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BANACH SPACES WITHOUT MINIMAL SUBSPACES -
EXAMPLES

by Valentin FERENCZI & Christian ROSENDAL (*)

ABSTRACT. — We analyse several examples of separable Banach spaces, some
of them new, and relate them to several dichotomies obtained in [11],by classifying
them according to which side of the dichotomies they fall.

RiSUME. — Plusieurs exemples d’espaces de Banach séparables, dont certains
sont nouveaux, sont analysés, et reliés & plusieurs dichotomies obtenues dans [11].
Ces exemples sont classifiés en fonction de quelle alternative de chaque dichotomie
ils satisfont.

1. Introduction

In this article we give several new examples of Banach spaces, corre-
sponding to different classes of a list defined in [11]. This paper may be
seen as a more empirical continuation of [11] in which our stress is on the
study of examples for the new classes of Banach spaces considered in that
work.

1.1. Gowers’ list of inevitable classes

In the paper [15], W.T. Gowers had defined a program of isomorphic
classification of Banach spaces. The aim of this program is a loose classifi-
cation of Banach spaces up to subspaces, by producing a list of classes of
Banach spaces such that:

Keywords: tight Banach spaces, dichotomies, classification of Banach spaces.

Math. classification: 46B03, 03E15.
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(a) if a space belongs to a class, then every subspace belongs to the same
class, or maybe, in the case when the properties defining the class depend
on a basis of the space, every block subspace belongs to the same class,

(b) the classes are inevitable, i.e., every Banach space contains a subspace
in one of the classes,

(c) any two classes in the list are disjoint,

(d) belonging to one class gives a lot of information about operators that
may be defined on the space or on its subspaces.

We shall refer to such a list as a list of inevitable classes of Gowers. For
the motivation of Gowers’ program as well as the relation of this program
to classical problems in Banach space theory we refer to [11]. Let us just
say that the class of spaces co and £, is seen as the nicest or most regular
class, and so, the objective of Gowers’ program really is the classification
of those spaces (such as Tsirelson’s space T') which do not contain a copy
of ¢y or ¢,. Actually, in [11], mainly spaces without minimal subspaces
are classified, and so in this article, we shall consider various examples of
Banach spaces without minimal subspaces. We shall first give a summary
of the classification obtained in [11] and of the results that led to that
classification.

After the construction by Gowers and Maurey of a hereditarily inde-
composable (or HI) space GM, i.e., a space such that no subspace may
be written as the direct sum of infinite dimensional subspaces [16], Gow-
ers proved that every Banach space contains either an HI subspace or a
subspace with an unconditional basis [14]. This dichotomy is called first di-
chotomy of Gowers in [11]. These were the first two examples of inevitable
classes. He then refined the list by proving a second dichotomy: any Banach
space contains a subspace with a basis such that either no two disjointly
supported block subspaces are isomorphic, or such that any two subspaces
have further subspaces which are isomorphic. He called the second property
quasi minimality. Finally, H. Rosenthal had defined a space to be minimal
if it embeds into any of its subspaces. A quasi minimal space which does
not contain a minimal subspace is called strictly quasi minimal, so Gowers
again divided the class of quasi minimal spaces into the class of strictly
quasi minimal spaces and the class of minimal spaces.

Gowers therefore produced a list of four inevitable classes of Banach
spaces, corresponding to classical examples, or more recent couterexamples
to classical questions: HI spaces, such as GM; spaces with bases such that
no disjointly supported subspaces are isomorphic, such as the couterexam-
ple G,, of Gowers to the hyperplane’s problem of Banach [12]; strictly quasi
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EXAMPLES OF BANACH SPACES 441

minimal spaces with an unconditional basis, such as Tsirelson’s space T [21];
and finally, minimal spaces, such as cy or £,, but also 7™, Schlumprecht’s
space S [19], or as proved recently in [18], its dual S*.

1.2. The three new dichotomies

In [11] three dichotomies for Banach spaces were obtained. The first one
of these new dichotomies, the third dichotomy, concerns the property of
minimality defined by Rosenthal. Recall that a Banach space is minimal
if it embeds into any of its infinite dimensional subspaces. On the other
hand, a space Y is tight in a basic sequence (e;) if there is a sequence of
successive subsets Iy < I} < I < ... of N, such that for all infinite subsets
A C N, we have

€A

A tight basis is a basis such that every subspace is tight in it, and a tight
space is a space with a tight basis [11].

The subsets I, may clearly be chosen to be intervals or even to form a
partition of N. However it is convenient not to require this condition in the
definition, in view of forthcoming special cases of tightness.

It is observed in [11] that the tightness property is hereditary, incompat-
ible with minimality, and it is proved that:

THEOREM 1.1 (3rd dichotomy, Ferenczi-Rosendal 2007). — Let E be a
Banach space without minimal subspaces. Then E has a tight subspace.

Actual examples of tight spaces in [11] turn out to satisfy one of two
stronger forms of tightness. The first was called tightness by range. Here the
range, range x, of a vector x is the smallest interval of integers containing
its support on the given basis, and the range of a block subspace [z,,] is
\U,, range x,,. A basis (e,) is tight by range when for every block subspace
Y = [yn], the sequence of successive subsets Iy < I; < ... of N witnessing
the tightness of Y in (e,,) may be defined by Ij, = range y;, for each k. This is
equivalent to no two block subspaces with disjoint ranges being comparable,
where two spaces are comparable if one embeds into the other.

When the definition of tightness may be checked with I, = suppyg
instead of rangeys, then a stronger property is obtained which is called
tightness by support, and is equivalent to the property defined by Gowers
in the second dichotomy that no disjointly supported block subspaces are
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isomorphic. Therefore G,, is an example of space with a basis which is tight
by support and therefore by range.

The second kind of tightness was called tightness with constants. A basis
(en) is tight with constants when for for every infinite dimensional space
Y, the sequence of successive subsets Iy < I} < ... of N witnessing the
tightness of Y in (e,) may be chosen so that Y Zx [e, | n ¢ Ik] for
each K. This is the case for Tsirelson’s space T or its p-convexified version
T® [8].

As we shall see, one of the aims of this paper is to present various exam-
ples of tight spaces of these two forms.

In [11] it was proved that there are natural dichotomies between each of
these strong forms of tightness and respective weak forms of minimality. For
the first notion, a space X with a basis (z,,) is said to be subsequentially
minimal if every subspace of X contains an isomorphic copy of a subse-
quence of (z,). Essentially this notion had been previously considered by
Kutzarova, Leung, Manoussakis and Tang in the context of modified par-
tially mixed Tsirelson spaces [17].

THEOREM 1.2 (4th dichotomy, Ferenczi-Rosendal 2007). — Any Banach
space E contains a subspace with a basis that is either tight by range or is
subsequentially minimal.

The second case in Theorem 1.2 may be improved to the following hered-
itary property of a basis (z,), that we call sequential minimality: (x,,) is
quasi minimal and every block sequence of [z,] has a subsequentially min-
imal block sequence.

There is also a dichotomy concerning tightness with constants. Recall
that given two Banach spaces X and Y, we say that X is crudely finitely
representable in Y if there is a constant K such that for any finite-dimen-
sional subspace F' C X there is an embedding T': F' — Y with constant K,
ie, |T| - [|T7| < K. A space X is said to be locally minimal if for some
constant K, X is K-crudely finitely representable in any of its subspaces.

THEOREM 1.3 (5th dichotomy, Ferenczi-Rosendal 2007). — Any Banach
space E contains a subspace with a basis that is either tight with constants
or is locally minimal.

Finally there exists a sixth dichotomy theorem due to A. Tecaciuc [20],
stated here in a slightly strengthened form. A space X is uniformly inho-
mogeneous when

VM >13n e NVYL, ..., Yo, € X Jy; € Sy, (Wi)ioy v ()P 01
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where Y7,...,Y5, are assumed to be infinite-dimensional subspaces of X.
On the contrary, a basis (e,) is said to be strongly asymptotically ¢,
1 < p < +o0, [9], if there exists a constant C and a function f : N — N such
that for any n, any family of n unit vectors which are disjointly supported
in [ey | k > f(n)] is C-equivalent to the canonical basis of £y Teaciuc then
proves [20]:

THEOREM 1.4 (Tcaciuc’s dichotomy, 2005). — Any Banach space con-
tains a subspace with a basis which is either uniformly inhomogeneous or
strongly asymptotically £, for some 1 < p < +00.

The six dichotomies and the interdependence of the properties involved
can be visualised in the following diagram.

Strongly asymptotic £, * * Tcaciuc’s dichotomy * Uniformly inhomogeneous
Unconditional basis * % 1st dichotomy = * Hereditarily indecomposable
Tight by support * % 2nd dichotomy = * Quasi minimal
Tight by range * % 4th dichotomy * * Sequentially minimal
Tight * % 3rd dichotomy x* Minimal
Tight with constants * % bth dichotomy * * Locally minimal
Moreover,

Strongly asymptotic £, not containing £,,1 < p < +o0o0 = Tight with constants,

and
Strongly asymptotic £, = Locally minimal.

Note that while a basis tight by support must be unconditional, a ba-
sis which is tight by range may span a HI space. So tightness by support
and tightness by range are two different notions. We would lose this subtle
difference if we required the sets I, to be intervals in the definition of tight-
ness. Likewise a basis may be tight by range without being (nor containing
a basis which is) tight with constants, and tight with constants without
being (nor containing a basis which is) tight by range. Actually none of the
converses of the implications appearing on the left or the right of the list of
the six dichotomies holds, even if one allows passing to a further subspace.
All the claims of this paragraph are easily checked by looking at the list of
examples of Theorem 1.5, which is the aim of this paper.

The fact that a strongly asymptotically £, space not containing ¢, must
be tight with constants is proved in [11] but is essentially due to the authors
of [9], and the observation that such bases are unconditional may also be
found in [9]. The easy fact that HI spaces are uniformly inhomogeneous
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(with n = 2 in the definition) is observed in [11]. That HI spaces are quasi-
minimal is due to Gowers [15], and that minimal spaces are locally minimal
is a consequence of an observation by P. G. Casazza [7] that every minimal
space must K-embed into all its subspaces for some K > 1. The other im-
plications are direct consequences of the definitions, and more explanations
and details may be found in [11].

1.3. The list of 19 inevitable classes

Combining the six dichotomies and the relations between them, the fol-
lowing list of 19 classes of Banach spaces contained in any Banach space is
obtained in [11]:

THEOREM 1.5 (Ferenczi - Rosendal 2007). — Any infinite dimensional
Banach space contains a subspace of one of the types listed in the following
chart:

Type | Properties Examples
(1a) HI, tight by range and with constants ?

(1b) HI, tight by range, locally minimal G*

(2) HI, tight, sequentially minimal ?

(3a) tight by support and with constants, uniformly inhomogeneous | 7

(3b) tight by support, locally minimal, uniformly inhomogeneous G,

(3¢) tight by support, strongly asymptotically £,, 1 < p < oo Xy Xabr
(3d) tight by support, strongly asymptotically £ X

(4) unconditional basis, quasi minimal, tight by range ?

(5a) unconditional basis, tight with constants, sequentially minimal, | ?
uniformly inhomogeneous
(5b) unconditional basis, tight, sequentially and locally minimal, ?
uniformly inhomogeneous

(5¢) tight with constants, sequentially minimal, T, T®
strongly asymptotically £,, 1 < p < oo

(5d) tight, sequentially minimal, strongly asymptotically £, ?

(6a) unconditional basis, minimal, uniformly inhomogeneous S, S*

(6b) minimal, reflexive, strongly asymptotically £ T

(6¢) isomorphic to co orlp, 1 < p < 0o co, Up

The class of type (2) spaces may be divided into two subclasses, using
the 5th dichotomy, and the class of type (4) into four, using the 5th and
the 6th dichotomy, giving a total of 19 inevitable classes. Since we know of
no example of a type (2) or type (4) space to begin with, we do not write
down the list of possible subclasses of these two classes, leaving this as an
exercise to the interested reader.

Note that the tightness property may be used to obtain lower bounds of
complexity for the relation of isomorphism between subspaces of a given
Banach space. This was initiated by B. Bossard [6] who used Gowers’ space
G, and its tightness by support. Other results in this direction may be
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found in [11]. We also refer to [10] for a more introductory work to this
question.

In [11] the existence of X, and the properties of S, G, G, and X,
which appear in the chart and are mentioned without proof. It is the main
objective of this paper to prove the results about the spaces which appear
in the above chart.

So in what follows various (and for some of them new) examples of “pure”
tight spaces are analysed combining some of the properties of tightness or
minimality associated to each dichotomy. We shall provide several examples
of tight spaces from the two main families of exotic Banach spaces: spaces of
the type of Gowers and Maurey [16] and spaces of the type of Argyros and
Deliyanni [3]. Recall that both types of spaces are defined using a coding
procedure to “conditionalise” the norm of some ground space defined by
induction. In spaces of the type of Gowers and Maurey, the ground space
is the space S of Schlumprecht, and in spaces of the type of Argyros and
Deliyanni, it is a mixed (in further versions modified or partly modified)
Tsirelson space associated to the sequence of Schreier families. The space .S
is far from being asymptotic £, and is actually uniformly inhomogeneous,
and this is the case for our examples of the type of Gowers-Maurey as
well. On the other hand, we use a space in the second family, inspired
by an example of Argyros, Deliyanni, Kutzarova and Manoussakis [4], to
produce strongly asymptotically ¢ and ¢, examples with strong tightness
properties.

2. Tight unconditional spaces
of the type of Gowers and Maurey

In this section we prove that the dual of the type (3) space G, constructed
by Gowers in [12] is locally minimal of type (3), that Gowers’ hereditarily
indecomposable and asymptotically unconditional space G defined in [13]
is of type (1), and that its dual G* is locally minimal of type (1). These
spaces are natural variations on Gowers and Maurey’s space GM, and so
familiarity with that construction will be assumed: we shall not redefine
the now classical notation relative to GM, such as the sets of integers K
and L, rapidly increasing sequences (or R.I.S.), the set Q of functionals,
special functionals, etc., instead we shall try to give details on the parts in
which G, or G differ from GM.

The idea of the proofs is similar to [12]. The HI property for Gowers-
Maurey’s spaces is obtained as follows. Some vector z is constructed such

TOME 62 (2012), FASCICULE 2
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that ||z|| is large, but so that if 2’ is obtained from x by changing signs of the
components of x, then x*(z’) is small for any norming functional z*, and
so ||z’|| is small. The upper bound for z*(2’) is obtained by a combination
of unconditional estimates (not depending on the signs) and of conditional
estimates (i.e., based on the fact that | Y. | €] is much smaller than n if
€; = (—1)% for all 7).

For our examples we shall need to prove that some operator T is un-
bounded. Thus we shall construct a vector x such that say Tz has large
norm, and such that z*(z) is small for any norming z*. The upper bound
for 2* () will be obtained by the same unconditional estimates as in the HI
case, while conditional estimates will be trivial due to disjointness of sup-
ports of the corresponding component vectors and functionals. The method
will be similar for the dual spaces.

Recall that if X is a space with a bimonotone basis, an /7, -average
with constant 1 + € is a normalised vector of the form > » , z;, where

z1 < -+ < xp and ||z;]| < € for all i. An (7, -average with constant
1 + € is a normalised vector of the form 2?21 x;, where 1 < -+ < x,

1
Tte
multiple of an (7 -average (resp. 2, -average). The function f is defined

by f(n) =logs(n + 1). The space X is said to satisfy a lower f-estimate if
for any x1 < -+ < xp,

and ||la;|| > for all 4. An (7 -vector (resp. {2, -vector) is a non zero

oy el < [

LEMMA 2.1. — Let X be a reflexive space with a bimonotone basis and
satisfying a lower f-estimate. Let (y;) be a normalised block sequence of
X*,n €N, e, a>0. Then there exists a constant N (n, €), successive subsets
F; of [1,N(n,e)], 1 < i < n, and A > 0 such that if x] := X}, cp vy
for all i, then z* = Y. ,af is an (" - average with constant 1 + e.
Furthermore, if for each i, x; is such that ||z;|| < 1, rangex; C rangez
and x}(z;) > allz}||, then x = >, @; is an {1, -vector with constant 1<
such that z*(x) > 15 [|=||.

Proof. — Since X satisfies a lower f-estimate, it follows by duality that
any sequence of successive functionals 2] < --- < z} in G, satisfies the
following upper estimate:

N
=1

< I
< f(n) giagnllx@ [
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Let N = n* where k is such that (1 + €)* > f(n*). Assume towards a
contradiction that the result is false for N(n,e) = N, then

y* = (yf +...+ y:;k_l) + ...+ (yzﬂn_l)nk_lﬂ +...+ y:k,)

is not an £7_, -vector with constant 1 + ¢, and therefore, for some i,

||y;<nk*1+1 +- +y(1+1)nk 1” =X 7||y H

Applying the same reasoning to the above sum instead of y*, we obtain,
for some j,
1
* * *
[Yinr—21 + o F YGpymr—2ll < m”y |-
By induction we obtain that

1<

< el < o),

a contradiction.
Let therefore 2™ be such an £7_, -average with constant 1+ € of the form
>; @7 Let for each i, z; be such that |z;|| < 1, rangez; C rangex; and

xf(x;) = al|lzf||. Then
>t (Yw) = a( Y leil) >

Ly

and in particular for each 1,
1+e
Jasll < 1< == >
so Y, ; is a {7 -vector with constant % We also obtain that
. on o
(Xw) 2 1 2 e X

as required. (|

)

9

The following lemma is fundamental and therefore worth stating explic-
itly. It appears for example as Lemma 4 in [13]. Recall that an (M, g)-form
is a functional of the form g(M)~t(z} + ...+ z%,), with 2] < --- < %, of
norm at most 1.

LEMMA 2.2 (Lemma 4 in [13]). — Let f,g € F with g > \/f, let X be a
space with a bimonotone basis satisfying a lower f-estimate, let ¢ > 0 and
¢ = min{e, 1}, let x1,...,xn be a R.IS. in X for f with constant 1+ ¢ and
let x = Zivzl x;. Suppose that

IEx| < sup{|x*(Ex)| : M > 22" is an (M,g)—form}

TOME 62 (2012), FASCICULE 2
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for every interval E such that |Ex|| > 1/3. Then ||z|| < (1+e+€¢)Ng(N)~t.

2.1. A locally minimal space tight by support

Let G,, be the space defined in [12]. This space has a suppression uncon-
ditional basis, is tight by support and therefore reflexive, and its norm is
given by the following implicit equation, for all z € ¢gq:

Iz = e V sup{f(n)-l S |Ew| ‘ 2B <...< En}
=1

Y sup{|x*(;v)| k € K, z* special of length k‘}

where Ey,..., E, are successive subsets (not necessarily intervals) of N.

PROPOSITION 2.3. — The dual G, of G,, is tight by support and locally
minimal.

Proof. — Given n € N and ¢ = 1/10 we may by Lemma 2.1 find some
N such that there exists in the span of any 7 < ... <z}, an £7_, -average
with constant 1+e¢. By unconditionality we deduce that any block-subspace
of G}, contains (7 ’s uniformly, and therefore G7, is locally minimal.

*) and (y}) are disjointly
supported and equivalent block sequences in G, and let T': [zX] — [y] be
defined by Tz} = y;.

We may assume that each z; is an £7 | -average with constant 1+e¢. Using
Hahn-Banach theorem, the 1-unconditionality of the basis, and Lemma 2.1,
we may also find for each n an {7, -average x, with constant 1+ ¢ such that
supp ,, C supp«, and z%(z,) = 1/2. By construction, for each n, Tz} is
disjointly supported from [zx], and up to modifying 7', we may assume that
Tz} is in Q and of norm at most 1 for each n.

If z1,..., 2 is a R.LS. of these {7, -averages x,, with constant 1+, with
m € [log N,exp N], N € L, and z},...,z}, are the functionals associated
to 21,...,%m, then by [12] Lemma 7, the (m, f)-form 2* = f(m)~!(z} +
...+ 2})) satisfies

Assume now towards a contradiction that (z

m
2f(m)
and furthermore T'z* is also an (m, f)-form. Therefore we may build R.I.S.
vectors z with constant 1+ € of arbitrary length m in [log N,exp N], N € L,
so that z is 4 !-normed by an (m, f)-form 2* such that Tz* is also an
(m, f)-form. We may then consider a sequence z1,. ..,z of length k € K

N 1
2+ 2, = >i||zl+...+zm||,
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of such R.LS. vectors of length m;, and some corresponding (m;, f)-forms
25, ..., 2) (e, zf 4 1-norms z; and Tz} is also an (m;, f)-form for all i),
such that T'z7,...,T%; is a special sequence. Then we let z = z1 +--- + 2,
and 2* = f(k)"V2(2f 4+ ...+ 2}). Since T2* = f(k)"YV2(Tzf + ...+ T%)
is a special functional it follows that

ITz"] < 1.
Our aim is now to show that ||z| < 3kf(k)~!. It will then follow that
12*1 = 2*(2)/ Il > f (k)2 /12,

Since k was arbitrary in K this will imply that 7! is unbounded and
provide the desired contradiction.

The proof is almost exactly the same as in [12]. Let Ko = K \ {k} and
let g be the corresponding function given by [12] Lemma 6. To prove that
|zl < 3kf(k)~! it is enough by [12] Lemma 8 and Lemma 2.2 to prove
that for any interval E such that |[Ez|| > 1/3, Ez is normed by some
(M, g)-form with M > 2.

By the discussion in the proof of the main theorem in [12], the only pos-
sible norming functionals apart from (M, g)-forms are special functionals
of length k. So let w* = f(k)~'/2(w} + --- + w}) be a special functional
of length k, and E be an interval such that |Ez| > 1/3. We need to show
that w* does not norm Ez.

Let t be minimal such that w} # Tz;. If i # j or ¢ = j > t then by defi-
nition of special sequences there exist M # N € L, min(M, N) > ja, such
that w; is an (M, f)-form and z; is an R.I.S. vector of size N and constant
1+e. By [12] Lemma 8, z; is an €{V;/lo—average with constant 2. If M < N
then 2M < logloglog N so, by [12] Corollary 3, |w}(Ez;)| < 6f(M)~".
If M > N then logloglog M > 2N so, by [12] Lemma 4, |w;(Ez;)| <
2f(N)/N. In both cases it follows that |w}(Ez;)| < k2.

If i = j =t we have |w}(Ez;)| < 1. Finally if i = j < ¢ then w} = T'z}.
Since T'z} is disjointly supported from [z}] and therefore from z;, it follows
simply that w;(Ez;) = 0 in that case.

Summing up we have obtained that

W (B2)| < (k)2 (K272 +1) = 2f (k)72 < 1/3 < || B2

Therefore w* does not norm Ez and this finishes the proof. ]
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2.2. Uniformly inhomogeneous examples

It may be observed that G7 is uniformly inhomogeneous. We state this
in a general form which implies the result for G,, Schlumprecht’s space
S and its dual S*. This is also true for Gowers-Maurey’s space GM and
its dual GM™, as well as for G and G*, where G is the HI asymptotically
unconditional space of Gowers from [13], which we shall redefine and study
later on. As HI spaces are always uniformly inhomogeneous however, we
need to observe that a slightly stronger result is obtained by the proof of
the next statement to see that Proposition 2.4 is not trivial in the case of
GM, G or their duals - see the three paragraphs after Proposition 2.4.

PROPOSITION 2.4. — Let f € F and let X be a space with a bimonotone
basis satisfying a lower f-estimate. Let ¢y = 1/10, and assume that for every
n € [logN,expN|,N € L, x1,...,z, a R.IS. in X with constant 1 + ¢
and x = Zivzl T4,

|Ez|| < Sup{|x (Ez)|: M > 2,z* is an (M, f)—form}

for every interval E such that |Ex| > 1/3. Then X and X* are uniformly
inhomogeneous.

Proof. — Given ¢ > 0, let m € L be such that f(m) > 24e~'. Let
Y1, ...,Ys, be arbitrary block subspaces of X. By the classical method for
spaces with a lower f estimate, we may find a R.1.S. sequence y; < -+ < Y,
with constant 1+ ¢y with y; € Ygi,l,Vz’. By Lemma 2.2,

Let on the other hand n € [m1 ,expm] and Ey; < --- < E,, be sets
such that U;n:l E; = {1,...,n} and |E;| is within 1 of X for all j. We
may construct a R.I.S. sequence z1,...,x, with constant 1 4 ¢y such that
x; € Yo; whenever ¢ € Ej.

By Lemma 2.2,

|2 =<

Let z; = X e, x|t > icr, vi- Then z; € Yo; for all j and

322 s S (| X e 2 e

Jj=1 iI€EE; iI€EE;

<2mf(m)~!

-1

1+ 260)(% + 1)f(% - 1) < 2nf(n)"'mL.
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Therefore

=

i=1

<e€

m m

HZ% <4f(m)_1HZZi .
i=1 i=1

Obviously (y;)™; is not e !-equivalent to (z;)7™,, and this means that X

is uniformly inhomogeneous.

The proof concerning the dual is quite similar and uses the same notation.
Let Y7,..., Y5, be arbitrary block subspaces of X*. By Lemma 2.1 we may
find a R.I.S. sequence y; < --- < y,, with constant 1 + ¢g and functionals
y; € Ya,_1 such that rangey; C rangey; and y}(y;) > 1/2 for all 4. Since
I3 vill < 2mf(m)~1, it follows that

m m
350 = |55
i=1 i=1

On the other hand we may construct a R.I.S. sequence z1,...,x, with
constant 1 + €9 and functionals z} such that range z} C rangez;, z}(z;) >
1/2 for all ¢, and such that =} € Y5; whenever ¢ € E;. Since HZz‘eEj x| <
2nf(n)~tm=1, it follows that

*
| 3w

i€E;

Let 2z} = [|X e, x|t > icr,; ¥;- Then 27 € Yy; for all j and

m
.
HE:%
j=1

T i) = fm)/A.

>jgmﬂm
3m  2n

= f(n)/6.

6
< Wf(n) = 6.

Therefore

|3 5] < 2amt | 3o 0t

i=1 i=1

<e

> s
i=1
O

COROLLARY 2.5. — The spaces S, S*, GM, GM*, G, G*, G, and G,
are uniformly inhomogeneous.

A slightly stronger statement may be obtained by the proof of Proposi-
tion 2.4, in the sense that the vectors y; in the definition of uniform inho-
mogeneity may be chosen to be successive. More explicitely, the conclusion
may be replaced by the statement that

VM >13n e NVYy,...,Ye, € X Jyi € Sy, i)y #ar (i) 0sn-

where y; < -+ < y, and yp+1 < - -+ < Yan, and as before Y7,...,Ys, are
infinite-dimensional subspaces of X.
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This property is therefore a block version of the property of uniform
inhomogeneity. It was observed in [11] that the sixth dichotomy had the
following “block” version: any Schauder basis of a Banach space contains a
block sequence which is either block uniformly inhomogeneous in the above
sense or asymptotically ¢, for some p € [1,+o0].

It is interesting to observe that either side of this dichotomy corresponds
to one of the two main families of HI spaces, namely spaces of the type of
Gowers-Maurey, based on the example of Schlumprecht, and spaces of the
type of Argyros-Deliyanni, based on Tsirelson’s type spaces. More precisely,
spaces of the type of Gowers-Maurey are block uniformly inhomogeneous,
while spaces of the type of Argyros-Deliyanni are asymptotically ¢;. Ob-
serve that the original dichotomy of Tcaciuc fails to distinguish between
these two families, since any HI space is trivially uniformly inhomogeneous,
see [11].

3. Tight HI spaces of the type of Gowers and Maurey

In this section we show that Gowers’ space G constructed in [13] and its
dual are of type (1). The proof is a refinement of the proof that G, or G,
is of type (3), in which we observe that the hypothesis of unconditionality
may be replaced by asymptotic unconditionality. The idea is to produce
constituent parts of vectors or functionals in Gowers’ construction with
sufficient control on their supports (and not just on their ranges, as would
be enough to obtain the HI property for example).

3.1. A HI space tight by range

The space G has a norm defined by induction as in GM, with the addition
of a new term which guarantees that its basis (e,) is 2-asymptotically
unconditional, that is for any sequence of normalised vectors N < x7 <

. < zp, any sequence of scalars aq,...,any and any sequence of signs

€1,..-, €N,

N N
H Z EnnTnl|l < 2” Z Ay T,
n=1 n=1

The basis is bimonotone and, although this is not stated in [13], it may be
proved as for GM that G is reflexive. It follows that the dual basis of (e,)
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is also 2-asymptotically unconditional. The norm on G is defined by the
implicit equation, for all z € cqq:

loll = llelley v sup{ £(0) " S Eiall |2 <n By << B}
=1

Y sup{|x*(Ex)\ ’ k € K, z* special of length k, E C N}

v Sup{HSxH ‘ S is an admissible operator}7

where F, Fy, ..., E, are intervals of integers, and S is an admissible op-
. N .

erator if Sx = %anl enEnx for some sequence of signs €;,...,exy and

some sequence Fy,...,EyN of intervals which is admissible, i.e., N < F;

and 1+ max E; = min F;; for every ¢ < N.

R.LS. pairs and special pairs are considered in [13]; first we shall need a
more general definition of these. Let z1,...,z,, be a R.I.S. with constant
C, m € [log N,exp N], N € L, and let 2%, ..., 2}, be successive normalised
functionals. Then we call generalised R.1.S. pair with constant C the pair
(z,2*) defined by z = ||} 2| "M (Xim, @) and 2% = f(m) "' Y, af.

Let z1,..., 2z be a sequence of successive normalised R.I.S. vectors with
constant C, and let z7,..., 2} be a special sequence such that (z;,z;) is
a generalized R.I.S. pair for each i. Then we shall call generalised spe-
cial pair with constant C the pair (z,2z*) defined by z = Zle z; and
z* = f(]f)_l/Q(z:f:1 2¥). The pair (||z]| =1z, 2*) will be called normalised
generalised special pair.

LEMMA 3.1. — Let (z,2*) be a generalised special pair in G, of length
k € K, with constant 2 and such that supp z* Nsupp z = (). Then
Iell < oo
S k)

Proof. — The proof follows classically the methods of [16] or [12]. Let
Ko = K\ {k} and let g be the corresponding function given by [13]
Lemma 5. To prove that ||z|| < 5kf(k)~! it is enough by Lemma 2.2 to
prove that for any interval E such that ||Ez|| > 1/3, Ez is normed by some
(M, g)-form with M > 2.

By the discussion in [13] after the definition of the norm, the only possible
norming functionals apart from (M, g)-forms are of the form Sw* where
w* is a special functional of length k, and S is an “acceptable” operator
according to the terminology of [13]. We shall not state the definition of
an acceptable operator S, we shall just need to know that since such an
operator is diagonal of norm at most 1, it preserves support and (M, g)-
forms, [13] Lemma 6. So let w* = f(k)~Y/2(w} + --- + w}) be a special
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functional of length k, S be an acceptable operator, and E be an interval
such that ||Ez|| > 1/3. We need to show that Sw* does not norm Ez.

Let ¢t be minimal such that w; # zf. If i # j or ¢ = j > t then by
definition of special sequences there exist M # N € L, min(M, N) > jo,
such that w} and therefore Sw} is an (M, f)-form and z; is an R.I.S. vector
of size N and constant 2. By [13] Lemma 8, z; is an E{V;/lo—average with
constant 4. If M < N then 2M < logloglog N so, by [13] Lemma 2,
|Sw¥(Ez;)| < 12f(M)~'. If M > N then logloglog M > 2N so, by [13]
Lemma 3, |Sw}(Ez;)| < 3f(IN)/N.In both cases it follows that |Sw; (Ez;)|
< k72

If i = j =t we simply have |Sw](Ez;)| < 1. Finally if i = j < t then
w; = z;. and since supp Sz C supp z; and supp Ez; C supp z;, it follows
that Sw}(Ez;) = 0 in this case.

Summing up we have obtained that

|Sw* (B2)| < F(R)2(R2E2 + 1) = 20 (k)12 < 1/3 < || B2
Therefore Sw* does not norm Ez and this finishes the proof. O

The next lemma is expressed in a version which may seem technical but
this will make the proof that G is of type (1) more pleasant to read. At
first reading, the reader may simply assume that T"= Id in its hypothesis.

LEMMA 3.2. — Let n € N and let € > 0. Let (z;);<;<,+ be a nor-
malised block basis in G of length n* and supported after 2n*, where
k = min{i | f(n') < (1+ €)'}, and T : [2;] — G be an isomorphism
such that (T'x;) is also a normalised block basis. Then for any n € N and
€ > 0, there exist a finite interval F' and a multiple x of ), _, x; such that
Tx is an {7, -average with constant 1 + ¢, and a normalised functional x*
such that x*(x) > 1/2 and supp 2* C | J, » range z;.

Proof. — The proof from [13] that the block basis (T'z;) contains an ¢, -
average with constant 1 + € is the same as for GM, and gives that such
a vector exists of the form Tz = X} ., T'z;, thanks to the condition on
the length of (z;). We may therefore deduce that 2|F| — 1 < suppx. Let
y* be a unit functional which norms x and such that rangey* C rangex.
Let * = Ey* where E is the union of the |F| intervals rangex;,i € F.
Then z*(z) = y*(x) = 1 and by unconditional asymptoticity of G*, ||z*|| <
Syl < 2. O

The proof that G is HI requires defining “extra-special sequences” after
having defined special sequences in the usual GM way. However, to prove
that G is tight by range, we shall not need to enter that level of complexity
and shall just use special sequences.

ANNALES DE L’INSTITUT FOURIER



EXAMPLES OF BANACH SPACES 455

PROPOSITION 3.3. — The space G is of type (1).

Proof. — Assume some normalised block-sequence (z,,) is such that [x,,)
embeds into Y = [e;, 4 ¢ |J,, range x,,] and look for a contradiction. Passing
to a subsequence and by reflexivity we may assume that there is some
isomorphism T : [z,,] = Y satisfying the hypothesis of Lemma 3.2, that is,
(T'z,,) is a normalised block basis in Y. Fixing e = 1/10 we may construct
by Lemma 3.2 some block-sequence of vectors in [z,,] which are 1/2-normed
by functionals in Q of support included in | J,, range x,, and whose images
by T form a sequence of increasing length £, -averages with constant 1+e.
IfTz,...,Tzy is a R.LS. of these {7, -averages with constant 1 + ¢, with
m € [log N,exp N], N € L, and z},...,z} are the functionals associated
to 21,...,2m, then by [13] Lemma 7, the (m, f)-form 2* = f(m)~!(z} +
...+ 2}, satisfies

1
25 (214t zm) > > Z||Tz1+. ATzl = @IT D" 204 - A2l

m
2f(m)
Therefore we may build R.I.S. vectors Tz with constant 1 + € of arbitrary
length m in [log N,exp N], N € L, so that z is (4|7~!||)~!-normed by an
(m, f)-form z* of support included in | J,, range z,,. For such (z, 2*), (T'z, 2*)
is a generalised R.I.S. pair. We then consider a sequence Tz, ...,Tz; of
length k£ € K of such R.L.S. vectors, such that there exists some special
sequence of corresponding functionals z7, ..., z;, and finally the pair (z, z*)
where z = 21 + -+ + z;, and 2* = f(k)7Y/2(2} + ...+ 2}): observe that the
support of z* is still included in | J,, range x,,. Since (T'z, z*) is a generalised
special pair, it follows from Lemma 3.1 that

Tz < 5kf(k)~*.
On the other hand,
21l = 2*(2) = AT )~ ks (k)72

Since k was arbitrary in K this implies that T~! is unbounded and provides
the desired contradiction. g

3.2. A HI space tight by range and locally minimal

As we shall now prove, the dual G* of G is of type (1) as well, but also
locally minimal.
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LEMMA 3.4. — Let (z}) be a normalised block basis in G*. Then for
any n € N and € > 0, there exists N(n,€), a finite interval F C [1, N(n,¢€)],
a multiple x* of ), x; which is an {}_, -average with constant 1+ € and
an (7, -average x with constant 2 such that x*(x) > 1/2 and suppx C
Uiep range x;.

Proof. — We may assume that € < 1/6. By Lemma 2.1 we may find for
each i < n an interval F;, with |F;| < 2min F}, and a vector y} of the form
A ker T, such that y* = 371 | y* is an (7, -average with constant 14e.
Let, for each 4, x; be normalised such that y;(x;) = ||y}| and rangez; C
rangey;. Let y; = E;x;, where E; denotes the canonical projection on
[em,m € Upep, rangexy]. By the asymptotic unconditionality of (e,), we
have that ||y;|| < 3/2. Let yi = ||lyi|| v, then

/

_ . 2
vi i) = llyall 7yl () = llwll ™" (@) > Sl |-

By Lemma 2.1, the vector = ), y; is an {7, -vector with constant 2, such

that *(x) > ||z /2, and clearly suppz C |J;. rangez;. O
PROPOSITION 3.5. — The space G* is locally minimal and tight by
range.

Proof. — By Lemma 3.4 we may find in any finite block subspace of G*
of length N (n, €) and supported after N(n, €) an £, | -average with constant
1+ €. By asymptotic unconditionality we deduce that uniformly, any block-
subspace of G* contains ¢ ’s, and therefore G* is locally minimal.

We prove that G* is tight by range. Assume towards a contradiction
that some normalised block-sequence (z%) is such that [z%] embeds into
Y = lef, i1 ¢ |, range z},] and look for a contradiction. If 7" is the associated
isomorphism, we may by passing to a subsequence and perturbating T
assume that Tz} is successive.

Let € = 1/10. By Lemma 3.4, we find in [z}] and for each n, an £2_, -
average ¥y, with constant 1+ ¢ and an /7, -average y,, with constant 2, such
that v (y,) > 1/2 and suppy, C J, rangex}. By construction, for each
n, Ty is disjointly supported from [z}], and up to modifying T, we may
assume that Ty is in Q and of norm at most 1 for each n.

If z1,..., 2y is a R.LS. of these {7, -averages y, with constant 2, with
m € [log N,exp N], N € L, and zj,..., 2}, are the £ ,-averages associated
to 21,...,2m, then by [12] Lemma 7, the (m, f)-form 2* = f(m)~1(z} +
...+ 2}, satisfies

N 1
2+t zm) = >6||21—|—...—|—zm||,

2f(m)
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and furthermore T'z* is also an (m, f)-form. Therefore we may build R.I.S.
vectors z with constant 2 of arbitrary length m in [log N,exp N|, N € L,
so that z is 67 !-normed by an (m, f)-form z* such that Tz* is also an
(m, f)-form. We may then consider a sequence z1, ...,z of length k € K
of such R.I.S. vectors of length m;, and some corresponding functionals
2i,..., 2} (e, zf 67 1-norms z; and Tz} is also an (m;, f)-form for all ),
such that T'z7,...,T%; is a special sequence. Then we let z = 21 +--- + 2,
and z* = f(k)"Y?(2f +...+2}), and observe that (z,Tz*) is a generalised
special pair. Since Tz* = f(k)™Y/?(Tzf + ...+ T=2;) is a special functional
it follows that

|72 < 1.

But it follows from Lemma 3.1 that ||z|| < 5kf(k)~!. Therefore
1271 = =*(2)/ Il = f(k)'/2/30.

Since k was arbitrary in K this implies that 7! is unbounded and provides
the desired contradiction. g

It remains to check that G* is HI. The proof is very similar to the one in
[13] that G is HI, and we shall therefore not give all details. There are two
main differences between the two proofs. In [13] some special vectors and
functionals are constructed, the vectors are taken alternatively in arbitrary
block subspaces Y and Z of GG, and no condition is imposed on where to
pick the functionals. In our case there is no condition on where to choose
the vectors but we need to pick the functionals in arbitrary subspaces Y
and Z of G* instead. This is possible because of Lemma 3.4. We also need to
correct what seems to be a slight imprecision in the proof of [13] about the
value of some normalising factors, and therefore we also get worst constants
for our estimates.

Let ¢ = 1/10. Following Gowers we define an R.L.S. pair of size N to be
a generalised R.I.S. pair (x,z*) with constant 1+ ¢ of the form (|jzy +...+
en|| 7z + .+ an), F(N) (@t + - + 2y)), where 27 (2,) > 1/3 and
range x; C rangez, for each n. A special pair is a normalised generalised
special pair with constant 1+ € of the form (z,z*) where z = ||z1 + ... +
i) 7 (21 4 ..+ 2p) and oF = f(k)7V2(zt + - + ) with rangea, C
range z,, and for each n, 7, € Q, |2} (x,) — 1/2| < 107 minsupPP &n By [13]
Lemma 8, z is a R.I.S. vector with constant 2 whenever (z,z*) is a special
pair. We shall also require that k& < minsupp z1, which will imply by [13]
Lemma 9 that for m < k'/10) 2 is a (7 -average with constant 8 (see the
beginning of the proof of Proposition 3.6).
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Going up a level of “specialness”, a special R.L.S.-pair is a generalised
R.I.S.-pair with constant 8 of the form (||z1 + ... + x| (z1 + ... +
), f(N)"Yat + -+ 2%)), where range z}, C rangex, for each n, and
with the additional condition that (x,,x}) is a special pair of length at
least min supp x,,. Finally, an extra-special pair of size k is a normalised
generalised special pair (x,z*) with constant 8 of the form = = ||z + ...+
zi)| " (2 4 ..+ ap) and oF = f(k)7V2(zf + - + ) with rangez, C
range Z,, such that, for each n, (z,,z}) is a special R.I.S.-pair of length
o(xf,...,x5_1).

Given Y, Z block subspaces of G* we shall show how to find an extra-
special pair (z,2*) of size k, with z* built out of vectors in Y or Z, such
that the signs of these constituent parts of * can be changed according to
belonging to Y or Z to produce a vector z* with ||z || < 12f(k)~/2||z*|.
This will then prove the result.

Consider then an extra-special pair (z,z*). Then x splits up as

k N; kij

—1 —1 —1

v v Do vt Y
i=1 j=1 r=1

and z* as
k N; kij
FERYTVES AN T fhi) T
i=1 =1 r=1

where the numbers v, v; and v;; are the norms of what appears to the

right. These special sequences are chosen far enough “to the right” so that

ki; < minsupp z;;1, and also so that (max supp xij_l)Qk'i_jl < 470+ We

shall also write x; for v; ! Zjvz’l 1/51 Zf;l x;jr and x;; for 1/51 Zf;l Tijr-
We define a vector z’ by

k N; kij

D v vl DD e,

i=1 j=1 r=1
where the numbers v/ and ugj are the norms of what appears to the right.

. ’ I—1 Ny -1 ki r / 1—1 —kij
We shall write z; for v;" >, v r21(—=1)" @5, and xi; for v,
(=1 @i

1] r=1
Finally we define a functional z'* as

k N; kij
FRYTHEY DF(N) Y fkig) ™ Y (1) e,
i=1 j=1 r=1
PROPOSITION 3.6. — The space G* is HI.
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Proof. — Fix Y and Z block subspaces of G*. By Lemma 3.4 we may
construct an extra-special pair (z,z") so that z7;,. belongs to Y when 7 is
odd and to Z when r is even.

We first discuss the normalisation of the vectors involved in the defini-
tion of 2’. By the increasing condition on k;; and z;; and by asymptotic
unconditionality, we have that

kij k}”
H > () i < 2H > @i
r=1 r=1

which means that y’ < 2v45. Furthermore it also follows that the functional
(1/2) f(kij) /2 ZT 'y (—=1)"x};, is of norm at most 1, and therefore we have

that HZ 1(=D)Txg0] = (1/2) kijf(k Zj) /2 Lemma 9 from [13] therefore
tells us that, for every 4,7, z. is an £]%? |’-average with constant 8, if m;; <
k1/10

)

’L
But the k” increase so fast that, for any 4, this implies that the
sequence Z}q, ..., N’i is a rapidly increasing sequence with constant 8. By
[13] Lemma 7, it follows that

N;
’
Ty
Jj=1

Therefore by the f-lower estimate in G we have that v} < 9v;.
We shall now prove that ||z’|| < 12k;f(k;)_1. This will imply that

/ /
/ z (z') f( —1/2 1/1 —1,/-1
> > kij

< ON;/f(Ni).

k‘i]'
> $;<jr(xij7’)‘|
r=1
N;
> f(k)Y?(12k) 118~ [Zf )y f (ki) *1zxm x”r]
j=1

= f(k)?(216k)~ Zm x;) > 64871 f (k)2

By construction of z* and z'* this will imply that
ly* = 2| = 64871 f (k)2 [ly™ + =¥

for some non zero y* € Y and z* € Z, and since k € K was arbitrary, as
well as Y and Z, this will prove that G* is HI.
The proof that ||2’|| < 12kf(k)~! is given in three steps:
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Step 1. The vector z’ is a R.I.S. vector with constant 11.

Proof. — We already know the sequence wjy,..., 2}y, is a rapidly in-
creasing sequence with constant 8. Then by [13] Lemma 8 we get that x} is
also an Eﬁf—average with constant 11, if M; < Nil/ 10, Finally, this implies

that o’ is an R.I.S.-vector with constant 11, as claimed. O

Step 2. Let Ko = K \ {k}, let g € F be the corresponding function
given by [13] Lemma 5. For every interval E such that | E2'| > 1/3, Ex’
is normed by an (M, g)-form.

Proof. — The proof is exactly the same as the one of Step 2 in the proof
of Gowers concerning G, apart from some constants which are modified
due to the change of constant in Step 1 and to the normalising constants
relating v; and v;; respectively to v} and v} ;- The reader is therefore referred
to [13]. a

Step 3. The norm of 2’ is at most 12kg(k)~! = 12k f(k)~*

Proof. — This is an immediate consequence of Step 1, Step 2 and of
Lemma 2.2. g

We conclude that the space G* is HI, and thus locally minimal of type (1).
O

4. Unconditional tight spaces
of the type of Argyros and Deliyanni

By Proposition 2.4, unconditional or HI spaces built on the model of
Gowers-Maurey’s spaces are uniformly inhomogeneous (and even block
uniformly inhomogeneous). We shall now consider a space of Argyros-
Deliyanni type, more specifically of the type of a space constructed by Argy-
ros, Deliyanni, Kutzarova and Manoussakis [4], with the opposite property,
i.e., with a basis which is strongly asymptotically ¢;. This space will also be
tight by support and therefore will not contain a copy of #1. By the implica-
tion at the end of the diagram which appears just before Theorem 1.5, this
basis will therefore be tight with constants as well, making this example
the “worst” known so far in terms of minimality.

Again in this section block vectors will not necessarily be normalized and
some familiarity with the construction in [4] will be assumed.
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4.1. A strongly asymptotically ¢; space tight by support

In [4] an example of HI space X}, is constructed, based on a “boundedly
modified” mixed Tsirelson space Xj(1),,- We shall construct an uncondi-
tional version X, of Xp; in a similar way as GG, is an unconditional version
of GM. The proof that X, is of type (3) will be based on the proof that
Xp; is HI, conditional estimates in the proof of [4] becoming essentially
trivial in our case due to disjointness of supports.

Fix a basis (e,) and M a family of finite subsets of N. Recall that a
family x4, ..., 2, is M-admissible if x; < --+ < z, and {minsuppz,...,
minsupp z,} € M, and M-allowable if x1, ..., x, are vectors with disjoint
supports such that {minsupp 1, ..., minsuppz,} € M. Let S denote the
family of Schreier sets, i.e., of subsets F' of N such that |F| < min F, M;
be the subsequence of the sequence (Fy) of Schreier families associated to
sequences of integers ¢; and k; defined in [4] p. 70.

We need to define a new notion. For W a set of functionals which is
stable under projections onto subsets of N, we let convg W denote the set
of rational convex combinations of elements of W. By the stability property
of W we may write any ¢* € convg W as a rational convex combination
of the form ), A\;z} where 27 € W and suppz] C suppc* for each 4. In
this case the set {z}}; will be called a W-compatible decomposition of c¢*,
and we let W(c*) C W be the union of all W-compatible decompositions
of ¢*. Note that if M is a family of finite subsets of N, (cj,...,c}) is M-

admissible, and z} € W(c}) for all 4, then (27, ..., z}) is also M-admissible.
Let B ={>, Aen : (An)n € co0, An € QN [—1,1]} and let ® be a 1-1
function from B<N into 2N such that if (c},...,c;) € BN, j; is minimal

such that ¢f € convgA;,, and j; = ®(c],...,¢ ) for each | = 2,3,..,
then ®(cj,...,c;) > max{ji,...,jx} (the set A; is defined in [4] p. 71
by A;j = Un(K7\ K°) where the K7’s are the sets corresponding to the
inductive definition of Xy;(1).)-

For j =1,2,..., weset LY = {#e, : n € N}. Suppose that {L}}52, have
been defined. We set L™ = U2, L} and

1
L+ :iL?U{g(xf—l—...—i—x;):deN,:p;‘ erL”,

(x7,...,25)is S — allowable},

and for j > 1,

TOME 62 (2012), FASCICULE 2



462 Valentin FERENCZI & Christian ROSENDAL

1
Ly = +L5, U {m—?(azf t...+ad):deNatelm
J

(x1,...,xy) is Mg — admissible},

1
lejr_irll -4 ngrl U {7(33’1‘ +...4+z)) : d € N such that
maj41

(e, ..., cy) Majr1 — admissible and k > 25 + 1

with ¢} € convg Ly, z7 € Ly (c7),

C;( € convo Lg(ci,...,cj71)7x;< € Lg(c’l‘,...,c;‘il)(cf) for 1 <i < d}7

L;;r_:l ={Ex*: 2" € L’Q;.‘rll,E subset of N}.

We set B; = Uy, (L} \ L°) and we consider the norm on coo defined by
the set L = LOU ( 221B;). The space X, is the completion of cpp under
this norm.

In [4] the space X}; is defined in the same way except that E is an
interval of integers in the definition of Lg;' Jrll, and the definition of L'zjnj'll is
simpler, i.e., the coding ® is defined directly on My, 1-admissible families
xi, ..., 2% in L<N and in the definition each z} belongs to Lg(aﬁ,wzil)'
To prove the desired properties for X,, one could use the simpler definition
of L/z,?-:_f? however this definition doesn’t seem to provide enough special
functionals to obtain interesting properties for the dual as well.

The ground space for Xy; and for X, is the space Xy;(1),,, associated to
a norming set K defined by the same procedure as L, except that K3}, is
defined in the same way as Kj;, Le.,

1
ng"rl =+K3, U {—(mf +...+z)):deNal € K",
: ma;
(x1,...,xy) is Majp1 — admissible}.
For n = 0,1,2,..., we see that L7 is a subset of K}, and therefore

L C K. The norming set L is closed under projections onto subsets of
N, from which it follows that its canonical basis is unconditional, and has
the property that for every j and every Myj;—admissible family f1, f2,... fq
contained in L, f = = (f; +--- + f4) belongs to L. The weight of such

maj

an f is defined by w(f) = 1/my;. It follows that for every j = 1,2,... and
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every Myj—admissible family z; < xp < ... <z, in X,

n 1 n
1> ] = — 3l
k=1 27 =1

Likewise, for S—allowable families f1,..., f, in L, we have f = %( fi++
fa) € L, and we define w(f) = 1/2. The weight is defined similarly in the
case 2j + 1.

LEMMA 4.1. — The canonical basis of X,, is strongly asymptotically {;.

Proof. — Fix n < z1,...,x, where x1,...,x, are normalised and dis-
jointly supported. Fix ¢ > 0 and let for each i, f; € L be such that
fi(x;) = (14 €)~! and supp f; C supp ;. The condition on the supports
may be imposed because L is stable under projections onto subsets of N.
Then £ 37" | £f; € L and therefore

HiAlCEl P Z|/\ |fi(zi) = 1+ Z| il

for any A;’s. Therefore x1,...,x, is 2-equivalent to the canonical basis
of (1. |

It remains to prove that X, has type (3). Recall that an analysis (K*(f))s
of f € K is a decomposition of f corresponding to the inductive definition
of K, see the precise definition in Definition 2.3 [4]. We shall combine
three types of arguments. First L was constructed so that L < K, which
means essentially that each f € L has an analysis (K*(f))s whose elements
actually belong to L (see the definition on p. 74 of [4]); so all the results
obtained in Section 2 of [4] for spaces defined through arbitrary K <K
(and in particular the crucial Proposition 2.9) are valid in our case. Then
we shall produce estimates similar to those valid for Xj; and which are
of two forms: unconditional estimates, in which case the proofs from [4]
may be applied directly up to minor changes of notation, and thus we shall
refer to [4] for details of the proofs; and conditional estimates, which are
different from those of Xj,;, but easier due to hypotheses of disjointness of
supports, and for which we shall give the proofs.

Recall that if F is a family of finite subsets of N, then

F'={AUB:ABecF,ANB={}.

Given ¢ > 0 and 5 = 2,3,..., an (g, j)-basic special convex combination
(e, 4)- basic s.c.c.) (relative to X ps(1),,,) is a vector of the form ), _ . arey
such that: F € Mj,ar > 0,3, cpar = 1, {ar}rer is decreasing, and, for
every G € F/ b (k417 s D okeq Gk < E.
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Given a block sequence (z)ren in X, and j > 2, a convex combination
i aizy, is said to be an (g, j)-special convex combination of (zj)ken
((e,4)-s.c.c), if there exist I; < Iy < ... < I, such that 2 < suppz, <
Iy <suppag, <lp <...<suppay, <ly, and Y . ae;, is an (g, j)-basic

s.c.c. An (g,7)-s.c.c. Y i a;x, is called seminormalised if ||zy,|| =1, i =
1,...,n and
n
| S > 5
: iLlk; || = 2
i=1

Rapidly increasing sequences and (g, j)-R.I. special convex combinations
in X, are defined by [4] Definitions 2.8 and 2.16 respectively, with K = L.

Using the lower estimate for Myj-admissible families in X, we get as in
[4] Lemma 3.1:

LEMMA 4.2. — For e > 0, 5 = 1,2,... and every normalised block
sequence {zy}5>, in X,, there exists a finite normalised block sequence
(ys)"_y of (zx) and coeflicients (as)"_, such that Y »_, asys is a seminor-
malised (e, 2j)-s.c.c..

The following definition is inspired from some of the hypotheses of [4]
Proposition 3.3.

DEFINITION 4.3. — Let j>100. Suppose that {ji}7_1, {yr i1, {ci} iy
and {by}}_, are such that

(i) There exists a rapidly increasing sequence
Ty k=1,...,n,i=1,...,n}

with x5 < T(k,it1) < T(k+1,0) forallk < n,i < ng, I < ngs1,
such that:

(a) Each x ;) is a seminormalised (——

—— J(k,i)) —S-C.c. where,
(ki)
for each k, 2jix +2 < jui), i = 1,... k.

(b) Each yy, is a (——, 2ji)~ R.Ls.c.c. of {x (5}, of the form
2

Jk ’
Yk = 20 bk T (ki)
(c) The sequence {by}}_, is decreasing and > ,_, bryr is a
1 .
(@;7 2] + 1)*S.C.C.
(ii) ¢; € convg Laj, , and max(supp ¢j_; Usuppyi—1) < min(supp ¢j U
supp i), Vk.
(iii) 71 > 2j+1 and 25, = ®(c5,...,c5_1), k=2,...,n.
Then (ji, Yk, ct, bk )i, is said to be a j-quadruple.
The following proposition is essential. It is the counterpart of Lemma 3.1
for the space X,,.
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PROPOSITION 4.4. — Assume that (jk, Yk, ci, bx)j— is a j-quadruple in
X, such that suppci Nsuppy, =0 for all k =1,...,n. Then

(0]

-
ma;+1

n
H > bkm2jkka <
k=1

Proof. — Our aim is to show that for every ¢ € U2, 5;,

= 75
‘P( Z bkmzjkyk) < W
k=1 J+1

The proof is given in several steps. g

1st Case: w(yp) = m;ﬂ. Then ¢ has the form ¢ = ——=— (By; + -+
By, + Eyj, .y + -+ Eyj) where E is a subset of N and where y; €
Laj, (cp) Yk < k2 and yj € Loj, (dy) Yk > ko + 1, with d} | # ¢},

(this is similar to the form of such a functional in Xp; but with the integer

k1 defined there equal to 1 in our case).

If & < ko then ¢ and therefore y; is disjointly supported from yy, so
Ey(yr) = 0 for all s, and therefore p(yr) = 0. If k = ko + 1 then we simply
have [o(yr)| < lyxll < 17m2_j1k, [4] Corollary 2.17. Finally if & > ko +1 then
since ® is 1-1, we have that jr,+1 # jr and for all s = ks + 1,...,d, d}
and therefore y¥ belong to By, with t5 # ji. It is then easy to check that
we may reproduce the proof of [4] Lemma 3.5, applied to Eyf, ..., Eyj, to

obtain the unconditional estimate

(elmas )l < —
©Mm2; Yk)| X —5 -
o m%jJrl
In particular instead of [4] Proposition 3.2, which is a reformulation of [4]
Corollary 2.17 for Xp;, we simply use [4] Corollary 2.17 with K = L.
Summing up these estimates we obtain the desired result for the 1st
Case.

2nd Case: w(yp) < m21_+2. Then we get an unconditional estimate for the
J

evaluation of o(3"7_, bymaj, yi) directly, reproducing the short proof of [4]
Lemma 3.7, using again [4] Corollary 2.17 instead of [4] Proposition 3.2.
Therefore

" 35 35
‘w(Zbkmzjkyk)‘ < <—
— Mmaj+2  Maj4q

3rd Case: w(p) > m;j+1 . We have y, = Y7 bk,i)@(k,s) and the sequence

{Z@,i,k=1,...n,i=1,...n} is a R.LS. w.r.t. L. By [4] Proposition 2.9
there exist a functional ¢ € K’ (see the definition in [4] p. 71) and blocks
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of the basis u sy, k =1,...,n,i=1,...,n, with suppu, ;) C supp (),
luk|le, < 16 and such that

‘@( 2": brmay, ( i b(k,i)x(k,i)>) ‘
k=1 =1

n k
- 1
< mgj, bibe 1y + 1/J(Z bimaj, (Z b(k,i)“(k,i))) +—
k=1 i=1 Myj42
n kn 1
< ( bpma; ( b Uk )) + )
(G k; k102, ; (ki) Uk i) iy 12

Therefore it suffices to estimate

1/}( i brmaj,, ( i b(kyi)u(k_’i))) .
k=1 i=1

In [4] v is decomposed as 11 + 19 and different estimates are applied to
11 and ¥y. Our case is easier as we may simply assume that ¥, = 0 and
1o = 1p. We shall therefore refer to some arguments of [4] concerning some
19 keeping in mind that ¢s = 1.

Let D¥ ..., D% be defined as in [4] Lemma 3.11 (a). Then as in [4],

4 ne
U Dy = U Supp Uk, ;) N supp Y.
p=1 i=1
The proof that
1
(4.1) ¢|UkD’; (zk:bkajk(zi:b(k,i)u(k,i))) < —

(4.2) ¢|Uk Dk (Z bemag, ( Z b(k,i)u(k,i))) < 16
k i

m2j+2’
and
1
) ) ) ) < 7
(4.3) Yy, bt (g brmaj, ( ; b(k,z)u(k,z))) e

may be easily reproduced from [4] Lemma 3.11. The case of D¥ is slightly
different from [4] and therefore we give more details. We claim
Claim: Let D = J, D§. Then

(4.4) ¢|D(Zbkm2jk(Zb(k,i)u(k,i))) < o1
k i

maj42

Once the claim is proved it follows by adding the estimates that the
3rd Case is proved, and this concludes the proof of the Proposition.
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Proof of the claim. — Recall that DY is defined by
N

Dk = {m € |J A :forall f e | JE*(®)
=1 s

with m € supp f,w(f) >

there exists f € UKS(w) with m € supp f,w(f) = and

majy,

for every g € U K*(¢) with supp f C supp g strictly, w(g) > ! }
. majy1

For every k = 1,...,m, 1 = 1,...,n% and every m € supp u ) N fo7
there exists a unique functional f(-#m) ¢ U, K°(¢) with m € supp f,
w(f) = #Jk and such that, for all g € (J, K*(z) with supp f C suppg
m;“. By definition, for k # p and ¢ = 1,...,ng, m €
SUpp ux,5), we have supp fleim) 0 DY = 0. Also, if flkim) £ (k) then
supp f*-4m) N supp fFrm) = ().

For each k = 1,...,n, let {f**}i*, C [JK*(¢) be a selection of mu-
tually disjoint such functionals with D} = ;L supp f*t. For each such
functional f*?, we set

Nk
Afkt = Zb(k,z) Z Qo -
i=1

meEsupp fkt

strictly, w(g) >

Then,
(4.5) £t (bkajk (Z b(k,i)u(k,i))) < bragr.e.

We define as in [4] a functional g € K’ with |g|3; < 1
[4] p. 71), and blocks uy of the basis so that ||ug|ls, <
U, supp u(x,;) and

Y|p, ( Z bmaj, ( Z b(k,i)“(k,i))) <y (2 Z bkuk) ;
k 7 k

hence by [4] Lemma 2.4 (b) we shall have the result.
For f = i Zzzl fp €U K*(¥|p,) we set

J:{l<p<d:fp=fk’tforsomek:1...,n, t=1,...,r%},

(see definition
16, suppug C

T ={1<p<d: thereexists f*! with supp f*! C supp fp strictly}.

For every f € |J, K*(¢|p,) we shall define by induction a functional gy,
by g5 = 0 when JUT = (), while if JUT # 0 we shall construct gy with
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the following properties. Let Dy = UpeJuT supp fp and ug = D agrrepre,
where ekt = €pin gupp it then:

(a) suppgy C supp f.
(b) g5 € K" and w(gy) = w(f),
() flp, 2k brmag, (32 bk,iyuek,i))) < 9r(2 225 bruk).

Let s> 0 and suppose that g; have been defined for all f € |J;—) K*(¢|p,)
and let f = r%q(fl + ...+ fa) € K5(¥|p,) ~ K571 (¢|p,) where the family
(fp)g:1 is M -admissible if ¢ > 1, or S-allowable if ¢ = 1. The proofs of
case (i) (1/mg = 1/my;, for some k < n) and case (ii) (1/mq > 1/maji1)
are identical with [4] p. 106. Assume therefore that case (iii) holds, i.e.,
1/mg = 1/mg;41. For the same reasons as in [4] we have that T' = ().

Summing up we assume that f € K*(v|p,) ~ K*~1(¢|p,) is of the form

d

1 1
= =—(By{+...+ By, +Eyi._,+...+Ey)),
f ijsz:;fp m2j+1( Y1 Yk, Yko+1 yd)

where (y;); is associated to (c, ..., ¢y, dk, ,-..) With di | # ¢, 4, that
T =0 and J # 0, and it only remains to define gy satisfying (a)(b)(c).

Now by the proof of [4] Proposition 2.9, ¢ = 1), was defined through the
analysis of ¢, in particular by [4] Remark 2.19 (a),

1
V= maj1 gwaZ
for some subset I of {1,...,d}. Furthermore, for | € I, | < kg and 1 <
k < d, supp By Nsupp xj = (), therefore there is no functional in a family
of type I and II w.r.t. T of support included in supp Ey; (see [4] Defini-
tion 2.11 p. 77). This implies that Dpy~ = 0 ([4] Definition p. 85), and
therefore that 1p,+ = 0 ([4] bottom of p. 85).

Forl e I,l > ko+1, then since ® is 1-1, w(Ey;) = w(Ed}) # 1/mo;, Vk.
Therefore w(ypy>) # 1/ma;, Vk, [4] Remark 2.19 (a). Then by the definition
of D¥, supp Yy N DY = for all k.

Finally this means that v¢|p, = #wai;ﬁllD‘x and J = {ko + 1},

m2j+1

D¢ = supp fr,+1. Write then fi,41 = fFot and set gr = %e}k2+17 therefore
(a)(b) are trivially verified. It only remains to check (c). But by (5),

iy ( > bymay, ( > b(kn)ﬂ(m))) S ko, i
k i

= bkoa‘fk2+1e?k2+1 (efk2+1) = gf(2bk0afk2+1efk2+1)

=gy (ZZkaaf""fefk,t) =gy <22bkuk)-
t k
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So (c) is proved. Therefore gy is defined for each f by induction, and the
Claim is verified. This concludes the proof of the Proposition. O

PROPOSITION 4.5. — The space X,, is of type (3).

Proof. — Assume towards a contradiction that T is an isomorphism from
some block-subspace [x,] of X,, into the subspace [e;,i ¢ J,, supp z,,]. We
may assume that max(supp z,,supp Tz,) < min(supp Z,t1,Supp T2, 1)
and min supp x, < minsupp 7'z, for each n, and by Lemma 4.2, that each
Ty is a (ﬁ;’ 2n) R.Ls.c.c. ([4] Definition 2.16). We may write

Pn

Tn = § An tTn,t
t=1

where (Zp,1,...;Tnp,) I8 Map-admissible. Let for each n,t, z},, € L be
such that supp z;, ; C supp Tz, + and such that

1

1
mt(Trnt) = | Ton | >
xn,t( € ,t) 2” T 7t|| 4||T_1||

and let z}, = m#%(x,’;l—i—. .4}, , ) € Lay,. Note that supp «;, Nsupp z,, =
and that

Qn,t —
Tz,) > (T y
Fallen) m2n24||T i = T len) ™

We may therefore for any j > 100 construct a j-quadruple (jx, Yk, ¢k, k) iy
satisfying the hypotheses of Proposition 4.4 and such that y, € [x;]; and

i (Tyx) = (4T~ |Imoj, )"t for each k (note that we may assume that
¢ € Lj,, for each k). From Proposition 4.4 we deduce

|3 b < 2

On the other hand ¢ = ﬁ > r_y i belongs to L therefore

- 1
T( bkmgxyk) H < brma; Tyk) AT T —
(3 s e T) > g

We deduce finally that

2]+1

maj1 < 30017,

which contradicts the boundedness of T. O
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4.2. A strongly asymptotically /., space tight by support

Since the canonical basis of X, is tight and unconditional, it follows that
X, is reflexive. In particular this implies that the dual basis of the canonical
basis of X,, is a strongly asymptotically ¢, basis of X'. It remains to prove
that this basis is tight with support.

It is easy to prove by duality that for any Ms;-admissible sequence of
functionals fi,..., f, in X, we have the upper estimate

B

We use this observation to prove a lemma about the existence of s.c.c.

< ma; sup|fill

normed by functionals belonging to an arbitrary subspace of X;;. The proof
is standard except that estimates have to be taken in X instead of X,,.

LEMMA 4.6. — For ¢ > 0, 5 = 1,2,... and every normalised block
sequence {fi}32, in X, there exists a normalised functional f € [f;] and
a seminormalised (e,2j)-s.c.c.  in X, such that supp f C suppx and
flx)=1/2.

Proof. — For each k let y; be normalised such that suppyr = supp fx
and fi(yx) = 1. Recall that the integers k, and ¢, are defined by k; = 1,
2tn > m?2 and k,, = t,(kn—1 + 1) + 1, and that M; = Fj, for all j.

Applying Lemma 4.2 we find a successive sequence of (e,2j)-s.c.c. of
(yx) of the form (3 ;c; aiyi)x with {fi,i € Iy} F,, ,+1-admissible. If
> icr, fill <2 for some k, we are done, for then

(SA(Sen) >3 5]

1€

So assume ||, fill > 2 for all k, apply the same procedure to the
sequence fi = [|37;c; fil 7' Yo.c;, fi, and obtain a successive sequence of
(€,27)-s.c.c. of the sequence (y}.)) associated to (f})x, of the form (Zielé at
Y}k, with {f; : supp f; C Ziel,ﬁ fita Froy—1+1[Fka;_, +1]-admissible, and
therefore Myj-admissible set. Then we are done unless |3, I T > 2 for
all k, in which case we set

-1
TS Do

JeI} JeI}

and observe by the upper estimate in X that

—1 _
== A s
Jer,iel;  jer; i€l;

< mgj/4.

fi
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Repeating this procedure we claim that we are done in at most t; steps.
Otherwise we obtain that the set

= {fl :supp fi C Z fitzjfl}

i€l f2j-1

is Myj-admissible. Since f,i” =5 frea O fi, where the normalising factor
ay is less than (1/2)!2 for each I, we deduce from the upper estimate that

L= f2]] < 27"27my;,

a contradiction by definition of the integers t;’s. O

To prove the last proposition of this section we need to make two observa-
tions. First if (f1,..., fn) €convg L is Maj-admissible, then —— Zk Ik €
convg Loyj. Indeed using the stability of L under prOJectlons onto subsets
of N we may easily find convex rational coefficients \; such that each fj is
of the form

fe=>_NifF, fF €L, supp ff C supp fi Vi.

Then -1 Y0 fi = 3, MG Spey fF) and each ;L Y70 f¥ belongs
to sz

Likewise if ¢ = oy +1(cik +...4¢)), kE>2j+1, ¢f € convg Ly, and
¢ € convy L (er . Vel ) vl > 2, then 1 € convg L. Indeed as above we may
write

0= (o

and each

d
SO € Lok fL€ Lager,er () V22,

maj41 =1

27:1 f! belongs to Lg;i{ CL.

maj41

PROPOSITION 4.7. — The space X is of type (3).

Proof. — Assume towards a contradiction that T is an isomorphism from
some block-subspace [f,] of X into the subspace [ef,i ¢ U, supp f,]. We
may assume that max(supp f,,suppT'f,) < min(supp fr+1,5upp T frns1)
and minsupp7'f, < minsupp f, for each n. Since the closed unit ball of
X7 is equal to convg L we may also assume that f, € convgL for each n.
Applying Lemma 4.6, we may also suppose that each f,, is associated to
a (T,Qn) s.c.c. &, with T'f,(z,) > 1/3 and suppz,, C suppTf,, and
we shall also assume that ||T'f,|| = 1 for each n. Build then for each k a
(m4 ,2k) Rls.c.c. yp = ZnEAk anty such that (Tf,)neca, and therefore
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(fn)nea, is Mag-admissible. Then note that by the first observation before
this proposition,
¢ = m2,€ Z fn € convgLog,
nEAy

and observe that supp ¢ Nsuppyx = 0 and that T'c}(yx) = (3max) L.

We may therefore for any j > 100 construct a j-quadruple (jx,yx,c5,0k) 1
satisfying the hypotheses of Proposition 4.4 and such that ¢} € [f;]; and
Tc;(yx) = (3maj, )" for each k. From Proposition 4.4 we deduce

|3 b < 2

2J+1
Therefore

S burmay, Tei (y) M350
1> ko emojyel  ~ 225

=

d
H Z Tcy
k=1
but on the other hand

|3z < s

since by the second observation the functional m2_j1+1 22:1 c;. belongs to
convgL. We deduce finally that

maj1 < 225(T1,
which contradicts the boundedness of T'. O

5. Problems and comments

Obviously the general question one is compelled to ask is whether it is
possible to find an example for each of the classes or subclasses appearing
in the chart of Theorem 1.5. However we wish to be more specific here
and concentrate on the classes which either seem particularly interesting,
or easier to study, or which are related to one of the spaces considered in
this paper.

Let us first observe that the examples of locally minimal, tight spaces pro-
duced so far could be said to be so for trivial reasons: since they hereditarily
contain /7 ’s uniformly, any Banach space is crudely finitely representable
in any of their subspaces. It remains open whether there exist other exam-
ples. Observing that a locally minimal and tight space cannot be strongly
asymptotically £,,1 < p < 400, by one of the implications in the diagram
before Theorem 1.5, and up to the 6th dichotomy, the problem may be
summed up as:
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PROBLEM 5.1. — Find a tight, locally minimal, uniformly inhomoge-

neous Banach space which does not contain (7 ’s uniformly, or equivalently,
which has finite cotype.

It also unknown whether tightness by range and tightness with constants
are the only possible forms of tightness, up to passing to subspaces. Equiv-
alently, using the 4th and 5th dichotomy:

PROBLEM 5.2. — Find a tight Banach space which is sequentially and
locally minimal.

Or, since such a space would have to be of type (2), (5b), (5d):

PROBLEM 5.3.
(a) Find a HI space which is sequentially minimal.
(b) Find a space of type (5b).
(¢) Find a space of type (5d). Is the dual of some modified mixed
Tsirelson’s space such a space?

For the next problem, we observe that the only known examples of spaces
tight with constants are strongly asymptotic ¢, spaces not containing ¢,
where 1 < p < 4o00.

PROBLEM 5.4. — Find a space tight with constants and uniformly in-
homogeneous.

More specifically, listing two subclasses for which we have a possible
candidate:

PROBLEM 5.5.
(a) Find a space of type (1a). Is G or one of its subspaces such a space?
(b) Find a space of type (3a). Is G, or one of its subspaces such a
space?

Recently, S. Argyros, K. Beanland and T. Raikoftsalis [2, 1] constructed
an example X, with a basis which is strongly asymptotically £5 and there-
fore weak Hilbert, yet every operator is a strictly singular perturbation of
a diagonal map, and no disjointly supported subspaces are isomorphic. In
our language, X, is therefore a new space of type (3c), which we include
in our chart.

We conclude by mentioning the very recent and remarkable result of
S. Argyros and R. Haydon solving the scalar plus compact problem [5]:
there exists a HI space which is a predual of /; and on which every operator
is a compact perturbation of a multiple of the identity. To our knowledge
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nothing is known about the exact position of this space in the chart of
Theorem 1.5.

PROBLEM 5.6. — Find whether Argyros-Haydon’s space is of type (1)
or of type (2).
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