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For a locally symmetric space M, we define a compactification
M U M (o0) which we call the geodesic compactification. It is constructed
by adding limit points in M(00) to certain geodesics in M (see 1.1-1.2).
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458 L. JI AND R. MACPHERSON

The geodesic compactification arises in other contexts. Two general
constructions of Gromov for an ideal boundary of a Riemannian manifold
give M (oo) for locally symmetric spaces (see 1.3-1.4). Moreover, M (o)
has a natural group theoretic construction using the Tits building (see 1.5).

The geodesic compactification plays two fundamental roles in the
harmonic analysis of the locally symmetric space: 1) it is the minimal
Martin compactification for negative eigenvalues of the Laplacian (see 2.1),
and 2) it can be used to parameterize the eigenfunctions of the Laplacian
in continuous spectrum on L, (see 2.2).

1. Introduction: geometry.

The introduction is in the first two sections. This one contains
geometric results, and §2 contains applications to harmonic analysis.

1.1. The geodesic compactification. — Let M be a complete
Riemannian manifold. A ray in M is a map 7:[0,+00) — M that is
locally isometric, i.e. a half geodesic parameterized by distance. We want
to compactify M by adding limit points to rays in M.

Euclidean space. — Consider first the case of Euclidean space M = R™.
Choose a base point p € M. We can compactify M by adding a sphere
M (o0) at infinity, which has a point ¢ € M(oo) for every ray emanating
from p € M. If we choose a different base point p’ € M, then we get the
same compactification. A ray eminating from p’ converges to the same point
as a ray eminating from p if and only if the rays are parallel. So M (o)
can be identified with the set of parallelism classes of rays in M. (The
same construction works in a Hadamard manifold, i.e. a simply connected,
nonpositively curved, complete manifold [BGS], §§2-3, except that parallel
classes of rays are replaced by equivalence classes of rays defined below.)

More general manifolds M. — If M is, for example, a locally symmetric
space, we cannot hope to define a compactification M U M(oo) in which
every ray converges to a point in M(oo). The reason is that some rays
don’t “go to infinity” at all — they wander around forever, reentering a fixed
compact subset of M infinitely often. A ray(! is called distance minimizing,
or DM, if it is an isometric embedding of [0, 4+00) into M. These are the

(1) In this paper, every geodesic is directed and has unit speed.
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COMPACTIFICATIONS AND LOCALLY SYMMETRIC SPACES 459

rays that “go to infinity”, so these are the rays for which we want to add
limit points. All rays on Euclidean space, or on a Hadamard manifold,
are DM.(2)

We want to define an equivalence relation on DM rays analogous to
parallelism in Euclidean space, determining when two will converge to the
same point in the compactification. We say that DM rays 71,72 in M
are equivalent if they remain at finite distance from each other as they go
to infinity, i.e., if lims—, 400 supd(y1(t),v2(t)) < +oo, where d(-,-) is the
distance function on M. Let M(oo) denote the set of equivalence classes
of DM rays in M.

For a general complete Riemannian manifold M, we find two
assumptions (see 9.11,9.16) under which the set of equivalence classes
of DM rays M(oo) forms the ideal boundary of a canonical Hausdorft
compactification M U M (co). We call this the geodesic compactification
of M (see 9.17). The construction of the topology on M U M(oco) is
somewhat technical, but the idea is this: M(co) is topologized so that two
points in M(oo) corresponding to nearby rays are nearby. So topologized,
we call M(oo) the geodesic boundary of M. The geodesic boundary M (co)
is glued on to M so that each DM ray in M converges to its equivalence
class in M (00).

1.2. Locally symmetric spaces. — Now we restrict attention to a
manifold M which is a locally symmetric space. In other words, M = I'\X
where X is a Riemannian symmetric space with automorphism group G,
and I' C G is an arithmetic subgroup of G that acts properly and
discontinuously on X. In this case, the geodesic compactification exists
because

THEOREM (see 11.7). — The space M = I'\ X satisfies the assump-
tions 9.11 and 9.16, and hence M U M (o0) defines a Hausdorff compacti-
fication. :

We will now discuss three other constructions that give the same
space M (o) at infinity. This shows that the geodesic compactification of M
is a natural mathematical object. The first two come from geometry and can,

(2) There is a history of work on DM rays. Hadamard studied rays on nonpositively
curved surfaces systematically in [HAD]. For locally symmetric spaces, importance of
DM rays has been noticed by Siegel [SI], §23, Selberg [SE1], pp. 101-118, Garland &
Raghunathan [GR], Thm. 4.6.
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460 L. JI AND R. MACPHERSON

like the geodesic compactification, be defined for more general manifolds.
They don’t always coincide with M (co), but for locally symmetric spaces
they do. The third uses the structure of the group G, so it can only be
defined for locally symmetric spaces.

1.3. The Gromov compactification. — In [BGS], §2, Gromov intro-
duced a compactification ME for any complete Riemannian manifold M,
by embedding the manifold into a space of continuous functions using the
distance function (see 12.5).

THEOREM (see 12.11). — The Gromov compactification MS of
M =T'\X is homeomorphic to the geodesic compactification M U M (c0).
In particular, the Gromov boundary dMC¢ can be identified with the
geodesic boundary M (00).

1.4. The tangent cone at infinity. — In [GR2|, §7 and [GR1], 3.16,
Gromov introduced the tangent cone at infinity of a metric space M,
denoted by To, M (see 5.4). This is a metric cone which reflects shape of
the space M viewed from infinity (see the introduction of [GR3]).

THEOREM (§5.16). — For M = I'\X, the tangent cone at infinity
T M exists and is a cone over the geodesic boundary M (o).

1.5. The Tits compactification. — Let Ag(G) be the rational Tits
building of G (see 3.4). Then I' C G acts simplicially on Ag(G) and the
quotient I'\Ag(G) is a finite simplicial complex called the Tits complex
of I'\ X and denoted by A(I'\X) (see 3.6).

THEOREM (see §11.3,11.8). — The geodesic boundary M/(oo) of
M =T\X is homeomorphic to the Tits complex A(T'\ X).

Therefore the geodesic compactification M U M (oco) may be identified
with T'\X U A(T'\X). The compactification I'\X U A(I'\X) may be
constructed directly using reduction theory, without appeal to geodesics
(see Theorem 8.8). In this context, we call it the Tits compactification
of T'\X and denote it by T\X7.(® For technical convenience, in this

() 1t follows from the last two characterizations of the geodesic boundary that the
tangent cone at infinity Too M is the cone over the Tits complex A(I'\X). This result
was stated without proof by Gromov in [Gr3], 3.I;. When X = SL(n,R)/SO(n,R)
and I' is a congruence subgroup of SL(n,R), this result on TooI'\X is due to Hattori
[HA2], Theorem B, [HA1], Theorem B.
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paper we will treat the Tits compactification first and use it to study the
compactifications mentioned earlier.

1.6. The metric link. — For any point ¢ € M(oo) in the geodesic
boundary of a complete Riemannian manifold M, we define the metric
link S(q) of q as follows: The point ¢ corresponds to an equivalence
class of rays. S(q) is the quotient of this equivalence class by a finer
equivalence relation called N-eguivalence: Two geodesics are considered
N-equivalent if the distance between them to zero as they go to
infinity, i.e., if lim;—, 4 o, Sup d(y1(t), v2(t)) = 0 for suitable parametrizations
of 71,72. The metric link is a metric space, with a metric induced
by lim;_, 4 oo sup d(v1 (t), ¥2)-

If M is alocally symmetric space, the metric link is itself a Riemannian
manifold which is a product of Euclidean space with a complete Riemannian
manifold §(q) of finite volume. We call S(q) the reduced metric link of q
(see 14.10 and 14.13). It is a locally symmetric space of smaller dimension.
It depends only on which open simplex ¢ is in (where “simplex” refers
to A(I'\X) which is identified with M(00)). These metric links play an
important role in parametrizing the generalized eigenfunctions (see 2.2
below).

1.7. Other compactifications. — The reduced metric link is a
boundary component of the reductive Borel-Serre compactification (see
(GHM], [BJ]) of a locally symmetric space I'\X, which is important for
certain applications. In fact, the reductive Borel-Serre compactification
itself can be constructed by placing an equivalence relation on the set
of DM rays. This is carried out in §14. The Borel-Serre compactification
is similarly constructed.

2. Applications to harmonic analysis.

We give two cases where the geodesic boundary of I'\X solved a
problem about the harmonic analysis of I'\ X. In both cases, the problem is
to classify certain eigenfunctions of the Laplacian. The first case is positive
functions with negative eigenvalues, leading to the Martin compactification.
The second case is the continuous spectrum of the Laplacian on Ly (with
positive eigenvalues).

TOME 52 (2002), FASCICULE 2



462 L. JI AND R. MACPHERSON

2.1. The Martin compactification. — For any complete Riemannian
manifold M and any A less than the bottom of the spectrum of the
Laplace operator A on M, there is a Martin compactification M U 9\M
(see 15.2). Each point in the Martin boundary d\M corresponds to a
positive solution of Au = AMu and these functions generate the cone
Cax(M) = {u € C®°(M) | Au = Au,u > 0} (see 15.4). Extremal elements
in C\(M) are called minimal functions and form the minimal Martin
boundary O) min M C O\M.

PropPosITION (see 15.13,15.15). — If M = '\ X is a locally symmetric
space, the geodesic boundary M (oo) can be canonically embedded into the
minimal Martin boundary Oy minI'\X for any A < 0.9

This proposition implies that there exists an injective map ¢: '\ X U
M X(00) = N\X UTI\X for any A < 0 which restricts to the identity
on '\ X.

CONJECTURE (see 15.14). — The map ¢ : T\X UT\ X (c0) - T\X U
O\I'\ X is a homeomorphism, so I'\ X (00) is the Martin boundary 0,T'\ X,
and every boundary point in 0\I'\ X is minimal.

2.2. Paramatrization of the continuous spectrum. — It is a known fact
that the continuous spectrum as a subset in R of a noncompact manifold
does not change under compact perturbations. A natural question is to
understand relation between the continuous spectrum and the geometry at
infinity. The geometry at infinity can be interpreted as compactifications
of the space and also as structure of geodesics going out to infinity. One
version of the above question is to parametrize the generalized eigenspaces
for the continuous spectrum in terms of boundaries of compactifications
defined in terms of geodesics. We carry this out for locally symmetric
spaces.

Consider triples (g, ¢, 7) where g is a point in the geodesic boundary
M (00), @ is a basis element of the space of eigenfunctions of the Laplacian
on the reduced metric link §(q) (see 1.6 above), and r is a positive real
number. For every such triple, we define a generalized eigenfunction of
the Laplacian on M, E(q,¢,r). These are all distinct. The eigenvalue

(4) Since I'\ X has finite volume, A\o(I'\X) = 0. For A = 0, the Martin compactification
of '\ X is just one point compactification.
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of E(q,p,r) is the r plus the eigenvalue of ¢ and a positive constant
depending only on q.

ProprosiTION (see 13.15). — The functions E(q, @, r) form a basis of
the continuous spectrum of the Laplacian on Lo M.

We can call the point ¢ € M(o0) the source of E(q,,7). The idea
is this: By separation of variables, E(q,p,T) gives rise to a solution of
the Schroedinger equation on M x R*. This solution represents a particle
coming in to M from g with internal excitation ¢ and velocity determined
by 7. The particle scatters in M and leaves at various points ¢’ € M (00).
So this theorem may be regarded as a connection between a “classical”
picture (DM rays) and a “quantum” picture (scattering).() After the first
version of this paper was written, stronger results connecting the rays
of I'\X and the generalized eigenfunctions F(g, ¢, r) have been obtained
for I\ X of Q-rank 1 in [JZ].

The functions E(g, ¢, r) are given by Eisenstein series, and this result
is a reinterpretation of Langlands’ theory of Eisenstein series [LA], [AR2],
[OW2].

2.3. Other spaces. — We have developed a paradigm here for locally
symmetric spaces: The geodesic boundary, which is defined using the
intrinsic geometry of M, classifies certain eigenfunctions of the Laplacian.
We expect that this paradigm will apply to some other Riemannian
manifolds “of finite type”.

For example, consider the case of Euclidean space M = R™. The
analogues of all of the results mentioned above hold (except that the
Tits compactification doesn’t make sense). As already remarked, geodesic
boundary M (oco) is a sphere. This coincides with the Gromov boundary,
and the tangent cone at infinity is the cone over M(oo). The Martin
compactification coincides with the geodesic compactification. The metric
link is a Euclidean space R"~! so the reduced metric link is a point.
Therefore triples (g, ¢, r) are just pairs (g, ). The function E(q,r) is wave
with direction ¢ and wave length 27 /r!/2. The fact that these waves form
a basis of the continuous spectrum is just the Fourier transform. See 14.22
and §16 for more discussion.

(5) See the survey by Keller [KE1] for connection between rays and scattering on
domains in Euclidean spaces.

TOME 52 (2002), FASCICULE 2
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3. Algebraic groups, Tits building Ag(X),
and Tits simplicial complex A(I"\ X).

3.1. In this section, we recall some basic facts of algebraic groups.
The basic references are [BO1], Chap. III, [BO3] and [BT], §5.

In 3.2, we introduce Weyl chambers and their faces, which are used
to describe parabolic subgroups in 3.3. In 3.4, we recall the rational Tits
building Ag(G) and the finite Tits simplicial complex A(T'\X). In 3.5,
we recall the Langlands decomposition of parabolic subgroups (see 3.5.1)
and the induced horospherical decomposition of X (see 3.5.2). Finally, we
use Weyl chambers and their faces to give a geometric realization Ag(X)
of Ag(G) (see 3.6.2) and hence of A(I'\X) (see 3.6.3).

3.2. Let G be an affine algebraic group defined over Q. The radical Rg
of G is the greatest connected normal solvable subgroup of G, and the
unipotent radical Nq is the greatest unipotent normal subgroup of G. The
group G is called semi-simple if Rg = {e}, and reductive if Ng = {e}.
In the following, we assume that G is a connected semi-simple algebraic
group defined over Q. Denote the real locus G(R) by G, which is a
semisimple Lie group with finitely many connected components.

An algebraic group T over Q is an algebraic torus if T(C), the
complex locus of T, is isomorphic to products of GL; (C). If T is isomorphic
to products of GL; over Q, then T is said to split over Q or called a Q-split
torus. All the maximal Q-split tori in G are conjugate to each other by
elements of G(Q), and their common dimension is called the Q-rank of G,
denoted by rg(G)

Let S be a maximal Q-split torus in G. Define X(S)gp =
Morg(S,GL;), the group of characters of S defined over Q, and
Y (S)o = Morg(GL1,S), the group of one parameter subgroups in S
defined over Q. Then X (S)g and Y (S)q are torsion-free abelian groups
of rank rg(G). Furthermore, there is a unimodular Z-bilinear form ( , )
on X (S)g % Y(S)qg such that X(S)g and Y'(S)q are dual to each other.

ANNALES DE L’INSTITUT FOURIER
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Since S consists of semi-simple elements, the adjoint action of S on G
is diagonalizable:

9=00+ ) Ba;
where
ga ={X €g|Ad(s)X = s°X, s € S}

and a € X(S)g (here the action of a character is written in the form so
that the group operation on X (S)g is addition). If g, # {0}, a is called
a rational root of G with respect to S. The set of all such rational roots
is denoted by ®(G,S) and forms a root system in X(S)R = X(S)g ® R
(see [BO1], Thm. 11.4). Each a € ®(G,S) defines a hyperplane H, in
Y(S)® =Y(S)g®R by

H, = {H € Y(S)¥| (o, H) = 0}.

The connected components of the complement of these hyperplanes
H, in Y(S)R are called Weyl chambers. Let N(S) and Z(S) are the
normalizer and the centralizer of S in G respectively. Then the Weyl group
W(G) = N(S)/Z(S) of G with respect to S acts simply transitively on
the set of these Weyl chambers. Every Weyl chamber C determines a
linear order on ®(G,S): a root « is positive if and only if (a,Y) > 0 for
all Y € C. Denote the set of positive roots by (G, S) and the set of
simple roots by ®++ (G, S). For any subset I C ®*t1(G, S), we can define
a Weyl chamber face C; by

Cr={HeY(S)®|(a,H)=0, a€l, (a,H) >0, a € ®(G,8)\ I},

which is an open simplex of dimension 7o (G) — |1|.

3.3. The Weyl chambers and chamber faces can be used to describe
the rational parabolic subgroups. Recall that a closed subgroup P of G
is called parabolic if P contains a maximal connected solvable subgroup,
i.e., a Borel subgroup of G. If P is defined over QQ, then P is called a rational
(or Q) parabolic subgroup.

If P is a minimal rational parabolic subgroup, then there exists a
Q@-split torus S contained in P such that

P = Z(S)Np,

where Np is the unipotent radical of P and Z(S) is the centralizer of S in G.

TOME 52 (2002), FASCICULE 2



466 L. JI AND R. MACPHERSON

Furthermore, there exists a Weyl chamber C such that the Lie algebra np
of Np is given by
np = Z Ba-

a€d+(G,S)

This gives rise to an one-to-one correspondence between the minimal
rational parabolic subgroups containing S and the Weyl chambers C in S
[BT], Cor. 5.9. Because of this correspondence, we also denote ®*(G,S)
by ®*(G,P), and (G, S) by &1+ (G,P).

Non-minimal rational parabolic subgroups correspond to proper Weyl
chamber faces. More precisely, let P be a minimal rational parabolic
subgroup, and S a maximal Q-split torus in P as above. For any subset
I C ®+%(G,8S), denote by S; the identity component of (., kera C S.
Then S; is a Q-split torus of dimension rqo(G) — |I|. Let P be the subgroup
generated by Z(S;) and Np. Then P; is a rational parabolic subgroup
containing P, whose unipotent radical Np, has Lie algebra 5 ga, Where
the sum is over all the positive Q-roots which are not linear combinations
of elements of I, i.e., all the positive roots which do not vanish on Sj.
Such a rational parabolic subgroup is called a standard rational parabolic
subgroup associated with P, S. Any rational parabolic subgroup containing
the minimal rational parabolic subgroup P is a standard one [BT], Cor. 5.18,
and hence corresponds to a unique Weyl chamber face of the Weyl
chamber C associated with P.

Under this correspondence, the opposite of the inclusion relation for
the rational parabolic subgroups is the same as the face relation of the
Weyl chamber faces. This implies that there are only finitely many rational
parabolic subgroups containing any minimal rational parabolic subgroup,
while each non-minimal rational parabolic subgroup contains infinitely
many minimal rational parabolic subgroups.

3.4. We recall the spherical Tits building Ag(G) associated with G
over Q (see [TI1], [TI2], Thm. 5.2). Simplexes of Ag(G) correspond
bijectively to proper rational parabolic subgroups of G. Each proper
maximal rational parabolic subgroup Q corresponds to a vertex of Ag(G),
denoted by Q. Vertices Qq, ..., Qx are the vertices of a k-simplex if and
only if Qo N...N Qy is a rational parabolic subgroup, and this simplex
corresponds to the parabolic subgroup Qo N ... N Q.

If G has Q-rank one, Ag(G) is a countable collection of points.
Otherwise, Ag(G) is a connected infinite simplicial complex. For any
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maximal Q-split torus S, all the rational parabolic subgroups containing S
form an apartment in this building. This subcomplex gives a simplicial
triangulation of the sphere of dimension rg(G) — 1. This is the reason
why Ag(G) is called a spherical building.

The rational points G(Q) of G act on the set of rational parabolic
subgroups by conjugation and hence on Ag(G): For any g € G(Q) and any
rational parabolic subgroup P, the simplex of P is mapped to the simplex
of gPg~!. Let I' C G(Q) be an arithmetic subgroup of G(Q). Then by
reduction theory (see 4.4) and the discussion in 3.3, there are only finitely
many I'-conjugacy classes of rational parabolic subgroups. Therefore, the
quotient I'\Ag(G) is a finite simplicial complex. This simplicial complex is
called the Tits complex of I'\ X and denoted by A(T'\ X).

3.5. We recall the Langlands decomposition of rational parabolic
subgroups and the induced horospherical decomposition of the symmetric
space.

For a rational parabolic subgroup P, its Levi quotient Lp = P/Np is
defined over Q. Let Sp denote the maximal Q-split torus in the center of Lp,
and Ap = S(R)° the identity component of the real points S(R) of S.
Let Mp = e x(Lp)q K€T a?. Then the real locus of the Levi quotient splits
as a direct product Lp(R) = Mp(R)Ap.

Let X be the symmetric space of the maximal compact subgroups
of G(R). Then any point 2y € X corresponds to a maximal compact
subgroup K C G(R). There is a unique algebraic Cartan involution 6
of G(R) whose fixed point set is K and which extends to G, and there
is a unique lift ig:Lp — P of the Levi quotient such that the image
Lp(zo) = io(Lp) is 6-invariant [BS], Prop. 1.6 and Cor. 1.9. We also obtain
lifts Sp(zo), Ap(zo) and Mp(zo) of the subgroups Sp, Ap and Mp
respectively.

The real locus P(R) of P is denoted by P, Np(R) by Np, and the
image io(Mp(R)) by Mp(2¢). We then have the Langlands decomposition

(3.5.1) P = NpAp(z0) Mp(20),

i.e., the map (u,a,m) € Np x Ap(z9) X Mp(zg) — uam € P is a
diffeomorphism. Note that Ap(z¢) commutes with Mp(zo), and hence
the Langlands decomposition is also written as

P= NPMP(.T())AP(.'IJ()).

TOME 52 (2002), FASCICULE 2



468 L. JI AND R. MACPHERSON
Since P acts transitively on X, any z € X can be written as
z = u(z)a(z)m(z)zo,

where u(z) € Np, a(z) € Ap(zo), m(z) € Mp(x), and u(z), a(z)
are uniquely determined by x. Define Xp = Mp(zo)/Kp, where
Kp = KN Mp(zp). Then Xp is product of a symmetric space of non-
compact type with a possible Euclidean space and hence called the boun-
dary symmetric space associated with P. Then the above decomposition
decomposition of X induces a diffeomorphism

(3.5.2) Np x Xp X Ap(z9) — X : (u,mKp,a) — uamzy.

This decomposition is called the horospherical decomposition of X with
respect to P.

If Q D P is another rational parabolic subgroup, then Nq C Np,
Sq@ C Sp, and Aq C Ap. The above lift iy also determines inclusions
NQ(.’EQ) C Np(l‘o), SQ(iL‘o) C SP(IL‘()), and AQ(I()) C Ap(aj()). In
particular, for a minimal rational parabolic subgroup P and a standard
rational parabolic subgroup P defined in 3.3, Ap,(z0) = {a € Ap(zo) |
a* =1, a € I} C Ap(zg), where the action of the character o on Ap(zo)
is the composition of its action on Ap with the map io: Ap — Ap(zo)-

If z; € X is a different basepoint, then the lifting map ¢; is conjugate
to 79 by some element of P, and thus the lifts of Lp(z1), Sp(z1),
Ap(z1), Mp(z,) are also conjugate to Lp(zo), Sp(z0), Ap(z0), Mp (o),
respectively. From now on, this basepoint xy will be fixed and omitted
from Ap(zo), Mp(zo), etc., unless necessary.

3.6. We use Weyl chambers and faces to give a concrete realization of
the spherical Tits building Ag(G).

For any rational parabolic subgroup Q, let ag, nq be the Lie algebra
of Aq, Nq respectively. Then aq acts on uqg, and the set of roots is
denoted by ®+(Q, Aq), and the subset of the simple roots is denoted by
Pt+(Q, Aq). If P is a minimal rational parabolic subgroup contained in Q
and Q is of the standard form Q = Py, then ®**(Q, Aq) is canonically
identified with ®*+(G,P) \ I.

For the rational parabolic subgroup Q, define an open simplex
(3.6.1) Ag(c0) ={H €aq|a(H) >0, (H,H)=1, a € ®*(Q,Aq)},
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and a (closed) simplex
A+ ={Hecaq|a(H)>0, (HH)=1, a € ®"(Q,Aq)},

where (., ) is the Killing form on the Lie algebra. It is clear that Al g ()
is a closed simplex of dimension ro(G) — rg(Mq) — 1, and A (oo) is an
open simplex. From the correspondence between the ratxonal parabolic
subgroups and the Weyl chamber faces in 3.3, we can see that Aa(oo)
is isomorphic to the simplex in Ag(G) associated with Q in 3.4. If Q’
is another rational parabolic subgroup containing Q, then A_a, (00) is a face
of the simplex A_g(oo)

Define a complex

Aq(X) = A§(00)/~,
Q
where Q runs over all the proper rational parabolic subgroups of G, and the
equivalence relation is given by the inclusion above for any pair of rational
parabolic subgroups Q' O Q. This simplicial complex is a realization of the
spherical Tits building for G:

(3.6.2) Ag(G) UA+

As a set Ag(X) is a disjoint union of the open simplexes
= H A (o0
Q

For an arithmetic subgroup I' C G(Q), let Py,...,P, be a set
of representatives of I'-conjugacy classes of proper rational parabolic
subgroups. Then the Tits simplicial complex A(I'\X) in 3.4 has the
following realization:

n

(3.6.3) AT\X) = [ J 4§, (0)/~,

=1
where the equivalence relation is defined as follows: A—;“,l (00) is identified

with a face of ;1—1";’—] (o0) if and only if a I'-conjugate of P; contains P;. Then
as a set,

(3.6.4) AT\X) = ]_[ AP (o0

By the reduction theory in Proposmon 4.4, there are only finitely many
I'-conjugacy classes of rational parabolic subgroups, i.e., n is finite, and
hence A(T'\ X) is a finite simplicial complex.
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4. Classical and precise reduction theories.

4.1. In this section, we recall the reduction theory by Borel and
Harish-Chandra [BH], Borel [BO1] [BO4], and the refinement by Langlands
[LA], Arthur [AR1], Osborne and Warner [OW1], and Saper [SA]. The
refined reduction theory plays an important role in the study of the
tangent cone at infinity To,I'\X in §5 and the geodesic compactification
MX UT'\X(o0) in §11.

In 4.2, we define (generalized) Siegel sets associated with parabolic
subgroups which are not necessarily minimal. The reduction theory of
[BO1] is stated in 4.4, and the refined reduction theory is stated in 4.6.

4.2. We first recall the definition of Siegel sets and generalizations.
Let z9p € X be the basepoint fixed in 3.5. For any rational parabolic
subgroup P of G, let aj,...,a, be the simple roots in ®++(P, Ap)
(see 3.6). For r-tuple of positive numbers ¢t = (t1,...,t,), define

(4.2.1) Ap: = {a € Ap | a;(loga) > t;, i =1,...,1},
which is a shift of the positive chamber
(4.2.2) Af ={a€ Ap | ai(loga) >0, i=1,...,r}.

Since P = NpMpAp by the Langlands decomposition and G = PK, G
can be written as G = NpMpApK. For any bounded set w in NpMp,
the set S = wAp (K in G is called a (generalized) Siegel set in G, and the
subset Szg C X a (generalized) Siegel set in X.

4.3. When P is a minimal rational parabolic subgroup and
ty, = - = t,, Sxg is the usual Siegel set in the reduction theory. In
terms of the Siegel sets for minimal rational parabolic subgroups, the
reduction theory in [BO1], [BO4], Thm. 1.10, can be stated as follows:

4.4. PropoOsITION. — Let G be a semisimple algebraic group defined
over Q and I" an arithmetic subgroup of G(Q). If P is a minimal rational
parabolic subgroup of G, then T\G(Q)/P(Q) is finite, i.e., there are only
finitely many I'-conjugacy classes of minimal rational parabolic subgroups.
Furthermore, there exists a Siegel set S = wAp 1xg associated with P and
a finite subset C C G(Q) such that Q = CS is a fundamental set for T, i.e.,
it satisfies the following conditions :

Nra=X;
2) For any g € G(Q), the set {y € T' | gQ N~yQ # 0} is finite.
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4.5. Siegel sets for nonminimal parabolic subgroups are needed to
get a fundamental domain for I, which is a fundamental set without
overlap between the translates by I'. This is the so-called precise reduction
theory and achieved by giving a partion of I'\X into disjoint union of
generalized Siegel sets. This theory was developed by Langlands [LA],
Arthur [AR1], and Osborne and Warner [OW1], §3. We follow the
presentation in [OW1], §3 and [SA].

By the discussion in 3.3 and Proposition 4.4, there are only
finitely many I'-conjugacy classes of rational parabolic subgroups. Let
pPrax . PMaX he representatives of I'-conjugacy classes of maximal
rational parabolic subgroups. For i = 1,...,m, let a;®* be the Lie algebra
of A”®*, the unique split component of P}** determined by the basepoint o
in 3.5. Define a vector space

m
(4.5.1) a=Par>.
=1

Then for any rational parabolic subgroup P, there is a canonically defined
map

(4.5.2) Ip:a— ap,
where ap is the Lie algebra of Ap.

This map Ip plays an important role in this paper and can be defined
briefly as follows (see [OW1], p. 330). For any maximal rational parabolic
subgroup Q, there exist an element v € I" and a unique index ¢ such that
Q= 7P§‘gax7“1. Taking the Aq component of 7 into consideration, we
define a map af2®* — aq which is independent of the choice of . Then Ip

max max

is the composition of @~ a]*** — a2®* — ap.

For any rational parabolic subgroup P, let Qi,...,Q, be all the
maximal rational parabolic subgroups containing P. Then there is a direct
sum decomposition

(4.5.3) ap = @aqj
j=1

obtained as follows: For any j, aq, is a subspace of ap, and the
projection map from ap to aq, is the orthogonal projection. Note that
this decomposition is not orthogonal in general.

Using the decomposition (4.5.3), we define the map Ip as follows: For
any H € a, the image Ip(H) € ap is the unique point whose projection
in aq, is equal to Iq, (H).
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If dimap = 2, then the decomposition ap = a; @ ay is illustrated in
Figure 4.5.4, where a; = aq,, and a; = aq,.

ax

ap

az

Figure 4.5.4

For any T € a, define
(45.5)  Apr={e” € Ap | a(H) > a(Ip(T)), a € TH(P, Ap)},

which is the translate of Af, by Ip(T).

Using these canonically chosen (generalized) Siegel sets, we can state
the refined, precise reduction theory as follows.

4.6. ProposITION (see [OW1], Thm 3.4 and [SA], Thm. 9.6). — Let
Py = G, P,,...,P, be representatives of I' conjugacy classes of rational
parabolic subgroups of G. Then for any T € a, T > 0 and i = 0,...,n,
there exist bounded sets w; C Np, Mp, such that

1) Each Siegel set w; Ap, 1o is mapped injectively into I'\ X
2) The image of w; in I' N P;\ Np, Mp, is compact.

3) Identify w;Ap, rxo with its image in I'\X. Then I'\X can be
decomposed into the following disjoint union

n
F\X = sz‘API,TxO-
=0

4.7. Remark. — In [SA], Thm. 9.6, Saper obtained a I'-equivariant
tiling of X by manifolds with corners, which also extends canonically to
the Borel-Serre completion of X. Projecting this tiling of X to I'\X gives
the disjoint decomposition in Proposition 4.6. In fact, his result shows that
the image of w; in I' N P\ Np, Mp, is a compact manifold with corner, and
the image of w;Ap, T in I'\ X is also a manifold with corner. The corner
structure of the image of w; does not play any role in this paper, though we
use the fact that the image of w; is compact as stated in Proposition 4.6, 2).
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4.8. Note that the set wgAp, 7o corresponding to G is a compact
subset. When dim Ap = 2, the partition of I'\ X induces a decomposition
of the positive chamber A} in Figure 4.8.1.

Ap

Figure 4.8.1

5. Tangent cone at infinity 750"\ X of I'\ X.

5.1. In this section, we use the precise reduction theorem (Pro-
position4.6) to prove Theorem 1.4 (see 5.16). The basic idea is that
Proposition 4.6 reduces the problem to understanding a metric subspace
(IIi—o Ap, 7, dina) of T\X (see 5.7). We compare this subspace with an
auxiliary metric space ([[;_, Ap, 7,ds), a polyhedral cone with a simpli-
cial metric (see 5.9).

More precisely, in 5.2, we recall the Hausdorff distance of two
metric spaces. Then we define the Gromov-Hausdorff convergence in 5.3.
In 5.4, we define the tangent cone at infinity of a metric space. In 5.5,
we introduce length spaces, and we show how to associate a length
structure to a locally defined distance function in 5.6. In 5.7 and 5.8,
we introduce the subspace (][, Ap, 7, dina) and reduce Theorem 1.4 to
understanding the metric structure of (H?:o Ap, 7,dina)- In 5.9, we define
the auxiliary metric space (][, Ap,,r,ds). Then we use Proposition 4.6
to compare (][], Ap,,r,dina) with ([I7_, Ap,7,ds) in 5.11-5.14. We
determine Too (][ Ap, 1,ds) in 5.15 and hence Too (I'\ X) in 5.16.

The results of this section, in particular, Corollary 5.13 and
Lemma 5.14 have been used in [J2], Thm. 7.6, to prove the Siegel conjecture
on metric properties of Siegel sets.

5.2. DEFINITION (see [GR1], p.35). — If X,Y are two subsets of a
metric space (Z,d), then the Hausdorff distance d%(X,Y) between X,Y
in Z is defined as follows:

d%(X,Y) =inf{e | d(z,Y), d(X,y) <eforanyz € X, y e Y}.
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If X,Y are any two metric spaces, then the Hausdorff distance dy(X,Y)
between them is defined by

du(X,Y) = inf dZ (f(X), f(Y)),

where Z is a metric space, and f : X — Z, f:Y — Z are isometric
embeddings.

5.3. DEFINITION. — Let (M,,,d,, ,), n > 1, be a sequence of pointed
metric spaces, where d,, is the distance function of M,, and x., is a basepoint
in M,,. Then (M,,d,,x,) is defined to converge to a pointed metric space
(Mo, 8o, Zoo) In the sense of Gromov-Hausdorff if for all R > 0, the
Hausdorff distance between the metric ball B(z,, R) in M,, and the metric
ball B(zs, R) in My, goes to zero as n — oo.

5.4. DeFINITION. — Let (M,d) be a metric space. For any t > 0,
%d defines another metric on M. Let zo € M be a basepoint. If the
Gromov-HausdorfF limit lim;_, oo (M, %d, Zo) exists, then it is a metric cone
and called the tangent cone at infinity of M, denoted by T, M. This limit
is clearly independent of the choice of the basepoint x.

5.5. DEFINITION (see [GR1], 1.7). — A metric space (M, d) is called
a length space if the distance between any two points in M is equal to the
infimum of the lengths of all curves joining them.

If (M, g) is a complete Riemannian manifold and dg is the induced
distance function, then (M,dy) is a length space. If Too M exists, it is also
a length space (see [GR1], 3.8).

5.6. LEMMA. — Let M be a topological space with a distance
function d defined locally, i.e., when z,y belong to a small neighborhood,
d(z,y) is defined. Then there is a canonical length structure ¢ associated
with d as in [GR1], 1.4.

Proof. — It is shown in [GR1], pp.1-2, that a distance function
canonically defines a length structure. Since the dilation is defined locally,
the same argument works for a locally defined distance function. O

5.7.Let P = G, Py,..., P, berepresentatives of I-conjugacy classes
of rational parabolic subgroups of G, and Ap, r be the shifted cone as
in 4.5.5. Fix a T > 0 and identify [ [, Ap, 7 with the subset [\, Ap, 770
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in T\X as in Proposition 4.6. Then the Riemannian distance function
on '\ X induces a distance function on the subspace H?:o Ap, T, denoted
by dina. Note that we can not exclude right away the possibility that some
points z,y in one Ap, r may be connected by a distance minimizing curve
not entirely contained in Ap, 7.

5.8. LEMMA. — If the tangent cone at infinity Too ([ [} Ap, T, dina)
of the subspace (I1}_, Ap, T, dina) exists, then To,['\X also exists and is
equal to Too (H?:O Ap“T, dind)-

Proof. — From the precise reduction reduction theory in Proposi-
tion 4.6, it is clear the Hausdorff distance between (][, Ap, 1, dina) and
I\ X is finite. Then the lemma follows easily. O

5.9. We define another length structure on [[_, Ap, 7 in order to
study this induced distance function djnqg.

Identify Ap,r with a cone in the Lie algebra ap, through the
exponential map and endow it with the metric defined by the Killing form.
Denote this metric by dg, called the simplicial metric. Then (Ap, 7,ds)
is a cone over Af (00), where Af (00) is the open simplex in the Tits
building Ag(G) associated with P; in (3.6.1). In fact, with a suitable
simplicial metric on Af;l (00), (Ap, 1,ds) is a metric cone over A; (00).(®

We now glue these metric cones (Ap, 1,dg) together to get a local
distance function on ]_[;;0 Ap, 1. Since Ap, 1 is a translate of the positive
chamber A;n (Ap, 1,dg) is isometric to (A;l,ds). Identify (Ap, ,ds)
with (A;;l,ds). Let (Afl,ds) be the closure of (Af ,ds) in (Ap,,ds).
Any face F' of the polyhedral cone A;l is the chamber A;F of a rational
parabolic subgroup P containing P; (see 3.3 and (4.2.2)). The group Pr
is I'-conjugate to a unique representative P; above. Identify Al’;] with the

face F'. Gluing all the spaces A_+ together using this face relation gives
a topological space |J;_ 0A _/~. Suppose that A“L is glued onto a face
of A“L Since both metrics on A , and A; are 1nduced from the Killing

form, they coincide on A+ Therefore all the metric spaces (A ,ds) are
compatible and can be glued together to give a locally deﬁned distance

(6) The metric on A+ (oo) induced from the distance function of Ap, defined by the
Killing form is not a snmphclal metric, since, by definition, A (oo) is a part of the
unit sphere in Ap, .
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function on | J;-_, A_;;l /~. By Lemma 5.6, there is an induced length function
on {J;_y Af, /~, denoted by £s.

As a topological space, U?:o A_f;l /~ is a cone over the Tits complex
A(T'\X) in 3.6.3; and as a set, U?:O“l_;;l/“’ has a disjoint decomposition
[I7_o A$, that can be identified with [}, Ap, .. Therefore, the length
space (U—, f_lgt /~,£s) defines a length structure on [["_, Ap, r, denoted
by (H?:O Ap, T, £s).

An important property of this length space ([[;_, Ap, r,¢s) is the
following Lemma 5.10. The basic idea of the proof is that since all
the minimal rational parabolic subgroups P (and hence their positive
chambers Af) are conjugate, there is no shortcut in ([, Ap, r,¢s)

connecting two points in one chamber A_lﬁ by going through other chambers.

5.10. LEMMA. — For any 1 = 0,...,n, Ap, 7 is a convex subspace
of the length space (][, Ap, 1,¥s); in other words, for any two points
in Ap, T, any curve that connects x,y and realizes the distance between
them is contained in Ap, T and is hence a straight line segment contained
entirely in Ap, 7. In particular, on each Ap, T, {s = ds, where dg is the
simplicial distance on Ap, v defined by the Killing form.

Proof. — Suppose Py, ..., P, are representatives of minimal rational
parabolic subgroups in the list Po,Py,...,P,. Then Ap, r,...,4p,,
cover the space ([;—, Ap, T,¢s), and hence [[7_, Ap, v = II;-, AP, T
To prove the lemma, it suffices to prove that that for any ¢ = 1,...,m
and two points x,y € m, any distance minimizing curve connecting
z,y is contained in Ap, 7. To do this, we notice that any two minimal
rational parabolic subgroups are conjugate to each other by an element
in G(Q). This implies that the metric spaces (Ap, 7,ds), j = 1,...,m,
are isometric to each other. We claim that for every 1 < i < m, there is a
continuous map 7 : | Jj~, Ap, 7 — Ap, 7 which restricts to the isometry

on each (Ap, r,ds). This map is basically given by folding the complex of
. . . m 3 . . .
simplicial cones | J;_, Ap, r onto the simplicial cone Ap, r.

To prove the claim, we note that there is a unique isometry from
(Ap, r,ds) to (Ap,,r,ds) induced by conjugation of an element in G(Q).
In fact, P; is conjugate to P;, yP;y~! = P; for some v € G(Q). Since Ap,
is the unique split component stable under the Cartan involution 6 for the
basepoint xg, this proves the existence of the isometry. On the other hand,
is unique up to left multiplication by an element in P;, and the uniqueness
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of the isometry also follows. When the chambers Ap] 7 and ApJ T are
contained in a common maximal split torus A, the isometry is given by the
action of an element of the Weyl group; in particular, when m shares
a wall of codimension 1 with Ap, 7, the isometry is the folding onto Ap, 7
using the reflection associated with the wall. Since U;"=1 m is connected,

we can fold any chamber in U;":1 Ap, T onto Ap, T and get the map =.

Now suppose that there is a distance minimizing curve ~ in
(UL, Ap,.r,¢s) connecting z,y which is not contained completely
in Ap, 7. By projecting v into Ap, r using the map =, we get a curve ()
in m which is not a straight line segment. Since 7 restricts to an isometry
on each (Ap, 7,ds), £s(m(7)) = £s(7). Since v is distance minimizing
and z,y are connected by a line in Ap, 7, £5(v) < ds(z,y), and hence
ls(m(7)) < ds(z,y). But m(7y) is a not straight line in Ap, 7. This is a
contradiction. Therefore, v is contained in Ap, r. This proves the lemma. 0

Next we use the precise reduction theory in 4.6 to compare
(]_[g Ap, T,dind), whose metric dinq is induced from the Riemannian
distance of I'\X, with the length space ([g Ap,1,¢s) = (I Ap,,¢s)
defined above. Briefly, the precise reduction theory says that [ [ Ap, 1 is a
skeleton of '\ X = [[g w;Ap, 7@o. The map ¢ in the following proposition
is obtained by shrinking the space to the skeleton. For Riemann surfaces
with hyperbolic metric, the map is shown in the following Figure 5.11:

N

map to the skeleton

L D
N

Figure 5.11

5.11. ProprosiTioN. — There is a continuous map ¢ : I'\X —
(LIs Ap,,7,¢s) which restricts to the identify map on the subset
[ Ap, v = [I5 Ap, r20.

Proof. — By the precise reduction theory in Proposition 4.6,
n
N\X = [Jwidp, 1o,
0

and hence for any z € I'\ X, there exist a unique index ¢ and points z € w;,
a € Ap, r such that * = zazo. Define a map ¢:T\X — ([I; Ap,,7,¥s)
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by ¢(x) = a. Clearly, this map ¢ is well-defined for T >> 0 and depends on
the parameter T. We fix the parameter T > 0 as in 5.7.

It is clear that ¢ restricts to the identify map on the subset
]_[g Ap, 1 = ]_]g Ap, 7xo. We need to show that ¢ is continuous. It is
clear that the restriction of ¢ to each Siegel set w;Ap, 7o is continuous.
We need to show that ¢ is continuous across the boundaries of these Siegel
sets. For any i € {0,1,...,n}, suppose z) is a sequence in w;Ap, rZo
converging to T, € '\ X and z ¢ w;Ap, 7%0.

Write x, = zrarxo, where 2, € w;, ar € Ap, 7. Since the image of w;
in ' NP;\Np, Mp, is compact (4.6.2), the only way for the sequence zj, to
leave the set w;Ap, 7o is that the component ay leaves Ap, 7. Since xi
is bounded, ay, is also bounded. This means that a converges to a boundary
point of Ap, 7, i.e., for some roots a € +*(F;, Ap,),

(5.11.1) klim a(logay) = a(Ip, (T)).
—00
Let I be the subset consisting of all such roots. Then I determines a

face A;;t ,=1{ac€ A;;I | a* =1, a € I} and hence a rational parabolic
subgroup P; ; containing P; (see 3.3).

Let P; be the unique representative in the list Py,...,P, (see 5.7)
that is I'-conjugate to P; ;. Then z € ijpJ 7To. For simplicity, we can
assume that P; = P; ;. Since x;, converges to x, the orthogonal projection
of a on Ap, , converges to the Ap, ; component of z,, which is ¢(z). By
the gluing procedure of [ [ Ap, r in 5.9 and equation (5.11.1), this implies
that ¢(xy) converges to (). Therefore ¢ is continuous. a

5.12. PROPOSITION. — For any ¢ = 1,...,n, the induced metric di,q
on Ap, r = Ap, 7o is equal to the simplicial metric ds on Ap, .

Proof. — For any two points z,y € Ap, 70, let v be a curve in I'\ X
connecting them and realizing the distance between them, i.e., the length
[7] = dina(z,y). Then under the map ¢ of Proposition 5.11, the image (7)
is a continuous curve in [[g Ap, 1 connecting x = ¢(z) and y = ¢(y).
We claim that

dind(xa y) 2 |<P(’Y)|,

where |p(7)] is the length of the curve ¢(y)(t), t € [0,|y]]. In fact, let
v:10,]v|]] = I'\X be the unit speed parametrization of y. Then the claim
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follows from the following inequality. For each subinterval [a,b] C [0, |v|],
if v([a,b]) C w;Ap, 720 for some i, then

b—a > |¢(Mia, 4]-

Lift both segments 7|45 and ¢(7)|a, ) in I'p,\Np, x Xp, x Ap, to
X =,_]Y_£’z X Xpl X Ap1 with "7((1) ﬂuO,moKpl,ao) € NP, X )(p1 X Ap1
and ¢(v)(a) = (id, Kp,,ao). Then ¢(7)|(q, 5 is the projection of |4, 4] into
the factor Ap,. By Lemma 10.3.2, this projection is distance decreasing.

This implies that [©(7))(a, 6| < [¥|[a, 5j| and hence

|‘P(’Y)I[a, b]l < |’Y|[a, b]| =b—a.
The claim is proved, and hence dina(x,y) > |@(7)]-

Since () is a continuous path in ([}, Ap T, £s) connecting x and y,
lo(v)| > £s(z,y), and hence

dina(,y) > £s(z,y).
According to Lemma 5.10, g = ds on each Ap, 7xg. So

dind(xv y) > dS(:Ea y)

On the other hand, z and y are connected by a line segment in Ap, rzo,
and hence

dind($7 y) S dS(xv y)

Therefore, dina(z,y) = ds(z,y). This completes the proof. O

Recall that [[j Ap,r is identified with the subset [[j Ap, 7o
in T\X (see 5.7). Then by the same arguments as above, we get the
following.

5.13. COROLLARY. — For any two points z,y € [ Ap, 1,
dind(xv y) Z ES(‘(L" y)

5.14. LemMA. — There exists a finite constant ¢ such that for any
n
z,y €[]y Ap, 1,

dina(z,y) < €s(z,y) +c.
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Proof. — Let « be a curve in ([[; Ap, 1,¢s) connecting z,y and
realizing the distance between them. Since s = dg on every Ap, T, v
has at most n linear pieces. Each linear piece in Ap, r lifts to a line
segment in Ap, rzo C I'\X. So we have a broken curve in I"\ X . Connecting
the ends of this broken curve by distance minimizing curves in I'\ X,
we get a continuous curve 4 in I'\X connecting z,y. Since w;’s are
bounded and at most n — 1 curve segments are filled in, there exists a
constant ¢ independent of x,y such that length(¥) < length(y) + ¢, and
hence dina(z,y) < €s(z,y) +c. O

5.15. PRoOPOSITION. — The tangent cone at infinity Too (] [y Ap, 7, dina)
exists and is equal to (][ Ap, 1,¢s).

Proof. — For any t > 0, (Ap,,r, +dg) is isometric to (Ap, r,ds).
So by Lemma 5.10, (I[y Ap, 7, +¢s) is isometric to (I[g Ap,,r,%s); in
particular, Too ([ [y AP, 7 £s) exists and is equal to (I[y Ap, 7, %s).

By Corollary 5.13 and Lemma 5.14, the Hausdorff distance between

(LIs Ap,, 1> dina) and ([ Iy Ap, 1, ¥s) is finite. Therefore, Too ([ [ Ap, 7, dina)
exists also and is equal to ([ Ap,,1,s). ]

5.16. THEOREM (see 1.4). — The tangent cone at infinity Ts,(I'\ X)

exists and is equal to (]_Ig Ap, 1,¢s), and hence equal to a metric cone over
the Tits complex A(T'\X) in (3.6.4).

Proof. — It follows from Lemma 5.8 and the previous proposition that
Too(T'\X) exists and is equal to ([[; Ap, 7,¢s). Since each (Ap, r,ds) is a
metric cone over Af ;.(cc0), where Af 1.(co) is given a suitable simplicial
metric (see 5.9), by Lemma 5.10, ([[y Ap,,r,¢s) is a metric cone over the
Tits complex A(I'\X). Therefore, Too (I'\ X) is a metric cone over A(I'\ X).

O

6. Define a topology using convergent sequences.

6.1. In this section, we recall a few basic facts concerning how to
define a topology using convergent sequences. The reason is that in the
following it is easier and more intuitive to describe a topology in terms of
convergent sequences than a neighborhood system.

In 6.2, we introduce a closure operator and the induced topology.
In 6.4, we define a convergence class of sequences. Finally, in 6.5 and 6.6,
we use a convergence class to define a topology.
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6.2. A topology on a space can be defined using a closure operator
[KU]. More precisely, a closure operator for a space X is a function that
assigns to every subset A of X a subset A satisfying the following properties:

1) For the empty set 0, § = 0.

2) For any two subsets A,BC X, AUB = AUB.
3) For any subset A C X, A C A.

4) For any subset A C X, A = A.

Once a closure operator is given, then a subset A of X is defined to
be closed if and only if A = A, and a subset B of X is open if and only if its
complement is closed. Using the four properties listed above, we can check
easily that the open subsets define a topology on X.

6.3. A closure operator on a space can be defined using class of con-
vergent sequences. Let X be a space, and C be a class of pairs ({y,}5°, ¥oo)
of a sequence {y,} and a point Y, in X. If a pair ({yn}$°, ¥eo) € C, we say
that y,, C-converges to Yo, and denote it by y,, N Yoo; Otherwise, y, £, Yoo-

Motivated by the convergence class of nets in [KE2|, Chap. 4, we
introduce the following.

6.4. DEFINITION. — A class C of pairs ({yn}$°,¥oo) Is called a
convergence class of sequences if the following conditions are satisfied:

1) If {yn} is a constant sequence, i.e., there exists a point y € X such
c
that y, =y forn > 1, then y, — y.

2) If yp, -5 Yoo, then so does every subsequence of y,.

3) If yn -5 Yoo, then there is a subsequence {yn,} of {yn} such that
for any further subsequence {y,, } of {yn,}, yn, o Yoo

4) Let {Ymn o n=1 be a double sequence. Suppose that for each fixed

m, Ym,n <, Ym,00; and the sequence Ym oo £, Yoo,00- T'hen there exists
a function n : N — N such that lim,, .., n(m) = oo and the sequence

C
Ym,n(m) — Yoo,00-

6.5. LEMMA. — Suppose C is a convergence class of sequences in a
space X . For any subset A of X, define

A = {y € X | there exists a sequence in A such that Y = y}.

Then the operator A — A is a closure operator.
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Proof. — The properties 1), 2) and 3) in 6.2 follow directly from the
definition. For property 4), we need to show that for any point y., € j,
there exists a sequence y,, in A such that y,, £, y. By definition, there
exists a sequence Y, oo in A such that Ym,00 -5 Yoo SINCE Yy o0 € A, there
exists a sequence {ymn}5>; in A such that ymn < Ym,c0- Then (6.4.4)
shows that there exists a sequence Y, n(m) in A such that Y, n(m) £ Yoo,
and hence y., € A. O

6.6. ProPosITION. — A convergence class of sequences C in X defines
a unique topology on X such that a sequence {y,}$° in X converges to a
point y € X with respect to this topology if and only if ({yn}5°,vy) € C. The
topological space X is Hausdorff if and only if every convergent sequence
has a unique limit, and X is compact if and only if every sequence in X has
a convergent subsequence.

Proof. — The statement that the convergence class C defines a unique
topology follows from Lemma 6.5 and the discussion in 6.2. For the rest,
see [KE2], Chap. 2. a

6.7. Remark. — Fréchet [FR] introduced Fréchet L*-spaces, using
class of sequences satisfying only 1), 2) and 3) of 6.4, and hence Fréchet
L*-spaces are not topological spaces in the usual sense. The idea of using
convergence class of sequences comes from the Moore-Smith convergence
theory of nets (see [KE2|, Chap. 2). Since we only deal with metrizable
topologies, sequences are sufficient.

7. Borel-Serre compactifications I'\ X B, T\ X 1BS of T'\ X.

7.1. In this section, we recall the Borel-Serre compactification I'\ X 55
[BS] and the reductive Borel-Serre compactification I'\ X 55 [ZU1], p. 190,
[HZ], 1.3 (b). These compactifications motivate the construction of the Tits
compactification I—“T)?T in the next section and are used in the process
of classifying DM rays in §10. They also play an important role in
parametrizing the continuous spectrum of I'\ X in §13.

In 7.2, we give a general procedure of compactifying I'\ X. In 7.3, we
recall T\ X 2%, In 7.5, we define I'\ X #BS Finally in 7.7, we point out the
connection between them.

7.2. Both compactifications I'\ X 2° and T\ X2 are defined using
the following procedure:
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1) Construct a boundary component for every rational parabolic
subgroup of G.

2) Add these boundary components to get a partial compactification
of X.

3) Show that the arithmetic subgroup I' acts continuously on this
partial compactification of X with a compact Hausdorff quotient, which is
a compactification of I'\ X

7.3. The Borel-Serre compactification F\.)_(BS is defined in [BS]
using the geodesic action and the associated corners. We use convergent
sequences to describe its topology as in §6. For more detailed discussions of
this approach and its equivalence to the approach in [BS], see [BJ].

For any rational parabolic subgroup P of G, P = NpApMp is its
Langlands decomposition with respect to the basepoint z¢ (3.5.1), and
Xp = Mp/Kp is the boundary symmetric space associated with Mp
in 3.5.

Define the boundary component e(P) for P by e(P) = Np x Xp. The
Borel-Serre partial compactification X9 of X is the set X U] [p e(P) with
the following topology.

7.8.1. — A unbounded sequence y, in X is convergent in X B% if and
only if there exists a rational parabolic subgroup P such that in terms of
the horospherical decomposition, y, = (un, 2n, exp(Hy,)) € Np X Xp X Ap
(3.5.2), the components uy, z,, H, satisfy the following conditions:

1) For any a € ®*1(P, Ap), a(H,) — +00 as n — +00.

2) u, converges to a point u, € Np, and z, converges to a point
Zoo € Xp.

Then the limit of y,, in —XBS iS (Uoo, 200) € Np X Xp = e(P).
7.3.2. — A unbounded sequence y, = (un,2,) in a boundary

component e(P) = Np x Xp is convergent in X2 if and only if the
following two conditions hold:

1) u,, converges to some element of u,, € Np.

2) z, is a unbounded sequence in Xp and converges in the partial
compactification XpB® as in 7.3.1 above. Assume that the sequence
2, € Xp converges to a boundary point 2o, = (ul,,25,) € e(P’), where P’
is some rational parabolic subgroup of Mp. The rational parabolic
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subgroup P’ of Mp corresponds to a unique rational parabolic sub-
group P” of G contained in P that satisfies Np» = NpNp/, Apr = Ap Ap/
and MP// = MP/.

Then the limit of y,, in X 25 is (uaotly, 25) € Npr x Xpr = e(P”).

These are two typical convergent sequences, and general convergent
sequences are combinations of them.

7.4. ProposITION (see [BS], Prop. 7.6, Thm. 9.3). — The action of
G(Q) on X extends continuously to X2°, and every arithmetic subgroup
I' ¢ G(Q) acts properly discontinuously on XB5. The quotient I'\X B is

a Hausdorff compactification of '\ X and denoted by T'\X s,

7.5. The reductive Borel-Serre compactification F—\YRBS is defined
in [ZU1], p. 190, [HZ], 1.3 (b), and plays a crucial role in [GHM], §8. We
will explain in §13 that it also plays an important role in parametrizing the
continuous spectrum of I'\ X.

For any rational parabolic subgroup P, its boundary component é(P)
is defined by é(P) = Xp, i.e., the boundary component is obtained from
the Borel-Serre boundary component e(P) = Np x Xp by reducing the
nilpotent factor Np to a point, which is the reason why this compactification
is called the reductive Borel-Serre compactification.

The topology of the partial compactification X*85 = X U [[p é(P)
is defined as follows:

7.5.1. — A unbounded sequence y, in X is convergent in X%BS
if and only if there exists a rational parabolic subgroup P such that
in terms of the horospherical decomposition with respect to P (3.5.2),
Yn = (Un,2n,exp(H,)) € Np x Xp x Ap, the components un,z,, H,
satisfy the following conditions:

1) For any a € ®** (P, Ap), a(H,) — +0o0 as n — oo.

2) z, converges to a point z., € Xp.
Then the limit of y,, is 2o, € é(P).

7.5.2. — A unbounded sequence in a boundary component é(P) = Xp
is convergent in XTPS if and only if it is convergent in the partial

compactification XpFPS as in 7.5.1. Assume the limit yo, of y, in XpFBS
belongs to the boundary component é(P’) of a rational parabolic
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subgroup P’ of Mp. Let P” be the unique rational parabolic subgroup
of G contained in P corresponding to P’ as in 7.3.2 above. Then the limit
of y, in XBBS is y € é(P") = é(P’).

These sequences are typical convergent sequences. General convergent
sequences are combinations of them. As in 7.4, we have the following [ZU1],
Prop. 4.2 (see also [BJ], Prop. 4.4, Thm. 4.6):

7.6. ProposiTiON. — The action of G(Q) on X extends continuously
to X®BS  and the quotient I'\X®BS by an arithmetic subgroup T' is a
Hausdorff compactification of I'\X. This compactification is also denoted
by WRBS

7.7. From the above descriptions, it is clear that there is a natural
surjective continuous map from 1—;\?35 to f‘_\—)—(RBS . For each point in
the boundary of T\X%B5 its inverse image in I'\ X% is a nilmanifold.
If the Q-rank of G is equal to the R-rank of G, then for any rational
parabolic subgroup P, Xp is a symmetric space of non-compact type,
and hence I'\X B js isomorphic to the maximal Satake compactification
T\ X3, in [SA2).

max

8. Tits compactification T\ X .

8.1. In this section, we follow the procedure in 7.2 to define the
Tits compactification T\ X7 (see 2.4, see also 8.12 for a more direct
construction). It will be clear from the definition that I\XT is comple-
mentary to I\XB5, instead of being a quotient of T\XZ5 (see 8.11).
As mentioned in §2, the Tits compactification is the basic compactification
in this paper unifying various compactifications of I'\ X, because of its close
relation to the reduction theory.

In 8.2, we define the boundary components of rational parabolic sub-
groups. In 8.3 and 8.4, we define a topology on the partial compactification
X UAg(X). In 8.5, we use the conic compactification of X to show that the
topology on X U Ag(X) is Hausdorff. The G(Q)-action on X is extended
continuously to X U Ag(X) in 8.6 and 8.7. Then in 8.8 we prove that the
quotient I'\X U Ag(X) defines the Tits compactification M\ X7T. Finally,
we compare it with ﬁ)—(B S (see 8.11) and point out in 8.12 a more direct
construction of IT\YT and the advantages of the first approach.
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8.2. We first define the boundary components and the boundary of
the partial compactification of X. Let P be any proper rational parabolic
subgroup of G. Define its boundary component to be A (co) (3.6.1), which
is the simplex in the rational Tits building Ag(G) corresponding to P.
These boundary components AE(OO) are glued together as in (3.6.2) to
form the geometric realization Ag(X) of the rational Tits building Ag(G).
We note that the spherical metrics on all the apartments of Ag(G)
are compatible and define a distance function on Ag(G) (see [TI1],
pp. 214-215). The simplicial complex Ag(X) is the boundary of the partial
Tits compactification X U Ag(X) of X, whose topology is defined below.

8.3. We now define the class of convergent sequences of X U Ag(X)
and hence the topology.

For any sequence {y,} C X UAg(X), it is defined to be convergent if
one of the following alternatives holds:

1) If {y,} belongs to Ag(X) eventually and converges to a point
Yoo € Ag(X) with respect to the simplicial topology, then {y,} is defined
to converge to Yoo

2) If {yn} belongs to X eventually and converges to y,, € X with
respect to the topology induced from the invariant Riemannian metric,
then {y,} is defined to converge to yo.

3) If there exists a rational parabolic subgroup P so that in the
Langlands decomposition with respect to P (3.5.1),

Yn = en eXP(Hn)xm

where ¢, € NpMp, H, € ap, the components ¢, and H, satisfy the
following properties:

(a) There exists Hy, € Af(00) such that as n — +oo, Hy, /|| Hp|| — Hoo.

(b) Let d(.,.) be the distance function on X. Then as n — +oo0,
d(lnzo,x0)/||Hnll — 0. Under conditions (a), (b), {yn} is defined
to converge to the boundary point Hy, € A5 (00) C Ag(X).

4) If both X and Ag(X) contain infinitely many terms of {y,},

ie, {yn,} CAg(X), {yn:} C X, {yn,} U{yn:} = {yn}, and both sequences
{yn.}; {yn/} converge to yoo € Ag(X) according to 1) and 3) above
respectively, then {y,} is defined to converge to Y.
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8.4. LEMMA. — The class of convergent sequences defined in §8.3
above is a convergence class in the sense of §6.4 above and hence defines a
topology on X U Ag(X).

Proof. — We need to check that all the conditions in 6.4 are satisfied.
The first three conditions are easily seen to be satisfied. We now show that
the condition 4) is also satisfied.

Let {Ym,n}mn=1 be a double sequence in X U Ag(X) such that for
each m, Y, n converges t0 Ym oo a5 n — +00, and Ypm, oo cONVErges t0 Yoo oo
as m — +o0.

Assume first that yoo,c € X. Then there exists a sequence €, — 0
such that Ym.co € B(Yoo,00 %Em), where B(Yoo,00,€) is the metric ball
of radius € with center yo 0. For every m, there exists n(m) such that
Ymn(m) € B(¥m,0, 3€m) C B(Yoo,00,Em), and n(m) — +oo as m — ~+oo.
Then the sequence {Ym n(m)}m=1 CONVErges to Yoo, co-

Next, we assume that Yoo € Ag(X). Let P be the unique rational
parabolic subgroup such that y, . belongs to the open simplex A;ﬁ(oo),

i.e., Yoo,co IS an interior point of the simplex Xf;— (00).

We assume first that P is minimal. Then for all m > 0, either
Ym.co € X OF Ym oo € Af(00). Without loss of generality, we can assume
that

1) either for all m > 1, Ym co € Ap(00);
2) or for all m > 1, Ym0 € X.

For case 1), we can assume

(a) either for all n,m > 1, Yymn € A;S(oo);
(b) or for all n,m > 1, Ym.n € X.

If (a) is true, then it can be shown as above that the condition 4) is
satisfied in this case. If (b) is true, then there exists a sequence €,, — 0
such that ¥Ym.eo € B(Yoo,00 %sm), where B(Yoo,005 %em) is the metric
ball with respect to the spherical metric on Ag(X). Since ymn, € X
and Yoo,n € Ap(00), there exists a sequence n(m) with n(m) — +oo
as m — +oo and an integer mg such that

(I) For m > my, Hm,n(m)/”Hm,n(m)” € B(ym,om %5771) - B(yoo,om Em)-

(II) For m > my, d(ém,n(m)x()’xO)/”Hm,n(m)” < Em.
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Then the sequence Y, n(m) converges to yoo,0o a8 m — +00, and hence
condition 4) is also satisfied in this case. The case 2) can be checked
similarly.

If P is not minimal, then either y,,, € X or ymn, € A;;,(oo)
eventually, where P’ is a rational parabolic subgroup contained in P. Here
we have used the fact that Af,(0o) is a face of A if and only if P’ O P.
Similarly, we can prove that there exists a subsequence ¥, n(m) — Yoo,00
and the condition 4) is satisfied.

Therefore, the class defined above forms a convergence class of
sequences. By Proposition 6.6, these convergent sequences define a topology
on XU AQ (X ) O

8.5. ProPosITION. — The topology on X U Ag(X) defined in §8.4 is
Hausdorff.

Proof. — We claim that for any unbounded sequence {y,} in X, there
is at most one rational parabolic subgroup such that the alternative 3)
in 8.3 is satisfied.

To prove this claim, we need to introduce the conic compactification
X U X(00) (see [BGS], §§3-4, and 9.2 below). The boundary X (oo) is the
set of equivalence classes of geodesics in X, where two geodesics 71, v2
in X are defined to be equivalent if lim;_, ; o, sup d(y1(t),v2(t)) < +00. The
topology of X U X (00) is defined as follows: A unbounded sequence y, in X
converges to an equivalence class [y] of geodesics if the geodesic from
to y, converges to a geodesic in the class [y].

The boundary X(oo) has a simplicial structure A(X), called the
spherical Tits building of X (see [GJT]) and the rational Tits building
Ag(X) is embedded in A(X). Briefly, for each real parabolic subgroup P
of G, let Ap be the maximal real split torus in P. Then A;(oo) can
be identified with a subset of X(oco), and X(oo) = [[p Ab(c0). For any
rational parabolic subgroup P of G, P = P(R) is a real parabolic subgroup
of G. The maximal real split torus A of P contains the maximal rational
split torus Ap. Therefore, Af;(c0) C A+ (oc0) C X (00).

We can check easily that a sequence satisfying the condition 3)
in 8.3 converges in the conic compactification X U X (o0) to the point Hy,
in Af(c0) C X(o00). Since the compactification X U X(oo) is Hausdorff
and Ag,(00) N Af(00) = 0 for two different rational parabolic subgroups
P’ and P, the claim is proved.
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Using the claim and the Hausdorff property of X and Ag(X),
we can prove easily that every convergent sequence in X U Ag(X) has
a unique limit. Therefore, by Proposition 6.6, the topology of X U Ag(X)
is Hausdorff. O

8.6. To show that the G(Q)-action on X extends continuously to
X U Ag(X), we first define an action of G(Q) on the points of Ag(X).
Recall from 3.4 the G(Q)-action on the Tits building Ag(X). For any
v € G(Q) and any rational parabolic subgroup P, a maximal parabolic
subgroup Q containing P is mapped to a maximal parabolic subgroup
vQy~! containing yPy~!. So the conjugation P — yPy~! induces a
bijection from the set of the vertices of the simplex Af (o) to the set of
vertices of the simplex A¥p,. _,(00).

Then the G(Q)-action on the underlying topological space of the Tits
building Ag(X) is defined as follows: Any y € Af(co) is mapped to the
point in A;’PW_I (o0) with the same barycentric coordinates with respect to
the corresponding vertices. Combined with the isometric action on X, this
gives a G(Q)-action on X U Ag(X).

8.7. LEmMA. — The G(Q) action on X U Ag(X) defined above is
continuous.

Proof. — First, we express the N,p,-1M,p,-1 and A, p,-1 com-
ponents of vz in the decomposition (3.5.1) associated with the parabolic
subgroup vP~~! in terms of the components of £ with respect to P. Since
G = KP, where K is the maximal compact subgroup corresponding to the
basepoint x¢, write v = yoyp, where 7o € K, vp € P. Write yp = £(7)a(v),
where ¢(7) € NpMp, a(y) € Ap. For any z € X, let z = £(z)a(z)xo,
¢(z) € NpMp,a(z) € Ap. Then

7z = 107PT = Y0b(7)a(7)l(z)a(z)zo
= 70(7) [a(1)€(z)a(7) " ]a(v)a(z)zo
= Y0 (£(v)a(me(z)aly) ™) roaly)a(z) o o
Since Py, ' = yPy~! and NpMp is normalized in Ap, it follows

that 70(8(7)0’(7) K(x)a('y)'l) 70_1 € ‘]V'yl”y_1 yPy—1 and 700(7)‘1(-”)’70_1 €
A p--1, and hence

TPy
Cypr-1(72) = %0 (£(1)a(?) Ux)a(r) )5 "y aypy-1(72) = v0a(v)al@)rg
It is then clear that for any v € G(Q), if {y»} is a convergent sequence
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in X UAg(X) with limit yo in Af(00), then the sequence {yy,} converges
: _ At _ At

to the point Yyoo = YoYoo in AJp, 1 (00) = A70P751(oo). Therefore, G(Q)

acts continuously on X U Ag(X). |

The main result of this section is the following:

8.8. THEOREM (see 1.5). — The quotient I'\ X U Ag(X) is a compact
Hausdorff space and hence a compactification of '\ X. This compactification
is independent of the choice of the basepoint x( in 3.5, and its boundary is
equal to the Tits simplicial complex A(I'\X) of I'\X defined in 3.4. This
compactification is called the Tits compactification and denoted by f\_XT.

A general method to show that the quotient is compact is the following
criterion:

8.9. ProrosITION (see [SA2], Thm. 2.1"). — Let T be a group acting
continuously on a Hausdorff space X. Suppose that there exists a subset Q
of X satisfying the conditions:

1) X =IQ;
2) Q is compact;
_ 3_) there exist finitely many elements v; in I' such that if v € I' and
YQNQ # 0, then yjgny 10 = Yi|any-1a for some ;.
Then the quotient T'\ X is a compact Hausdorff space.

8.10. Proof of Theorem 8.8. — We need to construct a subset ! of
X U Ag(X) satisfying the conditions in Proposition 8.9.

Let P be a minimal rational parabolic subgroup of G, and 2 be the
finite union CS of the Siegel sets in Proposition 4.4, where S = wAp o,
and w is compact. Let  be the closure of 2 in the partial compactification
X UAg(X). We claim that § satisfies all the conditions in Proposition 8.9.

Let S be the closure of S in X U Ag(X). Then S D Af(c0), because
the sequence exp(nH),n > 1, converges to H € Af(c0). For any element
g € G(Q), by the proof of Lemma 8.7, there exists a Siegel domain
S’ associated with the minimal rational parabolic subgroup gPg~! such
that ¢S O &', and hence gS D A—+gpg_1(oo). Since any minimal rational
parabolic subgroup is I' conjugate to one of the groups gPg~!, g € C,
it follows that T'Q = X U Ag(X), and hence condition 1) is satisfied.

To show that Q is compact, it suffices to show that S is compact.
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From 3) of the definition of the topology in 8.3, it follows that
8 = wAp 170 U Af(00), where Ap ; is the closure of Ap ; in Ap. Since w is
compact, S is compact.

To check the condition 3), we note that if for some v € I', Y2 N Q # 0,
then for some g;,g0 € C, 7918 N g2S # 0. Thus it suffices to show that
there exist finitely many v; € T' such that if v € T and vg:S N g2S # 0,
then 7|4, 50y=19,8 = Vilg:Sny~14,5 fOr some ;. Assume 7918 N g28 # 0.
If v91S8 N g2S # 0, then by Proposition 4.4.2, there are only finitely many
such « in I'. Otherwise, by the previous paragraph, vg:S N g»S = ATP; (00)
for some rational parabolic subgroup P; containing the minimal rational
parabolic subgroup P’ = g,Pg; . Since yg19; ' A+p/(00) N ATp/(c0) =
(79195 1) 928 N 28 N Ag(X), and (79195 *)g2S N g2S = Fp;(oo), it follows
that vg1g; ' A*p(00) N A¥ps(00) = Fp;(oo), and hence vg1g; ! leaves
14_+PII(OO) invariant, which in turn implies that yg,g5;' € P%. By the
definition of the G(Q)-action on Ag(X) in 8.6, 79195 " acts as identity
on A;CI,(oo), and hence 7 acts as gog; ' on 'y"lA;I,(oo) = 1S Ny 1g8S.
Therefore the condition 3) is satisfied, and hence I'\ X U Ag(X) is compact
and Hausdorff.

From the definition, it is clear that I'\ X U Ag(X) contains I'\ X as a
dense open subset and hence is a compactification of I'\ X.

To show that the compactification I'\X U Ag(X) is independent of
the choice of the basepoint xg, we notice that for any parabolic subgroup P
and the Langlands decomposition with respect to it, choosing a different
basepoint is equivalent to conjugating the Langlands decomposition by an
element of P (see 3.5). This implies that the convergence of a sequence and
its limit point in X U Ag(X) are independent of the basepoint. Therefore,
the partial compactification X U Ag(X) and hence the compactification
I'\X U Ag(X) are independent of the choice of the basepoint .

The boundary of the compactification is I'\Ag(X), which is, by
definition, the Tits simplicial complex A(T'\X) in (3.6.3).

8.11. Remark. — As shown by Zucker in [ZU2], the Borel-Serre
compactification I‘\—XBS dominates all Satake compactifications of I'\ X,
in particular, the Baily-Borel compactification for Hermitian locally
symmetric spaces. It is natural to ask whether the Tits compactification
I\X7 is also dominated by the Borel-Serre compactification I'\X?5S.
In fact, T\ X7 is complementary to I'\X?%, in particular, not dominated
by T\ X 5.
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The fact that T\ X7 is complementary to I\ X5 can be seen from
the partial compactifications XB% and X U Ag(X). In XBS, we add
at infinity the NpMp part of a rational parabolic subgroup P, while
in X U Ag(X), we use the spherical section Af(co) of the cone AJ. Using
this description, we can prove easily that the greatest common quotient
of T\ X 25 and T\ X 55 is the one point compactification of I'\ X if the Q-
rank of G is greater than 1 and the end compactification if the Q-rank of G
is equal to 1.

In §13, we show that the pair ['\X7 and I'\X?5S are needed to
parametrize the continuous spectrum of I'\ X. This gives another evidence
that they are complementary to each other.

8.12. Remarks. — Using the precise reduction theory in 4.6 instead
of the classical reduction theory in 4.4, the compactification I'\ X7 can also
be defined as follows. Let

n
F\X = le‘APhT{EO
=0

be the disjoint decomposition in Proposition 4.6. Each cone Ap, r can
be compactified at infinity by adding Al*;l (00), the directions at infinity.
This induces a compactification of w;Ap, T2y, where the convergence of
sequences of points to boundary points does not depend on the component
in w;. Gluing these compactifications together as in 3.6, we get f‘_\TX—T. It
can be shown that this compactification does not depend on the height
parameter T in w; Ap, 7xo.

But the approach using the rational Tits building Ag(X) has the

following advantages:

1) The boundary I'\Ag(X) arises as a natural quotient of the Tits
building Ag(G), and hence construction in this section provides strong
support for the philosophy of Tits [TI1], p.217, concerning compacti-
fications of a Lie group G and its symmetric space X: “The ‘most natural’
choice for the ‘space at infinity’ of G or X is ‘often’ closely related to the
spherical Tits building of G”.

2) It fits into the general pattern of compactification in 7.2.
3) The relation of I'\X T to I'\ X 29 is easily described in 8.11.
4) It is analogous to the construction of compactifications of symmetric

spaces X using the spherical Tits building of X in [GJT].
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9. Geodesic compactification M U M (c0) of a
Riemannian manifold M.

9.1. In this section we introduce a general method to compactify
a noncompact complete Riemannian manifold M in terms of distance
minimizing (DM) rays (see 9.17). When M is a Hadamard manifold, i.e.,
nonpositively curved and simply connected, this compactification is the
well-known conic compactification whose boundary is the set of equivalence
classes of geodesics (see [BGS], §§3—4, and 9.2 below).

The ideal boundary M (oo) of the expected compactification is the
set of equivalence classes of DM rays or eventually distance minimizing
(EDM) geodesics in M, where two rays 7;(t),v2(t) are defined equivalent
if limy_o sup d(71(t),v2(t)) < +o00 as in 1.1. Under suitable conditions
on M (see 9.11, 9.16), we can put a topology on M U M(oo) such
that it is a Hausdorff compactification of M (see 9.17). Because of its
connection with geodesics, this compactification M U M (o) is called
geodesic compactification.

In 9.2, we recall the conic compactification of a Hadamard manifold to
motivate the construction of the geodesic compactification. In 9.3 and 9.4,
for every compact base subset w, we define an auxiliary space R, of pointed
rays from w in order to define a topology on M U M (c0). By the evaluation
map, R,, projects to a subspace M,,UM,,(00) of MUM (c0) (see 9.10). To get
a topology on M,UM,,(o0), we introduce Assumption 9.11. In 9.12, we prove
that M, U M,,(o0) is a compact Hausdorff space under Assumption 9.11.
We construct an example in 9.15 such that M,, is always a proper subset
of M for any compact subset w. Then we introduce Assumption 9.16 to
define the geodesic compactification M U M (o0) in 9.17.

9.2. Though we are mainly interested in nonsimply connected
manifolds, we recall the conic compactification(”) of a Hadamard manifold
to motivate the construction in this section.

Let M be a Hadamard manifold, and M (oco0) the set of equivalence
classes of rays in M. Note that since M simply connected and nonpositively
curved, every ray in M is DM.

(7) This compactification M U M(co) of a Hadamard manifold is called the conic
compactification in [GJT] because open neighborhoods near the boundary M(oo) are
given by truncated cones and called the conic topology. It seems that it is better to
call it the geodesic compactification.
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Fix a basepoint zg € M. Then the topology on the conic
compactification M UM (o0) is defined as follows: A unbounded sequence y,,
in M converges to an equivalence class [y] if the ray from xo and passing
through y,, converges to a ray in the class [v].

To show that the topology does not depend on the choice of the
basepoint xy, we use the following fact: Let £; be another basepoint and y
be any other point. Denote the ray from z; to y by 7;, ¢ = 0,1. Assume
that v;(t;) = y and ;(0) = z;. Then for any 0 < ¢ < min(to, t1),

(9.2.1) d(70(t), 11 (1)) < d(zo,z1).

This fact can be proved by comparison with the Euclidean space.

For a non-Hadamard manifold, there are several problems with the
above definition of topology on M U M (oc0). For many points y, there do
not exist DM rays passing through zg and y (see the example in 9.15).
Even if there exist such connecting DM rays, Inequality (9.2.1) does not
necessarily hold either.

The basic idea is to replace the basepoint z( by a base compact subset
and to consider all DM rays issuing from this base compact subset. Then
we have to show the independence on the base compact subset.

9.3. We begin our construction of the topology on M U M (o) by
defining an auxiliary space of pointed rays.

Recall from 1.1 that a DM ray is an isometric embedding
v [O’OO) - Ma i'e'7 for any i1, tg 2 Oa d(fY(tl)a’Y(tZ)) = |t1 - t2|

Let w C M be a compact subspace. Define
(9.3.1) Ro = {(7,t) | vis aDM ray in M, ¥(0) € w, t € [0,00]}.

Two pointed rays (1,t1), (72, t2) are defined to be equivalent if and
only if

(9.3.2) t; =ty =00, and tlim d(11(t),72(t)) < +oo.

An equivalence class of pointed rays is denoted by [y,t]. The set of
equivalence class [, t] is denoted by R,,.

A topology on R, can be defined as follows. A sequence [Vn,n)
in R, is defined to converge to [vo, o] if and only if one of the following
alternatives holds:
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1) If tp < oo, then t, — to and v,(t) — ~o(¢t) uniformly for ¢ in
compact subsets as n — oo.

2) If tg = oo, then for any representative (vn,ty) of [Vn,tn] and any
subsequence (7yn/,tn’), there exists a further subsequence (yn,t,~) such
that t,» — oo, and 7, converges uniformly for ¢ in compact subsets to a
ray equivalent to p.

See Remark 9.5 below for reasons of the restriction to a compact base
and the passage to sub-subsequences.

9.4. LEMMA. — The convergent sequences in 9.3 form a convergence
class and hence define a topology on R,,.

Proof. — We can see easily that the first three conditions in 6.4 are
satisfied. To check the condition 4), we note that a family of rays -,
converges to 7o uniformly for ¢ in compact subsets if and only if
d(Yn,70: [0, 1]) — 0, where d(v5,70 : [0, 1]) = sup{d(7a(t), %0(?)) | t € [0, 1]}.

Now let [Ymn,tm,n] be a double sequence such that [ym n,tmn] —

[’Ym,oo,tm,oo] as n — oo, and ['7m,oo;tm,oo] - ['700,007too,oo] as m — oQ.
If too 0o < 00, the condition 4) is clearly satisfied. We assume too,00 = 00.

Since w is compact and 7y, ,(0) € w, there exists a subsequence n'’
such that v, n/(0), d/dt ¥, (0), and t,, - are convergent. This implies
that v, n/ converges to a ray -, ., With v;, .(0) € w. Denote the limit
limy o0 tm,n’ DY tr, oo Then by assumption, [V, o0» tm.co] = [Ym,c0s tm,co]-

Since  d(Ym,n'»Ym,0o:[0,1]) — 0 as n’ — oo, we can choose
n' = n(m) such that d(Ymn', Ym0 : [0,1]) < 1/m; and tm p > t;, o — 1/m
if t, < 00, and tmn > m if ¢, , = oco. Then we claim that
[’Ym,n(m)ytm,n(m)] - ['700,00]'

By assumption, [v,, oos tm o) = [Ym,c0stm,c0] = [Yoo,00, 00]. Then for
any subsequence m’, there exists a subsequence m” such that ¢,
and 7/, ,(t) converges uniformly for ¢ in compact subsets to a ray Yeo o
equivalent t0 7s0,00, O equivalently, d(*y;n,,yoo,'y")’o,oo :[0,1]) — 0. By the
above choice of n(m), it is clear that d(Ym» n(m"),Yeo,c0:[0,1]) — 0
and tm,; p(mry — 00, and hence [Ym/ nim)) tmnmmy)] — [Voo,000 )
as m” — oo. Therefore the condition 4) is satisfied, and the above
convergent sequences define a topology on R,,. O

— 0Q,

9.5. Remark. — The complicated condition of passing to a Eub—subse—
quence in 2) above is required by the equivalence relation on R, (9.3.2).
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For example, take two disjoint equivalent rays 71, 7v2. Then [y, n], [y2,7]
both converge to the same point [y;,00] = [y2,00] € R,,. But =, is disjoint
from 72, and hence the sequence of rays v, defined by v2,, = V1, Yon—1 = V2,
n > 1, does not converge to any geodesic uniformly for ¢ in compact subsets
as required by the analogue of condition 2) above.

We can see from the above proof of Lemma 9.4 the restriction that
the rays start from a fixed base compact is important for the condition 4)
in 6.4. In fact, it is necessary. For example, let M be an Euclidean space,
and 7y, be disjoint rays parallel to a ray v with the initial points 7,,(0)
going to infinity and ¢, = co. Then [Ym,tm] = [, 00]. Define v n = Ym
and t,, », = n. Then for every m, [Ym n,tm,n] = [¥m,tm], but for any choice
of n = n(m), 1n > 1, there is no subsequence of Ym,m(n) Which converges to
any ray.

9.6. LEMMA. — The topological space R, is compact and Hausdorff.

Proof. — A convergent sequence of type 1) clearly has a unique limit.
Let [Yn,tr] be a convergent sequence of type 2) with limit [yg, 0o]. Let
be a subsequence such that 7,/ converges uniformly over compact subsets
to a ray equivalent to yp. Assume [y}, 00] is another limit of [y,,t,]. Then
[vnrs tn] — [7§, 00]. By definition, there is a further subsequence vy, of vy
such that ~,~ converges uniformly over compact subsets to a ray equivalent
to 7§, which has to be equivalent to 7y since lim, o ¥, exists and is
equivalent to yg. Therefore, [y}, o0] = [0, 00], and hence R,, is Hausdorff.

Next we prove the compactness. Let [y,,t,] be any sequence in R,,.
Choose representatives (vn,tn) € Ro. Since 7(0) € w and w is compact,
there exists a subsequence 7,/ such that both v,/ (0) and d/dtvy,:(0) converge
as n’ — oo. This implies that =, converges to a DM ray vy with v0(0) € w.
Depending on whether ¢, is bounded or not, we can clearly get a further
subsequence which is convergent either of type 1) or type 2). This proves
that R, is compact. O

9.7. LEMMA. — If wy C wq are two compact subsets of M, then R,,,
is a closed subset of R, .

Proof. — Since w; C wy, there is clearly an inclusion R,,, C R,,,. It is
clear from the definition that the topology of R, restricts to the topology
of R., . Therefore, R, is a closed subset of R,,,. O
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9.8. Recall that M(oo) is the set of equivalence classes of DM rays
in M. Then a map 7: R, — M U M(00) can be defined as follows:

1) Ift < oo, ([, t]) =7(t) € M.
2) If t = o0, 7([y,t]) € M(o0) is the equivalence class containing .

This map 7 may not be surjective (see the example in 9.15). Let
M, = m(R,) N M, then M, is the union of DM rays issuing from a point
in K.

9.9. LEMMA. — M, is a closed subset of M.

Proof. — Let y be a point in the closure of M, in M. Then there
exists a sequence of DM rays v, with v,(0) € K, and ¢, > 0 such that
Yn(tn) — y in M. Since w is compact and y is at finite distance from w,
by passing to a subsequence if necessary, we can assume that ~, converges
to a ray o and t, — to. Then clearly 70(0) € w and ~yy(tp) = y. Since v,
is DM, ~p is also DM. Therefore [y, o] € Rw, and y = yo(to) € M., and
hence M, is closed. O

9.10. Let M,,(00) = n(R,) N M(o0), the set of equivalence classes of
rays contained in M,,. Then 7 defines a surjective map R, — M, UM, (co).
Define a topology on M, U M,,(00) as follows:

1) The topology on M,, is the induced subset topology from M.

2) Let [y] € M, be an equivalence class of rays. Then a unbounded
sequence ¥y, in M, converges to [y] in M, U M, (oco) if and only if there
exist pointed DM rays (yn,tn) € M,, such that Yn(tn) = yn and the class
[Yn, tn] — [, 00] in Ry,.

3) A sequence [y,] in M, converges to a point [y] if and only if
[IYTH OO] - [77 OO] in Rw'

4) If a sequence y,, in M, U M,,(c0) is combination of a sequence y,
in M, and a sequence y,~ in M, (00), then y, is convergent if and only if
both sequences y, and y,~ converge to the same limit in the sense of 2)
and 3) above respectively.

To show that these convergent sequences form a convergence class, we
need the following

9.11. AssuMPTION. — Let w be any compact subset of M and yy,,y.,
be any two sequences in M, going to infinity with d(y.,y,) bounded.
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Suppose there exist two sequences of pointed rays (Yn,tn), (Vh,th) € ﬁ;
With Y (ta) = Yo and Ya(th) = Y- I 9a(t) — ¥(2), a(t) — 7/(¢) uniformly
for t in compact subsets as n — oo, then v is equivalent to 7.

This assumption says roughly that if two DM rays from w connect
the same point at infinity, then they are equivalent. It is important even
for the special case that y, = y),, since there could be many DM rays
connecting w and y, unless M is a Hadamard manifold.

9.12. LEMMA. — Under Assumption 9.11, the convergent sequences
in 9.10 define a convergence class and hence a topology on M,, U M,,(c0).

Proof. — Clearly, the first three conditions of 6.4 are satisfied. We need
to check the condition 4). Let y,, , be a double sequence in M,, U M,,(c0)
With ¥m n = Ym.co a0 Ym 0o — Yoo,00- If Yoo,00 € M., then the condition 4)
is clearly satisfied. Assume that Yoo 0o € M., (00).

For simplicity, we assume one of the following two cases holds:
1) For all m, ym 0o € M, (00).
2) For all m, Ym 00 € M,,.

Case 1) is a special case of Lemma 9.4. In Case 2), choose n = n(m)
such that d(Ym,n(m)> Ym,00) < 1. SinCe Ym n, Ym,0co € M., there exist pointed
1ays (Ym,nstmmn)s (Ym,c0r tmoo) € ﬁw such that Ymn(tm.n) = Ymon,
Ym,00(tm,00) = Ym,co- L€t Yoo,00 b€ a representative in the class Yoo oo-
We claim that [ n(m), tm,n(m)] = [Yoo,00, 0], and hence Yy, n(m) — Yoo,oco0-

Since [Ym, 005 tm,00] — [Yoo,00, 0], for any subsequence m’, there is a
further subsequence m” such that t,, oo — 00, and Ym 0o — Vo0, Which
is equivalent t0 Yoo 0. Since w is compact, by the same argument as in
Lemma 9.6, there is a further subsequence m* of m” such that Yp,« (m+)
converges to a DM ray «3,. By the choice of n(m), d(Ym n(m)> Ym,00) < 1.
Then by Assumption 9.11, 75, is equivalent to v, ., and hence equivalent
t0 Yoo,00- Therefore, by definition, [Ym n(m), tm,n(m)] = [Yoo,00, 0], and the
claim is proved. O

9.13. ProposITION. — Under Assumption 9.11, the topological space
M, U M, (00) is a Hausdorff compactification of M,,,.

Proof. — Since any ray class [y] can be approximated by points v(n)
along the ray v, it clear that M,, is dense in M,,UM,,(00). The compactness
of M, U M,,(c0) follows easily from Lemma 9.6.
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To prove the Hausdorff property, we need to show that every
convergent sequence y, in M, U M,,(c0) has a unique limit. By Lemma 9.6
again, it suffices to consider the case that y, is a sequence in M, going
to infinity. The nonuniqueness of the limit of y, could only come from
nonunique choices of pointed rays (yn,tn) with v(t,) = yn. But by
Assumption 9.11, different choices lead to the same ray class in M, (00).
Therefore, the sequence y, has a unique limit. O

9.14. LEMMA. — Let w; C wo be two compact subsets of M. Under
Assumption 9.11, the inclusion i : M,,, U M,,, (00) — M,,, U M,,,(c0) is an
embedding.

Proof. — It is clear that ¢ is injective and continuous. To show i is a
homeomorphism, it suffices to prove the image i(M,,, U M,, (c0)) is closed.
Let yoo be a point in the closure of i(M,,, U M,, (c0)) in M, U M, (c0).
If yo € M,,, then y, € M, since M,, is closed in M by Lemma 9.9.
So we assume Yoo € M,,(00). Let y, be a sequence in M, that converges
t0 Yoo With respect to the topology of M,,, U M,,,(c0). This means that
there are pointed rays (yn,tn) in ﬁuz with v, (tn) = yn such that [y,,t,] is
convergent in R,,. On the other hand, y, € M,, and is hence connected
by pointed rays (v,,t.,) € Ruw,, 7. (t,) = yn. By passing to a subsequence if
necessary, we can assume that [y, )] is convergent. By Assumption 9.11,
limy, — 00 [Yn, tn] = limp— o[V, th,]- Therefore, yoo € M, (00). |

9.15. Example. — If M is a Hadamard manifold, then Assump-
tion 9.11 is clearly satisfied, and for any compact subset w, in particular a
point, M,, = M, and the compactification M,, U M,,(co) defined in 9.13 is
the conic compactification recalled in 9.2. In general, M, could be a proper
subset of M. Such an example can be constructed as follows. Remove small
discs whose centers have integral coordinates from the plane R? and glue
back a very tall hump to every removed disc as in Figure 9.15.1.

Then for any compact subset w, M, # M. The reason is that a DM
ray does not go through the top of a hump unless it starts from the top
since it is quicker to go around it.

To get a compactification of M, we need another assumption.
9.16. AssuMPTION. — There exists a compact subset wg C M such
that M,,, = M, i.e., any point in M can be reached by a DM ray starting

from wy.
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Figure 9.15.1

9.17. THEOREM. — Under Assumptions 9.11 and 9.16, for any
compact subset w D wo, M, U M, (c0) is equal to M U M (c0) and defines a
compactification of M. This compactification does not depend on the choice
of the base compact subset w and is called the geodesic compactification.

Proof. — For any such w D wg, M,, = M and M,,(c0) = M(c0). Then
the first statement follows from Proposition 9.13, and the second statement
from Lemma 9.14. O

9.18. Remark. — Assumptions 9.11, 9.16 should hold for all
“geometrically finite” manifolds.(®) The precise meaning of this geometric
finiteness is not clear. On the other hand, these conditions seem to be
necessary in order to define a compact topology on M U M (c0) in terms of
DM rays.

Any compact perturbation of a Hadamard manifold satisfies these
assumptions, and locally symmetric spaces of finite volume I'\X also
satisfy them (see §11). The latter is the main example we have in mind.

10. DM Rays in I'\ X.

10.1. In this section, we classify all DM rays or eventually distance
minimizing (EDM) geodesics on I'\ X (see 10.18) using the Dirichlet domain
for I (see §10.16). The results of this section play a crucial role in identifying
all DM rays in I'\ X and hence the geodesic compactification I'\ X UT'"\ X (c0).

(8) The example in §9.15 is not of geometrically finite because of the infinite appearances
of the humps.
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Recall that a geodesic v:R — I'\X is called EDM if there exists a
number to > 0 such that for any t1,to > to, d(y(t1),7v(t2)) = |t2 — t1],
where d( ., .) is the distance function of I'\ X. In other words, for ¢y > 0,
the ray v : [tg, 00) — I'\ X is DM. For convenience, we will use DM rays and
EDM geodesics interchangeably .

In 10.2, we recall the metric behavior of X with respect to the
horospherical decomposition (3.5.2). In 10.5, we use the precise reduction
theory to construct EDM geodesics in I'\ X. The rest of the section is to
prove that these geodesics in 10.5 exhaust all the EDM ones. Specifically,
we prove the crucial separation property of Siegel sets in 10.8 and use
it to study the Dirichlet fundamental domain of I'" in 10.16. Using the
information on the Dirichlet fundamental domain, we prove in 10.18 that
every EDM geodesics in I'\ X is one of those constructed in 10.5.

10.2. To list and classify all DM rays or EDM geodesics in I'\ X, we
need to understand the Riemannian metric of X and I'\ X near infinity.
For any rational parabolic subgroup Q, recall the Langlands decomposition
Q = NqAqMgq (3.5.1) and the induced horospherical decomposition of X:
X = NqxXqxAq (3.5.2). Using this, we identify (u, z,a) € NqxXqxAq
with the corresponding point £ = uaz in X.

10.3. LeMMA (see [BO2|, Prop. 1.6, Cor. 1.7).
1) Let dz?, da® and dz? be the invariant metrics on X, Aq and Xq
respectively induced from the Killing form. Then at (u, z,a) € X,

1
da? = dz* + da® + Z a= 2 —2—ha(z),
a€d+(Q,AqQ)

where h,(z) is a metric on the root space g, which depends smoothly on
z € XQ.

2) For any two points (u1, 21, a1), (u2, 22,a2) € X,

dX ((ulrzlaal)? (u27z27a2)) Z dA(alaa'Z)v

where dx(-,-) and da(-,-) are the distance functions on X and Aq
respectively.

For any H € Aa(oo), u € Nq and z € Xq, define a curve in X:
(t) = (u,z,exp(tH)), t € R. From the above description of the metric
of X, the following corollary is clear.

10.4. CoroLLARY. — The curve 7 is a geodesic in X.
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10.5. ProposITiON. — Let v be the projection in I'\X of the above
geodesic 4 in X. Then v is an EDM geodesic in T\ X .

Proof. — Recall from Proposition 4.6 the disjoint decomposition
of M\ X:

n
F\X = HwiAp“Tl'O,
0

Clearly, Q is I'-conjugate to a unique P;. Since we are concerned
with the image of 4 in I'\X, we can assume that Q = P;. Note that
when T' — +o00, the subset w; in Ap, 2o increases and converges to
I'p, \Np, x Xp,. Therefore, when T > 0, w € w;. Then for t; > 0, the
ray ¥(t), t € [to,00), is contained in wAp, 720 C w;Ap, 7%o. Then the
simplicial metric dg on Ap, 7o in 5.9 defines a metric dg on wAp, To.
The ray ~(t), t € [to,00), is clearly DM with respect to this metric dg.
By the same proof of Proposition 5.12, we can show that the Riemannian
distance of I'\X restricts to ds on wAp, rxo. Therefore, the ray ~(¢),
t € [tg, 00), is DM, and hence the geodesic v is EDM in I'\ X. m]

10.6. Remark. — Proposition 10.5 is due to Hattori [HA1], [HAZ2],
Thm. A, when G = SL(n) and T" is a congruence subgroup, and due to
Leuzinger [LE], Cor. in §4, for general G. Our approach here is intrinsic,
dealing with '\ X directly instead of doing computation in the universal
covering space X. For another proof of this proposition, see 10.17 below.

10.7. The purpose of this section is to show any EDM geodesic in
T\ X is one of the geodesics in Proposition 10.5. For any ¢ > 0, define

Aq: = {a € Aq | a(loga) > t, a € 2Y7(Q, Aq)},

which is a special case of (4.2.1) when ¢; = t, and

Ah={acAqlaloga) >0, a € d*(Q, Aq)}.

Let w C Nq x Mq be any compact subset. Then the subset wAq o C X
is a Siegel subset associated with Q in 4.2.

A technical result of this section is the following separation property
of wAq +2o under translations by elements in I'.
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10.8. ProposiTION. — For any compact subset w as above, there
exists a positive number ty = to(I',w) such that for any ay € Aqt,,

a; € Aaao, q1,92 € w, v € I' = T'g, where I'qg = I' N Q, the following
inequality holds:

d(gq1a170, g2a0Z0) < d(q1a1%0,Yg2a0Z0)-

10.9. Before proving this theorem, we recall the fundamental
representations of G defined over Q [BO1], §14, [BT], §12, which will
be used to compute the Ag-component of the Langlands decomposition.
Let P be a minimal rational parabolic subgroup of G. For any
a € YT (G,P) = (P, Ap) (see 3.2), there is a strongly rational
representation (74, Vo) of G whose highest weight A, is orthogonal to
Pt+(P,Ap) — {a}, and (A\y,a) > 0. Then the weight space of )\, is
invariant under the maximal parabolic subgroup Pg++_1q} [BT], §12.2.
Fix an inner product || - || on V4(R) which is invariant under K and
the Weyl group W(G), and with respect to which Ap is represented
by self-adjoint operators. Let ey be a unit vector in the weight space
of Ao. Let Ppt++_{a} = No++_{a}Ma++_{a}Aa++_{a} be the Langlands
decomposition of Pg++_(q} (3.5.1). Then for any p € Ne++_ (o} Mo++_{a}>

(10.9.1) Ta(p)eo = *eo,
and for any g € G,
[7a(9)eo]| = alg)*e,
where a(g) is the Ag++_{q) component of g in the Langlands decomposition

Offb++~{ay

10.10. LemMA. — Let I C 7% (P, Ap) be any subset. For a € A—;L,I
and b € Ap,, if there exist positive constants c, such that b*> > a*=e®~ for
any a € Y+ (P, Ap) — I, then

[logb||*> > ||logal|® + ¢ Z a(loga)cy,
acdtt -1

where ¢ is a positive constant independent of a,b, and || - || is the norm
on ay induced from the Killing form.

Proof. — For any a € ®**(P,Ap), let Hy, € a be the unique
vector such that (Hy, ,H) = M(H) for all H € a, and let Hy, € a
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be the vector dual to the root «, i.e., (Hy, H) = a(H) for all H € a.
Then (Hy_,Hg) = (Ma,8) = dabss for some positive constant d,.
Let X = loga, Y = logb. Then for « € ®*+ — I, (H,_,Y — X) > cq.
Hence Y — X = 3 g4+ baHa with by > co/dy for a € @+ — I. Since
X € ap,, we can write X = ) o++_;aaHy,. By assumption, a € A;;I,
a(X) >0, and hence a, = a(X)/dy > 0. This implies that

(Y -X,X)= Y aabg(HayHa)= D aabads
a,fedtt -1 = R
a(X
> Y fia e,
acdt+—T1
1
<Y)X>:<X7X>+<Y_XaX>Z”X”2+ Z d_a(X)ca-
acd++—1 &

Write Y = (Y, X) X/|| X||? + X+, X1 1 X. Then

1 1
IYI? = (Y, X)? o + X P 2 (Y, X)? e
X112 X112
1 2 1
> (111 + —a(X)a) =
(P 22, a0e)
1
2
> X112 +2 > E;a(X)ca.
acdtt—J1
Taking € = min{2/d, | @ € ®*+ — I}, we get
IYI2 > 1X12 +e Y a(X)ca o

aedtt—J

10.11. LEMMA (see [BO1], Thm. 11.4 and §11.6.4). — Let W(G) =
N(S)/Z(S) be the Weyl group of the maximal Q split torus S, and {w}
a set of representatives in N(S)(Q). Then we have the following Bruhat
decomposition :

GQ = [ Np(@uP@) = [] N,wP@Q),

weW (G) weW(G)

where N, = (wN~-w™1)(Q) N Np(Q), N~ being the unipotent radical
of the minimum rational parabolic subgroup P~ whose Weyl chamber is
opposite to the chamber of P.
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10.12. Proof of Proposition 10.8. — From Lemma 10.3, we get that

d*(q1a120, g2a0%0) = d*(a10, aoTo) + O(1) = || log ag ‘a1 ||*> + O(1),

where O(1) only depends on w. Assume that Q is a standard rational
parabolic subgroup P; containing P. Let g = ag 1q2_ 'y=1gqia;, and a(g)
be the A; component of g in the Langlands decomposition of P;. Then
by Lemma 10.3.2,

d(q1a1%0,7q200T0) = d(ag 'g; v qra120, T0) = d(gmo, T0) > ||log a(g)||-

We use the fundamental representations 7, to get a lower bound for
|| log a(g)||. For any o € &+ — I, there are two cases to consider:

1) v € Pot+_{ay,

2) Y€ Pot+_{a}-

In case 1), by [BS], Prop. 1.2, ¥ € Np,Mp,, J = ®** — {a}, then
a;*(¢; "y 'q1)a1 € Np,Mp,, and hence
(10.12.1) a(g)* = ||ma(9)eo|| = ||malag ara7" (g5 v q1)a1)eol|

= |'7ra(aala1)eg|| = (ag tay)™.

In case 2), using Lemma 10.11, write !

u€ N,,,t € Ap,m € Mp,v € Np. Then we get

= uwtmv, where

-1 -1 -1 -1_-1
w g=w 4y g9 Y q1a1

— (wlaylgy? —1 -1

= (w ay g5 aW)w ay uwtmugiay

1 1

= (wlag g5 taow)(wtay fuagw) (w tag tw)taray t (mugr)as .

Since ag 1q2_ 'ap and hence wlag 1q2~ laow belong to compact subsets,
wlag luapw € U~(Q), and ay *(mvgi)a; € NiMj, it follows that there
exists a positive constant 8y = dp(w, 7o) such that

|ma(w ™ ag g5 taow)v|| > bollvll,  ||ma(w ™ ag ' uaow)eo|| > 1,

a(g)* = ||ma(9)eo]| = ||malw™ g)eol|

laa1ua0w)(w_laow)tal)eo||

= |[a((w™ ag "5 agw)(w™
> bo||ma((w ™ ag fuagw) (w™ agw)tay )eo||

= 8| ma(w ™ ag 'uaow)eo || (wag 'w) et ad
> 8o(w™ ag 'w) ay=tre,
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where in the third equality, we have used the fact that 7, (p)eg = teq for
p € N M; (Eq. 10.9.1).

By the proof of [BO1], Cor. 15.3, Eq. 3, there exists a positive number
61 = 61(T', y) such that for all v € T and any o € ®+*, the component ¢
of y~1 satisfies that t*= > §;. So we get
a(g)* = (ag ') ay>fodr = (ag ') 36,
where § = (5061.
By assumption, v € Pg++_(o}. If wo Ay = Ay, then w would fix

the Weyl chamber face associated with the subset ®** — {a} in 3.2, and
w € Pg++_(o}, and hence v € Pg++_(4}. This is impossible, and thus

Wo Ay = Ay — Z 0,3:87
I@eq)++
where cg are non-negative integers with at least one being non-zero.
By (BT}, Prop. 12.16, ¢co > 1. Then
(ag1)* = (ag ) [T a6” = (ag")a§ 2 (a5")*to,
ﬂ€q>++

by the assumption that ap € Aq,s,, and hence
(10.12.2) a(g)> > (agh)*erat"s = (ag'ar) to6.
This is the estimate we need for the case 2).

To finish the proof, we apply Lemma 10.10. Since v ¢ Py, there
exists at least one a € ®+* — I such that y & Pg++_(,}. By assumption,
aglal € AT;,' Apply Lemma 10.10 to a = aglal and b = a(g). Then
(10.12.1) and (10.12.2) show that when ¢y > 0,

2 _
”log a(g)“ > || logagtay||? + elog(ted) > d?(qra1z0, g2a00).
This completes the proof of Proposition 10.8. O
10.13. We now recall some properties of Dirichlet fundamental

domains. For any subgroup I' C Isom(X) = G which acts properly
discontinuously and freely on X and any z¢ € X, the domain

D ={z € X |d(z,z0) < d(z,yx0), 7 €T}

is called the Dirichlet domain for I' with center zy. Except for spaces of
constant curvature, D is not bounded by totally geodesic hyperplanes, and
its shape is complicated. To study global metric property of I'\ X, it is
important to understand D.
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10.14. LEmMMA (see [SI], §21). — The Dirichlet domain D is a
fundamental domain for the I'-action and is star shaped, i.e., for any x € D,
the geodesic from xy to x belongs to D, and no interior point of D is
identified with other point of D under T'.

10.15. LemMMmA. — Let zj; € I'\X be the projection of zy € X.
A geodesic ray y(t), t > 0, in I'\X with v(0) = zg is DM if and only if
its lift 4(t) to X with 4(0) = zo belongs to the Dirichlet domain D with
center xg.

Proof. — For any %, € X, denote their projections on '\ X by z,y.
Then dr\x(z,y) = inf,crdx(Z,79), and the lemma follows from the
definition of D. O

10.16. ProposiTION. — Assume that I is a neat arithmetic subgroup.
For any (ug,20) € Nq X Xq and any sequence y, = (Up,Z2n,an) €
Nq x Xq x Aq with u, — ug, un — 29, and a(loga,) — +oo for all
a € ®(Q, Aq), there exist a compact neighborhood w of (ug, zy) and
ng > 1 such that when n > ng, the Dirichlet domain D,, for I" with center
(Un, Zn, an) contains w x {a;} when j > n.

Proof. — Fix any compact neighborhood w’ of (ug, 29). For any n,
when j > n, a; € Aaan. By Proposition 10.8, there exists n; > 1 such
that for any n > nq, j > n, ¢ €', ¢n = (up,2,), and vy € I' — T,

d((q,a5), (gn, an)) < d((g,a5),¥(gn,an)).

We next adjust this compact neighborhood w’ of (ug, 20) such that
the above inequality also holds for v € I'g, v # id. Consider the Dirichlet
domain Dg , for the I'g action on X with center (un,zn,ay). For any
j €N, let Dgnj; = DgnN(Nq x Xq x {a;}). Then Dg,; is a cross
section of Dg ,, at the height a;. Consider Dg ,, ; as a subset of Nq x Xq.
We claim that there exist a neighborhood Dy, of (ug, 20) and ng > ny such
that for each n > ng, when j > n, Dgn;j O Do.

Assume that this claim is true first. Choose a compact neighborhood w
of (uo, 29) contained in both ' and Dy,. Then when n > ng and j > n,
Dgn,; O w, and hence for any v € I', v #id, and ¢ € w,

d((qv aj)v (Qn, an)) < d((q’ aj)a "/(Qn» an))7

and hence w x {a;} C D,.
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We now prove this claim. By assumption, I' is neat, and hence I'g
is torsion free (see [BO1], §17). By [BS], Prop. 1.2, I'g is contained in
NqMgq, leaves the Aq component fixed and hence acts discretely and
freely Nq x Xq. The subgroup I'y = I'g N Nq acts freely and discretely
on Nq, and I'x = I'ny\I'g acts freely and discretely on Xq.

For any v € I'g, v #id, let
Dns'Y = {(u7 Z’ a) € X ’ d((”?’z’a’))(unaznyan))
S d((u7 Z, a)77(un72’n7an))}y
and
Dny,j = Dy N (Nq % Xq x {a;}),

a cross section of Dy, at the height a;. Consider D, ., ; as a subset
of Nq x Xq. We need to understand the asymptotic behavior of Dy, , ;
as j — +o00. The idea is to use the different shrinking rates of various parts
OfNQ X XQ as a; — 00.

Write Y(un, 2n, @n) = (Yln, Y2n, an). If vz, # 25, let
Dn oy xq = {2 € Xq | d(z,2,) < d(2,72n) }.
From the expression for the metric dz? in 10.3,
d*((u, 2,a;), (Un, 2n, @n)) = d*(aj, an) + d*(2, 2,) + 0(1)
as j — +o0, and hence
Dy i — N X Dn iy xq

uniformly over compact subsets as j — +o00. Since z, — 29 as n — 00,
and I'x is torsion free, then yzg # 2¢ if and only if vz, # 2, for n > 1. Let

DO,'y,XQ = {Z € XQ I d(Z‘, ZO) < d(za7z0)}'
Then

lim D =D
oo X 0,7,Xq

and hence

lim lim D .= Ng x D
00 j—00 n,y,J Q 0,7,XqQ

uniformly over compact subsets.

On the other hand, if vz, = z,, then v € 'y and yu,, # u,. Since

7271 = zn;

d((u, 2,a;), (tn, 2n, an)) < d((4, 2,a;), (Yin, Y2n, an))

ANNALES DE L’INSTITUT FOURIER



COMPACTIFICATIONS AND LOCALLY SYMMETRIC SPACES 509

if and only if

dz (¥, a5), (Un, an)) < da, (4, a;), (Ytn, ar)),

whered,, (-, ) is the distance function on Ng x {2, } x Aq C NqxXq x Aq.
For simplicity, denote d, (-,-) by d(-,-). It thus suffices to compare
d((u, a;), (un,an)) and d((u,a;), (Ytn,an)) for v € 'y, and to determine
the asymptotics of

Dy y,Naj = Dnyna N (Ng x {a;}),

a, cross section of the set
Dnyna = {(u,a) € Nq X Aq | d((u,a), (tn,an)) < d((u,a), (Yun,an))}

For simplicity, we assume that dim Aq = 1; otherwise, we need to
compare rates of a(loga;) going to infinity for various a € ®*(Q, Aq)
and decompose the root spaces correspondingly. If there is only one element
in +(Q, Aq), then

Dny,Naj = {u € Nq | d(u,un) < d(u, yun)},
and hence

Dyy,j = Dnyy,naj X Xq
= {u € Nq | d(u,u,) < d(u,vun)} x Xq,

and

JLH;OJEI& Dy ;= {u € Nq | d(u,u0) < d(u, Yug)} x Xq
uniformly over compact subsets. If +(Q, Aq) contains more than one
elements, say two elements a; and a2, a1 < a9, for simplicity. Let
ng = n; + ny be the decomposition of the Lie algebra of Nq according to
the roots aj, as. Let N1 and N3 be the images in Nq of n; and ny under
the exponential map from nq to Nq. Then Nq is a bundle over N2 with
fiber N;. Trivializing the bundle, we write Nq = N1 x N,. Correspondingly,
write tn, = (Un,1,Un,2); Yln = (YUn,1, VUn,2)-

If ’Yun,l 7é un,la let
Dny’Yle = {u EMN | d(uvun,l) < d(u77un,l)}-
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Then by the metric expression in 10.3, as j — oo,
Dny,NA,j — Dnpy,ny X No,
and hence
Dy y,j — Dnyny X N2 X Xq
uniformly over compact subsets.

If yup1 = n,1, then yup 2 # un 2. Let

Dyy N, = {u € No | d(u, up 2) < d(u,’yunyz)}.
Similarly, as j7 — oo,
Dy yNaj — N1 X Dy 4y N,
and
Dy yj — N1 X Dy y N, X Xq
uniformly over compact subsets.
Write ug = (uo,1, uo,2) € N1 X Na. Then u, 1 — g1 and up 2 — ug,2

asn — 0o0. Let Do 4 N, = {u € N; | d(u,un;) < d(u,yun;)}, ¢ =1,2. Then
the above discussions show that either

lim hm Dn,’y,j = ‘Do’%N1 X N2 X XQ

n—00 j—00
or

lim .hIIl Dn,’y,j = N1 X DO,’y,Nz X XQ
n—00 j—00

uniformly over compact subsets.

In summary, for any v € I'g, v # id, the double limit
A lm Dy
exists and is equal to a hypersurface Dy, in Ng X Xq which does not
contain (ug, 2p), i-e., do((uo, 20), Do,y) > 0, where the distance function
do(-,-) on Ng x Xq is the induced distance by identifying Ng x Xq with
Nq x Xq x {id} C X; and for any positive number c, there are only finitely
many such hypersurfaces Dy, such that do((uo, 20), Do,y) < ¢. Then the
claim follows easily. The proof of Proposition 10.16 is now complete. O

As a corollary of Proposition 10.16, we get another proof of Pro-
position 10.5 that is independent of the precise reduction theory in
Proposition 4.6 and the results in §5.
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10.17. CorOLLARY. — Assume that I is a neat arithmetic subgroup.
Then for any (u,z) € Nq x Xq and H € A(‘S(oo), the projection of the
geodesic 4(t) = (u,z,exp(tH)) € X inT\X is EDM.

Proof. — Consider the curve #(t) = (u,z,exp(tH)) instead of a
sequence Y, = (Un, 2n, ay) in Proposition 10.16, the same proof shows that
for ty > 0, the Dirichlet domain for I" with center (u, z, exp(toH)) contains
F(t), t > to. By Lemma 10.14, the Dirichlet domain is star shaped and
hence contains the geodesic ray ¥(t), t > to. Then the projection of this
ray in I'\X is DM by Lemma 10.15. Therefore the geodesic v(t), t € R,
is EDM. a

Another application of Proposition 10.16 is the following main result
of this section.

10.18. THEOREM. — Any EDM geodesic y(t) on T\ X is the projection
of a geodesic in X of the form 4(t) = (u,z,aexp(tH)) = Nq x Xq X Aq,
where u € Nq, 2z € Xq, a € Aq, and H € Aa(oo) for some rational
parabolic subgroup Q.

Proof. — We assume first that I' is neat. Let y(t), t > 0, be a
DM ray in I'\X. Then {7(t) | t > 0} is clearly not contained in any
compact subset of I'\X. By the compactness of T\XB5 (see 7.4), there
exist a boundary point £ € B(WBS) and a sequence t, — 400 such
that v(t,) — €. Let Q be a rational parabolic subgroup whose boundary
component e(Q) = Ng x Xq contains an inverse image £of €.

Let B(£) be a neighborhood of € € e(Q). Then for any to > 0,
B(£)Aq, is the intersection of X with a neighborhood of £ in X P5. Thus
for t, > 0, ¥(t,) has an inverse image in X of the form gna,, € B(E)AQ,to»
where ¢, € B(€), and a, € Aqu, and for all a € ®+H(Q, Aq),

a(loga,) — 400 as n — oo.

By Proposition 10.16, if B(£) is a small compact neighborhood and
to is large enough, then the interior of the Dirichlet domain D for I with
center (gn,an), n > 1, contains B(€) x {a;} when j > n; in particular,
(gj,a;) is an interior point of D. On the other hand, ~(t), t > 0, is
distance minimizing; hence by Lemma 10.15, the lift 4(t) of ~(t) with
4(tn) = (gn,an) also belongs to D for ¢ > t,. Since (g;,a;) and J(t;) are
projected to the same point (t;), it follows that 5(t;) = (g;,a;). By taking
a subsequence, if necessary, we can assume that loga;/| loga;| converges
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to some H € 1% (00). It then follows that
Jdimd(7(t;), exp(t;H))/t; = 0.

From the fact that the distance between any two geodesics in X
grows at least linearly if they do not converge to the same point in X (c0),
where X (o0) is the sphere at infinity and classifies the equivalence classes
of geodesics in X [BGS], §§3-4, (see also 9.2), it follows that 4(¢) converges
to H € X(o0) as t — +o0. Since F(t,,) converges to £ € e(Q), H € Aa(oo).
By the classification of geodesics according to their limits in X (0o) given in
[KA], §7, %(t) has the form #(t) = (u, z,aexp(tH)) up to reparametrization,
for some u € Nq, z € Xq, a € Aq.

Assume now that T' is not necessarily neat. By [BO1], Prop.17.4,
I' admits a neat subgroup I' of finite index. If v is a DM ray in '\ X, then
any of its lifts in I\ X is also a DM ray. The previous discussions applied
to I\ X show that these lifts of () and hence ~(t) itself is of the form in
the proposition. This completes the proof of the proposition. O

To classify EDM geodesics in T'\ X, we need the following:

10.19. ProPOSITION (see [BS], Prop. 10.3). — Let @ be a ' invariant
subset of Nq x Xq with compact quotient. Then for any to > 0, two points
inw x Aq,, are I'-equivalent if and only if they are I'g-equivalent.

10.20. CoroLLARY. — Two geodesics 4;(t) = (s, 2i, a; exp(tH;)) €
Nq x Xq X Aq, t = 1,2, project to the same EDM geodesic in I'\X up to
reparametrization if and only if H) = Hj, loga;, — logay is a multiple of
H,, and (u1, z1) = g(ug, 22) for some g € I'g.

Proof. — By Theorem 10.18, the projections «;(t) in I'\ X of 4;(t) are
EDM geodesics. By Proposition 10.19, when ¢ > 0, v1(t) = v2(t + s) for
some constant s if and only if the conditions in the proposition are satisfied.
By the uniqueness of geodesics, v1(¢) = v2(t + s) is true for all ¢ if and only
if it is true for all ¢ > 0. Then the proposition is clear. O

11. Existence of I'\ X UT\ X (c0) and I'\ X UT'\ X (c0) = T\ XT.

11.1. In this section, we use the classification of EDM geodesics (or
DM rays) in §10 to show the geodesic compactification '\ X U I'\ X (o0)
exists (see 11.7) and is homeomorphic to the Tits compactification I\ X7
(see 11.8).

ANNALES DE L’INSTITUT FOURIER



COMPACTIFICATIONS AND LOCALLY SYMMETRIC SPACES 513

In 11.2, we show that Assumption 9.16 is satisfied by I'\ X. We use
the precise reduction theory in 4.6 and the results in §5 to study the growth
behavior of the distance between two DM rays in I'\ X in 11.4 and 11.5 and
use it to show that Assumption 9.11 is also satisfied. Then the main results

of this section follow easily. In 11.19 we show how to recover the Tits metric
on A(T'\ X) defined in [TI1], §4, intrinsically from I'\ X.

11.2. LEMMA. — Assumption 9.16 is satisfied for '\ X. That is, there
exists a compact subset w such that every point in I'\X is contained
in a DM ray starting from w.

Proof. — By Proposition 4.6, T\X = [[X,w;Ap, rzo. Note that
Py = G, Ap, r consists of the identity element, and woz is a compact
subset of I'\ X, which can be thought of as the core of I'\ X. We claim that
the compact subset wozg satisfies the property in the lemma.

For any z € T\X — woxg, there exists a unique i > 1 and
w € w; and H € A;;l such that £ = wexp(H + Ip, (T))zo. Define a ray
v(t) = wexp(tH/|H| + Ip,(T))xzo, t > 0. Then v(0) = wexp Ip, (T)zo € wo
and y(|H|) = z. By Proposition 10.5, vy is a DM ray.

We also need to show that points in wy are also contained in DM
rays. For any z in wp, take a sequence of points y, in I'\X diverging to
infinity. Connecting = to y, by a DM geodesic v,. Then there exists a
subsequence n’ such that -, converges uniformly to a ray v with v(0) = =.
Since 7, is DM, the limit + is also a DM ray. O

11.3. PrROPOSITION (see 1.5). — Every DM ray ~(t) in '\ X converges
to a boundary point in F\—)?T ast — +o0o. Two DM rays in '\ X converge
to the same boundary point if and only if they are equivalent. And any
boundary point of T\ X7 is the limit of a DM ray in I'\ X. Therefore the set
I\ X (00) of equivalence classes of DM rays in '\ X can be identified with
the Tits simplicial complex A(T'\ X).(®)

Proof. — By Theorem 10.18, any DM ray  in I'\ X is the projection
of a geodesic in X of the form 7(¢t) = (u, z,aexp(tH)) € Np x Xp x Ap
for some parabolic subgroup P, where v € Np,z € Xp,H € A;;(oo),
a € Ap. This ray 4 clearly converges to H in the partial compactification

(9) The last statement that '\ X (co) = A(I'\X) has been conjectured by Hattori [HA1]
[HA2] and Leuzinger [LE].
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X U Ag(X) in 8.5. Therefore, y(t) is convergent in the compactification
D\XT as t — 400, and lim; 10 Y(t) = H € Af(c0), where we have
identify A (co) with its image in A(T\X) = I'\Ag(X) (3.6.4).

We now show that two DM rays converge to the same boundary point
in T\ X7 if and only if they are equivalent.

First we prove that any two DM rays with the same limit are
equivalent. For H € A(T'\X) and the ray «(t) above, suppose that v (¢) is
another DM ray that also converges to H ast — +oo. We claim that there is
a lift in X of v, (¢) that is of the form (u, 21, a1 exp(tH)) € Np X Xp X Ap,
where P is the same rational parabolic subgroup as above.

Let (u1,21,a1exp(tH;)) be a lift of v; in X, where u; € Np,,
z1 € Xp,, H € A;L,I(oo), and P; is a rational parabolic subgroup.
(By Theorem 10.18, every lift in X of v; is of such a form.) By the
above discussions, v (t) converges to H; in IWT, in particular, H; = H
in A(I'\X). This implies that P is I'-conjugate P, and H; is mapped to H
under such a conjugation. Therefore, there exists another lift of ; of the
form (uq,z21,a; exp(tH)) € Np X Xp X Ap in the claim.

From the claim and Lemma 10.3, it is clear that v and ~; are
equivalent.

Next we show that if two DM rays ~,(t) and ~2(t) converge to
different limits H; and Hs in I“\_XT, then they are not equivalent. Let
(u;, 2i,a;exp(tH;)) € Np, x Xp, x Ap, be the lifts of v; in X as above,
1t = 1,2. By the above discussion, the equivalence classes of the rays do
not depend on wu;, z;,a;. For simplicity, we assume that u; = id, z; = xo,
and a; = exp Ip,(T), where Ip, :a — ap, is the map in (4.5.2), and T € a
is chosen as in Proposition 4.6. Since H; # Hy in Ag(I'\X), either P, is
I'-conjugate to P2 but H; is not equal to Hy under the conjugation, or P,
is not conjugate to Py. Then under the map ¢:I'\X — ([[; 4p,,r,¢s) in
Proposition 5.11, ¢(v1) and ¢(72) are two different rays from the vertex
of the polyhedral cone (][; Ap, 1,¢s). By Lemma 5.10, these two rays
are clearly not equivalent in ([[; Ap, r,¢s). Then Corollary 5.13 and
Lemma 5.14 show that v; and -, are not equivalent either in I'\ X.

The last statement that any point in A(I'\ X) is the limit of a DM ray
follows from Proposition 10.5 and the above discussion. O

11.4. LEMMA. — If two DM rays y; and 2 in '\ X are not equivalent,
then limy— 400 +d(71(t),72(t)) exists and is positive.
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Proof. — As in the proof of Proposition 11.3, the existence and
value of

lim 1d(vl(t), Y2(t))

t—+oo §

depend only on the equivalence classes of v;,72. So we can assume as
above that ¢(v1),¢(y2) are two rays in ([[; Ap, r,%s) with the vertex
as their initial point, where ¢:I'\X — ([Iy Ap,7,€s) is the map in
Proposition 5.11. By Lemma 5.10, the limit

lim = d(o(m (), 0(n(t)

t—+oo t

exists and is positive. Then Lemma 11.4 follows from Corollary 5.13 and
Lemma 5.14. O

11.5. LemMmA. — If a sequence of DM rays v,(t) in T\X
converges to a ray <o(t) uniformly for t in compact subsets, then
limy 400 3d(vn(t),70(t)) — 0 as k — +oo. More generally, for any
tn — +00, id('Yn(tn)v’YO(tn)) — 0.

Proof. — From Lemma 5.10, it is clear that the analogous result holds
for the polyhedral cone (][ Ap,, £s). Then by the same argument as in the
previous lemma, the result also holds in I'\ X. O

11.6. ProrosiTiON. — Assumption 9.11 is satisfied by T'\X. That
is, for any two sequences of DM rays -, ), converging to rays -y and 7}
respectively, if there exist two sequences of numbers t,,,t,, — +oo such that
d(vn(tn), ¥4 (t1)) is bounded, then 7y, is equivalent to ..

Proof. — Since the DM rays -, and 7, start from a compact subset
of I\ X and d(y,(tn), v, (t.,)) is bounded, it is clear that t,, —t/, is bounded.

Suppose that 7y is not equivalent to ). Then by the same argument
as in the proof of Lemma 11.4, there exists a positive constant ¢ such that
forany n > 1,

(11.6.1) Zd(0(t), (%)) > ¢

n

On the other hand, by Lemma 11.5,

tid(’YO(tn)a’Yn(tn)) — 0, ":l_d(’YO(t;z)v V;z(tiz)) —0

tn

as n — +oo. Since t, — +00, t, — t,, and d(vn(tn), 7,(t,,)) are bounded,
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this implies that as n — +o0,
1
= d(0(tn),(t)) — 0.
n

But this contradicts Inequality (11.6.1) above. Therefore -y is equivalent
to vg- O

11.7. THEOREM (see 1.2). — The geodesic compactification T\ X U
I\ X (00) exists and is Hausdorff.

Proof. — Lemma 11.2 and Proposition 11.6 show that Assump-
tions 9.11 and 9.16 are satisfied by I'\X. Then Theorem 11.7 follows from
Theorem 9.17. O

11.8. TuroreEM (see 1.5). — The Tits compactification T\X7T is
homeomorphic to T\ X U T\ X (c0).

Proof. — By Proposition 11.3, the identity map on X extends to a
map 7: T\ X7 — '\ X UT\ X (oo0).

We first prove that ¢ is continuous. Assume that y, is a sequence
in I'\X which converges to a boundary point Hy, € A(T\X). Let '\ X =
I owiAp, 7xo be the decomposition of I'\X in Proposition 4.6. Write
Yn = wn exp(Hp+1p, (T))zo € w;Ap, 10, Where wy, € wy, exp(Hy,) € A,
and i depends on n. Then |H,| — +oo and H,/|H,| € A(I'\X)
converges H,.

Define a ray v,(t) = wpexp(tH,/|Hn| + Ip,(T)), t > 0. By
Proposition 10.5, v, is a DM ray with initial point w, € wy and passing
through y,. Since w, belongs to a compact subset and H,,/|H,| converges
to Hyo, it is clear that the pointed ray class [yn, t,] is a convergence sequence
of type 2) in 9.3 with limit [y, 00}, where 7o (t) = exp(tHo + Ip,(T))z0,
where P; is the subgroup such that Ho, € AJI;, (00). Since T(Hoo) = [Yoo, 00),
this proves that 7 is continuous.

Since both I'\X7 and I'\X UT'\X(co) are compact and Hausdorff,
the map 7 is a homeomorphism. O

11.9. Remark. — For any two points [y1],[y2] € T'\X(00), define

dr(bn bel) = lim_ 3d(3(8),72(0)-

By Proposition 11.3 and Lemma 11.4, this limit is well-defined and
gives a metric on A(T'\X) = I'\X(c0). (Note that this metric is not a
simplicial metric.) Using the geometric realization of A(I'\ X') as a subspace
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117 A% (0) in (IIg Ap,1,%s) (3.6.4), where Ap, r has been identified
with A;;I, we get from the proof of Lemma 11.4 that this metric dr is the
restriction of the metric £g.

By Lemma 5.6, the metric space (A(I'\X),dr) induces a length
structure (A(I'\X), 7). Then the metric ¢ is the spherical metric defined
in [TI1], §4. More precisely, Tits defined a spherical metric on Ag(X), and
the induced metric on the quotient I'\Ag(X) = A(T'\X) is equal to {7.

12. Gromov compactification T\ X© and T\ XC =~ T\ X7

12.1. In this section, we define the Gromov compactification
of a complete Riemannian manifold (see 12.5) and prove the Gromov
compactification F\TG is homeomorphic to the Tits compactification
T\XT (see 12.11).

12.2. Let M be a noncompact complete metric space, in particular
a Riemannian manifold, its Gromov compactification M€ is introduced in
[BGS], p. 21, and several key properties are given as exercises.

Let C(M) be the space of continuous functions with the topology of
uniform convergence on compact subsets of M, and C,(M) be the quotient
of C(M) by the subspace of constant functions. Denote the distance
function on M by d(.,.). Foranyy € M, d,:x € M — d(y, ) € R defines
a continuous function on M. Denote the image of d, in C.(M) by d,,. Then
we get a map i: M — C,(M) defined by i(y) = d,.

12.3. LEMMA. — The map i : M — C.(M) is an embedding.

Proof. — First we show that i is injective. For any two points
y1,y2 € M, if i(y1) = i(y2), then dy, — dy, is a constant function, i.e.,
there exists a constant ¢ such that for any z € M, dy, (z) — dy,(z) = ¢
Setting z = y;, we get —d(ys,y1) = c. Setting x = y2, we get d(y1,y2) = c.
Therefore, d(y;,y2) = 0 and y; = y,. This proves that ¢ is injective.

Since d, depends continuously on y € M, the map ¢ is continuous.
To finish the proof, we need to show that for any sequence y, € M, if d,,
converges to d,, for some yo € M, then y,, — yo.

By definition, there exists a sequence of constants ¢, such that
(12.3.1) dy, () + ¢ — dy,(2)

uniformly for z in compact subsets of M.
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Suppose that y, - yo, i-e., d(yo,yn) ~ 0 as n — oo. For simplicity,
we assume that there exists a positive constant dy such that d(yg, yn) > do
when n > 1 and the distance minimizing geodesic segment v, (t) from yg
to yn converge to a segment o(t) with v(0) = yo. Fix a positive to such
that ¢ty < do.

Setting = yo in (12.3.1), we get

(12.3.2) dy,, (¥0) + cn — dy,(y0) = 0.

Since 7y, (to) — Yo(to), we obtain that as n — +o0,

|dy., (0(t0)) = dy, (¥ (t0))| < d(70(to), 1n(t0)) — O,
dy., (70(t0)) + cn = dy, (W(to)) + cn +0(1)
=dy, (m(0)) + cn — to + 0(1)
=dy, (Y0) + cn — to + 0(1) — —to.

In the second equality, we have used the assumption to < do < d(Yn, o),
and in the last inequality, we have used (12.3.2).

On the other hand, by (12.3.1), dy, (70(t0)) + ¢n — dy, (70(t0)) = to.
This implies that —¢o = to, and hence to = 0. This contradicts the positivity
of ty. Therefore y, — yo. O

12.4. LEMMA (see [BGS], p. 21, Exercises 1 and 2). — The closure of
(M) in C.(M) is compact.

Proof. — For any y € M, d,, satisfies the following inequality:

|dy(y1) — dy(y2)| < d(y1,92)-

For any representative of the class dy, the same inequality holds. Fix a
basepomt zo € M. For any function dy, choose a representative d such
that dy(xo) = 0. Then the family {d, | y € M} is equicontinuous on any
compact subsets on M. It follows that for any sequence y, in M, there
exists a subsequence ¥, such that (Zyn, converges uniformly over compact
subsets to a continuous function on M. That is, any sequence in i(M) has
a subsequence converging to a point on the closure of i(M). Therefore, the
closure of i(M) is C.(M) is compact. a

12.5. DEFINITION. — The closure of i{(M) in C.(M) is called the
Gromov compactification of M and denoted by MC.
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12.6. ProprosITION (see [BGS], §3). — If M is a Hadamard manifold,
i.e., nonpositively curved and simply connected, then M€ is the same as
the conic (or geodesic) compactification M U M (o0). In particular, for the
symmetric space X, X¢ = X U X(00).

This is the only example whose Gromov compactification has been
identified before.

12.7. LemMA. — If M = R", then for any representatives d.,ds,
of two different boundary points in M, their difference do, — d' is not
bounded.

Proof. — It follows from the explicit computation in 16.1 that for
any v € R™(00), i.e, v € R™, |v| = 1, the associated boundary function is
z € R™ — (v, z), up to a constant. Then Lemma 12.7 is clear. a

12.8. Lemma. — Let M = (II; Ap,,r,¢s) be the polyhedral cone
with the simplicial metric in 5.9. Then OMC¢ = [[] AR(oo), and for
any representatives oo, £’ of two different boundary points in M€, their
difference £, — ¢ is not bounded.

Proof. — For any two points z,y € ([ Ap,,7,¢s), we claim that
there exist closed conic domains C; 3 z, C, > y and an Euclidean space R"
such that (C; U Cy, £s) can be isometrically embedded into R".

If y is not on the cut locus of x, then there exist conic domains C;, 3 ,
Cy > y such that for any u € Cz, v € Cy, v is not on the cut locus of u and
hence connected to u by a unique DM geodesic v, . By Lemma 5.10, the
DM geodesic 7, is piecewise linear and contained in the same collection
of cones Ap , 7. The union of v, ,, where u € Cy,v € Cy, forms a subset
of |J Ap,, T that can be straightened out and embedded isometrically into
some Euclidean space R".

Suppose now that y is on the cut locus of z. The cut locus of z is a cone
of codimension 1. Similarly, the cut locus of y is a cone of codimension 1.
Let C, > x be a small closed conic domain on one side of the cut locus of y
and Cy > y be a small closed conic domain on the side of the cut locus
of z which is closer to C,. Then any points v € C;, v € C, are connected
by a unique DM geodesic 7, ,. The same argument as above shows that
(CzUCy, Ls) can be isometrically embedded into some Euclidean space R".
This proves the claim.

Then Lemma 12.8 follows from the claim and Lemma 12.7. O
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12.9. LEMMmA. — Let P be a rational parabolic subgroup of G. For
any x € X, let exp Hp(z) be the Ap component of z in the horospherical
decomposition X = Np x Xp x Ap (3.5.2). Then for any H € A}(00),

sup{(H, Hp(yz)) | v € T} < 400,
and the supremum can be achieved.

Proof. — By [HC|, Lemma 21, if H is the vector H, satisfying
B(Hy) = 8up, where a,3 € &1 (P, Ap), the above supremum is finite.
Since any H is a positive linear combination of such vectors H,, the
supremum is also finite. Since I' acts properly continuously on the partial
Borel-Serre compactification XZS (see §7.4) and Hp(yx) = Hp(z) for
v € I'p =T'N P, the supremum can be achieved by some element in I'. O

12.10. ProprosiTiON. — Let y, be a sequence in T'\X going to
infinity. If y,, is convergent in the Tits compactification T\XT, then y,, is
also convergent in the Gromov compactification I'\ X©.

Proof. — Assume that y, converges to a boundary point H,, €
Af(00) C A(T'\X). Then there exists a lift g, of y,, such that g, converges
to Heo € Af(00) C Ag(X) in the partial compactification X U Ag(X).
In the decomposition X = NpMpApzy (3.5.1), §n = £, exp(H,)zo,
where ¢, € NpMp and H,, € ap satisfy the following conditions in 8.3:

2) dx (£nxo,x0)/|Hn| — 0 as n — oo.

We claim that dp\ x (yn, ) — |Hy| converges to a continuous function
on '\ X uniformly for z in compact subsets of I'\ X. Then Proposition 12.10
follows from the claim.

Let £ € X be a lift of . Then

dr\ x (Yn, ) = inf{dx (Jn,7Z) | v € T'}.

For any v € T, it follows from Lemma 10.3 and the conditions on ¥, above
that

o & - Hn
dx (§in, 7E) = dx (PO ") + o(1) = | Hn| — (Hp (2), m) +o(1)
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where o(1) stands for functions going to zero uniformly for x in compact
subsets as n — co. By Lemma 12.9, for every z, there exists 7y € I' such
that

sup{(Hp(vz),Ho) | v €T} = (Hp(v0x), Hso ).

Since H,,/|Hy| — Hoo, we get that as n — +o0,

dx (§n,7Z) = dx (eHPhj),eHn) +o(1) = [Hy| - <HP('7j')aH00> + o(1),

and hence as n — +o0,

dr\x (Yn, ) — [Hn| — (Hp(70Z), Hoo )

uniformly for z in compact subsets. Then the claim, and hence the
proposition, follows easily. O

12.11. THEOREM (see 1.3). — The identity map on X extends to a
homeomorphism from T\ X7 to '\ X©.

Proof. — From Proposition 12.10, it is clear that the identity map
extends to a continuous map from I'\X7 to I'\XC. Since both T\X7,
IVG are compact and Hausdorff, to show that the extended map is a
homeomorphism, it suffices to prove that it is injective.

Let yn,y,, be two sequences in I'\X converging to different limits
H,,H! € A(I'\X). Denote the limit of y,,y, in ['\X® by duo,d.

respectively. Let doo,d., be representatives of doo,d.,. We claim that
deo — d is not bounded on I'\ X, in particular, do, # d...

Recall the disjoint decomposition of X in 4.6: I'\X = [ w;Ap, 7o.
Suppose that Ho, € Af (00) and H}, € Af,(00). By Proposition 12.10,
we can assume that y, = exp(H,)zo € Alp“Txo, yl, = exp(H])xo €
Ap: 1xo. Identify y, and y, with two sequences in the polyhedral cone
(LI" Ap, 10, £5) in 5.9.

Recall the map ¢ : I\ X — ([ Ap, 7%0, £s) in 5.11. By Corollary 5.13
and Lemma 5.14, there exists a constant ¢ > 0 such that for any x € '\ X,

‘dF\X(yn7$) _es(yn’ T

o(
|dr\x (U, @) — €s(yn, (z

Since Hy, # H.,, the claim follows from Lemma 12.8. Therefore, the
extended map from I'\ X7 to I'\ X is injective. O

)| <e
))| <e.
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13. Continuous spectrum and compactifications of I"\ X.

13.1. In this section, we study relations between the continuous
spectrum of I'\X and compactifications of I'\X. As mentioned in 2.2,
a natural question is to parametrize the generalized eigenspaces of the
continuous spectrum using boundaries of geometric compactifications of
IN\X. The main contribution of this section is to interpret the spectral
decomposition of L?(I'\X) due to Langlands [LA] as a parametrization
of the generalized eigenspaces in terms of the pair of compactifications
M\ X UT\X(c0), \X®BS (see 13.14-13.15).

13.2. As mentioned in 2.2, the continuous spectrum of A as a subset
in R of a complete noncompact Riemannian manifold does not change
under compact perturbations. This follows from the so-called decomposition
principle in [DL], Prop. 2.1. This implies that the continuous spectrum as a
set only depends on the geometry of the end of the manifold. On the other
hand, behaviors of generalized eigenfunctions of the continuous spectrum
under compact perturbations are more complicated. Therefore, a more
interesting question is to understand relations between the generalized
eigenfunctions and the geometry near infinity.

Since the first version of this paper was written, stronger results on
relations between the generalized eigenfunctions and the geodesics which
are EDM in both directions have been obtained in [JZ]. The classification
of EDM geodesics in this paper palys an important role in [JZ]. See the
comments in 13.18 for more details.

13.3. The generalized eigenfunctions of I'\ X are given by Eisenstein
series. We first recall several basic facts about Eisenstein series and the
spectral decomposition of L?(I'\ X) following [LA], [AR2], [MW] and [OW?2].

Let P be a proper rational parabolic subgroup of G, and 'y, be
the image of I'p in Mp under the projection Ap Np Mp — Mp. Then I'
is a cofinite discrete subgroup acting on Xp = Mp/K N Mp. Let ap be
the dual of ap. For any L?-eigenfunction ¢ of the Laplace operator A on
the boundary locally symmetric space I'j, \ Xp, we define an Eisenstein
series E(P|p, A), A € ap ® C, as follows:

EPlp,Aiz)= 3 elortNHe0m) o (20 (1)),
YErP\T

where pp is the half sum of the positive roots in ®* (P, Ap) with multiplicity
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equal to the dimension of the root spaces, and
z = (up(z), 2p(z),exp(Hp(z))) € Np x Xp x Ap

asin (3.5.2). When Re(A) € pp +apt, the above series converges uniformly
for z in compact subsets of X (see [LA], Lemma 4.1). It is a theorem of
Langlands [LA], Chap. 7, [MW], Chap. 4, [OW2], Chap. 6, that E(P|p, A)
can be meromorphically continued as a function of A to the whole complex
space ap @ C, and E(P|p, A) is regular when Re(A) = 0.

The Eisenstein series E(P|p, A) are clearly I'-invariant and hence
define functions on I'\ X.

13.4. LEmMA. — If o has eigenvalue v, i.e., Ap = vy, then for any

Ae+v-1lap,
AE(Plp,A) = (v + |pp|* + |A]*) E(P|p, A).

Proof. — From the horospherical expression of A [HC], p. 19, [MU]J,
Eq. (1.2), p. 479, [KA], Thm. 15.4.1, it is clear that the term exp((pp + A)
(Hp(x)))p(zp(x)) in the Eisenstein series satisfies the above equation.
Since A is invariant under G, other terms also satisfy the equation,
and hence the Eisenstein series E(P|p, A) satisfies the equation in the
region of absolute convergence. Since the equation is preserved under the
meromorphic continuation, the lemma is proved. O

For any f € L*(v/—1a}), define a function f on T\ X by
f(z) = / FNE(P|p, A:z) dA.
V-Ta}

It is known that f € L2(I'\X) (see [OW2], pp. 328-329 for example). For
every such pair of P and ¢, denote the span in L2(I'\ X) of all such functions
f above by L} ,(C\X).

These subspaces induce a decomposition of L?(I'\X). Denote the
subspace of L?(I'\X) spanned by LZ-eigenfunctions of the Laplace
operator A by L2 (I'\X), called the discrete subspace, and the orthogonal
complement of L3, (T'\X) in L*(I'\X) by L2, (I'\X), called the continuous
subspace. Then

LA(T\X) = LE;s(T\X) @ Lo (D\X).

con

[LA], Chap. 7, [OW2], Thm. 7.5).

The subspace L2, (I'\X) can be decomposed into the subspaces L%.’ »(IT\X)
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13.5. ProrosiTioN. — With the notation as above,
Ln(T\X) = ZZL (L\X),

where P sums over all proper rat10nal parabohc subgroups of G, and ¢ is
over eigenfunctions of ', \ Xp which form a basis of L, (T pp \ Xp)-

13.6. CoroLLARY. — For any A > 0, the generalized eigenspace of
I'\X with eigenvalue A, in the sense defined in 13.16 below, is spanned
by E(P|p,A), where P is a parabolic subgroup, ¢ an L? eigenfunction
of T'pp \Xp with eigenvalue v satisfying v < A — |pp|?, and A € v/~1a}
satisfying |A|> = X — |pp|? — v.

Proof. — 1t follows from Lemma 13.4 and Proposition 13.5. O

The sum of the subspaces in Proposition 13.5 is not direct, and the
Eisenstein series E(P|p, A) for different P are not linearly independent. In
order to find a basis of the generalized eigenspace, we need to study relation
between various Eisenstein series and subspaces LQPM(F\X ) spanned by
them.

13.7. DerINITION. — Two rational parabolic subgroups P1,Py of G
are called associated if there exists g € G such that Ad(g)ap, = ap,.

In the above definition, the split components Ap,, Ap, are the lifts
with respect to the fixed basepoint in 3.5, and hence the element g € G
above does not necessarily belong to G(Q).

Clearly, P; and P, are associated if they are conjugate. But the
converse is not true. Let C be an association class of rational parabolic
subgroups of G, and Cy, - - -, C,- be the G-conjugacy classesin C. Let P; € C;,
t=1,---,r, be representatives of G-conjugacy classes in C.

For any two associate parabolic subgroups P;,Ps, denote by
W (ap,,ap,) the set of bijections w:ap, — ap, induced by conjugation
under some elements in G.

Denote ap, by a;. Then we have the following decomposition of the
set of regular elements of a; [LA], Lemma 2.13, [OW2], p. 67.

13.8. LEMMA. — For any i € {1,---,r}, the following union:
I I wiEh
Jj=lw;;€W(a;,a,)

is disjoint and is equal to the set of regular elements in a;, where an element
H € q; is regular if for all a € ®(P;, Ap,), a(H) # 0.
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When C is an association class of minimal rational parabolic subgroups
P of G, r = 1 and the above lemma is equivalent to the fact that the Weyl
group W (g, a;) acts simply transitively on the set of chambers in a;. On the
other hand, when the parabolic subgroups in C are not minimal, W (g, a;)
does not act simply transitively on the set of chambers, and the number of
orbits is equal to r in the lemma.

For an association class C of parabolic subgroups, define a subspace
LZ(T\X) of L%(I'\ X) by

LET\X) =) ¥ Lp ,(T\X),

PeC ¢

where ¢ runs over eigenfunctions of I'p, \Xp which form a basis of
L3is(Tmp \Xp).

Then we have the following direct sum decomposition of L2 (T'\X)
[LA], Lemma 7.1, [OW2], Thm. 7.5.

13.9. ProprosiTION. — The continuous subspace L2, (T'\X) is the
direct sum of L%(T'\X) over all association classes C of proper parabolic

subgroups.

This result implies that Eisenstein series coming from non-associated
parabolic subgroups are linearly independent.

Let C be an association class of parabolic subgroups, and P; be
representatives of the G-conjugacy classes C; in C as above. For every
i€ {1,...,r}, let P;,, 1 < pu < r;, be representatives of I'-conjugacy
classes in the G-conjugacy class C;. Then P;,, 1 <4 <7, 1 < p < r;, are
representatives of I'-conjugacy classes in the association class C.

For a positive number v, let &,(v) be the L? eigenspace with
eigenvalue v of I’ Me,, \Xp,,- The spaces &, (v) are not trivial only when v
is an eigenvalue of I' Me,, \Xp,,. In the following, we always assume that v
belongs to |J; , Specy(I’ Me,, \XPp,,), the union of the discrete spectrum of
Irp,, \Xp,, - Denote this union by Spec,(C).

For everyi=1,...,r, define

(13.9.1) &) =P Ewnv).

TOME 52 (2002), FASCICULE 2



526 L. JI AND R. MACPHERSON
For convenience, identify ap,, with a; = ap, under conjugation of some
elementsin K, u=1,...,r;.

For any ¢; = (pi1,-+*,pir;) € (V) and A; € a; ® C, define
E(Pi|pi, Ai) = Z EPiulpin, As).
p=1

13.10. ProrosiTiON (see [OW2], Thm. 6.4). — For any i,j €
{1,...,r}, A; € a} ® C, and wj; € W(a;,a;), there exists a meromorphic
family of intertwining operator

C_ji(wjiaAi) 2 &(v) — 5j(V)
satisfying the following conditions :

1) For any k € {1,...,7}, wg; € W(ag,a;), wx; € W(ag,a;) with
Wi = Wj;Wky,

cri(Wki, As) = crj(Wig, wishi)cjs(wjs, Ag).

2) cji(wji,Ai)cij(wji ,wjiAi) = Id, in particular, when RG(AZ) = 0,

cji(wji, Aq) is bijective and unitary.

13.11. ProPosITION (see [OW2], Thm. 6.2). — With the notation as
above, the Eisenstein series satisfy the following functional equation : For

anyi,j €{1,...,r},
EPilpi, Ai) = E(Pjlcji(wji, Ai)pi, wjiAs).
13.12. Proposition 13.10.2 shows that dim&;(v) = dim&;(v) for

any ¢,5 € {1,...,7}. Denote this common dimension by d. Choose a basis
of o}, -+, ¢ of & (v) such that each ¢¥ belongs to one subspace &;,,(v).

For any fi = (f},---, f%), where fF € L?(v/=1a}), define
fra = [ HAE®ulet A,
v—T1ar
where 4 is uniquely determined by the inclusion ¢ € &;,(v), and

d
(13.12.1) fil@) =" ff@).
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Denote by L% ,(v/—1a*) the subspace of M, T4, L2(vV=Ta})
consisting of functions f = (f1,...,fr) = (ff,- -, f 3 fh ., f)
that satisfy the following condition: For any 4,57 € {1,...,r}, and

wj; € W(aj,az-),
d d
(13.12.2) cii(wyi, Ai) Y FH( =) f(wiki)ek.
k=1 k=1

For any f € L ,(v/—1a*), define a norm

1P = Gy ZZ / JFEA)[Pan,

i=1 k=1
where ¢ = dim a; and c is the number of chambers in a;, both of which do
not depend on ¢, and define

(13.12.3) fl@) =3 fila)

13.13. ProprosiTiON (see [AR2], Main Theorem, p.256, [OW2],
Prop. 7.4). — The map f € L% ,(vV-1a* ) — f € L*(I'\X) is an isometric
embedding onto Yi_; >0 Z(pegm(u) #...0(T\X). Denote this image
by Lg ,(T\X). Then

ox)= Y @Pr.ox)= > QL. -1
veSpec,(C) veSpec,(C)

This proposition shows that the functional equations for Eisenstein
series in 13.11 are the only relations between them. We can reformulate
Proposition 13.13 as follows.

13.14. ProroSITION. — For any rational parabolic subgroup P and
an L?-eigenfunction o on T'p.\ Xp, identify L?(v/—1 apt) with a subspace
of L*(T'\ X) through the map

fof= /\/‘ . F(MEP|p, A)dA.

Then the continuous subspace L%, (I'\X) is equal to the following direct

sum:
> D P riv-tiash,
P

where P is over all T'-conjugacy classes of proper rational parabolic
subgroups, and ¢ is over an orthonormal basis of eigenfunctions of
Lgis(FMP\XP)'
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Proof. — For any function f = (f1,...,fr) € L% (vV/—1a*) above,
it follows from the definition and Proposition 13.11 that for any
1,] € {1, e ,7'}, w;; € W(ai, Clj),

Z/ V=Twy,(a)* fik(Ai)E(Pikpi’Ai)dAi
—Z/ JE(Plp5, Ag) dA;.

By Lemma 13.8, for each fixed ¢, and 1 < j < r, wij(a;) are disjoint and
their union is a dense subset of a; of full measure, i.e., its complement is of
measure zero. This implies that

f(@) =cZZ/ | TEA)E(Piles, As) dA.

By Proposition 13.10.2, ¢;;(wj;, A;) is unitary for A; € v/—1a;, and hence

1712 = (%)ZZZ -

i=1 k=1

FE)|? dAs.

The above equations together with Proposition 3.13 implies that

L% ,(T\X) = ZE@LQ (V-1a3

=1 k=1

Since LZ(T'\X) = @, L ,(T'\ X), Proposition 13.9 implies that

20 =YY Y @ e

C i=1k=1¢p€&,,
which is equivalent to the decomposition in the proposition. O

The decomposition of the continuous subspace L2, (I'\X) in 13.14
can be interpreted as a parametrization of the generalized eigenfunction in
terms of the pair of compactifications T'\ X7 and I'\ X #P5.

First we describe a correspondence between the boundary components
of T\ X7 and T'\X %85 Let Py,---,P, be representatives of ['-conjugacy
classes of proper rational parabolic subgroups of G. Then

MXT = P\X U] 4 (o0),

i=1
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n
T\X#BS =T\X U [[Trp, \ Xp,,

i=1
where Af (c0), Tmp, \Xp, are called the boundary components of T\ X7,
I\ XRBS respectively. These boundary components correspond to each
other through convergence of DM rays as follows. For any point ¢ €
I\ X (oc0),let H € Alt, (00) € A(T'\X) be the unique element corresponding
to g under the identification I'\ X (c0) = A(T'\X) in 11.3. The geodesic
exp(tH)zo,t € R, in X projects to an EDM ray (t) in I'\ X converging to H
in the Tits compactification T\ XT. This ray (t) also converges in I'\ X #5S
to a unique boundary point in Iy, \Xp,. This correspondence between
the boundary components is inclusion reversing, i.e., Af(co) is a face of
Af,/(00) if and only if T'pr,, \Xp- is a boundary component of ', \Xp,
i.e., I'nr,, \Xp/ is contained in the closure of I'y, \ Xp. Because of this
correspondence, IWT and IWRB S form a pair of dual compactifications.

For every ¢ € T'\X(c0), identify it with H € Af(co) ¢ T\XT as
above, and identify H with a point in ap using the Killing form. For each
L2-eigenfunction ¢ on the boundary locally symmetric space 'z, \ Xp and
a positive number 7, define

E(g,¢,r) = E(P | p,V-1VTH).

Let ¢1,..., @k, - - be eigenfunctions on 'y, \ Xp, Apy = vkpk, which form
a basis of L2(T'u, \ Xp). Then we have the following.

13.15. PROPOSITION (see 2.2). — For ¢ € I'\ X (00), r >0 andn > 1,
the set of functions E(q, px,r) form a basis of the generalized eigenspace of
eigenvalue A = |p|2 + r? + vy, in the continuous subspace L2 (I'\ X).

Proof. — Let P4,...,P, be representatives of all the I'-conjugacy
classes of proper rational parabolic subgroups in G as above. For every
P;, 1 <i<mn,let pi1, ", Pik, -, be eigenfunctions on I'pp, \Xp, of
eigenvalues v; x which form an orthonormal basis of L3, (T'a,\Xp,). Then
by Proposition 13.14, we get

L2, (T\X) = ZZW ),

i=1k>1

where L2(v/—1ag") is identified with a subspace of L2
map

(T\X) through the

con

S0 F@ = [ SOBP:pus,8) dA
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Combined with Corollary 13.6, this implies that for any A in the
continuous spectrum of I'\X, the generalized eigenspace of I'\X with
eigenvalue A has a basis of E(P;|pik,A), where v, < A — |pp,|?, and
A€ v-Tagh, |A]? = X — |pp,|* — ik Since '\ X (c0) = [} Af (c0), this
implies that a basis of the generalized eigenspace of A is given by E(q, ¢, 1),
where ¢ € T'\X(00), the eigenvalue v of ¢ satisfies v < A — |pp|?, and

r = /A — |pp|? — v. This completes the proof of the proposition. O
13.16. Remark. — The generalized eigenspaces for the continuous

spectrum are defined as follows. When a spectral decomposition of the
Laplace operator A is obtained by a Fourier type transformation, the
set of functions appearing in the transformation satisfy the eigenfunction
equation AE = ME. If E is square integrable, E is an eigenfunction,
otherwise, F is called a generalized eigenfunction. Then for any A in the
continuous spectrum, the set of generalized eigenfunctions of eigenvalue A
span the generalized eigenspace of A by superposition (or direct integral).
In the example of R™, the generalized eigenfunctions are the exponential
functions eV~ (=.A) " and for I'\X, the generalized eigenfunctions are
Eisenstein series. The point of the above proposition is to get a basis
of the generalized eigenspace.

There is some ambiguity in the definition of a basis of generalized
eigenspaces. As a Hilbert space, L?(v—1ag") = L?(v/—1ag}). This implies
that we can only parametrize a basis of a generalized exgenspace up to a set
of measure zero. In order to get a concise statement in Proposition 13.15,

we used L*(v/—1ag") instead of L?(v—=Tag").

As mentioned in 2.2, Proposition 13.15 can be interpreted as
follows. The wave function exp(pp + v—1+/TH, Hp(z))¢(2p(x)) coming
from infinity in the direction of H and propagates into I'\ X along the
geodesic y(t). After scattering in I'\ X, this wave function produces a wave
function on I'\ X, which is exactly the Eisenstein series E(P|p, A), where
A = /=1/TH. Proposition 13.14 shows that every wave function on I'\ X
is obtained this way, and different triples (H, ¢, r) produce different wave
functions.

In scattering theory of Schrodinger operators on R™ or its domains,
there is a close connection between rays in geometric optics and the
quantum scattering (see [KE1] and [ME]). Proposition 13.15 gives the first
connection between rays and scattering on I'\ X.

XRBS

Since the reductive Borel-Serre compactification I'\ plays a very

ANNALES DE L’'INSTITUT FOURIER



COMPACTIFICATIONS AND LOCALLY SYMMETRIC SPACES 531

important role in describing the wave functions (or scattering states) as
above, a natural question is the following.

13.17. QuesTiON. — Can I'\ X #BS be described intrinsically in terms
of DM rays?

The answer is positive and worked out in §14. In fact, the boundary
components can be identified with the metric links of DM rays as described
in 1.6.

The scattering of the wave from infinity

exp(pp + V—-1H, Hp(z))p(2p())

along directions in A, (oco) of another parabolic subgroup P’ is given by
the intertwining operators introduced in 13.10. For a function in L?(T'\ X),
whether it belongs to the discrete subspace L, (I'\X) or the continuous
subspace L2, (I'\X) is determined by its constant terms along rational
parabolic subgroups of G. If P’ is associate to P and ¢ is a cuspidal
eigenfunction, then the constant term Ep:(P|p, A) of E(P|p, A) along P’

is given by [HC], Thm. 5, p. 44,

Eo(P o A)(2) = 3 elorrtu e @)y A)p(x).
weW (a’,a)

Because of this equation, the intertwining operators c¢(w : A) are also called
scattering matrices. Then a natural question arises:

13.18. QUESTION. — How to understand the scattering matrices in
terms of DM rays?

If '\ X is a Riemann surface, Guillemin proved in [GU] a beautiful
relation between the scattering matrix and the sojourn times of scattering
geodesics, where scattering geodesics are those geodesics which are EDM
in both directions and the sojourn time is a suitably normalized length of
the segment of scattering geodesics contained in the compact core of I'\ X.
This gives a much stronger relation between the geometry at infinity and
the scattering theory than Proposition 13.15.

In [JZ], Guillemin’s result has been generalized to all '\ X of Q-rank 1,
i.e., when the Q-rank of G is equal to 1. Instead of an exact expression
for the scattering matrices in terms of sojourn times of the scattering
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geodesics, it is shown in [JZ] that the frequencies of oscillation of the
scattering matrices c(w:A) as A — oo are exactly the sojourn times of the
scattering geodesics. The method of [JZ] only works for the Q-rank 1 case.
One difficulty in the higher Q-rank case is that instead of 1-dimensional
scattering geodesics, we should also consider higher dimensional scattering
flats, and the sojourn times need to be generalized.

14. T\ X BS T\XEBS and DM rays.

14.1. In this section, we recover the boundary components of fﬁB o
and T\X%BS from DM rays converging to them (see 14.12-14.13), in
particular, we identify the boundary components of T\ X #8S with reduced
metric links of DM rays as mentioned in 1.6, thus answering Question 13.17
positively. Combining this description with the results in §13, we propose a
description of the continuous spectrum of a “geometric finite” Riemannian
manifold in (14.20). We also identify the boundaries A(I'\XZ%) and
A(T\ X BS) with certain equivalence classes of DM rays (see 14.16, 14.19).
This section is closely related to the study of geodesics in the symmetric
space X in [KA].

In 14.2-14.4, we study the Q-rank 1 case and introduce the N-
relation. In 14.5-14.6, we introduce congruence bundles of DM rays and
use it to define the rank of a DM ray in 14.7. In 14.8-14.9, we define
the L-relation on DM rays. In 14.10, we define the mobility degree of a
DM ray. Then in 14.12-14.13, we recover the boundary components of
WBS and F\—XRBS in terms of DM rays converging to them. In 14.14,
we introduce the R-relation on DM rays. We prove in 14.16 that the set of
RL-equivalence classes can be identified with ST\ X 55 and in 14.19 that
the set of N RL-equivalence classes can be identified with T\ X #BS.

14.2. PropPosITION. — If the Q-rank of G is equal to 1, then the set
of EDM geodesics in T'\X corresponds bijectively to O(T\XE®) through
the map y(t) — lim;, oo ¥(2).

Proof. — First, we show that every EDM geodesic is convergent
in T\X?5. By Theorem 10.18, every EDM geodesic () in T'\X is the
projection of ¥(t) = (u, z,exp(tH)) € Np x Xp x Ap for some rational
parabolic subgroup P. From the description of the topology of XZ% in 7.3,
it is clear that 7(¢) converges to the boundary point (u, z) € e(P) in X5,

and hence ~y(t) converges to the image of (u,2) in d(T'\XB%) as t — +oo.
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Therefore, the map (t) — lim;_, ¥(t) is well-defined and is easily seen to
be surjective.

By assumption, dim Ap = 1. Then by Corollary 10.20, (¢) is uniquely
determined by the image of (u, z) € e(P) in d(I'\ X 2%). This implies that
this map is also injective. O

14.3. DeFINITION. — Two EDM geodesics v1(t), v2(t) in T\ X are
N-related (nil), denoted by 7 (t) Hz'yz(t), iflimg 400 d(71(t), 2(t)) = O for
suitable parametrizations of v, ys.

14.4. LEMMA. — For every rational parabolic subgroup P, and two

geodesics 7;(t) = (ui, 2;,a,exp(tH)) € Np x Xp x Ap with H € af;,

loga; L H,i=1,2, whent >0,
dr\x (71(8),72(t)) = dry,,\xpxap((21,01), (22, 2)) 2> dr,, \xp (21, 22),

where (z;,a;) also denotes the image of (z;,a;) in I'pp \Xp X Ap, and z;
denotes the image of z; in I' .\ Xp.

Proof. — Since dpr\x(11(t),72(t)) = infger dx(%1(t), g%(t)), it
suffices to prove that for every g € I,
dx (71(t), 992(t)) = drp,\xe x4p (21, 01), (22, a2)).
When g € I'p, g%(t) = (gnu2,gmz2,a2exptH), where gy € T'pyp.
By Lemma 10.3,
dx ((u1, 21,01 exptH),(gnug, gm 22, az exp tH))
Z prXAp ((Zlv al)? (gMZ27 az))
Z dFMP\XpXAp ((zla al)v (227 a2))-

On the other hand, when g € I'p = I' N P, Proposition 10.8 implies that
for t > 0,

dx (ﬁl(t)v 9’72(1')) > dx (:)’l(t)v :YZ(t)) > dI‘Mp\XpXAp ((217 al)? (ZZ’ a‘2))'

This completes the proof. O

14.5. ProPOSITION. — Assume rg(G) = 1. The N-relation is an
equivalence relation, and all the EDM geodesics in one equivalence class
converge to the same boundary point in (T\ X #55). Furthermore, the set
of the N-equivalence classes corresponds bijectively to 8(1“\_XRB ) through
the map v +— lim;_ 1 o Y(t).
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Proof. — Since I\ X35 dominates T\ X85 it follows from Propo-
sition 14.2 that every EDM geodesic converges to a boundary point in
T\XEBS and every boundary point is the limit of some EDM geodesic.
We need to show that two EDM geodesics converge to the same boundary
point if and only if they are N-related.

If two EDM geodesics 7;(t), ¢ = 1,2, are projections of ¥;(t) =
(us, 2,0, exptH;) € Np, x Xp, x Ap, as in Theorem 10.18, and P, P are
not I'-conjugate, then Proposition 11.3 implies that 71,2 are not equivalent
and hence not N-related. On the other hand, when P, P5 are I'-conjugate,
we can assume that Py, = Ps. By Lemma 11.4, when y; is N-related to
Y25 21,22 project to the same point in I'ar, \Xp,, and hence v, (t), y2(t)
converge to the same boundary point in T\XF®5S On the other hand,
when 7 (), y2(t) converge to the same boundary point in T\ X B3| we can
choose lifts 4 (¢), 42(¢) such that z; = 2,. Since dim Ap, = 1, we can choose
a1 = ag = id. Then Lemma 10.3 implies that lim;_, 1 o dx (51(t),¥2(t)) =0
and hence i, y2 are N-related. a

14.6. To study the higher Q-rank case, we need to introduce further
relations between EDM geodesics. For any EDM geodesic « in I'\ X, define
the congruence bundle(!?) of EDM geodesics containing v as follows:

C-Bundle(y) = {7 | d(7(t),7'(t)) = c a constant, for ¢ > 0},

where 7' is given a suitable parametrization. Define §(v,7’) = ¢, which
is also equal to limy—, 4 o0 d(¥(¢),7'), where d(y(t),') = inf{d(y(¢),7'(s)) |
s € R}. Similarly, for any two EDM rays ~;,72 € C-Bundle(y), we can
define 6(y1,7y2)- .

14.7. LEMMA. — For any EDM geodesic y in T\ X, 6(-,-) defines a
metric on C-Bundle(wy), and the metric space (C-Bundle(v), §) is complete.

Proof. — By Theorem 10.18, there exists a parabolic subgroup P
such that a lift in X of «(t) is of the form #(t) = (u,z,aexp(tH)) €
Np x Xp x Ap, where u € Np,z € Xp, a € Ap, and H € A;(oo),
loga | H. By Proposition 11.3, any 4’ in C-Bundle(«y) has a lift in X of the
form v/(t) = (v, 2',a’ exp(tH)) € Np x Xp x Ap, where loga’ L H. Since
dr\x (7(t),”'(t)) = c when t > 0, where c is a constant, there exists a lift '

(10) The name of a bundle of EDM geodesics is suggested by the bundles of geodesics
in [KA].
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such that dx (5(t), ’;’(t)) = cwhen t > 0. By Lemma 10.3, this implies that
u = u'. Conversely, when u = v/, any two such geodesics 7, 7’ in X project
to two congruent geodesics in I'\X. These two geodesics 7, ';’ project to
the same geodesic in T'\ X if and only if (z,a), (2/,a) project to the same
point in 'y \Xp x Ap. Therefore, we get the following identification:

C-Bundle(y) 2 'y \Xp x Span(H)?,

where Span(H )1 is the orthogonal complement in ap of the line Span(H)
containing H, and I'yz, is the discrete subgroup of Mp projected from I'p
under the map P = NpMpAp — Mp.

By Lemma 11.4, under this identification, 6(.,.) is the distance

function on I'ps, \Xp x Span(H)* induced from the Riemannian metric of
Ty \Xp X Ap and hence complete. O

14.8. DeFINITION. — For any EDM geodesic «y in I'\ X, the rank of vy
is defined as

r(y) = max{k € Z | there exists a faithful isometric
action of R*~! on C-Bundle(v)}.

An EDM geodesic 7' in C-Bundle(v) is defined L-related (linearly) to ~
ifv,~" belong to one R"~!-orbit of a congruence bundle C-Bundle(vy) of the
isometric action of R"~!, where r = r(7).

14.9. LEMMA. — The L-relation is an equivalence relation on the set
of EDM geodesics in '\ X .

Proof. — If ~(t) is the image of #(t) = (u,z,aexp(tH)) €
Np x Xp x Ap with H € a*, then the rank of v is equal to dim Ap,
i.e., the Q-rank of P. By definition, if two EDM geodesics are L-
related, then they belong to the same congruence bundle. Two geodesics
¥ = (us, zi,a;exptH), i = 1,2, in C-Bundle(ry) project to two L-related
EDM geodesics in I'\X if and only if u;,us project to the same point
in I'np\Np, and 21, 22 project to the same point in I'pp \Xp. Then it is
clear that the L-relation defines an equivalence relation. O

14.10. DEFINITION.

1) For any EDM geodesic in T\ X, the finite bundle of EDM geodesics
containing ~y is defined as

F-Bundle(y) = {7’ | lim supd(v(t),7'(t)) < +o0}.
t——+4o00
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2) A finite bundle F-Bundle(vy) of EDM geodesics corresponds to an
equivalence class defined in (1.1, 9.1) and hence a point ¢ = [y] € T\ X (c0).
The set of the N-equivalence classes in this finite bundle, F-Bundle(v)/N,
is called the metric link of the finite bundle F-Bundle(y), and denoted
by S(v). It is also called the metric link of the point ¢ € I'\X(c0), and
denoted by S(q) as in 1.6.

3) The L-relation restricts to an equivalence relation on a F-Bundle(vy),
and the dimension of the quotient F-Bundle(vy)/L is called the mobility
degree of the EDM ray .

4) The L-relation defines an equivalence relation on the metric link
S (’y)~, and the quotient S(y)/L is called the reduced metric link and denoted
by S(v). (See Remark 14.20 for another definition of the reduced metric
link.)

Remarks. — 1) The F-Bundle(«) is just the equivalence class of EDM
rays containing <y in the sense (see 1.1, 9.1). Such a set of geodesics in the
symmetric space X is called a finite bundle by Karpelevic in [KA]. Since we
have several relations in this section, we use the finite bundle to distinguish
it from other relations.

2) The metric link S(7y) can be identified with the congruence bundle
C-Bundle(v) in 14.5.

14.11. Recall from 7.3 that for any rational parabolic subgroup P,
e(P) = NpxXp is the boundary component associated with P in the partial
compactification X BS. Then the image of e(P) in I'\ X 85 is I' p\ e(P), where
I'e =I'NP. Let Py,...,P, be representatives of I'-conjugacy classes of
proper rational parabolic subgroups in G. Then

N\XB%=r\xu ﬁ I'i\e(P;),

=1

where I'; = I' N P;, and T';\e(P;)’s are called the boundary components
of T\ X B5. Similarly,

T\X®BS = T\X U [[ T'ns, \é(P),
i=1
where é(P;) = Xp, and I'yy, = T'; N Np \I'; is the image of I'; under the
projection P, — Mp, , and I'ps, \é(P;) are called the boundary components
of [\ X ®BS,
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14.12. ProrosiTioN. — Every EDM geodesic ~ converges to
a boundary point in T\XBS. Let T';\e(P;) be the unique boundary
component containing lim;_, o, y(t). Then I';\e(P;) can be identified with
F-Bundle(y)/L, the set of L-classes in F-Bundle(7y).

Proof. — By Theorem 10.18, 7 is the projection in I'\X of a
geodesic in X of the form 4(t) = (u,z,aexp(tH)) € Np x Xp X Ap,
where u € Np, 2 € Xp, a € Ap, and H € Af(c0). Then 4(t) converges to
(u,z) € e(P) in XBS as t — 400, and hence 7(t) converges in I'\ X 55 to
the image of (u, z) in I';\e(P;), where P; is the unique representative which
is I-conjugate to P. By Proposition 11.3, all EDM geodesics in F-Bundle(y)
have lifts in X of the form (v, 2’,a' exp(tH)) € Np x Xp x Ap, where
u € Np,2’ € Xp, a’ € Ap. Then it is clear from the definition of the
L-relation that the quotient F-Bundle(y)/L can be canonically identified
with I';\e(P;) by mapping the geodesic (v, 2’,a’ exp(tH)) to the image of
(W', 2") in T;\e(Py). O

Similarly, we have the following description of the boundary
components of '\ X 55,

14.13. PropPOsSITION (see 1.6). — Every EDM geodesic 7y converges
to a boundary point in T\X®BS. Let I'5; \é(P;) be the unique boundary
component containing the limit point lim;_, 4 oo y(t). ThenT'ps,\é(P;) can be
identified with the reduced metric link S (7), i.e., the boundary component
T2, \é(P;) can be identified with the reduced metric link S(q), where

g =[] € I'\X(c0).

In the following, we introduce more equivalence relations on EDM
geodesics and identify the boundaries d(T'\XZ%) and 9(I'\XFBS) with
certain equivalence classes of EDM geodesics.

14.14. DEFINITION.

1) Two L-equivalence classes [yo]r and [y1]r are R-related (rotatio-
nally) if there exist representatives y(t) and v1(t) and a family of EDM
geodesics 75 (t) connecting them such that the mobility degree of v4(t) does
not change, and d(vs, (t),7s,(t)) = c|s1 — s2|t when t > 0, where c is some
constant.

2) Two geodesics 7o(t) and 7,(t) are RL-related if their L-classes
[v0(t)] and [y1(t)]L are R-related.
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14.15. LEMMA. — The RL-relation is an equivalence relation on EDM
geodesics on '\ X.

Proof. — From the proof of Lemma 14.9, we see that any EDM -y
geodesic in I'\X which is the projection of a geodesic in X of the form
¥(t) = (u,z,aexp(tH)) € Np x Xp x Ap has mobility degree equal to
dim Np + dim Xp.

We claim that another EDM geodesic 4’ is RL-related to - if and only
if v has a lift in X of the form ;’(t) = (u,2,a' exp(tH')) € Np x Xp x Ap,
where o’ € Ap, H' € a} are arbitrary. Then the lemma follows easily from
the claim.

Suppose first that 4’ has such a lift. Recall the disjoint decomposition
X = ]_Ig Ap, 7z from Proposition 4.6. By the proof of Lemma 14.9, the
L-equivalence class of v does not depend on a. We can choose a = a’
and loga > 0 such that for some 7 and ¢t > 0, v(¢),7(¢t) € w;dp, .
Connect v and +' by the family of DM rays which are projections of
s(t) = (u,z,aexp(tHs)) € Np x Xp x Ap, where H, = sH + (1 — s)H’,
s € [0,1]. Then this family satisfies the property in Definition 14.14. In
fact, let w be the component of 4(0) = 4/(0) in w;. Then the family of rays
vs(t),t > 0, are contained in wAp, 7. By the same proof of Proposition 5.12,
we can show that the Riemann distance of I'\ X restricts to the metric dg
on wAp, v = ap, r induced from the Killing form. Then the property in
Definition 14.14 is clear.

On the other hand, suppose that v and 4’ are RL-related.
Then v(0) = +/(0). Let v/(t) = («,2',a’ exp(tH')) € Np/ x Xp: X Ap:
be the lift of 7/(0) with 4’(0) = 7(0) € X. we claim that P’ = P.
If not, the connecting family of EDM geodesics vs(t) also lifts to a
family 7,(t) = (u(s),2(s),a(s)exp(tH(s))) € Nps) X Xps) X Ap(s) with
7s(0) = 4(0), where P(s) is a parabolic subgroup. Since P # P’, the
dimension of Ap(, will change as s changes from 0 to 1. By the first
paragraph, this implies that the mobility degree of v, will change also. This
contradicts the assumption on the family vs. So P’ = P. Since 7(0) = 3'(0),
uaz = v'a’z’. By the uniqueness of the horoshperical decomposition (3.5.2),
u =1u',z = Z’, and hence the claim is proved. m]

14.16. ProrosiTion. — All the EDM geodesics in a RL-equivalence
class converge to the same point in 8(I'\XP%), and the set of the RL-
equivalence classes corresponds bijectively to &(T\ XBS) through the map

A(t) = limy, 400 (1)
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Proof. — From the definition of T\XZS that an EDM geodesic
which is the projection of a geodesic in X of the form (u, z,aexp(tH)) €
Np x Xp x Ap converges to the image of uz in O(I'\XBS). Then
Proposition 14.16 follows from the claim in the proof of Lemma 14.15.

O

14.17. DeFINITION. — Two EDM geodesics v, and 72 in I'\X are
N RL-related if there exists a EDM geodesic v’ such that ' is RL-related
to v1, and v’ is N-related to ys.

14.18. LEMMA. — The N RL-relation defines an equivalence relation.

Proof. — By Lemma 11.4 and Proposition 11.3, two EDM rays
1,72 in T\X are N-related if and only if they have lifts of the form
7i(t) = (u4, zi, a;exp(tH;)) € Np x Xp X Ap with 21 = 23, a1 = ag, and
H,; = H, for some rational parabolic subgroup. Combining with the proof
of Lemma 14.15 which identifies RL-classes, we conclude that two EDM
rays vi,v2 are NRL-related if and only if they have lifts of the form
Yi(t) = (u4, 2i,a;exp(tH;)) € Np x Xp X Ap with z; = 2. a

14.19. ProprosiTioN. — The set of the N RL-equivalence classes cor-
responds bijectively to d(T'\ X #BS) through the map v — lim;_, ;o0 Y(t).

Proof. — It follows from Proposition 14.13 that every EDM geodesic
in I'\ X converges to a boundary point of I'\ X #55. Then the proposition
follows from the conclusion in the proof of Lemma 14.18. O

14.20. Remark. — Proposition 14.13 shows that T'\ X #85 is analogous
to the Karpelevic compactification of the symmetric space in [KA], §13. In
fact, as mentioned above, the definitions of finite bundles and N-relation
are adapted from [KA].

Before divided out by the L-relation, the congruence bundles
C-Bundle(y) have infinite volume in general (see the proof of Lemma 14.6).
So the L-relation is a renormalization procedure.

If we want to recover only the boundary components of I'\ X 55 from
EDM geodesics converging to them, there is a better alternative way as
mentioned in 1.6, which can be generalized to other manifolds.

Given an EDM geodesic v in I'\ X, consider the finite bundle of EDM
geodesics F-Bundle(wy). Identifying any two geodesics which are N-related,
we get the metric link S(v), which can also be identified with C-Bundle().
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By the proof of Lemma 14.7, this metric link S(y) is the product of
a boundary locally symmetric space I'pp\Xp of finite volume and an
Euclidean space. Then we renormalize the metric link S(vy) by dropping
the Euclidean factor to get the reduced metric link S(7) that has finite
volume. 1)

The advantage of this definition of the reduced metric link is that it
can be generalized to other manifolds in the next remark.

14.21. Remark. — It seems that the approach in 14.20 can be
generalized to a “geometrically finite” complete noncompact Riemannian
manifold to yield boundary components of reductive Borel-Serre type. Then
these boundary components may form the boundary of a compactification
of the manifold which is dual to the geodesic compactification, whose
topology satisfies the property that an EDM ray converges to a point in its
boundary component. And this pair of dual compactifications can be used
to describe the continuous spectrum of the manifold (see the next remark).

More precisely, by a geometric finite manifold M, we mean that
Assumptions 9.11 and 9.16 are satisfied. The finite bundles and the N-
relation on them can clearly be defined, and so the metric link can
be defined. By normalizing the metric link in a suitable way, we get the
reduced metric link of finite volume. The reduced metric links are analogues
of the boundary components in the reductive Borel-Serre compactification.
Clearly, two equivalent EDM geodesics define the same reduced metric link.

14.22. Remark. — Using this construction of boundary components,
we propose the following description of the continuous spectrum of a
“geometrically finite” complete manifold M. Any equivalence class of EDM
rays [y] € M(oo) and a function (or an eigenfunction) on the boundary
component of v produce one dimensional continuous spectrum (a half line);
and the union of these spectra is the continuous spectrum of M.

The results in §13 (see Proposition 13.15) show that this picture is
true for I\ X. If M = X is a Riemannian symmetric space of noncompact
type, then the above picture is also true. In fact, for every geodesic v in X,
its metric link is a product of a Riemannian symmetric space of noncompact
type of lower dimension and an Euclidean space [KA], §7. Since both factors

(11) We need this normalization in order to get square integrable eigenfunctions on the
reduced metric link.
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have infinite volume, the reduced metric link is a point, and hence the dual
compactification is the one point compactification M U {oo}. Then Harish-
Chandra’s theory of Plancherel formula shows that the above description
of the continuous spectrum holds for X (see [J1] for more details).

If M is a manifold with corners and the metric is an exact b-metric as
in [ME, 7.9], then Assumptions 9.11 and 9.16 are easily seen to be satisfied,
because the metric has product structure near every point at infinity. The
boundary components of EDM geodesics are the boundary faces of the
manifold, and the dual compactification is homeomorphic to the manifold
with the corners. And the above picture is consistent with a conjecture of
Melrose [ME], Conj. 7.1. In fact, for boundary face of M of codimension p,
it seems that the set of EDM classes in M (0co) whose boundary component
is the given face form a simplex of dimension p — 1. This should be the
“(pseudo-)manifold” as remarked by Melrose in [ME], Footnote 38, p. 93.

15. The Martin compactification of I'\ X

15.1. In this section, we construct a minimal function in C)(T'\X) =
{u € C®(I"\X) | Au = Au,u > 0}, A < 0, for every point in the geodesic
boundary I'\ X (co) (see 15.7). When the Q-rank of I'\ X is equal to 1, we
show that every minimal function in C,(I"\X) is one of those constructed
above and hence identify the minimal Martin boundary Ox minI'\X with
M\ X (o) (see 15.15). Suggested by these results, we conjecture that the
geodesic compactification I'\ X U IT'\ X (00) is the Martin compactification
of I'\X (see 15.14). Since the geodesic boundary I'\ X (c0) is the same as
the Tits complex A(I'\X) (see 11.3, 11.8), in the following, we use the Tits
compactification T\ X7 and its boundary A(T'\X) instead of the geodesic
compactification for technical convenience.

In 15.2-15.4, we introduce the Martin compactification of a Rie-
mannian manifold and related concepts. For every point in A(T'\X), we
define an Eisenstein series in 15.5. To prove that these Eisenstein series are
minimal 15.7, we recall the Martin compactification of X in 15.8-15.10.
Then the minimal property follows from the ergodicity of the I'-action on
the maximal Furstenberg boundary of X. To identify minimal functions in
Cx(I'\X) (see 15.15), we use the Harnack inequality to show that every
element in C,(I'\X) has moderate growth (see 15.17) and a minimal one
is an automorphic form 15.18-15.19. Then the Q-rank 1 assumption allows
us to identify these automorphic forms.
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15.2. Let M be a complete non-compact Riemannian manifold, A its
Laplace operator which is normalized to be non-negative, and Ag(M) the
bottom of the spectrum of A,

_ S Aw)u '

weCE(M) [, u?
Then it is known that the cone Cx\(M) = {u € C°(M) | Au = lu,u > 0}
is non-empty if and only if A < X\g(M) (see [SU2]). Clearly, CA(M) is a
convex cone. A basic question in potential theory is to understand this
cone, in particular, its generators.

We recall several basic facts about the Martin compactification. For
more detailed discussions, see [GJT]. For A < Ao(M), let Gx(z,y) be the
Green function of A — A. Then AG)\(z,y) = AGa(z,y), Ga(z,y) > 0 for
every y. Fix a basepoint zo and define Ky(z,y) = Ga(z,y)/Gr(zo,y).
Then K)(zg,y) =1 for any y # xo.

A sequence y, in M going to infinity is called a fundamental sequence
for the Martin compactification for A if K (z,y,) converges uniformly
over compact subsets to a function on M. Two fundamental sequences
are equivalent if they give rise to the same limit function. Then the
Martin boundary 9\M is defined to be the set of such equivalence
classes of fundamental sequences. For each equivalence class £ € O\ M,
we denote the corresponding limit function by K)(z,&), which clearly
satisfies (A — AN Kx(z,£) = 0, Kx(z0,£) = 1, Kx(z,£) > 0 for all z € M.
The topology of the Martin compactification M Ud\ M is defined as follows:
a sequence Yy, in M U 9 \M converges to a boundary point £ if and only
if Kx(z,yn) converges to K(z,£) uniformly for z in compact subsets of M.

For Ao = M(M), if Gy,(z,y) exists and is positive, we define
the compactification M U 0\,M as above. Otherwise, the cone C), is
one dimensional, and hence M U 9),M is defined to be the one point
compactification.

15.3. DEFINITION. — A function v € C\(M) is called minimal if any
function v € Cx(M) which is bounded by u is a multiple of u. A boundary
point £ € 0\M is called minimal if the function K (z,€) is minimal.

Clearly the minimal functions are the extremal elements of the
cone Cy(M). Denote the set of these minimal points in d\M by 9 min M.
Then Oy minM is a G set, i.e., the union of a countable open sets. In some
cases, for example, symmetric spaces X of rank greater than or equal to 2,
it is a proper subset of 9\ M (see [GJT] and Proposition 15.8 below).
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The motivation for the introduction of the minimal Martin boundary
is the following integral representation formula.

15.4. ProPoOSITION. — Given any positive solution u of Au = \u,
i.e., u € C\(M), there exists a unique positive measure y on 9y minM such
that

u(z) :/a | MK,\(Jc,ﬁ)d/i(ﬁ)-

This measure is called the representing measure of u. If v is another positive
solution bounded by u, then the representing measure of v is absolutely
continuous with respect to u. In particular, all the minimal functions in
Cx(M) are multiples of Kx(z,€), § € Oxmin M.

Proof. — For domains in R™ and A = 0, this result was proved by
Martin in [MA], Thm. III, p. 160. The same argument also works in the
more general situation here. O

The existence of Ox minM and the integral representation formula can
also be obtained from Choquet Theorem in abstract potential theory [BR].
But the approach of Martin compactification is constructible.

In general, among this family of compactifications, the most
interesting one corresponds to A = 0, which is the classical Martin
compactification and describes positive harmonic functions.

In our situation, M = T\X, XM(T\X) = 0, and all positive
harmonic functions are constant, and hence I'\X U JpI'\X is the one
point compactification. Therefore, in the rest of this section, A is assumed
to be negative unless otherwise specified.

15.5. We now construct functions of C(I'\ X) using Eisenstein series.
For any rational parabolic subgroup P, let pp be the half of sum (with
multiplicity) of the positive roots in ®*(P, Ap). Identifying the dual a}
with ap using the Killing form (., . ), we get pp € a}.

For £ € A (o), ie., € € ap and ||€]| = 1, choose a positive number
¢ = ¢(£) such that

(pp + &, pp + c€) = (pp, pp) — A

(this choice of c¢(§) is explained in the proof of Lemma 15.6 below).
Since A < 0, such c(€) exists and is unique. For any z € X, write

TOME 52 (2002), FASCICULE 2



544 L. JI AND R. MACPHERSON

z = (up(z),zp(x),exp(Hp(z))) € Np x Xp x Ap (3.5.2). Define the
Eisenstein series E¢(x, \) for £ by

(15.5.1) Ee(z,A) = Y exp((2pp + c&, Hp(7z))).
YETP\T

This Eisenstein series is a special case of E(P|p, A) in 13.3 when ¢ = 1.

15.6. LEMMA. — The series defining E¢(x, \) converges absolutely,
and E¢(z, ) is a positive solution of Au = Au.

Proof. — By a result of Godement [HC], p. 31, Remark 1, this series
converges uniformly for z in compact subsets, and hence defines a positive
smooth function on X. Since I'p = I' N P leaves Hp(z) invariant, E¢(z, \)
is I'-invariant and hence descends to a function on '\ X.

From the expression for the horospherical part of the Beltrami-Laplace
operator A of X (see also the proof of Lemma 13.4), we get

AE¢(z, ) = ((pp + c&, pp + c€) — (pp,pp))Eg(I,/\) = )‘Eé(xv’\)'

(This equation explains the choice of ¢ = ¢(§) above.) a

Normalize the value of E¢(z, \) at zo by setting
E¢(z,\) = Ee(z,\)/Ee(x0, ).

Then E¢(z,\) > 0, E¢(zo,A) = 1, and (A — N)Eg(z,\) = 0. If £,& €
Ag(X) = [Ip A (00) are conjugate under I', then Ee (z,)) = Egz (z, A).
Therefore, we can define a unique function E”g(x,)\) for every boundary
point in £ € A(T\X).

15.7. PrOPOSITION. — For any £ € A(I'\X), the function Ei(x, A) Is
minimal. And if¢’ € 8(P\XT) is a different point, then E¢(z,\) # E¢(x, ).

To prove this proposition, we need to recall several results on
the Martin compactification of X. Since X uses the real Langlands
decomposition while I'\ X uses the rational Langlands decomposition, we
need to point out the difference between these two decompositions.

For every real parabolic subgroup P of the Lie group G = G(R),
let Ap be the maximal split torus in P stable under the Cartan involution
of the fixed basepoint zy, and Mp the complement of Ap in the Levi factor
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of P. Then P admits a real Langlands decomposition P = NpMpAp as
in (3.5.1). Define Xp = Mp/K N Mp. Then Xp is a symmetric space of
noncompact type and called the boundary symmetric space for P. The
real Langlands decomposition of P induces an horospherical decomposition
X = Np x Xp x Ap as in (3.5.2). For any x € X, denote its component
in Ap by exp(Hp(z)), and its component in Xp by zp(z).

When P is a rational parabolic subgroup of G, its real locus P
is a real parabolic subgroup of G. Then Np = Np, but the maximal
Q-split torus Ap is contained in the maximal real split torus Ap, and
Mp contains Mp. Unless Ap = Ap, the boundary symmetric space Xp
defined through the rational Langlands decomposition of P differs from the
boundary symmetric space Xp defined for the real parabolic subgroup. In
fact, let A}P;'. be the orthogonal complement of Ap in Ap with respect to the
Killing form. Then Xp = AY x Xp. Let pp be the half sum of the (positive)
roots of the adjoint action of Ap on Np with multiplicity as in 13.3, and pp
be the half sum of the (positive) roots of the adjoint action of Ap on Np.
Then pp = pp, and pp is perpendicular to a%, the Lie algebra of Ag.
Denote by exp Hp(z), exp Hp(z) the Ap, Ap-components of z € X with
respect to the two horospherical decompositions X = Np x Xp X Ap,
X = Np x Xp x Ap. Then for any £ € ap,

(15.7.1) e(2eP+6Hp(2)) _ o(20p+€,Hp ()
Denote the maximal Satake-Furstenberg compactification of X by

XSF [SA1], [FU]. Then one of the results in [GJT], Chap. 1, §1, is the
following.

15.8. PROPOSITION. — For A < A\o(X) as above,
X =[] Xp5F x Af(c0),
P
where P is over all the proper parabolic subgroups of the Lie group G. And
the minimal Martin boundary is given by

6/\ymiﬂX = H A;(OO),
P is minimal
where P is over all minimal real parabolic subgroups of G, and for such P,
Xp is a point.

Let P be a minimal parabolic subgroup of G. For any £ € Z_IE(OO),
the corresponding minimal K (z, &) function is given as follows: Let pp be
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half sum of the (positive) roots of the adjoint action of Ap on Np. Then
for any z € X,

Ki(z,€) = el2pptct,Hp(2))

where ¢ = ¢(€) is chosen as in 15.5 above (see [GJT], Thm. 8.2, [KA],
Thm. 17.2.1). The Martin kernel Kj(z,£) for other boundary points can
also be written down explicitly.

If P is not a minimal real parabolic subgroup, then the corresponding
functions e{2PP+¢&.HpP(2)) are not minimal. This implies that unless the real
locus P of the rational parabolic subgroup P is a minimal real parabolic
subgroup, every term of the Eisenstein series E¢(z,A) in Equation (15.5.1)
for points in £ € A} (0o0) is not a minimal function in Cx(X), and hence
it is not obvious that Fe(z,A) is a minimal function in Cy\(I'\X). For
this purpose, we need to represent e{2?P+<6¢.Hr(2)) a5 superpositions of the
minimal ones.

15.9. LemmA. — For any minimal parabolic subgroup P of G, pp/|pp|
defines a point in A} (co), which is the barycenter of the simplex Af(co).
Then the union

H pP/lpP| C 8/\,minX
P is minimal
can be identified with the maximal Furstenberg boundary G/P = K/KNP,
denoted by §(X). Furthermore, the representing measure of the constant
function 1 on X is the Haar measure on the maximal Furstenberg boundary
F(X) when identified with K/K N P.

Proof. — For definition of the maximal Furstenberg boundary and
the determination of the representing measure of 1, see [FU]. For the
the identification of this union with the maximal Furstenberg boundary,
see [KA], Thm. 18.1.1. O

For the boundary symmetric space X p of noncompact type for a real
parabolic subgroup P, denote its maximal Furstenberg boundary by §(Xp).

15.10. LEMMA. — Let P be a rational parabolic subgroup of G. If
the real locus P is not a minimal real parabolic subgroup of G, then for any
¢ € Af(0), the representing measure of the function e?PP+e(9)&He(@) jg
supported on F(Xp) x {¢€} C (XpSF x A} (00)) N O\ minX and is equal to
the Haar measure under the identification §(Xp) x {¢} = §F(Xp), where
Xp is the noncompact type factor of Xp, i.e., the boundary symmetric
space associated with the real parabolic subgroup P.
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Proof. — By Equation (15.7.1),

e(20p+&,Hp(2)) — o(20P+&,Hp(x))

Hence we can use the horospherical decomposition X = Np x Xp x Ap for
the real Langlands decomposition of P.

For any minimal positive solution b of Ab = 0 on the boundary
symmetric space Xp of noncompact type, define a function on X by
z s elPP+eOLHP(@)p(2p(z)), where zp(z) is the component of z in
Xp in the horospherical decomposition X = Np x Xp X Ap. Then from
the above description of the minimal functions on X and hence on Xp,
it follows that the function e{PP+<(©)&Hr(2))p(2p(2)) above is a minimal
solution of Au = Au on X. Treating the function e(PP+c(&)&Hr(2)) 55 the
product of e{PP+e(©)&Hr(2)) with the constant function 1 on Xp, we get
from Lemma 15.9 that the representing measure of e{PP+c(O)&HP(2)) jg
supported on §(Xp) x {¢} and is equal to transplantation of the Haar
measure on §(Xp) C Oy minX. O

To prove Proposition 15.7, we also need the following result from
ergodic theory.

15.11. LEmMA. — For a rational parabolic subgroup P, let I'ps, be
the image of I'p = I'N P in M p under the projection P = NpApMp — Mp
for the real Langlands decomposition. Then I'ps, acts ergodically on the
maximal Furstenberg boundary §(Xp).

Proof. — It is known that for the rational Langlands decomposition
P = NpAp Mp, the projection of I'p in Mp is a cofinite lattice (see [BJ],
Prop. 2.6). Then I'yy,, is the image of I'js,, in the quotient Mp = Mp/AD
and hence a cofinite lattice in Mp also. Thus it suffices to prove that I' acts
ergodically on the maximal boundary G/ P, where P is a minimal parabolic
subgroup of G. Assume first that I" is an irreducible lattice in G. Then [ZI],
Thm. 2.2.6, shows that P acts ergodically on G/T', and [ZI], Cor. 2.2.3,
implies that I" acts on G/P.

If T' is reducible, say I' & TI'; x I'y, up to finite index, where

I'; is an irreducible lattice in G;, ¢ = 1,2, and G = G; X G3. Since
G/P = G1/P, x Gy/ P2, where P; is a minimal parabolic subgroup of G;,
and I'; acts ergodically on G;/P;, it follows that I" acts ergodically on G/P.
O
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15.12. Proof of Proposition 15.7. — Consider Eg(x, A) as a I'-
invariant function on X. Since the representing measure of the sum of two
functions in C, (X) is the sum of the representating measures, by adding the
representing measures of the summands of the Eisenstein series EE (z, N,
we get from Lemma 15.10 that the support of the representing measure
dpe of Eg(z, A) on O minX is equal to the closure of the following disjoint
union:

[T +&&Xp) x{eh),

Y€I'/Tp

where we have used the fact that I'p leaves the set F(Xp) x {£} invariant,
and that the restriction of du¢ to each subset F(Xp) x {{} = F(Xp) is
a multiple of the Haar measure on §(Xp) defined in Lemma 15.10. It
should be pointed out that since the Martin kernel functions are not I'-
invariant, but rather I'-quasi-invariant, this representing measure du, is
also I'-quasi-invariant, but not I'-invariant.

If u € CA\(I'\X) is bounded by Eg(w,)\), then, by Proposition 15.4,
the representing measure du, of u is of the form fdue, where f is an
integrable function on the support of du¢. Since du, and dug are I'-quasi-
invariant with the same module of quasi-invariance, f is invariant under I,
and hence its restriction to each subset y(F(Xp) x {€}) is invariant under
YT arpy~!. Then Lemma 15.11 implies that the restriction of f to each
subset Y(F(Xp) x {£}) is constant. The I'-invariance of f implies that f
takes the same value on different subsets v(F(Xp) x {£}). Therefore, the
representing measure du, of u is a multiple of du¢, the representating
measure of Eg(x, A), and w is a multiple of EE (z,A). This proves Eg (z, )
is minimal.

If ¢ is a different point in A(I'\XT), then the support of the
representing measure of Egr(x,/\) is disjoint from that of E’g(x,)\).
Therefore Eg: (z,A) is not equal to Eg(x,)\). This completes the proof
of Proposition 15.7. O

15.13. ProrosiTioN. — For every A < 0, there is a canonical injective
map ¢ : T\XT — I'\X Ud,\I'\X given by £ — E¢(z,)) on the boundary
and equal to the identity map in the interior.

Proof. — By Proposition 15.7, for every § € A(I'\X) = 0I'\X T the
function E¢(z, A) is a minimal function of Cx(I'\X). Then Proposition 15.4
implies that E¢(z,\) is equal to K (z,n) for a unique point n € 0 I'\ X.
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This defines a map ¢: 0T\ X7 — 9\I'\X, «(§) = n. Proposition 15.7 also
shows that this map ¢ is injective. Combined with the identity map on I'\ X,
it gives the required map ¢:T\XT — '\ X U\ X. O

15.14. CONJECTURE (see 2.1). — Themap ¢ : T\ X7 — T\X U\ X
is continuous, and hence ¢ is a homeomorphism. In particular, the
Martin boundary 9 I'\X can be identified with the Tits complex
A(I\X) = &(T"\XT), in particular, in particular every boundary point
in O\I'\X is minimal.

The evidence for this conjecture is as follows: The map ¢ has a
dense image. If it is continuous, then it is surjective; since both IvT
and T'\X U 0,I'\X are compact and Hausdorff, it follows that ¢ is a
homeomorphism.

It can be shown that the restriction to the boundary ¢|ar\x)
continuous. The problem is the continuity from the interior to the boundary.
From the definition of I'\X U 8,I'\ X, the continuity of ¢+ depends on the
asymptotic behavior at infinity of the Green function G,(z,y) of T'\ X.
But such asymptotics are not known except for the case of Riemann
surfaces. For Riemann surfaces with hyperbolic metric, this conjecture is
true (see 16.2 below).

In the rest of this section, we prove the following weaker result.

15.15. ProPOSITION (see 2.1). — When the Q-rank of '\ X is equal
to 1, every minimal function in Cx(I'\X) is a multiple of E¢(x, \) for some
& € A(T\X), and hence the minimal Martin boundary O minI'\X can be
identified with the Tits complex A(T\X) = (T\XT).

To prove this theorem, we need to recall some results from theory of
automorphic forms. In the following, we identify a function on I'\X with
a I invariant function on X.

15.16. DEFINITION. — A function uw on I'\X has uniform moderate

growth if for every rational parabolic subgroup P and any Siegel set

wAp 1z, there exists A € agf such that for any invariant differential
) P Ly

operator D on X,
IDu(w exp(H))| < (D) exp(A(H)),

where w € w, exp(H) € Ap 4, and c(D) is a constant depending on D.
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15.17. LemMmA. — If u € CA(T'\X), then v has uniform moderate
growth.

Proof. — Consider u as a positive solution of Au = Au on X. By
Harnack inequality [GT], Thm. 8.20, there exists a positive constant ¢ such
that for any two points z1,z2 € X with d(z1,22) < 1, u(z1) < cu(zz). By
iteration, there exists another positive constant c; such that for any z € X,
u(z) < u(zo) exp(crd(z, zo)).

By Lemma 10.3, there exists A € af such that for any z =
wexp(H)zo € wApxo, d(z,z9) < A(H). Combining with the above
inequality, we get that

u(z) < u(xzo) exp(c1A(H)).

To get the bound for other invariant differential operators D, we
notice that ADu = ADu. Then the bounds follow from the Schauder
interior estimates [GT], §6.1, the above bound for u, and the induction on
the degree of D. O

15.18. LEmMMaA. — Ifu € C\(I'\X) is minimal, then for any invariant
differential operator D on X, there exists a constant x(D) such that
Du = x(D)u.

Proof. — A function ®(z,y) on X x X defines a G-invariant integral
operator with compact support,

du(z) = / ®(z,y)u(y)dy, ueC>®(X)
if the following conditions a),(re satisfied:
1) For any g € G, ®(gz, gy) = ®(z,y).
2) There exists a positive constant c¢ such that ®(z,y) = 0 if
d(z,y) > c

Then it follows from [SE2|, p. 51, that A®u = APu. Since @ is G-
invariant, we can see easily that ®u is ['-invariant, and hence defines a
function on T'\ X.

We first prove that for any such integral operator ®, ®u is a multiple
of w.

If ® is positive, then Pu is positive and hence belongs to Cy(I'\X).
It follows from the compactness of the support of & and the Harnack
inequality [GT], Thm. 8.20, as in the proof of Lemma 15.17 that ®u is
bounded by u. Since u is minimal, ®u is a multiple of u.
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In general, any such integral operator ® can be written as the
difference of two positive G invariant integral operators with compact
supports, and hence ®u is also a multiple of u.

Next we reduce invariant differential operators to the integral
operators. Let P be a minimal parabolic subgroup of G. Let ¢ be a
positive smooth function with compact support on the open chamber A;.
For any & > 0, define ¢. on A} by ¢.(exp H) = ¢(exp H/¢). By the Cartan
decomposition of G: G = KALK [HE], p. 402, ¢. defines a smooth positive
K biinvariant function on G, still denoted by ¢.. The support of ¢. shrinks
to the identity element of G as ¢ — 0. Choose a constant ¢ such that

Jo cde(g) dg = 1. Denote cg. by be.
The function ¢, defines a G-invariant integral operator on X with
compact support as follows: For z = g1 K,y = g2 K € X = G/K,
O (z,y) = de (97 ' 92)-

By the choice of ¢, above, it is clear that ®.u(z) — u(z) uniformly for z in
compact subsets as € — 0.

Let D be any invariant differential operator on X. Then D(fs (z,y),
differentiated on x, is still a G-invariant integral operator with compact
support. By the above discussion, there exists a constant x. such that

thau = Xel.

Let C§°(X) be the space of smooth functions on X with compact
support. We claim that for any ¢ € C§°(X), if (u, ) = [y u(z)p(z) dz =
then (Du, ¢) = 0.

Clearly,
(D®cu, p) = Xe(u, ) = 0.
On the other hand, as ¢ — 0,
(D®.u, ) = (Bou, D) — (u, D'p) = (Du, ),

where D? is the transpose of D. This implies (Du, ¢) = 0.

From the claim it is clear that Du is a multiple of u as distribution.
Since both Du and u are analytic, Du = x(D)u for some constant x(D).
This completes the proof of this proposition. O

Lemma 15.17 and Proposition 15.18 imply the following.

TOME 52 (2002), FASCICULE 2



552 L. JI AND R. MACPHERSON

15.19. PrROPOSITION. — Any minimal function u in Cy(T'\X) is an
automorphic function on I'\ X in the following sense:

1) u has moderate growth.

2) Let 3 be the algebra of invariant differential operators on X. Then
there exists a character x : 3 — C such that for all Z € 3, Zu = x(Z)u.

15.20. Proof of Proposition 15.15. — By assumption, the Q-rank
of G is equal to 1. Let Py, ..., P, be representatives of I'-conjugacy classes
of parabolic subgroups. For i = 1,---,n,dim Ap, = 1, and A;;l(oo) consists
of one point, denoted by ;. Then pp, = |pp,|&;. For A < 0, if u € C)(I'\ X)
is a minimal function, then by Proposition 15.19, u is an automorphic
function on I'\ X. We claim that for some positive constants ¢y, ..., cn,

u(z) < c1Ee (z,A) + - + cnEe, (z, N).

In fact, since each E¢, (x,\) is positive, it suffices to prove that on Siegel
sets w; X Ap, o associated P;,

u(z) < ¢ o{20p, +c(£:)6, Hp, (7)) < ¢;Ee, (z,\).

Since u is an automorphic function in the sense of Proposition 15.19 with
Au = Au, the constant term up, of u along the parabolic subgroup P; is of
the form

up = (PP AHAOGHR (@) £ | olop, ~dOEHp, (@) f

where f;, i = 1,2, are automorphic forms on I'ne \Xp, and Af; = vf;,

v >0, and d(€) = /A — |pp,|? — v. (We emphasize that it is the fact that
u is a joint eigenfunction of all invariant differential operators which allows

us to conclude the above equation for up.) Since d(¢) < /A —|pp,|? =
lop, |+ (), there exists a constant ¢} such that on the Siegel sets w; Ap, +Zo,

’u‘Pl S c; e(ppi +IPP1 |+c(€l )&Z ,le (z)) =c¢; e<2PPl +C(£z)€szPl (:l:)) .

Since the Q-rank of G is equal to 1, the difference u — up, decays rapidly on
the Siegel sets w; Ap, :Zo, and hence the above bound on up, implies that

u < ¢; e2PP Fel€)n He, (2))

on the Siegel sets w;Ap, txo, for some constant c;. Hence the claim is
proved. O
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By Proposition 15.7, each E¢, (x, A) is a minimal function of Cy(I'\ X).
By Proposition 15.4, the claim implies that the representing measure of v on
0\I'\ X is supported on {1, - - -, &, } and hence of the form b;6¢, +- - - +b,,6¢,,
for some nonnegative numbers b;. By Proposition 15.4 again, this implies
that

u= b1E§1 (37, )‘) +oee Eﬁn(l'v )‘)

Since u is a minimal function and hence an extremal element of the convex
cone Cy(I'\X), there exists a unique ¢ such that u = b;E¢, (x, ). This
completes the proof.

15.21. Remark. — It was claimed in the first version of this paper
that Proposition 15.15 also holds in the higher Q-rank case, but there was
some gap in the proof. For I'\ X of arbitrary Q-rank, let u € Cx\(I'\X) be a
minimal function. By Proposition 5.19, u is an automorphic function. Then
a result of Franke [FR], Cor. 1 in §6, says that u is the derivative of an
Eisenstein series, say E(P|p, A). It is conceivable that the positivity of u
should imply that ¢ is a constant, u is a multiple of E(P|p, A) instead of its
derivative, and A € pp +ab, i.e., u is a multiple of E¢(z, A) defined in 15.5.
These assertions can be proved for the Q-rank one case, but are not known
for the higher Q-rank case. The difficulty is that when E(P|p, A) is not a
cuspidal Eisenstein series, its constant terms are not known.

16. Examples.

16.1. Euclidean space. — This is not an example of I'\ X, but many
analogous constructions mentioned above can be written down explicitly.

The Euclidean space R™ is homeomorphic to the wunit ball
B ={z eR"; ||z||] < 1} through the map z — z/(1+ ||z||) and hence
admits a natural compactification B U S, where S is the unit sphere in R"™.
This is an analogue of the Tits compactification and hence denoted by RnT .

To identify the Gromov compactification R*¢, denote the standard
metric on R™ by dy(.,.). We note that for any unbounded sequence y
in R™, the normalized distance function do(yk, ) — |yx| is asymptotic to
—2(z, yx/lyk|) when k — +4oco and hence converges uniformly for z in
compact subsets if and only if yx /|yx| is convergent in S. Therefore, R"€ is
homeomorphic to R*7.

For any t > 0, (R™, %do) is clearly isometric to (R™,dp). Therefore
TooR™ = (R™,dp) and is a metric cone over the unit sphere S.
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All geodesics in R™ are distance minimizing and the set R™(co) of
their equivalence classes can naturally be identified with the unit sphere S.
Assumptions 9.11 and 9.16 are obviously satisfied, and hence R™ U R™(oc0)
is homeomorphic to R™7.

For any A > 0, Fourier analysis on R™ shows that the generalized
eigenspace of eigenvalue A has a basis expiﬁ(m,w), where w € S. This
example is the starting point for the geometric scattering theory in [ME].

For the Martin compactification, we assume that n > 3 and A < 0.
Then the Green function of A — X has the following asymptotics at infinity:

Gx(z,0) ~ const. ||£L‘|l%(1_") e—m”’””, as T — 0o

(see [ME], p. 7 or [KT], §2). From this, we can show easily that the Martin
compactification R™ U 8yR” for A < 0 is homeomorphic to R"T. For any
boundary point w € S, the corresponding function is exp \/W (z,w) and is
minimal.

16.2. Riemann surfaces. — We want to use this example to show
some ideas and methods in the proofs of the results stated above. For more
details of this example, see [J1].

Assume G = SL(2,R), and X = H?, the upper half plane. Then I'\H?
is a finite area hyperbolic surface. This is the simplest example of locally
symmetric spaces.

Suppose I'\H? has m cusps. Then A(I'\H?) consists of m points. The
Tits compactification I'\H27 is obtained by adding one point to each cusp.

Using reduction theory for I', we can show that for any point
z = x + iy € H?, there exists a point in the orbit 'z with maximum
imaginary part. Then we can show easily that ITHZT dominates the
Gromov compactification I—‘\—I-I_ZG. By examining the asymptotic behavior
of the horofunctions of the ideal points in T\H27, we can show that T\H2T
is homeomorphic to I'\H2. This argument is similar to the general case of
'\ X (see 12.10-12.11), but the reduction theory in 4.6 is more complicated.

To show that T, I'\H? is a cone over A(T'\H?), we decompose
I'\H? into disjoint union of m cusp neighborhoods and a compact region.
We notice that each cusp neighborhood can be approximated by a DM ray
(see Figure 5.11). Then the result follows easily. This disjoint decomposition
is crucial and follows from precise reduction theory, whose generalization
to higher rank case is given in 4.6.
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Each equivalence class of DM rays corresponds to one cusp. This
follows from study of the Dirichlet fundamental domain. Using this, one
can check easily that the Assumptions 9.11 and 9.16 hold and hence
the geometric compactification I'\H? U I'\H?(00) is homeomorphic to the
Tits compactification IWT. In this example, a stronger statement holds:
For a generic basepoint o € I'\H?, the metric cone over A(I"\H?) can
isometrically embedded in I'\H? with vertex at zo. This result also holds
for general rank one locally symmetric spaces.

Selberg’s spectral theory of I'\H? [SE2], [HEJ] shows that for each
cusp Cj, there is an Eisenstein series Fj;(z,s) which is a generalized
eigenfunction when Re(s) = 1. The Eisenstein series Ej(z, 3 +it), t € R,
have the same eigenvalue % + t2. The functional equation for Eisenstein
series shows that there are exactly m linearly independent generalized
eigenfunctions E;(z, 3 +it), j+1,...,m, of eigenvalue § +t2. The spectral
theory for general locally symmetric spaces I'\ X is established by Langlands
[LA], [AR2] (see also [MW] and [OW2]) and is more complicated.

For r > 0, the m Eisenstein series E;(z,1 + r) form a basis of the
cone Cy(T"\H?), where A = —r(1 + 7). In fact, the Martin compactification
I'\H2U8,I'\H? is homeomorphic to T\H2". It follows from the asymptotic
behavior of the Green function near the cusps in [HEJ], Eq. 6.4, p.47.
Unfortunately, such asymptotics are not available for general I'\ X .

In this example, the Borel-Serre compactification I'\H259 is obtained
by adding a circle to each cusp. Each such circle parametrizes DM rays
going out to infinity in that cusp.

16.3. Products of Riemann surfaces I';\H? x I';\H2. — This is the
simplest example of higher rank locally symmetric spaces. We use it to
show the necessity of the DM condition on rays.

For simplicity, we assume that both I'; \H? and I';\H? have only one
cusp. Then A(T';\H? x I';\H?) is a simplex of dimension 1.

A ray in T'1\H? x I';\H? is DM if and only if its projections on both
factor spaces are DM. It then follows from this that the set of equivalence
classes of DM rays in I'; \H? x I';\H? corresponds to A(I'1\H? x I';\H?).

An interesting phenomenon here is that there exist infinitely many
rays which leave any compact subset eventually but are not DM. One such
geodesic can be constructed as follows: Take a DM ray v, (t) in 'y \H? and
a closed geodesic y2(t) in I's\H?2, then v(t) = (71 ( %t), ¥a( % t)) is such a

TOME 52 (2002), FASCICULE 2



556 L. JI AND R. MACPHERSON

ray. This ray does converge in I';\H2 x T';\H27, but it does not converge
in the reductive Borel-Serre compactification I'y\H2 x I';\H2%85 whose
boundary is T';\H? U T'2\H? U {cc}, where the boundary point oo fills in

both cusps. This is one reason why we impose the DM condition on rays.

Another reason is the difficulty to define a relation on rays that go
to infinity but are not necessarily DM such that the set of the equivalence
classes corresponds to the Tits boundary A(I'1\H? x I';\H?). Specifically,
there exist two rays 7/(t) and ~”(t) converging to the same point in
A(T1\H2? x T';\H?), but lim;_, ;o d(7'(t),7"(t)) = +o0. For example, take
~'(t) to be the ray v(t) constructed in the previous paragraph, and " (t)
be a ray constructed similarly by replacing ~v2(t) by a geodesic which has
deeper and deeper penetration into the cusp but returns to the compact
core infinitely many times as in [SU1].

In I';\H? x I';\H?, any ray that leaves any compact subset eventually
always converges in the Tits compactification. This might be true for
general I'\ X. The problem is that we do not understand the structure of
such rays. It seems that the Tits compactification is the only nontrivial
compactification that might have this property (the trivial one point
compactification clearly enjoys this property). This could be another
justification for the Tits compactification f‘v{ T

Finally, we would like to mention that a possible relaxation of the DM
condition on rays is the almost DM condition. A ray 7(t) is almost DM
if there exists a positive constant C such that d(y(t),y(0)) > t — C for
any t > 0. It seems conceivable that a ray in I'\X is almost DM if and
only if it is DM eventually. This is true for I'\H? and I';\H? x I';\H2.
The problem here is also that we do not understand the structure of such
almost DM rays in general.
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