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CRAMER’S FORMULA
FOR HEISENBERG MANIFOLDS

by Mahta KHOSRAVI & John A. TOTH

1. Introduction.

Let (M,g) be a closed n-dimensional Riemannian manifold with
metric g and Laplace-Beltrami operator A. We denote its spectral counting
function by N(t), defined as the number of the eigenvalues of A not
exceeding t. The local Weyl law [HO| asserts that as t — oo,

vol(By,)vol(M)
(2m)"

where vol(B,,) is the volume of the n-dimensional unit ball.

(1) N(t) = ﬁ"/Q + O(t(n—l)/Q)’

By considering the unit sphere, it is straightforward to show that the
estimate for the error term in (1) defined by

vol(B,,)vol(M) /2

@ R(t) = N() ~ “=5 ,
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is in general sharp. However, the question of determining the optimal bound
for this error term in any given example is a difficult one and depends on
the properties of the associated geodesic flow. In many cases, this is an open
problem. Nevertheless, for certain types of manifolds some improvements
have been obtained and in a few cases the conjectured optimal bound has
been attained (see [BG], [Be], [Bl], [Ft], [Go], [Hu], [Iv], [KP] and [Vo]).

The results obtained in this direction can be put into three categories:
(i) The first type of results deal with the upper bound for the rate of the
growth of the error term (i.e. the O-results). (ii) The second type deal with
finding a lower bound for this growth (i.e. the Q-results). (iii) Finally, the
third type are results about various averages and moments of the error
term.

For manifolds with completely integrable geodesics, Duistermaat and
Guillemin [DG] have proved that R(t) = o(t(*~1/2).

For convex surfaces of revolution, Colin de Verdiére [Co] showed that
R(t) = O(t'/3).

Hardy’s conjecture [Ha] for 2-dimensional tori, T?, says that
R(t) = Os(t11%) for V5 > 0.

Hardy proved that for T? this is the best possible upper bound.

There is a classical result of Cramér [Cr] which states that for T?:

lim —

T
/ R(t)Pdt = C,
1

_ 1 yoo r(n)? _ 20 — 42 42 :
where C 5 D1 with r(n) = #{(a,b) € Z*;n = a* + b*}. This

6 n3/2
result is consistent with Hardy’s conjecture.

In this paper, we address the following:
QuEesTION 1.1. — In what degree of generality is Cramér’s result true?

As the first, natural, non-commutative generalization of T2 consider
H,, a 3-dimensional Heisenberg manifold which has a completely integrable
geodesic flow [Bu]. Petridis and Toth [PT] have proved that for certain
‘arithmetic’ Heisenberg metrics on Hy, R(t) = O(t%/6%€). Later in [PT2)
the exponent was improved and the result extended to all left-invariant
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CRAMER’S FORMULA FOR HEISENBERG MANIFOLDS 2491
Heisenberg metrics. It was conjectured in [PT] that for Hy,
(3) R(t) = Os(t7+0).

Moreover, as evidence for this conjecture, Petridis and Toth [PT] proved
the following L? result for H; by averaging over the moduli space of left-
invariant metrics:

1
[N (t;u) — 6_2V01(M(U))t3/2|2du < Cgt3/2+5’
I3 T

where I = [1 — ¢, 1 + €]. They also proved that for sufficiently large T,

= /T IN(E) ~ g Ol (M) 2]t > CyT .

The conjecture (3) would follow from the standard conjectures on the
growth of exponential sums (see [CPT]).

In higher dimensions, ie. (H,/T',g) where n > 1, Khosravi and
Petridis [KP] proved that:

R(t) = Os(t" 5 19),

Moreover, they showed that this bound is sharp.

The main purpose of this paper is to prove that flT |R(t)|?dt has
meaningful asymptotics for Hi.

THEOREM 1.2. — Let M = (Hy/T',g) be the 3-dimensional Heisen-

1 0 0
berg manifold where the metric g is in the formg= | 0 1 0 |. Then,
0 0 27
there exists a positive constant ¢ such that
T i .
@) [ 1rwpa=crt v orie),
1
for every § > 0.
Remark 1.— Theorem 1.2 holds for all left-invariant Riemannian

metrics on H; /T satisfying the clean intersection condition (see [DG]). The
proof is similar.

TOME 55 (2005), FASCICULE 7



2492 Mahta KHOSRAVI & John A. TOTH

For Heisenberg manifolds of dimension n > 3 we prove:

THEOREM 1.3. — For (2n+ 1)-dimensional Heisenberg manifold with
I 0
the metric g = 2"52" 271_), where Io, o, is the identity matrix, one

can similarly prove that there exists a positive constant ¢ such that
T 1 1
(5) / |R(t)|2dt — T2t 3 + 06(T2n+z+5)R,
1

for every § > 0.

Remark 2.— The proof of Theorem (1.3) is very similar to the case
n = 3 and we include it in section 5. We are currently unable to extend
Theorem 1.3 to all left-invariant Riemannian metrics on H,, /T, but we hope
to return to this question elsewhere.

2. Background on Heisenberg manifolds.

We review here some basic material on Heisenberg manifolds. The
reader should consult [GW], [St] or [Fo] for further details.

2.1. Basic Definitions and notation.

For any two real numbers z and y let

o = 8

t 0
y |, X(z,yt)=1|0
1 0

oS O 8

1 t
y(z,y,t) = | 0 Yy
0 0

The real 3-dimensional Heisenberg group H; is the Lie subgroup of Gl3(R)
consisting of all matrices of the form ~(x,y, t):
Hy = {y(z,y,t) : z,y € Rt € R}.
The Lie algebra of H is:
h ={X(z,y,t): x,y € R;t € R}.
The matrix exponential maps h; diffeomorphically onto H; and is given by

the formula
exp : b1 — Hi,
X(x,y,t) = (2,y,t + 32.9).

ANNALES DE IINSTITUT FOURIER



CRAMER’S FORMULA FOR HEISENBERG MANIFOLDS 2493

The product operation in H; and Lie bracket in h; are given by

Y(@,y, t) (@ y' ) =y + 2y +y ),
(X (z,y,t), X (2,9, t)] = X(0,0, 2.9 — 2".y).

The algebra 33 = {X(0,0,t),t € R} is both the center and the de-
rived subalgebra of h;. It is also convenient to identify the subspace
{X(2,9,0),z,y € R} of h; with R? and so, h; = RZ @ 3;.

The standard basis of b is the set § = {X1,Y7, Z}, where the first 2
elements are the standard basis of R? and Z = X (0,0, 1). The only nonzero
bracket among the elements of § is given by [X1,Y1] = Z.

DeriNiTION 2.1.— A Riemannian Heisenberg manifold is a pair
(H1/T,g) where T is a uniform discrete subgroup of Hy (“uniform” means
that the quotient Hy /T is compact), and g is a Riemannian metric on Hy /T
whose lift to Hy is left Hi-invariant.

2.2. Classification of the uniform discrete subgroups of H;.

For every positive integer r, define
L. = {y(z,y,t) : x € 1Z,y € rZ,t € L}.

It is clear that I', is a uniform discrete subgroup of H;.

THEOREM 2.2. — ( [GW], Theorem 2.4) The subgroups T, classify the
uniform discrete subgroups of Hy up to automorphisms. In other words, for
every uniform discrete subgroup of H; there exists a unique r € Z, and an
automorphism of Hy which maps I" to I',.. Also, if two subgroups I', and
I's are isomorphic then r and s are equal.

CorOLLARY 2.3.— ([GW], Corollary 2.5) Given any Riemannian
Heisenberg manifold M = (H1/T, g), there exists a unique positive integer r
and a left-invariant metric g on Hy such that M is isometric to (H1 /Ty, §).

Since every left-invariant metric g on H; is uniquely determined by an
inner product on b, the left-invariant metrics can be identified with their
matrices relative to the standard basis of h;. For any g we can choose an
inner automorphism ¢ of H; such that R? is orthogonal to 3; with respect
to ¢*g. Therefore, (H1 /T, g) will be isometric to (H; /I, ¢*g) and we can

TOME 55 (2005), FASCICULE 7



2494 Mahta KHOSRAVI & John A. TOTH

replace every left-invariant metric g by ¢*¢g and always assume that the
h

0
matrix and g3 is a positive real number. The volume of the Heisenberg

manifold is given by the formula vol(Hy /T, g) = r+/det(g).

metric g has the form g = ( , where h is a positive-definite 2 x 2

2.3. The spectrum of Heisenberg manifolds.

Let M = (H;/T, g) be a Heisenberg manifold and C*° (M), the set of
the smooth functions on M. We can view functions on M as left I'-invariant
functions on H;. The Laplace-Beltrami operator on C°°(M) is given by:

3
Af=-) U/,
i=1

where Uy, Us,Us is any g-orthonormal basis of h; and the action of U; is
defined by

d

Uis) = (5) fresn (@) = (RUDFG),

where R is the quasi-regular representation of H; on L?(H;/T), that is
R(")f(v) := f(vy'). Thus, the extension of A to an unbounded operator
on L?(Hy/T) is given by,

3

Af == (RU)S.

i=1

Let ¥ be the spectrum of the Laplacian on M = (H;/T,g), where the
eigenvalues are counted with multiplicities. Then, ¥ = 31 U X5 ( see [GW]
page 258) where,

Y1 = {\(m,n) = 472 (m? + n?); (m,n) € Z*},

such that A(m,n) is counted once for each pair (m,n) € Z? such that
A= A(m,n).

The second part of the spectrum, X, is the set:
Yo ={plce,k) =2mc(c+ 2k +1));c € Zy, k € (Z4 U{0})},
where every p(c, k) is counted with multiplicity 2c.

ANNALES DE IINSTITUT FOURIER
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3. Estimates for regularized spectral counting function.

The idea of the proof is to use the Poisson summation formula to
write the error term corresponding to type II eigenvalues, in a form which
can be estimated by the method of the stationary phase.

The spectral counting function can be written in the form
(6) N(t) = Nr(t) + Nu(t),
where Np(t) is the spectral counting function of the torus, defined by:
Nr(t) = #{\ € Z1; A < t},
and Ny (t) is defined by
Ny (t) =#{) € 3s; A<t}

The estimates for Np(t) are well-known. For example,

7 Ne(t) = = +0(t),

will suffice for our purposes. This bound was known to Gauss. To evaluate
Ny (t), we write:

(8) Ny (t) = > 2¢.
c(c+(2k+1))<t/2m

To estimate (8) we split the sum, into two pieces: Define A; = {(x,y);z >
0,y >0,z(x+y) <t} and By = {(z,9);2 > 0,y > 0,z(x + 2y) < t}. Then,
we have

(9) Ny (2nt) = Na(2nt) — Np(2nt),

where

(10) Na@rt) = > (20)xa,(c,k),
(e,k)EZ2

and

(11) No@rt)= 3 (20, (k).
(c,k)€Z2

TOME 55 (2005), FASCICULE 7
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In order to apply the Poisson summation formula for N4 (27t) and
Np(2nt), we need to regularize the characteristic functions x4, and
xB,- Take p to be a smooth symmetric positive function on R? with
Jr2 p(2,y)dady = 1 and supp(p) C [~1,1]%. Let pc(z,y) = € *p(%, ),
where we make an explicit choice of € > 0 later on. Consider the mollified
counting functions:

(12) le(t) = Z (2¢)xa,(c, k) * pe(c, k),
(c.k)EZ?

and

(13) Ni(t) = D (2c)xs,(c.k) % pe(c, k).
(c,k)eZ?

LeEmMA 3.1. — Let T be an arbitrarily large number and put e = T~1.
Then, for 1 <t <T and C > 2 we have,

Nyt —C) < Na(2wt) < Ny(t+ C),

and
Ng(t—C) < Np(2nt) < Ng(t+ C).

Proof .— We prove the first series of inequalities in 3.1. The second
series follows in the same way. Given A; = {(z,y);z > 0,y > 0,z(z + y) <
t}, let A, to be the hyperbola z(z + y) = t. If a point X = (z,y) € Z,2
lies at a distance greater than v/2¢ from 9A;, then ya, * po(X) = x4, (X).

Therefore, by taking Q; = {(c, k) € Z?;dist((c, k), 0Aryxc) > V2€},

we have,

Nat+Ee)= Y (26)(Xapiw. *pe)(c, )

(e,k)eZ?
= Z (2C)XAt+Ke (C, k) + Z (20) (XAt+Ke * 106)(0’ k)
(c.k)e (c,k)eZ2\Qy

On the other hand,

Ny(2nt) = Z (2¢)xa,(c, k).
(c,k)eZ2

ANNALES DE IINSTITUT FOURIER
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So, to get NG (t + Ke) > Na(2nt), it suffices to choose ¢ and K so that
Z? N A; C Q. Since the closest point of Z? N A; to A4 k. is (1, [t — 1)),
it suffices to require that:

—t + V2 1 4t + 4K
+VP? + 4t + 4K Ve,

; 1) >

(14) dist((1, ), (

Equation (14) is equivalent to 4K e > 4e%+4+4et+8e. So, it is enough
to choose K > 2T and € < 7. The inequality N§(t — C) < Na(27t) can be
proved in the same way and we are done. O

Lemma 3.1 will help us to convert our results on N§(¢) and Ng(¢)
back to Ng(t).

Remark 3. —

(1) Henceforth, we always assume ¢ = T~! for a fixed large T and
t € [1,T]. Also, we assume that 4 is an arbitrary small positive number
independent of T

(2) By the notation f(z) < g(x), we mean that there exists a positive
constant C' such that |f(x)| < C|g(z)| for every x.

ProrosiTion 3.2. — The following asymptotic expansion holds for
N§:
4 3
(15) Na(t) = 1% = St+Ry(t) + O(tH ),
where,
R (1) Z ti cos (4t /1 ——)u‘iy—il(u—f—l/,u)
O<1/<,u
(16) Z ¢ cos (4mv/t\/w — —)/J_%Z/_%AE(/J,—FV, v).
0<u<u

Proof.— Applying the Poisson summation formula to N§(¢) in (12)
gives:

N;(t) Z2$XA A v)pe(A, v)
Av

TOME 55 (2005), FASCICULE 7
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= 2xXA <0a O)[)\E(O? O) + Z 2‘TXA()‘? V)//)\E()‘a V)
A#0,v=0

(17) + Z @A()HV)//)\G(/\V)_’_ Z @A(A7V)56(A7V)'
A=0,rv#0 AF#0,v#£0

We first estimate each term on the right-hand side of (17). For the first
term, we get:

. Vg 4
2xx 4(0,0) = // 2xdydx :/ / 2xdydr = §t
A o Jo

Since p.(0,0) =1,

[NEY

o~
(M)

Wl >

(18) 22X 4(0,0).5:(0,0) =

To evaluate the second term in (17), we write

_ , Vi ,

2xx 4(N,0) = // 22e2™ A dy da; :/ / 22e2™ A dy da:
A o Jo
t Vi

_ 4 4 4 2miAV/T
= wa T T ((2m’)\)2 (2m’)\)3) ¢ '

Therefore,

S Zexa (A 0).5: (7. 0)

A#£0
—t 4 8ViTiA —4 ,Aﬁ) .
= — + ——+ S e?mWVE) 50, 0)
fwrt (m)\ (2miN) (2miN)
—t
TIA
A#0

Without loss of generality, we can assume that p(z,y) = o(z)o(y), where,
0 € C§°((0,1)) such that [ o(zx)dz = 1. Then,

peX, 0 o(er 1 Smichs
SIS R - et

A£0 2A0 A#0
627rieAz
- [ (XS5 | etaa
R \ %o

ANNALES DE IINSTITUT FOURIER
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where, for the last equality we have used the absolutely convergence of
the summation 2 A0 1 Jg €™ o(z)dx. This follows by noticing that
% fR 627‘—“)@@(%‘)433
= 27ri16)\2 fR eQWZe)\mQ/(x)dx.

Using the formula [2] —z + 1 =)

627rinz

which holds for every

n#0 2mwin
z € 7, we get:
Pl 1
Z PN 0) = / 27i([ex] — ex + = )o(x)dx
) ® 2
A£0
1
(20) = / 2m’(§ —ex)o(x)dx = i + O(e),
R

since [ez] = 0, because g € C§°((0,1)).

Therefore, substituting (20) into (19) gives the following result for the
second term on the right-hand side of (17):

(21) Y 2ax4(N0)5(A,0) = —t + O(et) + O(Vt) = —t + O(V1),
A#£0

since € = T L.

For the third term on the right-hand side of (17), we have:
2ax 4(0,v) = // 22e*™ Y dydx
A

Vi Vit
:/ 2z e27riu(t/wfa:)dl,_/ 2z dr
0 0

2miv 2miv
1 1
2T o 2t
(22) :/ —.xe%“/gu(l/m_z)dx—/  dx
0 2miv o 2miv

We claim that the first integral on the right-hand side of (22) is < % To
prove this, put f(z) = X —z. Since f has no critical point, we integrate by

1_
parts to get:

1 2miNtv f(z L
/ erﬂ_i\/ZVf(w)dx _ xre f(=)
0 Vivf'(x) 0

[ i L ) il ),
0 (Vivf ()2

1
<L —.

Vitv

TOME 55 (2005), FASCICULE 7
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Therefore,

ZQJ?XAOV[)EOV ZO( ) PO, V)ZO(\/E)—%—FO(et)

2miv
v#0 v#0

v£0
(23) =~ +OWD),

since by symmetry >, p;(ﬂoi’ll/’) =D a0 p;:ﬁ;\) = 1 4+0(e) (see (20)) and
e=T71.

Finally, for the fourth term on the right-hand side of (17), we need
the following proposition:

ProposITION 3.3.— The sum
(24) DD Zexa(Av)peA v) = Ry (1) + Ot ),
A0 v#0
where,
RS (t) = Z ¢ cos ( 471'\/_\/#1/——) 751/7%;/)\6(/1—}-1/,1/)
\/5 o<v<p
(25) +— Z t cos (4mV/t\/1n f—) *Zl/*iﬁe(quu,z/).
\/Qﬂ— o<v<p
Proof.— See appendix A. O
So, combining the results (18), (21), (23) and (24) for the four terms
in (17) proves Proposition 3.2 and we are done. O
Remark 4. — The following similar estimate holds for Ng:
2
(26) Nj(t) = 5t —t+ Ry(t) + Ot ™),
where
1
1 3 cos@nviyim — Du” i p(n+v)/2,0)
g o<v<p
1 1
(27) ; ¢ Z cos (2mV/t /v — —) _ZI/_ZpC((/J,-i-V)/Q,I/).
o<v<p

ANNALES DE IINSTITUT FOURIER
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4. Proof of theorem 1.2.

Given the formulas for the regularized counting functions in Propo-
sition 3.2 and Remark 4, we prove Theorem 1.2 in three steps: First, we
find a new expression for R¢ in Proposition 4.1 so as to effectively estimate
averages over short spectral intervals. Then, we evaluate L2-estimates for
R4 (t) and R4 (t+C) — R%(t — C). Finally, using Lemma 3.1, we get rid of
the mollifier € and prove Theorem 1.2.

4.1. Step 1: A new expression for RS.

Following an argument of Cramér [Cr], we claim:

ProrosITION 4.1. — One can rewrite R (t) in the form:

4 = 57

(28) 4+ O0(t=19),

where 0(f(z)) = f(x +1) — f(x).

Proof. — Let Fq(t) be the first summation on the right-hand side of
(25), that is:

1 5 ~
Fi(t) = — E t1 cos (Amv/t\/ 1w — E)/A_ZV_% (p+uv,v).
Var 0<v<p 4

Then,

t 5
ta 7 3 T
Fi(w)du = ——— Ty 7 sin (4t — = )pe(p+v,v
/0 Aa(u) Wi 0<§u<uM drviv/uy = - )pe(n )

5t% 9 5 T
———— > pT v cos (mVi/ar — 5 )pe(p+ v, v)
16v/273 0<v<p 4

+O(t7).

TOME 55 (2005), FASCICULE 7
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Writing ft—H (w)du = t+1 F§(u fo F§(u)du, we get:

t+1
/ F5(u)du
¢

22\/_—27720;/;”# Ty” 40(t4 sm(47r\/_\/u_—z)> (n+v,v)

Z pivTig (t% cos (4mv/t\/pw — %)) pe(p+v,v)

o<v<p

5
+
16+/273
(29) +O(t%),

where 0(f(x)) = f(z +1) — f(2).

Next, we need:

LEMMA 4.2. — The following holds,

t+1
(30) R;(t):/t R (w)du + O(t 279,

Proof. — Write

t+1 t+1
By [ Radu= R0+ [ Ry - Ra@)du
Fort<u<t+1,
Ry (u) — R4 (t) = Na(u) — N5 (t) + O(VA).
So, using Lemma 3.1,

Ry (u) — R4(t) = O (Na(2m(u + C)) = Na (2n(t — C))) + O(V1)
(32) = O(N4(2mu) — Na(27t)) + O(V1).

From the definition of N4 (27t) (see (10)),

(33 N4 (27u) — Na(2mt) < > 2 = Os(t2 1),

c|[t+1],e<4/ [E+1]
for any 6 > 0. The lemma follows from (31), (32) and (33).

ANNALES DE IINSTITUT FOURIER
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Thus, from (29) and Lemma 4.2, it follows that:

1 _1 _3 E T\ ~
RZ@)ZW > wiv 4‘9(1545111(47\/5\/M *Z))Pe(lﬂrl/ﬂ/)

o<v<p

5 9 5 3 o
+ — _ZV_ZG(tZCOS 4T\t l/——)Ae +uv,v
TV 0; L (nvtyw — 7)) pe(p+v.v)
v<p
1 7 3 5 s
+ —— _ZV_ZH(tZsin At ——)/\E + v,V
WP O;; u (4nViviw — 7)) peln )
v<p
5 9 5 3 ™
+ — 7ZV730(7§ZCOS ATVt ——)Ae +uv,v
TV Ogiuu (Arviviw = 7)) pe(i )

(34) +0(t370).

We claim that the second and the fourth terms on the right-hand side of
(34) are O(t 7). Indeed, to bound the second sum on the right-hand side of
(34), use that 0(f(t)) = :H I (u)du to get

Z pivTie (t% cos (4mv/t\/iw — %)) Pe(pt+v,v)

o<v<pu

(35) < > TR R = O(th).

o<v<pu

The estimate for the fourth sum on the right-hand side of (34) is the same
as in (35).

Consequently, from (34) and (35), Proposition 4.1 follows. O
4.2. Step 2: L2-estimate for RY,.

We now show that for any § > 0,
T 5 9 S5
/ |RG(t)?dt = 1 T2 + Os(T'71°),
1

where ¢y is a positive constant.

For simplicity, we do the computations for ES(t), which is the first
summation on the right-hand side of (28) in Proposition 4.1; that is,

€

1 _r o3, (5 . T\ ~
EA(t):Q\/_—27r2 Z [T 0<t sin (4mv/t\/1t —Z)>p€(,u—|—1/,1/).

o<v<p
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Then,

T
| 1Eaord = o
1

Z / t4sm47r\/_\/ﬁ——)

0<V<M
o<v'<u’
0 (t% sin (4nv/t\/ /v — Z)) dt
(36) < w Eu TR T B (kv )Pl ).

Let n = pv, m = v, 0,(t) = 9(25% sin(47r\/f\/_—§)> and
O, (1) = 6 (t% sin (47/Iy/m — I )). It follows that,

' ' o 3 5
|/ en(t)em(t)dt‘ < ‘/ 0 (tze47”\/i\/ﬁ) 0 (tze47m\/i\/m) dt‘
1 1

T
(37) + | / 0 (tie—‘*’”\ﬁﬁ) 0 (ti e‘“i\/fm) dt.

1
For m > n, both integrals on the right-hand side of (37) are bounded by:

(38)

Vm—/n Vm—yno

(”MV\”N<IU+GI+LW’W

where
t3 1.5 4n Vi
G(t) = o= ((1+ ) Te mivm(ViFl=vVl) _q
(e byt )
t
By Taylor expansion, one can show that G(t) < min{t?,¢?\/mn} and
G/ (t) < min{t> + t2mz  t/mn}. So,

min{T3 +T3m= ,T?m2nz}

NN

(39) )0, (t)dt| <
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Next, we recall that:

(/1T9 <t% sin (47 V/t/av — g))

o<vs<p,
o<v/<pu’,
v #pv

x 0 (t% sin (477\/5\///1/ — %)) dtu—%y—%ﬂl—%yl—%
T

=2y > o> (/ Gn(t)ﬁm(t)dt> T T
1

m>0 p/ fm,p’ 2/m 0<n<m pln,u>/n

0) <> Y (/lTen(t)Hm(t)dt> R R e

0<m O0<n<m

Therefore, substituting the estimate (39) in (40), gives:

o<v<p,
o<v/<p!,
w'v!#pv

5 7 ,_3
><9<tZ sin(4ﬂ'\/1_f\/u’z/’— %)) dt,u*%yf% A YA
m3

I
min{T3 + T3mz,T?mz2nz} 545 _5.5
<> > NN netme s

0<m 0<n<m

T2m%n% 5 5
< _ n71+6m71+6
> (T

0<m<T,0<n<m

rsmz 4T3 _545 34§
e 4 4
+ E <\/ﬁ—\/ﬁ n m .

m>T
0<n<m

(41) = O(T*¥) + O(Ti+0) = O(T19).

(/f@(tg sin (47t /v — %))

Thus, we are left with the case where m = n, that is uv = p'v/. This
diagonal case will give the leading term in (36). We have,

(0,(1))? = 292 (ﬁ 64m‘x/f\/ﬁ) i i 02 (tg 674m\/{\/ﬁ)
1

(42) + 50 (t% e‘“”‘\/fﬁ) 6 (t% e*‘“”’ﬁ\/ﬁ) .
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The same argument used to prove (39) shows that:

92 Z AmiN/t/n g+§ T2n%n% _§+5_OT2
Z t <<27\/5+\/5X” =0(T?),

n>0 n>0

and the same estimate holds for 62 t%e—4m’\/f\/ﬁ>. So. we just continue
vt 10 o1} 1),

Now, for n < T, using the fact that 0(f(t)) = f(t+ 1) — f(t) =
+ft+1 duft 1" (s)ds, we have:

0 (t% e4mﬁﬁ> 0 (t i 6747”.\/5‘/5)
= (27ri\/ﬁt% ATV L O(nt s )) (—27Ti\/ﬁt% e~ VIV L O(nt 3 ))
= dn’nt? + O(n%t +n?ts ).

On the other hand, for n > T,

0 (t%e‘*”ﬁﬁ) 0 (t% e—‘“”'\/fﬁ) =0(t?).

Therefore,

> 5 ([lo(tmmivm- 1)

O<v<p o<v/<p/,
v =pv
G(t% Sin(47r\/5\/,u’1/—%) T 0e(pv, v)pe (' +v/, 1)

0<n<T pln,p=v/n p/ |n,u' =v/n

~ n n.,._. n n 5 =3 _ —
X Pelp S P+ )+ Y S 0@ T+ O(1?)

A A
wen n2T uln,uzvn,
wn,u=vm
3 8m% 1y -1 non W m.
=75 > > e E W et g R+ 5 )
0<n<T uln,u>vn, B W

! |n,p! =v/m
(43) +O(T*).
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We split the sum in (43) into the pieces where p < T4 and p > T'/*. We
claim that the piece where p > T'/4 is residual. To see this, note that:

TEON Y wt T w)e

o<wvsp, o<v/<pl,
wsTU4  wvi=py

D I SIS B S

u>TH/4 0<v<p W \pvp = /pv
5 _3 _1 1
<T? Y w2 Yy v —d(w)
u>T1/4 o<v<p
5 _ _
—7 Y pa) Y vldw)
pu>TL/4 o<v<p
5 _ 9
(44) =T2 Y p2d(u)log®(u) = Os(T5+0).
H>T1/4
So, if p < TY* then p/ < p'v' = pv < p? <T3. Since € = T~ !, we have

/

v<eu<T ~1 and e/ < e <T™ 3, Therefore, by Taylor expanding the
functions p(ep + ev, ev) and p(eu + e/, ev’) around the point (0,0) and
using (44), we can evaluate the summation in (43) as follows:

5 _1 =/ 7 . 7 N
T: ) > T T () 7R pe(p+ v, ) e+ V)
o<v<p 0<1//<y,

P

45) =73 3 N T T ()T 4 0s(TE).

o<v<p o<v/<u’,
p.ll//:y,y

Therefore, substituting (45) in (43), we get:

Z Z (/1T9(t%sin(47r\/¥\/ﬁ—g)>

O<v<p o<v/<p/,
w'v'=pv

<t4 sin ( 47r\/_\/W g))

) —rh Y Y Sehew T ot

0<n<T pln,p=v/m p/ |n,u' =v/n

TOME 55 (2005), FASCICULE 7



2508 Mahta KHOSRAVI & John A. TOTH

Finally, combining the results from (41) and (46), gives:
T 5 9
/ S, (6)2dt = enn T3 + 05(TE ),
1

where,

o0

0<v<p W pvp' > \/pv
o0
N I
1072 " K .
n=1 plnapzvin o=/

The argument for R (¢) follows in the same way and one gets:
r 2 5 9 S5

(47) / |RG(1)[?dt = e T2 + Os(T17°),
1

where,

SEET=D LD VEVAND D

pln,pzv/n wn.p'=v/n
oo
_1 —1 =1
+Y n72 > o >
n=1 pln,p>y/n B n,p' >y/m
o0
_1 —1 /—1
+2) n72 0 > W)
n=1 pln,p=ymn W |n,p >y/m

Remark 5. — The argument for R%(t) is the same as for RS (t). The
result is that:

T

(48) / RS (4)2dt = caT% + O5(TH %),
1

where ¢y = 2¢;1, and

T
(49) / IRS,(t 4+ C) — RS (t— O)2dt = ¢T'% + 05(T4+9),
1

ANNALES DE IINSTITUT FOURIER
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for ¢ = ¢1 4+ ¢2 — 2¢3, where c3 is a positive constant defined by

1 o0 oo
_ 7% —1 /71+ ,%
ST 1002 " K K "
n=1 pln,p=vmn W |4An,p >2/n n=1
o0
—1 /—1 1 —1 /—1
DN DI S DL ED DN D DR
plnsp>yn o/ lAn,p' >2y/n n=1 pln,p=y/m plldn,u >2/n
oo
_1 —1 1—1
+§ n 2 E jz E 1Y .
n=1 pln,u>/n w4n,u >2y/n

Also the same result is true for flT |RS(t — C) — R (t + C)|2dt.

Remark 6. — One can rewrite ¢ as the following:
1
c=—5 > n"16(n) (66(n) — 5(4n))

i —54n

HM8

where §(n) = Z d.

d|n,d<+/n

4.3. Step 3: Eliminating the mollification.

The last step in the proof of the Theorem 1.2 is to use Lemma 3.1 to
get rid of the mollification in € and prove the L%-estimate for Ry (t), which
is the error term corresponding to type II eigenvalues. From Lemma 3.1,
by choosing e = T~ and ¢t € [1,T], we get,

(50) (N(t=C)=Np(t+C))* < (N2(2mt))? < (N (t+C) = Nj(t—O))*

For simplicity we do the calculations for the second inequality in (50), the
other should be proceeded similarly. Taking L?-norms in (50) gives:

X
I

TOME 55 (2005), FASCICULE 7
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Thus, by expanding both sides in (51) we get:

X

25
3
2 3 2 r € € 146\\2
(Gt} = 30t + | (Ra(t+C) = Ryt — )+ O(t3+0)%dn
1 1

2
t

)th—F/T(RH(t))zdt—FQ/T(;t% _

+2/1T(§t% - % L O(E ) (R (t+ C) — RSy (t — C))dt.

Thus,

(gt% - %)RH(t)dt < /T(R;(HC) — R (t — C))dt

—
H

/T(RH(t))2dt +2
- 2/1T(§t% — L O ) (RY (¢ + C) — Rt — ).

We claim that

(52) /f(%t —%+0(t%+5))(Rf4(t+C)—RfB(t—C))dtZO(T%).

Nw

To see this, note that

T
3 1
tz2 BS(H)dt = —

/ 2 E5() o E

1 O<vgu<Tite

T
</ t%e%ri\/z\/wdt) lu*%l/*%ﬁe(p,ﬁ»u, I/) +O(T7°O)
1

wlo
N

< Z T5 T = o

O<vgp<Ti+e

which proves our claim in (52).

Hence,

/1T(RH(t))2dt+2/1T(

13

YRy (t)dt

Wl o
N[ o+

T(R;(t +C) = Rg(t—C))2dt+O(T7),

VA
—
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which implies that
T 9 To ., t 5 915
/ (Ru(t)) dt+2/ (24— DRu(t)dt < cTF +05(TH).
1 1
On the other hand, from the leftmost inequality in (50), we also have

T T
/ (RH(t))zdtJr?/ (%t% - %)RH(t)dt > T? +05(T ).
1 1

Hence,
T T 2 3 t 5 o
1 1

Similarly, it is also true that
T T 2 3 t s o
1 1

since

R4 (t—C) — R4 (t+C) + O(t2 %) < —Ry (t)
< RG(t+C) — Ry (t— C) + Otz 19).

to both sides of this inequality and

Therefore, by adding a term %t %

taking L2-norms we are done.
Combining (53) and (54), proves that

T
/ (Rp (t))2dt = ¢T3 + Os(TT19).
1

Now Ry (t) is the error term corresponding to Ny (27t) and we know that
it differs with R(27t) which is the error term corresponding to N (27t) only
by a term of order O(v/t). Therefore,

/T(R(t))th = ¢(2m)/2T% 4 O5(T519).
1

This proves Theorem 1.2. O
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5. Proof of theorem 1.3.

Let N (t) be the spectral counting function of the (2n+1)-dimensional
Heisenberg manifold. Therefore,

N(t) = Nr(t) + Nu(t),

where Np(t) is the spectral counting function of 2n-dimensional torus with
the metric h = Iy, x2, and Ng(t) is defined by

Nu(t) =#{(c, k1, ke, ... kn); ¢ > 0,k; > 0,2mc(c+ 2kt + ... + 2k, +n) < t}.

For Np(t) we use the trivial estimate resulted from Hormander’s theorem:

- g () w0 (1)

and we continue with computing Ny (¢):

Ny (27t) = > 2" = Y 2t > 1

c(c+2 Z kj+n)<t c(c+2k+n)<t ki+...+kn=k
_ n (k+n—1
= E 2c (n_1 )

c(c+2k+n)<t

2 np.mn— nin— n—4i
:chk 1+Zﬁck 2+O(t )

Let A; = {(z,y);z(x+2y+n) <t,z >0,y >0} and p.(z,y) be as defined
in third section. We define the mollified counting function N(t) as:

2 nipn—
Nt)= gy 2 (R T (e k) e
" (e,k)eZ?
n nipn—
(55) + (TL* )l Z (C k Q)XAt(Ca k) *pe(c7 k)
" (c,k)eZ2
ProrosiTioN 5.1.— The following asymptotic expansion holds for
N(t):
2n+1n! e L 1 o
(56)  Ne(t) = Gyt o "+ R(1) + 0 (t” 2+6)7
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2513
where,
=i T
Re(t) = m Oiu(fl)yn (o)) (271'\/th/ — Z)

—5 -t Yy BV
po = L (),
Proof.— Applying the Poisson summation formula to the first sum
in N(t) (defined by (55)) gives:

Z (k" Nxa, (¢, k) * pe(c, k) Zx” n—ly

AN V)pe(N,v)
(c,k)€Z2
= J;"y/;‘\ 4(0,0)p. Z "y g Ix A\ V) pe(\, V)
A#0,v=0
Zx"”l M v)pe(Nv) + Zx""l (A v)pe(A, V).
A=0,v#0 A#£0,v#0

We first estimate each term on the right-hand side of (57). For the first
term, we get:

anyn=1y ,(0,0) // "y Ldydx

= /O T (t — 2% — nx)"dx

(n!)22n 1 1 1
58 = PR ynty 2 yn O(t” 2).
(58) 2n+1)n gn+l *

Also, similar computations to the ones in section 3 show that

(59 ey 0.A(A0) = — 0 (i),

2n+1
A#£0

and

(60) Zx” =1y, (0,)p(0,v) = O (t"‘l>.

2
v#0
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For the fourth term on the right-hand side of (57),

t _z_n
nnl )\V / /21 2z nn127rz)\m+yydydx

_ (_ ) / x (_ o n)n 1 m((2)\ v)z+ Vt)dl‘
0

2"y T
vn Vi
(=D (n -1 / x"(i e n)n_2em((2x\—u)z+“7‘)dx
2" (miv)? 0 x
vngn 1
_ (=1)r"t / 21— 2% — E)nfleﬂi\/{(@)\fy)m+§)dx
2" iy 0 \/E

vn n—1 1
_ (_1) (n _ 12)t / Z‘n(l _ QZ‘Q o E)n—Qeﬂiﬁ((Q)\—v)m-‘r%)dx
2n(miv) 0 Vi

Now, using the method of the stationary phase and following the same
argument as in the appendix, we get:

Z ™y - Ix AN V) pe(N\ V)

A£0,0#£0
1
" vn ™ -5 _1 v n—1-~ /‘L+V
:mogiu(*l) cos (2my/tpy — F)u” Ty 4(1*;) ()

61) +0 (t"—%+5)

Combining the results from (58),..., (61), we have proved that:

m Z (""" V)xa, (¢, k) * pe(c, k)
(c,k)€Z2
- 2y r L R@®+0 (t"—%+5)
- (2n+1)! n_1)27n  plan € .
( )

Finally applying the Poisson summation formula to the second sum in N,(t)
(defined by (55)) and using the same argument that we used for the first
sum, we get:

n 1 1
(k") xa, (¢, k) % pe(c, k) = ——————t"+ O ("2 ).
(n—2)! " ge:ﬁ (n—1)127 ( )
This completes the proof of proposition 5.1. O
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Given the estimate (56) for N¢(t), the rest of the proof for theorem
1.3 follows exactly like the proof of theorem 1.2.

APPENDIX A
5.1. Proof of Proposition 3.3.

After a simple integration, we get for v # 0:

o ) Vit pt/r—z ) )
2'73XA ()\7 I/) — // 2xe27rz()\m+vy)dydx — / / 25662#1)\:6eZTrwydydJU
A 0 0

(62) :/\/Z 2z eQwi)\xGQWiu(t/x—:c)dx_/\/z 2z P2TINE o
0 0

2miv 2miv

The summation over the second integral in (62) leads to a term of order
O(t=+9) for every positive 8. To see this, for v # 0,

/\/E £€2ﬂi)\xdm _ l x627ri>\:c B 62772')@ Vit < ﬁ N L
2 v | 2miA 2miA2 |, vA  vAZ

Therefore,

Vit 2
2miAT -~
(/0 omiv dm) perv)

< > > (ng%\Q)JrO(t—OO)

0< ALttt o<yt te

A#0,v#£0

(63) = O(tiln*(1)) = O(t:+?),

where o and § are arbitrarily small positive numbers.

To evaluate the first integral on the right-hand side of (62), make the
change of variable y = %,

Vit 1
(64) / 2_93 e27ri)\m€27riu(t/zfx)dm — / 225—2,/ 627ri\/2((/\711)y+ % )dy
o 2miv o 2miv

Tt is convenient to introduce the new variable p = A—v. Let f(y) = py+ %
Then, the phase, f(y), has no critical point iff u = 0 or % < 0or ﬁ > 1.
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We show that in any of these cases, the summation over the integral in (64)
leads to a term of order O(t%"’é) for every positive §. To see this, note that

1
/y€2m‘\/f(uy+§)dy
0
) 1
_[yevie ] 1 /1<M>ewﬂf<wdy
Vi) |, Vid \ W)

< 1 1 axe | / |f” Y) 3
Vv " VoA f’ 0 Vi Pw)' T Vil

Hence,

1
2 ( / B amiviorts) dy) i+ v.v)
v g \NJO OV

— v
pn=0 or 1<: or &

<VEY S HVEY (V_1)+f S L iop)

o<v O<pu<v<tite £ <o, o<|pul<tite,
o<|v|<tite

(65) =0(tz 1)

Therefore, combining the results form (62), (63), (65) and (66), we

have
Z Z 2/'7;(.4()" V)Z)\E()‘v V)
AA0 v#£0

1
t
(66) — Z (/0 Trzyy 271'7\[(#?}"1‘ v )dy> (ﬂ + v, 1/) + O(t 3 +5)

0< £ <1,u#0

If0 < ﬁ < 1, then the phase has a critical point ,/ﬁ. Without loss of

generality assume that 0 < v < p. After making a change of variable

z= /Ly, we get:

1 I3
/ t_ye2”i\/f(uy+§)dy _ /\/j t—Ze2”‘/t“_”(z+§)dZ
o V 0 U

1
_ / tz 12 ormivim(=+1) g, +/ Zezﬂim(z+§)dz
0o M Lop

2

(67) + / Vi ATV D)
1 H
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1 4
Using a standard integration by parts, one can see that f02 % e2mivinv(z+1) 1,
=0(—— m W ). Therefore the the summation over this integral leads to a term

of order O(tz+?), that is:
Tt
(68) Z / —,2627”“”“_"@+ )dz Pe(p+v,v) = O(t%J”s).
o<vep \JO T

Consider the second integral on the right-hand side of (67). Applying the
method of stationary phase (see [Cop]), we get:

1
tz i 1 t s im t
(69) / _627m\/t,uu(z+;)dz — e47m«/t;w+7 + O( )7
Lp 2720/ [A]t v /Tty

and therefore, taking the summation we have:

1
Z (/ t—_Zezm'\/t"_”(zJr )dz> (p+v,v)
1 i

0<1/<u 2

(0 = 5o 3 VI T () 4 O(E1 ),
™

o<v<p

To evaluate the third integral on the right-hand side of (67), we use
the following lemma (for proof, see [Cop| pages 29-33):

LEMMA 5.2.— Suppose f and ¢ are analytic functions, regular in
a simply connected open region D in the complex plane, containing the
interval [1,a] from the real axis. Also, suppose that f is real on the real
axis and has exactly one stationary point x = 1 in [1,a] where (1) > 0.
Then,

¢ isf(x) 7, _ 0 isf(1)+ 4 L
M) [ @ e = [sseme O o),

where € 1=/ f(a) — f(1).

Therefore, from (71) we get that:
(72)

1 H Qﬁu\/[ﬂt,uy

TOME 55 (2005), FASCICULE 7
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where € = \ﬂ4]\/_ Hence, taking the summation gives:

L

Z /\/7 tz me/t,w(z-i- )dz (M+VV)
1 ﬂ'iﬂ

0<u<y

(73) ST VI R G (i  vw) + O3 ).

o<v<p

271'\/_

Combining (68), (70) and (73), we find that:

VE 1
> </ = ATV Az ) Bt )
o mip

o<v<p

4min/Tpy— 4 im % v i ~
S e P+ 1)
27T-V/_0<l/</1

't

(1) 45 3 VIR ) + 0 ),
Y8

o<v<p

Given a similar result as the one in (74) for the case u < v < 0, we have
proved that:

Z Z @A()ﬁ V)ﬁe@" V)

A£0 v£0
1
t
= > (/ i >dy) (it vv) + O +)
0<2<1,u0 N0 iy

= L > e - Dt )
0<v<p

> thcos (4nviyar — Du Ev B u+vv) + 03,

O<v<p

1
4+
V21

which proves the proposition. O
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