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PROPAGATION ESTIMATES FOR DIRAC OPERATORS
AND APPLICATION TO SCATTERING THEORY

by Thierry DAUDE

1. Introduction.

Time-dependent methods in scattering theory were introduced by
Enss twenty five years ago in [10] and [11]. They were originally developed
to solve the N-body problem in nonrelativistic quantum mechanics. This
was achieved thanks to subsequent improvements due, among others, to
Sigal and Soffer [30], Graf [18] and Dereziniski [7] (in chronological order).
A detailed and complete presentation of these methods can be found in
the book by Derezinski and Gérard [8]. In the framework of relativistic
quantum mechanics, such techniques provide an intuitive description of
scattering, based on the essential structure of relativity: the light cone. In
this work, we use such an approach to give a complete scattering theory
for massive Dirac operators with long-range potentials in flat spacetime.

Similar results have been obtained first by Enss and Thaller [12] and
Mutharamaligam and Sinha [26] using the Enss method and the RAGE
theorem. Recently, Gatel and Yafaev [13] improved these results for a
large class of potentials by means of a stationary approach based on a
limiting absorption principle and radiation estimates for time-independent
observables. The novelty in our proof is the systematic use of time-
dependent observables as proposed in [8]. In particular, this leads to
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2022 Thierry DAUDE

propagation estimates for the Dirac fields which, in turn, will greatly
simplify the construction of wave operators. The Mourre theory and
commutator methods will be the basic tools in our study. Let us point
out that these results can be used to develop scattering theories in General
Relativity. For instance, we have in mind the works by Hafner and Nicolas
[20], Melnyk [24] and Nicolas [27], on the scattering for Dirac fields on black
hole spacetimes. In the case of Kerr black holes, it has been shown in [20]
that a Mourre theory and time-dependent techniques are necessary.

We consider a massive Dirac hamiltonian denoted by H acting on
the Hilbert space of physical states H = [L%(R3)]*. The hamiltonian H
is the sum of the usual free Dirac operator Hy = I'p + mI°, m > 0,
p = —iV where T° T = (I'}, I'2, I'3) are Dirac matrices and a potential V (x)
of Coulombian type at infinity which is the sum of a scalar and a matrix-
valued multiplication operator. According to the Heisenberg description of
quantum mechanics, we shall focus our attention on the unitary evolution
e ®H and on the behaviour of (time-dependent) observables along this
evolution; that is to say, if A; denotes a time-dependent function with
values in selfadjoint operators on H then we are interested in studying the
behaviour of operators of the following type

At (t) = eitHAte_itH.

Note that for ¢ € H such that the expectation value (v, A;(t)y) is well-
defined, this quantity corresponds to the mean value of the results of many
measurements which are all performed on systems identically prepared to
be in the state ¥. Actually, our main objects of study will be asymptotic
observables defined by

s— lim e Ae™#H

t—+too ’

when the limit exists. It was the essential idea of Enss [10], [11] to describe
the evolution of asymptotic observables such as position and momentum
and to use this information to obtain results in scattering theory. More
precisely, in the case of Dirac operators, Enss and Thaller [12] proved the
vanishing of the following limit

a0 im e(f(F) —SW)e e, v € HE(H),

where H¢(H) denotes the continuous spectral subspace of H and f €
Co (R3), the space of smooth functions tending to 0 at infinity. Here z is the
standard position operator and V = pHj ! is the classical velocity operator.
This result can be interpreted as follows: there exists a correlation between
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the localization of a scattering state at late times in a narrow cone (linearly
increasing with time ¢) and its velocity, that is to say this result describes
“propagation in phase space”. One consequence of this is that “scattering
states have been incoming in the remote past and will be outgoing in the
far future, moving away from the region of significant interactions” (quoted
from [12]) which is already a weak version of scattering.

More recently, many authors turned their attention to the construc-
tion of such observables and their application to scattering. In particular,
Sigal and Soffer [30], [31], Graf [18] and Derezinski and Gérard [8] improved
the methods of Enss by using the method of positive commutator also called
method of positive Heisenberg derivative due mainly to Mourre in [25] and
refined, among others, by Amrein, Boutet-de-Monvel Berthier, Georgescu
in [1]. A motivation of their work was related to one of the main problems
in scattering theory: how to define wave operators when the interaction V'
is long-range (that is to say when the potential falls off no faster than |z|~*
when |z| tends to infinity). In such a case, the classical wave operators

Q:I: —s— lim eitHe—itHo lac(Ho),
t—too
are no longer available. Instead it is necessary to replace the comparison
dynamics e~ ®Ho by a more complicated one, usually in the form e~*5(¢V)
where the function S has to be well chosen. Unfortunately, this choice
has no reason to be unique and thus it would be interesting to find some
natural and uniquely defined objects that, in turn, entail a natural and
unambiguous definition of the wave operators.

One example of uniquely defined construction associated to the dy-

namics e~ *# is the selfadjoint operator called asymptotic velocity denoted
by P* and defined by

+ . . IRT itHYL _itH
(1.2) P*:=5-Cx t_lgtnooe L€ ,

The notion of strong-C-limit is explained at the beginning of Section 5.
The asymptotic velocity admits the other characterization in terms of the
classical velocity operator V

.o o itHy,,—itH
(1.3) P i=5-Cyx t_l}inooe Ve ,

and we see that (1.2) together with (1.3) imply (1.1). For instance,
Derezifiski and Gérard succeeded in constructing wave operators of the
form QF = eitHe~15(tV) gatisfying in particular the intertwining relations

0F Ho(Q*)* = H1°(H),
VOt = Pt
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2024 Thierry DAUDE

Let us emphasize that it is the essence of wave operators to make the link
between the physical quantities associated to the system (here the energy
H and the asymptotic velocity P*) and simpler physical quantities which
allow us to make some computations (here the energy of the free system
Hy and the classical velocity operator V).

Although it is not obligatory to introduce such an observable in the
case of Dirac operators, the asymptotic velocity turns out to be a relevant
construction at least for two reasons. First it exists under rather weak
conditions. It can be shown (see [8], Section 4.10) that for certain 2-body
hamiltonians for which the asymptotic velocity exists, the wave operators
fail to be complete. Thus, in this sense, it could serve to define a “ weak”
notion of scattering theory. Secondly the asymptotic velocity can be used as
a very convenient tool to prove the existence and asymptotic completeness
of wave operators. For instance, an important feature of P* is
(1.4) 10y (P*) = 17P(H),
that is to say the states of zero asymptotic velocity coincide with the bound
states of H. This property not only gives a first classification between the

states in ‘H, which is the initial purpose of scattering, but will allow us to
use the standard Cook method in the proof of asymptotic completeness.

Let us now briefly describe the content of each sections.

In Section 2, we give an abstract framework for massive Dirac Hamil-
tonians and analyse some basic properties concerning their spectrum and
problems of domain invariance. Next we study in details the Zitterbewegung
phenomenon for the free Dirac operator Hy which arises when one tries to
define the velocity operator V. Recall that, in the case of Schrédinger oper-
ators, the velocity operator is defined as the time derivative of the position
operator and it turns out that it is independent of time. However, for Dirac
operators, the time derivative of the position operator is time-dependent
and oscillates around a mean value which is the classical velocity opera-
tor V. This phenomenon will be the source of technical problems in the
derivation of weak propagation estimates in Section 4. To overcome these
future difficulties, we must introduce a new position observable, called the
Newton-Wigner operator, whose time derivative is exactly V.

Section 3 is devoted to a short overview of Mourre theory as pre-
sented in the initial work of Mourre [25] but also revisited by Amrein,
Boutet de Monvel Berthier, Georgescu in [2] and Georgescu and Gérard
in [14]. In particular we define a new locally conjugate operator for Dirac
Hamiltonians which turns out to be convenient for our purpose.

ANNALES DE L’INSTITUT FOURIER
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Section 4 establishes the weak propagation estimates. Large and min-
imal velocity estimates give an important information on the probability to
find the particle in certain cones in spacetime at late times. For instance,
the minimal velocity estimates asserts that a particle having an energy
strictly larger than its mass m has to escape from a narrow cone |z| < ¢t
asymptotically in time. On the other hand, microlocal velocity estimates
are a slightly stronger version of (1.1) and indicate that we can approach the
position operator = by tV at late times. All these estimates rely entirely on
positive commutator methods and Mourre theory. In particular, we state
a result ([17] and [22]) which shows how the minimal velocity estimates
are intimately related to the existence of a locally conjugate operator. At
last we state two results due to Cook and Kato which allow to make the
link between weak propagation estimates and the existence of asymptotic
observables.

In Section 5, we prove that the asymptotic velocity P* defined by
(1.2) exists and can also be characterized by (1.3). Then we study its
spectrum which, physically, corresponds to the asymptotic propagation
velocity of the fields and we prove that

o(P*)=B(0,1),

B(0,1) being the closed ball in R3 of center 0 and radius 1. Eventually,
using only the minimal velocity estimates, we also prove property (1.4).

Section 6 is devoted to the construction of wave operators Q*. In
our case where potentials of coulombian types are considered, a Dollard
modification is enough for the definition of these operators when combined
with an idea due to Thaller [12], that allows us to define properly this
modification and avoid problems caused by the matrix-valued potential.
We will then make a crucial use of the asymptotic velocity operator P+
and property (1.4) to transform the problem into a time-dependent one for
which Cook’s method can be applied. It could seem strange to introduce
such a time dependence in the proof but, in fact, one obtains an agreable
way of proving the existence and asymptotic completeness of the wave
operators by handling only time-dependent quantities which are integrable
along the evolution.

In Appendix A, we recall two well-known techniques used for the
manipulation of functions of selfadjoint operators: for integrable functions,
the Fourier transform can be used, but in the case of smooth and not
necessarily integrable functions, the correct tool is the Helffer-Sjostrand
formula [21]. In each case, we state a commutator expansion of [T, f(A)]

TOME 54 (2004), FASCICULE 6



2026 Thierry DAUDE

in terms of the multiple commutators ad® (T') for two selfadjoint operators
A, T. In particular, the required assumptions on the operators A and T are
carefully detailed.

Eventually, in Appendix B, we establish weak propagation estimates
for time-dependent Dirac Hamiltonians and we construct the associated
asymptotic velocity used in Section 6 for the construction of the wave
operators.

2. Properties of Dirac operators.

2.1. Abstract framework.

In this paper, we shall denote by Hy the free massive Dirac Hamilto-
nian on flat spacetime acting on H = [Lz(le)]4 the Hilbert space of four
component square integrable functions. Precisely, we consider the differen-
tial operator

Ho=T.p+ml%=T'p; +?py+ I3ps + mI°, p; = —id;,

m being the mass of the field. We shall assume that the mass m is
strictly positive. Hy is a selfadjoint operator on D(Hp) = [H! (R3)]4 where
H(R3) denotes the usual Sobolev space of order one in R3. Here ['*
correspond to the Dirac matrices satisfying the anti-commutation relations
{T#,T*} = 26" for every u,v = 0,..,3 (6*” stands for the Kronecker
symbol). We shall use the following usual representation for the Dirac

matrices. o .
0 o 0 & 0 o
= T'* =

e (o ) (e )
where the Pauli matrices o* are given by
1 0 01
0 _ 1 _
(1) =)
0 — 1 0
2 _ 3 _
”'(i 0)’ "‘(0 —1>'

The free Hamiltonian Hy will be perturbed by some external field.
Let us consider two functions V; and V5 belonging to the space

STHRY) = {f € C°(R%)/ Ya € N®, |02 f(z)| < c<$>-1—|a|},

ANNALES DE L’INSTITUT FOURIER
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where (z) denotes the multiplication operator by (1 + |#|2)Z acting on
each component of H. The perturbation will be given by the matrix-
valued multiplication operator V(z) = Vi(z) + V2(z)T'° acting on H. The
potential V; (resp. V2I'?) is understood as an electric potential (resp. scalar
potential i.e. VoI'° corresponds to an x-dependent rest mass). We refer to
[32], chapter 4, for a presentation of the usual external fields for Dirac
equation. Thus the interacting Dirac operator given by the sum of Hy and
v,

(2.1) H = Hy + V(z),

is a self-adjoint operator on the domain D(H) = D(Hy) by the Kato-Rellich
theorem.

It is well known (see [32], chapter 1) that the spectrum of Hy has the
following structure

o(Hy) = 04c(Ho) = (=00, —m] U [+m, +00).

Moreover, the assumptions imposed on the interaction V imply that the
difference of the resolvents (H —2)~! — (Ho—2)"! = —(H —2)"'V(x)(Ho—
2)7! is a compact operator in H. Therefore by the Weyl theorem, the
essential spectrum of H is the same as the essential spectrum of Hy.

Uess(H) = Uess(HO) = (—OO, _m] U [+m, +OO)

However the operator H may have non-empty pure point spectrum. It will
be crucial for the later analysis that the operator H be invertible. But
assuming that 0 € o(H) , it is then possible to find a smooth positive
function e.g. f € S(R®) the space of Schwartz functions such that the
operator H + f(z) be invertible. Thus, up to a smooth function, we can
always consider that 0 ¢ o(H). For more details we refer to [4].

2.2. Domain invariance.

In this section, we are interested in studying the invariance of the
domain D{{z)"), n € N under the action of the unitary one-parameter
group {e **H},.g. As a consequence, we shall also obtain some information
on the invariance of D({(z)™), n € N under the action of the resolvent
(H—2)71Y, 2 ¢ o(H) and of any operator x(H) with x € C§°(R). We state
now the main result.

TOME 54 (2004), FASCICULE 6
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THEOREM 2.1. — Let H be the Dirac operator (2.1). Let x be the
standard position observable. Then for any n € N,

(2.2) e " D((z)") C D((z)"),
and there exists a constant C, such that

(2.3) ()™ e ]| < Co(L + [t)" ()" .

Proof. — We proceed by induction on n. The result is trivial for
n = 0 and given n > 0 assume that (2.2) is satisfied for n — 1. The key of
the proof is to approach (z)™ by a bounded operator X for which estimate
(2.2) is true uniformly in A. We define
(z)"
Xy=——"——.
AT T+ @)

Clearly we have
lim X3¢ = (2)", V¢ € D((z)"),

and this operator is bounded as well as its derivative
nz(z)n 2

(1 + XNz)n)?’
Let us compute the Heisenberg derivative of X.

E-‘X)\ (t) = eitHi[H, Xk]e_itH,

dt
— eitHri[p, X}\]e—itH’
oAt
2.4 — ’LtHI\ (z) —th.
24) RN YIS

Integrating (2.4) between 0 and ¢, we obtain Vi) € D((z)")

[8$7X>\] =

, bl ()t
—itH (z) —isH
Xae il < X0l + [ [P e s
[t] n—1 )
(25) < ||X/\1/f|| +7’L/0 H(Tj—xi\(—xwve_wHdes’
2] )
(2.6) < Xl +n /0 )™ e 5| ds.

As D((z)™) € D({z)""'), the induction hypothesis implies

. [l
(2.7) I!Xxe‘”HwéIIXwaI+n0n_1||<:r>”-1w||/0 (1+ [s)""ds.

ANNALES DE L’'INSTITUT FOURIER
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The right-hand side of (2.7) is uniformly bounded in A, as A — 0. Therefore,
computing the last integral, we obtain

(@)™ |l < (@) [l +n Cra ()™ II(1 + [E])",
(2.8) < Cua(L+ 1))y,

which concludes the proof. O

Theorem 2.1 has the following corollary, essential to derive the weak
propagation estimates in Section 4.

COROLLARY 2.1. — Let H a self-adjoint operator satisfying the
conclusions of Theorem 2.1. Let z € C such that Imz # 0 and n € N.
Then

(2.9) (H - 2)7'D(()") € D({z)").
Proof. — Tt is an easy consequence of (2.2) and the resolvent formula
(2.10) (H — 2)" 1 = ie / e“Fle T Hyydt, Wy € H,
0

where € = sgn(Im z) and the integral converges in norm. As (z)" is closed,
we have Yy € D((z)™),

o)t = 2l = 1 " gt gyt oy di

oo
2.11 < Cul(z)™ 1+ t)rem<m)t gy,
(
0
Let us denote I, this last integral. An integration by part yields
1

We deduce by induction from (2.12) that
2.1 I < Curt”
( . 3) n nma

which is bounded for z fixed. This proves the corollary. ad

2.3. Zitterbewegung and velocity operator.

In this section, we give a short presentation of the Zitterbewegung
phenomenon which naturally arises when one tries to define the “velocity”
operator for the free Dirac operator Hy. For more details, we refer to [32].

TOME 54 (2004), FASCICULE 6



2030 Thierry DAUDE

The velocity operator is usually defined as the time derivative of the
position operator. The most natural choice is to consider the operator of
multiplication by z acting on H. Then we define

l'(t) — @itHOxB_itHo,
the time translated position operator. Formally we have

dx(t St H - —;
di) — eltHOZ[Ho,ZL‘]C tHo’

(2.14) = eitHoTe Ho —. (p),

According to classical relativistic kinematics, we would have expected to
obtain V = pHy ! i.e. the classical velocity operator instead of I'(t). Let us
analyse the time dependence of T'(¢).
dr'(t , ,
dg ) _ GZtHO’i[HQ, F]e—ltHo,
= e"M0iHy[l — H, 'T'Hole "o,

An explicit short calculation shows that I' — Hy 'T'Hy = 2(T' — V). Thus
dz(t)
dt

where F' = I" — V. The operator F is one aspect of the Zitterbewegung
phenomenon. One of its main features is that it anticommutes with Hy

(2.15) = 2iHyF(t),

(2.16) FHy = —H,yF.

We conclude from (2.16) that F(t) = e**HoF and integrating (2.15)
between 0 and t, we see that

L(t) =V + ¥R

Thus we see that the standard velocity oscillates without damping around
the classical velocity operator V and this oscillation is called Zitterbewe-
gung. Integrating again, we obtain

1 ,
z(t) == +pHO_1t + m(@QnHO —1)F.

All these formal results can be made rigorous and we have the following
theorem (Thaller [32], Theorem 1.3, p. 20):

THEOREM 2.2. — The domain D(z) of the multiplication operator
x is left invariant by the free evolution

D(z(t)) € D(z),

ANNALES DE L’INSTITUT FOURIER
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and on this domain, we have

_ 1 ;
(2.17) z(t) = = + pHy 't + THO(&”HO — 1)F.

The problem arising from the Dirac equation is that certain observ-
ables such as the position operator z(t), mix positive and negative energies.
To overcome this difficulty we can choose some other operators to be the
position observables of the theory. In particular we are interested in the so-
called Newton-Wigner observable. Let us first define the Foldy-Wouthuysen
transformation Ugyw . This transformation diagonalizes the Dirac operator
Hy in H. Denoting F the Fourier transform on H we have

(2.18) (FHoF ') (k) =T.k + mI°,

and for each k € R3, the right-hand side of (2.18) is a Hermitian 4 x4 matrix
which has the two eigenvalues {—\(k), A(k)} where A\(k) = vk% + m? and
both eigenvalues have multiplicity 2. Let us call P(k) the unitary matrix
such that

Ak) 0 0 0
P(k)(T.k +mI)P(k)~" = 8 AE)’“) B Ao(k) 8 ,
0 0 0 —AK)
where
 (m+AR)L+TT polk
(219) P = EE s = a1+ o (DI
and

(2.20) as (k) = \/Lﬁ‘/liﬁ%'

We also have

- 10 T.
m+ A(k))1 —-T°T.k o ()1 — a_(k)l"o—k,
20(k)(m + A(k)) ||
We define the Foldy-Wouthuysen transformation Upw = P(p)=F ' P(k)F

acting from H to H. This transformation is clearly unitary on H and Hy
conjugated by Upw can be written as

U H U_l _ \/]72 + m2 0
FW 0 FW — 0 _ /p2 + m2 .
Whence Hj is unitarily equivalent to a pair of square root of Klein-Gordon
hamiltonians.

(2.21) P l(k) = (

TOME 54 (2004), FASCICULE 6



2032 Thierry DAUDE

Now we turn to the definition of the Newton-Wigner operator denoted
Tnw- We set
Lnw = UF_‘}VxUFW
This operator has the following properties (see [32])

e It leaves invariant positive and negative energy subspaces of Hj i.e.
[Znw, 1r+ (Ho)] = 0.

e On D(z,,), the following equality holds

(2'22) Tnw (t) = eitHOxnwe_itHO = Tnw + VL,
or equivalently
(2.23) i[Ho, Tnw] = V.

It is worth pointing out that the Zitterbewegung does not appear in the
formula (2.22). This important feature of the Newton-Wigner operator
will be helpful for the construction of the asymptotic velocity in the
next sections. However the results we need to prove involve the standard
position operator and so, we have to make the link between x and ..
Unfortunately we have the following complicated formula, see [32]
ro 1 1

~ 5 (- Nt m) (Tp)p) - O+ )
where S denotes the spin angular momentum and is defined by S =
—iT' AT and A = y/p? + m?. The symbol I' AT denotes the three matrices
D ki €, T where € is the totally antisymmetric tensor. Observe that
the spin angular momentum S is bounded, everywhere defined and self-
adjoint. Concisely, we shall denote by Z the bounded operator on H such
that T,., = £+ Z. As the expression of Z is difficult to handle, the Newton-
Wigner operator has not been used in previous works [5], [12] or [13] on
Dirac’s equation. However we shall need this operator for deriving the
microlocal velocity estimates in Section 4 especially the formula (2.23) will
be of great help to us. Eventually the only information on Z we shall need
is given by the following lemma.

(2.24) Ty = X S Ap,

LEMMA 2.1. — The commutator [z,Z] between x and Z is a
bounded operator in 'H.

Proof. — This result follows from the definition (2.24) of Z. Ac-
cording to this definition, we can view the operator Z as a matrix-valued
function of p. Moreover we have

Z=(z »(p))ij, where Z;; € ST'(R?), Vi,j = 1,2,3.

ANNALES DE L’INSTITUT FOURIER
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Therefore using the Helffer-Sjostrand formula (A.29), we get for any
m=1,2,3
3

(o 7] - (2; / @3 (T1 A )mop ([T B )i 5

=1 ky=1 ko=l
3 3 3
- (27r Z( I1 Rkl)zélm< I1 sz)dz A dz,
=1 k=1 ko=l
where Ry = (zx — px)~!. Thus [z,,, Z] is bounded by (A.22). i

3. Locally conjugate operator.

The main idea of Mourre theory is to find an operator, usually denoted
by A, which increases along the evolution e *## in a suitable sense. If we
denote A(t) = e Ae~%H this means that the time derivative of A(t)
must be essentially positive or equivalently, the commutator between H
and A has to be essentially positive. Precisely, can we find an open interval
A of R, a strictly positive constant € and a compact operator K on H such
that

(3.1) 1a(H)i[H, AlLa(H) > 134 (H) + 1a(H)K1a(H).

In the case of the Schrodinger operator, the usual generator of dilation
D= %{xp + p.x} is a good candidate for a conjugate operator. It turns
out that the same operator also satisfies (3.1), when H is the Dirac operator
previously defined, for a suitable open interval A in R. However, there exist
many other possible choices for A which may be more adapted to the Dirac
equation and make the verification of the assumptions easier. For instance,
see [5], [15] and [23]. We shall use a locally conjugate operator which is
close to the choice made in [23].

Let us define the operator
1
E{x.pHo'l + Ho—lp.x}.

Concisely, we write Ay = %{azv + V.x} and commuting = and V), it is easy
to see that A9 = V.x + By where By = %HO_IF.F is a bounded operator in
H. It is defined and essentially self-adjoint on D(z) (see [23], Lemma 3.1).
This operator has the important property

(3:2) i[Ho, Ao] =V,

Ag =

TOME 54 (2004), FASCICULE 6
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where the commutator is computed on a suitable domain e.g. C§°(R3).
Therefore the commutator between Ag and Hy is positive which seems to
indicate that it could be another good candidate for being the operator A.
Unfortunately, the addition of a matrix-valued potential V' to Hy prevents
us from proving the Mourre estimate (3.1) for (H, Ao).

Actually, it is better to consider the following operator
1
(3.3) A= §{z.pH_l +H_1p.3:},

which is also defined and essentially self-adjoint on D(z) (see below). It
is easy to see that this operator is related to Ay by a bounded operator.
Precisely, using the resolvent identity, we have

A=Ay — %x.pH“lV(x)Ho_l - %HO_IV(x)H_lp.x = Ay + B,

and B is bounded. Thus the Heisenberg derivative of A will be essentially
V2 plus or minus some compact terms. Indeed,

i[H, A] = %[H,w.pH‘l + H_lp.m],

(34) = %(P.pH"l + H"lp.r) - %(w.VV(a:)H‘l + H_IVV(x).a:).

The second term in the right-hand side of (3.4) is clearly compact in H since
z.VV (z) belongs to S~*(R3) and thus the standard compactness criterion
applies.

To see that the first term in the right-hand side of (3.4) is essentially
equal to V?, observe that

T.pHy' ~TpH ' =TpH;'V(z)H™ ! = L,

where the operator L is compact in H by the standard compactness
criterion. Thus this term is equal to

—;—(F.pH_l + H-lp.r) - %(r.v + v.r) - %(L + L*).

Now we write I' = V + F' and noting that %(V.F +F.V) = 0, we eventually
obtain

(3.5) i[H, Al =V? - %(L n L*) - —;—(x.VV(:c)H_I n H'1VV($).a:),

or concisely, i[H, A] = V2 + K where K is compact. We use this result to
prove the following lemma:

LEMMA 3.1. — Let A be an open interval of R such that A N
[—m,+m] = 0. Then there exists a strictly positive constant € depending
on A and a compact operator K such that (3.1) holds.

ANNALES DE L’INSTITUT FOURIER



PROPAGATION ESTIMATES FOR DIRAC OPERATORS 2035

Proof. — Let x € C§°(R) a function such that supp x C (—oo, —m)U
(+m,4o00) and x =1 on A. Let us compute the commutator
X(H)ilH, Alx(H) = x(H)V*x(H) + K,
= X(Ho)V*x(Ho) + K,
because x(H) — x(Ho) is compact. But if we diagonalize Hy via the Foldy-
Wouthuysen transformation, the first term can be written as

X(Ho)V2x(Ho) = Uppyx(TOA®))Upw V2U iy x (TN P)) Urw,

2

— -1 10 p 0
Now provided the support of x strictly avoids [—m, +m], there exists a
strictly positive constant € such that x(A(p)) = 0 for p? < é. Hence we get

2
Urw Tx(A(P)) XA (@) Urw

_r
p2 + m2
é _
> U w TOXA@)X(A (D)) Urw,
or, if we set € = H—inw;,

Xx(Ho)V?x(Ho) > ex*(Ho),
which concludes the proof of the lemma. O

Even though the Mourre estimate (3.1) is the crucial property of
the a locally conjugate operator, some extra assumptions are needed to
obtain a complete scattering theory. There exist several versions in the
litterature depending on the degree of refinement required by the problem.
A very complete account of the theory can be found in [1]. We shall
use for the definition of a locally conjugate operator a certain notion
of regularity between two self-adjoint operators introduced by Amrein,
Boutet de Monvel-Berthier, Georgescu [1]. Precisely,

DEFINITION 3.1. — For a selfadjoint operator A, we say that an-
other selfadjoint operator H belongs to C*(A), k € N, if and only if
(ABG) 3JzeC\o(H),s — 4 (H —2)"le7 4 e C*(R,; B(H)),
for the strong topology of B(H).

We give now the definition of a locally conjugate operator A and the
main theorem we shall use.

DEFINITION 3.2. — Let H, A two self-adjoint operators on H. Let
A C R an open interval. We shall say that A is a locally conjugate operator
of H on A if it satisfies the following assumptions:
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(i) H € C(A).

(i) i[H, A] defined as a quadratic form on D(H) N D(A) extends to
an element of B(D(H),H).

(iii) [A,[A, H]] well defined as a quadratic form on D(H) N D(A) by
(ii), extends to an element of B(D(H), D(H)*).

(iv) There exists a strictly positive constant ¢ and a compact operator
K such that the Mourre estimate (3.1) holds.

THEOREM 3.1. — Let H, A two selfadjoint operators on H. Assume
that A is a locally conjugate operator of H on the interval A. Then H has
no singular continuous spectrum in A and the number of eigenvalues of H
in A is finite (counting multiplicity).

The assumptions on the commutators are rather straightforward to
check by a direct computation on a suitable dense domain e.g. C$°(R?).
On the other hand, the first assumption is somewhat more subtle. We have
the following equivalent definitions for C1(A).

3z € C\o(H), |((H — 2)"'u, Au) — (Au, (H — 2) " )| < Cllul?,
(ABG') Yu € D(A)N D(H).
(ABG")

(i) 3z€C\o(H),(H - 2)"'D(A) c D(A),(H —%)"'D(A) C D(A),
() |(Hu, Au) — (Au, Hu)| < C(||Hul)? + |[ul®), Yu € D(H) N D(A).
Unfortunately, it is not easy to check (H — z)"!D(A) C D(A) in general
without a better knowledge of D(A). Therefore it is useful to consider
another operator N called a comparison operator whose domain has to be
well-known and that will allow to make the link between H and A. We

shall use the following lemmata [16].

LEMMA 3.2 (Nelson). — Let N > 1 a self-adjoint operator on H.
Let A a symmetric operator on 'H such that D(N) C D(A). Assume that

(1) Nl Aul < C||Nul|, Yu € D(N),

(i) |(Au, Nu) — (Nu, Au)| < C||NZul?, Yu € D(N).

Then A is essentially self-adjoint on D(N). Furthermore every core of N is
also a core for A.

(3.6)

LeEMMA 3.3 (Gérard, Laba). — Let H, Hy and N three self-adjoint
operators on ‘H satisfying N > 1, D(H) = D(H,) and (H — z) 'D(N) C
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D(N). Let A a symmetric operator on D(N). Assume that Hy and A satisfy
the assumptions of Lemma 3.2 and

(3.7 |(Au, Hu) — (Hu, Au)| < C(||Hu|* + |[u||?), Vu € D(N).
Then we have
e D(N) is dense in D(A) N D(H) with the norm ||Hul| + ||Au|| + |u,
o the quadratic form i[H, A] defined on D(A) N D(H) is the unique
extension of i[H, A] on D(N),
e HeC'(A).

We now prove the assumptions of Theorem 3.1 with H the Dirac
operator and A the operator defined above. Let us define N = p? +22+1 =
p?+(z)? as the comparison operator. This operator is essentially selfadjoint
on [C§° (R3)]4 by Theorem X.28 in [28], Vol 3. We also denote by N its
closure which is a selfadjoint operator on H with domain D(N) = {u €
‘H, Nu € H}. Moreover, it is easy to see that

lz?ull® < [Null? + [lull?,
Ip*ull® < INul® + Jlul?,
from which it follows that the domain D(N) is characterized by ([28],
chapter X, problem 23)
4

D(N) = [H2(R*)]"n [D(?)]".
Now, we check the assumptions of Nelson’s Lemma for Hy and A.
e D(N) C D(Hy), D(N) C D(A) are obvious.
e For any u € D(N), we have
IHoull® = (u,p*u) +m?||ul]?,
Cllull(INvul + ull),

<
< C||Nul.

Jul = 5 3|\ (7psH " + B s )
J

1 L B ' ' B
= 3 Z {”ij 1x]u|| +||H 1pijuH + “[a;],ij 1]u||}’
J

N

3 S {Clatull + |GH — ips T E ),

N

oY @l +lull} < ClINul.
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where we used the fact that H~'p; and p; H ! are bounded on ‘H for
any j =1,2,3.
e It remains to see that for any u € C$°(R3),
|(w, i[Ho, NJu)| = |(u, i[Ho, (z)?]u)l,
= |(u, 2T.zu)|,
< Cllull lll2lull,
< Cli(@)ull?,
< CIN%u|”
We also have
\(u, [4, N]u)] = —;—I(u, wpH-' + H-'pa,p? + 2% + 1]u)].
A straightforward calculation leads to
[zpH™',p* + 2% = 2ip? H ' —iz.pH ' (VV(z).p + p.VV(z))H "
+ 2iz.pH 'T.H 'z —2iz. H 'z—22. H'TH™!
+2¢pH 'I.HITH L.
Whence
|(u, [z.pH™, p* + 2®Ju)| < C{Ilp)ullllull + [@)ull? + [(z)ullllull},
< C[IN?ul.
The same estimate is true for the term (u, [H !p.z,p? + 2]u). Thus
the assumptions of Nelson’s lemma are proved.
Moreover, the assumptions of the Gérard - Laba Lemma are entirely
fulfilled since (H —z) "' D((z)?) C D({z)?) by domain invariance properties
of Section 2 and since the commutator between H and A is bounded in H

by (3.5). Therefore, we have proved that H € C1(A) as well as the second
assumption of theorem 3.1.

The hypothesis on the double commutator can easily be checked and
it turns out that it is a bounded operator in H. Recall that

[4,i[H, A]] = [A, vz — %(L +L*) — %(m.VV(x)H“l + H—lvx/(x).x)].

As the operator A is equal to V.z + B where V, B are bounded and as
t[H, A] is also bounded, we actually just need show that the commutator
between z.V and i[H, A] remains bounded. We decompose the problem.
First, [z.V,V?] = [z, V?].V is clearly bounded. According to the definition
of L =T.pH;'V(z)H ™', we see after some commutations that both terms
in the following commutator

[V, L] =2 VL - Lz.V,
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are bounded since z.V(z) € L(R3). The fact that the remaining term

is bounded follows immediately by the same procedure since z.(z.VV(x))
also belongs to L>=(R3).

We have thus proven the theorem:

THEOREM 3.2. — Let H be the dirac operator defined above.
Then the spectrum of H has no singular continuous spectrum. Moreover,
Oac(H) = (=00, —m) U (+m, +00) and in any compact interval contained
in (—o0, —m) U (+m, +00), the number of eigenvalues is finite.

We deduce from this theorem and o,s5(H) = (—00, —m| U [+m, +00)
that o,,(H) C [—m, +m).

Before we turn to the minimal velocity estimates, we make the
following remark. The assumptions required in Theorem 3.1 actually imply
that the operator H belongs to the class C?(A). From [1] (Theorem 6.3.1),
we know that if we assume the invariance of D(H) under the action of
the unitary one-parameter group e**4, then the conditions i[H, A] and
[4,[A, H]] bounded on H entail that H € C2(A). But the condition on
the invariance follows from the following Lemma quoted in [14].

LEMMA 3.4. — Let H and A two self-adjoint operators such that
H € C'(A) and i[H,A] € B(D(H),H) then e**AD(H) C D(H) for all
seR.

4. Weak propagation estimates.

The following weak propagation estimates denoted WPE are the
main ingredients for constructing the asymptotic velocity. They take the
general form

[ [oxume | G <, vwen,

where B(t) is a time-dependent self-adjoint operator on H. These estimates
give a very weak fall-off with respect to ¢ of the function under the integral.
We are mainly interested in the maximal and minimal velocity estimates
which, roughly speaking, assert that given a state ¥ in ‘H with bounded
energy, there exist two constants ¢, and cps such that the “particle” can
neither escape faster than cjs nor slower than ¢,,. The last type of estimates
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called microlocal estimates will help us to give another definition for the
asymptotic velocity in terms of the classical velocity operator that will
allow us to study its spectrum.

For the proof of the WPE, we shall use the following proposition
given in [8], (p. 384). We recall that D = 4 + i[H,.] is the Heisenberg
derivative and satisfies

;ﬁ [ethB(t)e—th] — eZtHDB(t)e_th.

PROPOSITION 4.1. — Let ®(t) be a family of self-adjoint operators

belonging to W' (R, B(H)) i.e. there exists B(t) € LL (R, B(H)) such that

loc loc

B(ty) — B(te) = /t2 B(s)ds.

131

(i) Assume D®(t) € Lt _(R*,B(H)). Then

loc

[@(t)e T < 2(0)¥] +/0 D (s)e™ " Wds.

(ii) Assume that ®(t) is uniformly bounded and that there exists
Co > 0 and some operator valued functions B(t) and B;(t), i = 1,...,n
such that

D®(t) > Co B*(t)B(t) - zn: B (t)Bi(t),
i=1

with
R .
/ | B;(t)e ™ Hy|2dt < C||9|?, Y eH, i=1,.,n.
1
Then there exists a constant C such that

(4.1) / |B(t)e " p|2dt < Cllw|2, W € M.

We stress the fact that the ideas of the proof are very simple, the
essential step being to find an observable ®(t) called propagation observable
such that its Heisenberg derivative is essentially positive. Before we turn to
the proof of the estimates, we briefly indicate how to make the link with the
existence of asymptotic observables i.e. with observables taking the form

s — lim e @(t)e="H
t—o0

where ®(t) is a self-adjoint operator valued function. For this we shall use
the following lemma given in [8] but which contains results initially due to
Cook and Kato.
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LEMMA 4.1 (Cook, Kato). — Let ®(t) be a uniformly bounded
function with values in self-adjoint operators, belonging to W%(R, B(H)).
Let D a dense subspace of H.

(i) (Cook) Assume that Yy € D,

oo
[ IDawe yjar < o
1
then there exists

(4.2) s — lim e Hp(t)e

(ii) (Kato) Assume that

n

| (32, DO(£)4h1)] < Y | Bai (8) 4ol | Bui () |,

=1
with o
/ I Bai(t)e*Hyl?dt < Cllp|®, ¢ € H,i=1,.,n,
1

/ | Bui(t)eHey|2dt < C||lw||?, v €D,i=1,.,n,
1

then the limit (4.2) exists.

4.1. Minimal velocity estimates.

It has been well-known since Ruelle’s theorem [29] that the states
belonging to the continuous subspace H¢ of H tend to escape for large time
t in a mean ergodic sense, that is to say

lim —/ dt/ e~ y|2dx = 0,
T—oo T |z|<R %)

for any finite R. Nevertheless this decay is not sufficient to prove precise
results of scattering theory. We need more subtle estimates on how fast
the states move away from the centre of the interaction. The following
minimal velocity estimates improve the previous result in a very weak
sense but which is enough for applications. These estimates ensure that
the probability to find the “particle” in a narrow cone |z| < 6t goes to
zero when t — oo for # small enough. The “particle” here simply refers
to the wave function ¥(¢, z), i.e. the field. There is no second quantization
involved. Exactly, we shall prove the following proposition
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PROPOSITION 4.2. — Let x € C§°(R) such that supp x N {—m, +m,
opp(H)} = 0. Then there exists a constant €y(x) > 0 depending on x such
that

@) [ Jroe(S)xeme ol E < crup. wen

Furthermore,

(4.4) s— lim 1 ( il >X(H)e_“H =0.

t— o0

Before we give the proof, we mention that these estimates first ap-
peared in the paper [31] by Sigal and Soffer and have been intensively used
to organize the proofs of asymptotic completeness for N-body problems
in quantum mechanics. It appears that there exists a strong link between
the notion of locally conjugate operator and minimal velocity estimates as
stated in the next proposition (our proof will follow the result obtained by
C. Gérard and F. Nier in [17]).

PROPOSITION 4.3 (Gérard, Nier). — Let H, A two self-adjoint oper-
ators on H. Assume that for e > 0, H € C'T¢(A), and the Mourre estimate

(4.5) 1a(H)i[H, A]1a(H) > colA(H),
holds on an open interval A. Then

(i) Vg € C§°(R), ¥x € C§°(R) such that suppg C (—o00,¢p) and
supp x C A,

wo) [ o(5)xeme ] <l vwen,
and

(4.7) s— lim g<f)x(H)e”“H =0.

t—o0

(ii) Furthermore assume that there exists another self-adjoint opera-

tor Ay which satisfies
D(4A;) C D(4),

:l:A < CA]_, Al > 17
[A, A1]AT! € B(H),

then, Vx € C§°(R), supp x C A, there exists ey small enough such that
o A s 24t
as) [ (P <a)xame i F <o, voen,
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and
4.9 lim 1 ALY (et =
(4.9) s lim 1. (5H)x(H)e ™ =o.
Proof of Proposition 4.2. — We already know from the previous

section that the Dirac operator H belongs to the class C2?(A). Since
o(H) N (—=m,+m) C opp(H), we can assume that supp x C (—o0, —m) U
(+m, +00). Let A € (—oo, —m) U (+m, +00). We can find a closed interval
I containing A on which Mourre estimate (3.1) holds

1](H)i[H, A]l](H) = EII(H) + 1I(H)K11(H).
Since A ¢ 0pp(H), we have

— lim 1;(H)=1 =0.
3= lm 1(H) = 10)(H) =0

Now, the fact that K is compact implies that K1;(H) tends to 0 in norm
when |I| tends to 0. Thus, if we consider I with A € I with |I| small enough,
there exists cg a strictly positive constant such that

1;(H)i[H, A]1;(H) > col1(H).
Therefore, for any x such that suppy C I, minimal velocity estimates
hold for the operator A according to (i) of Proposition 4.3. Now we apply

the second part of this proposition with A; = (z). We have to check the
following assumptions.

e D({z)) C D(A) has been seen in the previous section.
e For all u in D(A), we have
1 o _ .
(410) |, Au)| < 5 3 (w,o?p; H™ )| + |(u, H'paou)]).
J
But the first term in (4.10) can be estimated as follows

ot 0l | (gt

e

< Ol bl +| (o g )|

(z9)z  (z7)3

+ )(#u,ij'leg%H_lu)l),
< C(Ia?) 2ull? + Jul?) < Cli(z)2ull®.
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We can prove the same estimate for the second term in (4.10) and we
obtain

|(u, Au)| < C(u, ()u).

e Eventually [A, (z)](z)~! is clearly bounded. Indeed it suffices to
expand the commutator and use the fact that [p, (z)] and [H™!, (z)]
are bounded in H.

To conclude the proof, observe that for ¢ large enough, 1y, o )(Et—') <

1[0,50)(—%—)) therefore we can replace (z) by |z| in the estimate. Thus
proposition 4.2 is proved for any y with sufficiently small support. Let us
prove the general case. Let x be any function in C§°(R) which satisfies the
assumptions of proposition 4.2. We can write, by a compactness argument,

N
X = ZXJa
=1

where x; are C§°(R) functions with sufficiently small supports, such that

[ toca(B)xstme o] 'S < clwlp, wwen =1,

By the Schwarz inequality, we have

/100 (1[0 ol (1 I)Xz(H)e—uH b lony ( th_] )Xj(me_“%)%
S (/100 ”1[0760](@) J(H —thwH2dt>
(/100 HI(O’GOI(%>XJ( —thdJH )%

< Oyl

Hence,

/f““&eo]('gf—')ﬂ ey L < WOl v en,

which concludes the proof of the Proposition. O

4.2. Large velocity estimates.

This estimate says that the energy of the field in the region |z| > ¢
tends to zero as t becomes large. Recall that the light velocity c is here
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taken to be 1, so this means that the particle does not travel faster than
light. Precisely, we prove

PROPOSITION 4.4. — Let1 < 6; < 0. Let x € Cg°(R). There exists
a constant C such that

@y @ [ e (D)me ] <o, wen

Given any g € C*™(R) with ¢’ € C§°(R) and suppg C (1, +00), we have
|z

|) (H)e H = 0.

(4.12) (i) s— lim g(—t—

t—4o00

Remark 4.1. — We stress the fact that the cut-off function x could
be avoided in the previous proposition without any change, that is to say
that the constant C' does not depend on the support of x if ||x||z=~ < 1.
Therefore, whatever the energy of a state v, it cannot escape to infinity
faster than the light velocity.

Proof. — Let 1 < 0y < 01 < 6 and let f € C§°([6o, +00)) such that
f=1on [6;,60:] and f > 0. We define

9= ; 2w,

which is clearly bounded and continuous on R. Let us define the propagation

observable
|z|

#(t) = X(D)F (<2 )x(H).

@(t) is a self-adjoint operator valued function uniformly bounded in t. We
compute the Heisenberg derivative.

Do) = (e 2 () By - xomyil () ),

- fen ()]
- Iy (e - g e

Now

S
| —
=
B

—
N—
_

!

Thus

-o(0) = pen {2 (5 2.2 (B e,
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Now using the facts that I'. Ixi < l4xq and f > 0, we have

T
~Do(t) > (0~ Dx(H) L, (D) 1),
As (8p—1) > 0 by assumption, the assertion (i) follows from Proposition 4.1.

Let us prove (ii). It is enough to assume g > 0 and g = 1 for z > Rp.
/

Let g € C§°(R) chosen such that supp§ C (1,+00) and § = 1 on suppg’.

We define
|z|

#(t) = x(H)g (-

o )x(),

and

Do) = ~ ey (15) St + e 2o ().

Using gg' = g/ we get

_1 - (12l - (|2l
(4.13) Do(t) = Tx(M)3 () BO3 (5 )x(H),
where B(t) = /(%) LI o} 179 (Ix‘) is uniformly bounded with respect
to t. Now with (4.11) and (4.13), the existence of the limit
(4.14) s =, lim etHp(t)e

follows from Lemma 4.1. Assume first that g has a compact support
contained in (1,+o00) then (4.11) implies that

0< [ etame G <l

Hence the limit in (4.14) must be zero. Finally, to prove the general case,
let us consider g1 € C°(R) and g € C§°(R) such that supp g1 C (6o, +0)
with 8 > 1, g1 2 0, g1 = 1 for |z| > Ro and g'1 = ¢2. We define the
propagation observables by

|z|

o(t) = x(H)g: (7

: )X(H),

and

or(t) = x()gn () (),

where R is a positive real number. By the previous lemma, we know
that s — lim;_, 1o e @p(t)e ®H exists. Let us compute the Heisenberg
derivative.

—Do¢r(t) = %X(H)gz(%)%x(H)—%x(H) -%gz(%)x(h’),
(4.15) > %(90 - %)X(H)g%%)x(H)'
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For §y > 1 and R > 1, we see that (o — %) is strictly positive and thus
~D¢g(t) is a positive operator. Now given some tg € R fixed, we can write

o0
s— lim e gp(t)e ™ = eoHgp(tg)e o +/ e“HDegr(s)e **Hds.

t—+o0 to
From the positivity of —D¢g(t), we deduce
(4.16) 0<s-— tlél-gloo etHpp(t)e H L e pp(tg)e H VR > 1
Now according to the definition of ¢g(t), observe that for ¢o fixed
s— RETOO (€08 g (to)e~ 0 H) = 0,
Hence we obtain from (4.16) that
(4.17) s— lim (s— lim e*Hggp(t)e ") =0.

R—+4o00 t—+o0
We conclude observing that g; (l ') -q1 (%) has a compact support. Thus
by the previous result (4.14), we get

s— _lgrnoo e [g(t) — pr(t)]e ™ = 0.

t

Then if R tends to 00, we prove (ii) by (4.17). O

4.3. Microlocal velocity estimates.

In this section, we shall prove the following proposition:

PROPOSITION 4.5. — Let 0 < 6, < 6, and let x € C§°(R) such that
supp x N {—m, +m, opp(H)} = 0. Then

@18) O [ oo (2) (v-5)xtme sty | < i, vien.
(419) (i) s— lim 1[91,92]0 I)(V—E)x(H)e‘“Hzo.

Proof. — Let 0 < 0y < 0; < 65 < 63. Given two real numbers 71, 7o
such that 0 < r; < ra, we denote by C(r1,72) the anulus C(r1,r2) = {z €
R3: r < |z| < r2}. Let J € C°(R®) such that suppJ C C(%,263) and
J =1 on C(#,0,). Let x € C§°(R) satisfying the above condition. We
choose 0y and 65 such that 8y < €, where €, is defined according to the
minimal velocity estimates and 63 > 1.
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We consider the following propagation observable
2
s = xm (2) (e -2} (2)ac,

which is uniformly bounded for ¢ > 1. Indeed J (ﬂ)ﬁ“ (5)=J (-°9){””—2

2Z4Zzy %;}J (2). This term is unlformly bounded since Z and J(%)
are bounded. Furthermore J(t)tJ(t) {t pH™ '+ H 'p.21J(2)

is also uniformly bounded since pH~! and H lp are bounded Let us
compute its Heisenberg derivative.

+
z
t

2

Dt = (- 5)(3) {2 -2 () e

oG- )

_ t%;d]{)J(%)i[H, xiw]J(%)X(H),

+ %x(H)J(%)i[H, A7 (T )x(H).
Now we compute i[H,z2,,] using Tn, = = + Z and (2.23)
[H xnw] = Z[H07 nw] +Z[V( ) nw]
= (ZpwV + Vnw) + ((V(2), Z]Znw + TuwilV(z), Z]).
But the first term is equal to 24y plus a bounded operator in H. And
the second term is also a bounded operator in H by Lemma 2.1 and the
fact that V belongs to S~!(R3). Furthermore, we have already seen that

i[H, A] = V? + K and from the exact expression of K, it is easy to show
that J(£)KJ(%) € O(¢t™!). Thus, we obtain

Dot =~ (- 2w (2) B o e

2 T\ [2h, A Ao

oI (T -5 - +V2}J(z)><(H>

+0(t7?).
Using that A = Ag + B and x,,,, = ¢ + Z again, we can replace the second
term by %X(H)J(%){f:— — 240 4 Y2} J(2)x(H) + O(¢t~2). Moreover, we
have the following equality {%2 - 2%‘1 +V?} = (V — £)2. Therefore the
second term is equal to

2
2 s () (v~ £) s (Ean o

Finally, if we introduce J € C$°(R) such that suppJ C [%‘), 265] and
J(|z|)VJ(x) = VJ(z), then after some commutations the first term can be
written as

||

)B®I(SH)xm + 0™,

lz]

pnd(
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where B(t) is a uniformly bounded operator in ¢. Hence this term is
integrable along the evolution by Propositions 4.2 and 4.4. Eventually, we

obtain
T

2 z Ty (2 1
Do(t) > Sx(H)I(3) (v = 2020 (3 ) x(H) + L' ().
Commuting J(%) and (V — §) and provided Jz(%) — 1[91,92](’%') > 0, we
get

2
—Do(t) > x(H) (V= T )L 0al (3 ) (V = 3 )x(E) + L ().
We conclude the proof of (i) by Proposmon 4.1.

To prove (ii), let us consider the following propagation observable

0(0) = x ()T (E){ 5 222 102} (B) i),

and observe that it is equal to x(H)J(%£)(V — £)2J(£)x(H). In particular
it is a positive operator for any t. For technical reasons we shall approach
¢o(t) by another observable denoted ¢(t) and given by
z\ (T2, A o
o) xa01(2) {2 -2 432} (E)a,
It is easy to see that ¢(t) = ¢o(t) +O(t~ 1) Let us compute the Heisenberg

derivative of ¢(t). As shown in the previous calculation, we obtain
z

Dot = 23 (£) (v ) (2t

_ Y, 217(%
x(H)J (3 )ilH, V21 () x(H),
+O(t™2) + L(dt).
But i[H,V?] = i[V(z),V?] and from the exact expression of V? = -

me
this last term leads to m
V(2), V] = [V(2),p°|Hg * + p* Hg *[HG, V (2)] Hg %,
= iVV(z).pHy? +ip.VV(2)Hy 2 — ip? Hy *VV (z).pH; 2
—ip?Hy >p.VV (z)Hy 2.
Therefore, after some commutations and since VV () belongs to S~2(R3),
the second term in the Heisenberg derivative belongs to O(t~2). Now

applying Lemma 4.1, we have proved that the following limit exists
(4.20) s = lim et p(t)e
— 400

Clearly, we can replace ¢(¢) by ¢o(t) in (4.20). But we also know by (i)
that

+o0
0< / (e~ ap, po(t)e -”Hw) < 00,
1

Hence the limit (4.20) must vanish which concludes the proof. O
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5. Asymptotic velocity P*.

5.1. Construction of P*.

In this section, we shall focus our attention on the construction of the
asymptotic velocity P* defined by

. . x .
Pt .=5-Cx — lim e”H?e iH

Here the convergence means that for any ¢ € H and any J € C(R3), the
limit
(5.1) J(PE)y = lim e”HJ<E>e_itH1/),

t—Zoo t
exists. If (5.1) holds then the operators P* are uniquely defined as vectors
of (possibly non-densely defined) commuting self-adjoint operators. P* are
densely defined if, for some g € C,(R®) such that g(0) = 1 we have
s —limp_joo(s — limy— 100 €H g(E)e ") = 1 (see [8], Appendix B.2).
The main tools will be Lemma 4.1 and the weak propagation estimates
defined in the previous section. We only treat the case t — 400 and we
construct P, the construction is identical for P~ with ¢ — —oo. Let us
prove the theorem.

THEOREM 5.1. — Let H be the Dirac operator (2.1). Let J €
Coo(R3). Then there exists the limit
(5.2) s — lim eitHJ(f)e_“H.
t—4oco t
Moreover, if J =1 on a neighbourhood of 0, then
— i T itH g( L\ —itHY) _
(5.3) s RETOO (3 Jim e J(Rt)e ) L.

If we define P+ by (5.1) then P is a vector of commuting self-adjoint
operators on H defined on a dense subspace of H and P* commutes with
H.

Proof. — First, consider the case where v is an eigenvector of H.
Then, there exists E € R such that Hy = Ey. Let J € C(R3?). We have

eitHJ<%>e—itH¢ — JO)p + ez’t(H—E){J<§) _ J(O)}l/%

By Lebesgue’s Theorem, it is immediate that tlim eHH—E) {J(—atg) —J(0)}y
= (. Therefore

: aH 7 T\ —itH
(5.4) lim et J(Z)e = J(0)y,

t—+o00
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and we conclude that limit (5.2) exists on HPP the pure point subspace
of H.

Now, let us assume that ¥ € H® the continuous subspace of H. Our
first task is to find a good propagation observable ¢(¢) in order to apply
Lemma 4.1. Since ¢ € ‘H¢, remark that by a density argument, the existence
of (5.2) is equivalent to the existence of

— K itH z —itH
5= Jim_ ()T () x(H)e ",

for any x € Cg°(R) satisfying supp x N {—m, +m, opp(H)} = 0 and any
J € C§°(R?) such that J is constant on a neighbourhood of 0. Let us
define ¢(t) = x(H){J (%) + (V — §)VJ($)}x(H). By Proposition 4.5, it is
enough to prove the existence of

s— lim e*Hg(t)eH,
t—+oc

Unfortunately, this propagation observable is not easy to work with. In
order to avoid problems due to the Zitterbewegung phenomenon and the
matrix-valued potential Vz(z)['°, we need to approach ¢(t) by another
propagation observable which we denote by ¢,(t) and define as follows

¢a(t) = X(U){J(22) + (Va - Z22).v (Z22) D),

where V, = %(pH ~1 + H7'p) is a bounded selfadjoint operator on H.
Clearly we have V, = V + B where B is bounded on . The next lemma
will enable us to make the link between the operators f(%) and f(Zz)
and as a consequence give an estimate of (¢(t) — ¢4(t)).

LEMMA 5.1. — Let f € C§°(R3). Then

0 A(2) -5 (75) <o

Assume moreover that f = 0 on a neighbourhood of 0 and let g € S~°(R3)
where p > 0 is a real number. Then

(i) g@)f(22) € 06™),
(i) (V- va)f(x”T’“) co@t™Y).

Then it follows that ¢,(t) — ¢(t) € O(¢t~!) and thus it is enough to
prove the existence of

(5.5) s— lim e, (t)e H,

t—-+o0
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Let us compute its Heisenberg derivative.

Dt —bxtan (v - 252) 92 (55) (- =)o

+ xC[H, T (222 + (Vo = 22 ) v (52 ).

To compute the remaining commutator, we use the following lemma which
we prove later

LEMMA 5.2. — Let f € C$°(R3) such that f is constant on a
neighbourhood of 0. Then
(5.6) Z[H,f(——t——)] - tVf( : ).v+0(t ).

Therefore, we get

Doa(t) =px(H) (Vo - 222 ) 927 (222 (v - 22 )y (1)

t t t
+ X(H)i[H, Vo).V (252 ) x(H)
+0(t™2).
But i[H,V,]VJ(Z2x) = —L(VV(2)H™' + he)VJ(Z2) € O(t™2) by

Lemma 5.2 and the fact that VV(z)VJ(%2%) € O(t~2?). Moreover, we
can replace V, by V as well as #2« by ¥ and we eventually obtain (using
Lemma 5.1)

D (1) = 3x(H) (V= 5) V27 (5) (v = T )x() + 0672,

Then by Proposition 4.5 and by Lemma 4.1, (5.5) exists.

The proof of (5.3) is a direct consequence of Proposition 4.4, part (ii).
Indeed, (5.3) is equivalent to s—limp_, oo (S—lim¢_ o0 €7 J(F)e4H) =
0, for J € C*(R3) such that supp J N B(0,1) = @ and VJ € C$°(R?).

The fact that H commutes with P+ follows from [H, f(£)] € O(t™1).

O

Proof (of Lemma 5.1). — The first assertion follows readily from the
Fourier transform. Indeed

15) - 1(55) - g f et -

1 = ! LT . I3
- - ZfO‘TZ i§(1—o0)nw
ot o T [ iz dods,

e O™,
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since Z is bounded in H.

By the definition of the Newton-Wigner observable, we have

g(w)f(i’;—w) = g(I)UEI}V,f(%>UFW,

(5.7) = 9@)f(3) + 9@ [Urw, £(F) | Urw-

Clearly the first term in (5.7) belongs to O(t~?). Now recall that Upj, =
P~!(p) with P! given by (2.21). Thus each component of the matrix-
valued function P! is in S°(R3®) and we can use the Helffer-Sjéstrand

formula (A.28) to estimate the commutator in the second term of (5.7).
Hence

N k z
68 [P (5)] =3 TED adk(pr) + 060y,
k=1 '

since ad®(P~1(p)) bounded for any k € N. To see this, we use once again
the Helffer-Sjéstrand formula and we have for any m=1,2,3

[P—l(p),xm]z(%g o-P1 (Z([_IR,Q) ia,m)(kﬂlez))

dz ANdz,
where Ry = (zx—px)~'. Therefore the first commutator is bounded. Noting
that [Rg,n] = Rk(—i0kn )Rk, the multiple commutators are also bounded
by induction. Finally, if we take N > p, then the assertion (ii) follows
immediately from (5.7) and (5.8).
Now, using (i), we can write (V—V,) f(%22) as (V—=V,) f(£)+O(t™1).
Moreover,

V- (%) = (GrE V@) H +he)£(5),

= 1pH*V<x>f(—”5)Hal

2
_ _pH V(@) Hy [Ho, f (T)] H5 + e,
€ O(t™),
since V(z)f(£) € O(t™1) and [Ho, f(%)] = —iT.Vf(%) € O(t™!) which
concludes the proof of the lemma. O
Proof (of Lemma 5.2). — Using the Fourier transform, we have the

following formula (A.9).
. :E’n,w
|7 (5))

= ﬁ/ﬂ@ @(5)/0 e'1- S)EM{V+Z[V }ew'S Mdsd{
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Since the term V + ¢[V(z), Z] is bounded, the integral converges in the
norm of H. We then commute V4 iV (x)Z with ¢**¢“#* and —iZV () with
et 1=9)¢5  We obtain
, T
i, £(22)]
1

= @)%t Jgs ﬂ(ﬁ) (eis.lﬂd“{v+iV(x)Z} —in(m)eig.zr;su)dg

1 3 oy —s)¢. tnw . isf. Inw
W/R Vf(f)/o 1= S (Y 1 iV (2) Z, €855 7 |dsde

3 1
o= v =065 7V (2)]eit 4 ds de.
(2m)3¢ /RB Vi) /0 le , 2V (z)le ds d€

Now we use the formula (A.1) to estimate these last commutators. We have

. 1
eese] = B [ ot fie g Joinst o,
0

which clearly belongs to O(£t~1) since [V, Zny) is bounded in H. We also
have

vz = 5 O [ ()7 o
0

is bounded by Lemma, (2.1). Therefore, this term also belongs to O(£t71).
We thus obtain

[15(52)) = (g [ e Frue) - vioz)

[ e Tre)de) + 01,
RS

—iZV(z) ( T

- %w(f’f)wr i)z
- %zwx)w(%) +O(t™2).

Now using Lemma 5.1, it is easy to see that V(z)V f(22«) € O(¢t™!) which
concludes the proof of Lemma 5.2. |

In order to analyse the spectrum of P¥, we now give another
characterization of the asymptotic velocity. Precisely, we make the link
between P* and the standard velocity operator V.

PROPOSITION 5.1. — Let J € Coo(R3). Then
(5.9) 1(0y(P*) = 17P(H),
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and consequently,
(5.10) 1gs\ (0} (PT) = 1°(H),

where 1PP(H) and 1¢(H) denote respectively the projection onto the pure
point subspace of H and onto the continuous subspace of H. Furthermore,
we have

(5.11) 8§ — t_lgtn eitHJ(V)e_itHlRS\{o} (Pi) = J(P:t)le\{O}(Pi).

o0

Proof. — The proof of (5.9) entirely relies on the minimal velocity
estimates. We successively show that 1(y(P") > 1°P(H) and 14}(P") <
1PP(H). Let 1) € H such that Hy = E1p and J € Coo (R?). We already saw
n (5.4) that

lim eitHJ(%)e_”Hw = J(0)y.

This shows that P+ = 0 and proves 1o1(P*) > 1°P(H). Conversely, let
us consider a function x € C§°(R) such that supp xN{—m, +m, opp,(H)} =
0. Let J € C$°(R®) such that J(0) = 1 and supp J C B(0, ¢, ) where €, > 0
is defined by the minimal velocity estimates.

Then Theorem 5.1 implies
s Jim ¢ (H) (7 )x(H)e ™ = X (H)(PY),
(5.12) > X*(H)1(oy(P*).

But by Proposition 4.2, the strong limit in (5.12) vanishes. Thus we have
proved that

1{0}(P+) < H)

S

As the eigenvalues of H can only accumulate in {—m,+m}, we have

1{—_‘m(ﬂ ) = 1PP(H) and the result holds.

Now, let us prove (5.11). We only treat the case ¢ — 400 and
characterize PT. Using (5.10), by a density argument, it is enough to show

s— lim e (J(V) - J(z))f(f)x(H)e_”H =0,

t——+oo t t
for any J, f € C$(R3) such that f = 0 in a neighbourhood of 0 and
x € C§°(R) satisfying supp x N {—m, +m,o,,(H)} = 0. By the Helffer-
Sjostrand formula (A.32), we have
x

JV) - J(Z> =By (V- %) + By(t),
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where By bounded and Ba(t) € O(t™!) since [V7, zx] bounded for any j, k.
Then we have to prove that the following limit vanishes
T itH _z z —itH
1= 15,0~ ) (e
But this follows from Proposition 4.5. O

5.2. Spectrum of P*.

This section is devoted to the analysis of the spectrum of P* which
corresponds to the physically relevant information given by the asymptotic
velocity. We have already seen that

1oy (P*) = 17P(H),

which means that the states of zero asymptotic velocity coincide with the
bound states of H. Now we are interested in the scattering states that
is to say the states in H® = 1°(H)H and we would like to classify them
according to their asymptotic behaviours. We prove the proposition

PROPOSITION 5.2. — Let P* be the asymptotic velocity defined in
Theorem 5.1. Then
o(P%) = B(0,1).

Proof. — As usual, we only give the proof for P*. Let us first prove
that
a(PT) C B(0,1).

Let & € R3®\ B(0,1) and let x € C$(R?) such that x = 1 in a
neighbourhood of & and supp x N B(0,1) = . We have to show that
x(P*)=o0.
But by Proposition 5.1, we have
x(PT)=s— lim e*Hy(V)e 4,
t——+o00
Now it is easy to see that the spectrum of V is equal to B(0,1). Hence,

x(V) = 0 and x(P*) = 0 which concludes the first part of the proof. Let
us prove the reverse inclusion.

Let & € B(0,1), & # 0 and [&| = r2 > 1 > 19 > 0. Let
g € C§°(B(éo,70)) such that g(&) # 0. Here B(£y, o) denotes the ball
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centered at £ wih radius ro. We want to show here that g(P*) # 0. Let
J € C*(R) such that J =1 on (—o0,71], J = 0 on [r; — 255, +00) and
j=—J >0. Clearly J and g satisfy the following relations

(5.13) o J(I€— &l)g(€) = 9(¢).
(5.14) F(1€ = &DIE = ol = r13 (1€ — &ol)-
(5.15) e g(§I€ — &l <rog(§)-
We define the propagation observable
#a(t) = (|22 — o[ )2 0va)I (|22 - &),

where V, = %(pH ~1 + H~!p) and by Proposition 5.1 and Lemma 5.1, we
have

(5.16) @ (PT)=s— . liI_El et g, (t)e HH
Let us compute its Heisenberg derivative.
1./12 Tnw _ £, T
D, () =- _ﬂ_l_t___._ 2(p,)J (| Eme
8alt) =33(|75 = &0 ) ey €0 = VPV (|52 — &) + e

+ %]( %Tw - ffo')lx% —§0|g2(Va)J( 'mwtl—w —EOD + he
+ (|22 - &) itH 2 (|22 - &) + 062).

Now we commute the different terms in the last expression using the
following result we shall prove later

(5.17) [g(Va%f(w';w)] €Ot™).

We obtain

D (1

- (% - ] ) iy o~ VP D (| 5 - o) e
+ 2907 (|72 - o )17 — 017 (222 — 6o ) g (Vi) + e
(|22 - o) JilH, 2Vl (| 222 - &) + 0672).

In the first two terms, we can replace V, by V by Lemma 5.1 again. Then
by (5.14) and (5.15), we get

Déa(t) > 7 (r1 — r)aV)(J3) (| 222 ~ &o| ) o)

t
+ J(|5 - &l JilH, 2ol (|72 — o] ) + 0.
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Moreover we claim and prove later that

(5.18) J( f”% —éol)i[H,yz(Va)]J(

e _g|) e o).

This implies
1 A [ | Tnw
Déa(t) > 1 (n — ro)gW)(I) (|22 = &o] )9) + R,
where R(t) € L'(dt). As g,J,5 > 0 and r; — rg > 0, we get
(5.19) D¢(t) > R(t).
We now conclude the proof. By (5.16) and (5.19), we have

92(P+) — eztoH¢(t0)e—zt0H +/ €1tHD¢(t)€_ant,

to

+o0
(5.20) > e'oH p(tg)eoH — /t |R(t)|dt,
0

and allowing ty to tend to infinity, we can make the integral in (5.20) as
small as we want. We claim that

lim e " g, (to)e™ ||,
to—+o0

exists and is non-zero. Indeed first observe that using Lemma 5.1, we have

lim ||eitoH¢a(tO)e—itoH|| =, Lim ”eitoH¢(tO)e—itoH|I,

to—+o00 o—+
where @(t) = J(|2 — &|)g*(V)J (|2 — &l). Then we have
le**oH g (to)e™ || = [|etocoPg(tg)e™ 0% P,
_ (1= 2 |z|
=17(5 )0 ()l

Thus, limy,— 40 [l€0H P(to)e 0 H || = ||g*(V)|| # 0 and the result holds.

It remains to prove (5.17) and (5.18). First observe that we can replace
f(Zz22) by f($) in (5.17) using Lemma 5.1. Now using the formula (A.2),
we have
(5.21)

[Q(Va)7f<‘::‘)] = (2—71rg -/R3 213 /01 i(1=9)Va [Va,f(%ﬂe”w”dsdﬁ,

and the commutator in the right-hand-side of (5.21) is equal to o {pH ~*i[..
Vf(£)H™! —iVf(£)H™' + hc} which clearly belongs to O(t™1).

Let us show (5.18). Since [H,V,] is bounded and V, bounded, we
can use the Helffer-Sjostrand formula (A.29) to estimate i[H, g%(V,)]. If we
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denote J(|#2x — &) by Jg,(£2%) we obtain
(5.22)

Jeo (222 )ilH, 92 (Vo) gy (722
- s L oS (25) (T ) o
( H sz)Jgo (‘T"’”))dz A dz,

ko=l

where Ry = (zx — VF)~!. Next we commute the operators Jg, (22%) with
Hi:l:l Ry, and ]_[22:, Ry, under the integral (5.22). Furthermore note that,
since [Rg,Znyw] and [[Rk,Znw|, Tnw| are bounded for any k, the Helffer-
Sjostrand formula (A.31) gives

e (22), H Ria| = ¢ [one H Ri, | Vg, (222) +0(72),

and

! 1
Tnw . 1 Tnw -2
[ IT RoasJes (55)] = 3996 (55 [man TT Rs] + 007
k=1 k=1
Now using that Jg, (22« )VV (z) and VJg,(£3+).VV (z) belong to O(¢t™2)
by Lemma 5.1, we conclude that (5.22) also belongs to O(t~2) which ends
the proof of the proposition. ]

6. Wave operators.

We turn now to the construction of wave operators for the massive
Dirac operator H in order to describe precisely the asymptotic behaviour
of the field when ¢ goes to infinity. As is well known, the presence of a long-
range potential V(x) prevents us from taking e~**Ho for the comparison
dynamics. In our case V € S™(R3), we can use the ideas of Dollard and
Velo [9] and define the following comparison dynamics denoted by Up(t)
(61) Uo(t) _ e”"tH"T(e"ifot(vl(sv)+meJ_1V2(sv))ds)

y

where T denotes time ordering. In this definition of the Dollard modifi-
cation, we add a phase (formally) denoted e *X® to e~*Ho  This phase
must be chosen in such a way that the standard Cook method applies
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(see Lemma 4.1). Thus it must satisfy two rules. First, it must commute
with e~"Ho_ Second, the operator H — Hy — X' (t) must be “short-range”.
We see from this last assumption that a good candidate for X would be
X'(t) = V(z) but it does not fulfill the first assumption. As it is suggested
by the microlocal velocity estimates, we can approach (asymptotically) the
position operator x by tV which commutes with e *#° and define

X' (t) = Vi(tV) + TV, (tV).
Unfortunately, the matrix I'® which appears in the potential also does not
commute with e o and this is why we replaced it in the definition of

Uo(t) by the operator mH; ! using ideas of Thaller [32]. Precisely, we use
the following lemma

LEMMA 6.1. — Let Hy be the free Dirac operator. Let us denote
G =T°—-mH;! and

t
E(t) = / etsHoge~isto g,
0

Then E(t) is a bounded operator uniformly in t. As a consequence, we have
limy, o0 %||E(t)|| =0.

Proof. — First, remark that G anticommutes with Hgy. Therefore,

we have
estOGe—sto — ezZsHOG, Vs € R,

and we obtain by integration the following explicit form for E(t)
E(t) = (e™#0 —1)(2iH,)"'G.
Thus, E(¢) is uniformly bounded, in operator norm, with respect to t. O

Then we define X'(t) = V;(tV) + mH, 'V3(tV) which leads to the
definition (6.1) of the Dollard modification. The main result of this part is
given by the theorem.

THEOREM 6.1. — The wave operators defined by
(6.2) QF :=s— lim e Uy(2),
t—too
(6.3) Qf =5 — Jim UG (t)e” “H1ga (o) (PF),

exist in H. Furthermore, we have Q¥QF = 15, QF¥QF = 1°(H), (Q%)* =
Q* and V and P* satisfy the intertwining relation

(6.4) @5Hv@Q*H)* = pE.
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At last, we have

(6.5) (QF)YHo(Q%)* = H1°(H).

Note that in the definition of the wave operator (6.3), we make
a crucial use of the characterization (5.10) of the projection onto the
continuous spectrum of H i.e.

1°(H) = 1gs\ (0} (PF).

Proof. — For the proof of this theorem, we shall follow the strategy
used in [8] and appeal to some results for time-dependent Dirac hamilto-
nians given in Appendix B. This fully time-dependent approach avoids the
use of a limiting absorption principle as well as a detailed study of the
resolvent (H — 2z)~! and related estimates. Here, the central objects are
time-dependent observables such as J(%) where J has a compact support,
and propagation estimates obtained in Section 4. Let us now explain this
strategy for the proof of (6.2). First, remark that by a density argument it
is enough to prove the existence of

(6.6) s— lim e UL () x(Ho) Lo (V),

where x € C§°(R) such that supp xN{—m, +m, 0pp(H)} = 0 and © denotes
a compact subset of R3 \ {0} such that the annulus C(2% 1) is a subset
of © (remember that €y(x) is defined by the minimal velocity estimates, see
Proposition 4.2). Now consider a function J € C§°(R3\{0}) such that J = 1
on a neighbourhood of ©. Let us associate to any function f € S~1(R3)
the time-dependent function
x

fatta) = @) (3),

defined for ¢ > 1. Such a function obviously satisfies the properties

e For any y in a neighbourhood of O,

(6.7) fty) = fa(t, ty)
e Foranyt > 1fixed, z — f;(t,z) € C$°(R3) and there is a constant
M such that

supp fs(¢,.) C B(0, Mt).

e The following estimates hold

(6.8) |05 £(t, )]

<o)y~ va e N3,
(6.9) |08 f1(t, )] <

c
C(t)y 17k, vk e N.
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We introduce now some notations. We call effective time-dependent
potential the potential V;(t,z) = V4 j(t,x) + V2, 5(t,z)['°. We denote by
H;(t) the time-dependent hamiltonian Hy + Vj(t,z) and by Uj(t, s) the
associated dynamics (see [8], Appendix B.3, Proposition B.3.6). We also
denote by Uy, ;(¢) the following time-dependent Dollard modification

Uo.s(t) = e~ #HoT (™ fo‘(vu(s,sV)+mH0-lvz,,(s,sv))dS)7
We rewrite (6.6) as follows
s— lim_ MU (t)x(Ho)le(V) = s — Jim ey (Ho)Uy(t,0)U1(0,1)
Le(V)U,(¢,0)U4(0,2)Uo, s (2)-

where we used the facts that Up(t)1e (V) = U,y (t)1e(V) = 16(V)Uo,s(t)
by (6.7) and that Hy commutes with Up(t). Now assume the existence of

the limits
s — . 1i£:n UJ(O, t)UO’J(t),

s— lim_U;(0,t)1e(V)Us(t,0) = 1e(VE),
s— lim e x(Ho)U,(t,0)16(Vy),
t—to0

then the limit (6.6) will exist by the chain rule. Moreover, the situation is
completely symmetric for the proof of (6.3). Indeed by a density argument
it is enough to prove the existence of

(6.10) s— lim_Us(t)e 1o (P*)x(H),

for a compact subset © defined as above. But using the characterization
(5.11) of the asymptotic velocity P*, we see that

s— lim Ug(t)e™ " 1e(P*)x(H)
=5 lim Us(t)le(V)e *16(P*)x(H),
— 5= lim_16(V)U3,(OUs(t,0) Us(0, e 1a(PH)x(H),

where we used Up (t)1e(V) = 1o(V)Ug ;(t) by (6.7). Therefore if we prove
the existence of the limits
s— lim UG ,(HUs(t,0),

s— lim U;(0,t)e™""1e(P*)x(H),
then the limit (6.10) will exist by the chain rule.

If we summarize the previous discussion, we see that we can divide
the proof of Theorem 6.1 into three steps. First, for time-dependent
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Dirac operators of the following form H;(t) = Hy + V (¢, x), we have to
define the asymptotic velocity Vf,b. This is done in Appendix B where we
also obtain propagation estimates for time-dependent Hamiltonians (see
Propositions B.1 and B.2). Next, we prove the existence and asymptotic
completeness of wave operators for such hamiltonians. Exactly, we prove
the lemma

LEMMA 6.2. — The limits
(6.11) s = lim U;(0,¢)Uo,s(t),
(6.12) 5=, lirin Ug,J(t)UJ(t, 0),

exist.

For the last step of the proof, we have to make the link between
time-dependent and time-independent Hamiltonians. Precisely we show

LEMMA 6.3. — There exist the limits
(6.13) s~ lim e x(Ho)U;(t,0)16(VY),
(6.14) s— lim U;(0, t)e " 1g(PE)x(H).
Proof (of Lemma 6.2). — Since the proofs are identical, we only treat

the case t — +oo for (6.12). The basic tool to prove Lemma 6.2 will be
the Helffer-Sjostrand formula with several variables presented in Appendix
A and Cook’s method (Lemma 4.1). Let ¢ € D where D is a dense subset
of H that we shall define precisely later. Let us compute the Heisenberg
derivative of the expression Ug ;(t)U;(t,0)y. We obtain

L0 U000 = U 006 Ho + Vot 0) — Ho() }U (1,000,

= U s 0 (Vi (1Y) = Vi (1,2)) + T° (Ve (£, V)
— Vas(t,z)) + (mHy " = TO)Va, (¢, tV)}UJ(t, 0)y,
= I (t) + L (t) + I3(t).

Let us prove that I,(t) = Ug ;(t)i(V1,5(t,tV) — V1,5(t,2))U,(t,0)3 belongs
to L!(dt). Since the different commutators between the components of z
and V are bounded i.e.

(2, VI] = iHg Y0y — ipHy 'TFHy ' € B(H),
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we can apply the Helffer-Sjostrand formula (A.33) and write I;(t) as

I(t) = Ug 5 ()C1(t)(z — tV)Us (8, 0)¢ + O(t™?),
where C}(t) is a bounded operator satisfying C;(t) < Ct~2. Now observe
that if we prove
(6.15) (z — tV)U;(¢,0){z)"" € O(t*),
with 0 < p < 1 then I; (¢) will belong to L' (dt). Here, we chose D = D((z)).
Unfortunately, for the same technical reasons as in the proof of microlocal
velocity estimates, it is not obvious to show (6.15) in such a form. Actually,

we shall prove
(@nw — Va(®))Us(t,0)(z) " € Ot*),

with 0 < g < 1. Indeed, as x and x,,, are equal up to a bounded operator
Z, we can replace = by x,,, in the previous expression without any change.
Moreover, we also have to approach the classical velocity operator V by
Va(t) = 3(pH;'(t) + H; ' (t)p). Note that for ¢ large enough, the operator
H,(t) is always invertible and since

1
(6.16) V—V,(t) = —2-pH0_1VJ(t, )H7'(t) + he € O(t™Y),

we can also replace V by V,(t) in the previous expression. Finally, to prove
(6.15), it is enough to show that
1d
L(t) = t_"‘a (UJ(Ov t)('rnw - tva(t))UJ(t> 0)<$>_1) € Ll((la -I—OO), dt)
But we have

48) = 5 U 0,0 sLH 5 2) B~ 0V(0)] Val0) ~ - (Va0 } U (1,00

_ tipUJ(o, DV = Valt) +ilVs(t,), 2] + it[H, (1), Va 1)

d -1
— t=(Va() JUs(t,0) ()"
It remains to show that all the terms between brackets belong to O(t™1)
for t > 1. It is obvious for (V — V,(t)) and [V;(t, ), Z] since Z is bounded.
Furthermore,
(6.17)
. 1 - - _
i[H(t),V.(t)] = —§(VVJ(t, o)H7 (t) + Hy(t)"'VV;(t,2)) € Ot2),
since VV;(t,z) € O(t~2) by (6.8). For the last term, we use the fact that

(6.(118)
7 Va(®))
= %(prl(t)BtVJ(t,x)HJ—l(t) + H7'(1)0.Vy(t,z)H;  (t)p) € O(t™?),
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since 9;V(t,z) € O(t~2) by (6.9). This ends the proof for I;(t). The proof
for I(t) is identical.

Now let us treat the term I3(¢). Let us denote concisely
T(e—i fOt(VLJ(s,sV)-i-mHO_lVQ,J(s,sV))dS)
by e~ X To apply Cook’s Lemma, it is enough to show that
u
(619) L= || / X (B,B(1)) 0V, (1, VYU (0, O],
s

tends to 0 when s,u — oco. From the definition of E(¢), it is clear that it
anticommutes with Ho and with V. Thus we can write e =X (®)(0,E(t)) =
(B:E(t))e~ "X ) where

e_i)'((t) _ T(e—i fot(VL](S,“Sv)—mHo_lVQ,J(S,—SV))dS)‘

By an integration by part in (6.19), we obtain
I < ||E(u)e"'x(“)ei“H°V2,J(u, uW)Uj(u, 0)1/1“
+ || B(s)e X @eisHov, 5 (s, sV)Us (s, 0)

|

/ " B, (= KOt oy, 1 (1, 0V)U (2, 0)e)d
Using V3, 5(¢,tV) € sO(t_l) and Lemma 6.1, the first two terms tend to 0
as s,u — 00. If we compute the derivative in the last term, we find
8y (e7 X WeitHoy, (8, W)U, (¢, 0)4)
= —i(Va,s(t, —tV) — mHy Wy s (t, —tV)) e~ XD eitHov, (1 W)U (t, 0)
+ e KO0 (3,1 5(t,8V) + VVVa,4(t, V) Us(t, 0)%
— ie X WetHoyy ;(t V) (V,5(t,7) + Va,s(t, 2)T°)Us(t, 0)¢.

All these terms belong to O(t~2) by (6.8) and (6.9). Since E(t) is bounded,
the last integral also tends to 0 which concludes the proof of the lemma.O

Proof (of Lemma 6.3). — Since the proofs are identical, we only
treat the case t — +o0o. Let us consider a function g € C§°(©) such that
g = 1 on the annulus C(ep(x),1). It is enough to prove the existence of
(6.13) replacing 16(V}) by g(V}). Let us define two other functions g
and g2 belonging to C§°(©) such that g1g = ¢ and g2g1 = g1. Then using
Proposition B.3, we have

g(Vi)=s— t_ligrnoo Us(0,t)g1 (%)Q(V)UJ(@U),

e i 50052 (2o 201
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Now we introduce the operator M(t) = g1($) + (V — $).-Vg:1(%) and using
Proposition B.4, we have

9(v7) = s — lim_Us(0,8)02(3 ) M()ga (3 ) 9/)Us (2,0).

For technical reasons, we have to approach the operator M (t) by M,(t) =
g1(%82) + (V, — Znw) Vg, (%32) where V, = 3(pH ™' + H™'p) and also the
operator g(V) by g(Va(t)) where Ve (t) deﬁned as in Lemma 6.2. Using the
Helffer-Sjéstrand formula and (6.16), we have

(6.20) g(V) = g(Va(t)) € O
Hence, by the same arguments as in the proof of Proposition 4.5, we obtain

Vs i z z

9Vi) =5~ lim_Us(0,0)92(3 ) Ma()g2 (3 ) a(Va(®)Us(8,0).
Then we define the propagation observable
z x
balt) = x(H)g2 (7 ) Ma(®)92 (5 ) 9Valt)),
and it is easy to see that
(613) =5 - lim e H o, (t)U;(t,0).

Let us compute the time derivative of this quantity. We obtain

%%(t) +iH$a(t) — ia(t) H(t)

(6.21) :—%X(H)<ng(%>%M()gQ< ) +he)g(Val)
622) — px(Mga(F) Ve = 22921 (222 ) 2220, () g(Va(0)

623) +x(H)o2 (2) Mat)g2(2) 5 (o(Va(0))

(6:24) +x(H) (i[Ho, 92(5) | Ma ()92 (F) + he) g(Va(t))
(6:25) +x(H)gs (T )i(HMa(t) = Ma®Ho (1)) 92 (5 ) 90Va(®))

(6:26) +x(H)ga () Ma(t)ga (3 )il (), 9(Va(®))-

Observing that i[Hp, g2(%)] = 1I'.Vg2(Z), the terms (6.21) and (6.24) can

be written after commutation operatlons and using (6.20) as
Sx(En(2)Bem(2)av) + 067,

where B(t) is a uniformly bounded operator in ¢ and 7 € C§°(R3) such

that suppn N C(ep(x),1) = @ and suppn Nsupp g = §. Thus these terms

are integrable along the evolution using Propositions 4.2, 4.4 and B.3.
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Moreover, combining the Helffer-Sjostrand formula and using (6.17)
and (6.18), the following estimates hold
(6.27) i[Hy(t),9(Va(1)] € O(t™2),
d
(6.28) 790a(t)) € 0(7).

Therefore, the terms (6.23) and (6.26) belong to O(t~2) and are integrable
in norm.

Now note that V(t,z)g2($) = V(x)g2($). Hence we have
92 (2 )itHMa(t) = Mo@® Hy (g2 () = 92 (3 )ilH, Ma®lg2 (3
and using Lemma 5.2, the term (6.25) is equal to
(g (5 (Ve — 22920, (22905 (T ) gVal0)
+x(H>gz(;)z[H, Val Vo (Z)ga (3 ) 9(Va(t) + O(t72).

Repeating the proof of Proposition 4.5, the sum of (6.22) and (6.25) is
equal to

(B (2) (V- 2)v% () (V- 2)ea(2)a(vale)) + 062,

Eventually, using (6.20) once again, we obtain

t

g-%(t) +iH$a(t) —ida(t)Hs(t)

= 2x(®#)g: (2) 0 = D901 (3) 0 - Da(F)90v) + LH(at) + 07

Thus using Propositions 4.5 and B.4, this term is integrable along the
evolution and we conclude the proof of (6.13) by Lemma 4.1.

The proof of (6.14) is essentially the same as the previous one. We
omit it. 0

Therefore, we have constructed the Dollard-modified wave operators
+ and OF. The fact that (Q%)* = OF follows from [8], Lemma B.5.1.
It remains to prove the intertwining relations (6.4) and (6.5). Using
Proposition 5.1, we see that
Pi1R3\{O} (Pi) =5— lim eitHve—itHl]Ra\{o} (Pi),
=85- hm ethUo( HVU; (t)€~itH1R3\{0} (P:t),

t—+

= inmi) ,
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which proves (6.4). Now (6.5) is equivalent to
s — t~1-+l:l:moo eitH(H - Ho)e_itHle\{o} (Pi) =0.
But using Theorem 5.1, it is enough to show that

T itH TN —itH _
s t_l}glooe V(m)J(t)e 0,
for any J € C§°(R3\ {0}). As V € S7Y(R®), V(z)J(£) € O(t™!) and the
result holds. O

A. Functions of selfadjoint operators and applications.

In this appendix we give some useful formulae to study functions of
selfadjoint operators f{A) and commutators of the following form [T, f(A)].
Here, A and T denote two (possibly vectors of) commuting selfadjoint
operators acting on a Hilbert space H. We first consider the case of
a function f € L!(R3); in this case, the Fourier transform is enough
to obtain the formulae. For smooth functions f € C°(R3®) which are
not necessarily integrable, we shall need the Helffer-Sjéstrand formula
presented Section A.2.

A.1. Fourier transform.

General setting. — Let A a vector of commuting selfadjoint opera-
tors in H and let us denote by W (¢) = {e~%4} the induced unitary rep-
resentation of R® in H. We need the function space FLN(R3) = {f ¢
LYR3)/ (1 + |€]2)% f(€) € L*(R®)} for N € N. Equivalently we have
FLNVR3) = {f € LY(R3)/ VFf € L}(R3), k = 1,.,N}. As a first case
we consider a bounded operator T in H and a function f € W11(R3). We
now define the class C'(A;H) of regular bounded operators with respect
to A by

CHA;H) = {T € B(H)/ s — €"*$4Te ¢4 € C1(R,; B(H))}.
Then we have the following equivalence (see [1], Proposition 5.2)

T € CY(A;H) <= [T, A] € B(H).
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In particular, for T a bounded operator belonging to C*(A4;H), we can
write

1
T, ei€4] :/ gg(ei(l—s)ﬁATeisﬁA)ds’
0

1
(A].) =(1,§)/ ei(l_s)gA[T,A]eis§Ads_
0

Now assume that f € F11(R3). Using the Fourier transform of f denoted
by f and (A.1), we have

: 1
5 = s |

1 o :

(42) — | Vi) [ e, aesetdsde,
(2m)% JRs 0

where the right-hand-sides in the two equalities of (A.2) make sense on

B(H) since f € L'(R3) and Vf € L}(R3) by hypothesis and [T, A] bounded

on H.

F(&)i[T, e*4)de,

Now we consider the case of an unbounded operator T in H. Let us
introduce some definitions and basic results. Let H be another selfadjoint
operator in a Hilbert space H. Assume that the family of unitary operators
{W(£)}¢cre leaves invariant the domain D(H) of H. We denote by G' this
domain and by G*, 0 < s < 1, the interpolation space between G° = H and
G' = D(H). We also denote by G~° = (G*)* the dual Hilbert space of G*.
We make the usual identification H* = H and thus we have

G oG aH-G G 0<t<s< L

At last we denote by B(G?®,G?) the set of bounded operators between G*
and G¢. Then we have the following result (see [4], Proposition 1).

PropPosSITION A.1. — Let H,T two selfadjoint operators on H
satisfying T € B(G',G™1). Let A a vector of commuting selfadjoint
operators on H. Let —1 < t < s < 1. Assume that e¥4G' C G' and
[T, A] € B(G®,G*). Then one has

1
(A.3) i[T, eiﬁA] = ZS/ ei(l—s)ﬁAi[T, A]eisgAds’
0

where the right-hand-side is well defined as a strong integral on B(G®,G?)
i.e. the integral is strongly convergent. As a direct application, we have for
all f € FL1(R?)

(A4) [T, f(A)]

1
= Gt Jon V1O /0 =944 A6t s de.
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Application (Commutator expansion). — Commutator expansions
of two selfadjoint operators T, A are formulae which relate the commutator
[T, f(A)] with the successive commutators ad¥(T) defined by recurrence
by ady(T) = [T, A] and for any k > 1, ad%(T) = [ad" (T, A].

PROPOSITION A.2. — Let H, T two selfadjoint operators on ‘H such
that T € B(G',G ‘1). Let A a vector of commuting selfadjoint operators on
H. Let f € FLNTH(R3). Assume that

(Hl) 6igAgl C gl;
(H2) ad¥(T) € B(H) for any k < N + 1.
Then we have

Vk

N
(45) 7, 14 = > L B ads (1) + R,
k=0

where |Ry|| < en(f)||ady T (T)|. If we replace the operator A by % we
have the following useful consequence of (A.5)

N kA
A V(%) N
(A.6) [T,f(;)] =3 gadi (1) + 0N,
Proof. — In formula (A.4), we commute [T, A] with e**¢# to obtain

T, F(A) = VAT, A+ —— [ TFe) / " - (7, A], 5464 s e,
(2m)z JRs 0

Now we use formula (A.3) in this last integral. We repeat the procedure N
times to obtain (A.5). O

The assumption on the stability of the domain D(H) under the
action of the unitary group e*4 is not easy to prove in general. We
already saw that, if [H, A] € B(D(H),H) then it suffices to show that
(H—2)"'D(A) C D(A) for z ¢ o(H) (see Lemma 3.4). Actually, when the
commutator between [H, A] is bounded, we have the following equivalences

LEMMA A.1. — Let H, A two selfadjoint operators on H. Assume
that i[H, A] defined as a quadratic form on D(H) N D(A) extends to a
bounded operator on H. Then the following assertions are equivalent

(i) (H —2)7'D(4) C D(A),
(ii) e¥AD(H) C D(H),

ANNALES DE L’INSTITUT FOURIER



PROPAGATION ESTIMATES FOR DIRAC OPERATORS 2071

(i) (A—2)"'D(H) c D(H),
(iv) e*H D(A) c D(A).

In particular, if H or A is bounded on 'H then the four assertions are
automatically satisfied.

Proof. — According to Lemma 3.4, we only need to prove that (ii)
implies (iii) and (iv) implies (i). These two implications follow from the
same argument. Assume (ii) and [H, A] bounded. Let ¢ € D(H). We have
to show that ||H(A — 2)~14|| < co. For we use the resolvent formula

HA—-2)"'y= z/ et He #4ydt, Imz > 0.
0

Then we commute H and e~ %4

(A.3). We obtain

under the integral and we use formula

HA-2)Yyp=1 / ete A Hdt
0

o 1
+i / et (—it) / e HI=AIH, Ale™ "y dsd.
0 0
Finally one has

[e e} oo
1A=l < W) [ e Clul [ e dat
0 0
since [H, A] is bounded. Both integrals converge then the result holds. O

We now give some examples needed in the previous sections. H is the
massive Dirac operator defined in section 2. In this case, the domain G! of
H is equal to [H*(R3)]*.

Example 1. — Let T = H and A the locally conjugate operator
defined in section 3. Then the assumptions of Proposition A.1 are obviously
satisfied since 4G C G' and i[H, A] € B(H). Then we have

1
(A7) [H, f(A)] = T7€) / 1-9EA(2 4 K)eistAds de,
R3 0

(2n)?

where K is compact on H. The right hand side is a bounded operator on H.

Example 2. — Let T = H and let A be V, = 1(pH™' + H™1p)
the approached classical velocity operator defined in section 6. Clearly the
commutator [H,V,] = £(VVH™! + H~'VV) is bounded. Then e*V=G! C
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G! is satisfied by Lemma A.1 since V, is also bounded. Thus we have

1 —~
iH, f(V)]= —— | V
50 = oy [ 9T

1

(A8) / i(1-)EVa —(VV( VH™! 4 H WV (2))et*E ds de.
0

The right hand side is a bounded operator on H.

Example 3. — Let T = H and let A = x,, the Newton-Wigner
operator defined in Section 2. Again we have to check that e®*~»Gl C G*.
First observe that [H,zn,] = V + [V, Z] is bounded on H. Then it is
equivalent to show that (H — 2) ' D(2p,) C D(Zpy) by Lemma A.1. But
D(zpw) = D(x) and the result follows from the domain invariance property
proved in Section 2. Finally we have

(A.9)
1

~ 1 7 .
iH, Sl =55y /R VI© /0 T S (V+ilV (), Z])et*Sm ds de.

The right hand side is a bounded operator on H.

A.2. Helffer-Sjostrand formula.

In this appendix, we give a brief review of the Helffer-Sjéstrand
formula which first appeared in [21] and which is useful to estimate
functions of selfadjoint operators f(A) for functions f which are not
integrable. We follow the presentation given by Davies in [6] and we state
a version needed in Section 6.

First, consider a function f belonging to the class of smooth real-
functions

STPR) = {f € C*R): |fP ()| <Cl&) """, VkeN}, p>0.

We call almost-analytic extension of f and we denote it by f the following
function

(A.10) f(z) = f(z +iy): {Zf(k) }(<w>)’

where n is an integer larger than 1 and 7 € C§°(R) such that 7(z) = 1
for |z| < 1 and 7(z) = 0 for |z| > 2. This function satisfies the properties
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(see [6])
(A.11
(A.12
(A.13

(A.14

e fr=1

e suppfC{z+iy: [yl <C(z)},

o 10:£(2)] < Cla)= P17y,

e flz)= %/(C@;f(z)(z —2) " tdz A dz.

Now, given a self-adjoint operator A in a Hilbert space H, we can define
the operator f(A) as follows

(A.15) fl4)y= /a—f (z — A)~dz A dz,

)
)
)
)

where the integral converges in operator norm in H by (A.13) and since
p > 0. Moreover, we stress the fact that the operator f(A) does not depend
of the choices of n > 1 and 7 (see Lemma 2.2.4 in [6]).

For the applications, we use this formula for time-dependent po-
tentials of the following form. Let J € C§°(R \ {0}). Given a function
f € S77(R), we denote by f(t,z) the time-dependent function defined by

x
ft.2) = f@)7(3)-
With respect to the variable z, this function belongs to C§°(K;) C S™?(R)
where K denotes a compact subset of R such that K; C [—Mt, Mt], for M
large enough and independent of ¢t. Thus we can define the almost-analytic
extension of f with respect to x by

(A.16) ft,2) = {Zf”c k')k }T(%)

This function satisfies the following properties

(A.17) e suppf C [-Mt, M1]?,
(4.18) o 18:f(x) <CEPTI Ty,
(A.19) o f(t,x) /a—f (t,2)(z — )" 'dz A dZ.

We can define time—dependent functions of self-adjoint operators A as
previously by

(A.20) f(t, A) = /B—f (t,2)(2 — A)"ldz A dz.

Now we are interested in extendlng this last formula to functions f of
several variables. Let us consider f belonging to the class of functions

STP(R%) = {f € C®(R%): |07 f(z)| < C(x)~*71*, Va e N*}, p>o.
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We can define the Helffer-Sjostrand formula for this function with respect
to the first variable. If = (21, x2, z3), we have

Z 23}
F(zy +iy1, 2, T3) {az—:oaal yl }T<(—Z£_})
1
Using (A.13), we see that the functions zo — f(a:l + iy1, T2, x3) (resp.
x3 — f(z1 + %Y1, 22, x3)) also belong to the class S™#(R) uniformly with
respect to the other variables. That is to say we have

[8;";];(:151 +iy1, z2,23)| < C{x)7?, Ya; €N, j=2,3,
and the constant C does not depend on the variables x1,y;,z2 (resp.
Z1,Y1,%3). Thus by induction we define the complete almost-analytic
extension

f(Zl, 29, Z3 { Z 80‘ Zyl o1 (iyZ)a2 (iys)'% }

|
a9 Q3.
<B 2 3

(o) () ()

where a = (a1, a2, a3), B = (n1,n2,n3) and n; > 1, for all j = 1,2,3. This
function satisfies the properties.

(A.21) osuppf C {(z,y) € RS/ ly;| < Clzj), 7=1,2,3},

(4.22) o |3:f ()] < Ola) ™"~ gy ™ |2 |y ™,
i ~

(A.23) Of(x):W[cs O:f(2)(z1—x1) Mo —12) H(2a—x3) " rdz A dZ.

Here, we denoted z = (21, 22, 23) = (21 + Y1, T2 + iy2, T3 + iy3). Moreover,
Oz stands for 8505707 and dz Adz for (dzy Adz1) A (dza AdZZ) A (dz3 AdZ3).
The formulae (A.22) and (A.23) follow from (A.13) and (A.14).

Eventually, if A denotes a vector of commuting self-adjoint operators
in H, we can define f(A) as follows

(A.24) f(A)=(—2_7r3—3/(CS 051 (2)(z1— A1) "M (22— A2) Hzz3— A3) " 'dzAdz.

Of course, we have a time dependent version of this last formula. Let us
consider a function J € C§°(R3\ {0}). Define the time-dependent function
f(t,z) = f(x)J(%) as previously. Thus the almost-analytic extension

041 ; (s) y (e %
f(t 21, 22, Z3 { Zaa zyl (ZyZ) (ZyB) }

Oéz! (13!

)
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satisfies the properties

(A.25)esupp f C [—Mt, Mt x [—-Mt, Mt]%, x [-Mt, Mt]2,,
(A4.26) @ |0z f(t, 2)] < Ot~y |1 [y 22y,

(A.27).f(t,x)z(%/@a;f(t,z)(zl—xl)—l(22—z2)-1(z3—m3)—1dz/\dz.

Given A a vector of commuting selfadjoint operators on H, we define
(A.28)

£(t, A) = (—2%5 /C Bsf(t,2) (21 — A1)~ (22 — Az)~1(25 — Ag)~'dz A dZ.

Before to give commutator expansion formula, let us make the following
observation. The assumption f € S77(R®) with p > 0 is only needed to
ensure the convergence of the integral in operator norm. Actually, formulae
(A.15), (A.20), (A.24), (A.28) hold if we assume p € R and the almost-
analytic extensions satisfy the same properties. When p < 0, the integrals
converge for the strong convergence.

Application 1 (Commutator expansion). — Let A a vector of com-
muting selfadjoint operators on H and T selfadjoint on H. Let f € SP(R?)
with p € R. Assume that

(H3) A e CYT).
(H4) ad®(T) € B(H), k=1,2.

Then we have

-1

T H(A)] = Gy /(C 0=f ()T, Ry Rz Rsldz A dz,

where R; = (z; — A;)~*. The assumption (H3) allows us to expand the
commutator under the integral and one obtains
(A.29)

[T, f(A)] = (—2}:)—3 /Cs B;f(z)(; (gl R,ﬂ) T, Al](kfl Ry,))dz A dz.

Provided [T, A;] bounded for [ = 1,2, 3, the integral in (A.29) converges in
operator norm for p < 1 by (A.22). Now commuting [T, A;] with HiQ:l Ry,
and noting that

o Jo 27 (3 (T ) (1)) = 950174

=1 k1=1 ko=l

we get
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. l
(7,14 = VAT A + 55 [ o7 (30 (1T 2

=1 k1=1

[[T, All, ﬁ R,Q] )dz A dz.
ko=l

Since ad? (T) bounded on H, this last integral converges in norm of operator
for p < 2. Eventually we have proven that for any f € SP(R3) with p < 2,

(A.30) [T, f(A)] = Vf(A).[T, Al + B,
where B bounded on H.
In many cases we have to deal with functions of time-dependent

Hamiltonians of the form f(%). Therefore under the same hypotheses on
f, T, A, we have

(A.31) [T,f(‘—f-)] - %w(?).[T,A] +O(t2).

Application 2. — Given two vectors of selfadjoint operators A and
T on H and a function f belonging to the space SP(R3) , we would like to
express the difference between f(A) and f(T) as the product of an operator
C and A —T. We apply formula (A.24)

f(A) - F(T) = (—2;? /C 0:f(2)(RAR}RY ~ RTRYRY)dz Ad,

where R = (z; — A;)~" and RT = (2; —T;)™". Using the resolvent identity
R# — R] = RT(A; — T;)R; which makes sense on B(H), one obtains

Fa)-10)= s [ aef (3 (T A8 Yearmo( [T Ré))asnaz
k1=1 ko=l

=1
Now we want to commute A; — 7T} with Hizzl Rf2 under the integral. Thus
we have to assume that A € C!(T). In this case, we get

(A.32) F(A) = f(T) = C.(A—T) + B,

where

= o Jo 273 (11 RE)(TLA8))eiz e

is a bounded operator on H if p < 1 according to (A.22). Moreover if we
suppose [T, A;] bounded then

b= oty [Losi (3 (11 #8) [ m. T R ])a ne

=1 k1=1 ko=l
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is bounded if p < 2 by (A.22) since A € C'(T) implies [T,R%] =
RAT, Aj]R.

We end this application by giving a time-dependent version useful for
Section 6. Given two self-adjoint operators A and T' in a Hilbert space H
and given two functions f € SP(R?) and J € C$°(R3), we want to express
the difference between the functions of operators f(¢, A) and f(¢,tT) as
the product of one operator C(t) and A —tT. Moreover, we want to obtain
good estimates of C(t) with respect to ¢t when t goes to infinity. Assume
that A € CY(T) and [A, T] bounded on H then using formula (A.32), we
get

(A.33) ft, A) — f(t,¢T) = C(t).(A—tT) + B(t).
From the exact expressions of C(t) and B(t), by (A.26) and (A.25), if we
assume p < 1, we obtain the following estimates

C(t) € O(tr™1),

B(t) € O(t*™1).

B. Time-dependent Dirac operator
and asymptotic velocity.

In this appendix, we study time-dependent Dirac operators of the
form
H(t) = Hy + V(t,z),

where V(t,z) = Vi(t,z) + Va(t,z)T° is the sum of a scalar and a matrix-
valued time-dependent potentials. The main assumptions on the time decay
of V(t,z) will be

(B.1) |OFV (t,x)
(B2) |0z V (¢, z)

<Ct)y™17* keN
<oy lel va e N3,
For such Hamiltonians, it is possible to define an associated unitary

dynamics (see [8], appendix B.3, Proposition B.3.6) which we will denote
by U(t, s) and which satisfies :

e The map (¢t,s) — U(t,s) is strongly continuous with values in
unitary operators in H such that

Utt)y=1, U@Euw)U(u,s)=U(,s).
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o If we denote B = (HZ + 1)%, we have
dsU(t,s)B~t = U(t,s)iH(s)B™,
&B~U(t,s) = —iB ' H)U(t, s).

We wish to define the asymptotic velocity and to describe some of its
properties. Let us first prove the proposition

PRrRoOPOSITION B.1. — Under the previous assumptions, the limit
(B.3) s —Coo — lim U(0,t)VU(t,0) =: VF,
t—+oo
exists.
Proof. — By a density argument, it is enough to show that

exists for any v € H and any g € C$°(R®). Let us introduce the operator
Va(t) = 2(pH(t)~ + H(t)"'p) as in Lemma 6.2. Using (6.20), it is enough
to show the existence of lim;_, 4o, U(0,t)g(V,(t))U(t,0)%. But we have

d d .

50 (0, )g(Va(t))U(t,0)y=U(0,) (ag(Va(t))ﬂ[H(t), 9(Va (t))]) U(t,0)y.

By (6.27) and (6.28), this term is integrable in norm. Hence the result
follows from Proposition 4.1. O

As in the case of time-independent Hamiltonians, we can give an
alternative definition of V¥ in terms of the position observable. Exactly,
we prove the following proposition

PROPOSITION B.2. — The asymptotic velocity V* is characterized
by
e R z
(B.4) VE=5-Cqx tl}imoo U(0,t) ; U(t,0).

The first step is to obtain propagation estimates for solutions U (¢, 0).
The next proposition summarizes the large and minimal velocity estimates
in this case as obtained for time-independent hamiltonians.

PROPOSITION B.3. — Suppose that j,g € C$(R?) and suppj N
suppg = 0. Then
sz 24t
5 [ i(H)svweow| T <o, wen
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Furthermore, if J € C§°(R?) such that J = 1 on a neighbourhood of supp g,
then

(B.6) s—,lim U, t)J(%) g)U(t,0) = g(V*).

Proof. — Assume first that 0 ¢ supp g. Since the intersection of the
supports of j and g is empty, by a covering argument we may assume that
there exists v € R3, v # 0 such that
(B.7) suppg C {z: (v,z) > 62},

(B.8) suppj C {z: (v,z) <01},
vghere 0 < 91~ < 0. Let us choose a function J € C*(R) such that
J' € CP(R), J'(z) =0 when z > 6, and
(B9) () > (),
Now we define J(z) := J({v,z)) and the propagation observable
)

8(t) = gVa() T (222 g(Va(t)),

where V, (t) = 3(pH(t) ' +H(t)~'p). We compute its Heisenberg derivative
using Lemma 5.2

) =(590u(0))7(Z22)g(Va(®) + he

+i[H (1), 9Va ()T () 9(Va(®) + he

+ 7000) (v - Z2) 97 (222 ) ga0) + 0.
The first two terms are integrable in norm by (6.27) and (6.28). Moreover,
we can replace the Newton-Wigner variable z,,, by z by Lemma 5.1 and
also g(V,(¢)) by g(V) thanks to (6.20). Now we claim that there exists a

constant Cy strictly positive such that
1

L (V=) (2)am) > Lo (2) 9w,

Indeed, observe that if we commute certain terms in this last expression,
we obtain, using (B.7), (B.8), (B.9) and the fact that [V, f(%)] € O(t™!)

o (=)o
= 290,V =207 ((v.5))9v),
> (7 ((25))) s e (7 ((v.5)))"
(7 ) () o
> (62— 0097 (3)9)
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The constant Cy is strictly positive since 62 > 6;. Eventually we have

Do(1) > L2 (2)av) + 06,
Thus we can conclude the proof of (B.5) using Proposition 4.1.
If 0 € supp g then one can find v € R3 such that
suppj C {z: (v,z) > 6>},
suppg C {z: (v,7) <61},

where 0 < §; < 6;. Now we make the same computations with —Dg(¢) to
get the result.

To show (B.6), we consider a function J € C*(R3) such that
VJ € C§°(R3) and suppVJ Nsuppg = 0. We claim that the following
limit exists and is equal to 0

(B.10) 5= lim U(O,t)J(%)g(V)U(t, 0),
which proves (B.6). Let us denote ¢(t) = J()g(Va(t)). Then, using (6.27),
(6.28) and (6.20), we obtain

@ Do)l < T15(2)ami + o-2),

where j,5 € C§°(R®) such that suppj Nsuppg = @ and jVJ = V.J and
gg = g. Thus the following limit

(B.11) s— tlim U(0,8)e(t)U(t,0),
exists by Lemma 4.1 and (B.5). This implies that the limit (B.10) exists

by (6.20). Now, assume that J € C§°(R?) and supp J Nsuppg = @. Then
we also know that

/100 [1(2)s0r0 00| S < o0, v e

So in this case the limit (B.10) is zero. To conclude the proof, we need show
that there is no propagation for large . But this follows by the same limit
procedure used in Proposition 4.4. We omit the details. O

We prove now the “microlocal velocity estimate”.

PROPOSITION B.4. — Suppose that g,J € C$°(R3) and suppg N
supp VJ = ). Then
<,z z 24t
B12) [ G -ws(3)smve o] T < i, v e n
1
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Moreover,
(B.13) s — lim (% - V)J(%)g(V)U(t, 0) = 0.
Proof. — Let us define the following propagation observables
s0t) =57 (2) (5 =) 7 (5)s),
and )
alt) = 9al) I (2){ 2 22D 0215 (D) gm0,

where A(t) = 1(z.pH *(t) + H™}(t)p.z) which is well-defined for ¢ large
enough. By the same arguments as in Proposition 4.5 and using (6.20), we
have ¢, (t) = ¢o(t) + O(t™!). The Heisenberg derivative of ¢, (t) equals

x

2 x 2 sz 2
Doa(t) = 29I (3) (3 -V) I (3)s) + o).
Thus (B.12) holds by Proposition 4.1. To show (B.13), first observe that it
is equivalent to prove that
(B.14) s— tlirn U(0,t)¢o(t)U(t,0) = 0.
But, by Lemma 4.1 and the previous computation of the Heisenberg
derivative of ¢,(t), we know that the limit
s— tlim U(0,t)9,(t)U(¢,0),
exists. Hence, since ¢, (t) = ¢o(t) + O(t™1), this proves the existence of
the limit in (B.14). Moreover, ¢o(t) > 0 and thus

*° dt
0< [ @U0.060U 0T <o,
1
by (B.12). Therefore the limit (B.14) is zero. O

We finally give the proof of Proposition B.2. It is enough to show that
for any f,g,J € C5°(R3) such that J =1 on suppg,
lim U(0,¢)(f(Z W) (E)g0)U(t,0) =0
000 (1(2) -0 (2)arwien o
But we already saw in Proposition 5.1 that
x z _
£(3) - 100 =B(3 -v)+oe™),
where B is a bounded operator. Thus we conclude the proof using Propo-
sition B.4. O
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