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LIMIT LAWS FOR TRANSIENT RANDOM WALKS
IN RANDOM ENVIRONMENT ON Z

by Nathanaél ENRIQUEZ,
Christophe SABOT & Olivier ZINDY

ABSTRACT. — We consider transient random walks in random environment on
Z with zero asymptotic speed. A classical result of Kesten, Kozlov and Spitzer says
that the hitting time of the level n converges in law, after a proper normalization,
towards a positive stable law, but they do not obtain a description of its parameter.
A different proof of this result is presented, that leads to a complete characterization
of this stable law. The case of Dirichlet environment turns out to be remarkably
explicit.

RESUME. — Nous considérons les marches aléatoires en milieu aléatoire sur Z
transientes et de vitesse nulle. D’aprés un résultat classique de Kesten, Kozlov et
Spitzer, le temps d’atteinte du niveau n converge en loi, apres renormalisation, vers
une variable aléatoire stable positive, mais ces auteurs n’obtiennent pas la descrip-
tion de son paramétre. Une preuve différente est présentée, qui permet d’obtenir
une caractérisation complete de cette loi stable. Le cas d’environnements de Diri-
chlet s’avere étre particulierement explicite.

1. Introduction

One-dimensional random walks in random environment to the nearest
neighbors have been introduced in the sixties in order to give a model of
DNA replication. In 1975, Solomon gives, in a seminal work [22], a crite-
rion of transience-recurrence for these walks, and shows that three different
regimes can be distinguished: the random walk may be recurrent, or tran-
sient with a positive asymptotic speed, but it may also be transient with
zero asymptotic speed. This last regime, which does not exist among usual
random walks, is probably the one which is the less well understood and
its study is the purpose of the present paper.

Keywords: Random walks in random environment, stable laws, fluctuations theory for
random walks, Beta distributions.
Math. classification: 60K37, 60F05, 60F17, 60E07, 60E10.
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Let us first remind the main existing results concerning the other regimes.
In his paper, Solomon computes the asymptotic speed of transient regimes.
In 1982, Sinai states, in [20], a limit theorem in the recurrent case. It turns
out that the motion in this case is unusually slow since the position of the
walk at time n has to be normalized by (logn)? in order to present a non
trivial limit. In 1986, the limiting law is characterized independently by
Kesten [15] and Golosov [10]. Let us notice here that, beyond the interest
of his result, Sinai introduces a very powerful and intuitive tool in the study
of one-dimensional random walks in random environment. This tool is the
potential, which is a function on Z canonically associated to the random
environment. It turns out to be an usual random walk when the transition
probabilities at each site are independent and identically distributed (i.i.d.).

Let us now focus on the works about the transient walk with zero asymp-
totic speed. The main result was obtained by Kesten, Kozlov and Spitzer
in [16] who proved that, when normalized by a suitable power of n, the
hitting time of the level n converges towards a positive stable law whose
index corresponds to the power of n lying in the normalization. Recently,
Mayer-Wolf, Roitershtein and Zeitouni [17] generalized this result to the
case where the environment is defined by an irreducible Markov chain.

Our purpose is to characterize the positive stable law in the case of i.i.d.
transition probabilities. Let us mention here that the stable limiting law has
been characterized in the case of diffusions in random potential when the
potential is either a Brownian motion with drift [13], [11] or a Lévy process
[21], but we remind here that despite the similarities of both models one
cannot transport results from the continuous model to the discrete one.

The proof chooses a radically different approach than previous ones deal-
ing with the transient case. The proofs in [16] and [17] were mainly based
on the representation of the trajectory of the walk in terms of branching
processes in random environment (with immigration). This encoding was
also used by Alili [2] in its study of transient persistent random walks in
random environment having zero asymptotic speed. In contrast with these
works, our approach relies heavily on Sinai’s interpretation of a particle
living in a random potential. However, in the recurrent case, the potential
one has to deal with is a recurrent random walk and Sinai introduces a
notion of valley which does not make sense anymore in our setting where
the potential is a (let’s say negatively) drifted random walk. Therefore, we
introduce a different notion of valley which is closely related to the ex-
cursions of this random walk above its past minimum. It turns out that a
result of Iglehart [12] provides the asymptotic for the distribution of the
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tail of the height of these excursions. Now, as soon as one can prove that
the hitting time of the level n can be reduced to the time spent by the
random walk to cross the high excursions of the potential above its past
minimum, between 0 and n, which are well separated in space, an i.i.d.
property comes out, and the problem is reduced to the study of the tail of
the time spent by the walker to cross a single excursion.

It turns out that the distribution of this tail can be expressed in terms
of the expectation of the functional of some meander associated with the
random walk defining the potential. Now, this functional is itself related to
the constant that appears in Kesten’s renewal theorem [14]. These last two
facts are contained in [6]. Now, in the case where the transition probabilities
follow some Beta distribution a result of Chamayou and Letac [4] gives an
explicit formula for this constant which yields finally an explicit formula
for the parameter of the positive stable law which is obtained at the limit.

The same technics also allow to derive the convergence of the normalized
process to the inverse of a standard stable subordinator. This result can be
compared with the scaling limits obtained for the trap model of Bouchaud,
see [3] for a review.

Soon after finishing this article, we learnt of an independent work, by
Peterson and Zeitouni [18], which, by the study of the fluctuations of the
potential, showed that a quenched stable limit law is not possible in the
zero asymptotic speed regime.

The paper is organized as follows: the results are stated in Section 2, and
the rest of the paper is devoted to the proofs.

2. Notations and main results

Let w := (w;, i € Z) be a family of i.i.d. random variables taking values
n (0,1) defined on 2, which stands for the random environment. Denote
by P the distribution of w and by E the corresponding expectation. Condi-
tioning on w (i.e., choosing an environment), we define the random walk in
random environment (X,,, n > 0) as a nearest-neighbor random walk on Z
with transition probabilities given by w: (X,,, n > 0) is the Markov chain
satisfying Xy = 0 and for n > 0,

P,(Xpp1=2+1|X,=2)=w,=1-P,(Xpy1=2z—-1| X, =x).

We denote by P,, the law of (X,,, n > 0) and E,, the corresponding expec-
tation. We denote by P the joint law of (w, (X,,)n>0). We refer to Zeitouni
[23] for an overview of results on random walks in random environment.

TOME 59 (2009), FASCICULE 6
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In the study of one-dimensional random walks in random environment,
an important role is played by the sequence of variables
1-— Wwj

pi = , 1€ Z.
Wi

We now introduce the hitting time 7(z) of level x for the random walk
(Xn, n > 0),
(2.1) 7(z) :=inf{n>1: X, =z}, zeZ
For « € (0,1), let S5* be a completely asymmetric (actually positive) stable

random variable of index a with Laplace transform, for A > 0,

Ele 5" =",

Moreover, let us introduce the constant C'x describing the tail of Kesten’s
renewal series, see [14], defined by R =}, -, po...px:

(2.2) P{R >z} ~ C—K, T — 00.
l:K}

Then the main result of the paper can be stated as follows. The symbols

law
“—="” denotes the convergence in distribution.

THEOREM 2.1. — Let w := (w;, i € Z) be a family of independent and
identically distributed random variables such that
(a) there exists 0 < & < 1 for which E [p§] = 1 and E [pf§ log™ py| < o0,
(b) the distribution of log py is non-lattice.

Then, we have, when n goes to infinity,

1
7(n) law k2 "
2 C%E[p§1 S
i/ (sin(mi) ik Elog ngd) ko
& law sin(mk) < 1 >K

w T 2rnk2CL Bl Sca
n Tk2CE E[pg log po] K

Remark 2.2. — Note that several probabilistic representations are avail-
able to compute Cx numerically, which are equally efficient. The first one
was obtained by Goldie [8], a second was conjectured by Siegmund [19],
and we obtained a third one in [6], which plays a central role in the proof
of the theorem.

Remark 2.3. — We think that the method used in this paper could also
treat the case k = 1 (see Section 9 for conjecture and comments).

This theorem takes a remarkably explicit form in the case of Dirich-
let environment, i.e., when the law of the environment satisfies wl( dx) =

B(Oléﬁ)xa_l(l—x)ﬁ_ll[oyl]( x)dz, with @, 8 > 0 and B(w, 3) : f oY
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x)#~1 dz, things can be made much more explicit. The assumption of The-
orem 2.1 corresponds to the case where 0 < a — 3 < 1 and an easy compu-
tation leads to Kk = a — £.

Thanks to a very nice result of Chamayou and Letac [4] giving the explicit
value of C'i in this case, we obtain the following corollary:

COROLLARY 2.4. — In the case where wy has a distribution Beta(a, ),
with 0 < o« — 3 < 1, Theorem 2.1 applies with k = a — 3. Then, we have,
when n goes to infinity,

(1) taw m (o) — $(8)\ ™7
nl/k 2<sin(ﬂ‘(a—ﬁ)) B(a, 3)? )

X 1w sin(r(a = B8)) _Bla, )’ ( ! )
oy 2078 ap(a) —4(B) \Sge)

where 1 denotes the classical Digamma function, ¥(z) := (logT')'(z) =
I'(2)
I(z)"

SCa

K

Remark 2.5. — Our technics also allow to derive the convergence of
the normalized process. More precisely, under the assumption (a)-(b) of
Theorem 1, the law of the process (n*"‘XLntJ, t> 0) , defined on the space
of cadlag functions equipped with the uniform topology, converges to the
law of

sin(mk)
<2H7TRQC?<E [Togpal 0t 2 O) ’
where Z is the inverse of the k-stable subordinator Y satisfying E[e Y] =
e~ for all A\ > 0. This result can be compared with the scaling limits
obtained for the trap model of Bouchaud, see [3] for a review.

In the following, the constant C stands for a positive constant large
enough, whose value can change from line to line.

3. Two notions of valleys

Sinai introduced in [20] the notion of valley in a context where the ran-
dom walk defining the potential was recurrent. We have to do a similar job
in our framework where the random walk defining the potential is nega-
tively drifted.

Let us define precisely the potential, denoted by V = (V(x), © € Z). We
recall first the following notation

1-— Wi

pi = s 1€ 7.
Wi

TOME 59 (2009), FASCICULE 6
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Then, the potential is a function of the environment w and is defined as
follows:
S logp; if x> 1,
V(z):=4 0 if =0,
- Z?:Hl logp; if z<—1.
Furthermore, we consider the weak descending ladder epochs for the po-
tential defined by ey := 0 and

e; :==inf{k >e;_1: V(k) < V(ei—1)}, i>1,

which play a crucial role in our proof. Observe that (e; —e;—1);>1 is a family
of i.i.d. random variables. Moreover, classical results of fluctuation theory
(see [7], p. 396), tell us that, under assumptions (a)-(b) of Theorem 2.1,

(3.1) Ele;] < oc.

Now, observe that the ((e;, e;4+1])i>0 stand for the set of excursions of the
potential above its past minimum. Let us introduce H;, the height of the
excursion (e;, e;+1] defined by

Ho=  max (V(K) = Vi),
for ¢ > 0. Note that the (H;);>o’s are i.i.d. random variables.

The principle of the proof is to notice that the random walk in random
environment spends most of its time climbing the high excursions. In order
to quantify what “high excursions” are, we need a key result of Iglehart
[12] which provides the asymptotic for the distribution of the tail of H,
namely

(3.2) Vi>0, P{H;>h}~Cre ™"  h— oo,

where

- (1 o E[Cnv(m)])Q
(3.3) C1 = Bl tog polEler]

Iglehart’s result is actually deduced from a former well-known result of
Cramer, whose proof was later simplified by Feller [7], concerning the tail
of the maximum S := sup{V'(k); k > 0} which claims that

(3.4) P{S > h} ~ Cpe™"" h — oo.

Since S is stochastically bigger than Hy, C; must be smaller than Cg, and
a rather straight argument of Iglehart shows that the ratio between both
constants is equal to 1 — E[e®V (€],

ANNALES DE L’INSTITUT FOURIER
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Our strategy will be to compute the Laplace transform of the hitting
time 7(ey,) (where 7(x) is defined by (2.1)) which at the end will be related
to 7(n) by the strong law of large numbers via E[e;].

Moreover, it appears that the times needed to cross an excursion of height
h is roughly of order e". Combined with Iglehart’s result, it implies that
the time to cross an excursion is heavy tailed for k < 1. As we know,
from classical phenomena arising in the sum of heavy tailed i.i.d. random
variables, the particle will spend most of the time at the foot of the very few
high excursions, namely those whose height has order 10%. (Note that, by
Iglehart’s result, with an overwhelming probability, there are no excursions
of height larger than (HE)#, among the n-first excursions.) This explains
why the deep valleys we define later are constructed from excursions higher
than the critical height h,, = (176)#. These valleys consist actually in
some portion of potential including these excursions. The high excursions
are quite seldom and the valleys are likely to be disjoint. In order to deal
with almost sure disjoint valleys, we also introduce *-valleys which coincide
with deep valleys with high probability.

3.1. The deep valleys

Let us define the maximal variations of the potential before site x by

Vi(z):= max (V(j)—V()), z €N,

(U A/ A
Viz):= min (V(j)-V()), x€N.

(USAS A

By extension, we introduce

1 L N .
Vi(z,y) = Igg;;y(‘/(]) V (i), x <y,

Vi, y):= min (V(j)-V(@), <.
(y)= min_ (VG -VG),  w<y
In order to define deep valleys, we extract from the first n excursions of

the potential above its minimum, these whose heights are greater than a
critical height h,,, defined by

(3.5) hy = . % 1ogn,

TOME 59 (2009), FASCICULE 6
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for some 0 < ¢ < 1/3, see Figure 1. Let (0(¢));>1 be the successive indexes
of excursions, whose heights are greater than h,,. More precisely,
o(1):=inf{i > 0: H; > hy, },

(j)=inf{i >o(j —1): H; = hy}, J
K, :=max{j > 0:0(j) < n}.

V
N

g

C1

b C2
' by .

Figure 3.1. Potential and valleys.

We consider now some random variables depending only on n and on the
environment, which define the deep valleys.

DEFINITION 3.1. — For 1 < j < K, + 1, let us introduce
bj = eo(j)
a; = sup{k<b;: V(k)—-V(b;) > Dy},
7] = inf{k > b;: V(k)— V(b)) > hn},
E] = eg(j)+1,
¢; = inf{k>0b;: V(k)= max V(z)},

bj<.’t§dj

dj = inf{k>d;: V(k)—V(d;) <—-Dy}.

where D,, := (14 L)logn. We call (a;,bj,c;,d;) a deep valley and denote
by HY) the height of the j-th deep valley.

Note that all the random variables introduced in this section depend on
n, see Figure 2.

Remark 3.2. — It may happen that two different deep valleys are not
disjoint, even if this event is highly improbable as it will be shown in
Lemma 4.5 and Lemma 4.6 in Subsection 4.1.

ANNALES DE L’INSTITUT FOURIER
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Figure 3.2. Zoom on the j-th valley.

3.2. The x-valleys

Let us introduce now a subsequence of the deep valleys defined above.
It will turn out that both sequences coincide with probability tending to
1 as n goes to infinity. This will be specified in Lemma 4.7. Let us first

introduce
vi = inf{k>0: V(k) <-D,},
T o= nf{k =97 VIO, k) > by
b= sk <T{: V()= min V()
ai = sup{k <bj: V(k)—V(b]) = D,},
d inf{k > 1Ty : V(k) <V(b1)},
c; = inf{k >0b7: V(k)= max V(x)},

b <z<d;

i = inf{k>d, : V(k)=V(d) < -D,}.

Let us define the following sextuplets of points by iteration

(’yﬁf,a*,b*,T%,CT,E*ﬁ,di‘) = (vaa')lkabivaucha;dT) o gd*f_ B .7 2 21
VR R Rl IR Rl R i1
where 6; denotes the i-shift operator.
DEFINITION 3.3. — We call a x-valley any quadruplet (a}, b}, c;,d}) for

j = 1. Moreover, we shall denote by K. the number of such *-valleys before
en, 1.6, K =sup{j = 0: T} < e,}.

It will be made of independent and identically distributed portions of
potential (up to some translation).

TOME 59 (2009), FASCICULE 6
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4. Reduction to a single valley

This section is devoted to the proof of Proposition 4.1 which tells that
the study of 7(e,) can be reduced to the analysis of the time spent by the
random walk to cross the first deep valley. To ease notations, we introduce
Ap = 2

ni/r "
ProrPOsITION 4.1. — For all n large enough, we have

"

w,lay

E [e—)\nr(en)} c [E {Ebl
+o(1), E [Eﬁ{lal [e”n“dﬂﬂﬁ" + 0(1)} .

where K, = |[ng,(1 — n=/%)|, K, := [ng,(1 + n=/*)], ¢, := P{H, >
hy} and where E* Iy denotes the quenched law of the random walk in the
environment w, starting at x and reflected at site y.

4.1. Introducing “good” environments

Let us define the four following events, that concern exclusively the po-
tential V. The purpose of this subsection is to show that they are realized
with an asymptotically overwhelming probability when n goes to infinity.
These results will then make it possible to restrict the study of 7(e,) to
these events.

Ai(n) = {en <C'n},

Axn) 1= {L”q”(l —n~ M| < K, < [ngn(1 + n‘f/“ﬂ} 7
Az(n) = ﬂf:”o {o(G+1)—0(j) =n' %},

A4(TL) = ﬂsznl""l {d] _ aj < C// logn},

where 0(0) := 0 (for convenience of notation) and C’, C” stand for positive
constants which will be specified below.

In words, A;(n) allows us to bound the total length of the first n ex-
cursions. The event As(n) gives a control on the number of deep valleys.
The event As(n) ensures that the deep valleys are well separated, while
A4(n) bounds finely the length of each of them. Before proving that the
A;’s are typical events, let us first give a preliminary result concerning large
deviations that we will use throughout the paper.

ANNALES DE L’INSTITUT FOURIER
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LEMMA 4.2. — Under assumption (a), large deviations occur for the
potential seen as a sum of i.i.d. random variables. Indeed for all xt > m :=
E [log po] (recall that (a) implies m < 0) and all j > 1, we have

(4.1) PLV(j) = ja} < exp{—jl(x)},

with I(z) := sup;so{tx — A(t)} and A(t) := log E[pf]. Moreover, the rate
function I is lower semicontinuous, satisfies I1(0) > 0 and
1
(4.2) inf I(=z) =K
>0 X

Proof. — Let us first prove (4.1) which is the upper bound in Cramer’s
theorem in R, see [5]. Observe first that for all z and every ¢t > 0, an
application of Markov’s inequality yields

P{V(j) = ja} = E[L{v()—jes0] < EletV 732

(4.3) _ e—jth[et logpo]j — o~ H{tz—AM®)}

Then, we get (4.1) by taking the infimum over ¢ > 0 in (4.3).

To prove that I(0) > 0, observe first that 1(0) = —inf,> A(t). Now since
the function g(t) := E[p§] satisfies g(0) = g(k) = 1 (by assumption (a))
and ¢'(0) < 0 (indeed ¢'(0) = E'[log po] < 0), we get that infoci<. g(t) < 1,
which implies —infy> A(¢) > 0.

The proof of (4.2) is straightforward. Indeed, recalling that I(x) = sup;>
{tx — A(t)} for z > 0, we have I(z) > kx — A(k) = Kz, since A(k) =0. O

Note that the claim of (4.2) appears on page 236 in [23] and that [23]
claims an equality under certain assumptions.

Now, let us introduce the following hitting times (for the potential)

Ty :=min{z >0: V(z) > h}, h>0,
Ty:=min{zx >0: V(z)e A}, ACR.

and prove that the A;(n)’s occur with an overwhelming probability when
n tends to infinity.

LEMMA 4.3. — The probability P{A;(n)} converges to 1 when n goes
to infinity.

Proof. — It is a direct consequence of the law of large numbers as soon
as C' is taken bigger than Ele;]. O

LEMMA 4.4. — The probability P{As(n)} converges to 1 when n goes
to infinity.

TOME 59 (2009), FASCICULE 6
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In words, Lemma 4.4 means that K,, “behaves” like Cyn®, when n tends
to infinity. In particular, (3.2), which yields ¢, ~ %, and Lemma 4.4
imply
(4.4) P{K,+1>2Cm} —0, n — 0o.

Proof. — At first, observe that

Var(K,)

K, —e/4 1—e/4
p{—>1+ns }zP{Kn—nqn>n © qn}<m7

nqn
the inequality being a consequence of Markov inequality and the fact that
K, follows a binomial distribution of parameter (n, g, ). Moreover, Var(K,,)
=ngn(1 — ¢») < ng, implies
K, 1
= > —e/ 4} < —.
P{nqn >1ltn = oplee/2g,

Now, Iglehart’s result (see (3.2)) implies ¢, ~ -$Lz, n — co. Therefore we

nl—e>

get that P{ Ko <14 n_8/4} converges to 1 when n goes to infinity. Using

nqn
similar arguments, we get the convergence to 1 of P{ffT" >1-— n_8/4}. O

LEMMA 4.5. — The probability P{As(n)} converges to 1 when n goes
to infinity.

Proof. — We make first the trivial observation that
P{As(n)} = P{o(j +1)—0o(j) =n*3,0<j < [2Cn°]; K, <20}
P{o(j+1) —o(j) > n'"%,0<j < [20m°]}

— P{K, >2Cm7},

the second inequality being a consequence of P{A; B} > P{A} — P{B°},
for any couple of events A and B. Therefore, recalling (4.4) and using the

fact that (o(j+1)—0(j))ogj<|20,me| are ii.d. random variables, it remains
to prove that

VoWV

P{o(1) > n'3e}120m"] 1, n — oo.

Since o (1) is a geometrical random variable with parameter ¢,, P{o(1) >
n'=3} is equal to (1 — qn)["l_ss], which implies

P{o(1) > nl—Sa}DCmeJ =(1- qn>L20m6j [nl=3e] > exp {*Cnlf%qn}.
Then, the conclusion follows from (3.2), which implies that ¢, ~ Cr/n'~¢,
n — 00. g

LEMMA 4.6. — For C” large enough, the probability P{A4(n)} con-
verges to 1 when n goes to infinity.

ANNALES DE L’INSTITUT FOURIER
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Proof. — Looking at the proof of Lemma 4.5, we have to prove that
P{d; —a; > C"logn} is equal to a o(n™%), n — oco. Moreover, observing
that dj —a; = (dJ - E]) + (EJ - TJT) + (TJT — bJ) + (bJ - aj), the proof of
Lemma 4.6 boils down to showing that, for C” large enough,

1

(4.5) P{dj —d; > % logn} =o(n"°), n — 00,
_ O//

(4.6) P{ i — TjT > Tlogn} =o(n~°), n — 0o,
C//

(4.7) P{TjT —b; > e logn} =o(n~°), n — oo,
1

(4.8) P{bj —aj = % logn} =o(n~°), n — oo.

To prove (4.5), we apply the strong Markov property at time Ej such
that we get P{d; —d; > CT” logn} < P{T(—,—D,] = CT“ log n}. Therefore,
we have

P{dj—d;> Z-logn} <P{  inf  V(x)>-D,}
ngg%ﬂlogn

1

< P{V(Tlogn) > fDn}.

Recalling that D,, := (1 + %) log n, we can use Lemma 4.2, which implies
P{V(%”logn) > —D,} < o= S lognI(— g (141), Then, this inequality
implies (4.5) by choosing C” large enough such that CT” I(—&-(1+1) > €,
which is possible since 1(0) > 0.

To prove (4.6), observe first that (3.2) implies P{H) > @ logn} ~
n=('+9) = o(n=°), n — oo. Therefore, we obtain that P{d; — TjT >
> CT” logn} + o(n™°)
and conclude the proof with the same arguments we used to treat (4.5).

To get (4.7), observe first that

CTﬁlog n} is less or equal than P{T(_oo’_%g/

log n]

i C//
P{TjT —b; > T1ogn} - P{Thn >~ logn| Hy > hn}
C//
< P{Tlogn < Th, < oo}/P{Hy > hn}.
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Furthermore, Lemma 4.2 yields

1" IS

P{%lognéThn<oo}< S PV zhg < Y om0

k}%"logn k}c! logn
—kI(0 c
< Y MO
o ni (0
k> <~ logn

the third inequality being a consequence of the fact that the convex rate
function I(-) is an increasing function on (m, 4o00). Using (3.2), we get, for
all large n,
c” C
T p> } «___ v
P{Ta bj 2 7 logny < 10— (1—¢)

which yields (4.7), by choosing C” large enough such that C” > ﬁ.

For (4.8), observe first that ((V(k —b;) — V(b;))a;<k<b; @5, b;) has the
same distribution as ((V(k))a-<k<0-a~,0) under P{:|V(k) > 0,a” <k <
0}, where a= := sup{k < 0: V(k) = D,}. Then, since P{V (k) = 0,k <
0} > 0 and since (V(—k), k > 0) has the same distribution as (=V (k), k >
0), we obtain

1 C’//
P{bj —a; = Tlogn} < C’P{T(_OO)_D"] > Tlogn}

1"

C
< —_— — .
< CP{V( —logn) > Dn}
Now, the arguments are the same as in the proof of (4.5). O
Defining A(n) := Ai(n) N Az2(n) N As(n) N A4(n), a consequence of
Lemma 4.3, Lemma 4.4, Lemma 4.5 and Lemma 4.6, is that
(4.9) P{A(n)} — 1.

The following lemma tells us that the x-valleys coincide with the sequence
of deep valleys with an overwhelming probability when n goes to infinity.

LEMMA 4.7. — If A*(n):={K, = K};(a;,b;,c;j,d;)=(a},b},c},d}), 1<
j < K, }, then we have that the probability P{A*(n)} converges to 1, when
n goes to infinity.

Proof. — Since, by definition, the #-valleys constitute a subsequence of
the deep valleys, Lemma 4.7 is a consequence of Lemma 4.5 together with
Lemma 4.6. g

Remark 4.8. — Another meaning of this result is that, with probability
tending to 1, two deep valleys are necessarily disjoint.
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4.2. Preparatory lemmas

In this subsection, we develop some technical tools allowing us to im-
prove our understanding of the random walk’s behavior. In Lemma 4.10,
we prove that, after exiting a deep valley, the random walk will not come
back to another deep valley it has already visited, with probability tending
to one. Moreover, Lemma 4.11 specifies that the random walk typically
exits from a x-valley on the right, while Lemma 4.12 shows that the time
spent between two deep valleys is negligible. Lemma 4.13 states that the
first valley coincides with the first *-valley with probability 1 — o(n %),
when n goes to infinity.

4.2.1. Preliminary estimates for inter-arrival times

Let us introduce

T'(h) ;= min{z > 0: VI(z) > h}, h >0,
TH(h) := min{z > 0: Vi(z) < —h}, h > 0.
LEMMA 4.9. — Under assumptions of Theorem 2.1, we have, for h large

enough,

E|0 [Th] < C’eh,
where |y denotes the expectation under the law Py of the random walk in
the random environment w (under P) reflected at 0 and 7y, := 7(T1(h)—1).

Proof. — Using (Zeitouni [23], formula (2.1.14)), we obtain that Ey [1]
is bounded from above by E[Zogigj<TT(h) ev(j)_v(i)]. Therefore, since
TT(h) < T'(h) o 6; for any i > 0 (where 6 denotes the shift operator for
the environment), we obtain

(4.10) Ky [74] ZE[I{KTTW} 3 eV(j)—V(i)} < Bi(h) Ba(h),
120 i<G<TT (h)
where
Bi(h) := B[T (W],
Ba(h) = E{ > ev(j)}.
0<j<T1(h)
To bound 1 (h), let us introduce the number N of complete excursions
before T1(h), defined by N = N(h) := sup{i > 0 : e¢; < T'(h)}. Then,
we can write 31(h) = E[Zfigl(ei —e;_1) + (TT(h) — en)]. Observe that
the definition of T'7(h) implies that N is a geometrical random variable
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with parameter ¢ = ¢(h) := P{H > h} and recall that, by (3.2), we have
g~ Cre *" h — co. Therefore, we get, for h large enough,

Br(h) < (1 — @) q(kE[er| H < h] + E[T[H > h])
k>0

<CY (1—-q)fq(kEles] + E[Ty|H > h)),
k>0

the second inequality being a consequence of the fact that Efe;] < oo
(see (3.1)) together with P{H < h} — 1, h — o0, by (3.2). By obvious
calculations, this yields 81(h) < C(1 — q)¢ ' Ele1] + E[Tn|H > h], which
implies with (3.2) that

(4.11) Bi(h) < Ce™ + E[T,|H > hl.

Now, let us bound E[T,|H > h]. For this purpose, we observe first that
E[Ty|H > h] < Ce"™ dksolk+1)P{T} =k +1; H > h}. Then, applying
the Markov property at time k, we get

E[Ty|H > h] < Ce" Y (k+ 1)E[1{gcy ) <nye "V )]
k>0

L]
<O (k+1)) e UHIP{V (k) > j}.

k>0 =0

By Lemma 4.2, we have P{V (k) > j} < e *!( (£ . Now, the fact that I(-) is
an increasing function on R™ along with (4.2) imply

P{V(k) > j} < e 5lDe=81(}) L o=k o=ri,

Since I(0) > 0, this yields that there exists C' > 0 such that, for all large
h,

(4.12) E[Th|H > h] < Ce2h,
Combining together (4.11) and (4.12), we obtain for h large enough,
(4.13) Bi(h) < Ce™h.

Let us now bound f2(h). We introduce first &, := {maxogj<r—1 H; <
h; Hyp > h} and write

=3 Ells, Y V)]

k>0 0<5i<T1(h)
k—1
=3 (X EB[tee" @ 5] + B[1e,e"07,]),
k>0 - i=0
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where J; 1= Zj;*el eVW=V(e) for 4 > 0 and J; := E}iiz)_l eV () =Viex)
which is well defined on &;. Observe that & = {N(h) = k} and recall that
N (h) is a geometrical random variable with parameter ¢ = ¢(h) = P{H >
h}. Then, the Markov property applied at times (e;)1< < yields that B2(h)
is less or equal than

k—1
- q)kq(E[JO|HO < 1) 3" E[eV )| Hy < h) + E[Jo|Ho
) j=0

> WE[eV )| Hy < "),
which implies that G2(h) is bounded from above by

1

E[Jo|Ho < h
1~ E[eVE)|Hy < h] [JolHo < h]

q J—
E Hy > hl.
=Bl @ H, <pj = 7olHo > 1l

+17

Now, since V is transient to —oo, then Hy is almost surely finite and
EleV()|Hy < h] — E[eV()] < 1, when h — oco. Recalling that ¢ =
q(h) — 0, h — oo, it follows that

(4.14) Ba(h) < C(E[Jo|Ho < h] + qE[Jo|Ho > h]),

for h large enough.

Let us first bound E[Jo|Hp > h]. Recall that if 4 denotes the law of pg,
thanks to assumption (a) of Theorem 2.1 we can define the law i = pfu,
and the law P = a®% which is the law of a sequence of i.i.d. random
variables with law fi. The definition of s implies that [logp ii(dp) > 0.
Then, using the explicit form of the Radon-Nykodym derivative between
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P and P, we can write

E[70|H0 > h] < CeﬁhE[e_Kv(Th)jol{Hogh}]
_ Th—1
< CE e <(V(Th)=h) Z ev(k)l{H())h}}
B k=0
7,1
<CE L Z eV(k)]‘{mino<k<Th V(k)>0}]
k=0
~ Lh]
<CE ZZG 1{p<V <p+1}}
" k>0p=0
L]

< Cz HE { Z 1{p<V(k)<p+1}} :

p=0 k>0

Moreover, by Markov property, we have

E { Z 1{p<V(k)<p+1}] < E[Z 1{ogV(k:)<1}] )

k>0 k>0

>0 has a positive drift under P.

which is finite since (V' (k))r>
14) and (3.2), we get

Therefore, recalling (4.
(4.15) B2(h) < C(E[Jo|Hy < h] + (1=

and only have to bound E[Jo|Ho < h]. Recall that R = 37, eV®) and
observe that Jy < R. Moreover, let us denote by EZ[-] the expectation
under PZ{-} := P{-|T}, with Z := {H = S}. Then, we first observe that
EE[RIH < h] > E[R1{g—s<n}] > E[Jol{g—s<n}). Furthermore, since
Jo depends only on (V(k); 0 < k < e1) and since P{V(k) < 0; k >
0} > 0, we get, by applying the strong Markov property at time ej, that
ElJolipg<ny] < CET[R|H < h], which implies

E[Jo|H < h) < CE*[R|H < h).

Therefore, we only have to prove that EZ[R|H < h] < Ce(!=%)" To this
aim, we recall first that Corollary 4.1 in [6] implies that, PZ-almost surely,

(4.16) ET[R||H|] < CelH],
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Now, observe that EZ[R|H < h] < CET[R1{ypy] and let us write

Lh)
EY[R1igop] < ZEI [1{LHJ:k}EI[R|LHJ = k’]}
k=0
L)
<O B [1qmypett]

k=0
Lk
<C> fPH{|H| =k}
k=0
k)
(4.17) <O ellmmk < cell=mh,
k=0

the second inequality is a consequence of (4.16) and the fourth inequality
due to the fact that PZ{|H| = k} < ce™** for some positive constant c.
Now assembling (4.10), (4.13), (4.15) and (4.17) concludes the proof of
Lemma 4.9. ]

4.2.2. Important preliminary results

Before establishing the announced lemmas, we introduce, for any =,y € Z,
T(l‘,y) = ll’lf{k 2 0: X'r(w)-l-k = y}

Recall that A(n) = Aj(n) N Az(n) N As(n) N A4(n), where the events
(Ai(n))1<i<a are defined at the beginning of Subsection 4.1. Then, we have
the following results.

LemMa 4.10. — Defining DT (n) == A(n)N(;2 {7(d;, bj1) <7(dj. d;)},
we have
P{DT(n)} —1, n — 0.

Proof. — Recalling (4.9), we only have to prove that

K
(4.18) E |:1A(n) Z ng {T(bj+1) > T(dj)} — 0.

j=1
By (Zeitouni [23], formula (2.1.4)), we get, for 1 < j < K, and for all w in
A(n) :

bjp1—1
, = Sl eV ® N_v(d
PI{r(bj1) > 7(dy)} = St < (bj1 — dy)e” (W) 7Vt

. _ ~
S0l oV (k)
k=d,;
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Now, let us explain why bk, +1 — dk, < 2n with probability tending to 1.
Observe first that b, 11 —dr, <n+T1(hy,) o0, if dg, <n and by, 11 —
dr, < T'(hy) 00, if dk, > n. Therefore it is sufficient to prove that
P{T"(h,) > n} — 0. But using Markov’s inequality together with (4.13),
we get P{T"(h,) > n} < Cn~te® — 0, when n — oo.

Moreover we have bjy1 —d; < e, < C'non Ai(n) for 1 <j< K, -1
and by definition V (d;) — V(d;) < —D,, for 1 < j < K. Therefore we get

K,
E[lA(n) > PO {r(bj) > T(dj)}} < CnE[Kyle” P,

j=1

Recalling that D,, = (1 + %) logn, h, = 1;8 logn and since F[K,] < C'n®
(K, has a binomial distribution with parameter (n,q,)), we obtain

KW,
B[ta 3 PEArb) > @} < et
=1

which implies (4.18). O

LEMMA 4.11. — Defining DT*(n) := (12, {r(b3,d%) < 7(b3,75)}, we
have

P{DT*(n)} — 1, n — 0o.

Proof. — Recall that A*(n)={K,, = K}; (a;,b;,¢;,d;) = (a}, b}, c},d}),
1 < j < K,}. Then, let us consider Af(n) := A*(n) N Az(n) N Aj(n) to
control the *-valleys, where A% (n) is defined by A}(n) := ﬂfj’l {v;1—a; <
C"logn} N {7 < C"logn}. Using the same arguments as in the proof of
Lemma 4.6, we can prove that P{A;(n)} — 1,n — oo, for C” large enough.
Then, recalling that Lemma 4.5 and Lemma 4.7 imply P{A*(n)NAs(n)} —

1, n — oo, it remains only to prove that
(4.19) |:1AT ZP” {r(dj) >T())}| — 0.

Observe that by (Zeitouni [23]7 formula (2.1.4)) we get, for 1 < j < K,
Py {r(dy) > 7(77)} < (d; — by)e!"” VOV
< ClogneH(j)—(V(’Y;)—V(bj))’

the second inequality being a consequence of w € A*(n) N A} (n). Then, to
bound e =(VO)=V®:)) from above, observe that (3.2) implies P{HU) >

@ logn} ~ n~ '+ = o(n=¢), n — oo, for any ¢’ > 0, which yields that
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P{ﬂjK:"l{H(j) < @ logn}} tends to 1, when n tends to co. Therefore,
recalling (4.19), we only have to prove that

’ Kn
(4.20) C(logn)n™= >E[1Af(n) Ze(vmpwbm} 0.
j=1
1-3¢

Since 7} — bj—1 < C"logn on Aj(n) and b; —bj—1 > n on As(n), we
get by — ;i = sn'=3 for 2 < j < K, on AT( ), for all large n. Similarly,
75 < C"logn on Aj(n) and by > n' =3¢ on Az(n) yield by — 7} > Inl73¢
on Af(n). Therefore, recalling the definition of bj, we can use Lemma 4.2
and obtain

P{AY(n); V(b)) = V(3;) = —

1—3¢

(%nlf?m) > —n 2 }

L1-3 _1-3¢
S e ]

for any 1 < j < K, since I(0) > 0. This result implies that the term on
the left-hand side in (4.20) is bounded from above by C'logn ne )E[K,L]

735

e~ . Then, since E[K,] < Cn%, this concludes the proof of Lemma 4.11.
O

LEMMA 4.12. — Forany 0 <n < s(% —1), let us introduce the following
event TA(n) := A(n) N {Zji"l T(d;,bjy1) < nl/“_”} . Then, we have
P{IA(n)} — 1, n — o0o.
Proof. — Recalling that P{K,, > 2Cn°} — 0, n — oo, and that Lemma

4.10 implies that P{DT(n)} — 1, n — oo, it only remains to prove
[2Cn*]

IP’{DT(n)ﬂ{ > 7(dybi) = 1/“—"}}—>0, n — oo.

j=1
Using Markov inequality, we have to prove that

|2Cn° | .
1
(421) E |:1DT('n) Z T(dj, bj+1) =0 (TL]-/'H]) s n — o0.
j=1 -
Furthermore, by definition of the event DT (see Lemma 4.10), we get
[2Cn®] [2Cn® ]
E[IDT(n) > T, b;+1)} <E 1A(n) Z E ]+1)]:|
j=1
- LQC}TL _
d;
<Bltay Y B [T(%)@.
L j=1
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Applying successively the strong Markov property at djac,ne|, - - -, d2, d1,
this implies
[2Cn¢]
E [le) > r(d;, bj+1)] < 20K o[7(T (hy) — 1))

j=1
Therefore, Lemma 4.9 implies
|2C1n° | _
E{lDT(n) Z T(dj’bjﬂ)} < Cnen < an_g(z_%

j=1
which yields (4.21) and concludes the proof, since 0 <7 < (< —1). O
LEMMA 4.13. — We have
P{(alablacladl)#(a; T’CT’dD}’:O(n_E)’ n — o0.

Proof. — Since 77 is a negative record for the potential V, it is sufficient
to prove that there is no excursion higher than h,, before v7. In a first step,
we prove that for C' large enough

(4.22) P{~i > Clogn} = o(n™%), n — 00.
Indeed, applying Lemma 4.2, we get

P{y{ = Clogn} < P{V(Clogn) > —D,}
1+r7t

<exp{ - CI( Jlogn} = o(n™%),

by choosing C so that CI(L'C{I) > ¢, which is possible since I(0) > 0.

In a second step, we prove that the probability that there is an excursion
higher than h,, before C'logn is a o(n™¢). Since the number of excursions
before C'logn is bounded by C'logn, we will prove that

(4.23) P{ max H; > hn} =o(n~%), n — 0o.

0<i<C'logn

But this result is obvious. Indeed, using (3.2) we obtain that the probability
term in (4.23) is less than C'logne """ = o(n~¢). Now assembling (4.22)
and (4.23) concludes the proof of Lemma 4.13. O

4.3. Proof of Proposition 4.1

Since the time spent on Z_ is almost surely finite, we reduce our study
to the random walk in random environment reflected at 0 and observe that

E {e*)‘" T(e")} =E [e”‘"T(e")} +o(1), n — 00,
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where E |y denotes the expectation under the law |y of the random walk
in the random environment w (under P) reflected at 0.
Furthermore, by definition, 7(e,,) satisfies

K,—1

7(b1) + Y {r(bj,dj) +7(dj, bjs1)} < 7(en)

Jj=1

7(b1) +Z{T 7(dj, bj+1)}

such that we easily get that E|o [e‘A” T(e")] belongs to

{]E\o [efxn (T<b1>+2j‘;1{r<bj,dj>+r<dj7bj+1>})]

)

Ep {e”" (T<b1)+zﬁl—1{T(bj,d,-)+r(d bJ+1)}):H .

Let us first recall that Lemma 4.10 and Lemma 4.12 imply that P{DT(n)N
TA(n)} — 1, n — oo. Then, we get that the lower bound in the previous
interval is equal to

An (T(b b ,d 7(d; 7b
Ejo |:]-DT(n)ﬁIA(n) GO IHRLLERE “)})} +0o(1)

A S 2 (b;,dy
=Ep |:1DT(n)ﬁIA(n)e 2,5 )} +o(1)

:Em[ A 35T bnds) }—Fo(l).

Then, applying the strong Markov property for the random walk succes-
sively at 7(bk,, ), 7(bk, -1), ---, T(b2) and 7(b1) we get

- Kp

Elo{e nz”f(b d)} EH ,O|:—)\Td):|:|

=F 1A*(n) HE 10 { _/\”T(d;)H +0(1)

=E HE 1o [ ’H +o(1),
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the second equality being a consequence of Lemma 4.7. Then, since Lemma
4.11 implies P{DT*(n)} — 1, we have

*

Kn 4. [ b "
Ejo e 2j=17(b”dj)} =F HEZJJO {1DT*(n) e"\"f(da')H +0(1)

Lj=1

=F HEZ%W {1DT*(n) e_A”T(d;')H +o(1)

—E|T[E" ] {eA"T(dDH +o(1),

Lj=1
Since P{K,, = K} — 1, and P{K,, < K,,} — 1, with K,, = [ng,(1 +
n=¢/*)], we get

?" *
Ejo [e )] > E[H ). [em )] } +o(1).

w, v}
j=1

Then, applying the strong Markov property (for the potential V') succes-
. . . b3 —AnT(d?)

sively at times ’y%ﬂ, ...,75 and observing that the (Ew’ » e 1), <i<F,

are i.i.d. random variables, we obtain that

. 1Kn
B [o o] 5 1 [B55 o r) " 4 o)

"J’"Yl
Using Lemma 4.13 and recalling that K, = [ng,(1 + n=5/%)] = O(nf),
n — 00, the strong Markov property applied at 7] yields
K,
]E\O |:e—)\n T(en)] >E |:E¢ll:1,|0 [e—)\n,'r(ch)H +o(1).
Using similar arguments for the upper bound in the aforementioned inter-
val, we get
A T(en bi [o—AnT(d1)]]Kn
B e 0] € [B[BS [ @]
+o(1), B[EY o[ @)% 1 o(1))].

with K, := |ng,(1 —n~%/4)]. Furthermore, observe that we have E |:Ef)1|0
[e—/\nr(dl)]} _ E|:Eb1

w,lay

Lemma 4.6, definition of a and the fact that (3.2) implies P{H®") >
OL,:) logn} ~n~ "+ = o(n=°), n — oo, for any ¢’ > 0, which gives

[e‘*’”(dl)]] + o(n™¢). This is a consequence of

(+eh)
K

E [P} {r(a1) < 7(d1)}] < Clogne logn=Dn — (n=°).
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This concludes the proof of Proposition 4.1.

5. Annealed Laplace transform
for the exit time from a deep valley

This section is devoted to the proof of the linearization. It involves h-
processes theory and “sculpture” of a typical deep valley. To ease notations,
we shall use a, b, ¢, and d instead of a1, b1, ¢; and dy. Moreover, let us
introduce, for any random variable Z > 0, the functional

1
(5.1) R.(\,2) = E[l—knf‘/Z}
and the two important random variables given by
d—1 R R

(5.2) ]/\Zl = Z e~ (V(@)=V(®)

r=a+1

d—1
(5.3) My =Y V)=V,

z=b

where V is defined below in (5.5). Then, the result can be expressed in the
following way.

PROPOSITION 5.1. — For any £ > 0, we have, for all large n,
R¢L(e§)\, 2eH(1)M\1M2) + 0(7’176) < E[E‘l:,la[ef)\n‘r(d)]]
< Rn(e_g)\, 26H(1)J/\4\1M2) + O(n_E),

5.1. Two h-processes

In order to estimate Ef;‘a [e_’\”(d)] , we decompose the passage from b
to d into the sum of a random geometrically distributed number, denoted
by N, of unsuccessful attempts to reach d from b (i.e., excursions of the
particle from b to b which do not hit d), followed by a successful attempt.
More precisely, since N is a geometrically distributed random variable with
parameter 1 — p satisfying (see [23], formula (2.1.4))

V(b)

5.4 l-p=wp —————
G4 R

TOME 59 (2009), FASCICULE 6



2494 Nathanaél ENRIQUEZ, Christophe SABOT & Olivier ZINDY

we can write 7(d) = Zfil F; + G, where the F}’s are the successive i.i.d.
failures and G the first success. The accurate estimation of the time spent
by each (successful and unsuccessful) attempt leads us to consider two
h-processes where the random walker evolves in two modified potentials,
one corresponding to the conditioning on a failure (see the potential 1%
and Lemma 5.2) and the other to the conditioning on a success (see the
potential V and Lemma 5.4).

5.1.1. The failure case: the h-potential 1%

Let us fix a realization of w. To introduce the h-potential ‘7'7 we consider

the valley @ < b < ¢ < d and define h(z) := PZ{r(b) < 7(d)}. For any

b < x < d, we introduce W, := w, hgf(z)l). Since h is a harmonic function,

we have 1 — @, = (1 — wy) hgf(;)l). Now, V can be defined for > b by

N 1—
(5.5) V(@) :=Vd)+ Y log— .
We obtain for any b < x < y < d,

(5.6) V() - V(@)= (V(y) — V(z)) +log ("(m) Mo+ 1)).

h(y) h(y +1)
Since h(z) is a decreasing function of = by definition, we get

h(z) h(x + 1)
h(y) h(y +1) =

Thus we obtain for any b < z < y < ¢,

(5.7)

(5.8) V(y) = V() > V(y) - V().
LEMMA 5.2. — For any environment w, we have
b—1 -1
(5.9) E,[F[] = 2%( Z e~ (VO-V(®) 4 Ze—(V(i)—V(b)))’
i=a+1 i=b
and
(5.10) E, [Ff] = 4w, RT +4(1 —wy) R,
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where

23..

1

1—2
1—|—22e (i— 1))

zbl j=b

(e @-0-V0) 4 o Z o (VG-1)- V<b>>>

J=i+1

b—1 b
R =) (1+2 > eV(ﬁ—V(Hl))
1

i=a+ Jj=i+2

i—1
(e—(V<i+1>—V<b>>+2 T e—(v<j+1>—V<b>>)_
j=a-+1

Remark 5.3. — Alili [1] and Goldsheid [9] prove a similar result for a
non-conditioned hitting time. Here we give the proof in order to be self-
contained.

Proof. — Let us first introduce
+::ﬁ{k<T(b)2Xk:i—1,Xk+1:i}, i>b,
_::ﬁ{k<T(b):Xk:i+1,Xk+1:i}, 1< b,

and the quenched probability in the environment &, denoted by P~. Then,
observe that, under P, for i > b and conditionally on Ni+ =z, N i1 18
the sum of z independent geometrical random variables with parameter
©; € (0,1). It means that E~[N}|N;" = z] = % and Var=[N;,|N;" =

x] = = @ Similarly, under P,,, for i« < b and condltlonally on N, =z, N;_,

is the sum of independent geometrical random variables with parameter
1 — w;. It means that E,[N,_,|N; = z] = zp; and Var,[N;_,|N; =z] =

2

TP
(I=wi) "
Since
d—1
E,[F1] _waEA{ZNﬂ +2(1 —w) E {ZN }
b+1 a+1

an easy calculation yields (5.9).
To calculate E,[F?], observe first that

Ew[Ff}—élwbEa{( Z N+) } 1Al - wy) E [( Z N© ) ]

1=b+1 i=a-+1

Then, it remains to prove that £~[( (Zﬂl N;)?=R* and Ew[(22+11 N;7)?

= R™. We will only treat E~[( gﬂl N;)?], the case of Ew[(22+11 N;7)?
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being similar. We get first

d—1 —
(5.11) EA{ZNJr} ZEA [(NF+2 ) ZEAN+N+

b+1 i=b+1 i=b+1j=i+1

Observe that

Nt
E; [N Ni| = B5 [N} BE5 [N} |Nf,...,Ni ]| = E; |, ﬁj_j] :
for i < j, so that we get, by iterating,
1
E~[NNF|] = B~ [(NF)?] ————.
w[l ]] w[(l)]pjfln-pi

Recalling (5.11), this yields

E|(En)]- & mioor (e2 & )

b+1 1=b+1 Jj= H—l
d—1 - R R
(5.12) = > E5[(NH)?] <1+2 Z e—W(j—l)—V(i—l))).
i=b+1 j=i+1

Now, observe that E~ [(N;")?] = E5 [E~ [(N;")?|N;f,]] , which implies

B [(NF)?] = E;{Z ES[GY 4o+ Gz(f)]l{zvf_lk}} |

k>1
Since the G"’s are i.i.d., we get EG[GY) -+ G ] = kvar~ [Ggi)] +
k2 E~[GV]?. Recalling that E~[G\"] = ;L and VarA[G( ] = ﬁ
i—1 i—105_1

this yields

E~[N;© E~[(N;+ )2
E~ [(N)?] = @iiﬁ?ll] Iil® [521 )]

1 £ [(Nitl)2]
@i—lﬁb+1 e Ib\i_zb\?_l [/)\12_1 .

Denoting Wb+1 :=1and W, := (ﬁb-{-l .. -ﬁi—l)QEa [(N,j_)ﬂ forb+1<i<
d, (5.13) becomes

(5.13) =

Poii---Pic1 N - N
W;—W;_1 = — o, Pbt+1 -+ Pi—1F Pot1---Pi-2,
i—1

the second equality being a consequence of 1/@;—1 = pi—1 + 1. There-
fore, we have W; = >, o(W; — Wj_1) + Wiyt = Poy1---pic1 + 2(1 +
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S i1 Pyt D), which implies

i—2 .
EA[(Ngr)z} _ 1 49 Poy1---Pj
wr Pb+1 - - Pi—1 = (Pbs1---pi-1)?
i—2
(5.14) — o TEDTO) 4 93 FO-2P G140,
j=b
Assembling (5.12) and (5.14) yields (5.10). O

5.1.2. The success case: the h-potential V'

In a similar way, we introduce the h-potential V by considering the valley

a < b < c<dand defining g(z) := P*{r(d) < 7(b)}. For any b < = < d,
g(z+1)
g(z)
1=, = (1—w,) 24— Then, V can be defined for z > b by

we introduce w, = wg

. Since g is a harmonic function, we have

V(z) =V (b) + Z log

i=b+1

1—w;

w5
We have the following result for any b < x < y < d,

g(x) gz + 1))
gygly+1) )

Since g(z) is a increasing function of z by definition, we get

o() glz +1) _
g gly+1) =

Therefore, we obtain for any ¢ < z < y < d,

(5.15) V() - V()= (V(y) - V(z)) + log (

(5.16)

(5.17) Viy) = V(z) < V(y) - V(a).
Using the same arguments as in the failure case, we get the following
result.
LEMMA 5.4. — For any environment w, we have
d 4
(5.18) B, [G] <1+ Z ZGV(J)fV(z)'

i=b+1 j=i
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5.2. Preparatory lemmas

The study of a typical deep valley involves the following event
As(n) := {max{V(a,b); =V (b,c); V(c,d)} < Slogn},

where § > 6/ k. In words, As(n) ensures that the potential does not have
excessive fluctuations in a typical box. Moreover, we have the following
result.

LEMMA 5.5. — For any § > ¢/,
P{A5(n)} =1—o(n"°), n — oo.

Proof. — We easily observe that the proof of Lemma 5.5 boils down to
showing that

(5.19) P{V1(a,b) > logn} = o(n™°), n — o0,
(5.20) P{-V(b,c) > §logn} = o(n™%), n — 00,
(5.21) P{V1(c,d) > dlogn} = o(n™%), n — oo.
In order to prove (5.21), let us first observe the following trivial inequality

P{V1(c,d) > logn} < P{V(T],d) > 6logn}.

Looking at the proof of (4.6), we observe that P{d — T} > Clogn} =
o(n=¢"), for any & > 0, by choosing C large enough, depending on &
Therefore, we only have to prove that P{VT(TIT, TlT +Clogn) > dlogn} =
o(n~¢). Then, applying the strong Markov property at time TlT , we have
to prove that P{V1(0,Clogn) > dlogn} = o(n=¢). Now, by Lemma 4.2
we get
P{V1(0,Clogn) > dlogn} < (Clogn)?> max P{V(k)>édlogn}
0<k<Clogn
< (Clogn)®*  max e kI (H5)
0<k<Clogn

< (Clogn)? exp{—kdlogn}.

Since § > ¢/k, this yields (5.21).
To get (5.20), observe first that

P{=V!(b,c)=blogn} <P{=V(b,T])=blogn}+P{-V T/, c)>blogn}.

The first term on the right-hand side is equal to P{V1(0,T(h,)) > 6 logn|
Hy > hy}. Recalling that (3.2) implies P{Hy > h,} < Cn~ (179 for all
large n and observing the trivial inclusion {V0,T(h,,)) > & log n; Ho > hy, }
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C {TH(8logn) < Th, < T(—wo0} . it follows that P{~V(b,T]) > dlogn}
is less or equal than

Cn' = P{T*(5logn) < Th, < T(—oo,0)}
Ln
<en'™t > P{Mselp,p+1); THSlogn) < Th, < T~}
p=5logn]

where My := max{V (k); 0 < k < T'(6logn)}. Applying the strong Markov
property at time 7' (dlogn) and recalling (3.4) we bound the term of the
previous sum, for |dlogn| < p < |hy,] and all large n, by

P{S > p} P{S > h, — (p — dlogn)} < Ce rPe=rlhn—ptilogn))

where S = sup{V(k); k > 0}. Thus, we get P{—V'(b,T]) > dlogn} <
C|hy|n~"9, for all large n, which yields P{—V(b,T}) = dlogn} = o(n=°),
n — oo, since § > ¢/k. Furthermore, applying the strong Markov prop-
erty at T}, we obtain that P{—V (T}, ¢) = dlogn} < P{=V(0, Viypas) >
dlogn}. In a similar way we used before (but easier), we get, by applying
the strong Markov property at "' (6 logn), that P{—V}(T},¢) > 6logn} <
n~" for all large n. Since § > £/ this yields (5.20).

For (5.19), observe first that ((V(k —b) — V(D)) a<k<s, @, b) has the same
distribution as ((V(k))a-<k<0.a~,0) under P{-|V(k) > 0, a~ < k < 0},
where a~ :=sup{k < 0: V(k) > D,}. Then, since P{V (k) >0, k <0} >
0 and since (V(—k), k > 0) has the same distribution as (=V(k), k > 0),
we obtain

P{V'(a,b) > slogn} < CP{V'(0,T(_,-p,)) = logn}.

Now, the arguments are the same as in the proof of (5.21). O

5.3. Proof of Proposition 5.1

Recall that we can write 7(d) = Zf\;l F; + G, where the F;’s are the
successive i.i.d. failures and G the first success. Then, denoting F; by F
we have

Eb \a[ a nT(d)} = 7|a AnG ZEb |a a (1 - ) i
k>0

1—-p
TP EL, ]

(5.22) = E} e

w,|a

TOME 59 (2009), FASCICULE 6



2500 Nathanaél ENRIQUEZ, Christophe SABOT & Olivier ZINDY

In order to replace B}, | [e™*»"] by 1 — A\, E}, |, [F], we observe that 1 —

A EP lalFl < Eubj,‘a[e_’\"F] 1— A, Eb JalFl+ " Eb |a[F2], which implies
that E[——=p—2——] belongs to

lpEb‘[eAF}

E{l— (1—1;E” a[FD];E{l—p(l—)\nEi’%la[_F] X g a[F2])]

Now, we have to bound \,E" |a[F2] from above. Then, recalling (5.10),
which implies Ef),|a[F2] < 4(RT + R™), we only have to bound R™ and
R~. By definition of R, we obtain
(5.23) R < (d=b) (1+2(d— b)e—mb’d)) (3(a-b) max e—<9<ﬂ’>—9<b>>).
bsy<d

Recalling that the estimates (4.5)—(4.8) imply that P{d —a > C"logn} =
o(n~¢) and that Lemma 5.5 tells that P{As(n)} = 1—o0(n"%), we are inter-
ested in the event A¥(n) := {d — a < C"logn} N As(n), whose probability
is greater than 1 — o(n~¢) for n large enough. It allows us to sculpt the
deep valley (a, b, c,d), such that we can bound R™. We are going to show
that the fluctuations of V are, in a sense, related to the fluctuations of
V controlled by As(n). Indeed, (5.8) yields Vl(b c) = Vl(b c) = —dlogn
on A*(n). Moreover, (5.6) together with (5.7) imply that V(y) — V(x) is
greater than

Viy) ~ max V()| - |Vi2)~ max V()| - Olog;n),
for any ¢ < * < y < d, on A*(n). Since V(z) — max,<j<i—1 V(j) <0
and V (y) — maxy<j<q—1 V(j) = —dlogn on A*(n), this yields Vi, d)
—dlogn — O(log, n). Furthermore, since (5.6) and (5. 7) imply that V(c)
is larger than maxyg e V(j) — O(logy n), assembling V(b ¢) > —dlogn
with 171(0, d) = —dlogn — O(logy n) yield

(5.24) Vi(b,d) = —8logn — O(log, n),

on A*(n). Therefore, we have, on A*(n) and for all large n,

+ < é (V@) - V(b))
(5.25) R < C(logn)®n blgjaé(de
Since V(b) = V(b) and (5.7) implies V(z) > V(z), for all b < z < ¢

(in particular V(c) > V(c)), it follows from (5.24) that V(j) — V(b) =
V() =V(e)+ (V(c) =V (b)) = hy, —dlogn — O(log, n), which is greater
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than 0 for n large enough whenever 6 < (1 —¢)/k (it is possible since
§ >¢e/k and 0 < € < 1/3). Therefore, recalling (5.25), we obtain, on A*(n),
(5.26) R* < C(logn)®n’.

In a similar way, we prove that R~ < C(logn)3n?, on A*(n), which im-
plies that /\nEf’J ‘a[Fz] < C(log n)3n5*%. Now, observe that, for any £ > 0,
{MEL |,[F?] < 2(1 — e %)} is included in A*(n), so that \,E® Wl F?] <
2(1—e~$)E® | [F] with probability larger than 1 —o(n~¢). Then, introduc-

w,|a
ing

1
R.(\) ::E[ ]
I+ #ﬁ fi,|a[F]

we get, for n large enough,
l1—p
1— pEZ [e=AnF]

(5.27) Ry, (A) +o(n™%) < E{ } < R (e™5)) + o(n™°).

sla
In order to bound EZ"G [e*)‘"G] by below, we observe that e™ > 1 —z,

for any 2 > 0, such that ), | [e"*C] > 1~ AnE} |,|G]. Therefore, we only

have to bound Ef, |, [G] from above. Recalling (5.18), we get Ef, |, [G] < (d—

b)zem(l”d). Now, let us bound V71(b, d). We observe first that (5.17) implies

V1(e,d) < V1(e,d), which yields V1(c,d) < logn on A*(n). Moreover,

(5.15) together with (5.16) imply that V(y) — V(z) is less or equal than

V(y) = max V(j)| = [V(z) = max V(5)] +O(logy n),

b<j<y bjsw

for any b < z < y < ¢, on A*(n). Since V(y) — maxpgj<y V(J) < 0 and
V(z) —maxp<j<z V(j) = —6logn on A*(n), this yields V1(b,c) < §logn +
O(log, n). Furthermore, (5.17) and the fact that V(y) < V(c), for e <y <
d, imply that V(y) < V(c) for ¢ < y < d. Therefore, we have

V1(b,d) < §logn + O(logy n),

on A*(n). It means that E” |a[e_)‘”G] is greater than 1 — o(n~%) on A*(n)

whenever § < % — &, which is possible since § > ¢/k and 0 < ¢ < 1/3.

Therefore, recalling (5.27), we obtain
(5.28) R, (N +o(n %) < E[E} ,[e D] < R} (e7A) + o(n ™).
Recalling (5.9) and (5.4), we get

R (N 20y (2 My + wy)) < R (A) < R (N, 2e7 My M),

Where ]/\4\1 = Zi;2+1 e_(§(ﬂf)_‘/}(b))7 M2 = Zi;i eV(ﬂC)—V(C) and Rn(A7 Z)
1—e

is defined in (5.1). Furthermore, since eH(l) >n7x,My>1and wp <1
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we obtain that, for any ¢ > 0 and n large enough, wy, < (e — 1)eH(1)M2,
Therefore, we have for all large n,

(5.29) R (S, 27 My Ms) < R (M) < Ru(N, 2¢ M Ms).
Now, assembling (5.28) and (5.29) concludes the proof of Proposition 5.1.

6. Back to canonical meanders

Recall that S = max{V(k); k > 0} and let us set H := max{V(k); 0 <
k< Tr_} = Hp, Ts := inf{k > 0: V(k) = S}. Moreover, we define Z,, :=
{H=S2>h,}Nn{V(k) 20, VEk < 0}, and introduce the random variable
7 = eSM; My, where M} := Zzia/f e V) and M = ZZLO eV (k=S
witha™ =sup{k < 0: V(k) > D,} andd™ :=inf{k > e; : V(k)—V(e1) <
—D,}. Then, denoting

Rn(\)=FE [11|In} ,
1+n"%2)\7

we get the following result.
PROPOSITION 6.1. — For any £ > 0, we have, for n large enough,
Ran(eX) + 0o(n™%) < Ry (), QeH(DJ/\/l\lMg) < Ru(e7EN) 4 o(n™9).

Proof.

Step 1: we replace M, by Z/M\lT

Recall that A*(n) = {d —a < C"logn} N As(n) and that P{A*(n)} >
1 — o(n=%), for all large n. Now, let us introduce T'(%) := inf{k > b :
V(k) = V(b) > hyn/2} and M = 21C2) o~ (V®0)-V0) Recalling (5.24),
we observe that M; < J\/I\lT + C"logne~ "*5 logn on A¥(n). This implies
that, for any £ > 0, we have M, — ]\/ZIT < (ef — 1)]T4\1T for all large n,
whenever § < 1-£ which is possible since § > ¢/k and 0 < ¢ < 1/3.

2K
Therefore, we obtain, for n large enough,

R (e, 27 MTMy) + o(n™¢) < Ru(\, 26" My M)
< Ro(\, 277 MT M)
Step 2: we replace J\/J\T by M1 .

Let us denote M{ := ZZ(;Jr)le VIR=VED) | Since T(%) < ¢, (5.8)

implies that ]\/ZIT < MT. Observe that (5.6) with (5.7) imply that V(y) —
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V(b) — (V(y) — V(b)) is less or equal than
d— 1 1 i
1Og (Z V(]) Z b+1 e ) o Z;J b ev( ) "77! bl eV(J)

+
d—1 d—1 d—1
Z] =y eV ) Zj=y+1 eV )

~X d—1 . N Y
Zj:y eV(J) Zj:y-{—l eV(J)

for any b < y < d. Therefore, on A*(n), we obtain V(y) — IA/(b) < (V(y) —
V(b))+C log ne="3" for any b <y < T(%"), which yields M\lT > exp{C'logn

_hT}MlT Then, for any £ > 0, we obtain that ]\/ZlT > e SM], on A*(n)
and for all large n. This implies

Ra(\, 267 MT M) < Ro(M, 262 ME M) < Ry (e $X, 27" MT Ms)
+o(n™°).

Now, assembling Step 1 and Step 2, we get that, for any £ > 0 and n
large enough, R, (A, ZeH(l)M\lMg) belongs to
(6.1)

[Rn(ef)\, 2" MT M) + o(n9) ; Ru(e=$X, 2eH " M My) + o(n’s)] .

Step 3: the “good ” conditioning.

Let us first observe that ((V(k —b) —V(b))a<k<d, &, b, ¢, d) has the same
law as ((V(k))a-<k<ar>a 50, Ty, d") under P{-|Z},}, where I}, := {H >
hy; VI(a™,0) < hy; V(k) 2 0,a” <k <0} Moreover we easily obtain
that P{{V(E) > 0,0~ < k < 0}\ {V(K) > 0, k < 0} = O(n~(+") =
o(n~%), that P{{H > h,} \ {H = S}} = O(n‘2(1 E)) = o(n~¢) and that
P{VYa=,0) > h,} < P{V(a=,0) > §logn} = o(n~¢), with the same
arguments as in the proof of Lemma 5.5. Therefore, we have P{Z/ AT, } =
o(n~¢). Since 0 < R,(\,Y) < 1, for any A > 0 and any positive random
variable Y, this yields

(6.2) Ra(\ 202 MT M) = Ro(N) + o(n~c).

Combining (6.1) and (6.2) together concludes the proof of Proposition 6.1.
O

7. Proof of Theorem 2.1

Observe first that R, (\) can be written

1

RaN)=1-F|l =755~

1 Zn
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Then, we can use Corollary A.1 and Remark A.1 in [6], that together imply

3 1 K E[M~*Cr .
142\, 2 sin(mk) nP{H > h,} =’
where the random variable M is defined by

(7.1) M= ey e,

k<0 E>0
where (V}/)r<o is distributed as the potential under P{-|V, > 0, Vk < 0}
while (V}")k>0 is independent of (V}/)r<o and is distributed as the potential
under P{-[V; >0, Vk > 0}.

Therefore, combining together the results of Proposition 4.1, Proposi-
tion 5.1, Proposition 6.1 and recalling that g, := P{H > h,}, we get that,
for any & > 0,

lim inf Bfe " 7] > exp { — (2 TEBIM"PCy ) (),
n—00 sin(7k)
K

FEl1l n — oo.

\In] ~ 2

lim sup E[e ™ 7(en)] < exp{ — (2“ - E[M”]QCI) (e_f)\)"}.
n— 00 SlIl(TFI-C)
Since this result holds for any £ > 0, we get,

lim Efe~" ()] = exp{ - (2*”~ s E[M“]201>)\“}.

n— o0 sin(7m)

Now, one can be tempted to express the functional E[M"] in terms of the
more usual constant Cg, see (2.2). This is the content of Theorem 2.1 in
[6], which yields

(1= Bfe=V ()
kE[pf; log pol Ele1]”

Cx = E[M~|Cp = E[M*]

Therefore, the Laplace transform of n='/*7(e,) is

Bfo )] —exp { - (2 GO el o)

sin(rk) C%

—ep{ - (rs&’f@omps log pol Efer]) A+ + o).

Finally, since, by the law of large numbers, e, /n converges almost surely
to Ele1], we conclude that

_ T2
Be” 5] = exp { — (2" =T CRElpiy log po] ) \* } +0(1),
€ €xXp Sil’l(’/T:‘i) K [pO ngo} + O( )
Hence, we obtain that the limit is the positive stable law with index x and

2
Sty C Elpf log po).-

sin(mk)

parameter 2"
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We can easily see that we can deduce from this proof the asymptotic of
the Laplace transform of the time needed to cross the first x-valley.

COROLLARY 7.1. — We have

TR CU

AK
sin(rx) nP(H > hy,)"

A *
E[L-e 7]~ o

where Cy = CrE[MP"] is the constant which appears in the tail estimate
of Z, in [6].

Remark 7.2. — This result would hold for a different choice of h,,. In-
deed, from the proof of Proposition 5.1 and Proposition 6.1 and from Corol-
lary A.1 of [6], we see that the result holds for any choice of h,, such that
e = o(nx) and h, > n'= for some 0 < € < 1/3 (this last condition
comes from the technical assumption in (4.1) which is needed in the proof
Proposition 5.1, see (5.26)).

8. Proof of Corollary 1

We are in the case when the law of the environment satisfies

wi(dz) =

1 1 _
*H1-x)’h1 d
B(O[, 6)1. ( (E) [0,1] (LC) x,

with a, 8 > 0 and B(a, ) := fol 2711 — 2)#~!dx,. The assumption of
Theorem 2.1 corresponds to the case where 0 < a — 8 < 1 and an easy
computation leads to kK = a — 3. Now, a classical argument of derivation
under the sign integral shows that

Elpg log po] = ¥ (a) — ¥ (6),

where 1 denotes the classical Digamma function ¢(z) := (logT')'(z) =

11:’((;)). Furthermore, a work of Chamayou and Letac [4] shows that Ck
can be made explicit. Indeed, with the notations of [4], py follows the
law ﬁ,(,?g(da:) = B(;yq)xp_l(l + )P 1R, (z)dx with p = § and ¢ = «a.

Then, Example 9 of [4] says that Y, -, ¢”® follows the law of 5;(32,27 5 hav-

ing density ﬁx571(1 + )" *1g, (z). But we have ﬂgi_ﬁ([t,—i-oo[) ~
1 1 _ 1
@By o L= oo Hence, Ok = ypragy.-
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9. Toward the case Kk =1

We intend to treat the critical case kK = 1 between the transient ballistic
and sub-ballistic cases. This case turns out to be more delicate. Indeed,
Lemma 4.9 is replaced by a weaker statement, which says that 7(e;,) re-
duces to the time spent by the walker to climb excursions which are higher
than alogn for a arbitrarily small. Due to this reduced height, the new
“high” excursions are much more numerous and are not anymore well sep-
arated. The definition of the valleys should then be adapted as well as the
“linearization” argument, which is more difficult to carry out. Moreover,
a result of Goldie [8] gives an explicit formula for the Kesten’s renewal
constant, namely Cx = m.
consequence of a fluctuation result, the following result, which takes a re-

n

markably simple form: X, /(=) converges in probability to E[pg log po]/2.

logn

As a result, we should obtain, as a
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