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ANALYTIC INDEX FORMULAS
FOR ELLIPTIC CORNER OPERATORS

by B. FEDOSOV, B.-W. SCHULZE and N. TARKHANOV

Introduction.

Manifolds with corners belong to the category of stratified spaces,
where singularities are modelled by iteratively forming cones and wedges,
starting from a closed C°° manifold as the base of the first model cone.
Special structure of singular charts on such manifolds gives rise to differ-
ential operators with typical degeneracy in symbols. Algebraic operations
with typical symbols generate specific pseudodifferential algebras, [Sch01].
Ellipticity in these algebras is determined by the bijectivity of components
of a hierarchy of principal symbols. This entails the existence of paramet-
rices within the algebras and (for compact spaces) the Fredholm property
in adequate scales of Sobolev spaces.

Since the Atiyah-Patodi-Singer index theorem [APST75] one tries
to explicitly express the index of elliptic operators on singular spaces
in terms of symbol hierarchy. For conical singularities and Fuchs-type
operators there are many results in the literature, cf. [FS96], [FST99] and
the references given there, while for edge singularities explicit answers
specifically depend on the choice of the operator algebra. Such a choice
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becomes more and more “non-canonical” the higher we admit the orders
of geometric singularities. An analytic index formula for the edge algebra
in the sense of [Sch91] has been given in [FST98], cf. also [Roz00].

In the present paper we consider corners as the next step in the
hierarchy of singularities. A corner ¢ may be viewed as a cone whose base
Y is itself a manifold with conical points. Each conical point y. € Y gives
rise to a one-dimensional edge, these edges meet together at the vertex c
of the corner. We consider an algebra of pseudodifferential operators with
special degeneracy properties near edges and corners, the so-called corner
algebra constructed by the second author [Sch92] (for a general manifold
with corners, see also [Sch01]). There are three levels of principal symbols
in the corner algebra, each corner operator A gives rise to a triple

(01) U(-A) = {Uint('A)v OA (A)v UC(A)}

of the so-called principal interior, edge and corner symbols. If all the entries
of (0.1) are invertible then the operator A is called elliptic; with some
precautions it has Fredholm property in appropriate weighted Sobolev
spaces.

We derive an index formula for elliptic corner operators in the spirit of
[FS96], [FST98]. A convenient iterative representation of operators allows
us to employ a similar machinery. We consider a model manifold with
corners which we call “edged spindle”,

(0.2) M=[-1,1]xY /({-1} x Y) U ({1} x Y).

Here Y is an (n + 1)-dimensional manifold with one conical point y., ¢4
are two corners, the curve [—1,1] x y, is an edge. The variable t € [-1,1]
is called the corner-axis variable.

The “edged spindle” is the simplest compact manifold with corners.
In contrast to [FS96], [FST98] we have chosen here a compact manifold as
a more realistic model allowing one to treat pseudodifferential operators
of any order without order reduction. The non-compact case of a pure
corner Ry xY / {0} x Y is also included in our model. In this case we take
operators of order zero with symbols stabilizing to 1 in a neighborhood of
c_ and having a corner degeneracy at c.

The change of variables

tlzln}ﬂ
1-t¢
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reduces the spindle to an infinite cylinder
(0.3) M=RxY,

the corners c1 become “cylindrical ends” +oo (cf. [FST99]). The corner
algebra becomes a version of the edge algebra [ES97], [FST98] with a special
behavior at too.

For the purposes of analysis it is better to work on the resolved space
M’ =[-1,1] x Y, where Y’ is a smooth manifold with boundary. Locally
along the edge M’ has the form (—1,1) x Ry x X, X = 9Y’ being a
C* compact closed manifold of dimension n. The corners are specified by
{=1} x Y’ and {1} x Y’, hence the local structure of M near the corners
is described by Ry x R} x X.

The blow up procedure obviously induces a singular metric of the
form dt? 4+ a*t?>dy? near any corner, dy? being a Riemannian metric on
the cross-section Y of the corner and a > 0 a constant. The metric dy? is
in turn of the form dr? + b?>r2dz? near the conical point of Y, where da?
is a Riemannian metric on X, and b a positive constant. The associated
Laplace-Beltrami operator is

A= t% ( — (tDy)? +in(tDy) + %Ay),
(0.4) Ay = Tl2 (= Do +itn— 1)(rD,) + b%AX),

where Ay and Ax are the Laplace-Beltrami operators on Y and X,
respectively. This is an example of a typical differential operator on a
manifold with corners.

More generally, corner degenerate differential operators of order m in
the splitting of variables (¢,7,z) € Ry x R} x X have the form

1 ,
(0.5) A= —— " ag(t,r) (trDy)" (rD,)’
(tT’)m B+j<m

with coefficients ag; that are smooth in (¢,7) up to t = r = 0 and take
values in differential operators of order m — (8 + j) on X. In variables
(t,y) € Ry x Y we assume A to be of the form

A= LS 4000
B=0

where the coefficients Ag are smooth in t up to ¢ = 0 and take their values
in differential operators of order m — 3 on Y. In stretched coordinates
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(r,z) € Ry x X close to a conical point y. € Y (i.e., near r = 0) we then
have
1 < :
Ap(t) = rm—p Zaﬂj(tvr) (TDT)] .
=0

In local coordinates near a corner ¢ = r = 0 the symbol of (0.5) has
the form

(0.6) a(t,r,z,7,0,§) = a(t,r,z, trr,r9,£)

(tr)™

where a(t,r, z, 7, 0,€) is smooth up to ¢ = 0 and r = 0. The corner algebra
we work with is obtained by quantizing (0.6) for arbitrary C'* functions a
satisfying the usual symbol estimates in 7, ¢ and &.

General boundary value problems in domains with corners for differ-
ential operators with symbols (0.6) were first considered by Maz’ya and
Plamenevskii [MP77]. However, they have never treated pseudodifferential
operators and parametrices in this context. In the '80s Melrose introduced
the so-called totally characteristic pseudodifferential operators on mani-
folds with corners, cf. [Mel87]. These operators are actually tensor products
of Fuchs-type operators, i.e., they have symbols a(t,r, z,t7,70,&) of other
degeneracy than (0.6). This approach was essentially developed in the 90s
by Mazzeo [Maz91], [MM98].

In contrast to the operators of [Mel87], the class (0.6) contains the
restriction to M of any smooth differential operators in a neighborhood
of M, provided M is embedded. It follows that also pseudodifferential
operators on a smooth manifold can be interpreted in the framework of
the corner calculus with respect to artificial corners.

The (operator-valued) edge symbol of A has the form

(0.7) oA (At = —— 3 ag(t,0) (trr)? (rD,)?
(tT) B+j<m

which acts as K$9(X") — Ks~™5-m(X"). Here, K*®(X") are weighted
Sobolev spaces of smoothness s and weight § on the infinite stretched cone
X" := Ry x X. We have K*°(X") — H{ _(X") for every s, and the
behavior of functions in K*®(X") near r = 0 is compatible with the nature
of symbols. By the very nature, (0.7) is a family of operators of Fuchs type
at the conical singularity » = 0 on the base of the corner, parametrized by
(t,7) € Ry x R. When studying the mapping properties of the family (0.7)

ANNALES DE L’INSTITUT FOURIER
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in spaces K*9%, one can change the variables by r' = tr, for fixed t > 0.
Since the Fuchs derivative rD, is invariant under this change, we arrive
at the same family with »t replaced by r. This gives rise to the so-called
comperessed variant Yo (A)(t,7) = t™oa(A)(t,7/t) of the edge symbol.
Hence there is a subordinate cone conormal symbol

(0.8) ou (Poa(A)) (2) ==Y ag;(t,0)
j=0

acting as H*(X) — H* ™(X), for z € C, cf. [Sch91]. Moreover, we have
the (operator-valued) corner conormal symbol

(0.9) ae(A)(Q) = Ap(0)¢?
B=0

of A, living on the complex plane ¢ € C. It acts as H**(Y) —
H#~™5-m(Y), where H*®(Y') are weighted Sobolev spaces on Y.

The elements A in our corner algebra consist of (2 x 2) -block matrices

of operators
A P
4=(7 o)

where the upper left corner A is a corner-degenerate pseudodifferential
operator while P is a potential and T a trace operator with respect to the
system E C M of edges. The set F itself is regarded as a one-dimensional
manifold with conical singularities at the corner points of M, and @ is
an element of the corresponding cone algebra on E, cf. [Sch91]. Then
Oint(A) := oint(A) is the standard principal homogeneous symbol of A.
Further, the principal edge symbol

(0.10)  oA(A)(t,7): KX @CN- — Ko~m8m(X") @ CN+

is a family of block matrix operators, according to N_ potential and N4
trace conditions with respect to E. Here, Ny depend on ¢ in general.
Similarly, the corner conormal symbol

(0.11) oo(A)(Q) : H*(Y)®CN- — H~™5~™(Y) @ CN+

is a family of block matrix operators, parametrized by a complex covari-
able C.

For the discussion of ellipticity it is important to note that the entries
of both o5 (A) and o.(.A) are global operators along X" and Y, respectively.

TOME 52 (2002), FASCICULE 3



904 B. FEDOSOV, B.-W. SCHULZE, N. TARKHANOV

The ellipticity of A is defined by requiring the bijectivity of all three
components of o(A). Given a ojy -elliptic corner-degenerate operator A,
the bijectivity of oa(A) is an analog of the Shapiro-Lopatinskii condition
for the additional data on E.

The question of constructing an elliptic edge problem A for a given
Oint -€lliptic A in the upper left corner is of similar nature as the analogous
question in boundary value problems. As is well known in the latter case,
a certain topological obstruction has to vanish for oiy(A), cf. [AB64].
Although in boundary value problems there are oy -elliptic operators that
do not admit Shapiro-Lopatinskii elliptic conditions, the set of operators
A with ellipticity in all components of o(.A) (which is in this case the pair
consisting of interior and boundary symbols) is very rich. The same is true
of our corner algebra. If A is corner-degenerate and elliptic relative to oint
then (0.7) is a family of Fredholm operators K*®(X") — K~ ™8-m(X")
parametrized by (¢,7) € T*Ry \ {0}, for every s € R and § € R\ D(t),
where D(t) is a discrete set of exceptional weights. In reasonable cases (see
for instance (0.4), where D(t) is independent of ¢) we find suitable 6 for all
t.

Now the analog of the topological condition to g, (A) in the present
case is

(0.12) indoa(A)(t,7) =indos(A)(t, —T)

for all (¢t,7) € T*Ry4 \ {0}, cf. Proposition 10 in [Sch91, p. 376]. One can
prove that (0.12) is independent of the choice of §, though the index itself
depends on 6. Clearly, it suffices to require (0.12) for one t = to. If (0.12) is
satisfied, the operator family oA(A)(¢,7) can be filled up to a block matrix
oa(A)(t, T) of isomorphisms (0.10), where Ny — N_ = ind oA (A)(¢, 7). The
details of this construction are close to those in the more general situation
of edge singularities, cf. Section 3.3.4 in [Sch91].

Similarly to the case of boundary value problems we find o (A)(t,7)
in such a way that

on(A)(t, A7) = A™diag (K, id) oa(A)(t, 7) diag (K, id) "

for all (t,7) € T*Ry \ {0} and X > 0, where (kau)(r, z) = A+ 24(\r, 2).
In the present case the procedure can be kept uniformly in ¢ up to ¢t = 0,
i.e., compatible with an analogous construction for the compressed edge
symbol g (A)(¢,7). In this way we obtain a (2 x 2)-block matrix family
o7 (A)(t,7) of isomorphisms in the sense of (0.10).

ANNALES DE L’'INSTITUT FOURIER
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To illustrate the last step of constructing a bijective conormal symbol
on a line ¥( = —v we assume A to be a corner-degenerate differential
operator (for the pseudodifferential case we would need more background
from the corner operator calculus, see also [Sch01]). Let F(7) denote
the (2 x 2)-block matrix whose entry Fj; is zero and the other entries
equal the corresponding entries of the matrix oA (A)(0,7). Choose an
arbitrary smooth excision function x(7), i.e., x vanishes near zero and
equals 1 outside a neighborhood of zero. Form x(7)F (7). We then obtain
an operator-valued symbol with covariable 7 € R in the sense of symbols
of order m with “twisted homogeneity.” A kernel cut-off construction in
the sense of [Sch89] allows us to pass from x(7)F(7) to an operator-valued
function H(¢) which is holomorphic in ¢ € C and satisfies H(7 — iy) =
Xx(7)F(7) modulo a symbol of order m — 1, for every v € R. On the chosen
weight line ¢ = —v we may even arrange a remainder of order —oo. The
corner conormal symbol of our future elliptic operator A will be

o) = ("9 1)+ o

where we choose a suitable I = —~.

What we know by construction is that o.(.A)(¢) is a holomorphic
family of Fredholm operators (0.11) which consists of isomorphisms for |R(|
large enough. The reason is that o.(.A)(¢) is a parameter-dependent elliptic
cone operator on Y in the sense of [Sch92]. It is then well known that in such
a case there is only a discrete set D C C of exceptional values, such that
o¢(A)(¢) is an isomorphism for all ¢ € C\ D. In fact, D N {a < IS¢ < b}
is finite for all a < b. We now fix any 7 € R such that 7 — iy € D,
and construct a Mellin pseudodifferential operator G in t € R, with the
amplitude function

t~"diag (w(r),1) H(r — iv) diag (w(r), 1),

where w(r) is a cut-off function in r € Ry (i.e., w = 1 near zero and w =0
outside a larger neighborhood of 0). Finally, we set

A 0
Az(o 0>+g;

this operator belongs to the corner algebra and is elliptic with respect to
the chosen weights ¢ and 7.

Notice that we have here an analog of the Agranovich-Dynin formula
in boundary value problems, cf. [AD62]. The difference of indices of elliptic

TOME 52 (2002), FASCICULE 3



906 B. FEDOSOV, B.-W. SCHULZE, N. TARKHANOV

operators .A; and Az in the corner algebra with the same upper left corners
can be calculated as the index of a reduction of A3 to E by means of A;,
which is an elliptic operator in the cone algebra on E. In other words, all
elliptic operators in the corner algebra with given left upper corner are
parametrized by elliptic operators in the cone algebra on E, which gives
another impression about how many elliptic operators in the corner algebra
do exist at all. Thus, the simplest example of an elliptic edge problem on

M is
10
A:(o Q>

where @) is an elliptic operator of order 0 in the cone algebra on E.

The Laplace-Beltrami operator (0.4) is obviously elliptic on the
smooth part of M, i.e., with respect to the usual interior symbol i, (A).
The other two principal symbols are

on(A)(t7) = ﬁ (= @n?+ = (= D)2 +itn = 17D+ 15Ax)),

1
o (A)(T)=—72 + inT + a_QAY’

the first of the two is defined for ¢t > 0 and 7 € R while the second one lives
on a horizontal line 7 = +y.4.

The principal edge symbol o (A) acts in weighted Sobolev spaces on
the infinite cone X" = Ry x X over X, namely K° — K$=29-2 where
the exponent § € R indicates a weight 7—%. Using the cone theory it is
easy to see that this operator is Fredholm for all but a discrete set § € R.
Hence we can border the edge symbol of A by potential, trace and edge
conditions, cf. Section 3.5, such that the (2 x 2)-matrix obtained this way
is invertible for all ¢ > 0 and 7 # 0. For ¢ in certain intervals independent
of ¢, the symbol o (A) itself is invertible for any ¢ > 0 and 7 # 0, and so
no bordering is required.

The corner symbol o.(A)(7), T being a complex covariable along a line
37 = +v4, acts in weighted Sobolev spaces H*(Y) on the cross-section
of the corner, Y, which is a compact manifold with conical points. It is a
general property of ellipticity with parameter that o.(A)(7) is invertible
for all 7 with sufficiently large |7|. Hence A is elliptic with respect to the
corner symbol on both lines 37 = +y4, provided v4 are large enough.
In general the corner symbol takes its values in (2 x 2)-matrices of cone
operators on Y.

ANNALES DE L’INSTITUT FOURIER
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The domains of corner operators under study are weighted Sobolev
spaces H*®Y+7-(M). They coincide with the usual Sobolev spaces H
away from the singularities on M. Near the edge these spaces are the so-
called “twisted” Sobolev spaces H*(R,7*K*°(X")) that are obtained by
completing C§°(R x X”) in the norm

o !
(013) u +— <</R<T>2 Illi<7_1>]:t»—>7'ul|§<s,é(x/\)d7')

including the group action (kxu)(r,z) = A"+D/2y(\r;z) on K5%(X").
Here Fy,u is the Fourier transform of u in t. Note that K0~ (n+1)/2(x")
is the L?-space on the cone X" relative to the measure r"drdz. Hence it
follows that

HO— "3 - (M) = L*(R x X", r"dtdrdz)

locally close to the edge. Near the corners this space is modified by
including weight factors t¥7+. However, for s = 1,2,..., the space
H* (R, 7* K*®(X")) is quite different from the completion of C§°(R x X")
with respect to the norm
Y L dr %
0.14)  ure (/ Y D) Dl dt )
RxR, B4t A<s r

near the edge r = 0 (outside the corners), as it might be expected.

The group action ky entering into (0.13) affects drastically the
behavior of u near the edge. On the other hand, it is just k) that allows one
to reformulate the usual (isotropic) Sobolev spaces H*®(R"*2) as anisotropic
spaces along R with values in H*(R"*!), ie., as H*(R,n*H*(R"*!)).
Recall that Luke [Luk72] lacked a mere group action to introduce elliptic
pseudodifferential operators with operator-valued symbols of order > 0.
Moreover, a group action in fibers enables us to define homogeneous
symbols and asymptotic expansions in homogeneous components, which
is of crucial importance for the analysis of edge problems.

The norms (0.13) and (0.14) are still locally equivalent near the edge
in the case s = §+(n+1)/2, cf. Proposition 3.1.5 in [Sch99]. So, by choosing
a suitable weight we recover also the “naive” Sobolev spaces (0.14).

The weight factor ™ in (0.5) as well as in the corresponding
symbols is motivated by the form of the Laplace-Beltrami operator to
corner-degenerate metrics. Such factors also occur in polar coordinate
representations of operators near fictitious corners. However, ¢~ is not

TOME 52 (2002), FASCICULE 3



908 B. FEDOSOV, B.-W. SCHULZE, N. TARKHANOV

essential for the nature of operators in the corner algebra, and it will be
omitted later on. On the other hand, the factor =™ plays a specific role
in connection with orders of operator-valued edge symbols.

There is a vast literature concerning the index theory on singular
manifolds (see, e.g., [FST99]). The authors had to solve a difficult problem:
what material to include in the present paper without enlarging its volume
enormously. After some hesitation we decided that the results of the cone
and edge theory should be simply referred to. On the contrary, the results
of the corner theory should be presented here in detail. The reason is that
the edge theory is a well-developed branch while for the corner theory we
have essentially only one reference [Sch92]. Besides, our approach developed
here is slightly different from that in [Sch92]. We introduce special classes
Y™ of operator-valued symbols based on special families of norms || - || in
Sobolev spaces on manifolds with edges. Such an approach will be called
a passive one. It turns out to be equivalent to the usual active approach
based on operator-valued symbol classes S™ and the group action k). The
terminology comes from a passive and active approach to the change of
variables. From the passive point of view, the geometrical points remain
fixed, we change only coordinate systems, while in the active approach the
system remains fixed and we move the points.

The passive approach developed here seems to be more convenient. It
allows us to reduce easily parameter-dependent operator-valued symbols to
standard integral operators in L? spaces, so that the calculus of operator-
valued symbols becomes quite similar to that of scalar-valued symbols.
We hope that such an approach will be useful when considering higher
singularities.

An interior part of the corner operator on the manifold M, cf. (0.3), is
represented by an edge symbol a(¢,7) which is an operator-valued symbol
on the plane (t,7) € R? whose values are cone pseudodifferential operators
on the fiber Y. It stabilizes to a(+oo, 7) for large t. Ellipticity implies that
this function is almost invertible, that is a fiberwise parametrix ro(¢, 7)
exists. The latter is an edge symbol stabilizing to ro(+oo,7) for large ¢,
such that

1 —ro(t, 7)a(t, 1),
1 —a(t,7)ro(t,7)

ANNALES DE L’INSTITUT FOURIER
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are trace class operators vanishing for 7 large. This implies that the
differential 2-form

tr(dro +rodarg) A da
has a compact support in R?, so, the integral

1
— tr (dT’O + 1o da 7'0) A da
27 R2
exists. It gives one part of the index formula which we call an interior
contribution. The other parts are given by the so-called corner contributions

at t = +oo.

Let us describe the corner contribution at ¢ = +o0o. Besides the
function a(+o0, 7) which is a limit of the edge symbol a(t, 7) and in general
is not invertible for all 7 but only for 7 large enough, a corner operator
possesses a so-called corner symbol o.(A) which is an operator-valued
symbol a4 (7) with values in the cone operators on the base Y invertible
everywhere on the corner weight line 37 = ;. The corner contribution
may be thought of as a kind of a “logarithmic residue”

— trregas (7)al, (7) dr.
T Jr=n4

Unfortunately, the logarithmic derivative does not belong to the trace
class, so the trace should be defined via some regularization procedure.
To this end we compare the logarithmic derivative a7 '(7)a/, (1) with the
function ro (400, 7)a’(+00, 7). These two functions are defined on different
horizontal lines in the complex plane 7. The first one is defined on the
weight line 37 = ., the second one on the real axis 7 = 0. Nevertheless,
the function

(1) = ro(+00,7)a' (+00,7)

may be formally shifted to the weight line by means of the formal Taylor
series

(015) > 10— i)

k=0

here 7 belongs to the weight line St = 7. Were f(7) an entire function,
this series would be convergent and would give us the restriction of f(7)
to the weight line. We use the series (0.15) to regularize the logarithmic

TOME 52 (2002), FASCICULE 3
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derivative. Namely, we define the corner contribution to be

N .
1 ; tr § (a3'a})(7) - (roa’)® (00,7 — iv4) (Z%?) dr
2t o=y k=0 k!
+oo N ;
271rz o {Z(a+ DB iy )(—’Y—Jr)— (Toa')(-l-oo,T)} dr.
- k=0
(0.16)

This integral converges for N large enough and is independent of N
provided N is large. The second expression in (0.16) follows from the
first one by a formal complex shift by —éy, in the integrand. Clearly, this
shift does not change the value of the integral. Indeed, for a function b(T)
decreasing rapidly on the line &7 = we have

/ b(T + iy)dr =0,

—o0

for any k£ > 0, so that

/ / Zbk)”” kY)

& k=0

For t = —oo we have a similar corner contribution. The full index
formula has the form

1
indA = 2—/ tr (dro+ rodaro) Ada
R2

e
+ % B {Z(“ )P (7 + iy )(—_%t)f - (roa’)(+oo,r)}dr
- N .
- ZLm ) i {Z(aila'—)(k)(T—i“Y—)(z_vk_ul - (Toa')(—oo,T)}dr.
- k=0 :
(0.17)

The orientation of the plane R? is defined by the form dtAd7. The sign “—”
in the corner contribution at ¢ = —oco comes from the change of orientation
(the proper orientation of the ¢-axis near a corner point corresponds to
t increasing to +o0o when approaching the corner point). Like the index
formulas in [FS96], [FST98], this formula has the same drawback: it does
not express the index in terms of principal symbols (0.1) only as one could
expect.
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There are special cases when corner contributions vanish, for example,
if yv4 = 0 and a4 (1) = a(+o0, 7). This case was considered in [FS96] for
the cone elliptic operators. In general, however, all the contributions are
present, so, we will not try to classify these special cases.

Let us describe briefly the contents of the paper. In Section 1 we
introduce the Sobolev spaces H*°(Y') on fibers with a family of norms ||- ||,
depending on a real or complex parameter 7. They play a distinguished role
in our passive approach. We also use them to define the corner Sobolev
spaces H*®Y+7-(M) which in our approach are L? spaces for scalar
functions ||u(7)||;. We consider embedding properties for these spaces,
especially trace class embeddings.

Section 2 may be viewed as an introduction to our passive approach in
the theory of operator-valued symbols. Although we consider here a more
simple situation when the fiber manifold Y is smooth, the method remains
the same for more general cases when Y itself has singularities. In addition
to the simplest case considered in Section 2 we need to define proper fiber
norms | - |- and investigate fiber-wise properties of the operator-valued
symbols. After that the theory goes as in the simplest scalar-valued case.
We discuss also a necessary modification of the Fredholm property of elliptic
operators using a kernel cut-off procedure.

Section 3 is the most important one. Here we introduce the classes
m(6,6 — 1) of edge symbols which serve for the definition of corner
operators. Starting with the well-known parametrix construction in the
edge algebra, we construct a parametrix for a corner elliptic operator and
derive a coarse index formula. This is done similarly to the case of a cone
[FST99] using our passive approach.

Finally, in Section 4 we transform the coarse index formula to the
final form (0.17) following [FS96] and using our passive approach.

As was already mentioned, we combine here the methods of [FS96],
[FST98], [FST99]. Unfortunately, some essential technical changes are
required. For the reader convenience we have gathered a necessary auxiliary
material in the last Section 5 which may be regarded as an appendix.

Acknowledgments. The authors gratefully acknowledge the many
helpful suggestions of the referee.
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1. Sobolev spaces on the edged spindle.

We introduce the spaces H®®7+7-(M) on the edged spindle M
represented as a product (0.3). They are similar to the corner and wedge
Sobolev spaces introduced by the second author [Sch92]. The parameters
s, 6, and 4 are called smoothness, the cone weight, and corner weights at
+o00, respectively, all the parameters being real.

The definition uses essentially the product structure (0.3). We treat a
function u on M as a function u(t) on R with values in a functional space on
the fiber Y. Thus, first we need to describe the spaces H**(Y") on Y which
is a manifold with a conical point y.. A neighborhood of this point may be
identified with an infinite stretched cone X" and we will need the Sobolev
spaces K*°(X”) on an infinite cone X”. For the reader’s convenience we
recall the definition and the properties of these spaces following [FST98],
see also [Sch92], [ES97].

In the sequel we will use various cut-off functions: p(y), y € Y, with
compact support or w(t), t € R, with a support in R . They usually appear
with corresponding covering functions p(y), @(t) which are equal identically
to 1 on the support of the cut-off function p, w and vanish identically outside
a neighborhood of finite radius of supp p, supp w, respectively. For a given
cut-off function the corresponding covering function will be always denoted
by tilde.

1.1. The spaces K*%(X").

By a stretched cone X" with a base manifold X we mean a Cartesian
product Ry x X with the action of the group R,

A(r,z) = (Ar,z)

for A € Ry and (r,z) € Ry x X. The base X is supposed to be a
smooth compact n-dimensional manifold without boundary. For a coor-
dinate neighborhood U C X we denote by U = Ry x U the stretched
conical neighborhood in X”. We use the notation V4 c R™*! for the geo-
metrical conical neighborhood corresponding to a coordinate neighborhood
V C S” on the unit sphere in R**'. The group R, acts on V2 by homo-
theties. By a conical coordinate diffeomorphism x: U" — V2 we mean a
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diffeomorphism which commutes with the action of R . The inverse diffeo-
morphism

(1.1) Xt VAeT e (rz) e Vh
may be thought of as a passage to polar coordinates.

There are several modifications of the Sobolev spaces adopted to the
conical structure.

1. The spaces H*(X"). Let C§°(X") denote the space of smooth
functions with compact supports in an open stretched cone X" =R, x X.
For a function u € C§°(X"), take its push-forward

Ou) (@) =u (X (@)

under a conical coordinate diffeomorphism (1.1) and define

Null s (xny = Ixeull s @nry-

The general case may be reduced to the special one considered above by
taking a finite coordinate covering U; of X and a subordinate partition
of unity p;(z). For stretched conical neighborhoods U;*, we take conical
coordinate diffeomorphisms x;: U/ — V/* and set

(1.2) HUH%IS(XA) = Z ||Xi*PiUH%{s(Rn+1)-

The norm (1.2) is independent of the covering, partition of unity and
coordinate diffeomorphisms up to equivalence.

2. The weighted spaces H®®(X"). For a function u(r,z) €
C§°(X™) supported in a conical neighborhood U”, set

v(z,z) = u(e %, x)

and define a norm
2 _ s 2
08 Bl = [ de [ 16O P

Here (¢, &) is the Fourier transform of v(z, x) € C§°(R x X). It is an entire
function in ¢, so the integral (1.3) makes sense. The function 7 +— (1), for
n = (¢, §), is a smooth norm function, that is a smooth function satisfying
(1) = 1 everywhere and equal to |n| for || > C > 0. Its concrete form does
not affect the norm (1.3) up to equivalence. Clearly, we have

() ~ (1 + )"/
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where ~ means that two-sided estimates hold

(n)
s Pz <

The general case may be reduced to this special one by means of a partition
of unity similarly to (1.2).

0<Ci <

3. The cone spaces K*%(X"). Take a cut-off function w(r) €

C§° (R4 ) which is equal to 1 near » = 0 and set
(14)  lullfeosxny = lw@)ulFasxay + 10 = w)ulfrexn)-

So, the space K¢ is a “mixture” of the weighted space H*? near r = 0
and the usual Sobolev space H*(X") near r = +oo. The choice of w(r)
does not affect the norm (1.4) up to equivalence.

Let us recall some properties of these spaces.

1. For any fixed cut-off function wy(r) € C§°(R4) equal to 1 near
r = 0, we have four bounded multiplication operators

Ks,é wo Hs’é,

(15) Hs,6 _‘ﬂ’_) Ks,é.
s,6 1-wo s

(16) i 0
Hs =29 K89,

2. The group R, acts on any of the spaces H*(X"), H*%(X"),
K*%(X") since it acts on the cone X”. It is convenient to modify this
action by a factor, namely

(1.7) (kauw) (1) = XD/ 24\, 2).

A general result concerning strongly continuous actions of Ry on Banach
spaces consists in the following estimate of the norm of xy:

(1.8) lkall < C (max ()\, %))k

for some C, k > 0 (see [Hir80]).
3. There are continuous embeddings
H® — H®*2|
H3V oy fo2be

K510 oy 52,02

for s1 > s9, 61 > 9.
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The following lemma is quite similar to [FST98, Lemma 1.2].

LemMMA 1.1.— Let w(r) € C§°(Ry) satisfy w = 1 near r = 0. Let
M (M), A > 1, be a multiplication operator followed by embedding

M()\) . Ks,é(X/\) “’_(ii‘) Ks——N,«S—s(X/\)

where N,e > 0. If N > (n+1)/2 and ¢ > 0, then M () is a Hilbert-Schmidt
operator and the following estimate holds for its Hilbert-Schmidt norm:

IM(M)lus < C APV,
For the proof we refer the reader to [FST98, Lemma 1.1, Lemma 1.2].
1.2. The spaces H*°(Y).

Our next goal is to define weighted Sobolev spaces on a fiber Y
which is an (n + 1)-dimensional manifold with one conical point y.. We
define a family of norms || - || on these spaces depending on a parameter
7 € R (of course, these norms depend on s and § but we will not indicate
this dependence explicitly). We also admit complex values of T setting by
definition ||ul|; := ||ul|ln-.

Fix a finite covering {U;}, U, of Y where U; are coordinate neighbor-
hoods not containing the conical point y., while U, is a neighborhood of y..
We identify U, with a neighborhood of the vertex of the cone X”, so that
y € U, is represented as (r,z) € X" with r < 1. Let {p;(y)}, pc(y) be a sub-
ordinate partition of unity. We decompose any function v(y) € C§°(Y\{y.})

into the sum
i

(1.9) = Z Piv + pcv
and define norms || - || for each summand. For the smooth neighborhoods
U;, we set
(1.10) itz = [l sl an
Rr+1

while for the conical neighborhood U,
(111) leellr = (r)° s vell oo,
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with ) defined by (1.7). Finally, using decomposition (1.9), define
(1.12) oll2 =" llvill2 + lloell?-
We will often need the space H*®(Y) @ CV as a fiber space rather
than H*%(Y) itself. In this case we define
(1.13) [0]1Z = lox @17 + llvz1?-

Here vi(y) € H®®(Y) and vo» € CV are direct summands, the norm
lv1(y)|l+ is defined by (1.12) while the norm of the vector vy € C¥ is

[v2]lr := ()" [lvallcw-

We will say that two families of norms ||-||1,- and ||-||2,~ are uniformly
equivalent if for the ratio the following two-sided uniform estimates hold:

0<cy < Pl o
l[vll2,~
for any v € C°(Y'\ {y.}) and 7 € R.
LEMMA 1.2.— The norm (1.12) is correctly defined up to uniform

equivalence.

Proof. — It is sufficient to show that for a function v with a support
in U; NU; or in U; N U, different expressions (1.10), (1.11) give uniformly
equivalent norms. We will consider the only non-trivial case when the
support of v belongs to U; NU,.. Using conical coordinates y = (r,z) € X”,
we have

K v(y) = (r) "Dy <<:—>@«) .

Since v(r,z) vanishes for 0 < r < 7o, the function nz:)v(y) also vanishes
for all 0 < r < 9 and 7 € R. Thus, by virtue of (1.6) we have

[{T)* “<_T1> | g8 (xny ~ ||<T>SH<_7—1>U“HS(X/‘)

where ~ means uniform equivalence. Now, the Fourier transform of the
function (7)~(+1/2y(y/(7)) is equal to

(r) D2 5((r)m),
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so the norm (1.11) may be written as

e (Y s

(r

2>1/2

s Eley 2 7\ 1 —
L s o = [

R

up to uniform equivalence. Next, by (1.11)

n 1 n
<7'><<_7_>“> "’(1+7'2) /2 (1+‘m
~ (L 7% 4 [nf*)' 2
(114) ~ (7'771%

giving the norm

RO
Rn+1
which coincides with (1.10). O

For different values of 7 the norms || - ||, are equivalent but this
equivalence is not uniform.

LemMMA 1.3.— There exist constants C,q > 0 (depending on s, 6)
such that

[[v]|
1.15 2 < C {1 — ™).
19 foll, <€

Proof.— Using the uniform equivalence (1.14), we have for |11| > |72|
(ri,m) (1+T%+|n|2>”2 _ (1+n2)”2~ ()

(12,m) 1475 + nl? S\1+73 72)’

implying for the norms (1.10)

lvilln _ < () )""" .

lvillr, (T2)

For the norm (1.11) we make use of (1.8), so that
”Uc”rl ~C (@)k-HS'
“Ucn'rz (T2)

with C, k from (1.8). This gives the estimate
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with ¢ = k+|s|. This estimate implies (1.15) by virtue of Peetre’s inequality

<T1>a < C(m — )l 0

DEFINITION 1.4.— The space H*%(Y) is a completion of C3°(Y \
{y.}) with respect to any norm || - ||, for a fixed T € R.

Clearly, we have an embedding
(1.16) v: HO(Y) — H~N4=¢(y)

for each N, e > 0. Supposing that both spaces are equipped with the norms
I - |- with the same 7 € R, we come to the following lemma.

LEMMA 1.5.— If N > (n+1)/2 and € > 0, the embedding operator
1 belongs to the Hilbert-Schmidt class and

(1.17) llllss < © (r)" /22N,

Proof. — 1t is sufficient to prove the estimate (1.17) for each multi-
plication operator p;(y) or p.(y) followed by embedding (1.16). Denoting
v; = p;v and assuming that suppv C U;, we have for a smooth coordinate
neighborhood U;,

vi(n) =/ pi(n —m)o(m) dm
Rn+1

or
>s—N

s = [ I G = ) trom) S )am.

Thus, we need to estimate the L2 norm of the kernel

(r,m)*~ N

K(n,m) = Trmy N pi(n —m) (t,m

>—N
(
=O0((n—m)"®) (r,m)~".

We have made use of the Peetre inequality

(r,m*~ N

W <C{m-— 7)>|S|+N
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with C' independent of 7. Multiplying by a rapidly decreasing function
p1(n — m), we obtain for the product an estimate O({n — 1)~ >°). Thus,

il < C [ trom) ™ dm
Rn+l
<C <T>—2N+(n+1)
giving the desired estimate (1.17).
Now, for the conical neighborhood U,, we write
ve(y) = pe(y)v(y)

assuming that all the functions are defined on the infinite cone X".
Applying to both sides the operator HZTI) and multiplying by (7)5~V, we
rewrite this equality in the form

(T)S‘Nn(_Tl) ve = (1) "N pe (i> <T>S"5(_71>U-

We need to estimate the Hilbert-Schmidt norm of the multiplication
operator

-N i . $,6 Y s—N,6—¢ /\.
o () ¢ K4 = Ko

This may be done by Lemma 1.2, and we come to the desired estimate
(1.17). O

COROLLARY 1.6. — If N > n+1 and ¢ > 0 the embedding 1 is a trace
class operator.

Proof. — Decompose @ into the product
Hs,é(y) IRZIN Hs—N/Q,é—a/Q(y) N Hs—N,é—s(y),

both embeddings 1, 12 being Hilbert-Schmidt operators by Lemma 1.6. O
1.3. The spaces H*%7+7-(M).

We are now ready to define weighted Sobolev spaces on the edged
spindle M. Using a product structure (0.3), we consider a function

o

u(t,y) € Cg° (M)
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as a function on the real axis R with values in C§°(Y'\ {y.}). For b > a > 0,
consider a covering

U_ = (-0, —a),
UO = (_b? b)’
Uy = (a? +OO)

and subordinate partition of unity p_(t), po(t), p+(t). Given a function
u(t) € C(R, C§°(Y \ {y.})), decompose it into a sum

u(t) = up (t) + wo(t) + u_(1)
— p+(Bult) + po(Oult) + p— (t)u(t)

and define a norm
(1.18)

lul? = / [Go(r)2 dr + / s (r + i) dr + / la—(r — )2 dr.

Here g, u4, u_ mean the Fourier transforms with respect to ¢. They are
entire functions since v € C§°, so the complex shifts by +iyy make sense.
For a fixed 7, the function Uo(7,y) (as well as ©4) is considered as an
element of H*%(Y) with the norm || - ||, defined by (1.12) or as an element
of H**(Y) ® CV with the norm (1.13).

The norm (1.18) is a “mixture” of four different types of norms. For
functions with supports away from the edge and corners, it coincides with
the usual Sobolev norm H*® on the smooth part of M. For functions with
supports near the edge but away from the corners, we recover the wedge
Sobolev spaces [ES97]. For functions with supports away from the edge but
near the corner, we recover the weighted Sobolev spaces H*7+ as in the
case of the conical point ci. Finally, for functions with supports near the
edge and the corner, we obtain corner Sobolev spaces (see [ST00]).

Clearly, we have an embedding
(1.19) 7 H517617'71,+y')’1,—(M) N H82,62,72,+y’72,—(M)
for s1 > 52, 61 2 62, M1+ = Y245 V1,— = V2,—-

LEMMA 1.7.— Ifs; > 32+(n+2)/2, 6 > 62, Vi > V2,45 V1,— > V2,—
then 1 is a Hilbert-Schmidt operator. If in addition s; > sz + (n + 2) then
1 is a trace class operator.
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Proof. — We need to show that the three multiplication operators by
po(t), p+(t), p—(t) are Hilbert-Schmidt ones in the corresponding spaces.
Consider first the multiplication by po(t), that is

uo(t) = po(t) u(t),

or

(120) 170(7') = /Oo ﬁo(’T — Tl)a(Tl)dTl.

— 00

The function po(7 — 71) is an entire function rapidly decreasing on any
horizontal line, that is

(1.21) po(T—m) =0 ((r—m)">)

for 31 = 3711 = const.

The value @(77) is an element of the space H*%(Y) equipped with the
norm || - ||,, while the value of the integrand is regarded as an element of
H#~N:$=¢(Y) with the norm || - ||, the latter obtained from the former as
a sequence of embedding operators

H* (Y, || - lloy) =5 H*(Y, ||+ Is) = H 074 || - |17)

with subsequent multiplication by a constant (1.21). The operator 1; is
bounded with a norm estimate

llaall < € (7 — )"
(cf. Lemma 1.3), 122 is a Hilbert-Schmidt operator and
llalls < C (r)N (172
(cf. Lemma 1.5). Thus, we have
1Po( = m1) 1211 flus < ()" NFHEVZ O ((7 — ) 7).

Then the square of the Hilbert-Schmidt norm of the integral operator (1.20)
is equal to

[e9)
/ 1Po(7 = 1 )12 [ffg drdr < C/ (r)y 72N+t g,

— 00

the integral converges for 2N > n + 2.
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Consider now the summand

wi () = pr (B)u(d).

We would like to rewrite this equation in terms of the Fourier transform
similarly to (1.20). The difference is that 7; varies along the horizontal line
S711 = v4 while 7 belongs to the line 7 = v; — €, where ¢ > 0. The
function

o) = [ T et (1) dt

—00
is defined for 37 < 0. Integrating by parts we obtain

1 [~ _,
=Tt /

P+ = — e "'l (t) di.

1T J—oo +

The integral on the right-hand side is an entire function rapidly decreasing
on any horizontal line 7 = v, so that py(7) has the only first order pole
7 = 0. The relation (1.20) becomes now

W)= [ pur-m)atm)dn
ST =74
where 7 belongs to the line S7 = v4 — € with fixed € > 0. Again we have

p(T—11) = O ((RT — R7y) ™),

so we can repeat the previous arguments to obtain that the operator
u — u4 is a Hilbert-Schmidt one in the corresponding spaces

HSS7+7- (M) — HSS7+—e- (M)
The case of u_ = p_u is treated similarly. O
COROLLARY 1.8.— If 81 > 89 + ('rL + 2), 61 > 69 and Y+ > V2,45
Y1,— > 72,—, then the embedding (1.19) belongs to the trace class.

Proof. — Taking

s = (81 + 82)/2,

8 = (61 +62)/2,

Ve = (e +72,4)/2,

we represent the embedding ¢ as a product of two Hilbert-Schmidt embed-
dings

Hsl,51,71,+,71,_(M) N H’s'yé‘/,,y_"_,'yl_(M) N H82,62,72,+172,—(M). 0
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We will also need a modification of the spaces H*%7+7- (M) obtained
by replacing the fiber space H*®(Y) by H**(Y) @ CV with the families
of norms (1.13). As a result we obtain a direct sum H®®7+7-(M) @
H#7+7-(R) where the summand H*7+7-(R) is a Sobolev space on the
edge {y.} x R with weights v, y_ at t = £o00. The norm in the direct sum
is defined again by (1.18) with the fiber norm || - ||, cf. (1.13). We preserve
the notation H*%Y+Y- (M) for this modified space.

2. Operators on a smooth spindle.

Before considering a pseudodifferential operator algebra on an edged
spindle we give a brief review of the algebra on a smooth spindle. It is, of
course, a particular case of a cone algebra considered in [FST99], but here
we demonstrate a passive approach based on families of norms || - ||; on
fibers. So, the cone algebra on a spindle serves here as a simplified model
of the corner algebra on the edged spindle considered further in Section 3.
We also discuss how to get rid of the holomorphy condition which for the
corner algebra seems too restrictive.

In this section we deal with a smooth manifold
(2.1) M=Y xR

where the fiber Y is a smooth compact manifold of dimension n + 1. The
product structure makes it natural to use operator-valued symbols, that is
functions a(t, 7) on the plane (¢, 7) € R? whose values are pseudodifferential
operators on the fiber Y. It is not so clear, however, how to introduce
proper classes of operator-valued symbols reflecting the most properties
of the classical symbol classes S™(M) on the product manifold M. We
mention two possibilities:

e parameter-dependent theory when 7 considered as a parameter is
included into symbol estimates on Y

e one considers a group action on fibers (e.g., an action (1.7)) and
symbols estimates depending on this action.

We propose another approach considering the norms on fiber spaces
H#(Y') varying with 7, the symbol estimates involve these families of norms.
So, the symbol remains unchanged, only the norms vary. That is why this
approach is called passive in contrast to the active one where the norm
is constant while the symbol is transformed (e.g., by the group action).
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Before passing to precise definitions let us introduce some general notation
concerning YDO’s and their symbols.

We will consider operator-valued symbols on a line ¢ € R, that is
functions a(t,7), (t,7) € R?, whose values are ¥DO’s on Y. Treating a
function u € C§°(M) as a function u(¢) on R with values in C*(Y), we
define a YDO Op(a) in a standard way

Op(a)u (t) = -21; [ " e at, 7ya(r) dr.

Here the integration line is the real axis ST = 0. We also will need ¥DO’s
with a complex integration line 37 = +, the so-called weight line

1 .
7 /szw e a(t, 7)u(T) dr.

Clearly, the symbol is defined now for ¢t € R and &7 = . As for the Fourier
transform u(7), it is an entire function since u(t) € C§°(R). Directly from
definitions the relation follows

(2:2) Op™(a)u (t) =

(2.3) Op”(a(t, 7)) = e~ " Op(a(t, T + iv)) .

For two operator-valued symbols a(t,7) and b(t,7) defined on the
same weight line 37 = v, we define their Leibniz product to be a formal
series

(2.4) *a OFb.

k=0

Here h is a formal parameter, its powers serve to order the terms of the
series. The Leibniz product extends by linearity to formal power series
in h whose coefficients are operator-valued symbols, the so-called formal
symbols. One easily checks the associativity of the Leibniz product. We
use the notation

N—l( Z)k
aobly = x oka dkb
k=0

for partial sums of the series (2.4) at h = 1.

A curious relation arises if we take the Leibniz product of symbols in
(2.3),

(zih)*

e "oa(t,T+iy)oe = ZB" (t, 7 +17y) X
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One recognizes the formal Taylor expansion for a(t, T + iy — th7y) in powers
of —ihy. We will also use an abbreviation (a(7)), for such a formal complex
shift a(t, ™ — ihy). Were a an entire function in 7 the series (a(7)), would
be convergent at h = 1 to a(t,7 — i). Although it is a formal series, its
partial sums

N-1

—iy)k
(25) @ty b = 3 ottt )

are useful when comparing YDO’s with different weight lines.
2.1. The cone algebra.

We are now going to introduce the symbol classes ™ of operator-
valued symbols. The fiber spaces H*(Y') are the usual Sobolev spaces on
a smooth compact manifold Y, but we equip them with a family of norms
Il - l-- As in Subsection 1.2 we take a fixed coordinate covering U; and a
subordinate partition of unity p;(y) (now it does not contain a singular
chart U,) and set

(2.6) iz =>" llewl)?

with the norm |Jv;||» = ||psv||- defined by (1.10). Having the norms (2.6),
we can define the spaces H®7+7-(M) on the spindle (2.1) similarly to
Subsection 1.3 with the norm given by (1.18).

LeEmMA 2.1. — There is an embedding
12 HY(Y) — H2(Y)
if 1 > s3. The norm of this embedding fulfills an estimate
lloll- < € (r)*>~*

where the subscript T means that both spaces H*'(Y) and H*2(Y) are
equipped with the norms || - ||, with the same 7.

Proof. — For a function v; supported in the coordinate chart U; we
have

onll3ea.s = / \(rym)* 82 dy

= [ o) (r, o= .
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Now, taking into account that s — s; < 0, we obtain
R R S L s
<(1 +7.2)(82—81)/2

~ (rye,

so that
villFres » < C (Y2270 |y
proving the lemma. O
DEFINITION 2.2.— A function a(t,7) on R? whose values are pseu-

dodifferential operators on Y is called an operator-valued symbol of order
m (notation: a € ¥™ = ¥™(R?)) if for any integers o, 3 > 0 and s € R the
operators

(2.7) ocdPa(t, ) : H(Y) — HS"™HA(Y)
are bounded uniformly with respect to T, that is
(2.8) 18502 a(t, 7)ll- < Cayp

with Cy g independent of 7.

As above, the subscript 7 in (2.8) means that both spaces in (2.7) are
equipped with the norm || - ||, with the same 7. This convention will be
used from now on unless the contrary is specified. The definition remains
meaningful if 7 varies along the complex weight line 37 = 7.

First let us discuss trivial properties of the symbols a € ¥™ following
directly from the definition and Lemma 2.1. It is evident that the differen-
tiation with respect to ¢ does not change the class £™ while 0¥a € X™+k.

The variables ¢, 7 may be multidimensional, that is (¢,7) € R?"”. The
definition remains meaningful for the special case when Y is a point and
H5(Y) = C¥ if we define the norm ||v||, for v € CV by

[oll> = (T)* llvllew-

In this latter case our definition gives the usual class S™ of matrix-valued
symbols.

On the other hand, a classical pseudodifferential operator a(t,7)
on Y of order m with a parameter 7 (in the sense of the parameter-
dependent theory of ¥DO’s) defines an operator-valued symbol from ™.
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More precisely, let () denote a fixed quantization procedure on the manifold
Y. This is a way to construct a ¥DO Q(a(y,n)) on Y starting with a
smooth function a(y,n) € C®(T*Y) which behaves regularly for large ». If
Y = R™*! then there is a standard construction Q(a) = Op(a). In general,
we can use a coordinate covering U;, subordinate partition of unity p;(y),
and “covering” functions p;(y) defining

(2.9) sz ) Op; (a(y, ) i (y)

where Op,; means a standard ¥YDO in local coordinates on Us.

Having fixed a quantization map (2.9), we will consider operator-
valued symbols a(t, 7) of the form

(2.10) a(t,7) = Q(b(t,y,7,n))

where b(t,y,7,n) € SII' is a classical symbol of order m on the manifold
M = RxY. A standard consequence of the theory of ¥DO’s is the following
proposition.

ProposITION 2.3.— The operator-valued symbol (2.10) belongs to
xm.

The following estimates playing an important role in parameter-de-
pendent theory are simple consequences of Lemma 2.1.

COROLLARY 2.4.— Let a(t,7) € ™. If m — 3 < 0 then the operator
ocdPa(t,T): H(Y) — H(Y)
is bounded and its norm satisfies an estimate
l6gafatt, )l < C (r)™P.
The same operator considered in the spaces
opdPa(t,7): HY(Y) — H*™(Y)
satisfies an estimate

lo707a(t, 7)ll- < C ()77

All these simple properties show that parameter-dependent norms
|| - ||~ are appropriate tools for operator-valued symbols.
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We will consider ¥DO'’s of the form

(2.11) A= p(t) Op(alt, ) 7(1)
(212) A= () Op”(as (7)) P ().

Here a(t, 7), a4 (7) belong to ¥™, a (1) is defined on the weight line ST = 7
and does not depend on ¢. The cut-off function p has compact support, p is
supported in R, the functions p, p, are covering functions (see Section 1).

To illustrate how the symbol classes ¥™ work, we prove here a
boundedness property for operators (2.11), (2.12).

LEMMA 2.5.— The operator
(2.13) A: H>" 7= (M) — H?™™7+7- (M)

given by (2.11) or (2.12) is bounded.

Proof. — Similarly to (1.5) and (1.6) we have bounded multiplication
operators

S+ ;Lt), HS,
B 2O, gaa-
S+ ;_‘rﬁ) He+,
HS+ ’ﬂ) H S+
The space H*(M) is defined by the norm
oo
ul? = | @) ar

and the space H*7+ by the norm
e
ST=74

By virtue of these properties the lemma reduces to the following two
statements:

1. for an operator-valued symbol a(t,7) € ¥™ vanishing for |t| large
enough, the operator Op(a(t, 7)) is bounded from H*(M) to H*~™(M);
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2. for an operator-valued symbol a(7) € £™ defined on the line 37 = ~,,
the map

H*"(Y) 3 u(r) — a(r)u(r) € H*~™7+(Y)

defines a bounded operator from H®*"+ (M) to H*~"™"7+(M).

Both these statements are almost evident. The second one follows
directly from the definition of the operator-valued symbol from %™ . Indeed,
we have

la(m) ()| zrs-mvy,r < NlalT) -G e vy -
Cllu(r )”HS(Y),-N
so, the same inequality holds between the L? norms of the left- and right-
hand sides on the line 37 = ~,.

<
<

To prove the first statement, we pass to the Fourier representation
(o]
() = / a(ry — 7, 7)u(r) dr
— 00
where a(o,7) = Fy_,(a(t,7)) is an operator-valued symbol acting from
H*(Y) to H*~™(Y) with the norm estimate
(2.14) la(o, 7)ll- = O ({o)=).

This estimate means that for any N the function (o) ||@(a, 7)||- is bounded
uniformly in o and 7. Now, using Lemma 1.3

o0

Hﬂﬁmmwmmn</)ﬂdﬁ—7ﬂ()mﬂT

— 00

<Clmm‘ﬂ”wﬁ—ﬂﬂmﬂmw
< c/_°° (r =) [a(ry — 7, 1) |7 |18 s v, - A

Now, by (2.14) we have
18l ge-meyymy < C / ((r1 = 7)) () | 2 (v 0 I,

implying the boundedness in L?-spaces. O

Let us briefly discuss trace properties of the operators (2.11), (2.12)
supposing that the function p, also has compact support. It is clear that
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for m < —n — 1 the values of the symbol a(t,7) € L™ are trace class
operators in fiber spaces H*(Y') since we have

H(Y) 2 oY) o ()
where the embedding operator is of trace class. Thus, the fiberwise trace
tra(t, ) exists.

LEMMA 2.6.— Let m < —n—2 and the functions p, p+ have compact
support. Then the operators (2.11) and (2.12) are of trace class in the spaces
HSY+:7—- and

(2.15) Trd= / tr p(t)a(t, 7) drdt
2 R2
or
1 oo
(2.16) TrA=— dt/ trp(t)a(T)dr.
27 —00 Sr=vy4

Proof. — Consider a sequence

H 0= (M) 25 H=mr0- (M) 25 HS 7+ (M).
Here p is a covering function with compact support for p or p,. The first
operator is bounded by Lemma 2.6, the second operator is of trace class by
Corollary 1.8. Note that the weights v, v— in the last space may be taken
arbitrarily since p has compact support.

The trace formulas (2.15), (2.16) follow in a standard way from
representation of the trace class operator as a product of two Hilbert-
Schmidt operators. O

The other properties of YDQO’s with symbols from ™ in the more
general case when Y has a conical point can be found in the last Section 5.

We introduce now an algebra W(M) of pseudodifferential operators
on a smooth spindle M. We also use the name cone algebra for it since
the only singularities of M are two conical points at ¢ = +00. An operator
A € 9™ (M) of order m is defined by a triple

{a—(7), a(t,7), ay(n)}

of operator-valued symbols from ¥™. The function a(t,7) is defined for 7
real, the functions a4 (7) are defined on horizontal weight lines ST = £v4,
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and on these lines they are operator-valued symbols in ®7 (independent of
t) from X™.

These symbols are assumed to satisfy the following hypothesis:

1. stabilization conditions: for |t| large enough, a(t,7) “stabilizes” to
a(+o0,7);

2. compatibility conditions: the symbols a(+oo,7) and a4 (7 + i) are

compatible in the sense that

an = a(+00,7) = (a(T +i7+))qy |N

—(
N-1
(2.17) = a(+00,7) = 3 a® (7 + vy ) (—ivy ) F /R
k=0
belongs to ¥™ V. The same compatibility condition is fulfilled for
ap(—o0,7) and a_ (7 —iy_).

An operator A € ¥™(M) corresponding to this triple is defined on
functions u(t) € H*7+7- (M) by the formula

Au = p_(t) Op™"~ (a—(7)) p-(t)
+ p(t) Op(a(t, 7)) p(t)
(2.18) T 4 () Op™ (a4 (1)) 74 (1)
Here p_, p, p+ form a partition of unity on R, p_, p, p4 are covering

functions. By Lemma 2.5 this operator is bounded from H*7+7- (M) to
He=m7+7- (M).

Let us explain the role of the compatibility condition. It makes the
definition (2.18) correct, that is independent of the partition of unity and
covering functions up to trace class operators. First of all, another choice of
covering functions is irrelevant by pseudolocality (see Section 5). Further,
if we change the partition of unity the difference will be of the form

Ap_(t) Op~ 7 (a—(7)) p-(t)
+ Ap(t) Op(a(t, 7)) p(t)
+ Api(t) O™ (a4(7)) P+ (1)
The functions Ap_, Ap, Ap, have compact support and their sum is

identically zero. Thus, we may take one and the same covering function
p and replace Ap by —Ap_ — Apy, so that the difference become

Ap-{e""Op(a—(1 —iv-)) e~ — Op(a(—00,7))} p
(2.19)  +Ap; {e " Op(ay (7 +ivy)) €7+ — Op(a(+o0, 7))} 7.
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Here we have made use of the relation (2.3) and replaced a(t, 7) by its limit
on the supports of Apy. Further, by Lemma 5.5,

e 1 Op(ay (T + iv4)) € = Op ((a(7 + iv4) vy |N)

up to a trace class operator, and now, the compatibility condition implies
that the difference (2.19) is of trace class.

2.2. Ellipticity and index formula.

In this subsection we consider cone operators A € W(M) of the form
(2.18) where the operator-valued symbol a(t,7) has the form (2.10). On
the contrary, the operator-valued symbols a4 (7) corresponding to conical
points are not assumed to have the form (2.10), they may be defined
independently of the quantization map (2.9).

DEFINITION 2.7.— The homogeneous component b, (t,y,7,n) of or-
der m of the function b(t,y,7,n) in (2.10) is called the principal interior
symbol of the operator A. The operator-valued symbols a4 (7) are called
the principal conormal symbols of A at the conical points Foo.

Clearly, the principal symbols do not depend on the concrete choice
of the quantization map.

DEFINITION 2.8. — An operator A € W(M) is called elliptic if

1. its principal interior symbol oiy(A) is an invertible (matrix-valued)
function on T*M \ {0} (interior ellipticity);

2. for each conical point +oo, the conormal symbol 0.(A) = a+(7) is an
invertible operator on Y for all T on the weight line 37 = +vy1 (conormal
ellipticity).

We will also assume that the conormal symbols a4 (7) are holomorphic
functions in some strip |3(7 £ 4y+)| < € around weight lines and on each
horizontal line in these strips they define operator-valued symbols of order
m (uniformly in smaller strips). This will be referred to as a holomorphy
condition.

The index theory of the elliptic cone operators may be summarized
in the following theorems [FS96], [FST99).
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THEOREM 2.9. — Let A be an elliptic cone operator of order m and
the holomorphy condition be fulfilled. Then it has a parametrix

R: H*™ ™Y (M) — H>" 7~ (M)

such that 1 — RA and 1— AR are trace class operators in H*"+7~ (M) and
Hes~™+7- (M), respectively.

In other words, the operator (2.13) is Fredholm, and the ellipticity
conditions (both interior and conormal) are sufficient for the Fredholm
property. Moreover, in [Sch91] their necessity is proved.

For the index of this Fredholm operator we have actually the same
formula (0.17).

THEOREM 2.10. — Let the ellipticity condition be fulfilled. Then there
exists an operator-valued symbol ro(t,7) € ¥~™ such that

1- TO(ta T)a'(tv T)v
1—a(t,m)ro(t,7)

are trace class operators in H*(Y), for any t,7 € R?, vanishing outside a
compact set in R2?. If, in addition, A satisfies holomorphy conditions, then
the operator is Fredholm and formula (0.17) holds.

The proof will be given in Sections 3 and 4 in a more general situation.
The reader may also consult [FS96], [FST99].

Here we would like to attract the reader’s attention to the following
fact. The right-hand side of (0.17) which we call a topological index exists
under ellipticity conditions only, the holomorphy condition is not required.
On the other hand, the analytical index on the left-hand side of (0.17)
does require the holomorphy condition. In the next subsection we propose a
modification of the analytical index which does not require the holomorphy
condition.

2.3. The kernel cut-off.

Let a(7) € ™ be an operator-valued symbol on a weight line 37 = +.
We will not assume that a(7) has an analytic extension to some strip around
37 = . We will construct a new operator-valued symbol a.(7) depending
on a parameter ¢ > 0, which is an entire function in 7 and, for € small
enough, is sufficiently close to a(7). The corresponding procedure known
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as a kernel cut-off was introduced by the second author [Sch91], [ES97]. It
also works in more general situations when the symbol a(t, 7) also depends
on t varying on a compact set.

Let 9(t) € C§°(R) and let ¢(t) = 1 in a neighborhood of ¢ = 0. The
Fourier transform 121\ (7) is an entire function in 7 rapidly decreasing on any
fixed horizontal line. We also introduce a small parameter £ > 0 considering
the function ¥ (et), and its Fourier transform

By =23(%).

3 3

Now, we define a new symbol a.(7) by convolution of a(7) and be(7),

namely
a:(7) = a(r) * P, (1)
:/ Do(r — ) a(r) dri
ST1="
(2.20) = / Ve (72) a(r — 72) dra.
S(r—T12)="

It is clear from (2.20) that a.(7) is an entire function in 7 since Ye(T —11)
is.

LEmMMA 2.11.— If a(7) is a symbol of ¥™ on the horizontal line
ST = v then a.(r) € ¥™ on any horizontal line ST = 719. Moreover, if
a(T) is invertible, so that a=!(7) € X~™ on the line ST = v, then a.(7) is
also invertible in some strip
I%T - 7! < 67
and a_'(7) € ™™ on each horizontal line in the strip.

Proof. — From (2.20) it follows that

oP(r) = / Dol — 1) a® (ry) dr.

STi=v
By Lemma 1.3,
la® (r1)o)l, < C (Rr — Rr1)? [0 (1),
the norms here are taken in the spaces H*~™+#(Y'). Thus, if
la® (m)vlln < Cllvlly,
<CR(r—7)? |lvll-
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for v € H*(Y), then
[e ]
la® (r)o|- < c/ O ((RT — Rmy) =) dR7y ||v]|-
—00

proving that a.(7) € ¥™.

To prove the second part, we consider 7 on the line &7 =+, 72 on the
real axis, and expand a(7 — 72) in (2.20) by Taylor’s formula

N-1 1
a(t—m12) = Z %a(k)(T)(—Tz)k-i- —————((];73);\;' / a(N)(T—BTg)(l—H)N_ldH.
k=0 ©J0

Since

) N d k
/ ¥ Pe(T2) dry = (*ZE> Y(et) |t=o,

—00
that is this expression equals ¥(0) = 1 for k = 0 and is zero for k > 0, we
obtain from (2.20)

ac(T) a (1) -1

*© 1
B (T}l—)—' /_oo(_TQ)lee(TQ)dTZ/O aM(1 — 0m5) = (7)(1 — )N 1 db.

The operator
aMN (1 —0r)a () : H(Y) — H*N(Y)
admits a norm estimate
1a™) (7 = 82) a™ (1)l < C (2)*

following from Lemma 1.3. Lemma 2.1 and Corollary 2.4 show that the
same estimate is valid for this operator acting from H*(Y') to H*(Y"). Thus,

o0

lac(r)a~}(r) = 1], < C / iral¥ [Be(72)| () dira.

— 00

Since

m | =

"Ze (7'2) =

the change of variables T = ez yields

5(2)

oo
EN/ |z op(z)| (ex)? dx < C eV,
implying the invertibility of a.(7) on the line 37 = 7.
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It remains to show the invertibility of a.(7) in some strip |37 —~| < 6.
But taking 7’ = 7 + b with a real b, |b] < §, we get

lac(m") az (1) = 1]l < /Ila T +is) a7 (7)||, ds
<C§(Rr)~

since a’ (T +is)a_1(7) belongs to L1, O

Using this lemma, we can extend the notion of the analytical index
to elliptic operators not necessarily satisfying the holomorphy condition.
Given an elliptic operator A defined by the triple {a(7),a(t,7),a—(7)}
with non-degenerate a4 (7), a—(7) on the weight lines S7 = 4, 7 = —v_,
respectively, we apply kernel cut-off to obtain a new operator

Ac = {a4 (7),ae(t,7),a_ ()}

which is elliptic for sufficiently small € > 0, by Lemma 2.11, and satisfies
the holomorphy conditions. Clearly, the analytical index of A, is constant
for € small enough, because of the stability of the index. We can define a
modified analytical index of the operator A (which is not a Fredholm one
without holomorphy condition) as ind A.. The index formula (0.17) is still
valid for this modified index.

3. The corner algebra.
3.1. Corner-degenerate symbols.

In this section the singular manifold M will be an edged spindle (0.3).
As in Subsection 2.1 we denote by ¥(M) an algebra of ¥DO’s A defined by
a triple {a4(7),a(t,7),a—_(7)} of operator-valued symbols. The only (but
essential) difference is that now the entries of this triple are ¥DO’s on a
fiber Y which itself has a conical singularity v..

We introduce classes of operator-valued symbols ™ (6,6 — ) with
I > m, similar to the classes ¥™, cf. Definition 2.2.

DEFINITION 3.1.— An operator-valued symbol a(t, ) stabilizing for
large |t| belongs to ¥™(6,6 — 1), I > m, if for any integers o, 3, and s € R
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the operator

Hs,6 (Y) Hs—m+ﬁ,6—l(y)
(3.1) oolalt,Ty: @© - &
(CN_ (CN"'

is bounded in the norms || - ||, cf. (1.13), uniformly with respect to 7.

In this section we construct a very special realization of the classes
X™(6,6 — 1) which leads to the so-called edge algebra. The boundedness
relations (3.1) for edge symbols are fulfilled in a slightly sharper form (see
Lemma 3.2 below). Adding to an edge symbol two symbols a4 (7) defined
on corner weight lines 37 = +v4, and imposing compatibility conditions
on the triple {a4(7), a(t, 7),a_(7)} similar to (2.17), we come to the corner
algebra, the main object of our interest.

The edge symbols a(t, 7) (respectively a4 (7)) consist of three different
components. In this subsection we consider a so-called interior part. It is
given by a classical (matrix-valued) symbol of order m, that is a function

b(t,y,7,m) on T*M where
M =Rx (Y \{y})

is the smooth part of M, and (t,7) € R?, y € Y'\ {y}, n € Ty M.
We assume the following:

1. The symbol b admits an asymptotic expansion for (7,7) — oo in
homogeneous components

b~ b j(t,y,7,m)

=0

where b,,_; are homogeneous functions in 7, 7 of degree m — j.
2. Edge degeneracy. In the singular chart U, C Y, let y = (r,z) with
r € Ry and z € X, so that U, is identified with the subset 0 < r < 1

of the cone X" = Ry x X. Write n = (0,£) € T, (Y \ {y.}), with
0 € R, the covariable for r, and £ € Ty X. Then

(3.2) b(t,y,7,m) =r~"b(t, z,r7,76,§).

3. Stabilization. For ¢ large enough, positive or negative, the symbol
b(t,y,T,n) stabilizes to b(xoo,y,7,n).
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Such a function will be called a corner-degenerate classical complete
symbol of order m. Its homogeneous component of the highest degree m is
called the principal interior symbol,

(3.3) oint(A4) = b (t,y,7,7).

In general, the function b on the right-hand side of (3.2) may depend
explicitly on r,

b=0b(t,rz,70,8).

In this case it is supposed to be smooth up to r = 0. We confine ourselves
to the simplest case when b does not depend on r explicitly but only in
combinations r7 and r6. It is sufficient for the purposes of the index theory.

Such a function defines an operator-valued symbol via a quantization
map

(3-4) Q(b(y,n)) sz ) Op; (b(y,m)) pi(y)

(cf. (2.9)), where the summation is taken over smooth charts U;. This is
an operator-valued symbol acting from H*%(Y) to HS~™%(Y), for any
6,61 € R, since the functions p;(y) vanish in a neighborhood of the conical
point y..

Let us comment on the structure of the Schwartz kernels of the oper-
ators: in which variables do they behave well? Writing out a quantization
of b, as in (3.2), little more explicitly gives

(2 )1n+2 /ei(T(t_tl)+0(T_T/)+§($_:”,))T_mg(t,x,rT,ré’,f) drdlde,
™

where we quantize in all variables, and drop a density factor. Introducing
new variables 77 = r7 and ¢ = rf, and writing the inverse Fourier
transform of b as b, one obtains

. t—t r—r
r—™ 2b<t,x, , ,:c—x’),
r T

where now b is conormal to the origin in the last three variables, and decays
rapidly at infinity in these variables, so at 7 = 0 the kernel is ‘localized’ at
t=t,r=1=0.

As in the smooth case the Definition 2.2 is satisfied for the operator-
valued symbols (3.4) with obvious replacement of H*(Y) and H*~™+A(Y)
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by H*%(Y) and H*~™+P31(Y), respectively. It may also be viewed as an
operator-valued symbol acting in the spaces (3.1). In this case the operator
is a (2 x 2)-matrix with the left upper corner equal to (3.4), and with
remaining entries equal to 0.

3.2. Mellin symbols.

The next ingredient is the so-called complete edge symbol. It is defined
in the vicinity of the edge R x {y.}, so that the fiber Y may be viewed as a
cone X”. The manifold M in the vicinity of the edge is viewed as a wedge
R x X" with coordinates t, r, z, where t € R, r € R, are defined globally
while x € X. We also replace the spaces H*(Y) on the fibers by the spaces
K#*%(X") on the infinite cone, with the norm family || - ||, given by (1.11).
Thus, we are in the setting of the wedge algebra (see [ES97]). We fix a
quantization map Qx on X allowing one to construct a YDO on X by a
function a(m,{) on T* X, for example,

(3.5) (a(z,€)) = sz ) Op; (a(z, €)) pi(x)-

Recall that we have a group action k) on the spaces K7(X") given
y (1.7), and the norm || - ||, is defined via this group action, cf. (1.11).

A Mellin complete symbol of order m is a function !

(3.6) h(t, 7, 7,¢,€) = 1™ h(t, @, 77, (, )

where ( is a complex variable, and 7L(t7 z,7,(,€) is a holomorphic function
in ¢ belonging to a cone weight strip

(3.7) S={|S¢ -4 <e}

around the cone weight line I = 6.

We assume that & is a classical symbol of order m on any horizontal
line ¢ = const inside the weight strip. This means that there is an
asymptotic expansion for A — oo,

(3.8)  h(t,x, \F, ARG +i6,08) ~ > hm—j (t,7,7, R, €) A"

=0

where iNLm_ ; are homogeneous functions of degree m — j in (7, R(, £).

L In general, I3 may depend explicitly on r being smooth up to r = 0. Similarly to

the interior corner-degenerate symbols we confine ourselves to a particular case when h
does not depend on r explicitly.
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Applying the quantization map Qx to it, we obtain a function still
denoted by

h(t,7,¢) = Qx (h(t, z,7,(,€)),

whose values are YDO’s on X of order < m. Further, we associate to it a
Mellin DO as follows. For a function u(r) with values in C*°(X), we first
change variables v(z) = f.u = u(e™*), then apply to v a YDO with the
symbol E(t,?, £),

w(z) = 0P’ (A(t, 7,()) v(z)

1 zCz ~

— t d

=5 | _ SR F OO,
and then make the inverse change of variables z = —Inr. The result will be
denoted by
(3.9)

T g 1 ‘l Z -
Oply (h(t,7,¢))u= 5= < h(t, 7, ) Famg (u(e™)) dg
2m I(=6 z=—Inr

The next assumption on the function h is its compatibility with the
interior corner-degenerate symbol b. This condition is quite similar to (2.17)
with the cone weight line S¢ = § instead of the corner weight line in (2.17).
It means that the operator (3.9) coincides with the YDO defined by the
symbol b = Z(t,x,?, r8,€) up to order —oo. More precisely, applying the
quantization map Qx on X, cf. (3.5), we obtain a function still denoted by

b(t,7,0) = Qx (b(t, z,7,0,¢)),

whose values are ¥YDO’s on X of order m, and associate to it a ¥YDO,

Opp(b(t, 7,70))

which acts on functions u(r) € C§°(R4+,C®(X)) by

(e}

-~ 1 e
(3.10) O (b, 7,70))u (1) = 5 / ¢ B(1, 7, 10) W(0) dO.
The requirement is that both the operators (3.9) and (3.10) coincide up
to order —oo. In terms of jcvhe Mellig symbol h(t,z,7,(,€) and the interior
corner-degenerate symbol b(¢,z,7,6,€) given by (3.2), this condition looks
as follows. We first consider a formal complex shift by 6 in the variable ¢
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applied to the function l~z(t, z,7,(, &), that is the formal Taylor series

o0
1 .
(3.11) Z E t 7,0 +i6) (—i6)*
k=0
with the real variable 6. Next, we apply to (3.11) a change of variables in
symbols generated by z = —Inr. The result must coincide with the symbol
b(t,z,7,0,&), that is

b(t, z, %55)
NZZQ' o Bk‘“"htx 7,0+i6,€)

a=0k=0
(3.12)

/—\

ké) 8% exp (—if(e~*—1+5)) |s=0

were ~ means that the homogeneous components in 7, 5, ¢ of the classical
symbols in both sides coincide. Vice versa, if the symbol E(t,x,?, 5,5) is
given, then the symbol TL(t,JI, 7,¢, &) holomorphic in ¢ and satisfying (3.12)
may be found in two steps. First, we change the variables r = e~ % in
symbols defining

h(t,z,7,0,6) ~ i

Ial

t z, 7_ o 6) aa to(In(1+s)— s)l

then apply the procedure of asymptotic summation to this formal series,
and then the kernel cut-off procedure (Subsection 2.3) to obtain a Mellin
symbol fNL(t,:r,T',C ,&) which is an entire function in ¢. The relation (3.12)
shows that such a Mellin symbol is defined uniquely up to a smoothing
Mellin symbol, for which all the terms of the asymptotic expansion (3.8)
are equal to 0.

A crucial observation for the edge and corner theory is that the symbol
(3.6) and the corresponding operator (3.9) possess another homogeneity
property, quite different from (3.8). It is easy to verify that the operator
(3.9) is invariant under the s, action (3.10). It means that the operator-
valued symbol

(3.13) bar(t,7) = Opy (r~™h(t,r7,C))
is a homogeneous function in 7 in the following sense:
(3.14) Ky b (t, AT) kx = A" b (E, 7).
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This property will be referred to as “twisted” homogeneity 2. Notice
that the factor r~™ in front of h ensures that the degree of “twisted”
homogeneity coincides with the highest degree of homogeneity in (3.8).

Now, having a corner-degenerate symbol b(¢,r, z,7,0,£) and a Mellin
symbol h(t,r,z,,(,€) compatible with b, and using various cut-off func-
tions, we construct an operator-valued symbol

bedge(t, 7) : HS*(Y) — HS~™5=™(Y).

First, we have a function p.(y) = p.(r) corresponding to a singular chart
U. C Y, and a covering function p.(r). Next, we take a partition of unity
©o(r), Poo(r) on Ry, with @o(r) € C$°(R,) satisfying 0(0) = 1, and
Yoo = 1 — g, and let @y and P be covering functions for ¢y and @Y.
Then we set

(3.15) bedge(t, 7) = bo(t,T) + boo(t, T)
where
bo(t, 7) = pe(r) po(r(T)) OPYQx (h(t,r,x,7,{,€)) Bo(r(T)) Pe(r),
boo(t, T) = pe(T) poo (r(7)) OPp@x (b(t, 7, 2, 7,0,£)) Poo (r(T)) pe(r).
(3.16)

Here Op‘lsw and Opy denote Mellin and Fourier ¥DO’s with respect to the
variable r.
LemMMA 3.2.— The operator-valued symbols bo(t,7) and buo(t,T)
acting in the spaces
Ks,é(X/\) N Ks—m,é—m(X/\)
or, equivalently,
Hs,é(y) BN Hs—m,&—m(y)

belong to the class ¥™ (8,6 — m). Moreover, the relation (3.1) is fulfilled in
a sharper form: the operator

0P 0Pbeage(t,7) 2 HY®(Y) — HS~mHR0-m+h(y)
is bounded in the norms || - ||, uniformly with respect to 7.
2 In the general case when h depends explicitly on r there is an asymptotical

expansion in A of the left-hand side of (3.14) whose leading term of degree
m coincides with the right-hand side.
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For the proof the reader is referred to [FST98, Lemma 2.6].
We next define a principal edge symbol b, (t, T) of the operator-valued
symbol (3.15) by
ba(t,7) = bo a(t, ) + boo,a(E,T)
= wo(r|7]) 0Py Qx (h(t,7,2,7,(,€)) Go(rlT])
(3.17) + Poo(r]7]) OPpQx (b(t, 7,7, 7,6, 8)) Poo (7I7]),

for 7 # 0. Let us explain the meaning of (3.17). Because of the special form
of the Mellin symbol h (cf. (3.13)), the operator Opj,Qx (h) is homogeneous
of degree m (cf. (3.14)). In fact,
- ~ r
A" 5 OB Qux (h(t, 7, AT, €,€)) ki = OBy Qxc (B (8 5,47, €,€))
= OpyQx (hlt, 7,7, ,€))

and

w3 por ) = o (5 (A7)

= po(rl7])

)

for A > 0 large enough, and

> =

lepc(r) KX = Pc (

— pe(0)
=1

as A — oo. Similar relations hold for Op,Qx (b) and @ (r(7)). This means
that (3.17) may be viewed as a limit

JJm AT R beage (£ AT)

at least formally. For fixed ¢t and 7 # 0, the operator
b(t,’l‘) . Ks,é(X/\) N Ks—m,é—m(X/\)
is a cone ¥DO, cf. [ES97], and as such has a conormal symbol

(3.18) om(ba(t, 7)) := h(t,0,¢).
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3.3. Green symbols.

The last ingredient of the edge algebra is the so-called Green operator-
valued symbol.

DEFINITION 3.3. — An operator-valued symbol
ba(t,7) : K¥°(X") — K*~™57H(X")

belonging to ¥™(6,6 — 1), | > m, is called a Green symbol of order m if for
some e > 0 and any fixed T, the operator 8{0Pbg(t,T) can be extended as
a bounded operator to

Ksl’é(XA)—>K52’6_l+E(XA),

for any s1,s2 € R.

Thus, this definition means that the operator bg is smoothing one on
fibers and besides gives a gain in the cone weight by some € > 0. A typical
example of the Green operator of order m is given by (3.13) where the
Mellin symbol ﬁ(t,x,’?,( ,€) belongs to S™°°, that is decreases rapidly in
(7, ¢, €) and besides its conormal symbol E(t, z,0,(, &) is identically equal to
0. Another example of the Green symbol (of order —oo) gives a difference
of the symbols bedge(t,7) and by, (¢,7) both obtained by (3.15), (3.16)
with a different choice of cut-off functions, namely @g, Yoo, Po, Poo fOr
bedge and ¥g, @i, Py Poo fOr begge- In [GSSO0] it is shown that the choice
wo = o =1 and Yoo = Poo = 0 is also possible up to a Green symbol of
order —oo.

The restriction ! > m ensures that X™(6,6 —m) € £(6,6 — 1), so that
corner-degenerate and Mellin symbols of Subsections 3.1 and 3.2 belonging
by construction to ™ (8, §—m) are also included into X(6,8—1) (see Section
5 for a more detailed discussion).

Up to now we considered the operators acting on the spaces K*%(X")
or H*%(Y). We will need however Green symbols acting in the spaces
K*%(X") @ CN. The norm || - || on the direct sum is defined by (1.13)
and the classes X™ (8,6 — I) are defined with respect to this norm family
(Definition 3.1). Thus, a (2 x 2)-matrix

Ks,é(X/\) Ks—m,&—l(x/\)
(3.19) b (t,7) : @ - &)
(CN- (CN+
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belonging to ¥™ (8,8 — l) is a Green symbol of order m if for some ¢ > 0
and any fixed 7, s1, s2, the operator

Ksl,é(XA) Ksz,é—l+a(X/\)
oroPba(t,T) ® — ®
(CN_ CN“*‘

is bounded.

For a characterisation of the Schwartz kernels of Green symbols we
refer the reader to [ST98].

For the operators (3.19) the notion of “twisted” homogeneity is
meaningful, the action of Ry on the direct sum K*°(X")@® CV is defined
as kx @ 1. So, the Green symbol (3.19) defined for 7 # 0 is homogeneous
of degree m if

A (kT @ 1) bg (8, A7) (kx © 1)

is independent of A. It is clear that multiplying this symbol by an excision
function x(7) with x = 0 in a neighborhood of 7 = 0, we obtain a
Green symbol x(7)bg(t, 7) of order m. This observation allows us to define
classical Green symbols, namely

(3.20) ba(t,7) ~ Y bam—j(t,7)
7=0

where bg,m—j(t,7) are homogeneous Green symbols of degree m — j and
~ means an asymptotic summation. In other words, (3.20) means that the
difference

N-1
bG(t’T) - X(T) Z bG,m—j (t’ T)
§=0
is a Green symbol of order m — N.

For a classical Green symbol we define its principal edge symbol by
(3.21) oalba(t, 7)) = bam(t, 7).
We also set by definition

oM (UA(bG(t,T))) = 0.

Now, we are in a position to describe the corner algebra ¥(M). A
corner operator is defined by a triple

(3.22) A ={as(1),a;(t,7),a_(7)}
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(we denote here and further on the interior part by a;(¢,7) instead of
a(t,T)), it acts on the spaces H*%7+7-(M) similarly to (2.18), namely,
Au =p_(t)Op~ " (a—(7)) p-(t)
+ pi(t) Op(ai(t, 7)) pi(t)
(3.23) + p4(t) Op™ (a4.(7)) p+ (1)
Here we have also changed the notation p(t), p(t) for p;(t), pi(t). The

following definition (unfortunately, rather cumbersome) summarizes the
constructions of this section.

DeFINITION 3.4.— A corner symbol A = {a4(7),a;(t,7),a—(7)} of
order m consists of an operator-valued symbol

a;i(t,7) = bint (t, 7) + bedge(t, 7) + b (t,7)

acting on the spaces (3.1), where
e byt is defined by a corner-degenerate symbol (3.2) via (3.4);
® bedge is defined by a Mellin symbol h (3.6) via (3.15), (3.16);
e bg is a classical Green symbol of order m.
All these symbols are assumed to stabilize as t — +oo to symbols
independent of t,
a;(£00, T) = bint(£00, T) + bedge(£00, T) + bg(Fo00, 7).

The components a4 (1), ST = t7y4, are also operator-valued symbols of
order m acting in the spaces (3.1). These symbols must be compatible with
a;(£o0,T) in the sense that

2

-1
(3.24) an = ai(£oo,7) — 3 o (r +ivs)
0

(Fiys)*
k!

=~
Il

belongs to ¥™ N (6,6 — | + €) with some £ > 0 (cf. (2.17)).

The component a; is actually an element of the edge algebra on an
infinite cylinder M = R x Y, and the components a serve to compactify
this cylinder by two corners.

DEFINITION 3.5.— For a corner operator there are three levels of
principal symbols:
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e the principal interior symbol oin (A) which is a homogeneous function
of degree m on T*J\C;I defined by (3.3);
e the principal edge symbol
oa(A)(t,7) = oa(bedge) + on(bc)
which is a “twisted” homogeneous function of degree m in T defined
by (3.17), (3.21);

e the principal corner symbol o.(A) at each corner t = +oo. This is
simply the operator ay (1), ST = t74.

Besides, there is a conormal symbol o0 (A) whose left upper corner
is given by (3.18) and the remaining entries of the (2 x 2)-matrix are 0.

The corner theory may be summarized in the following theorem.

THEOREM 3.6

1. A corner operator of order m is bounded as an operator

A: Hsr5’7+17—— (M) RN HS—mv5—l77+»7— (M).

2. The corner operators form an algebra with the additivity of orders.
3. The symbol maps oint, Oa, 0. and op0a are homomorphisms.

The detailed proof is contained in [Sch92], see also [ST00], and [ES97],
[ST99] containing a similar theorem for the edge algebra.

3.4. Kernel cut-off and holomorphy.

In the original definition of the corner algebra [Sch92] there was an
additional requirement comparing to the Definition 3.4: the operator-valued
functions a4 (7) were supposed to be meromorphic in 7. The poles gave rise
to the so-called corner asymptotics which were one of the objects of study
in [Sch92].

For the purposes of the index theory we don’t need the full asymptotic
information, so the meromorphy of a4 (7) is no longer needed. It is sufficient
to require a milder holomorphy condition: the functions a4 (7) defined on
the corner weight lines 37 = -4 have analytic extensions into a corner
weight strip

Sy = {IST Fivs| < e},
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moreover,

at+(r) € Z™(6,6 — 1)
on any horizontal line in the strip. A similar condition with a cone weight
strip (3.7) instead of S+ was imposed on the Mellin symbol (3.6).

However, at the first glance even this milder condition seems to
contradict the Definition 3.4. Indeed, because of the compatibility (3.24)
it is natural to assume that a;(+oc, 7) satisfies the holomorphy condition
as well. But because of the cut-off functions ¢o(r{7}), Yoo (r{T)) (cf. (3.16),
which are by no means holomorphic in 7, the holomorphy of the whole
operator a;(7) is doubtful. Quite surprisingly, the following lemma shows
that the holomorphy property may be obtained by means of the kernel
cut-off procedure. In addition to Lemma 2.11 the kernel cut-off procedure
in the symbol classes ™ (8,8 — 1), | > m, possesses the following property.

LeMmMA 3.7.— Let an operator-valued symbol
a(T) = bint(7) + bedge(7) + ba(T)

defined on a weight line ST = «y belong to the symbol class £™(6,6 — 1).
Then the operator-valued symbol

a.(r) = a(r) * .
= / 125(7' —7)a(n)dn
Sr=v

also belongs to ¥™(6,6 —1). Moreover, the difference a.(7)—a(r) is a Green
symbol.

Proof. — Similarly to the proof of Lemma 2.11 we have by Taylor’s
formula

ac(r) — a(7)

N - OO—T Nopo(15) dr la(N)T_T _p\N-1
- (N—-l)! /_oo( 2) 'l/)e( Z)d 2‘/0 ( 92)(1 0) dé.

By Proposition 5.1 the symbol a(™)(7) belongs to ™V (6,6 —l+¢1)
with some &1 > 0. Thus, a.(7) — a(7) also belongs to =N s —1+er)
since 1. (72) is rapidly decreasing on the real axis.

Since N may be taken arbitrarily large, it means that a.(7) —a(7) is
infinitely smoothing and gives a gain in the weight by ;. In other words,
it is a Green operator. O
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As a consequence we see that for a corner operator

A ={a4(1),a:(t,7),a_(7)}

we can take another corner operator
(3'25) Ae = {a+,5(7—)’ Qie (t’ T)’ A—.e (T)}

which differs from A by a Green operator and satisfies the holomorphy
condition. Moreover, we could introduce a subclass of corner operators
satisfying the holomorphy condition in the spirit of the original definition
in [Sch92], and restrict ourselves to this subalgebra. We prefer, however,
to remain in a little wider class of Definition 3.4 using, if needed, a
holomorphic approximation (3.25).

3.5. Ellipticity and parametrix.

Having defined three principal symbols, cf. Definition 3.5, we intro-
duce elliptic corner operators as those for which oy, oo and o, are in-
vertible. More precisely, the interior ellipticity means that the function
Tint = b (t,7,y,m) on T*M\ {0} is an invertible homomorphism. Near the
edge we actually have

bin(t,y,7,m) = 17" b (t, @, 77,76, €)
with a function Zm(t,x,?,g, &) called compressed interior symbol. We

assume that it is an invertible homomorphism for (7, 9, &) # (0,0,0),
including this assumption into the interior ellipticity.

Next, the edge ellipticity means that the principal edge symbol
Ks,&(x/\) Ks—m,&—l(x/\)
an(A)(t,T): &) — @
CN- CN+
is an invertible operator for 7 # 0. Finally, the corner ellipticity at t = 400
means that the operator
HS"S(Y) Hs—m,&—-l(y)
a(7) : & - &

(CN_ CN+
is invertible for any 7 belonging to the corner weight line S7 = v4. A
similar condition is imposed at t = —oo.
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A basic question of the elliptic theory is if the ellipticity implies the
Fredholm property of a corner operator of order m,

A HSOSYV+7- (M) BN 2 Rl R T (M)

as in the smooth case. A well-known way to answer this question is to
construct a parametrix

R: Hs—m,6—l,'v+,7-(M) — HSS7+7- (M)

such that the operators 1 — RA and 1 — AR are compact (and even of trace
class) in the spaces H**+7- (M) and H*~™3~17+7- (M), respectively. In
contrast to the smooth elliptic theory the invertibility of principal symbols
is not sufficient for the parametrix to exist, one needs also a holomorphy
condition for the corner symbols a4 (7), that is, the symbols a(7) as well
as their inverses a1'(7) have analytic extensions into corner weight strips

S:t = {IgT:Fi'Y:tI < 6},

moreover,
ax(r) € E™(6,6 - 1),
az'(t) € 27™(6 - 1,9)

on any horizontal line in the strip. As was explained in the preceding
subsection we may assume without loss of generality that both cone and
corner holomorphy conditions are fulfilled. Under these assumptions we
prove the following theorem.

THEOREM 3.8. — Let
(3.26) A ={ay(1),a:(t,7),a_(17)} € ¥ (M)

be an elliptic operator satisfying the holomorphy conditions. Then there
exists a parametrix

(3.27) R = {a;!(7),ri(t,7),aZ (1)} € T"™(M)

such that both 1 — RA and 1 — AR are trace class operators in the spaces
H#87+7= (M) and HS~™5~ty+7- (M), respectively.

Thus,
A HYS 0= (M) — Hs~™0 b= (M)
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is a Fredholm operator. We also prove that its index may be expressed by
the formula

1
indA:—/ {tr(1 —=r;0a;) |y —tr (1 —a;or;) |n}dtdr
2w R2

Lot [ (k) o (iy)® / d
T o . tr kZ—()(a+ al) (T+W+)—k!—‘—(riai)(+00a7) T

o N-1 .
LMy {Z(azla'_)““)(f—w_)(”‘)k —(naé)(~oo,T)}dT

2mi J_ o = k!

(3.28)

for any N > n + 1. All the operators in curly brackets are of trace class
in the spaces H®(Y) or H*~™®~(Y), and tr means the corresponding
operator trace.

Proof.— The operator-valued symbol a;(t,7) entering (3.26) is an
edge symbol of order m stabilizing at ¢ — F+oo. We use a well-known
parametrix construction in the edge algebra (see e.g. [ES97], [FST98],
ST99]) which gives us a symbol r;(t,7) € X™(6—1, §) such that 1—r;0a; | N
and 1 — a; or; |y are Green symbols of order —N with respect to weight
data (6,8) for 1 —r;oa; |y and (6 — 1,6 — 1) for 1 —a; or; |N.

To pass further to corner algebra, we follow the scheme of [FST99,
Theorem 3.1]. Actually, we simply repeat the calculations for the case of
operator-valued symbols. Observe that the symbol variables ¢, 7 are defined
globally, the only transition being a complex shift in 7. The computations
use different versions of the theorem on the regularized trace of a product,
and a pseudolocality of pseudodifferential operators.

We start with the well-known formula for the index of a Fredholm
operator

ind A = Tr (1 — RA) — Tr (1 — AR).

According to (3.26), (3.27), and (3.23) the operators A and R are given by
the following expressions:
A=A_+ A +A,
—p (1) Op™™ (a_ (7)) (1)
+ pi(t) Op(ai(t, 7)) pi(t)
+ p+(t) Op™ (a4 (7)) P+ (1),
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and
R=R_+R;+R{
=p—(t) Op™ "~ (aZ'(7)) - (1)
+ pi(t) Op(ri(t, 7)) pi(t)
+ p4(t) Op™* (a3 (1)) P+ (1).
The product RA contains nine summands, two of them R_A, and Ry A_
being equal to 0 since p_p4+ = pyp— =0. Thus,

1 - RA :1 - RlAl - R_A_ - R+A+
(3.29) — R_A; —R,A; — RRA_ —RA,

and

1-AR=1-A;R; — A_R_ — AR,
(3.30) — A;R_ — A;Ry —A_R; — A,R;.

The corresponding summands in (3.29) and (3.30) differ only by the order
of factors. Were these summands trace class operators, the difference
of their traces would be equal to 0. We will transform the summands
pairwise replacing them by equivalent pairs where the equivalence means
the following. We say that two pairs AB, BA and A’B’, B’ A’ are equivalent
if the differences AB — A’B’ and BA — B’ A’ are trace class operators and
their traces coincide. For example, if A— A’ and B — B’ belong to the trace
class, then

tr(AB—A'B') =tr(A— A)B+1trA'(B - B')
=trB(A—A")+tr(B—B)A’
=tr(BA - B'A").
In other words, if we change A or B adding to them trace class operators,
we obtain an equivalent pair.

Consider first the corresponding pairs from the first lines of (3.29)
and (3.30), for example

Ry Ay = py Op™(ai!) pypy Op™ (ag) py
and

Ay Ry = py Op™ (ay) pypy Op™* (i) i
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We may drop here p, since the operators
p+Op™ (at) (1 = py),
p+ OP™ (a31) (1 - 7)
belong to the trace class by pseudolocality, cf. Lemma 5.4. So, this pair is
equivalent to the following one:
Op™(pya;’) Op™ (pyay),
Op™* (p1ay) Op™ (pyait),
which in turn is equivalent to
Op™ (prai'opray|n),
(3.31) Op™ (pyaq o pyai'|n)
by the theorem on the regularized trace of a product (Theorem 5.6).
Similarly, remaining two pairs from the first lines are equivalent to
Op (piri © piai|N),
(332) Op (pzaz O P;T; |N)
and

Op" (p-a=" op_a |w),
(3.33) Op™ 7~ (p—a—op_aZ'|n).

Now, there are four pairs in the second lines of (3.29), (3.30). Consider one
of them, say

RiAy = p; Op(ri) pip+ OP™ (a4 ) py
and
AL R; = py Op™*(ay) p+pi Op(rs) pi-

Here the factors have different representations corresponding to different
weight lines. First of all we need to pass to the same representation in both
factors.

To this end we replace the cut-off functions p4 and p4 by a pair pq,
p1 of compactly supported functions satisfying the following conditions:

L. pip+ = pip;

2. p1p1 = p1, so that py is a covering function for p;.
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This replacement gives us an equivalent pair of operators because of
pseudolocality. Indeed, replacing first py by p1, we obtain a new pair of
operators which differ from the previous one by

pi Op(r:) pi (p+ — p1) OP™* (a4) p+ =0,

(p+ — p1) O™ (a+) p4pi Op(rs) pi-
The second operator is of trace class by pseudolocality, for (p+ — p1)p+pi =
0. Its trace is equal to 0 because moving the factor p; under the trace sign
to the first place we get p;(p4+ — p1) = 0. Thus, A may be changed to

p10p™* (a) py-
Here p; may be replaced by p1, since the difference
p10p™ (a4) (p+ — p1)

is of trace class because of pseudolocality. Finally, we obtain the operator

p10p™ (a4) ;1
instead of A, .

Now, we use the compatibility condition which implies that the
difference

p1(Op™ (a4) — Op(ai)) p1
is of trace class. As a result we come to an equivalent pair

pi Op(ri) pip1 Op(ai) p1,

p10p(a;) p1p; OP(T3) pi;
which can be handled similarly to the pairs from the first lines. We drop p;
and p; and then apply the theorem on the regularized trace of a product,
obtaining an equivalent pair
Op (piri o p1ai |n),
Op (pia; o py7i IN)-
In the final expression we have again replaced p; by p; without changing
the symbol.

(3.34)

Similarly, the remaining three pairs may be transformed to equivalent
ones

(3.35) Op(psriop—ai|n),  Op(p-aiopiri|n);
(3.36) Op(p+riopiai|n),  Op(piaiopiri|n);
(3.37) Op (p—7s © psa; [N) , Op (piai o p-ri|N)-
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In (3.36) and (3.37) we have again used the compatibility condition
implying that
p1 (Op™ (a3') — Op(r4))

is a trace class operator. Indeed, it can be rewritten as

p1Op™ (a") (1 — Op(ai)Op(ri)) 1

+ p1Op™* (a3") (Op(ai) — Op™* (a+)) Op(ri)pr
since Op”* (a4 (7)) and Op”*(a;'(r)) are mutually inverse. From this
representation the trace class property is obvious.

The pairs (3.31) and (3.33) may be transformed further using the
identities

p+=1—=pi—p-,
p+p— =0.
Thus,
Op™* (prai' opray |n)=0p™ (prai' cay |v) — Op™* (p1ai’ o pay |n)
=py —Op™* (p1ai' o piay |n)
since a_T_l oay =1 and Op”*(p4) is simply multiplication by p4(t). So, the
pairs (3.31) and (3.33) become
p+ —Op™* (prai' opiar|n), py —OP™™ (prayopail|n);
p— —Op~ (p—aZlopa_|n), p——O0p 7 (p_a_opia”'|n).

Now, gathering these two pairs and the previous ones (3.32), (3.34)-
(3.37), we obtain

1-RA~Op(pi(1-ri0a;)|n)
+ Op™ (prai' o piay [n) — Op (pyrio piai|n)
(3.38) + Op™ "~ (p—aZ' o pja_ |n) — Op (p-ri © pia, |n)
and
1— AR~ Op(pi(l —aiori)|n)
+ Op™ (ptat o pial' [N) — Op (p4a; o piri |N)
(3.39) + Op™ " (p—a—opia”" |n) — Op (p—a; 0 piri |N).
The summands in the first lines are obviously trace class operators and the

difference of their traces yields the first line in (3.28).

TOME 52 (2002), FASCICULE 3



956 B. FEDOSOV, B.-W. SCHULZE, N. TARKHANOV

Our next goal is to pass from the operators Op” to the operators Op.
The following lemma gives us the needed rule.

LEMMA 3.9. — Let a(t,7) belong to £°(é,6), for 7 = ~. Moreover,
let it have a compact support in t. Then the following relation holds:
Op”(a(t,7)) = e " Op(a(t, T +iv)) e
(3.40) ~ Op (e "a(t,7 +1iy) 0 e |n)
where A ~ B means that A — B is a trace class operator with zero trace.
Proof. — Let p(t), p(t) have compact support, pa(t,7) = a(t,7) and
p(t)p(t) = p(t). By pseudolocality we may write
Op”(a(t, 7)) ~ pOP(a(t, 7)) p
= pe " Op(a(t, T + 7)) e p,
the last equality being a simple consequence of the definition (2.2) of Op”.

Now, all the symbols and functions have compact supports in ¢, so, we may
apply the theorem on the regularized trace of a product to the operators

A=0p (p(t) e a(t, T+ i’y)),
B = Op (p(t)e™),
resulting in
TryAB = TryBA
=0

since the regularized trace of BA is obviously equal to 0. Dropping cut-off
functions p, p from the final expressions, we obtain (3.40). O

Observe that the formal series

(—iy)*
k!

o0
e Ma(t, T +iy) 0 €™ =y Oalt, T + i)
k=0

is a formal Taylor expansion for a(t, (7 + i) — i) in powers of —ivy at
7 + 4. Note also that for k large enough the operator Op(d¥a(t, T + iv))
is of trace class with zero trace. Indeed,

1 (&9} o0
Tr Op (0%a(t, 7 +1iv)) = e / dt/ trofa(t, T +iy)dr
=0
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since

/ trofa(t, 7 +iv)dr = 05 tra(t, T +iv) |Zy

=0.

Using the notation (a), for the formal complex shift by iy, we have

(aob)y = (a)yo(b)y,

so, the formal complex shift is an automorphism or the formal Leibniz
product o. With this notation the second lines in (3.38) and (3.39) may be
written as

(3.41) Op ((p+(a3 1)y © pilas )y, — pi7i© piai) )

and

Op ((p4(a4 )y, © pi(ai')yy — praio piri) In)
(3.42) =0p ((pi(ax")yy © p4(ay )y, — piri© prai) [n).
Here we have changed the order of factors since py(a4),, is equivalent to
p+a; by compatibility condition, and similarly p,—(a;l),y . is equivalent to
piri. We move p; in (3.41) through (a4),, and a; as follows:
Pi (@4 )y = [P, (a4 )y, ] + (a4)y, 0 ps
= _[P—{—, (a+)’Y+] + (a+)“r+ O pi— [p—a (a+)7+]'

Substituting this into (3.41) we may drop the last term since it vanishes
on the support of py. Thus, for the trace of (3.41) we obtain

Tr Op ((p+(a3 vy © (1) p4] = 173 0 [as, p4]) V)
+Tr (p4+(1 = ri o ai)pi|n).

In (3.42) we move py through (ay),, and a; obtaining

—Tr Op ((ps(a5 ")y, © [(a4 )y, , p4+] — piri © lai, p4]) IN)
+Tr (pi(1 = ri 0 ai)ps |n).

It remains to take the difference of these traces to obtain

Tr Op (((all)wr 0 [(a4 )y s 4] — 13 0 (@i, p4]) |N)'
Now, since (G/_l__l)fy . and a; do not depend on ¢ on the support of p,, we
have
[(@4)ys» p+] = =107 (a4 )y, P4 (1),
[ai, p+] = —i0ra; P (1)
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Using that
| a1,
— 00

we obtain finally

7 _
— — tr ((G/+),y_: o} BT((L+)~Y+ —T; Oa‘rai> !N—h

2
which gives the second line in (3.28). In a similar way we obtain the third
line completing the proof of Theorem 3.2. ad

4. The index formula.

It remains to reduce the index formula (3.28) to (0.17). This may be
done similarly to [FS96] using the scheme

analytical index — algebraic index — topological index.

Unfortunately, the methods of [FS96] can not be applied directly and we
need some modifications.

Our basic observation consists in the fact that the homothety group

Hy: {a+ (7—)’ a(t7 T)v a— (T)} - {a+ (T)7 a(/\tv T)v a—(T)}

with A > 0 acts on the set of elliptic corner operators. The index remains
constant under this action. So, extracting the part of the expression (3.28)
invariant under homotheties, we get the final formula (0.17).

4.1. The algebraic index.

We start with the definition of the algebra of formal symbols where
the algebraic index lives.

DEFINITION 4.1. — A formal symbol is a formal power series
(4.1) a(t,7,h) =Y h* ax(t,7)
k=0

where ay(t,T) are edge symbols from Y™ 7%(68,6 — I).

We assume further that ay € X™7%(8,6 — [ +¢) for k > 0, with some
€ > 0. The leading term ag does not depend on ¢ for large positive or
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negative ¢, while the higher coefficients ax(t,7), & > 0 vanish identically
for large |t|.

The Leibniz product of two formal symbols is defined by

o pyk
(4.2) aob=3" ( ;’f) 8% 0Fb.
k=0 ’

We will use the notation
N-1
a |N = Z ag
k=0

for the N-th partial sum of the series (4.1) at h = 1. This is a symbol from
zm(6,6 —1).

Define the trace of a formal symbol to be

Tr a(t,7,h) = 3k Jee tra(t, 7, h) dtdr
o hk—l
43 _ trag(t, 7) dtdr.
(43) kzzo%/Rzrak(T) -

Of course, all the symbols ay,(t, 7) must be trace class operators in H*%(Y))
and the integrals in (4.3) must converge. This will be the case, in particular,
if ax(t,7) € 25(n+2)(6, 6) for all k, and trag = 0 for |¢| large enough. Here
and further on X% (6, 6) stands for the Green symbols of order m.

For an elliptic corner operator defined by a triple

(4.4) A ={ay(1),a(t,7),a_(7)}

let us consider the function a(t,7) as a formal symbol consisting of the
leading term only. Then we have a fiberwise parametrix ro(t,7) such that

1 —rpa € 251(6,6),
1—arg e XgH6—1,6 —1).

Treating o as a formal symbol consisting of the leading term only let us
construct a formal symbol

N-1
r(t,7,h) =190 Z (1—aory)°*
k=0
N-1
= (1-r90a)®*org
k=0
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where ok means the k-th power with respect to the Leibniz product (4.2).
Then,
l1-roa=(1-rgoa)™
e 27N, 6)
and
l—aor=(1—-aor)°V
en™NME-1,6-1).
Taking N > n + 1 we see that the fiberwise trace exists, moreover,
the constant term of the difference

tr(l—roa)—tr(l—aor)
is equal to zero. Indeed, it may be written as
tr (1 —roa)™Y —tr (1 — aro)™ = inda(t, 7).
This index is independent of ¢, 7 because of stability of the index. Thus,
ind a(t, 7) = ind a(+o0, 7)
=inday (T +ivy)
=0

since a (7+17v) is an invertible operator. The higher-order terms in 1—roa
and 1—aor vanish for large |t| since they contain derivatives in ¢ of functions
stabilizing for large |t|. Thus, the expression

Tr(1-roa)—Tr(1—aor)

is meaningful being understood as

1

(4.5) 5 o

(tr(1—roa)—tr(l—aor))dtdr.

It is a formal power series in positive powers of h because the coefficient at
h~! vanishes as it has been explained above. The series (4.5) will be called
an algebraic index.

ProposiTioN 4.2. — The constant term is the only non-zero term in
the algebraic index.

Proof. — Consider a homothety operator defined on formal symbols

Hy : a(t,7,h) — a(At, 7, \h),
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where A is a positive number. It is straightforward to verify that Hy is an
automorphism of the Leibniz algebra, that is

(H,\a) [©) (H)\b) = H)\(a o} b)

Thus, if we replace the symbol a(t,7) in the triple (4.4) by the symbol
Hya = a(\t, 7) we again obtain a corner elliptic operator. The correspond-
ing parametrix (as a formal symbol) is Hyr = r(At, 7, Ah). Further, denot-
ing

oo
tr(l—roa)—tr(l—aor) :thck(t,r)
k=1

we obtain

tr (1—Hxro Hya) —tr (1-Hyao Hyr=H){tr(1—ro0a) —tr (1 —aor)}

=Y XerE g (M, 7).

k=1

Changing the variables At = t' and integrating we come to the following
series:

- 1

D AkTlpEl > / ck(t',7)dt'dr.

b1 T JR2

Thus, the part of the functional (4.5) invariant under homotheties is given
by the constant term.

On the other hand, we can expect the stability property for the
algebraic index resulting in

ind Hya = ind a.

Unfortunately, the trace functional Tr is not a “genuine” trace, so we may
not assert that the stability property for the functional (4.5) holds. We
even can not define Tr(1 — r o a) and Tr (1 — a o r) separately, but only
in a combination (4.5). However, the stability property for the functional
(4.5) does hold. The matter is that our symbols are independent of ¢ for
large |t|. Thus, the homothety a(At,7) does not change the leading terms
for sufficiently large |¢|. In other words, the symbol

a(n) = % ()

has a compact support in t. It means that we may make use of the notion
of trace ideal J in the algebra of formal symbols. Let J consist of formal

TOME 52 (2002), FASCICULE 3



962 B. FEDOSOV, B.-W. SCHULZE, N. TARKHANOV

symbols belonging to 25(n+2) and vanishing identically for [¢| large enough.

Although (1 —ro0a) and (1 —aor) do not belong to J (since they do not
vanish for large ¢) their derivatives in A do belong and moreover,

d . d d
alnda(/\)_Tra(l—roa)—Tra(l—aor)

where inda()) is given by the functional (4.5). We proceed further in a
standard way transforming the above expression to
—Tr (r+roaor)oa—Trroao(l—roa)
+Trao(r+roaor)+Tr(l—aor)oaor
where all the symbols under the Tr sign belong to J. For such symbols

cyclic permutations of factors under Tr sign are possible implying that the
first and the second lines cancel, proving the proposition. O

Thus, the algebraic index may be viewed as a number: the constant
term of the formal series

{tr(l—roa)—tr(l1—aor)}dtdr

5 s
1 +o0 00 o ’ (_i7+)k /
o k=0 !
+oo [e%S) . .
i {Z(“ZI“”“’“ ~) O - <v~a'><—oo,7>} -
e k=0 .
(4.6)

Observe that for k£ large enough the integral
t -1 s\ (k) .
r (ai'al,) " (T +ivg)dr

converges and equals zero, so the formal Taylor series in (4.6) are meaning-
ful since their terms with large k vanish after integration, so, they do not
contribute the algebraic index. Observe also that the corner contributions
at t = £oo are independent of h, that is they contribute the constant term
only.

ProprosITION 4.3. — The analytical index defined by (3.28) and the
algebraic index defined by (4.6) coincide.
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Proof. — Take an algebraic parametrix

Ni—1

r=r7p0 Z (1—aory)*

k=0
with N; sufficiently large, and define an analytic parametrix taking
R =0p (r|n,)-

Denoting 7 |y, = b, write the analytical index (3.28) in the form

1
indA = — (tr(1—boa)—tr(l—aob))|ydtdr
27 R2

+00 N-1 i~ K
b L tr {Z(fw a! )P (1 + iy )% - (ba’)(+0077)} dr

k=0

S N-1 .
- L _+ tr {z(aila’_)(k)(T —iy_) (r;_')k — (ba')(—oo,T)} dr

k=0
In this formula we may replace the symbol b by the formal symbol r
since the difference
Ab=7’|Né _T‘|Né’

for N5, NJ sufficiently large does not affect the index. Indeed, the corner
contributions remain unchanged since Ab(+oo,7) = 0. As for the interior
term its change is proportional to

/ dT/ (tr Aboa —trao Ab) |y dt.

This expression is the sum of the terms

/ dT/ tr OF (Ab), Ofa dt —/ dT/ tr0Fa O (Ab), dt

where Ab means a summand of Ab. Integration by parts shows that these
terms are equal to zero. Next, the number N may be enlarged arbitrarily.
We may also take N = oo in the corner contributions as was explained
earlier. The result is

indA:2i (tr(1—roa)—tr(l—aor))|ndtdr
R2

—i k
—{—L {Z(a“l' YE) (7 + iy, )—( ;+) —(ra')(+oo,7)}dr

21
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+o0 °© iv_)k
_ i tr {Z(a:la’_)(k)(r —iy_) ( Vk') - (ra')(—oo,'r)} dr.
—oo k=0 ’

We also can independently take N = oo in the interior term since only the
constant term of the formal series

E%Ej@zﬁrﬁn—roay—u(l—aor»duh

(cf. (4.5)) is not equal to zero. This non-zero term gives precisely the
algebraic index. O

4.2. Explicit expression.

It remains to extract explicitly the constant term in (4.5). Here we

~

follow exactly [FS96, Section 4]. Introduce an algebra A consisting of
differential forms of even degree on the plane R?,

(4.7) a(t,7) = ao(t,7) + a1(t,7)dr A dt

where the coefficients are operator-valued symbols belonging to the classes
¥™(8,6 —1), I > m, and stabilizing for large t. A product © of two elements
a,b € A is defined by

@b:aAb—%daA%

— ] 6(10 8b0 6(10 abo
—a0b0+(aob1+a1b0)d7'/\dt— 2 (E ot — ot E)d’r/\dt

One checks immediately that this product is associative.

Any function a(t, 7) may be considered as an element of A consisting
of the 0-component only. So, for functions a, b, we have three products:

e ab, the usual point-wise product of operator-valued functions;

°
(4.8) aob=ab—ih0.adb+ ...,

the Leibniz product of formal symbols consisting of leading terms only;

[ ]
(4.9) a&:w—%MAm
the product in the algebra A
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Comparing (4.8) and (4.9) one can deduce a simple rule to pass from
the product aob to the product aob of functions: keep the terms linear in h,
alternate the derivatives /07 and §/6t, and then replace h by d7 Adt. This
rule may be extended by induction to any number of factors: a;cagzo...oag
and a10a40...0%ay.

Next, we introduce a trace functional on the algebra A by

1
=5 - tray(t,7)dt Adr

for an element a given by (4.7). We assume that R? is oriented by the form
dt A\ dt. Of course, this functional is defined if tra exists and the integral
converges. In particular, this is the case if a belongs to an ideal JCA
consisting of Green symbols X5°°(6, 6) vanishing for large t.

Now, starting with the algebraic index formula (4.6) and applying the
rule to pass from the o-product to the -product, we come to the following
index formula.

ProposiTiON 4.4. — For N large enough,

ind A = Tr (1 — ro0a)°™ — Tr (1 — adrg)™™

+o =} . N-1
i)k
+—— /tr {Z ) E (i )u;:r—) ) Z(l—aro)ka'|t:+m}d7

e =0 k=0
[e's) . N-1
1 NG o ()F k1
—5 tr {;}( a) )( —iy_) o o ;}(l—aTo) 0 |t=—o0 pdT

(4.10)

where 1 is a fiberwise parametrix of a.

Proof.— Taking an algebraic parametrix in the form

N-1

r=rgo Z(l—aoro)c”c

k=0
and substituting into (4.6), we obtain corner contributions as in (4.10) and

the interior contribution in the form

(4.11) (tr(1—r90a)®N —tr(1 —aotg)®N)dt Adr.

2rh
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Let us extract the constant term in (4.11). So, we may calculate the
integrand keeping only the terms linear in h. Thus,

org Oa
1- =1- h== =
TooQ roa+1 o7 8t+

where the dots mean higher-degree terms in h. Further,
(1-rgoa)®™ ~ (1~ roa)
(97’0 8a
1 — roa)t 1— N—-1-k
+ih Z( r0a)" 5= ( Toa)
— 1—
—ih Z (1 —roa)* ﬁla_:()ﬂ)_ (1 —=roa)? 9(1 —roa) (1 —roa)?

k4+p+q=N-2 ot
(4.12)

where ~ means that the linear terms on both sides coincide. The second
sum may be written as

o1 — rea)t (1 —roa
(4.13) kZ:O ( 870 ) o 5 0a) (1 —roa)N -1
or

= e 8(1 — roa) A(1 — roa)N—F-1
(4.14) kz=o (1 —roa) o 5 :

Using “integration by parts”, transform (4.14) to the form

N-1

2 _ k 0(1 —roa) N—k—1

g 2 (1) = (= ma)
N-1 . k _
Z a1 roa) o1 8Troa) (1 = roa)¥+-1
N-1 2 _

(4.15) - > (1 —rea)* %ﬂa—) (1 —roa)V=F1.

k=0

Il

We represent the second sum in (4.12) as a half sum of (4.13) and (5.15),
then take a fiberwise trace tr, divide over 27h and take a constant term.
As a result we obtain the following expression:

(87‘0 da 1 82(r0a)>

1
—— Ntr(1—rea)N!
5 1Vt (1=700)
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1 o2 N
ot Bra 09
N-1
L 8(1 roa F9(1-roa)  d(1—roa)* d(1—roa) (1-roa)V-1-%
47m ot ot or

k=0

Integrating this expression over t, 7 € R?, we see that
T=00
dt

T=—00

- %;tr(l —roa)” dtdr = /_OO atr(l —roa)

=0,
s0, this term may be omitted. Next,

drgda 1 &ra _10rgda 10rgda 1 &r 1 0O
or Ot 2 Oorot 2 Or ot 2 Ot 9r 2 Orot 2 % 9rot

and

Org Oa Org Oa
(aT o WE)‘”A‘”

=drg Ada,
o(1 — roa)* = 1—roa)k 9(1—
(1 =roa)* 9(1 —roa)  9(1 —roa) 91 — roa) dr A dt
or ot ot or
= d(1 —roa)* Ad(1 — roa).
Thus, taking into account the orientation, we get for the constant term of

Tr (1 — rg0a)®” an expression

1
—_ (—tr(l—roa)N_ldro/\da
]R2

21 2
| N1
-3 tr (1 —roa)V 1% d(1 — roa)* A d(1 —roa))
k=1
1 N 0%ry 8%a
4.1 — = —roa)N ! dr A dt.
(4.16) *omi 3 Jpe T 0V <a ot Oafat) T

A similar expression may be obtained for the constant term of Tr (1 —ao
r0)°N simply by interchanging a and rg in (4.16).

Note that

0%a 0%a
_ N-1 _ _ N—1 970
tr (1 — arg) pren ro = trrg (1 — arp) pym
0%a
=tr(1—roa)¥"trg PRl
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It implies that the last integral in (4.16) remains unchanged under a
permutation of a and 7¢. Thus, taking the difference of (4.16) and the
corresponding expression obtained by a permutation of a and rg, we find

Tr (1—rgo0a)’™ —Tr (1—aore)’™

1 N
=5 . (E tr(l—roa)N_ldro/\da
L N-l
~3 Z tr (1 —roa)N"17* d(1 — ra)* A d(1 = roa)
k=1
N
-5 tr (1 —arg)N "1 da A drg
p Nl
N-1-k k
. - 0 - .
(4.17) + 5 tr (1 — arp) d(1 —arg)® Ad(1 — aro))
k=1

This is nothing but

o~

Tr (1 — 760a)°N — Tr (1 — adro)°N
which may be checked similarly to (4.12). This completes the proof of the
proposition. 0O

Finally, using the associativity of the -product we reduce (4.10) to
the index formula (0.17) of the introduction. To this end we first show that
the number N in (4.10) may be reduced to N = 2. Indeed, for any N > 2,
we have

Tr (1 — 760a)°N — Tr (1 — adr)°N
=Tr (1- roﬁa)"’\(N‘l) —Tr (1- aSTO)Q(N_l)
— Tt (1 — 198a)° N ~D5re6a + Tr (1 — adr)° ™ ~Vsadr,.

The last line gives the trace of the commutator

~

—Tr [(1 — 790a)°N~V5ry, a]

understood with respect to the o-product. This is equal to

1 ~ D ~
- — trd ((1 — Tooa)°(N_l)or0) A da
21 R2
1 0o ~ t=o00
= — tr (1 — r08a)°(N_1)8r0 O0ra dr,
2m J_ oo e — oo
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which coincides with the last summand (with kK = N — 1) in the corner
contributions

+o0 o ) N—1
1 _ NI
oo | tr {Z(a+1a;)(k)(7+17+)(_kl+—)— - Z(l_roa)kT0a/|t=+oo}dT

271
k=0 k=0

— 00

LS ()t
— tr{Z(a:la’_)(k)(T—m_) k_! —Z(l—rga)kroa'ltzﬁoo}dr

21
o k=0 k=0

For the case N = 2 we use directly (4.17). This gives

1
— tr (1 — roa)dro Ada —tr (1 — arg) da A dro
27t R2

since
—trd(1 — roa) Ad(1 —rea) = trd(1 — arg) Ad(1 — arp)
=0.

Integrating by parts in the first summand, we get
/ tr (1 — roa) dro A da
R2

= / d (tr (1 — roa)roda) — / trd(1 — roa) A roda
R2 R2

:/ tr (1 — roa)red-a

—00

t=00
dr + / tr (droaroda + rodaroda).
t=—o00 R2

The first summand gives a part of the corner contributions at N = 2, that
is the very last term in the expression

k=0

/ tr {Z % (a7 (T +i74)0ray (1 + 7)) = (ro + (1 = roa)ro) dra lt:oo}dT'

— 00

Further,
/ tr (1 — roa)da Adrg = ——/ trdrg A (1 — aro) da,
R2 R2

so, gathering all the terms, we come to the index formula (0.17).
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5. Trace properties of edge
and corner pseudodifferential operators.

This appendix contains an auxiliary material related to the trace
of edge and corner pseudodifferential operators. Most of this material is
scattered in our previous publications [FS96], [FST98], [FST99]. For the
reader’s convenience we repeat it here more or less systematically in a
proper form.

We will consider here the edge symbols introduced in Section 3. A
symbol class ™ (8,8 — 1), | = m, (of order m with respect to weight data
(6,6 — 1)) consists of operator-valued functions
(5.1) a(t, 7) = @int(t, 7) + Gedge(t, T) + a(t, 7).

The first two summands act in the spaces
Hs,&(y) BN Hs—m,é'—m(y)
while their derivatives
8?85 (aint + aedge)
act in
Hs,é'(y)_)]_]'s—m+[)’,6—m+,3(y).

All these spaces are considered with the family of norms | - |- (see
Subsection 1.2), and all these operators are bounded in these norms
uniformly with respect to 7.

The third item called a Green symbol and its derivatives act bound-

edly in the spaces
H31,6(Y) H52,6—1+6(Y)
(5.2) o0Pag(t, 1) : e — o
(CN_ (CN+

for some e > 0, with the norms || - || defined by (1.13). These operators are
bounded for all s;, sz, that is they are infinitely smoothing on the fibers
Y, but the norm bounds are not uniform in 7. However, for any s; = s and
s2 = s — | + 3, the operators (5.2) are bounded uniformly in .

The whole sum (5.1) acts in the spaces
Hs,é(y) Hs—m,é—l(y)

(5.3) a(t,7): ® - & )
(CN_ (CN“L
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the summands aj,, and aegge are viewed as (2 x 2) -matrices with the only
non-zero entry in the left upper corner. Since 6 — m > 6 — [ the operator
(5.3) is bounded uniformly in 7. All the summands are supposed to stabilize
for t — +o0.

The following simple observation is crucial in the sequel.

ProposiTiON 5.1.— If B > 0 then for some € > 0 the operator

Hs,é(y) Hs—m-‘rﬁ,é—l—i—s(y)

oxPa(t,T) ® - ® ,
CNA CN+
is bounded uniformly in T with respect to the norms || - ||,.

Proof. — Assuming ¢ in (5.2) less than 1 we have
b—m+B>6—-1+¢,
for 8 > 0 and I > m. Thus,
HEmmABS—mAB(y) oy prs—mABS=lte (.

This proves the proposition since the norm of the embedding is uniformly
bounded by Lemma 2.1. O

Thus, for given cone weight data (6,6 — I) with [ > m (usually one
starts with weight data (6,6 — m)), the Green summand gives a gain in
weight by e. The whole symbol (5.3) looses this gain in general but after
derivation in 7 we regain it. Or, more briefly, the inclusion a € £™ (6,6 —1),
I > m, implies for 8 > 0,

(5.4) 0r0Pa e ¥ P (6,6 —1+¢).

5.1. Compatibility.

A corner operator A € ¥™(M) is defined via (3.23) by a triple

{a— (7-)7 a(tv T)v a+(7-)}

of edge symbols satisfying compatibility conditions. The symbol a(t, )
belongs to ¥™(6,8 — 1) and, for large ¢, stabilizes to ag(to0, 7). The latter
may be viewed as edge symbols from ¥™ (8,6 — ) independent of ¢t. The
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symbols a4 (7) are defined on horizontal lines 7 = %4y, and as functions
in %7 belong to the symbol class £¥™(§,6 — 1), that is

(5.5) ay (T +ivL) € (6,6 —m)
with a real variable 7.

DEFINITION 5.2. — The symbol a(t, T) is compatible with the symbol
(5.5) if for any N and some e > 0

:F
Tn(7) := a(o0, T) Z ag_L)(T:tz'y ) (¥ ]z'i)
k<N
(5.6) ex™ N6, 6 —1+e¢).

Were a(t,7) an entire function in 7 as in the case of differential
operators, the symbols a(7) might be taken as restrictions of a(to0,7)
to the corner weight lines 37 = 74, the condition (5.6) would be fulfilled
automatically by virtue of (5.4) since Tn(7) in this case would be a
remainder in the Taylor formula. In general, Ty (7) is the difference between
a(£o00,7) and a formal complex shift of ay (7 +ivy) by Fivyy, it should be
“small” in the sense of (5.6).

We will use the compatibility condition in the following situation.

LEMMA 5.3. — For any functions fi(t), f2(t) of C§°(R), the operator

(5.7) An = f1(t) Op (Tn) f2(t)

in the corner Sobolev space H®*®Y+7-(M) belongs to the trace class
provided N > m +n + 2.

Proof. — From (5.6) it follows that
Tn(t) € S7N(6,6 -1 +¢).
Thus, the operator (5.7) may be factorized through
Ay o HS70= (M) — g~ Notemsten—te ),

The corner weights v, , v— are improved because fi;, fo have compact
supports. Now the lemma follows from Corollary 1.8. O
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5.2. Pseudolocality.

We will need a pseudolocality property for corner ¥DO’s, especially
near corner points. Roughly speaking, it consists in the fact that a ¥DO,

f10p7(a) f2

belongs to the trace class if the supports of f; and f, have empty
intersection. Here f; and f, are smooth functions either having compact
supports or equal to 1 in a neighborhood of 00 and vanishing outside a
larger neighborhood. The weight v may be equal to 0, v, v—, and the
symbol a(t,7) € ¥™(6,6 — ) coincides with one of the symbols a;(t,7),
a4+ (7), a_(7) entering the corner operator (3.22).

Below we consider one of such statements leaving to the reader similar
statements for other situations. So, let

Op’(a)u = L

5 e”ta(T)ﬁ(T) dr
T

Qr=

(5.8) /g ~ :dT / ) g (rYu () dt.

The function a(7) is holomorphic in 7 in some strip |7 — 7| < € and
belongs to the symbol class ™ (8, § — 1) on any horizontal line in the strip,
uniformly in ST € [y — €9,7 + €0} with any €9 < e. The operator (5.8) is
considered in the space H*%7Y(M) consisting of functions u(t) with values
in fiber spaces H*®(Y') equipped with the family of norms || - ||, cf. (1.12).
The norm ||u(t)|| in H*%7(M) coincides with the L2 -norm of the function

la(m)|l-, that is
llull* = / [a(r)II? dr.
ST=7y

LEMMA 5.4.— Let fi(t) = 0 for large negative t, and fi(t) = 1 for
large positive t. Let the function fs be equal to 0 for large negative t, and
f1(t)f2(t) = 0. Then the operator

A= f10p”(a) fo: H**V(M) — H*™° L7 (M)

belongs to the trace class.

Proof.— Our operator may be rewritten in the form

Ault) = /&;r ’YdT /_0; et N 9N g (1) ————f(lt(t_)j;?)(f\;) u(t') dt’
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since t — t' # 0 on the support of fi(t)f2(t'). We will prove that A is
bounded in the spaces

Hs,é,'y(M) N Hs—m+N,6+£,'y+a(M)’

for a large positive integer N and some £ > 0. Taking a suitable cut-
off function w, (t) equal identically to 0 for large negative ¢ and covering
the function fi(¢t), that is wy(¢)fi1(t) = fi(t), we see that the operator
A = wy(t) A belongs to the trace class since multiplication by w.(t)
followed by the embedding

Hs—m+N,6+5,'y+a(M) N Hs—m,é,'y(M)

is a trace class operator by Corollary 1.8.

Passing to the Fourier transforms

(a0t = 5- [ emaman,

1 et ~
ult) = g fLe, € HO
=7
we find
3(n) = L o /g el bln =76 )0
where

b(n, &) = /_ N /_ . e~ imttict ;N ———f(lt(t_)f)(fv) dtdt’.

Note that b(n, £) is holomorphic in 7 and 7 in the lower half-planes S < 0,
ST < 0 and is rapidly decreasing on any horizontal lines

Sn = aa < 0
ST = e < 0.

Of course, N is supposed to be sufficiently large. We will use the notation
b(n, &) = O((§)">) O((n)~>)
which means that the function

(&P (m?b(n, )

considered on the lines 31 = ¢; < 0 and 37 = ¢3 < 0 is bounded for any

b, q, C1, Ca2.
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The function dNa(7) is also holomorphic in a strip, so shifting the
integration lines we get

3(r) = /s L / _ ONa(r) b~ 7 € 7)) de

where we take Sn = v +¢0/2.

The derivative 8" a(7) of the symbol a(7) € X™(6,6 — 1) belongs to
the class X™*N(§,6 — N +¢) (see (5.4)), and we are going to show that
v belongs to the space H*~™+N:.6+ev+e/2(Mf) Let us estimate the norm
0(n)]l5 in the space HS~m+N:5+¢(Y). We have

Bty s [ dr [ on=r)=)0(e=7)) 0¥ a(ral©)l, de.
ST=y+e0 [E=y
But by Lemma 1.3

197 a(r) w(E)lly < CllOF a(m) T+ (n —7)
<CloYa(m)l- @@l (n - )
<C

(r =8 =7 [ul®)lle-

Here ||i(€)|, means the norm in H*?®(Y). By the definition of the classes
$mHN (8,6 — 1 +€), the norm [|0Na(7)||, is bounded. So, we obtain finally

[o(m)ll, < C dT/ O((n—7)"*) O((§ — 7)~™) [[u(€)ll¢ dé.
ST=7+¢€0 SE=y

But such an integral operator in L? is bounded, implying that A is bounded

from H*%Y(M) to Hs~m+N:6+ev+e0/2(M). This completes the proof of the

lemma. O

5.3. Regularized trace of a product.

We again consider a neighborhood of a corner point ¢t = 400, so all
functions u(t) and symbols a(t, 7) are supposed to vanish for ¢ < 0. Thus,
the corner weight v_ at t = —oo is inessential and we drop it from our
notation, writing H*%Y+(M) instead of H*%Y+Y-(M). We consider here
a corner version of the theorem on the regularized trace of a product. In
[FS96] and [FST98] the corresponding cone and edge versions were proved.

Consider two symbols a(t, 7), b(t, ) vanishing for t < 0 and stabilizing
to a(+o00,7), b(+oo,7) for large positive t. We assume that they are
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holomorphic in the strip |$7 — 74| < €, and on each horizontal line within
the strip we have

a(t,7) € X™(6,6—1),

b(t,7) € X™(6—-1,06)
uniformly with respect to S7 in each smaller strip. The corresponding
corner YDO A = Op™*(a) defined by (5.8) may be considered in any of
the spaces H*%Y(M) with v € (v — &,v4 + €), since the integration line
ST = 74 in (5.8) may be shifted to S7 = . Thus, the operator A may be
extended to a bounded operator

A=0p"(a): H®®Y(M)— H™b7(M).

Consider the operator
Cny =BA—-0p”(boal|n)
= Op”(b) Op”(a) — Op™(boa|n)
in the spaces
Cn: H¥*V(M) — H**"(M).
LeEmMMA 5.5.— For N > n + 2, the operator Cy is of trace class.

Proof.— We pass to the Fourier transform of symbols. Denote

0 .
/ e~ ®la(t,T)dt

— 00

Il

a(€, )

(5.9) = %/ e % 9,a(t, T)dt.

The integral is defined for 3¢ < 0, the last equality being obtained by
integration by parts. The integrand in the last integral is a function with
compact support because of the stabilization condition. Thus, a(,7) is a
holomorphic function in £ € C except the only first-order pole £ = 0. The
operator A may be written as

Au(g) = /S ) a(¢ — 7, 7)(r) dr.

Here we need to take S¢ < « since according to (5.9) a(¢ — 7, 7) is defined
for (¢ — 1) < 0.

Similarly, for the operator BA we obtain

EfTu@):/E: [ b¢-coate-nnamir

x

5

ANNALES DE L’INSTITUT FOURIER



ANALYTIC INDEX FORMULAS FOR ELLIPTIC CORNER OPERATORS 977

with 71 < v and $¢ < ;. Expanding by Taylor’s formula, we obtain
b(C— &8 =D aFbC—&7) (€~ )"k +Bn(C— &6 7),
k<N

with the remainder

1 (1 _ gp\N—-1 _
Rt -6 = [ GR2mr 00— gm0l - m) €= ) a9

where b(™) means the derivative with respect to the second argument. The
regularized product Cy may be written in the form

Cru(C) = / dt / Tn(C - €,6,7) (€ — 7,7) dr

Cx

Sé=v1  S¢=v

L1 N
- [ G [ e [0 rroe-myie-n)Vate—r.atriar

0 Se=m =y
(5.10)

For N > 0 the function (¢ — 7)Y @(¢ — 7,7) has no pole in £ — 7, so,
the restriction v; < 7 is no longer needed. The only restriction remains
¢ < 1. Thus, we can choose ¢ = o with v > 72 = 7.

Show that C'y is bounded in the spaces
(5.11) Cn: HS@'Y(M) — HS+N’62’72(M)

with N > n + 2 and some 6, > 6, 2 > <. The gain in corner weight
follows since we can choose 72 = $(¢ > 7. The gain in the cone weight is
a consequence of Proposition 5.1 because of the term ™ with N > 0 in
(5.10). This term gives also a gain in smoothness by N and this is sufficient
to prove (5.11).

More detailed estimates look as follows. Denote

3(¢) = Cru (0),
w(&,7) = (€~ 7)NaE ~r,7)a(r),
(5.12) o=0(1,0)=7+60(—71).

Then (5.10) implies

1 (1 _ p\N—1 -
e < | G2 [ de [ IBVE-ga lcar
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where || - || means the norm in H**N:%2(Y) depending on a complex
parameter ¢, cf. (1.12) (recall that || - ||¢c := || - [|w¢)-

We will apply Lemma 1.3 to estimate this norm. Thus,
(513) B¢ = &) @& Mlc < C(C =) BN~ & 0) D& 7)o
To estimate the norm of 5@ )(¢ — €, 0), consider the symbol
M (t, o) e N5~ 1,6,),

the gain 62 — é in the cone weight is due to the derivation (N > 0) by
Proposition 5.1. So, the norm of the operator

b(N)(t,o) : H‘g_m"s_l(Y) — H‘9+N’52(Y)

is uniformly bounded in o, both spaces being equipped with the family of
norms || - ||,. It is also uniformly bounded in ¢ since this symbol vanishes
for t < 0 and stabilizes for large positive t. Its Fourier transform

o0
b\, o) :/ e~ MyMN (¢, o) dt
—o00
being holomorphic in A, A < 0, is rapidly decreasing on any fixed
horizontal line in the lower half-plane, that is
1B (A, 0) 15 = O((N) ™)

uniformly in R0 if A < 0 and So are fixed. Thus, the estimate (5.13) may
be continued to give

C{—a)?TO0(¢—&~) lo(&,7)llo-
Similar arguments applied to (5.12) give

[@(€,7)lle < C (o —7)? [l (&, 7)ll-
=C (o =7)?0(( - )" l[u()ll-

where the norm ||%(7)]| is taken in the space H*°(Y'). Note that
€ -nNaE-r7)

is an entire function in £ — 7 rapidly decreasing on any horizontal line. Now,
since

(0 =) =(0(¢-7))*

< -7)
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for ¢ > 0, and
(=)' ={(-¢+(1=0)(¢—T))
SC{—§%(E—7)1

by Peetre’s inequality, we come to the final estimate in (5.13) of the form
O((C =&~ )O(& = 7)) llu(7)ll-,
because

((=T0({C-¢&)"")=0(C-&™)

for finite q. Integrating over 6 € [0, 1] and over the lines ¢ = v, ST =7,
we obtain

(0]l < / a [ o(c-97) 0 - 7)) ()l dr

SE=m1

61y <[ oUc-m A dr
ST=y

for IS¢ =y > 7.

It remains to note that the norm of Cyu in H3+tN:92:72 (M) is equal
to the L?-norm of ||9(¢)||¢, and the norm of u in H*%7(M) is equal to
the L?-norm of ||@(7)||,. So, the boundedness of (5.11) follows from the
boundedness of the integral operator (5.14) with the kernel O({¢ — 7)~>)
in L?. O

Under the previous assumptions on A and B define a regularized trace
of a product as

TrnBA:=Tr Cy

for N > n + 2. Similarly we define

TryAB =Tr (AB — Op(aob|y)).

THEOREM 5.6.— The regularized trace of a product does not depend
on the order of factors, that is

TI‘NBA = TI“NAB.

Proof.— We now put y; > 2 =« in (5.10). To calculate the trace of
the integral operator (5.10) (which belongs to the trace class as we know)
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we integrate its kernel over the diagonal obtaining

TI‘NBA

N-1
:/ ((1 f) da/dﬁ/trbm) —&,T+0(E—7))(E-T)Na(E—T, T)dr
0

I€=m1 ST=vy
1

N-1
/1 0) d@ / ds/trb(m —s,7 +0s) s™ a(s, 7)dr.

0 Ss=vy1—y ST=xv

Here tr means the operator trace in H*®(Y)) (that is, the fiberwise trace of
the operator-valued symbol). In the last integral we have changed variables
s = £ — 7. Note that for N > 2 there are no poles in s in the integrand.
Indeed, a(s,7) and b(N)(—s, T + 6s) have first-order poles at s = 0, which
disappear because of the factor sV, N > 2

Therefore, we can shift the integration line &s = v; — 7 to the real
axis §s = 0 obtaining the integral

/ ds/ tr bV (—s, 7 + 0s) sN a(s, 7) dr.
—00 STr="2

Integrating by parts in 7 and changing variables

’

s = —s,
T = T+480s,
we get
/ ds/ trbs ) (sHVa (ST+0T)
Sr=~y
which coincides with the corresponding expression for Try AB. O
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