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THE CHERN CHARACTER
FOR LIE-RINEHART ALGEBRAS

by Helge MAAKESTAD

0. Introduction.

Classical Galois theory setting up a one to one correspondence
between intermediate field-extensions of a Galois extension £ C F and
subgroups of the Galois group Gal(F/E) was generalized by N. Jacobson in
[12] to give a Galois-correspondence for purely inseparable field-extensions
k C K of exponent one of a field k£ of characteristic p > 0. This is a one
to one correspondence between intermediate fields and p — K/k-sub-Lie
algebras of Dery (K). Jacobsons p — K/k-Lie algebra is the characteristic p
version of a structure called a Lie-Rinehart algebra.

For an arbitrary k-algebra A, there exists the notion of a (k, A)-Lie-
Rinehart algebra: it is a k-Lie algebra and A-module g with a map of k-Lie
algebras and A-modules « : g — Dery(A), i.e a Lie-algebra acting on A in
terms of vector fields. There exists the notion of a g-connection V on an
A-module W: this is an action

V :g— Endg (W)

Keywords: Lie-Rinehart algebra, connections, algebraic stacks, differential graded alge-
bras, Grothendieck rings, Chern characters, de Rham cohomology, Lie-Rinehart coho-
mology, Jacobson Galois correspondence.

Math. classification: 14C17, 19E15, 14L.15.



2552 Helge MAAKESTAD

generalizing the notion of a covariant derivation. There exists a complex
C*(g, W, V) — the Lie-Rinehart complex — generalizing simultaneously the
algebraic de Rham complex of A and the Chevalley-Eilenberg complex of
g. The main result of this paper is the following (see Theorem 2.12): There
exists a ring homomorphism

ch? : Ko(g) — H"(g, 4)

from the Grothendieck ring Ko(g) to the cohomology ring H*(g, A).
Here Ko(g) is the Grothendieck ring of locally free A-modules with a g-
connection and H*(g, A) is the Lie-Rinehart cohomology of A with respect
to g. We prove furthermore in Theorem 3.10 that the Chern character from
Theorem 2.12 is independent with respect to choice of g-connection. This
generalizes the construction of the classical Chern character (see Corollary
3.11.) Note that J. Huebschmann has in [10] considered a Chern-Weil con-
struction in a similar situation, and it would be interesting to relate the
construction in [10] to the construction in this note.

The notion of a (k, A)-Lie-Rinehart algebra is closely related to the
notion of a groupoid in schemes. One constructs from a groupoid in schemes
a Lie-Rinehart algebra in the same way as one constructs the Lie algebra
from a group scheme. Much of the theory for group schemes and Lie
algebras can be generalized to this new situation.

Lie-Rinehart algebras appear in topology and knot theory: T. Kohno
has in [13] computed the Alexander polynomial of an irreducible plane
curve C' in C? using the logarithmic deRham complex Qg (*C) which is
just the standard complex where we let g be the Lie algebra of derivations
preserving the ideal of C' in C?2.

Groupoids and Lie-Rinehart algebras appear in the theory of motives:
Let T be a Tannakian category over a field F' of characteristic zero, and
let w be a fiber functor over the algebraic closure F of F. Then Aut®(w) is
represented by a groupoid S/Sy and there exists an equivalence of categories

T= Rep(S/S0)7

(see [21]).

The paper is organized as follows: In the first section we define and
sum up various general properties of Lie-Rinehart algebras, connections
and the Lie-Rinehart complex. In the second section we prove existence of
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the Chern character. In the third section we prove that the Chern character
is independent with respect to choice of connection.

1. Lie-Rinehart algebras, connections
and the Lie-Rinehart complex.

In this section we introduce objects in the theory of modules on Lie-
Rinehart algebras and state some general facts on the following: Let A
be a commutative ring over a field k. Let furthermore g be an (k, A)-Lie-
Rinehart algebra and let (W, V) be a g-module. We introduce the Lie-
Rinehart complex C*(g, W, V). If V is flat, C*(g, W, V) is a DG-module,
hence H*(g, W, V) is a graded left H*(g, A)-module.

DeriNiTION 1.1.— Let A be a commutative k-algebra where k is a
commutative ring. A (k, A)-Lie-Rinehart algebra on A is a k-Lie algebra
and an A-module g with a map « : g — Dery(A) satisfying the following
properties:

(1.1.1) a(ad) = aa(0)
(1.1.2) a([0,n]) = [a(8), a(n)]
(1.1.3) [0, an] = alé, 1] + a(6)(a)n

foralla € A and §,n € g. Let W be an A-module. A g-connection V on W,
is an A-linear map V : g — Endy (W) which satisfies the Leibniz-property,
ie.

V(8)(aw) = aV(8)(w) + a()(a)w
for all a € A and w € W. The g-connection V is flat if it is a map of Lie
algebras. If V is flat, we say that the pair (W, V) is a g-module.

When it is clear from the context the notion Lie-Rinehart algebra
will be use instead of (k, A)-Lie-Rinehart algebra. A Lie-Rinehart algebra
is also referred to as a a Lie-Cartan pair or a foliation.

DeriNITION 1.2.— Let A be a k-algebra, g a Lie-Rinehart algebra
and (W,V) an A-module with a g-connection. Define a sequence of A-
modules C*(g, W, V) and k-linear differentials d* in the following way: Let
CP(g,W, V) = Homy (APg, W) where APg is wedge product over A. Define
differentials
d”: C7(g, W, V) — C"*(g, W, V)

TOME 55 (2005), FASCICULE 7



2554 Helge MAAKESTAD

by

p+1

(dpz/))(él Ao A (5p+1) = Z(—l)H_lV(giw((sl VANREIRAN 5, VANRERAN 5p+1)

i=1

(1.22) 4+ > (S)IR([65, 65 A NG A GG A Abppa).

1<i<j<p+1

Put C° = W and define d°(w)(8) = V(8)(w). Let Ry = d' o d® be the
curvature of the connection V.

Notice that Ry (0 An) = [Vs,Vy] — Vs, hence W is a g-module
if and only if the curvature is zero. Note also: if the connection V is flat
and A = k, the sequence of modules and differentials defined in 1.2 is just
the ordinary Chevalley-Filenberg complex of the representation W for the
k-Lie algebra g.

LemMMA 1.3.— Let g be a Lie-Rinehart algebra and let (W,V) be
a g-connection. Consider the sequence of modules from definition 1.2,
C*(g,W, V). Then for all p > 0 the following holds:

(dp+1 o dp)(él VANRERWA (Sp+2)

= Z (—1)i+j+le(5i/\5j)((51/\"'/\(SAi/\~'~/\5j/\"'/\(5p+2).
1<i<j<p+2

Furthermore the maps d? induce maps
dP : Hom (APg, W) — Hom (AP T1g, W)
ie dPo(aw) = adPp(x).
Proof. — Standard fact. O

DEFINITION 1.4.— Define the Lie-Rinehart complex C*®(g, W, V) as
follows:
C?(g,W, V) = Homa(A"g, W),

with differentials
d? : Hom 4 (APg, W) — Hom 4 (APT1g, W)

ANNALES DE IINSTITUT FOURIER
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defined by equation 1.2.1. Put C° = W and define d°(w)(8) = V(d)(w).
Let Ry = d'od® be the curvature of the connection V. Then from Lemma
1.3 it follows that we get a sequence of maps of k-vector spaces.

The Lie-Rinehart complex is sometimes referred to as the Chevalley-
Hochschild complex. We see from Lemma 1.3 that C*(g, W, V) is a complex
if and only if the curvature Ry is zero, hence if the curvature Ry is zero,
we get well defined cohomology spaces.

DEeFINITION 1.5. — Assume g is a Lie-Rinehart algebra and (W, V) is
a a flat g-connection V. We define the cohmology of (W, V) as follows:

HP(g, W, V) = H?(C* (g, W, V)),
where C*(g, W, V) is the Lie-Rinehart complex.

The maps dP from 1.4 are k-linear, hence the abelian groups
HP(g, W, V) are k-vector spaces. Note furthermore that the cohomology
H*(g, A, V) depends on the choice of connection V : g — Endj(A).

If the ring A is a smooth k-algebra of finite type, i.e the module
of differentials Y is locally free of finite rank, it follows that the Lie-
Rinehart complex is isomorphic to the algebraic de Rham complex, hence
the Lie-Rinehart complex generalizes simultaneously the algebraic de Rham
complex and the Chevalley-Eilenberg complex.

ProposiTioN 1.6.— Let A be a k-algebra and g a Lie-Rinehart
algebra. Let furthermore (W,V1) and (W,V3) be A-modules with g-
connections. There exists an exterior-product

C*(g, W) @4 C*(g, W') — C"(g, W @4 W)
with the following property:
(1.6.1) d(zy) = d(x)y + (=1)"zd(y),
for all elements x in Hom 4 (APg, W) and y in Hom 4 (A9g, W).
Proof. — Standard fact. O

Recall some general definitions and standard facts on DG-algebras
for a reference see [25]). A DG-algebra B* = &,50BP is a graded
( g p> g
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associative algebra equipped with a graded derivation d of degree 1. If we
do not require d? = 0 we say that B* is a quasi-differential graded algebra.
We can define the cohomology H*(B*) of B* and it follows that H*(B*) is
a graded associative k-algebra. If B* is graded commutative, so is H*(B*).
A graded left B*-module M* = @,>0M? is a differential graded module if
it is equipped with a graded derivation of degree one with d? = 0. We say
that M* is a quasi-differential graded module if we do not require d? = 0.
It follows that H*(M™*) is a graded left H*(B*)-module. If we are given
two DG-algebras B* and E* over a field k, then a map of DG-algebras, is
just a map ¢* : B* — E* of graded associative algebras, commuting with
the differentials. One easily verifies that such a map ¢* induces a map of
graded associative algebras H(¢*) : H*(B*) — H*(E*). Also, given two
DG-modules M* and N* on a DG-algebra B*, a map of DG-modules, is a
map ¥Y* : M* — N* commuting with the differentials. It is trivial to check
that such a map ¢* induces a map H(y*) : H*(M*) — H*(N*) of graded
H*(B*)-modules.

ProprosiTiON 1.7.— Let A be a k-algebra, g a Lie-Rinehart alge-
bra. Let furthermore (W,V) be an A-module with a g-connection. Then
C*(g, A) is a DG-algebra and C*(g, W) is a quasi-DG-module on C*(g, A).
If W is a g-module, then C*(g, W) is a DG-module, hence H*(g, A) is a
graded associative k-algebra and H*(g, W) is in a natural way a graded left
module on H*(g, A).

Proof. — This follows from the previous discussion and Proposition
1.6. O

ProrosiTion 1.8.— Let A be a k-algebra, and g an Lie-Rinehart
algebra. Let furthermore (W,V) be a g-connection. The connection V
induces a connection adV on End (W), hence C*(g, Enda(W)) becomes
in a natural way a quasi-DG-algebra. If W' is a g-module, C*(g, End 4 (W))
is DG-algebra.

Proof. — This follows from the previous discussion. O

2. A construction of the Chern character.

This section contains proofs of the following results: Let k£ be a field
of characteristic zero, and let A be a k-algebra. Let furthermore g be an

ANNALES DE IINSTITUT FOURIER
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(k, A)-Lie-Rinehart algebra, and (W, V) be a g-connection wich is of finite
presentation as an A-module. There exists a Chern character ch®(W) in
H*(g|y, Oy) where U is the open subset of Spec(A) where W is locally
free. We apply this to prove the existence of a ring homomorphism

ch?® : Ko(g) — H*(g, A)

where Ko(g) is the Grothendieck ring of locally free A-modules with a g-
connection.

Recall briefly classical Chern-Weil theory: Let A be a k-algebra, where
k is a field of characteristic 0, and let E be a locally free A-module. Any
connection
V:E-Q,®F

gives rise to a connection
adV : End4(E) — Q4 @ Enda(E),

and we get

RY% € Q% @ Enda(E).
Since E is locally free there exists a trace map tr : End4(E) — A and we
get Chern-classes

chi(E,V) € HYn (A).

This construction defines a group-homomorphism

ch? 1 Ko(A) — Hpg(A).

Tueorem 2.1.— The map ch® : Ko(A) — Hpg(A) is a ring-
homomorphism.

Proof. — See Theorem 8.1.7 in [16]. O

Notice the following: If V and V’ are two g-connections on an A-
module A, where g is an Lie-Rinehart algebra, then the difference V — V’
is an element of the module Hom 4 (g, End 4(W)). We express this by saying
that the set of g-connections on W form a principal homogeneous space (or
a torsor) on Hom4(g, End4(W)). This means that given a g-connection
V on W, any other connection V' can be obtained from V by adding an
element ¢ from Hom 4 (g, End 4 (W)), that is V' = V + ¢ for a unique ¢.

TOME 55 (2005), FASCICULE 7
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LEMMA 2.2.— Let A be a k-algebra, g a Lie-Rinehart algebra and
W a g-connection which is free as an A-module. The trace map

tr* : C*(g,Enda(W)) — C*(g, A)
is a morphism of complexes.

Proof. — The only thing we have to prove is that for all p > 0 we
have commutative diagrams

CP(g,Enda(W)) —2— 7+ (g,Enda(W))

J{ tr l tr
C? (g, A) L orti(g,A).
We may assume that we have chosen a basis {e;} for W as an A-module
and we can write W = @] ; Ae;. Then in this basis we have a connection
Vs (> aie;) = Y a(di)(ai)e;, and one verifies that Ry = 0, hence the
connection V' is integrable. The connection V which defines the g-structure
structure on W can now be written in a unique way as V = V'’ + ¢, where
¢ is an element of Homa (g, End4(W)), since g-connections are a torsor
on Hom4(g, End4(WW)). The induced connection adV on Enda (W) then
becomes
adV = [V, =] = [V'+ ¢, -] = [V', =] + [¢, -]

The rest is straightforward calculation: Let 1 be an element of
CP(g,Enda(W)) = Homa(APg,Enda(W)). Put also w = 61 A -+ A dpy1,
wli) = 6 A A8 A-o- Abpyy for 1 < i < p+1, and w(i,j) =
[0, 6] AGLA -~ NG A AGG A= Ay

Then we have that

tr((d*y)(w))

p+1
— tr (Z(—l)”ladv(siw(w(i)))+tr > (1), g)

i=1 1<i<j<p+1

p+1 p+1
— tr (Z(—l)”lwsﬂww(i))}) + tr (Z(—l)”%(ai),ww(z’»])

i=1 i=1

tu 3 ()W)

1<i<j<p+1

ANNALES DE IINSTITUT FOURIER
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p+1
=tr (Z(1>”1(a(5i)(w(w(i)))m)> +tr | D (=) (w(i, )

i=1 i<j
p+1 _
= (1) tr(a(d:) (Y (w(i)r)) + > (=1 tr(h(w(i, 5)))
=1 1<j
p+1 ‘
=Y (=) a(d) (e )+ D (=1 (tr o ) (w(i, §))
=1 1<j
— P (tr 0 ) ()
and we see that tr o d? = dP o tr and we have proved the assertion. O

COROLLARY 2.3. — Assume x* is an element of C*(g, End 4 (W)) with
the property that d*(z*) = 0, then tr*(z*) gives rise to a cohomology-class
tr*(z*) in H*(g, A).

Proof. — We show that d*(tr*(z*)) = 0: For all p > 0 we have
commutative diagrams

CP(g,Enda(W)) —2— CP+(g,Enda(W))
l tr l tr
CP(g,A) 2, Crti(g, A)

by lemma 2.2. We see that dP(trP(aP) = tr(dP(a?)) = tr(0) = 0, hence
we have that d*(tr*(z*)) = 0 and we get a well-defined cohomology-class
tr*(z*) in H*(g, A). O

Given a g-connection W, where g is an Lie-Rinehart algebra, one
verifies that the curvature Ry is an element of Homa (g A g, Enda(W)) =
C?(g, Enda (W)).

LEMMA 2.4 (The Bianchi identity). — Let A be a k-algebra, g a Lie-
Rinehart algebra, and W a g-connection. Then d?(Ry) = 0.

Proof. — This is straightforward calculation: Let
w=aNPAy
be an element of A%g. Then we see that
d*Ry(aABAY)

TOME 55 (2005), FASCICULE 7



2560 Helge MAAKESTAD
= adVoRy(BANY) —adVgRy(a Av) + adV,Ry(a A B)
— Ry (e, B] A7) + Ry ([a,7] A B) = Ry ([B,0] A a)
=VaRv(BA7) = Ry(BA7)Va
— (VgRy(a A7) — Ry(aAv)Vg) + VyRy(a A B) — Ry(a A B)V,
= (Vs Vol = Viwgin) + Ve Vil = Viaag
— (Vs> Val = Viga,a1)
= [Va; [V, Vo[ + V5, [V, Vol + [V4, [Va, V]
+ Ve84 + Visalal T Vin.alg)
+[V5: Via] = [Va, Vig,y]

- [V’Ya v[a,ﬁ]]
= Vil Vol + [Vian), Vil = Vi), Val = 0

and we have proved the assertion. O

ProposiTiON 2.5.— Let A be a k-algebra, g a Lie-Rinehart algebra
and (W, V) be a g-connection. Let furthermore Ry be the curvature of V.
Then d*"(R%) =0 for alln > 1.

Proof. — We prove this by induction on n: By lemma 2.4 we see that
the lemma is true for n = 1. Assume it is true for n = k. We see that

d(REM) = d(RY A Ry) = d(RY) A Ry + (—1)**RE A d(Ry)

and d(R%) A Ry + (—1)**RE A d(Ry) is zero by the induction hypothesis
and lemma 2.4, and we have proved the assertion. d

Let in the following A be a k-algebra, where k is a field of char-
acteristic 0. Let g be a Lie-Rinehart algebra and (W, V) a g-connection,
where W is an A-module of finite presentation. Let exp(Ry) be defined as
Zn>0 %R%. Consider the open set U C SpecA where W is locally free,
which exists since W is of finite presentation. By lemma 2.2 we have trace
maps

tr* : CP(gp, Enda,(Wy)) — C*(gp, Ap)

defined for all p in U, since Wy is locally free, and these maps glue to give
a map of sheaves of complexes

tr* : C*(g|v, Endo, (W) — C*(glu, Ov).

ANNALES DE IINSTITUT FOURIER
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We have that Ry |y is an element of C?(g|y, Endo,, (W|y)) and we obtain
an element exp(Rv|y) in C*(g|y, Endo, (W|y)). By lemma 2.2 we see that
the element d*(exp(Rv|v)) equals zero, since it vanishes when we localize
at all prime-ideals p in U. Consider the element z* = tr*(exp(Rv|v)),
which lives in C*(g|u, Ov).

THEOREM 2.6.— The following holde: d*(z*) = 0. Hence z* defines
a cohomology-class in H*(g|v, Ov).

Proof.— Tt follows from corollary 2.3 that d*(z*) = 0, since we have
already seen that d*(exp(Rv)) = 0, hence we get a cohomology class as
claimed. O

DeriNiTION 2.7.— Let A be a k-algebra where k is a field of char-
acteristic 0 and let g be an Lie-Rinehart algebra. Let furthermore W be a
g-connection, where W is an A-module of finite presentation. We let the
element ch®(W,V) = z* in H*(g|y,Oy) from theorem 2.6 be the Chern
character of the g-connection (W, V).

By theorem 2.6 the class ch?(W, V) in H*(g|y, Oy) is an invariant of
the pair (W, V). Given any k-algebra A, where k is a field of characteristic 0,
and g an Lie-Rinehart algebra, we consider Ky(g), the Grothendieck ring of
g. This is defined as follows: Ko(g) is the free abelian group on the symbols
[W, V] module a subgroup D wich we will define below. Here (W, V) is a
g-connection which is a locally free A-module of finite rank. The symbol
[W, V] denotes the isomorphism-class of the pair (W, V). The subgroup D
is the group generated by the relations

Weaew VeV]—[WV] - W, V]

That is: Ko(g) = @Z[W, V]/D. (We obviously have that the direct sum of
two g-connections is again a g-connection.) Given two g-connections (W, V)
and (W’ V'), there exists a natural connection V@V =V®@1+1@V
on W®4 W', hence W ® 4 W is in a natural way a g-connection. Define a
map

® : LW, V] x LW, V] — Ko(g)
by the following

() miWi, Val, > my Vi, Vi1) = D namy (Wi @4 V5, Vi © V1.
i j

,J

TOME 55 (2005), FASCICULE 7
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LEMMA 2.8. — The map ® defines a Z-bilinear product
Ko(g) ®@z Ko(g) — Ko(g)
making Ko(g) into a commutative Z-algebra.
Proof. — This is straightforward. O

LEMMA 2.9.— Let (W, V) and (W', V') be two g-connections. The
the following holds:

(2.9.1) Rvev' = Rv ® Ry

(2.9.2) Rygv =Rv®1+1R® Ry

(2.9.3) Ry®1AN1®Ry =1® Ry ARy ®1
(2.9.4) (Rygv)" = RY ® R

Proof. — We first prove equation 2.9.1:
Ryev (0AN) =[VO V5LV V] -VaV,.
It follows that if we pick (w,w’) in W & W', we get

Ryev (6 An)(w, w')
=[VaV:, Ve V(wuw)-Vo Vi, (wuw)
=VaoV,oVe Vi(w,uw')-VeVioVaV,(wuw)—Vo Vi, (wu)
V) (Ts(w), T5()) = V & V5(Vy (w), V) () — (Vs (), Ty 1))
— (V,Vs(w), V, V() = (V¥ (w), ViTy(w')) = (Vis. (1), T,y (0'))
— (Re (6 An)(w), Ry (8 A ()
= Ry ® Ry (w,w')
and equation 2.9.1 follows. We prove equation 2.9.2: Let w ® w’ be an

element of W @4 W', and let VRV = V®1+1® V' be the g-connection
on W®4 W'. We get

Rygv (6 An)(w @ w')
=[VeV,VeV(wew)-Ve Vi (weuw)

ANNALES DE IINSTITUT FOURIER
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=VeV,oVeViwow)-VeVioeVaV (waw)-Ve Vi, (weuw)
=VoV,(Vs(w) @w +we Viw)) - Ve ViV, (w) @w +we VvV, (w)

— (Vi (w) @ 0’ +w ® Vi (w'))

= VyVs(w) @ w' + Vs(w) ® V; (w') + Vy(w) @ Vi(w') + w0 @ V; Vi(w')

= (VsVy(w) @ w' + Vy(w) @ Vi(w') + Vs(w) @ V] (w') +w @ V5V (w))

= Vg (w) @ w' = w @ Vs (w')

= [V5, Vyl(w) @ 0 +w ® [V, Vi ](w') = Vig g (w) © 0 —w @ Vi; 5 (w')
=Ry (6 An)(w) @ w +w® Ry (5§ An)(w')

and equation 2.9.2 follows. We prove equation 2.9.3: Let w be an element
of Atg. We get

= sgn(o)(Rv ® 1,1 ® Ry/)o(w)
(2’2)

= Z sgn(o)Ry(0(w)) ® 101 ® Ry (o(w))

=1®Rv//\Rv®1<w)

and equation 2.9.3 follows. Finally we prove equation 2.9.4 by induction
on n. For n=2 we get the following: Let w = d; A --- A 04, and for any
(2,2)-shuffle o put o(w)! = do(1) N Og(2) and o(w)? = do(3) N Og(a). We get

(Ry ® Ry/)*(w)

= Z sgn(o)(Rv © Ry, Ry © Ry')o(w)

TOME 55 (2005), FASCICULE 7
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Z sgn(o)(Rv, Rv)o Z sgn(o)(Ry/, Ry/)o(w))
(2,2)

= RY(w) @ RY/(w)
and we have proved equation 2.9.4 for n = 2. Assume the equation is true
forn =k Put n =k+1, and let w = §; A -+ A dak42. Put also for any
(2k,2)-shuffle o, o(w)! = do(1) N+ Nog(2r) and o(w)? = Oo(2k+1) N (26 42) -
We get
Rygv Ryev (W)
= Y sgn(0) (R gur, Ryov)o(w).
(2k,2)

By the induction hypothesis we get

= Z sgn(o)(R’% ®RE, Rv® Ryr)o(w)

2

= ;;2: sgn(o)RY @ RE, (0(w)') o Ry ® Ry (0(w)?)

= <%22> sgn(0)RE (0(w)) @ RE, (0(w)!) 0 Ry (0(w)?) & Ry (0(w)?)

- (%22) sgn(o) RE (0(w) ") Ry (0(w)?) ® B, (0(w)1) 0 Re:(0(w)?)

= Z sgn(0)(RY, Ry)o(w)) ® (Y sgn(o)(Ry:, Ryr)o(w))
(2k,2) (2k.2)

= (RE™ & REF)(w)
and equation 2.9.4 follows, and we have proved the lemma. O

LemMA 2.10.— Let W and W’ be two free A-modules, and let ¢ in
End (W) and v in End4(W') be two endomorphisms. Then the following
holds

tr(¢ @ ¢) = tr(¢)tr(y).

Proof. — Let W = @] Ae; and W' = &L Af; be two direct-sum
decompositions of W and W’. Put also ¢ = (a;;) and ¢ = (b;;) where a;;
and b;; are elements of A. One verifies that for instance tr(¢) = ). e;¢e;.
We get

tr(p @) = Zel®fj ¢®¢)e’b®fj

i,
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Tt is trivial to check that e; ® fi(d @Y)enm, ® fir equals akm by, hence we get
Y aaby; = (Y au)(Y_by) = (trg)(tr¢)
i i J

and the lemma follows. ]

LemMMmA 2.11.— Let (W,V) and (W', V') be two locally free g-
connections, then

tr(RL 1A 1® RY) = (tr(RL)) A (tr(RE)).

Proof. — Let w = 01 A+ -+ Ady(ntm), and put for any (2n,2m) shuffle
o, O‘(w)l = 50(1) VARIERIVAN 50(2n) and a(w)2 = 60(2n+1) VANRERIVAN 50(2(n+m)). We
see that

T®1IA1Q RY (w)
= Z sgn(o)(Re ® 1,1 ® Ry )o(w)
(2n,2m)

= 3 sgn(o)RE(0(w)') ®101® RE,(0(w)?)
(2n,2m)

= Y sgn(0)RE(0(w)!) ® RE (0(w)?).

(2n,2m)

By lemma 2.10 we get

tr(RE © 1A 1® RY (w))

= tr( Z sgn(o) R (0(w)') ® R (0(w)?))

(2n,2m)

= Y sgn(o)(tro RY)(o(w)!)(tr o R (0(w)?)
(2n,2m)

= Z sgn(o)(tro R, tro Ry )o(w) = (tro RY) A (tr o R ) (w)
(2n,2m)

and we have proved the assertion. O

We can now prove the existence of the Chern character.
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THEOREM 2.12. — There exists a ring homomorphism
ch? : Ko(g) — H"(g, 4)
from the Grothendieck ring Ko(g) to the cohomology ring H*(g, A).

Proof. — For every locally free g-connection W of finite rank
we obtain by Theorem 2.6 a cohomology class

ch¥(W) in H*(g, A). Define a map ¢ : ®Z[W, V] — H*(g, A) by the

formula

S niWi, Vil =Y nich(W;, V).
We want to show that the map ¢ gives rise to a well-defined map
ch? : Ko(g) — H*(g, A).

Let (W& W',V & V'] - [W,V] — [W,V'] be a generator of the group D,
where Ko(g) = @Z[W,V]/D. We get

ch (W W', V& V|- [W,V] - W, V] =
chg(W eW . VaV)-— chg(W V) — chg(W’ V')

N1 A L
Z tr(Ryev)” k|ter “trR ..
n=0 k>0 =0

By lemma 2.9, equation 2.9.1 and 2.9.4 we get

3 %tr( caRry) -y %tr(R’%) -3 ll—!tr(Rl )

n>0 k=0 >0

:Z%(WR%—&—MR"/)—Z trRY — ZtrRl =0

nz0 k>0 : >0
hence ¢ gives rise to a map ch? : Ko(g) — H*(g, A), and obviously ch? is a
group-homomorphism. We show that ch? is a ring homomorphism: Put for
any g-connection (W, V), ch, (W, V) = L trR%. We have that ch®(W, V) =
> ns0 Chn (W, V). Since C* (g, End 4 (W @4 W')) is an associative A-algebra
and by lemma 2.9, equation 2.9.3 we have that Ry ® 1 A1 ® Ry, =
1® Ry’ A Ry ® 1, we can apply the binomial-theorem. We get

1
ch,(W W' VaV')= ] (Rvgv)"
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and by lemma 2.9, equation 2.9.2 we get

1 A
—tr(Ry @1+ 1@ Ry)" = > Wi tr(Ry ® 1)"(1® Ry/ ).

i+j=n
By lemma 2.11 we get
1 i 1 j
Z @(ter) terl Z —tI'R ]—ter/)
i+j=n
= ) ch(W, V) oh, (W’ v').

1+j=n
The following holds

(W W' \VeV)=> ch(WaW, VeV)

n=0

=> | D chi(W, V)ch; (W', V')

n>0 i+j=n

= (Z chi (W, V)) (Z Chl(levl)>

k>0 >0
= ch8(W,V)ch® (W', V'),
and the theorem follows. O

3. On independence of choice of connection.

In this section we prove the fact that the Chern character ch®(W, V)
of an A-module with a g-connection from Theorem 2.6 is independent with
respect to choice of connection V. Let in the following A be a k-algebra
where k is a field of characteristic zero. Let furthermore g be a Lie-Rinehart
algebra with anchor map « : g — Derg(A). We first prove a series of
technical lemmas:

LEmMma 3.1.— We get in a natural way a map a ® 1 : gt] —
Dery (A[t]), making g[t] into an (k, A[t])-Lie-Rinehart algebra.

Proof. — Define a k-Lie algebra structure on g[t] as follows: [}, §; ®
fi:22;m®95] = 32, ;10i,m;]® fig;. Define furthermore a map a®1 : g[t] —
Dery(Aft]) by a®1(0® f)(a®g) = a(d)(a) ® fg, then it is straightforward
to check that g[t] is a (k, A[t])-Lie-Rinehart algebra. O
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LEMMA 3.2. — Let W be an A-module with a g-connection V. There
exists a g[t]-connection V ® 1 on the A[t]-module Wt].

Proof. — Define the following map: V ® 1 : g[t] — Endg(W[t]), by
letting V® 1(d ® f)(w® g) = V(0)(w) ® fg. Then it is straightforward to
check that V ® 1 is a g[t]-connection. O

LEMMA 3.3.— Let Vg and Vi be g-connections on W, then V =
Vi®t+Vo® (1 —1t) is a g[t]-connection on Wt].

Proof.— This is straightforward. O

LEMMA 3.4.— Let V be a g-connection on an A-module W. Let V®1
be the induced g[t]-connection on Wt]. Then the curvature Ry defines
a natural map

Ryer : A*g[t] — Enda(W)][t].

Proof. — Define Ryg1(0 ® fAn®¢g) = Rv(0 An) ® fg, then the lemma
follows. O

LemMma 3.5.— Let V be a g-connection on the A-module W, and
consider the induced connection V ® 1 on WJt]. There exists a map
pl : CP(g[t], Wt]) — CP(g, W) making commutative diagrams

or(atl, Wit) —%  Crti(glt), W)

lpi lpi

CP(g, W) ——  CPFi(g, W)
for all p.
Proof. — Define the maps
Py CP(a[t], Wt]) — C™(glt], WIt])

as follows: There exists an obvious map ¢ : APg — APg[t] defined by
mapping 01 A+ -Adp to 1 ®1A- - -Ad,®1. There exists a map p’ : W[t] — W
defined by letting p(t) = i for i = 0,1. Put now for any A-linear map
¢ : APg[t] — WIt], pi(¢) = p' o ¢ o q. We show that we get commutative
diagrams as claimed: Consider first p%(d¢)(6; A -+ Adpi1) =

Pd@) (1 @IA- N1 ®1) =
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p+1
P+ O (DY) @1( AdR@ LA
k=1

+Z D6, 01,0, @1 A6, Q1§ R1--))
k<l

p+1
(35.1) =D p'V()@16(- G @1

k=1

+Z D* i ([0k, 6] @ LA -8, @16, @1--2).
k<l

Consider

d(p,d) (61 A+ A bys)

p+1 R
= Z DV (61)ple(- - 0k )
+Z 1)L ([0, 0] -+ O+ 0y -+ +)
k<l

p+1

(3.5.2) —Z DRIV (6 )pie(--- 6 @1--)

+Z D o165, 6] ® ...5k§®1...5l®1...),
k<l

One checks that V(6 )p® = p*V(x)®1 hence equation 3.5.1 equals equation
3.5.2, and the claim follows. O

LemMmA 3.6.— Given two g-connections Vo, V1 on W, and let V =
V1®t+Vo®(1—1t) be the induced connection on Wt|. Then the curvature
Ry is an element of C?(g[t], End 4 (W)[t]), and it follows that p' (Ry) = Ry,
fori=0 and 1.

Proof. — This is straighforward. O

LemMmaA 3.7.— Consider the map

ps : CP(g[t], Enda(W)[t]) — C(g, Enda(W)).
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Let ¢ and ¢ be elements of C?(g[t], End 4 (W)[t]) and C?(g[t], End4(W)[t])
respectively. The following holds:

Pi(d A ) = pi(d) A pL(¥).
In particular it follows that p' (R%) = (p! Ry)*.
Proof. — This is straighforward. O

LEMMA 3.8. — There exists for all p commutative diagrams

CP(glt], Enda(W)[t) —=> C7(alt], Al])

lpi lpi

Cr(g,Enda(W))  ——  CP(g,4)
in particular we get pi(tr(R%)) = tr(pi RY).

Proof. — Let ¢ : APg — End 4 (W)][t] be an A-linear map. Since W is
locally free, we have a trace map tr : Ends (W) — A, and we get a trace-
map tr® 1 : End(W)[t] — Aft], and we get tr @ 10 ¢ in CP(g[t], A[t]). We
see that pl(tr®@ 1o @)(J1 A~ AJ,) =

(3.8.1) plotr@log(i@1A---Ad,®1)
We also see that tr(pl(¢))(d1 A+ Adp) =
(3.8.2) trop'og(d1 ®1A---Ad,® 1)

and since pl o tr ® 1 = tr o pi we see that equation 3.8.1 equals equation
3.8.2, and we have proved the assertion. O

LemMA 3.9.— The maps pl : CP(g[t], Enda(W)[t]) — CP(g, Enda(W))
satisfy ! (6 A1) = pi(8) ApL (). In particular we get p(RE) = (p1 R ).

Proof. — pi((b AP)(01 A=+ A piq)

=p (PN QLA+ Adpig®1)

=pi Y sgn(0)d(S5(1) @ 1+ 85(p) @ D)Y(0o(pin) @ 1+ Oo(prq) @ 1)
(P,9)
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= sgn(0)pid(0o(1) - 0o () IPL () Oo(pr1) - o (pia)
(p,9)

= pi(éb) A pi(¢)(51 ARERNAN 5p+q)
and the lemma follows. O

We are now in position to prove the main theorem of this section.
TueoreMm 3.10. — Let A be any k-algebra where k is any field, and
let g be a Lie-Rinehart algebra. Let W be a locally free A-module with

a g-connection V. The class ch,(W,V) in H?"(g, A) is independent with
respect to choice of connection.

Proof.— Consider the complex C*(g[t], A[t]):
- — CP7H(glt], A[t]) — CP(a[t], Alt]) — CP*(glt], Alt]) — -
By functoriality we get:
C*(glt], Alt]) = Homa(A"(g @4 A[t]), A[t]) = Homa ((APg) @4 A[t], Alt])

= HomA(/\pg, A) Ra A[t] = HornA(/\pg,A) Rk ]{i[t]

It follows that we get an isomorphism at the level of cohomology-groups
H' (g[t], Aft]) = H'(g, A).
We get induced maps on cohomology groups
p. B (g[t], A[t]) — H**(g, 4)

with the property that

pL(tr(Ry)) = tr(Ry,).

It follows that

tr(RvO) = tr(Rv, ),

and the theorem follows. O

It follows from Theorem 3.10 that the Chern character from Theorem
2.12 is independent of choice of connection. We get a corollary:
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CoROLLARY 3.11. — Let A be a smooth k-algebra of finite type where
k is a field of characteristic zero. There exists a ring homomorphism

ch” 1 Ko(A) — Hig(A).

Proof. — There exists a natural map
OF — (Q5)" = Homa (APDery(A), A)

hence we get when QY is locally free an isomorphism i, : HRp(A) =
HP(Dery(A), A). Any connection

V:E—E®Q,
gives rise to a covariant derivation
V : Derg(A) — Endy(E).

One checks that the Chern class defined by V agrees with the one defined
by V via iy, and the claim follows. O

The ring homomorphism from Corollary 3.11 is the classical Chern
character from Theorem 2.1.

Note that by functoriality there always exist a diagram

Ko(4) ——  Ko(g)

l ch? J, ch?

H*DR(A) — H" (g’A)a
but the map Ko(A) — Ko(g) is not surjective in general: by the example
in [18], section 2 the following holds. Let k be a field of characteristic zero
and consider O(d) on P}. There exist a left Op:-linear splitting
PHO(d) 2 O0(d—1) & O(d - 1),
hence the Atiyah-sequence

0— Q'®0(d) — PH(O(d) — O(d) — 0
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is not left split. It follows that O(d) does not have a connection. If we
consider the linear Lie-Rinehart algebra V ¢ (4) of O(d) introduced in section
1 in [18], we see that O(d) has a V4)-connection. It follows that the
natural map

Ko(Py) — Ko(Voa)

is not surjective hence ch? is not determined by ch® in general. Note also
that the construction of the Chern-class ch,(W,V) is valid for any S-
algebra A, where S and A are commutative rings. The Chern character
exists when S is a ring containing the rationals.
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