS,. In the case that p = 2,
Corollary 4.8 strengthens this result.

Recall, for i = 1,2, that T’ o .,4897 g, is the irreducible component of
AS, s, corresponding to Ei € Qq.r,, where s; = r;(p — 1). There are some
earlier results about when I' g, isin the closure of T’ By For example, [16,
Thm. 6.5.1] implies that I'z is in the closure of I'z for an edge of the
form {2p — ¢+ 1} — {p,p— £+ 1} as long as ¢ | (p — 1). Here is another
such result.

PROPOSITION 4.6. — Let Ey < E, with an edge of the form {e} ~
{e1,ex} from E; to Es. If p | €1 or p | eq, then I isin the closure of I'g,

in AS,.

In other words, under the hypothesis of Proposition 4.6, if Y, is an Artin-
Schreier curve with partition E, over k, then there exists an Artin-Schreier
curve Yg over S = Spec(k[[t]]) whose special fibre is isomorphic to Y, and
whose generic fibre has partition Es.

Proof. — For i = 1,2, let Fﬁi = ASg 5+ Let Y5 be the Artin-Schreier
curve corresponding to a k-point of T' #,- There exists an Artin-Schreier

cover ¢o : Y, — ]P’,lC over k. The element e in the partition El determines a
branch point b € ]P’,lC so that the lower jump of ¢, above b is e — 1.

Let S = Spec(k[[t]]). By Proposition 4.1, there exists an Artin-Schreier
cover ¢g over S whose special fibre is isomorphic to ¢, and whose generic
fibre is branched at two points that specialize to b and that have lower
jumps e; — 1 and e; — 1. Furthermore, the ramification divisor is otherwise
constant. Thus the generic fibre of ¢g has partition Es. Thus T 7, isin the
closure of I' 5 in AS,. O

THEOREM 4.7. — Suppose 0 < s < g—(p—1). Ifn is an irreducible com-
ponent of AS, ; which is not open and dense in an irreducible component
of AS,, then n is in the closure of AS, ¢4 (p—1) in AS,.

Proof. — The condition that 1 is not open and dense in an irreducible
component of AS, implies that dim(n) < d — 1 [15, Cor. 3.16]. By The-
orem 3.11, n = ASQ,E for some partition E e Q4. containing an entry
e > p+2. The result is then immediate from Proposition 4.6, letting e; = p
and e = e — p. (|
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The next corollary shows that the graph G4 gives a complete combina-
torial description of how the irreducible components of AS, , fit together
in AS, when p = 2. This result is used in [2].

COROLLARY 4.8. — Suppose p = 2. Then Iz, is in the closure of Iz,

in AS, if and only if Ey < E,. Thus, if 0 < s < g, then every component
of My s is in the closure of Hy 41 in Hy.

Proof. — Lemma 4.3 implies the forward direction. For the converse,
one reduces to the case that there is an edge from E, to E5. Since p=2,
the edge has the form {e} — {e1,ez} where e; and es are even. Then
Proposition 4.6 applies. g

4.4. Open questions

An answer to the following question would help determine whether AS,
is connected.

Question 1. What are necessary and sufficient conditions on the edge
{e} = {e1, e} or the edge {e} — {e1,e2,e3} for I'z to be in the closure
of 'z in AS,?

Remark 4.9. — By Proposition 4.6, a sufficient condition for an affir-
mative answer to Question 4.4 for the edge {e} +— {e1, ea} is that p | eres.
Here is a heuristic why this condition may also be necessary. Suppose that
K is a field of characteristic 0. If ® : Y — P} is a Z/p-Galois cover and
y € Y is a ramification point, then the identification of Z/p with Gal(®)
allows one to define a canonical generator g, € Z/p of the inertia group at
y, see e.g., [22, Section 2.2.1]. The inertia type of ® is the multi-set {g, }
for all ramification points y of ®.

Now, if ¢; is an Artin-Schreier cover (in characteristic p) with partition
{e}, then ¢; can be lifted to a Z/p-cover of the projective line over a field of
characteristic 0, and the inertia type of this lifting is the multi-set of length
e of the form {1,...,1,1 — e} [10, Ex. 3.3.1]. Similarly, if ¢ is an Artin-
Schreier cover with partition {ej, ea}, then the inertia type of the lifting is
the multi-set of length e +e5 = e of the form {1—e;, 1,...,1,1—es}. So the
inertia types of the liftings are the same if and only if either 1—e; = 1 mod p
or 1 — ey =1 mod p, in other words, if and only if p | ejes.

Question 2. Let E e Q4. What Newton polygons occur for points of
AS | 57

ANNALES DE L’INSTITUT FOURIER



THE p-RANK STRATIFICATION OF ARTIN-SCHREIER CURVES 725

When p > d, the Newton polygon occurring for the generic point of
AS, 5 is found in [23]. Its limit as p — oo has slopes 0 and 1 occurring

€j —2

e } with multiplicity p—1

with multiplicity r(p—1) and slopes {ﬁ, o
J
for each 1 < j < r+ 1. See [5], [4] for recent results on this question.

Question 3. If p > 3 and g > s > 0, is every component of H, , in the
closure of Hy s417

An answer to Question 3 would give more information about the geome-
try of the p-rank stratification of H,, thus generalizing Corollary 4.8. In [1,
Cor. 3.15], the authors prove a related result: if p > 3 and 0 < s’ < s < g,
then for each irreducible component S of H, s, there exists an irreducible
component Ty of Hgy o such that S contains Tl
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