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OBSTRUCTIONS TO THE EXISTENCE OF
MONOTONE LAGRANGIAN EMBEDDINGS

INTO COTANGENT BUNDLES OF
MANIFOLDS FIBERED OVER THE CIRCLE

by Agnès GADBLED

Abstract. — We extend the constructions and results of Damian to get topo-
logical obstructions to the existence of closed monotone Lagrangian embeddings
into the cotangent bundle of a space which is the total space of a fibration over the
circle.

Résumé. — On étend des constructions et des résultats obtenus par Damian
afin d’obtenir des obstructions topologiques à l’existence de plongements lagran-
giens monotones dans le fibré cotangent d’un espace fibré sur le cercle.

1. Introduction

Let M be a closed manifold and π : T ∗M → M its cotangent bundle.
Denote by λM the Liouville 1-form of M and ωM = dλM the canonical
symplectic form on T ∗M .

We are interested in compact Lagrangian submanifolds in the cotangent
bundle T ∗M . Only a few types of examples are known:

1) the zero section or – more generally – the graph Lf of a function
f : M → R;

2) any Hamiltonian image of Lf , i.e. L = ϕ1(Lf ) where (ϕt) is a Hamil-
tonian isotopy;

3) any image of Lf by a symplectic isotopy (as in 2) but with (ϕt) a
symplectic isotopy);

4) the “local” Lagrangian submanifolds: any Lagrangian submanifold
of Cn can be embedded in a Darboux chart U ∼→ Cn of T ∗M .

Keywords: Lagrangian embeddings, Floer homology, Novikov homology.
Math. classification: 57R17, 57R58, 57R70, 53D12.



1136 Agnès GADBLED

Note that the two first types of examples have the additional property
of being exact (that is, the restriction of the Liouville 1-form on the La-
grangian submanifold is exact). It is conjectured (see [1]) that the examples
1) and 2) are the only possible examples of exact Lagrangian submanifolds
in T ∗M and much work has been done to prove this conjecture. It has
been proved for L = M = S2 (see Hind [9]) but in general, we know only
topological restrictions on the exact Lagrangian embeddings i : L→ T ∗M

of a closed manifold L. In the following, f : L → M denotes the composi-
tion π ◦ i.

1) (Audin [2]) If L and M are orientable, then χ(L) = deg(f)2χ(M)
and the same is true modulo 4 if L and M are not orientable.

2) (Lalonde and Sikorav [10]) The index [π1(M) : f?(π1(L))] is finite.
3) (Viterbo [24]) If M is simply connected, then L cannot be an Eilen-

berg-MacLane space.
4) (Fukaya, Seidel and Smith [8], Nadler [14], see also Buhovski [4]) If

M is simply connected and L is spin with zero Maslov class, then the
projection f has degree±1, and induces an isomorphismH?(L,K) '
H?(M,K) for any field K of characteristic not equal to 2.

5) (Ritter [21]) If M is simply connected, then f? : H2(M) → H2(L)
is injective and the image of f? : π2(L) → π2(M) has finite index.

6) (Damian [5]) If M has dimension n > 3 and is the total space of a
fibration over S1, we have:

(a) For any finite presentation 〈g1, g2, . . . , gp | r1, r2, . . . , rq〉 of the
fundamental group π1(L), p− q 6 1.

(b) The fundamental group π1(L) is not isomorphic to the free
product G1 ∗G2 of two non-trivial groups.

The idea of the proof of Damian is the following. On the one hand,
if M is the total space of a fibration p : M → S1 over the circle, then
one can use the pull-back α = p?dθ of the 1-form dθ on S1 to displace
an exact Lagrangian submanifold L of T ∗M from itself by a symplectic
isotopy (defined by ϕt(q, p) = (q, p+ tα)).

On the other hand, given a symplectic isotopy (ϕt), Damian has con-
structed a Floer-type complex C(L,ϕt) spanned by the intersection points
of L and ϕ1(L), with coefficients in a Novikov ring associated to π1(L)
and endowed with a differential which is an analogue in the Lagrangian
Floer theory of the Morse-Novikov differential. The homology of this com-
plex only depends on the flux [ϕ?

1λM − λM ] = u of (ϕt). It is called the
Floer-Novikov homology of L and denoted FH (L, u).
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Damian has proved that this homology FH (L, u) is isomorphic to the
Novikov homology H?(L, f?u) of L. The Novikov homology of L must then
be trivial when ϕt is the isotopy induced by α, that is when u = [α], and
this gives the obstructions on the fundamental group of L.

Here we are interested in the more general case of monotone Lagrangian
submanifolds of T ∗M . In the usual sense, a Lagrangian submanifold L is
monotone (on the disks) if there exists a non-negative constant KL such
that

(1.1) for all u ∈ π2(T ∗M,L),
∫

u

ωM = KL µL(u)

where µL denotes the Maslov class of L in T ∗M .
For instance, any local Lagrangian submanifold which is monotone in Cn

is also monotone in T ∗M (see Remark 1.2 (iii)).
We would like to know if there are also “global” monotone Lagrangian

submanifolds in T ∗M . It is possible to get topological obstructions on the
monotone Lagrangian embeddings by extending the construction of the
Floer-Novikov type complex of Damian to the monotone case. In order to
carry out this construction, we need a stronger monotonicity assumption:

Definition 1.1. — A Lagrangian submanifold of T ∗M is said to be
monotone on the loops if there exists a non-negative constant kL such that

(1.2) for all γ ∈ π1(L),
∫

γ

λM = kL µL(γ)

where µL denotes the Maslov class of L in T ∗M .

Remarks 1.2. — (i) We recover the exact case when kL = 0.
(ii) If L is a Lagrangian submanifold of T ∗M which is monotone on the

loops, then it is monotone in the usual sense (i.e. on the disks) with the
same constant kL = KL.

(iii) Note that the converse of (iii) is not necessarily true in general. It is
true for instance if M is simply connected.

(iv) This definition of monotone Lagrangian submanifold was already
used by Polterovich [20] for Lagrangian submanifolds of Cn, but in this
case, it coincides with the usual definition.

(v) This assumption is necessary to bound from above the energy of
solutions having the same Maslov index (see Section 3.5).

Notation 1.3. — If L is a Lagrangian submanifold in T ∗M which is
monotone on the disks, we will call Maslov number of L and denote NL

the non-negative generator of the subgroup 〈µL, π2(L)〉 of Z.

TOME 59 (2009), FASCICULE 3



1138 Agnès GADBLED

As in the exact case, we will use a suitable version of Floer-Novikov
homology. The differences are the following:

(i) There is no action functional, so we will have to work with the action
1-form (see Remark 3.11).

(ii) The fact that [π1(M) : f?(π1(L))] is finite does not hold in the
monotone case without further assumption on the Maslov class of L. For
instance, for any local monotone Lagrangian submanifold in a Darboux
chart, f? : π1(L) → π1(M) is trivial and the index is not finite unless
π1(M) is finite.

(iii) In the monotone case, we have to take into account the bubbling of
J-holomorphic disks. This makes the definition of Floer-Novikov homology
more intricate.

(iv) There are also differences on more technical points. For instance, in
the proof of invariance, we cannot use an extension of a symplectic isotopy
of T ∗L to T ∗M as in the exact case.

(v) In the monotone case, the Floer homology is not always isomorphic
to the Novikov homology H?(L, f?u). We will prove that it is the limit of
a spectral sequence (see Theorems 1.4 and 4.7, this is a “Novikov version”
of the spectral sequence described by Biran [3] for the usual Lagrangian
Floer homology).

Theorem 1.4. — Let u be an element of H1(M). Assume that the
Lagrangian submanifold L is monotone on the loops, and of Maslov num-
ber NL > 2. There exists a spectral sequence {Ep,q

r , dr} satisfying the fol-
lowing properties:

1) Ep,q
0 = Cp+q−pNL

(L, f?u)⊗ ApNL and d0 = ∂0 ⊗ 1, where ∂0 is the
Morse-Novikov differential;

2) Ep,q
1 = Hp+q−pNL

(L, f?u)⊗ApNL and d1 = [∂1]⊗ τ where

[∂1] : Hp+q−pNL
(L, f?u) −→ Hp+1+q−(p+1)NL

(L, f?u);

3) {Ep,q
r , dr} collapses at the page κ+1, where κ = [(dim(L) + 1)/NL]

and the spectral sequence converges to FH (L, u), i.e.⊕
p+q=`

Ep,q
∞

∼= FH `(mod NL)(L, u).

Here A is the Λf?u-module A = Λf?u[T, T−1] of Laurent polynomials
with coefficients in Λf?u (see section 2) and τi : A→ A is the multiplication
by T i. The degree of T is equal to NL and ApNL = Λf?u T

p.

ANNALES DE L’INSTITUT FOURIER
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In particular, when NL > dim(M) + 2, the spectral sequence above
collapses at the first page and the Floer-Novikov homology is equal to the
Novikov homology H(L, f?u).

Using the techniques of Damian, we prove:

Theorem 1.5. — Let M be a closed manifold which is the total space of
a fibration p : M → S1 on the circle. Let L be a Lagrangian submanifold of
T ∗M which is monotone on the loops. Assume either that NL > dim(M)+1
or NL = dim(M) and [π1(M) : π1(L)] is finite. We have:

(i) If 〈g1, g2, . . . , gp|r1, r2, . . . , rq〉 is a finite presentation of π1(L), then

p− q 6 1.

(ii) The fundamental group π1(L) is not isomorphic to a free product
G1 ? G2 of two non trivial groups.

This theorem will be proved in Section 4.

Acknowledgements. — I would like to thank Michèle Audin and Mi-
hai Damian for suggesting me to work on this extension of Floer homology,
for valuable discussions around this subject and for their careful reading.
I would also like to thank Jean-Claude Sikorav for his numerous remarks
on the work which has given rise to this article.

2. Novikov theory

Let us recall the definition of Novikov homology (see [15]; for a more
detailed study, see [22]) and the results of Damian [5].

Let L be a closed manifold and u ∈ H1(L,R). Denote by Λ the ring
Z/2[π1(L)] and by Λ̂ = Z/2[[π1(L)]] the group of formal series. Let Λu be
the completed ring of series

Λu =
{∑

nigi ∈ Λ̂
∣∣ gi ∈ π1(L), ni ∈ Z/2, u(gi) → +∞

}
where u(gi) → +∞ means here that for all A > 0, the set{

gi | ni 6= 0 and u(gi) < A
}

is finite.

Definition 2.1. — Let C(L̃) be the free Λ-complex spanned by fixed
lifts of the cells of a CW-decomposition of L to the universal cover L̃ of L
and

C(L, u) = Λu ⊗Λ C(L̃).

The homology of this complex C(L, u) is the Novikov homology H(L, u).

TOME 59 (2009), FASCICULE 3



1140 Agnès GADBLED

Definition 2.2 (Morse-Novikov homology). — Let α be a closed generic 1-
form in the class of u ∈ H1(L,R) and ξ be the gradient of α with respect
to some generic metric on L. For every critical point c of α, fix a lift c̃ of c
in the universal cover L̃.

Let C(α, ξ) be the Λu-complex spanned by the zeros of α and whose
differential is such that if c and d are zeros of index difference equal to 1
then their incidence number is the algebraic number of flow lines that joins c
to d and lifts to a path in L̃ from gi c̃ to d̃.

By generic, we mean here that α has Morse-type singularities and ξ

satisfies the Morse-Smale condition.

Theorem 2.3 (see Novikov [15], Latour [11], see also Pazhitnov [19]).
For any generic pair (α, ξ), the homology of this complex is isomorphic
to H(L, u).

Remark 2.4. — In these two descriptions of the Novikov homology,
one could replace L̃ by any integration covering L̄ of L (i.e. such that the
pull-back of u is zero). We will use this in our comparison between the
Floer-Novikov homology and the Novikov homology of L in Section 4.

Let us end this section by recalling results proved in [5]:

Proposition 2.5 (Damian [5], Sikorav [22]). — Let L be a closed man-
ifold and u ∈ H1(L,R).

a) Let 〈g1, g2, . . . , gp|r1, r2, . . . , rq〉 be a presentation of the fundamental
group π1(L) which satisfies p− q > 2. If u 6= 0, then H1(L, u) 6= 0.

b) Suppose that π1(L) = G1 ∗ G2 is a free product of two groups, none
of them being trivial. If u 6= 0, then H1(L, u) 6= 0.

3. The Floer type complex

Let i : L ↪→ T ∗M be a Lagrangian embedding of a closed manifold L.
Assume that the image of L in T ∗M is monotone on the loops. Let (ϕt)
be a symplectic isotopy of T ∗M and denote by Lt the image of L by (ϕt).

Remark 3.1. — As they are the images of L by symplectomorphisms,
the Lagrangian submanifolds Lt are not necessarily monotone on the loops
but they are monotone on the disks. We can therefore apply to them all the
results concerning monotone (in the usual sense) Lagrangian submanifolds.

ANNALES DE L’INSTITUT FOURIER
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Let u ∈ H1(M ; R) denote the flux (or Calabi invariant) of (ϕt), that is
the class:

Cal(ϕt) = [ϕ?
1λM − λM ] ∈ H1(T ∗M,R) ' H1(M,R).

The results proved in Sections 3.1 to 3.5 are used in Section 3.5 to define
a Λu-complex C(L̄0, L̄1) spanned by the intersection points of L0 = ϕ0(L)
and L1 = ϕ1(L). We prove in Section 3.6 that this complex depends only
on L and u = Cal(ϕt). We then explain in Section 3.7 that these results
can be used to define a free complex over the Novikov ring Λf?u spanned
by L ∩ ϕ1(L) whose homology only depend on L and u.

3.1. Preliminary results

Let us first notice that it is possible to restrict our symplectic isotopies
to isotopies of the following type:

Lemma 3.2. — There exists a symplectic isotopy (ψt) on T ∗M such
that ψ1|L = ϕ1|L which is spanned by α+ dHt, where α is a closed 1-form
in u and H : T ∗M × [0, 1] → R has compact support.

Proof. — As in the proof of [5, Lemma 3.2] (which does not use the
exactness assumption on L), consider a family of 1-forms αt on M in the
class of ϕ?

tλM−λM . Note that the composition of (ϕt) and of the symplectic
isotopy spanned by −αt is a compactly supported Hamiltonian isotopy χt.
The isotopy (ψt) can then be defined as the composition of χt with the
symplectic isotopy spanned by α1. �

We will also require in the construction and applications that the induced
map f? : π1(L) → π1(M) is surjective. It is enough to suppose that the
index [π1(M) : f?(π1(L))] is finite.

Remark 3.3. — If f? : π1(L) → π1(M) is not surjective, let M1 be the
covering ofM induced by the subgroup f?(π1(L)) of π1(M). The manifold L
can be lifted as a Lagrangian submanifold of T ∗M1 which is monotone on
the loops (and which has the same Maslov class).

If [π1(M) : f?(π1(L))] is finite, then M1 is closed and the conclusion
of Theorem 1.5 in T ∗M is then just a consequence of the same theorem
for T ∗M1 where the surjectivity condition is satisfied.

Although the index [π1(M) : f?(π1(L))] is always finite in the exact case
(Lalonde and Sikorav, [10, Theorem 1, a)]), this assumption is not always
fulfilled in the monotone case. However, the index is necessarily finite for

TOME 59 (2009), FASCICULE 3



1142 Agnès GADBLED

monotone Lagrangian submanifolds if the Maslov number of L is large
enough:

Proposition 3.4. — Let L be a Lagrangian submanifold of T ∗M which
is monotone (on the disks). If NL > dim(M) + 1, then the index of π1(L)
in π1(M) is finite.

Proof. — If π1(L) → π1(M) is not surjective, consider again the covering
M1 of M induced by the subgroup f?(π1(L)) of π1(M) and the lift of L
into T ∗M1.

If the covering group of M1 → M is infinite, then M1 is open and the
Lagrangian submanifold L can be displaced from itself by a Hamiltonian
isotopy (see [10, Proposition 1]) so that the usual Floer homology HF (L,L)
(with Z/2 coefficients) must be trivial. But if the Maslov number of L is
greater than dim(M) + 2, we know by Oh’s [18, Theorem II, (i)] that this
homology is isomorphic to the usual cohomology H?(L,Z/2) of L and this
is in contradiction with the vanishing of HF (L,L).

If NL = dim(M) + 1, then by [18, Theorem II, (ii)],

HF (L,L) ≈
dim(M)⊕

i=0

Hi(L,Z/2) or
dim(M)−1⊕

i=1

Hi(L,Z/2)

and this also leads to a contradiction unless L is a Z/2-homology sphere.
However, if L is a Z/2-homology sphere, then H1(L,R) = 0 and in

particular L is exact so that we can directly apply the result of Lalonde
and Sikorav to see that the index is finite. �

Remark 3.5. — We cannot expect to remove in Proposition 3.4 the
assumption NL > dim(M) + 1. Indeed, Polterovich proved in [20] (see also
Audin [2] for the construction) that for every two integer 2 6 k 6 n, there
exists a compact manifold Ln,k which admits a monotone Lagrangian em-
bedding in Cn (and consequently “local” monotone Lagrangian submani-
folds in any cotangent bundle) with Maslov number equal to k such that:

(a) Ln,n = Sn−1 × S1/τn−1 × τ1 where τj : Sj → Sj is the antipodal
involution;

(b) Ln,k = Lk,k × Sn−k where k < n.

Remark 3.6. — Thanks to Remark 3.3 and Proposition 3.4, it is enough
to prove Theorem 1.5 when the induced map

f? : π1(L) −→ π1(M)

is surjective. From now on, we will always suppose that f? is surjective.

ANNALES DE L’INSTITUT FOURIER
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Thanks to the surjectivity assumption on f?, we can consider a connected
covering of the Lagrangian submanifold L in the cotangent bundle of the
universal cover of M :

Lemma 3.7. — Let M̃ → M be the universal covering of M and p̃ :
T ∗M̃ → T ∗M be the induced covering on the cotangent bundles. Denote
by y 7→ yg the right action of π1(M) on T ∗M̃ . Let L̄→ L be the pull-back
of the covering T ∗M̃ → T ∗M by the embedding i : L→ T ∗M . Then:

(i) L̄ is path-connected if and only if the map f? : π1(L) → π1(M) is
surjective.

(ii) The covering L̄→ L corresponds to the covering of L associated with
the subgroup K = ker(f?) of π1(L).

(iii) The map ı̃ : L̄ → T ∗M̃ is a monotone Lagrangian embedding and
for all g ∈ π1(M), x̃ ∈ L̄,

ı̃(x̃g) =
(
ı̃(x̃)

)g
.

The proof of this lemma uses only basic algebraic topology and can be
found in the Appendix.

Lemma 3.8. — Let (ϕt) be the symplectic isotopy generated by α+dHt.
Then this isotopy lifts to a Hamiltonian isotopy (ϕ̃t) on T ∗M̃ . Moreover,
if Lt = ϕt(L) and L̄t = ϕ̃t(L̄), then

L̄ ∩ L̄1 =
⋃

x∈L∩L1

p̃−1(x).

Proof. — As in the proof of [5, Lemma 3.6], which does not involve any
assumption on the exactness or monotonicity of L, we can define the isotopy
(ϕ̃t) as the isotopy spanned by the pullback of α+ dHt to T ∗M̃ . �

3.2. The action 1-form

In this section, L is assumed to be a closed Lagrangian submanifold
of T ∗M . It is also assumed that L is monotone on the loops and that
f? : π1(L) → π1(M) is surjective.

Let (ϕt) be a symplectic isotopy as in Lemma 3.2 and denote by u ∈
H1(M ; R) its flux.

If Lt = ϕt(L), let Ω(L0, L1) be the space of paths from L0 to L1:

Ω(L0, L1) =
{
z ∈ C∞([0, 1];T ∗M) | z(i) ∈ Li, i = 0, 1

}
.

TOME 59 (2009), FASCICULE 3



1144 Agnès GADBLED

We define a 1-form on Ω(L0, L1) by

νz(V ) =
∫ 1

0

ωM

(
z′(t), V (t)

)
dt.

The zeros of ν are the constant maps, that is, the intersection points of L0

and L1.

The integral of ν on a loop involves the 1-form u, as in the exact case,
but also the monotonicity constant kL of L:

Proposition 3.9. — Let γ : S1 → Ω(L0, L1) be a loop. Then∫
γ

ν = λM (γ0)− λM

(
ϕ−1

1 (γ1)
)
− u(γ0)(3.1)

= kL

(
µL0(γ0)− µL1(γ1)

)
− u(γ0)(3.2)

denoting γi = γ(S1 × {i}) for i = 0, 1.

Proof. — Considering the loop γ as a map γ : S1× [0, 1] → T ∗M , we get∫
γ

ν =
∫

S1
ν
(∂γ
∂s

)
ds =

∫
S1

∫ 1

0

ωM

(∂γ
∂t

,∂γ
∂s

)
dtds = −

∫
γ(S1×[0,1])

ωM .

Then, by the Stokes formula,∫
γ

ν =
∫

γ(S1×{0})
λM −

∫
γ(S1×{1})

λM

=
∫

γ(S1×{0})
λM −

∫
ϕ−1

1 (γ(S1×{1}))
ϕ?

1λM

=
∫

γ(S1×{0})
λM −

∫
ϕ−1

1 (γ(S1×{1}))
λM −

∫
ϕ−1

1 (γ(S1×{1}))
(ϕ?

1λM − λM ) .

As ϕ?
1λM −λM is a closed 1-form in the cohomology class u = Cal(ϕt), the

third term is equal to

u
(
ϕ−1

1

(
γ(S1 × {1})

))
= u

(
γ
(
S1 × {0}

))
so that ∫

γ

ν = λM

(
γ0

)
− λM

(
ϕ−1

1 (γ1)
)
− u (γ0) .

We now use the monotonicity of L to write∫
γ

ν = kL

(
µL (γ0)− µL

(
ϕ−1

1 (γ1)
))
− u (γ0)

= kL (µL0 (γ0)− µL1 (γ1))− u (γ0)

since ϕ1 is a symplectic isotopy. �

Corollary 3.10. — The action 1-form ν is closed.

ANNALES DE L’INSTITUT FOURIER
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Proof. — The formula (3.1) proves that
∫

γ
ν depends only on the homo-

topy class of γ in Ω(L0, L1). �

Remark 3.11. — We could also lift ν to Ω(L̄0, L̄1) (as in the exact case,
see [5]) but the 1-form is not necessarily exact on this space. Nevertheless,
we will be able to carry out the construction of the complex without needing
a primitive of ν.

Alternative setting. — We can also define a 1-form on Ω(L,L). This
setting will be useful in the proof of Hamiltonian invariance (Section 3.6).

Let Xα+dHt
t be the symplectic dual of α+ dHt, defined by

ωM ( . , Xα+dHt
t ) = (α+ dHt)( . ).

Denote by (ϕt) the isotopy spanned by Xα+dHt
t .

We can define a 1-form ν̂ on Ω(L,L) by

ν̂z(V ) =
∫ 1

0

ωM

(
z′(t), V (t)

)
+ (α+ dHt)

(
V (t)

)
dt.

The zeros of ν̂ are the flow trajectories beginning on L (at time 0) and
ending on L (at time 1).

If γ : S1 → Ω(L,L) is a loop in Ω(L,L), we have as in Proposition 3.9∫
γ

ν̂ = −
∫

S1×[0,1]

γ?ωM +
∫

S1

∫ 1

0

(α+ dHt)
(∂γ
∂s

)
dtds

with ∫
S1

∫ 1

0

(α+ dHt)
(∂γ
∂s

)
dtds =

∫
S1

∫ 1

0

α
(∂γ
∂s

)
dtds

=
∫ 1

0

∫
γ( . ,t)

αdt =
∫

γ( . ,0)

α = u (γ0)

since
∫

γ( . ,t)
α does not depend on t. Thus, we have∫

γ

ν̂ = = λM (γ0)− λM (γ1) + u (γ0)(3.3)

= kL

(
µL(γ0)− µL(γ1)

)
+ u (γ0) .(3.4)

Remark 3.12. — Note that these two settings are equivalent: if ν− is
the 1-form defined on Ω(L0, ϕ

−1(L0)) with the symplectic isotopy (ϕ−1
t ),

then the map Γ(z) = ϕ−1
t (z) is a 1 to 1 correspondence between Ω(L,L)

and Ω(L0, ϕ
−1(L0)) and we have

Γ?ν− = ν̂.
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(The fact that the correspondence uses ϕ−1
t instead of ϕt explains the

difference of signs between the relations (3.1), (3.2) on the one hand, and
(3.3), (3.4) on the other hand.)

3.3. The gradient

Let (Jt) be a family of almost complex structures on T ∗M that are com-
patible with ωM and (gt) be the family of associated Riemannian metrics
on T ∗M .

We consider the trajectories of the opposite of the gradient of the 1-
form ν with respect to the induced metric on Ω(L0, L1). These are, as
maps of two variables, solutions of the Cauchy-Riemann equation.

We define for a solution v of the Cauchy-Riemann equation its energy

E(v) =
∫

R×[0,1]

∥∥∥∂v
∂s

∥∥∥2

dtds.

Denote then by M(L0, L1) the spacev ∈ C∞
(
R× [0, 1], T ∗M

) ∣∣∣∣∣∣∣∣
∂v/∂s+ Jt(v) ∂v/∂t = 0

v(s, 0) ∈ L0 and v(s, 1) ∈ L1

E(v) <∞

 .

of trajectories of finite energy.
In particular, if v ∈M(L0, L1), then as in Proposition 3.9,

E(v) =
∫

R×[0,1]

v?ωM =
∫

R×[0,1]

ωM

(∂v
∂s

,∂v
∂t

)
dtds = −

∫
v

ν.

For x, y ∈ L0 ∩ L1, denote by M(x, y) the spacev ∈ C∞
(
R× [0, 1], T ∗M

) ∣∣∣∣∣∣∣∣
∂v/∂s+ Jt(v) ∂v/∂t = 0

lim
s→−∞

v(s, . ) = x

lim
s→+∞

v(s, . ) = y


of trajectories from x to y and

M∗(x, y) =

{
M(x, y) for x 6= y,

M(x, x)\{x} for x = y.

From [6] and [16],

Theorem 3.13. — One has

M(L0, L1) =
⋃

x,y∈L0∩L1

M(x, y).
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Let (J̃t) be a family of almost complex structures on T ∗M̃ obtained by
lifting the family (Jt) and let M̃(L̄0, L̄1), M̃(x̃, ỹ), and M̃∗(x̃, ỹ) be the
spaces of solutions in T ∗M̃ defined in a similar way as in T ∗M . Then these
spaces also satisfy Theorem 3.13 and p̃ maps M̃(L̄0, L̄1) onto M(L0, L1),
so that a solution and its image by p̃ have the same energy.

In the alternative setting, we consider the trajectories of the opposite of
the gradient of the 1-form ν̂ with respect to the metric defined on Ω(L,L)
by a family of compatible almost complex structures (Ĵt). Denote

M̂(L,L) =

v ∈ Υ

∣∣∣∣∣∣∣∣
∂ v̂/∂s+ Ĵt(v̂)

(
∂v̂/∂t−X

α+dHt(v̂)
t

)
= 0

v(s, 0) ∈ L and v(s, 1) ∈ L
E(v) <∞

 ,

with the energy defined by the same formula as above.

If v̂ ∈M(L,L), then again

E(v̂) =
∫

R×[0,1]

∥∥∥∂v̂
∂s

∥∥∥2

dtds =
∫

R×[0,1]

ωM

(∂v̂
∂s

, Ĵt(v̂)
∂v̂

∂s

)
dtds

=
∫

R×[0,1]

ωM

(∂v̂
∂s

,∂v̂
∂t

−Xα+dHt(v̂)
)
dtds

=
∫

R×[0,1]

ωM

(∂v̂
∂s

,∂v̂
∂t

)
dtds −

∫
R×[0,1]

(α+ dHt)
(∂v̂
∂s

)
dtds

= −
∫

v̂

ν̂

and we define analogously the space of solutions M̂(x, y) and M̂∗(x, y).

Remark 3.14. — There is also a correspondence between the two set-
tings for the gradient trajectories. For all v̂ ∈ M̂(L,L), we can associate
the map v defined by

v(s, t) = ϕ−1
t

(
v̂(s, t)

)
.

Let (Jt) and (Ĵt) be two families of compatible almost complex structures
on T ∗M such that

Ĵt = (ϕt)?Jt(ϕ−1
t )?.

Then
∂v

∂s
+ Jt(v)

∂v

∂t
= (ϕ−1

t )?

[∂v̂
∂s

+ Ĵt(v̂)
(∂v̂
∂t

−X
α+dHt(v̂)
t

)]
,

and E(v̂) = E(v) so that the map v̂ 7→ v defines a bĳection between
M̂(L,L) and M(L0, ϕ

−1
1 (L0)).

TOME 59 (2009), FASCICULE 3



1148 Agnès GADBLED

3.4. Transversality and compactness

In order to define our Floer-type homology, let us check now the transver-
sality and compactness requirements.

3.4.1. Transversality

We have a classical transversality result of Floer theory:

Theorem 3.15. — Assume that L0 et L1 are transverse. Then for a
generic choice of Jt, the spaces M(x, y) are manifolds of finite dimension,
of local dimension at v ∈M(x, y) the Maslov-Viterbo index (see [23]) of v.
The same result is true for M̃(x̃, ỹ) and the map p̃ induces a diffeomor-
phism

p̃ : M̃(x̃, ỹ) −→M(x, y)

for p̃(x̃) = x and p̃(ỹ) = y.

Proof. — It is a transversality result analogous to [5, Theorem 3.12] and
it can be proved as in [7] (see also [16]). �

Remark 3.16. — In the case of the alternative setting, a 1-form α+dHt

being given, there exists a generic Hamiltonian ht (with compact support)
such that, if (ψt) is the symplectic isotopy spanned by α + dHt + dht,
then L and ψ1(L) are transverse.

Using the correspondence 3.14, we are then able to deduce from Theo-
rem 3.15 that the spaces M̂(x, y) are submanifolds for a generic choice of
family of compatible almost complex structure.

3.4.2. Compactness

Let x and y be two intersection points of L0 and L1 and let A > 0.
Denote by

M∗
A(x, y) =

{
v ∈M∗(x, y) | E(v) 6 A

}
the space of solutions of finite energy between x and y.

The translation in the s variable (defined by (σ · v)(s, t) = v(σ + s, t))
induces a free action of R on M∗(x, y). Let L(x, y) = M∗(x, y)/R denote
the quotient.

Let us recall the result of convergence modulo bubbling of a sequence
of elements of M∗

A(x, y) (as stated in [16, Proposition 3.7]): if (vn) is a
sequence of elements of M∗

A(x, y) with a fixed index equal to I, then there
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exists a subsequence converging (modulo translations, i.e. in the quotient
L(x, y)) to a “cusp” curve (v, w, u) (where v is a finite collection of solutions
vi ∈M∗

A(zi, zi+1), w is a finite collection of J-holomorphic disks wj and u
is a finite collection of J-holomorphic spheres uk) such that∑

i

∫
(vi)?ω +

∑
j

∫
(wj)?ω +

∑
k

∫
(uk)?ω 6 A,

∑
i

µ(vi) +
∑

j

µ(wj) +
∑

k

2c1(uk) = µ0.

In our case, the ambient symplectic manifold is the cotangent bundle of
the manifold M so that no bubbling of J-holomorphic spheres occurs.

Proposition 3.17. — Let L be a monotone Lagrangian manifold of
Maslov number NL > 3. Then:

(i) For any sequence of elements (vn) in the 1-dimensional component
of M∗

A(x, y), there exists a sequence (σn) of real numbers, such that a
subsequence of (σn · vn) converges in M∗

A(x, y).
(ii) If (vn) is a sequence of elements of M∗

A(x, z) of index 2, then

. either there exists a sequence (σn) of real numbers such that a sub-
sequence of (σn · vn) converges to a solution v in M∗

A(x, z);
. or there exists a pair of sequences ((σ1

n), (σ2
n)) of real numbers and

a pair of solutions (v1, v2) ∈ M∗
A(x, y) ×M∗

A(y, z), for some inter-
section point y, such that, for every i ∈ {1; 2}, a subsequence of
(σi

n · vn) converges to vi (in this case one says that (vn) converges
to the broken orbit (v1, v2)).

Remark 3.18. — Proposition 3.17 will be used in Section 3.5 to prove
the compactness of the space of trajectories. Note that statement (i) in
Proposition 3.17 also holds in the case NL = 2. We will deal with the con-
vergence of a sequence of elements ofM∗

A(x, z) of index 2 in the caseNL = 2
in the proof of Lemma 3.21.

Proof of Proposition 3.17. — (i) If (vn) is a sequence of elements of
M∗

A(x, y) of index 1, then there exists a subsequence that converges to a
“cusp” curve (v, w, ∅) such that∑

i

∫
(vi)?ω +

∑
j

∫
(wj)?ω 6 A,(3.5)

∑
i

µ(vi) +
∑

j

µ(wj) = 1.(3.6)
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Since the area of a J-holomorphic disk wj is non-negative, the mono-
tonicity assumption on L (the monotonicity on the disks is sufficient here)
gives µ(wj) > 3. Because of (3.6), there is no bubbling of J-holomorphic
disk (w = ∅). Moreover, the dimension of M∗(x, y) is at least 1 (because
of the free action of R), so that the Maslov class of a solution vi is at
least 1. Hence, the collection v can only contain one element that belongs
to v ∈M∗

A(x, y).
(ii) As in (i), no bubbling of J-holomorphic disks can occur. As a conse-

quence, there is a subsequence converging to a broken orbit v such that∑
i

µ(vi) = 2

and hence v admits at most two components. �

For the construction of the complex we need a homotopy lemma:

Lemma 3.19. — Let (vn) be a sequence of elements of M∗
A(x, y) of

index either 1 or 2 having a subsequence converging either to v = v1 ∈
M∗

A(x, y) or to v = {v1, v2} with (v1, v2) ∈ M∗
A(x, y) × M∗

A(y, z). Let
γn : [−∞; +∞] → L0 be the path defined by γn(s) = vn(s, 0) (extended
at s = −∞ by x and at s = +∞ by y). Let γi : [−∞; +∞] → L0 be the
paths defined analogously for the vi.

Then, for n large enough, γn is homotopic to either γ1 (when v = v1)
as a path from x to y, or to the concatenation of paths γ1 ? γ2 (when
v = {v1, v2}) as a path from x to z.

Proof. — The proof is similar to [5, Lemma 3.16] if we add the assump-
tion on the index ensuring that no bubbling of J-holomorphic disks can
occur. �

3.5. The differential of the Floer complex

Let x and y be two intersection points of L0 and L1. In this section, we
define an incidence number [x, y].

Let L0(x, y) be the zero-dimensional component of L(x, y). For all z ∈
L0 ∩ L1, fix a lift z̃ ∈ T ∗M̃ . For g ∈ π1(M), denote by L0

g(x, y) ⊂ L0(x, y)
the subset of trajectories that lift to L̃(x̃g, ỹ) (with the same notation for
the action of π1(M) as in Lemma 3.7).

Let us state and prove a lemma that will replace [5, Lemma 3.16] in our
construction.
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Lemma 3.20. — Assume that NL > 2. For all x, y in L0 ∩L1 and all g
in π1(M), the set L0

g(x, y) is finite. If ng denotes the cardinal modulo Z/2,
the number

∑
ngg belongs to the Novikov ring Λ−u.

Proof. — The elements of L0
g(x, y) are classes of solutions v which belong

to the 1-dimensional component of M∗(x, y). We prove that these solutions
all have the same energy. For that purpose, we prove that two solutions
from x to y, which have the same index, and which can be both lifted to
trajectories from x̃g to ỹ , have the same energy.

We consider a solution

v : [−∞,+∞]× [0, 1] −→ T ∗M

in M(x, y) as a path in Ω(L0, L1) from x to y. If v is such a path, let

v : [−∞,+∞]× [0, 1] −→ T ∗M

be the “inverse” path defined by

v(s, t) = v(−s, t).

Let v1 and v2 be two elements of M(x, y) satisfying µ(v1) = µ(v2). If
we denote by γ = v2#v1 the concatenation of the paths v2 and v1 (in this
order), then γ is a loop in Ω(L0, L1) based in x (see Figure 3.1). Note that
here, we use the notation Ω(L0, L1) for the space of paths from L0 to L1

which are piecewise smooth instead of just smooth as in Section 3.2.

Figure 3.1. The loop γ

Then ∫
γ

ν = −
∫
γ?ωM = −

∫
v?
2ωM +

∫
v?
1ωM = E(v1)− E(v2).

and thanks to the monotonicity on the loops, by Proposition 3.9,∫
γ

ν = kL

(
µL0(γ0)− µL1(γ1)

)
− u(γ0)

with µL0(γ0)− µL1(γ1) = µ(v2)− µ(v1) = 0.
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Moreover, if the lifts of v1 and v2 are trajectories from x̃g to ỹ , γ0 can
be lifted to a loop based in x̃g. Therefore, γ0 is homotopic to the constant
loop in T ∗M and this implies that u(γ0) = 0 and

∫
γ
ν = 0. We have thus

proved that v1 and v2 have the same energy.
Assume that NL > 2. We can then apply Proposition 3.17 and Re-

mark 3.18: a sequence of solutions (vn) between x and y of Maslov in-
dex 1 has a subsequence converging to a solution of M∗(x, y). Thanks to
Lemma 3.19, this solution can be lifted to a trajectory from x̃g to ỹ . This
means that the space L0

g(x, y) is a compact space of dimension zero and
hence it has only a finite number of elements.

For the second part of the lemma, it is enough to show that for C > 0,
the set ⋃

−u(g)6C

L0
g(x, y)

is compact (so that it is finite). A sequence (vn) in this space can be lifted
to a sequence (vn) in the 1-dimensional component of M∗(x, y). But if v1
and v2 are two solutions from x to y with same Maslov class, we have

E(v1)− E(v2) = kL

(
µ(v2)− µ(v1)

)
− u(γ0) = −u(γ0),

where γ denotes the concatenation v2 # v1 as above.
If v1 can be lifted to a trajectory from x̃g1 to ỹ and v2 to a trajectory

from x̃g2 to ỹ , γ can be lifted as a path from x̃g2 to x̃g1 so that u(γ0) =
u(g−1

2 g1) and
E(v1)− E(v2) = u(g2)− u(g1).

As a consequence, if we consider a sequence of solutions (vn), each vn being
lifted as a trajectory from x̃gn to ỹ with −u(gn) 6 C, then

E(vn) = E(v0)− u(gn) + u(g0) 6 C + E(v0) + u(g0).

The energy of the elements of this sequence is bounded and we can apply
Proposition 3.17: (vn) has a converging subsequence and the limit of this
subsequence can be lifted to a path from x̃g∞ to ỹ which satisfy

−u(g∞) = E(v∞)− E(v0) + u(g0) 6 C.

This means that (vn) has a converging subsequence in
⋃
−u(g)6C L0

g(x, y)
which is therefore compact. �

We can now define the incidence number

[x, y] =
∑

g∈π1(M)

ng(x, y)g,
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where ng(x, y) is the cardinality of L0
g(x, y). We define the complex

C?(L̄0, L̄1, Jt)

as the Λu-vector space spanned by the intersection points of L0 and L1

endowed with the differential

∂x =
∑

g∈π1(M)
y∈L0∩L1

ng(x, y)gy.

Lemma 3.21. — If NL > 2, one has ∂ ◦ ∂ = 0.

Proof. — In order to prove the relation ∂2 = 0, one has to prove that for
all g ∈ π1(M) and all x, z ∈ L0 ∩ L1, we have

(3.7)
∑

y∈L0∪L1
g′,g′′∈π1(M), g′g′′=g

ng′(x, y)ng′′(y, z) = 0.

When NL > 3, this is, using Proposition 3.17 as in [5, Lemma 3.18],
a consequence of the compactification of the 1-dimensional component of
Lg(x, y) with broken trajectories (see Figure 3.2). This compactification is
a compact 1-dimensional manifold whose boundary is⋃

y∈L0∪L1
g′,g′′∈π1(M), g′g′′=g

L0
g′(x, y)× L0

g′′(y, z).

Figure 3.2. The compactification with broken trajectories

Let us consider now the caseNL = 2. Oh [17] noticed that his extension of
the Floer complex to the monotone case is possible under this assumption.
This is also possible for the Floer-Novikov complex. Indeed, in the proof
that the zero-dimensional component of Lg(x, y) is compact, one only needs
that NL > 2 and it is then possible to define the Floer differential.
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Figure 3.3. The compactification with disks (the plain lines correspond
to boundaries on L0, the dashed lines to boundaries on L1)

The condition NL > 3 is used to avoid bubbling in the convergence of a
sequence of solutions of index 2 and prove that the square of the differential
is zero. Let us prove that this is also true for NL = 2.

The only sequences for which the bubbling of a J-holomorphic disk can
occur are sequences of solutions from an intersection point x to itself that
have Maslov index 2. Then the “bubble” also has Maslov index 2.

In this case, it is possible to compactify the 1-dimensional component of
Lg(x, x) by adding to the broken trajectories the pairs formed by a constant
trajectory and a J-holomorphic disk with boundary either on L0 or L1 (this
is similar to [17]).

Note also that only a sequence of solutions that can be lifted to paths
from x̃ to x̃ can converge to a J-holomorphic disk, so that this type of
compactification is only needed for Le(x, x), where e is the identity ele-
ment of π1(M). Hence (3.7) holds also for g 6= e with the previous type of
compactification.

When g = e, we have as in [17],∑
y∈L0∪L1

g′,g′′∈π1(M), g′g′′=g

ng′(x, y)ng′′(y, z) = ΦL0(x) + ΦL1(x)

where ΦLi
(x) is the number (modulo 2) of J-holomorphic disks with Maslov

index 2 with boundary on Li and that pass through the point x. Here we
use that ΦLi

(x) is preserved under symplectic isotopies (Oh [17] uses only
Hamiltonian isotopies but the proof is similar with symplectic isotopies)
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to see that ΦL0(x) + ΦLi(x) = 0 mod 2. Therefore, ∂ ◦ ∂ = 0 even in the
case NL = 2. �

Remark 3.22. — One can define the same way a complex C?(L̄, ϕt, Ĵt)
spanned by the zeros of the 1-form ν̂ and define a differential using the
spaces M̂(x, y). By correspondence 3.14, the Λu-complexes C?(L̄, ϕt, Ĵt)
and C?(L̄0, ϕ̃1

−1(L̄0), Jt) are isomorphic.

3.6. Hamiltonian invariance

Denote H?(L̄0, L̄1, Jt) the homology of the complex C?(L̄0, L̄1, Jt) de-
fined in Section 3.5. We have assumed that L1 = ϕ1(L0) where the isotopy
(ϕt) is supposed to be spanned by α + dHt with α a closed 1-form on M

and H a Hamiltonian with compact support on T ∗M × [0, 1].
We now prove that this homology does not depend on the generic choice

of the pair (Jt,Ht). For that purpose, we will use the “alternative” set-
ting and the complex C?(L̄, ϕt, Jt). We denote by H?(L̄, ϕα+dHt

t , Jt) its
homology.

Theorem 3.23. — For any two generic pairs (Ht, Jt) and (H ′
t , J

′
t), there

exists an isomorphism

Ψ : H?(L̄, ϕα+dHt
t , Jt) −→ H?(L̄, ϕ

α+dH ′
t

t , J ′t).

Proof. As in the proof of [5], define a morphism of Λu-complexes

Ψ? : C?(L̄, ϕα+dHt
t , Jt) −→ C?(L̄, ϕ

α+dH ′
t

t , J ′t)

associated to a family of functions Hs,t : T ∗M → R and a family of compat-
ible almost complex structures Js,t continuous in (s, t) ∈ R2 and satisfying

(H(s,t), J(s,t)) =

{
(Ht, Jt) for s < −R,
(H ′

t , J
′
t) for s > R.

Consider the space

MH(s,t),J(s,t)(L) =


R× [0, 1]

v

y
T ∗M

∣∣∣∣∣∣∣∣
∂v/∂s+ Js,t

(
∂v/∂t−X

α+dHs,t

s,t

)
v(s, i) ∈ L pour i = 0, 1, s ∈ R

E(v) <∞

 .

An element v of this space converges to a zero x of the 1-form ν̂ when s

goes to −∞ and to a zero y of the 1-form ν̂ ′ (which corresponds to the
Hamiltonian H ′

t ) when s goes to +∞. As in Theorem 3.13, we have

MH(s,t),J(s,t)(L) =
⋃
x,y

MH(s,t),J(s,t)(x, y)
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with

MH(s,t),J(s,t)(x, y) =


R× [0, 1]

v

y
T ∗M

∣∣∣∣∣∣∣∣∣∣∣

∂v/∂s+ Js,t(∂v/∂t−X
α+dHs,t

s,t )

v(s, i) ∈ L for i = 0, 1, s ∈ R

lim
s→−∞

v(s, t) = x(t)

lim
s→+∞

v(s, t) = y(t)


,

where x (respectively y) are the zeros of the 1-form ν̂ (respectively ν̂ ′).
We also have a transversality result for these spaces: for a generic choice

of the pair (Hs,t, Js,t), the spaces MH(s,t),J(s,t)(x, y) are manifolds of local
dimension given by the Maslov index of a solution.

We also need a compactness result:

Lemma 3.24. — For all A > 0, the zero-dimensional component of

MH(s,t),J(s,t)(x, y;A) =
{
v ∈MH(s,t),J(s,t)(x, y) | E(v) 6 A

}
is finite.

Proof. — The proof is standard since no bubbling occurs in dimension 0
(see e.g. [5, Lemma 3.22]). �

As before, we fix a lift x̃ in T ∗M̃ for every zero x of the 1-form ν̂ and a lift
ỹ for every zero y of the 1-form ν̂ ′ (remember that the zeros of ν̂ are flow
trajectories beginning on L and ending on L). Consider for all g of π1(M)
and all zeros x and y of ν̂ and ν̂ ′ respectively, the space Mg,s(x, y) ⊂
MH(s,t),J(s,t)(x, y) of solutions that can be lifted to T ∗M̃ in paths from x̃g

to ỹ . We show that:

Proposition 3.25. — For any fixed index I, let

MI
g,s(x, y) = Mg,s(x, y) ∩MI

H(s,t),J(s,t)
(x, y)

be the space of elements of index I in Mg,s(x, y). The energy of any element
of MI

g,s(x, y) is bounded from above by some positive constant A, that is

MI
g,s(x, y) ⊂MH(s,t),J(s,t)(x, y;A).

Corollary 3.26. — The space M0
g,s(x, y) is finite.

Proof of Proposition 3.25. — Here again, we adapt the proof of [5] (see
also [12]). We do not have a primitive of ν̂ but it is possible to bound
from above the difference of the energy of two solutions by a constant
independent of the solutions.
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Consider the norm defined by the compatible metric ωM ( . , J(s,t) . ). The
energy of a solution v of MH(s,t),J(s,t)(L) can be written

E(v) =
∫

R×[0,1]

∥∥∥∂v
∂s

∥∥∥2

dtds

=
∫

R×[0,1]

ωM

(∂v
∂s

, Js,t
∂v

∂s

)
dtds

=
∫

R×[0,1]

ωM

(∂v
∂s

,∂v
∂t

−X
α+dHs,t

s,t

)
dtds

=
∫

v

ωM −
∫

R×[0,1]

(α+ dHs,t)
(∂v
∂s

)
dtds.

Let z0 ∈ Ω(L,L) and let w be a fixed path in Ω(L,L) that joins y to z0.
We consider v : [−∞,+∞]× [0, 1] as a path in Ω(L,L) from x to y and

we use the concatenation v # w of v and w.

Figure 3.4. The path v # w

Suppose that w has been chosen in such a way that it can be lifted to a
path joining ỹ and z̃0. We prove

(3.8)
∫

v#w

ν̂ −
∫

w

ν̂ ′ = −E(v) +
∫

R×[0,1]

∂H

∂s
(s, t, v)dtds + C1

where
C1 =

∫
[0,1]

Ht(z0)−H ′
t (z0)dt

is independant of v. We have∫
v#w

ν̂ −
∫

w

ν̂ ′ = −
∫

v#w

ωM +
∫

R×[0,1]

(α+ dHt)
(∂v
∂s

)
dtds

+
∫

R×[0,1]

(α+ dHt)
(∂w
∂s

)
dtds

+
∫

w

ωM −
∫

R×[0,1]

(α+ dH ′
t)

(∂w
∂s

)
dtds
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= −
∫

v

ωM +
∫

R×[0,1]

∂

∂s

(
Ht(v) +Ht(w)−H ′

t (w)
)
dtds +

∫
R×[0,1]

α
(∂v
∂s

)
,

with ∫
R×[0,1]

∂

∂s

(
Ht(v) +Ht(w)−H ′

t (w)
)
dtds

=
∫

[0,1]

H ′
t (y)−Ht(x)dt +

∫
[0,1]

Ht(z0)−H ′
t (z0)dt

=
∫

R×[0,1]

∂

∂s
Hs,t(v)dtds + C1

=
∫

R×[0,1]

dHs,t

(∂v
∂s

)
dtds +

∫
R×[0,1]

∂H

∂s
(s, t, v)dtds + C1.

Consequently∫
v#w

ν̂ −
∫

w

ν̂ ′ = −
∫

v

ωM +
∫

R×[0,1]

(α+ dHs,t)
(∂v
∂s

)
dtds

+
∫

R×[0,1]

∂H

∂s
(s, t, v)dtds + C1

= −E(v) +
∫

R×[0,1]

∂H

∂s
(s, t, v)dtds + C1.(3.9)

Now, let v1 and v2 be two elements of Mg,s(x, y). From (3.8), we have

E(v1)− E(v2) = −
∫

v1#w

ν̂ +
∫

v2#w

ν̂

+
∫

R×[0,1]

∂H

∂s
(s, t, v1)dtds −

∫
R×[0,1]

∂H

∂s
(s, t, v2)dtds.

As ∂H/∂s : R × T ∗M → R has compact support, there exists a constant
C2 > 0 that does not depend on the vi (i = 1, 2) such that∫

R×[0,1]

∂H

∂s
(s, t, v1)dtds −

∫
R×[0,1]

∂H

∂s
(s, t, v2)dtds 6 C2.

Moreover, if γ is a loop (based in x) of M(L,L) obtained by concatena-
tion of the paths v2 # w and v1 # w, then by the monotonicity condition
(and Formula (3.4))

−
∫

v1#w

ν̂ +
∫

v2#w

ν̂ =
∫

γ

ν̂ = kL

(
µL(γ0)− µL(γ1)

)
+ u (γ0)

with µL(γ0)− µL(γ1) = µ(v2)− µ(v1) = 0.
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The paths v1 and v2 belong to Mg,s(x, y), so that γ can be lifted to a
path from x̃g to x̃g. The path γ0 is then homotopic to the constant path
and we obtain the inequality

E(v1)− E(v2) 6 C2.

This proves that if we fix an element v0 in Mg,s(x, y), then

E(v) 6 E(v0) +K

for all v in Mg,s(x, y), and consequently Mg,s(x, y) is contained in
MH(s,t),J(s,t)(x, y;A) for some positive constant A. This proves Proposi-
tion 3.25. �

The space M0
g,s(x, y) is thus finite and we can define the morphism of

complexes

Ψ? : C?(L̄, ϕα+dHt
t , Jt) −→ C?(L̄, ϕ

α+dH ′
t

t , J ′t)

by

Ψ?(x) =
∑

g∈π1(M),y

mg(x, y)gy

where mg(x, y) is the cardinality of M0
g,s(x, y) modulo 2.

In order to check that the coefficients belong to Λu, we use the com-
putations in the proof of 3.25 but this time with v1 in Mg1,s(x, y) and v2
in Mg2,s(x, y) for two elements g1 and g2 of π1(M). The loop γ can then be
lifted to a path from x̃g2 to x̃g1 so that u(γ0) = u(g−1

2 g1) = −u(g2)+u(g1)
and

E(v1)− E(v2) 6 u(g1)− u(g2) + C2.

If v0 is a fixed element of Mg0,s(x, y), we have for all v of Mg,s(x, y) with
u(g) < C,

E(v) 6 E(v0) + C − u(g0) + C2,

and this implies that
⋃

u(g)<C M0
g,s(x, y) is contained in

M0
H(s,t),J(s,t)

(x, y;A)

for some positive constant A, so that this union is finite.
We use the usual methods of Floer theory to finish the proof of the

theorem:
. The fact that Ψ? commutes with the differentials comes from the

study of the compactification with the help of broken trajectories of the
1-dimensionnal component of MH(s,t),J(s,t)(x, y).
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. The map Ψ? induces an isomorphism in homology: to prove this, it is
enough to consider the morphism defined analogously between

C?(L̄, ϕ
α+dH ′

t
t , J ′t) and C?(L̄, ϕα+dHt

t , Jt)

and to show that the compositions of these morphisms are homotopic to
the identity. �

Notation 3.27. — By Theorem 3.23, the homology of the complex
C?(L̄, ϕt, Jt) only depends on the flux u of the symplectic isotopy (ϕt).
Hence we will denote its homology by FH (L̄, u) in the following.

3.7. Floer-Novikov complex over Λf?u

Thanks to Lemmata 3.20, 3.21 and 3.19, one can apply [5, Proposition
3.25] and define a Λf?u-complex C?(L,ϕt, Jt) spanned by the intersection
points of L and ϕ1(L) such that f? : π1(L) → π1(M) induces a morphism
from C?(L̄, ϕt, Jt) to C?(L̄, ϕt, Jt) via the ring morphism f : Λf?u → Λu.

The differential of this complex is defined for x in L0 ∩ L1 by

∂x =
∑

y∈L0∩L1

[x, y]∼ y,

with
[x, y]∼ =

∑
h∈π1(L)

#2L̃h(x, y) h,

where for any h ∈ π1(L), #2L̃h(x, y) is the set of paths in L from x to y
which lift to the universal covering L̃ of L to paths from x̃h to ỹ . One
can prove as in Section 3.6 that the homology of this complex does not
depend on the generic choice of the pair (Jt,Ht). We will denote this ho-
mology FH (L, u).

4. Floer homology and Novikov theory

In this section, we prove Theorem 1.4 of the introduction. We deduce
this theorem from an analogous result which relates FH (L̄, u) and the
Novikov homology H(L̄, f?u) of L associated to f?u and the covering L̄→
L (defined in Lemma 3.7 as the pull-back of the covering T ∗M̃ → T ∗M ,
see also Remark 2.4).
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4.1. Relation between FH (L̄, u) and H(L̄, f?u)

We first prove that the Floer-Novikov homology FH (L̄, u) is invariant
by small rescaling of u:

Proposition 4.1. — Let u be an element of H1(M). Assume that the
Lagrangian submanifold L is monotone on the loops with Maslov num-
ber NL > 2. Then there exists ε > 0 such that for every real number σ
satisfying |σ| < ε,

FH
(
L̄, (1 + σ

)
u) ' FH (L̄, u).

Proof. — In the exact case, Damian uses the symplectic isotopy of T ∗L
spanned by a 1-form in the class of f?u. Thanks to the exactness of L, he
extends it to T ∗M , so that the zeros of the associated 1-form are constant
paths. This is particularly useful for the choice of a 1-form representing u
in the definition of FH (L̄, (1 + σ)u).

In the monotone case, we cannot use this result on the extension of sym-
plectic isotopies of T ∗L to T ∗M . But, what we actually need for the proof
(see [5] and also [12]) is a symplectic isotopy with the property that the
projection of the flow trajectories on the base space M (and in particular
the projection of the zeros of the 1-form ν̂ associated to this isotopy) lie in
“small” balls.

More precisely, let α be a closed 1-form in the class of u and J be a fixed
compatible almost complex structure. Assume that this almost complex
structure induces a complete metric gJ on T ∗M .

Lemma 4.2. — There exists a constant c1 > 0 such that, for every δ > 0,
there exists a Hamiltonian

H : [0, 1]× T ∗M → R

with compact support and a family of almost complex structures (Jt) sat-
isfying ‖Ht‖ε < δ and ‖Jt − J‖ < δ such that:

(i) the pair (α+ dHt, Jt) satisfies the transversality assumption;
(ii) the canonical projection π of T ∗M maps a zero x of the 1-form ν̂

associated to the symplectic isotopy spanned by α+ dHt into a ball
in M centered in π(x(0)) with radius c1δ.

The norm ‖ ‖ε, where εk > 0 is a sufficiently rapidly decreasing se-
quence, is the usual norm on the Hamiltonians used in transversality results
(see [7], [12]):

‖h‖ε =
∞∑

k=0

εk‖h‖Ck([0,1]×T∗M)
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Proof. — The symplectic isotopy ϕα
t of T ∗M spanned by the symplectic

dual Xα of α can be written

ϕα
t (p, q) = (p+ tαq, q).

Note that the trajectory ϕα
t (p0, q0) of Xα in T ∗M with initial condition

the point (p0, q0) lies in the fiber of q0 ∈M .
Note also that ϕα

t does not necessarily satisfy the transversality assump-
tion between L and ϕα

1 (L) so that it may not be possible to use this isotopy
for the description of FH (L̄, u).

Nevertheless, by the transversality theorem (Theorem 3.15) and Re-
mark 3.16, for every δ > 0, there exists a Hamiltonian H : [0, 1]×T ∗M → R
with compact support and a family of almost complex structures (Jt) sat-
isfying ‖Ht‖ε < δ and ‖Jt − J‖ < δ and such that the pair (α + dHt, Jt)
satisfies the transversality assumption.

Let ζ(t) be the trajectory of Xα+dHt with initial condition the point
(p0, q0) of T ∗M . Denote by q(t) its image in M by the canonical projection
π : T ∗M →M of the cotangent bundle. We have

d
dt
q(t) = Tζ(t)π

( d
dt
ζ(t)

)
= Tζ(t)π

(
Xα

(
ζ(t)

)
+XdHt

(
ζ(t)

))
.

Since the isotopy ϕα
t spanned by Xα satisfies π(ϕα

t )(p, q) = q,

Tζ(t)π
(
Xα

(
ζ(t)

))
= 0,

so that
d
dt
qt = Tζ(t)π

(
XdHt

(
ζ(t)

))
.

Moreover, for all z ∈ T ∗M , we have

‖XdHt(z)‖2 = dzHt

(
− J(z)XdHt(z)

)
6 ‖dzHt‖ ·

∥∥− J(z)XdHt(z)
∥∥ = ‖dzHt‖ ·

∥∥XdHt(z)
∥∥

for the norm associated to the scalar product gJ . Hence,∥∥XdHt(z)
∥∥ 6 ‖dzHt‖ 6 δ/ε1

(where ε1 is the first term of the sequence defining the norm ‖ ‖ε).
Notice that ‖Tζ(t)π‖ is bounded on T ∗M : it is bounded on each trivialis-

ing open set for the cotangent bundle T ∗M →M ; the base space M being
compact, it is bounded on the whole T ∗M . Thus, there exists a constant c1
(which does not depend on H) such that,∥∥∥ d

dt
qt

∥∥∥ 6 ‖Tζ(t)π‖ ·
∥∥XdHt(ζ(t))

∥∥ 6 c1δ,
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and consequently, for all τ ∈ [0, 1], we have

d
(
q(τ), q0

)
6

∫ τ

0

∥∥∥ d
dt
qt

∥∥∥ 6 τc1δ.

This means that, on [0, 1], the trajectories of Xα+dHt lie in the fibers of
the points of M which belongs to the ball of radius c1δ centered in the
projection of the initial condition (see Figure 4.1).

Figure 4.1. the trajectory ζ

This is in particular true for the zeros xi of the 1-form ν̂. �

Let Vi be a neighbourhood of each trajectory xi such that the projection
of Vi is contained in B(π(xi(0)), c1δ). Denote V the union of the Vi.

Lemma 4.3. — There exists c2 > 0 such that for all z ∈ Ω(L,L) whose
image is not contained in V,∥∥z′(t)−Xα+dHt

(
z(t)

)∥∥
L2 > c2.

Proof. — The proof is analogous to [5, Lemma 4.4]. Assume the con-
trary: there exists a sequence (zn) ∈ Ω(L,L) of paths whose images are not
contained in V such that

lim
n→+∞

∥∥z′n(t)−Xα+dHt
(
zn(t)

)∥∥
L2 = 0.

One has then to prove that this sequence admits a subsequence converging
to a zero of ν̂. This contradicts the fact that the images of the zn’s are not
contained in V. �
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We can now choose δ > 0 small enough so that there exists a closed
1-form η ∈ u such that

η = 0 on
⋃
i

B
(
π
(
xi(0)

)
, c1δ

)
.

We also fix ε > 0 such that ε‖η‖ < 1
3c2. In particular, the 1-form (still

denoted η) lifted to T ∗M is zero on V, a property that we need in the
computations (see Proposition 4.4, and also [5], [12]).

Choose a real number σ < ε and consider the isotopy ϕα+ση+dHt

t spanned
by Xα+ση+dHt . The constant ε is chosen small enough so that

ϕα+ση+dHt

1 (L)

is transverse to L.
Applying the transversality theorem 3.15 to α + ση + dHt, we deduce

the existence of a compatible almost complex structure J ′t such that

‖J ′t − J‖ < δ

and such that the pair (α + ση + dHt, J
′
t) satisfies the transversality as-

sumption.
Since Λu = Λτu for all τ > 0, we can define the Λu-complexes

C?(L̄, ϕα+dHt
t , Jt) and C?(L̄, ϕ

α+ση+dHt

t , J ′t).

Let us prove that the homologies of this complexes are isomorphic. This
will achieve the proof of Proposition 4.1.

As in Section 3.6, we define a morphism of complexes associated to a
homotopy between the pairs (α + dHt, Jt) and (α + dHt + ση, J ′t). Let χ
be a monotone increasing function on R that vanishes for s 6 −R and
is equal to 1 for s > R. Let Js,t be a homotopy of compatible almost
complex structures such that Js,t = Jt for s 6 −R, Js,t = J ′t for s > R

and ‖Js,t − J‖ < δ. The homotopy is defined as(
α+ χ(s)ση + dHt, Jt,s

)
.

Consider the space of solutions

v : R× [0, 1] −→ T ∗M

of finite energy E(v) (for the norm defined by gJ) of the partial differential
equation

(4.1)
∂v

∂s
+ Js,t

(∂v
∂t

−X
α+χ(s)ση+dHs,t

s,t (v)
)

= 0

such that v(s, i) ∈ L for i = 0, 1.
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These solutions converge to an orbit of Xα+dHt (resp. of Xα+ση+dHt)
when s goes to −∞ (resp. +∞).

We define as in the previous sections the spaces Mχ,J(s,t)(x, y) of so-
lutions between two orbits x and y. By transversality, these spaces are
manifolds the local dimension of which is given by the Maslov class.

Let Mg,s(x, y) ⊂Mχ,Js,t
(x, y) be the space of solutions that can be lifted

to T ∗M̃ in paths from x̃g to ỹ (for fixed lifts x̃ and ỹ). In the following,
we prove that the zero-dimensional component of Mg,s(x, y) is compact,
so that we can define a morphism

Γ? : C?(L̄, ϕα+dHt
t , Jt) −→ C?(L̄, ϕ

α+ση+dHt

t , J ′t)

by
Γ?(x) =

∑
g∈π1(M),y

mg(x, y)gy

where mg(x, y) is the cardinality (modulo 2) of the space M0
g,s(x, y).

We prove now the compactness of M0
g,s(x, y) and we check that∑

g∈π1(M),y

mg(x, y)g ∈ Λu.

Proposition 4.4. — For any fixed index I, the energy of any element
of MI

g,s(x, y) is bounded from above by some positive constant A.

Proof. — Let v1 and v2 be two elements of Mg,s(x, y) with the same
Maslov index I. If γ : R× [0, 1] → T ∗M is the concatenation of v2 and v1,
then γ is, after reparametrization in the s variable, a loop Ω(L,L) based
at x. We have∫

ν̂
(∂γ
∂s

)
ds = −

∫ +∞

−∞

∫ 1

0

〈∂v1
∂s

, J
(∂v1
∂t

−Xα+dHt(v1)
)〉

dtds

+
∫ +∞

−∞

∫ 1

0

〈∂v2
∂s

, J
(∂v2
∂t

−Xα+dHt(v2)
)〉

dtds.

We prove that:
1) for any s ∈ R,

(4.2) −
∫ 1

0

〈∂v1
∂s

, J
(∂v1
∂t

−Xα+dHt(v1)
)〉

dt >
1
3

∥∥∥∂v
∂s

∥∥∥2

L2
;

2) for any s ∈ R,

(4.3) −
∫ 1

0

〈∂v2
∂s

, J
(∂v2
∂t

−Xα+dHt(v2)
)〉

dt 6
5
3

∥∥∥∂v2
∂s

∥∥∥2

L2
.
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Using 1) and 2), we will deduce that

(4.4)
1
3
E(v1) 6 u(γ0) +

5
3
E(v2)

and use this inequality to achieve the proof of Proposition 4.4.

Proof of 1). — If v is an element of Mg,s(x, y), we have∫ 1

0

〈∂v
∂s

,J
(∂v
∂t

−Xα+dHt(v)
)〉

dt

=
∫ 1

0

〈∂v
∂s

,J
(
Js,t

∂v

∂s
+Xα+χ(s)ση+dHt(v)−Xα+dHt(v)

)〉
dt

=
∫ 1

0

〈∂v
∂s

,JJs,t
∂v

∂s

〉
dt +

∫ 1

0

〈∂v
∂s

,JXχ(s)ση(v)
〉

dt

= −
∫ 1

0

〈
J
∂v

∂s
,Js,t

∂v

∂s

〉
dt −

∫ 1

0

ωM

(∂v
∂s

,Xχ(s)ση(v)
)
dt

= −
∫ 1

0

∥∥∥∂v
∂s

∥∥∥2

dt −
∫ 1

0

〈
J
∂v

∂s
, (Js,t − J)

∂v

∂s

〉
dt(4.5)

−
∫ 1

0

χ(s)ση
(∂v
∂s

)
dt.

. Assume firstly that v(s, ·) takes values in V. Since η vanishes on this
neighbourhood of the zeros, we have∫ 1

0

〈∂v
∂s

,J
(∂v
∂t

−Xα+dHt(v)
)〉

dt

= −
∫ 1

0

∥∥∥∂v
∂s

∥∥∥2

dt +
∫ 1

0

〈
J
∂v

∂s
, (J − Js,t)

∂v

∂s

〉
dt

6 −
∫ 1

0

∥∥∥∂v
∂s

∥∥∥2

dt + δ

∫ 1

0

∥∥∥∂v
∂s

∥∥∥2

dt 6 −(1− δ)
∫ 1

0

∥∥∥∂v
∂s

∥∥∥2

dt.

We can assume that δ < 2
3 , so that∫ 1

0

〈∂v
∂s

,J
(∂v
∂t

−Xα+dHt(v)
)〉

dt 6 −1
3

∫ 1

0

∥∥∥∂v
∂s

∥∥∥2

dt.

. If v(s, . ) does not take its values in V, by the same argument as in [5]
and using Lemma 4.3, we also have in this case that∫ 1

0

〈∂v
∂s

,J
(∂v
∂t

−Xα+dHt(v)
)〉

dt 6 −1
3

∥∥∥∂v
∂s

∥∥∥2

L2
,

if we choose δ small enough.
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Applying this to v1 we get (4.2) and integrating in the s variable

1
3
E(v1) 6 −

∫ +∞

−∞

∫ 1

0

〈∂v1
∂s

,J
(∂v1
∂t

−Xα+dHt(v1)
)〉

dtds.

Proof of 2). — We use the relation (4.5):

−
∫ 1

0

〈∂v2
∂s

,J
(∂v2
∂t

−Xα+dHt(v2)
)〉

dt

=
∫ 1

0

∥∥∥∂v2
∂s

∥∥∥2

dt +
∫ 1

0

〈
J
∂v2
∂s

, (J − Js,t)
∂v2
∂s

〉
dt

+
∫ 1

0

χ(s)σ(−η)
(∂v2
∂s

)
dt.

We distinguish again the two cases:
. either v2(s, . ) takes its values in V, so that we have

−
∫ 1

0

〈∂v2
∂s

,J
(∂v2
∂t

−Xα+dHt(v2)
)〉

dt 6 (1 + δ)
∥∥∥∂v2
∂s

∥∥∥2

L2
,

. or v2(s, . ) does not take all its values in V and we use Lemma 4.3.
Firstly, we have

−
∫ 1

0

〈∂v2
∂s

,J
(∂v2
∂t

−Xα+dHt(v2)
)〉

dt 6 (1 + δ)
∥∥∥∂v2
∂s

∥∥∥2

L2
+
c2
3

∥∥∥∂v2
∂s

∥∥∥
L2
.

By a consequence of Lemma 4.3 (see [5]):

c2
3

∥∥∥∂v2
∂s

∥∥∥
L2

6
(2

3
− δ

)∥∥∥∂v2
∂s

∥∥∥2

L2
.

In both cases, we have (4.3) and by integration:

−
∫ +∞

−∞

∫ 1

0

〈∂v2
∂s

,J
(∂v2
∂t

−Xα+dHt(v2)
)〉

dtds 6
5
3
E(v2).

To prove (4.4), we use that ∫ +∞

−∞
ν̂
(∂γ
∂σ

)
is the value of the 1-form ν̂ on the loop γ based in x. Thanks to (3.4), this
term is equal to u(γ0) if the two solutions have the same Maslov class.

By assumption, v1 and v2 can be lifted to paths between x̃g and ỹ , the
loop γ0 is homotopic to the constant loop based in x.

We thus have, fixing an element v0 in MI
g,s(x, y), for all v of MI

g,s(x, y),

E(v) 6 5E(v0).

To end the proof of Proposition 4.4, we choose A = 5E(v0). �
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Looking at the proof of Proposition 4.4, we see that the sum∑
g∈π1(M)

mg(x, y)g ∈ Λu.

Indeed, if v1 can be now lifted as a path from x̃g1 to ỹ and v2 as a path
from x̃g2 to ỹ , we have u(γ0) = u(g1)− u(g2), so that (4.4) becomes

1
3
E(v1) 6 u(g1)− u(g2) +

5
3
E(v2).

This implies that if v0 is a fixed element of Mg0,s(x, y), we have then for
all v of Mg,s(x, y) with u(g) < C,

E(v) 6 3
(
C − u(g0)

)
+ 5E(v0)

and this prove that ⋃
u(g)<C

M0
g,s(x, y) ⊂Mχ,Js,t(x, y;A)

for the positive constant A = 3(C − u(g0)) + 5E(v0)).
The map Γ? is a morphism of complexes. This is a consequence of the

compactification of the 1-dimensional component of Mg,s(x, y) by broken
trajectories (v1, v2), where
. one of the vi’s satisfies (4.1);
. the other is solution of the Floer equation corresponding to

(α+ dHt, Jt) or (α+ dHt + ση, J ′t).

As in Theorem 3.23, we use the usual methods of Floer theory to prove
that the morphism of complexes Γ? induces an isomorphism in homology.

�

Now, we prove that, with an additional assumption on the Maslov num-
ber of L, for σ small enough, FH (L̄, σu) is the Novikov homology of L
associated to f?u and the covering L̄→ L.

Proposition 4.5. — Let u be an element of H1(M). Assume that the
Lagrangian submanifold L is monotone on the loops and that its Maslov
number NL satisfies

NL > dim(M) + 2.

Then there exists ε > 0 (depending on u) such that for all real number σ
satisfying |σ| < ε,

FH (L̄, σu) ' H(L̄, f?u).
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Proof. — We begin (as in [5]) by substituting in the proof of Proposi-
tion 4.1 the 1-form α ∈ u by an exact 1-form dg where g : M → R. For σ
small enough, we obtain a morphism of Λu-complexes

Γ0
? : C?(L̄, ϕ

dg+dHt

t , Jt) −→ C?(L̄, ϕ
dg+ση+dHt

t , J ′t)

which induces an isomorphism in homology. The first complex is a Λ-
complex whose coefficients have been extended to Λu. There is a natural
isomorphism

C?(L̄, ϕ
dg+dHt

t , Jt) ' Λu ⊗Λ C?(L̄, ϕ
dg+dHt

t , Jt).

By Hamiltonian invariance, we know that the homotopy type of the
complex C?(L̄, ϕ

dg+dHt

t , Jt) does not depend on a regular choice of the
pair (H0

t , J
0
t ).

In order to define an isomorphism between FH (L̄, σu) and H?(L̄, u), we
use an other choice of Hamiltonian. For that purpose, in the monotone
case, we need to adapt a construction of Oh [18]. We consider a local Floer
homology, namely the Floer homology in a Darboux neighbourhood U of L
in T ∗M . Considering U as the neighbourhood of the zero section in T ∗L,
we can define the Hamiltonian H = h◦πL on U , where h is a Morse function
on L and πL : T ∗L→ L is the canonical projection of the cotangent.

If h is small enough (in the C2-topology) and if its gradient for a metric
on L is Morse-Smale, the local Floer complex is spanned by the intersection
points of L and its displacement L + dh and we have a bĳection between
the J-holomorphic strips of the Floer homology and the trajectories of the
gradient of h which define the Morse differential.

To go back to T ∗M , it is then enough to extend the Hamiltonian H to
T ∗M (setting H = 0 outside a neighbourhood containing U). Oh has proved
that under the assumption that L is monotone (on the disks) in T ∗M

and NL > dim(M) + 2, a Floer trajectory in T ∗M stays in the Darboux
neighbourhood and hence the trajectories that define the “global” Floer
differential are those that were already counted in the local differential.

The end of the proof is similar to [5]. The Novikov ring which defines the
Novikov homology associated to f?u and the covering L̄→ L is Λu, so that
the Morse complex above is exactly C?(L̄→ L, h, ξ). The Λu-complexes

Λu ⊗Λ C?(L,ϕ
dg+dHt

t , Jt) and Λu ⊗Λ C?(L̄→ L, h, ξ)

are homotopy equivalent, so that the homologies

FH (L̄, σu) ' H(L̄, u)

are isomorphic. �
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Propositions 4.1 and 4.5 imply that the set{
σ ∈ ]0;+∞[ | FH (L̄, u) ' H?(L̄, f?u)

}
is nonempty, open and closed, hence equal to ]0;+∞[ so that we have
proved the following theorem:

Theorem 4.6. — Let u be an element of H1(M). Assume that the
Lagrangian submanifold L is monotone on the loops and its Maslov num-
ber NL satisfies

NL > dim(M) + 2.

Then the Floer homology FH (L̄, u) is isomorphic to the Novikov homology
H(L̄, f?u).

If we only assume that NL > 2, we do not necessarily have an isomor-
phism between the Floer homology and the Novikov homology of L. This
is also the case in usual Floer theory, but we have the spectral sequence de-
scribed by Biran [3] to relate it to the singular homology of the Lagrangian
submanifold. We can also define in the monotone case a spectral sequence
whose first page is the Novikov homology of L and that converges to the
Floer-Novikov homology. The following theorem gives a precise description
of this spectral sequence.

Let Ā be the Λu-module Ā = Λu[T, T−1] of Laurent polynomials with
coefficients in Λu. Let τi : Ā → Ā be the multiplication by T i. We define
the degree of T to be NL. Then

Ā =
⊕
i∈Z

Āi,

where Āi = Λu T
i/NL if i ≡ 0 mod NL and Āi = {0} otherwise.

Theorem 4.7. — There exists a spectral sequence {Ep,q
r , dr} satisfying

the following properties:

1) Ep,q
0 = Cp+q−pNL

(L̄, f?u)⊗ ĀpNL and d0 = ∂0 ⊗ 1;

2) Ep,q
1 = Hp+q−pNL

(L̄, f?u)⊗ ĀpNL and d1 = [∂1]⊗ τ where

[∂1] : Hp+q−pNL
(L̄, f?u) −→ Hp+1+q−(p+1)NL

(L̄, f?u)

is induced by ∂1;

3) For all r > 1, Ep,q
r can be written Ep,q

r = V p,q
r ⊗ĀpNL with dr = δr⊗τr,

V p,q
r are modules on Λu, δr : V p,q

r → V p+r,q−r+1
r are morphisms and satisfy

δr ◦ δr = 0. Moreover,

V p,q
r+1 =

ker(δr : V p,q
r → V p+r,q−r+1

r )
Im(δr : V p−r,q+r−1

r → V p,q
r )

;
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4) {Ep,q
r , dr} collapses at page κ+ 1, where κ = [(dim(L) + 1)/NL] and

the spectral sequence converges to FH (L̄, u), i.e.⊕
p+q=`

Ep,q
∞

∼= FH `(mod NL)(L̄, u).

5) For all p ∈ Z, one has
⊕

q∈Z E
p,q
∞

∼= FH (L̄, u).

Proof. — In order to describe the spectral sequence, we look at the proof
of Proposition 4.5 and the Hamiltonian H defined with the C2-small func-
tion h. We suppose, as in [3], that h has exactly one relative minimum x0

and we use x0 as base point for the Floer complex so that we can fix the
grading by Z/NL. As we have the decomposition (see [18]):

Ci(mod NL)(L̄, ϕ
H0

t
t , J0

t ) =
⊕

j≡i (mod NL)

Cj(L̄, f?u).

we can decompose the differential

∂ : C? mod NL
(L̄, ϕH0

t
t , J0

t ) −→ C?+1 mod NL
(L̄, ϕH0

t
t , J0

t )

in ∂ =
∑

j∈Z ∂j with

∂j : C?(L̄, f?u) → C?+1−jNL
(L̄, f?u).

Moreover, by the index computations of [18],

∂j = 0 if j < 0 or j > κ = [(dim(L) + 1)/NL],

so that

∂ = ∂0 + · · ·+ ∂κ.

The differential ∂0 counts the trajectories that stay in the neighbourhood U ,
it corresponds to the differential of the local Floer homology and as be-
fore, the homology of the complex (C?(L̄, f?u), ∂0) can be identified to the
Novikov homology H(L̄, f?u). The other operators ∂1, . . . , ∂κ count the
trajectories that leave the neighbourhood U .

In order to define and prove the properties of the spectral sequence, it
suffices to substitute the coefficients in Z/2 in the proof of [3, Theorem 5.2]
by coefficients in Λu. �

Remark 4.8. — Note that if NL > dim(M) + 2, the spectral sequence
collapses at page κ+ 1 = 1 and we recover Theorem 4.6.
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4.2. Proof of Theorems 1.4 and 1.5

Proof of Theorem 1.4. — As in [5, Section 4.1], it is a consequence of the
proofs of Propositions 4.1, 4.5 and Theorem 4.7. Thanks to Proposition 4.4,
we can define for σ small enough a lift of the morphism of Λf?u-complex
Γ? between C?(L,ϕα+dHt

t , Jt) and C?(L,ϕ
α+ση+dHt

t , J ′t) which induces an
isomorphism in homology:

FH (L, u) ' FH
(
L, (1 + σ)u

)
.

In order to relate FH (L, σu) and H?(L, f?u), we use a lift of the mor-
phism Γ0

? defined in the proof of Proposition 4.5 and a spectral sequence
analogous to the one in Theorem 4.7 with the first page expressed in terms
of H?(L, f?u) and the Λf?u-module A = Λf?u[T, T−1]. �

When M is the total space of a fibration on the circle, Theorem 1.4
enables us to prove Theorem 1.5 in the case where f? : π1(L) → π1(M) is
surjective. Thanks to Remark 3.6, this will be enough to prove the theorem
under the hypothesis NL > dim(M) + 1 or

NL = dim(M) and
[
π1(M) : π1(L)

]
is finite.

Proof of Theorem 1.5 in the case NL > dim(M)+1. — Since the manifold
M is the total space of a fibration on the circle, there exists a closed 1-
form α that does not vanish on M . Consider the symplectic isotopy ϕt

of T ∗M spanned by Xα:

ϕt(p, q) = (p+ tαq, q).

For T large enough, ϕT (L) ∩ L = ∅ and without restricting generality we
can assume that T = 1. Then the Floer complex defined in Section 3 is
empty and the Floer homology FH (L, u) is trivial.

But, as u 6= 0 and as f? : π1(L) → π1(M) is surjective, f?u 6= 0 and
by Proposition 2.5, if the presentation of the fundamental group of L sat-
isfies p − q > 2 or if the fundamental group is a free product of two non
trivial groups, then H1(L, f?u) 6= 0.

If NL > dim(M) + 2, then by Theorem 1.4, the Floer homology of L
is isomorphic to the Novikov homology H?(L, f?u) and this contradicts
H1(L, f?u) 6= 0. If NL = dim(M) + 1 > 2, then the spectral sequence
defined in Theorem 4.7 collapses at page κ + 1 = 2 and converges to the
Floer homology of L. But for p = 0 and q = 1,

[∂1] : H1(L, f?u) −→ H2−NL
(L, f?u) = {0}

and
[∂1] : HNL

(L, f?u) = {0} −→ H1(L, f?u),
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hence E2
0,1 = H1(L, f?u). We get also a contradiction in this case. �

Proof of Theorem 1.5 in the case NL > dim(M). — We can even extend
the result to the case NL = dim(M) thanks to a property of the Novikov
homology H?(L, f?u) (see Latour [11] or Levitt [13]): since f?u 6= 0, there
exists in the class of f?u a 1-form α′ which has no critical point of index 0
or dim(M). In particular, the groups H0(L, f?u) and Hdim(M)(L, f?u) are
trivial.

By Theorem 1.4, there exists a spectral sequence converging to the Floer
homology of L and whose first page can be described with the Novikov
homology of L. In the case NL = dim(M) > 2, the spectral sequence
collapses at the second page,

[∂1] : H1(L, f?u) −→ H2−NL
(L, f?u) = {0}

and

[∂1] : HNL
(L, f?u) = {0} −→ H1(L, f?u),

so that E2
0,1 = H1(L, f?u). As before, this leads to a contradiction. �

Appendix: proof of Lemma 3.7

(i) Assume first that L̄ is path-connected. Choose a base point ` in L

and let m = i(`) be its image in T ∗M . Choose also a lift ˜̀of ` in L̄. Let g
be an element of π1(M). As L̄ is path-connected, there exists a path γ̃

from ˜̀ to ˜̀g in L̄. The image (π ◦ p̃ ◦ ı̃)(γ̃) of that path in M is a loop
representing g and its image in L is thus a loop γ such that f?([γ]) = g.

Conversely, assume that the map π1(L) → π1(M) is surjective. As L is
supposed to be path-connected, to prove that L̄ is path-connected, it is
enough to prove that two points in the same fiber can be joined by a path
in L̄. Let ˜̀

1 and ˜̀
2 two elements of L̄ in the fiber of the point ` of L.

The two points ı̃( ˜̀1) and ı̃( ˜̀2) of T ∗M̃ can be joined in T ∗M̃ by a path
which projection on T ∗M is a loop c such that ı̃( ˜̀2) = ( ı̃( ˜̀1))[c]. But by
assumption, the element [c] of the group π1(M) has an antecedent in π1(L).
Let γ be a loop in L based in ` representing this antecedent. If γ̃ is the lift
with starting point ˜̀

1 of γ in L̄, its endpoint ˜̀[γ]
1 must have ( ı̃( ˜̀1))[c] as

image by ı̃, and this proves that γ̃ is a path from ˜̀
1 to ˜̀

2.
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(ii) By definition, L̄ fits into the following commutative diagram:

L̄
ı̃ //

��

T ∗M̃

p̃

��
L

i // T ∗M

As T ∗M̃ is simply connected, the diagram induced on the fundamental
groups gives that Im(π1(L̄) → π1(L)) is included in K. Conversely, any
loop of L whose image in M is homotopic to the constant path can be
lifted to T ∗M̃ in a loop of L̄.

(iii) The embedding is monotone because the symplectic structure (and
the Liouville form) on T ∗M̃ are obtained by taking the pull-back of those
of T ∗M .
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