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EXTREMAL DOMAINS FOR THE FIRST EIGENVALUE
OF THE LAPLACE-BELTRAMI OPERATOR

by Frank PACARD & Pieralberto SICBALDI

ABSTRACT. — We prove the existence of extremal domains with small pre-
scribed volume for the first eigenvalue of Laplace-Beltrami operator in some Rie-
mannian manifold. These domains are close to geodesic spheres of small radius
centered at a nondegenerate critical point of the scalar curvature.

RESUME. — Nous prouvons l’existence de domaines extrémaux avec volume
petit et fixé pour la premiére valeur propre de l'opérateur de Laplace-Beltrami
dans certaines variétés riemanniennes. Ces domaines ressemblent & des sphéres
géodésiques de rayon petit centrées en un point critique non dégénéré de la courbure
scalaire.

1. Statement of the result

Assume that we are given (M, g) an n-dimensional Riemannian manifold.
If © is a domain (all domains we consider are assumed to be compact) with
smooth boundary in M, we denote by Aq the first eigenvalue of —A,, the
Laplace-Beltrami operator, in € with 0 Dirichlet boundary condition. A
smooth domain Q¢ C M is said to be extremal if Q) —— \q is critical at
Qo with respect to variations of the domain 2y which preserve its volume.
In order to make this definition precise, we first introduce the definition of
deformation of €.

DEFINITION 1.1. — We say that {2 }1c(—¢,.1,) is a deformation of Qy,
if there exists a vector field = such that Q0 = &£(t,8) where £(t,-) is the
flow associated to =, namely

Ep) =2ty  md  £0p)=p

Keywords: Extremal domain, Laplace-Beltrami operator, first eigenvalue, scalar curva-
ture, geodesic sphere.
Math. classification: 53B20.
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The deformation is said to be volume preserving if the volume of {; does
not depend on t.

If {Q4}+e(—t0,t0) is @ domain deformation of g, we denote by \; the first
eigenvalue of —A, on €, with 0 Dirichlet boundary condition. Observe
that both ¢ — A; and the associated eigenfunction ¢ — wu; (normalized
to be positive and have L2(£2;) norm equal to 1) inherits the regularity of
the deformation of €)y. These facts are standard and follow at once from the
implicit function theorem together with the fact that the least eigenvalue of
the Laplace-Beltrami operator with Dirichlet boundary condition is simple.

We can now give the definition of an extremal domain for the first eigen-
value of —A, under Dirichlet boundary condition.

DEFINITION 1.2. — A domain Qg is an extremal domain for the first
eigenvalue of —A, if for any volume preserving deformation {Q;}, of Qo,
we have

ah

dt
where M, is the first eigenvalue of —Ay on €y, with 0 Dirichlet boundary
conditions.

|t:0 = Oa

For all € > 0 small enough, we denote by B.(p) C M the geodesic ball
of center p € M and radius e. We denote by B, C R™ the Euclidean ball of
radius e centered at the origin.

Now we can state the main result of our paper :

THEOREM 1.3. — Assume that py is a nondegenerate critical point of
Scal, the scalar curvature function of (M,g). Then, for all ¢ > 0 small
enough, say € € (0,¢g), there exists a smooth domain Q. C M such that :

(i) The volume of Q. is equal to the Euclidean volume of BZ.
(ii) The domain Q. is extremal in the sense of definition 1.2.

Moreover, there exists ¢ > 0 and, for all € € (0,¢), there exists p. € M
such that the boundary of Q. is a normal graph over 0B¢(p.) for some
function w, with

[welc2.e (8B, (p)) < €. and dist(pe, po) < ce.

To put this result in perspective let us digress slightly and recall a few
facts about the existence of constant mean curvature hypersurfaces in Rie-
mannian manifolds. It is well known that solutions of the isoperimetric
problem

I = min Vol 002
QCM : Vol Q=1

ANNALES DE L’INSTITUT FOURIER
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are (where they are smooth enough) constant mean curvature hypersur-
faces. O. Druet [1] has proved that for small volumes (i.e., 7 > 0 small),
the solutions of the isoperimetric problem are close (in a sense to be made
precise) to geodesic spheres of small radius centered at a point where the
scalar curvature function on (M, ¢g) is maximal. Independently, R. Ye [12]
has constructed constant mean curvature topological spheres which are
close to geodesic spheres of small radius centered at a nondegenerate crit-
ical point of the scalar curvature function on (M, g). Building on these
results and a result of F. Pacard and X. Xu [9], S. Narduli [8] has obtained
an asymptotic expansion of I, as 7 tends to 0.

It is well known (see [3], [5], [6]) that the determination of the isoperi-
metric profile I, is related to the Faber-Krahn inequality where one looks
for the least value of the first eigenvalue of the Laplace-Beltrami operator
amongst domains with prescribed volume

FK, .= min Q-
QCM : Vol Q=1

Observe that a solution to this minimizing problem (when it is smooth) is
an extremal domain in the sense of Definition 1.2. Therefore, Theorem 1.3
can be understood as a first step in understanding the asymptotics of F K,
as 7 is close to 0.

Given the crucial role played by the critical points of the scalar curvature
in the isoperimetric problem for small volumes, it is natural to expect that
the critical points of the scalar curvature function will also be at the center
of the study of FK, as 7 is close to 0 and Theorem 1.3 is an illustration
of such a link.

As a final remark, formal computations show that the estimate on p. can
be improved into

dist(pe, po) < c€?.

Since a rigorous proof of this estimate requires some extra technicalities
which would have complicated the proof, we have chosen not to provide a
proof of this fact.

2. Preliminary results

The following well known result gives a formula for the first variation of
the first eigenvalue for the Dirichlet problem under variations of the do-
main. This formula has been obtained by P. R. Garabedian and M. Schiffer
in [4] when the underlying manifold is the euclidean space and by A. El Soufi

TOME 59 (2009), FASCICULE 2
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and S. Tlias [2] (see Corollary 2.1) when the underlying manifold is a Rie-
mannian manifold. For the sake of completeness we give here a proof based
on arguments contained in a paper by D. Z. Zanger in [13] where a corre-
sponding formula is derived for the Neumann problem.

Let (M, g) be an n-dimensional Riemannian manifold. Assume that {2}
is a perturbation of a domain €y using the vector field =, as defined in
Definition 1.2. The outward unit normal vector field to 0€); is denoted by
v. Let ug € C?(§), be the corresponding smooth one-parameter family
of Dirichlet first eigenfunctions of Laplace-Beltrami operator (normalized
to be positive have L?(Q;) norm equal to 1) with 0 Dirichlet boundary
condition. The associated eigenvalue is denoted by ;.

We have the :

PROPOSITION 2.1. — [2] The derivative of t — X\, at t = 0 is given by

dA =
Gl == [ (6(Vun,))* 9(Z,m0) dvol,
Qo

where dvol, is the volume element on 0 for the metric induced by g and
vy is the normal vector field about 0).

Proof. — We denote by £ the flow associated to =. By definition, we have
(2.1) u(§(t,p)) =0

for all p € 9. Differentiating (2.1) with respect to ¢ and evaluating the
result at ¢ = 0 we obtain

atu[) = _g(VU’OJ 5)7

on 9Qy. Now ug = 0 on 99, and hence only the normal component of =
plays a role in this formula. Therefore, we have

(2.2) Orug = — g(Vuo, 0) 9(E, o),

on 0€.
We differentiate with respect to ¢ the identity

(23) Ag Ug + )\t Ut = 0
and again evaluate the result at t = 0. We obtain

(24) Agﬁtuo + Ao Orug = —9 Ao ug,

ANNALES DE L’INSTITUT FOURIER
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in Qg. Now we multiply (2.4) by ug and (2.3), evaluated the result at ¢t = 0,
by Osug, subtract the results and integrate it over 2 to get :

8t)\0/ ug dvol,
Qo

/ (O Agug — up Agdrug) dvolg

Qo

= / (Oruo g(Vug, vo) — ug g(VOsuo, vp)) dvoly
Q0

= _/ (9(Vuo,v0))* g(E, 1) dvoly,
89

where we have used (2.2) and the fact that up = 0 on 9 to obtain the
last equality. The result follows at once from the fact that ug is normalized
to have L?(Qg) norm equal to 1. O

This result allows us to state the problem of finding extremal domains
into the solvability of an over-determined elliptic problem.

PROPOSITION 2.2. — A smooth domain Qg is extremal if and only if
there exists a positive function ug and a constant \g such that

Aguo +Xu = 0 in Qg
(2.5) u = 0 on 0
g(Vug,9) = constant on 9%,

where v is the normal vector field about 0€).

Proof. — Assume that ug is a positive solution of (2.5). Observe that for
a volume preserving variation, we have

/ 9(E,1p) dvoly = 0.
Qo

Now, if Ao is a solution of (2.5), it is the first eigenvalue of —A, on Qy,
under Dirichlet boundary conditions. Moreover, we have

/ (9(Vuo, 09))* g(Z, vp) dvoly = 0,
000

and the previous Proposition shows that the domain €2y is extremal in the
sense of Definition 1.2.
Conversely, assume that 0 is extremal. Then given any function w such

that
/ wdvoly =0,
0

TOME 59 (2009), FASCICULE 2
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it is easy to check that there exists a vector field = which generates a volume
preserving deformation of €}y and which satisfies

[1]

=Wl

on 9. The result of the previous Proposition implies that

/ (9(Vug, vp))* w dvol, = 0.
8%

The function w being arbitrary, we conclude that g(Vug, ) is a constant
function and hence ug is a solution of (2.5). This completes the proof of
the result. ]

Therefore, in order to find extremal domains, it is enough to find a do-
main Qg (regular enough) for which the over-determined problem (2.5) has
a nontrivial positive solution. We will not be able to solve this problem
in full generality but we will be able to find solutions whose volumes are
small.

3. Rephrasing the problem

To proceed, it will be useful to introduce the following notation. Given a
point p € M we denote by FE1,..., E, an orthonormal basis of the tangent
space to M at p. Geodesic normal coordinates z := (z!,...,2") € R at p
are defined by

X(z) := Expy Z 2l E;

j=1
We recall the Taylor expansion of the coefficients g;; of the metric X*g in
these coordinates.

PROPOSITION 3.1. — At the point of coordinate x, the following expan-
sion holds :
1 koo, L k0 4
(3.1) gij =0i; + 3 ;Rikﬂx x + G k;n Rikjima* 2" 2™ 4+ O(|z]h).

Here R is the curvature tensor of g and

Rivje = g(R(E;, Ey) Ej, Ey)

Rikjem = 9(VE, R(Ei, Ey) Ej, Ey),

are evaluated at the point p.

ANNALES DE L’INSTITUT FOURIER
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The proof of this proposition can be found in [11], [7] or also in [10].
It will be convenient to identify R™ with 7,M and S™~! with the unit
sphere in T, M. If z := (2!,...,,2") € R™, we set

O(z) = Y a'E; € T,M.
i=1
Given a continuous function f : S"~! +—— (0,00) whose L* norm is small
(say less than the cut locus of p) we define

B?(p) = {Expp(@(x)) o xeR™ 0Kz < f(x/|x\)}

The superscript g is meant to remind the reader that this definition depends
on the metric.
Our aim is to show that, for all € > 0 small enough, we can find a point

p € M and a function v : S"~! — R such that
Vol B ,,y(p) = €" Vol By

and the over-determined problem

Agp+Argp = 0 in Bg(Hv)(p)
(3.2) ¢

g(V¢,v) = constant on 8Bf(1+v)(p)

0 on 8Bf(1+v) (p)

has a nontrivial positive solution, where v is the normal vector field about
aBeg(l—i-v) (p)

Observe that, considering the dilated metric § := ¢~ 2 g, the above prob-
lem is equivalent to finding a point p € M and a function v : S»~! — R
such that

Vol BY _,(p) = Vol B
and for which the over-determined problem
Ngdp+Ap = 0 in Bngrv(p)

(3.3) 0]

g(Vé,7) = constant on 8B1g+v(p)

0 on 8Bi7+v (p)

has a nontrivial positive solution, where 7 is the normal vector field about
0By +(p). The relation between the solutions of the two problems is simply
given by

o=c"%¢
and

A=¢e2\

TOME 59 (2009), FASCICULE 2
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Let us denote by ¢ the Euclidean metric in R™ and A; the first eigenvalue
of —Ay in the unit ball B; with 0 Dirichlet boundary condition. We denote
by ¢1 the associated eigenfunction

Ay +Mor = 0 in B
(3.4) .
¢1 = 0 on 0B

which is normalized to be positive and have L2(§1) norm equal to 1.
For notational convenience, given a continuous function f : §7"~! +——
(0,00), we set

éf ={zeR" : 0< |z| < f(z/]z])}-
The following result follows from the implicit function theorem.

PROPOSITION 3.2. — Given a point p € M, there exists ¢y > 0 and for
all € € (0,¢q) and all function v € C%%(S"~1) satisfying

|9]l¢2.0 (sn-1) < €0,
and

/ vdvolg = 0,
Sn—1 ’

there exists a unique positive function ¢ = ¢(e, p,v) € CQ"’(Blg+U(p)), a
constant A = \(e,p,0) € R and a constant vg = vg(€, p, ) € R such that

Volg(Bi4.) = Volg(B1)
where v := vy + 0 and ¢ is a solution to the problem

Ajp+r¢ = 0 in Bf,
(3.5)

S|
Il

0 on 0By,

which is normalized by
(3.6) / ¢* dvoly = 1.
BY,,(®

In addition ¢, A and vy depend smoothly on the function v and the param-
etereandq5:¢1, A=\ and vy =0 when ¢ = 0 and v = 0.

Proof. — Instead of working on a domain depending on the function
v = vy + 0, it will be more convenient to work on a fixed domain

By :={yeR" : |yl <1},

ANNALES DE L’INSTITUT FOURIER
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endowed with a metric depending on both € and the function v. This can
be achieved by considering the parameterization of BY, (= B
by

Z(140)) glven

Y (y) :== Expd <<1+vo+x ( >) Zy E)

where x is a cutoff function identically equal to 0 When ly| < 1/2 and
identically equal to 1 when |y| > 3/4.

Hence the coordinates we consider from now on are y € By and in these
coordinates the metric g := Y*g can be written as

§=(14v) (g—i—ZC” dyzdy]>

]

where the coefficients C%7 € C1*(B;) are functions of y depending on ¢,
v = vg + ¥ and the first partial derivatives of v. Moreover, C* = 0 when
e=0and v=0.

Observe that

(€,v0,0) — C (e, ),

are smooth maps.

Up to some multiplicative constant, the problem we want to solve can
now be rewritten in the form

A;d+rd = 0 in B

(3.7) R )

¢ = 0 on 0B
with
(3.8) ¢? dvoly = 1

By

and
(3.9) Voly(By) = Volg (By).
When ¢ = 0 and ¥ = 0, the metric § = (1 + v)? § is nothing but the

Euclidean metric and a solution of (3.4) is therefore given by ¢ = ¢,
A= and vo = 0. In the general case, the relation between the function ¢
in the statement of the Proposition and the function gf) is simply given by

Y*¢=¢ and A=\
For all ¢ € C%%(B;) such that

gy dvoly =0
By

TOME 59 (2009), FASCICULE 2
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we define
N(e,5,9,v0) = (A@’l/) F MY+ (Ay — Ay + ) (é1 + 1), Voly(By)
— Vol (él))

where p is given by

p=— [ d1(8g=Ay)(¢1+¢)dvol

By

so that the first entry of M is LQ(él)—orthogonal to ¢1. Observe that N
also depends on the choice of the point p € M.

We have

N(0,0,0,0) = (0,0).

It should be clear that the mapping N is a smooth map from a neigh-
borhood of (0,0,0,0) in [0,00) x C2*(S"~1) x Ci’%(él) x R into a neigh-
borhood of (0,0) in C?“(B;) x R. Here the subscript L indicates that the
functions in the corresponding space are Lz(él )-orthogonal to ¢; (for the
Euclidean metric) and the subscript 0 indicates that the functions vanish
on the boundary of By. Finally, the subscript m indicates that the functions
have mean 0 over the unit (Euclidean) sphere.

We claim that the partial differential of N with respect to 1, computed
at (0,0,0,0), is given by

DyN(0,0,0,0) = (Az + A, 0)

while the partial differential of N with respect to vy, computed at (0, 0,0, 0),
is given by

94y N (0,0,0,0) = (o, nVol§(§1)> .

There is no difficulty in getting the expression of the first partial differential
since § = g when € = vy = 0 and ¥ = 0 and hence

N(0,0,9,0) = (Agh + Mt + pu(¢1 +4), 0)

where p = 0. The derivation of the partial differential with respect to
vo is not hard either but requires some care. Indeed, this time we have
= (1+wg)?§since v =0 and € = 0 and hence

N(0,0,0,v0) = ((((1 +00) 2 = 1)A; + )1, (1+p)" — 1) Volg(é1)>

= ((u — (1 +v0) "2 = 1)1, (1 + )" — 1) Volg(él))

ANNALES DE L’INSTITUT FOURIER
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where p is given by
p=—(14+v)2=1) [ é1Ayb1dvoly =i (1+v0)"2—1).
By
So we get

By N (0,0,0,0) = ((avomvozo L2061, nvo1§(é1))

and
avo:u|v():0 =2\

The claim then follows at once.

Hence the partial differential of N with respect to both 1 and vy, com-
puted at (0,0, 0, 0) is precisely invertible from Ci’% (B1) xR into Ci’a (B1)xR
and the implicit function theorem ensures, for all (e,v) in a neighbor-
hood of (0,0) in [0,00) x C%%(S™~1), the existence of a (unique) (¢, vp) €
C3%(B1) x R such that N(e, 7,1, v5) = 0. The function ¢ := ¢; + ¢ solves
(3.7) and in order to have (3.8) fulfilled, it is enough to divide it by its L?
norm. The fact that the solution depends smoothly on the parameter e, the
function v and the point p € M is standard. This completes the proof of

the result. O
After canonical identification of B, , (p) with S"~!, we define, the op-

erator F :

F(p,e,0) = 5(V8,7) g0 !

S S (Y, 7) dvoly,
o Vol (0BY, ) /aB@ 9(Ve,7) dvolg

14w
where 7 denotes the unit normal vector field to dB{,, and (¢, vo) is the
solution of (3.5) provided by the previous result. Recall that v = vy + ©.
Schauder’s estimates imply that F' is well defined from a neighborhood of
M x (0,0) in M x [0,00) x C2*(S™~1) into CL*(S™~1). The subscript m
is meant to point out that the functions have mean 0. Our aim is to find
(p,€,0) such that F(p,e, v) = 0. Observe that, with this condition, ¢ will
be the solution to the problem (3.3).

Following the proof of the previous result, we have the alternative ex-
pression for F'.

Aot A 1
F(p7€,’L_1) = Q(V¢, V) ‘3&1 - Vol

—_ §(V, D) dvol,,
oly(OBy) /aél ( ) dvoly

where this time 7 is the the unit normal vector field to 831 using the

metric g.
We end this section by the proof of the :

TOME 59 (2009), FASCICULE 2
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LEMMA 3.3. — There exists a constant ¢ > 0 such that, for all p € M
and all € > 0 small enough we have

| F(p,e,0)]lcra < ce?.

For all a € R", the following estimate holds

/ g(a,-) F(p,¢€,0)dvoly — Cél g(VScal(p), @(a))’ <cé lal],
Sn—l

where

o 1 1 , , D
C = 2n(n+2) 9,61(1) ‘/él r°|0r¢1|” dvolg.

Proof. — We keep the notations of the proof of the previous result with
v = 0. In order to prove these estimates, we follow the construction of
F(p,¢€,0) step by step. First of all, since v = 0, we have

N(e,0,0,0) = ((Ag — Ay + 1) b1, Voly(By) — Vol (él)) ,

and

p=—[ ¢1(A;—Ay)¢1dvoly.
By

If in addition vy = 0, we can estimate

gij = 0ij + O(%),
hence

N(e,0,0,0) = O(e?).

The implicit function theorem immediately implies that the solution of

N(€,0,¢,v9) =0
satisfies

[¥(e,, 0) e + [vo (e, p, 0)] < c€?,
To complete the proof, observe that 7 = (14+vg) ! 9, when ¥ = 0. Therefore
§(V9,0) = 0,61+ O(c*)

(be careful that ¢ is defined with vy = vg(e,p,0) and © = 0). Since 0,¢; is
constant along dBj, we conclude that

F(p,€,0) = O(e?)

and this proves the first estimate.

ANNALES DE L’INSTITUT FOURIER
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We now turn to the proof of the second estimate. Instead of going through
the construction of ¢ step by step, we compute

. 9
B g(V(]ﬁl,a)a—f dvolg

o

n

¢ (Ag + )\1)§(V¢1, a) dVOlé

g(Véor,a) (A + A1)divolg — /

1 B,

G(Ver,a) (Ay + A1) ¢ dvol,

1

I

§(V1,a)(Ag — Ag)pdvoly + (A — A) / §(Vér, a)pdvol,

1 B,

§(V¢1, CL) (Ag — Ag) ¢1 dVOl§ + (Al - 5\) / §(V¢1, a) gf)ldVOlg
B

3

1

[ Vo), - 89 (6= o) dvlg

+

FOn ) / (V61 - a)(é — é1) dvol;

By

= [ i(Voraa; - 2w,

1

+ [ (V618 = 89)(6 = vl

Oa— ) /B §(Vé1,a) (¢ — du) dvol,.

The last two terms can be estimated easily since A—X\; = O(e2), p— 1 =

O(€?) and the coefficients of Ay — A are bounded by a constant times €.

Therefore, we conclude that there exists a constant ¢ such that

/Sm1 9(Vér, a)g—f dvoly — /]é §(Vo1,a) (Ay — Ay) ¢1 dvolg

<cétfa.

To proceed, we use the result of Proposition 3.1 to show that the coeffi-
cients of the metric § can be expanded as

N 1
9ij(y) = (1 + o) (52*]‘ t3 > Rinjey™y' (1 + vg)%€?
ol

1
+ = Y Rajimt™y'y" (14 v9)°€® + (9(64))-
6 k,,m

TOME 59 (2009), FASCICULE 2
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Keeping in mind that vg = O(€?), this simplifies slightly into
. 1 1 m
gij(y) = (1+U0)2(6ij+§ ZRikayky€€2+6 Z Rikjl,mykyly €3+O(€4))~
kL k,l,m
This implies that
~1] — 1 1 m
§7 = (1+v)72 (5ij - gRikjfyky€€2 - gRikjE,mykygy 63) + O(e?)
1 1
log |g| = 2nlog(1l + vo) + nggykyEGQ + nggymykyeymeg’ +O(eh)
where
Rpe =Y Ripie and Regm = > Riitm-
i=1 i=1
Recall that
i i 1 .. X
A§ = Zgj a%a% + Zavbg / 8% + 5 Zgj 81/1 log |g‘ 8y_]
4,J ) 4,J
A straightforward calculation (still keeping in mind that vy = O(€?)) shows
that

(A5 —Ag)¢1 == (1= (L+w0)"%) ¢n

1 Q0G0 koL kol
+ 3 €2 Z Rikjé(yyr# 21 + %5; Ord1
.
Yy ykyt 2 , y'y!
I ar¢1) 3 € ; Rij78r¢1
14 vy YRy s Oy P1
+-¢ Y Rijem —2 (3r¢1 - TT)

i,5,k,0,m

(=2}

1 Fo kol
+ 6 e Z R.je,. % Or 1
kgt

L3 y'yy™ 4
+ 1€ Z Rie,mTar(lsl + O(€%),

i,4,m

where r := |y| and

n
R.}gj&. = E Rikjé,i-
i=1

Observe that we have used the fact that R(X, X) = 0 and the symmetries
of the curvature tensor for which if either i = k or j = ¢ then Rije,m = 0.

ANNALES DE L’INSTITUT FOURIER



EXTREMAL DOMAINS FOR THE FIRST EIGENVALUE 529

Observe that, in the expansion of (Ag — Ay) ¢1, terms which contain an
even number of coordinates, such as y'y/y*y¢ or y*y? etc. do not contribute
to the result since, once multiplied by §(V¢1,a), their average over S™~!
is 0. Therefore, we can write

[ Vo (@, - 85)01 avol

B,

_ 3 v (1 vty (o, Oy b1
=€ /E:}l ar¢1 Clo? (6 Z Rikjl,m T ar¢1 _ .

.5,k ,m

+ - Z( R.jje,. — ng e) vy r¢1> O(eh).

]ki

We make use of the identities in the Appendix to conclude that

(3.10) /B §(Ver,a) (A5 — Ag) ¢1 dvol,

1 3
=——¢€
2n(n + 2)

The second estimate follows at once from this computation together with

g(VScal(p),@(a))/ 720,01 dvoly + O(e?).

B1

the fact that, when v =0, = (1 + vg) 0, as already mentioned and
g](v¢l7 CL) = ar¢1(1) é(aﬂ ')1

on 8B since this implies that
N 1+ v / . 9
, ) g(Vo, s dvoly = ———— V¢1,a) — dvol,.
/Sn—l g(a )g( ¢ V)|631 Volg ar¢1(1) gn—1 g( ¢1 CL) or Vol
This completes the proof of the result. O

Our next task will be to understand the structure of Ly, the operator
obtained by linearizing F' with respect to v at ¢ = 0 and v = 0. We will see
that this operator is a first order elliptic operator which does not depend
on the point p. Also, we will be interested in various properties of the
expansion of F(p,¢,0) in powers of e.

4. The structure of L

We keep the notations of the previous section. We claim that, when € = 0,
g = ¢. Indeed, observe that, if we use coordinates

X(y) fEpr( Zy E)
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to parameterize a neighborhood of p in M, the coefficients g;; of the metric
X*g =¢2 X*g can be expanded as

(A1) Gis(y) = 615+ ZRWykyZe2+6 gj Rigjim vy y™ €+0(e*)

and, when ¢ = 0, we conclude that X*§ = ¢. Therefore, when ¢ = 0 we
have g = ¢ and (3.5) becomes

Agd_ﬂr)\q_ﬁ = 0 in B1+v
(4.2) B .
¢ = 0 on 0B,
with the normalization
(4.3) / $* dvoly =1
BY,,

and the volume constraint
Voly(BY,,) = Volg(By).

Remember that we have set v := vg + .

We already have established the existence of a unique positive function
¢ € C%2(S™ 1) (close to ¢1), a constant A € R (close to A1) and a constant
vg € R (close to 0), solutions to the above problem so we are going to
construct an expansion of ¢, A and vy in powers of ¥ and its derivatives.
This will lead to the structure of the linearized operator L.

Recall that A; is the first eigenvalue of —Aj in the unit ball él with 0
Dirichlet boundary condition and ¢, is the associated eigenfunction which
is normalized to be positive and have L2(é1) norm equal to 1. Observe
that in principle ¢; is only defined in the unit ball, however, this function
being radial, it is a solution of a second order ordinary differential equation
and as such can be extended at least in a neighborhood of dB.

We start with the easy :

LEMMA 4.1. — Assume that v € C%*(S™~1) is given. We define

do(x) = 0rgr(2) 0 (x/|2]).
Then

1
(44) qubo + A1 ¢ = 7‘72 87-¢1 (Asnfl +n— 1) v
Proof. — This is a straightforward exercise. Using the fact that

Ag 8T¢1 _)\1 r¢1 + r¢1 )

ANNALES DE L’INSTITUT FOURIER



EXTREMAL DOMAINS FOR THE FIRST EIGENVALUE 531

we find
Agdo = v AyOrd1 + 01 Ayt +2VV 0,01
= —A1¢o + %237451 (Agn-1+n—1) .
This completes the proof of the result. O

For all o € C%%(S™1) let ¥ be the (unique) solution of
Agb+ Y = 0 in B
(4.5) .
Y = —0,¢1U on 0B,
which is L2(B;)-orthogonal to ¢;. We define
(4.6) H(®) == (91 + 0261 0) |5, -
Recall that the eigenvalues of the operator —Agn.-1 are given by
p=j(n—2+j)

for j € N. The corresponding eigenspaces will be denoted by V;.
We will need the following result :

PROPOSITION 4.2. — The operator
H:CZo(S"7h) — che(sm ),

is a self adjoint, first order elliptic operator. (Recall that the subscript m
is meant to point out that functions have mean 0 on S™~1). The kernel of
H is given by Vi, the eigenspace of —Agn-1 associated to the eigenvalue
n — 1. Moreover there exists ¢ > 0 such that

[wllez.a(sn-1) < cl|H(w)llera(sn-1y,
provided w is L*(S™"~1)-orthogonal to Vo @ V.

Proof. — The fact that H is a first order elliptic operator is standard
since it is the sum of the Dirichlet-to-Neumann operator for As + A; and
a constant times the identity. In particular, elliptic estimates yield

[ H (w)l|cr.0(sn-1) < ¢||w]lcz.a(gn-1).

The fact that the operator H is (formally) self-adjoint is easy. Let 1y
(resp. 12) the solution of (4.5) corresponding to the function wy (resp. ws).
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We compute
67'¢1(1)/ - (H(wy)we — wy H(ws))dvoly
0B,
= T¢1(1)/ ) (6T'(/)1 wg — 87'(/12w1)dV01§
0B,

= /3° (¥10r1h2 — ¥20,1p1)dvoly

B
= [ (1850 — vy )avol
= 0. 1
To prove the other statements, we define for all w € C%*(S™~1), ¥ to be
the continuous solution of
AU +MT = 18,01 (Agnr+n—1Dw in B

(4.7) .
v = 0 on 0B;.

Observe that 0,.¢1 vanishes at first order at » = 0 and hence the right hand
side is bounded by a constant times r~! near the origin. Standard elliptic
estimates then imply that the solution ¥ is at least continuous near the
origin. A straightforward computation using the result of Lemma 4.1 and
writing ¥ = ¢ + 0,¢1 w, shows that

(4.8) H(w) = 0,75

With this alternative definition, it should be clear that H preserves the
eigenspaces V; and in particular, H maps into the space of functions whose
mean over S™ ! is 0. Moreover, it is clear that V; is included in the kernel
of H since (Agn-1 +n —1) w = 0 for any w € V3. We now prove that V;
is the only kernel of this operator.

We consider

w = wj
j=1

the eigenfunction decomposition of w. Namely w; € V;. Then
H(w) = Z o W,
J

where the constants o; are given by

a; = Ora;(1)
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where a; is the continuous solution of

n
"
a; +

1 1
(4.9) @+ Ara; = 5 pja;= 5 (0= 1= 1) 0,

with a;(1) = 0.

Observe that oy = 0 and, in order to prove that the kernel of H is given
by Vi, it is enough to show that a; # 0 for all j > 2.

We claim that

aj < Oa

for all j > 2. This follows at once from the maximum principle since n —
1—p; <0forall j >2and 0.¢1 <O0.

Proof of the claim : By definition of A;, the operator Az + A; is non-
positive, in the sense that

(4.10) —[ u(Ag + A1) udvoly = / (IVul? = A\ u?) dvoly > 0.
By ’

By
Specializing this inequality to radial functions, we get

1
/ ((Opu)® = Ay u?) r"tdr >0
0

provided u € H}(B) is radial.

Now, assume that a; > 0 in [r1,r2] with a;(r;) = 0, then multiplying
(4.9) by a; r"~! and integrating the result by parts between r; and 72, we
get N

/ ((Braj)Q -\ a? + %uj a?) 1 <0
71
and hence necessarily a; = 0 on [ry,r2]. This completes the proof of the
claim.

The claim being proven, we use the fact that a;(1) = 0 for all j > 2 to

conclude that
0 < 8Taj(1)
If ,a;(1) = 0 then necessarily %a;(1) < 0 but evaluation of (4.9) at r = 1
implies that

0=(n—-1)aj(1) = (n—1—p;)d¢:1 (1) —aj(1)
> (n— 1 1) 0,61 (1)
>0,

which immediately leads to a contradiction. Hence, d,.a;(1) > 0 for all j > 2
and this completes the proof of the fact that the kernel of the operator H
is equal to V. O

The main result of this section is the following :
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PROPOSITION 4.3. — The operator Lg is equal to H.

Proof. — By definition, the operator Lg is the linear operator obtained
by linearizing N with respect to v at ¢ = 0 and v = 0. In other words, we

have
F(p,0,sw) — F(p,0,0
LO(?I]) _ hm (p7 7S’I,U) (p7 ) )
s—0 S
Since € = 0, we have already seen that g = g. Writing v = sw, we argue as

in the proof of Proposition 3.2 and consider the parameterization of §1+U

given by
Y(y) = (1 +vo + 5 x(y) @ (&)) y

where x is a cutoff function identically equal to 0 when |y| < 1/2 and
identically equal to 1 when |y| > 3/4. We set

§=Y"g

so that (ﬁ =Y*$, A = X and v are solutions (smoothly depending on the
real parameter s) of

Ngd+rd = 0 in B

<
Il
o
]
=
Q
&

with

and
Volg(By) = Vol (By).
We remark that qgl =Y "¢, is a solution of
AV b1+ A d1 =0
since § = Y*g. Moreover
1(y) = d1((1+vo +s0(y))y),
on 0B;. Writing (,ZAS = cZA>1 + 1]) and A = A\ + w, we find that

Agh+ M+ +pd = 0 in B
(4.11) ) ) .
'l/) = —¢1 on 831
with
(4.12) / (2¢19 + ) dvoly = [ ¢? dvoly — / ¢? dvol,
B é1 él+u0+sﬂ/
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and
(4.13) Vol (By) = Vol (By).

Obviously 1/), w and vg are smooth functions of s. When s = 0, we have
¢ = ¢1, A= A1 and vy = 0. Therefore, w, w and vy all vanish and gbl o1,
when s = 0. Moreover § = g when s = 0. We set

¢ = 88'&'3:07 ,u = as,u|s:07 and '[)0 = 8SUO|S:0'

Differentiating (4.11) with respect to s and evaluating the result at s = 0,

we obtain
Nyt + A7+ 1 0 in B

Y = —9441 (0o +@) on oB;.

(4.14)

Observe that, as already mentioned, ¢ (y) = ¢1((14vo+sw(y))y) on dB;
and differentiation with respect to s at s = 0 yields 6sg2>1|s=0 = 0p¢1 (Vo +

Differentiating (4.12) with respect to s and evaluating the result at s = 0,
we obtain

(4.15) R ¢ dvoly = 0.
By

Indeed, the derivative of the right hand side of (4.12) with respect to s
vanishes when s = 0 since ¢; vanishes identically on Bél.

Finally, differentiating (4.13) with respect to s and evaluating the result
at s = 0, we obtain

(4.16) / (0o + W) dvolg = 0.
Sn—1

The last equality immediately implies (since, by definition, the average of
w is 0) that 99 = 0. If we multiply the first equation of (4.14) by ¢; and
we integrate it, using the boundary condition and the fact that the average
of w is 0 together with the fact that vy = 0, we conclude that ;1 = 0. And
hence 1) is precisely the solution of (4.5). To summarize, we have proven
that

$:é1+5¢+0(32)

where ¢ is the solution of (4.5) and we also know that

vy = O(s?).
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In particular, in By \33/4, we have

d(y) = ¢1 ((1+sw(y/ly)) y) + sv(y) + O(s%)
= ¢1(y) + s(w(y/lyl) v Orp1 + 1) + O(s?)

where we have set r := |y].

To complete the proof of the result, it suffices to compute the normal
derivative of the function (;AS when the normal is computed with respect to
the metric §. We use polar coordinates y = r z where r > 0 and z € S*~1.
Then the metric § can be expanded in B \ 33/4 as

§ = (1+vg+s0)? dr’+2 s (14+vo+sw) r diw dr+r2 (1+vg+s)? h+s° 2 diw?

where £ is the metric on S"~! induced by the Euclidean metric. It follows
from this expression together with the fact that vg = O(s?) that the unit
normal vector field to dB; for the metric § is given by

v=(1+sw)"" +0(s%) 0, + O(s) 9z,

where 0, are vector fields induced by a parameterization of Sn—1. Using
this, we conclude that

G(Vh1,0) = 0pd1 + 5 (002h1 + 0,0) + O(5?)

on 3@1. The result then follows at once from the fact that 9,¢; is con-
stant while the term w 92¢; + 0,1 has mean 0 on the boundary 9B;. This
completes the proof of the proposition. O

We denote by L. the linearization of F' with respect to v, computed at
the point (p, €, 0). Following the proof of the previous Proposition, it is easy
to check the :

LEMMA 4.4. — There exists a constant ¢ > 0 such that, for all ¢ > 0
small enough we have the estimate

I(Ze = Lo) tllera < c€® [[T]lc2a

Proof. — Clearly both L. and L are first order differential operators. To
prove the estimate, we simply use the fact that, when € # 0, the difference
between the coefficients of § = €72 g and § can be estimated by a constant
times €2. This implies that the discrepancy between the linearized operator
when ¢ = 0 and when € # 0 is a first order differential operator whose
coefficients can be estimated by a constant times €2. O
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The main result of this section is the fact that the linearized operator
Ly is given by H. Observe that the kernel of Ly is equal to Vi which
is the vector space spanned by the restriction of linear functions to the
unit sphere. This is geometrically very natural since, when ¢ = 0, a linear
function v := g(a, ) € V4 correspond to infinitesimal translation of the unit
ball in the direction a € R™. Therefore we have

By.o(p) ~ Bip + sa).
This implies that the solution of (3.3) is given by ¢; (modulo some O(s?)

term) and hence its normal data is constant (modulo some O(s?) term).
Therefore F(p,0,7) = O(s?) which shows that Lov = 0.

5. The proof of Theorem 1.3

We shall now prove that, for € > 0 small enough, it is possible to solve
the equation
F(p,e,v) =0.
Unfortunately, we will not be able to solve this equation at once. Instead,
we first prove the :

PROPOSITION 5.1. — There exists e¢g > 0 such that, for all € € [0, )
and for all p € M, there exists a unique function v = 9(p, €) and a vector
a = a(p,€) € R™ such that

F(p767,l_}) +§(aﬂ ) =0.
The function v and the vector a depend smoothly on p and € and we have
la| + ||77||52,a(sn—1) < cél
Proof. — We fix p € M and define

F(p,e,0,a) := F(p,e,9) + §(a,-).
It is easy to check that F' is a smooth map from a neighborhood of (p,0,0,0)
in M x [0,00) x C4%(S™~1) x R" into a neighborhood of 0 in C1-(S"~1).
Moreover,
F(p,0,0,0) =0

and the differential of F' with respect to o, computed at (p,0,0,0) is given
by H. Finally the image of the linear map a — g(a,-) is just the vector
space V7. Thanks to the result of Proposition 4.2, the implicit function
theorem applies to get the existence of v and a, smoothly depending on p
and e such that F(p,e€,7) + g(a,-) = 0. The estimate for ¥ and a follows at
once from Lemma 3.3. O
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In view of the result of the previous Proposition, it is enough to show
that, provided that e is small enough, it is possible to choose the point
p € M such that a(p,e) = 0. We claim that, there exists a constant C>0
(only depending on n) such that

O(a(p,€)) = —e> C V9Scal(p) + O(e*)

Indeed, for all b € R"™ we compute

/ g(a,-)g(b,-)dvoly = — / F(p,€,0) g(b,-) dvolg
Sn—l Sn—l

=- / (F(p,€,0) + Lov) §(b, ) dvoly
Snfl
_/ (F(p,e,v) — F(p,€,0) — L) g(b, -)dvol
Sn—l

—/ (Lo~ Lo)og(b, ) dvol,
-

Now, we use the fact that v is L?(S"!)-orthogonal to linear functions and
hence so is L v. Therefore,

/ Lov (b, ) dvol, = 0.
Sn—1

Using the fact that v = O(e?), we get
F(p,e,9) — F(p,€,0) — Lo = O(e*).
Similarly, it follows from the result of Lemma 4.4 that
(Lo — Lo) 5 = O(e").

The claim then follows from the second estimate in Lemma 3.3 and the
fact that

/ i(a,) (b, ) dvoly = g(O(a), O(b)) / (21)? dvol,
S7L71

Snfl
_ %v()lg(sn—l)g(@(a), o(b)).

Now if we assume that py is a nondegenerate critical point of the scalar
curvature function, we can apply once more the implicit function theorem
to solve the equation

G(e,p) := e 3O(a(p,e€)) = 0.
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It should be clear that G depends smoothly on € € [0,¢p) and p € M.
Moreover, we have

G(0,p) = —C V9Scal(p)
and hence G(0,pg) = 0. By assumption the differential of G with respect
to p, computed at pq is invertible. Therefore, for all € small enough there
exists p. close to pg such that

O(a(pe,¢)) = 0.
In addition we have

dist(po, pe) < ce.
This completes the proof the Theorem 1.3.

6. Appendix

LEMMA 6.1. — For alloc = 1,...,n, we have

Z / Rikje.m ' a? oF 2t 2™ 2o dvolg = 0.
ik tym Y ST

Proof. — To see that we consider all terms of the above sum, obtained
fixing the 6-tuple (i, k, j, ¢, m, o). We observe that if in such a 6-tuple there
is an element that appears an odd number of time then / sl bt e’

Sn—l
dvolg = 0. Moreover, the symmetries of the curvature tensor imply that, if

either 4 = k or j = ¢, then Rjkjs,m = 0. Therefore, we have to compute

Z R* (2 (2*)? (27)% dvol,
i,k,a‘ Sn—1

where
E3
R := Rikik,oc + Rikiok + Rikki,o + Rikoik + Rikko,i + Rikok,i + Rigikk
+ Rokik,i + Riokik + Rokkii-

Again, we apply the symmetries of Riemann curvature which imply that
Rikik,o + Rikki,o = 0, Rikiok + Rikoik = 0, Rikko,i + Rikok,i = 0, Rokik,i +
Rokriys = 0 and Rigink + Riokire = 0, and we conclude that the sum is

equal to 0. |
LEMMA 6.2. — For allc =1,...,n, we have
Z / Roje,. 2?2 2tz dvolg = 0.
TN AL
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Proof. — Arguing as in the previous proof, we find that / Ikt
Sn—1
dvolg = 0 unless the indices j, k,¢,0 are pairwise equal. Hence, we can

write

Z /SH 1 R.ije.. i dvoly = /S R.soo, (z7)* dvoly

! n—1

* Z /n 1 Ujj” + RJU?’ + Rjjo':) (Io-)2 (xj)2 dVOl!}.

Using the symmetries of the Riemann curvature tensor, we get

R.UUU,. e R‘gjj7. =0 and R.jﬂj# + R'jjaw =0.

This completes the proof of the result. a
LEMMA 6.3. — For allc =1,...,n, we have
Z / Rigmx Pt 2™ 27 dvoly = 2 Volv(S"_l)Scalg
o Jsn Yo nm+2) Y ’

Proof. — Again, we find that / 2t ™zt dvolg = 0 unless the
Sn—l
indices i, £, m, o are pairwise equal. Hence we can write

Z / ngft 2t ™ 7 dvoly
Sn 1

i,0,m,

= UM/ )*dvol, +Z/ (Rojj+Rijoj+Rjjo) ()2 (a?) dvol,
Sn 1

Rora [ (&) a0l 3 (Ret Ry Riga) [ (0120wl
Sn— 1

]750' Sn—1

= Roa,o’ ( ($1)4 dVOl§ -3 / (1'1)2 (.132)2 dVOl§)
gn—1 gn—1
+ Z (Raj,j + Rjo',j + Rjjﬁ) / (1’1)2 (:E2)2 dVOlg.

- n—1
j S

Now we use the fact that

3
1\4 1. = / 1\2 (,.2\2 = 2 1.(gn—1
/Snfl (x ) dvo g 3 Sn—1 (x ) (-T ) dvo g n(n + 2) Vo ‘J(S ) ’
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to conclude that

) 1
i, 4 _m o _ N n—1
Mz;n - Ripm x* x” 2™ 7 dvoly = m Vol (S™77)
X > (Rojj+ Rjgj + Rjjo)-
J

Finally, the second Bianchi identity yields
1
ZRUJ'J‘ = ZRJ'UJ‘ = 5 SC&LJ
J J

and by definition Zj Rj;.o = Scal ;. Hence

4 2
i, 0. m o n—
i;ﬂ s Ripm ' " 2™ x° dvolg = mVolg(S b Scal .
This completes the proof of the result. |
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