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DIVERGENCE OPERATORS
AND ODD POISSON BRACKETS

by Y. KOSMANN-SCHWARZBACH
and J. MONTERDE

0. Introduction.

Graded algebras with an odd Poisson bracket — also called Gersten-
haber algebras — play an important role in the theory of deformations of
algebraic structures as well as in several areas of field theory, as has been
shown by Batalin and Vilkovisky [2] [3], Witten [43], Lian and Zuckerman
[29], Getzler [10], Hata and Zwiebach [11], among others. Generators of odd
Poisson brackets, in the sense of Equation (1) below, are differential oper-
ators of order 2 of the underlying graded algebra, sometimes called “odd
laplacians”, and usually denoted by the letter A. Batalin-Vilkovisky alge-
bras — BV-algebras, for short — are a special class of these algebras, those
for whose bracket there exists a generator assumed to be of square 0. The
geometrical approach to odd Poisson algebras and BV-algebras in terms of
supermanifolds was first developed by Leites [28], Khudaverdian [17] (see
also [19]) and Schwarz [37].

The purpose of this article is to study various constructions of gen-
erators of odd Poisson brackets. Our constructions will rely on the general
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420 Y. KOSMANN-SCHWARZBACH & J. MONTERDE

notion of divergence operator on a graded algebra, which generalizes the
concept of the divergence of a vector field in elementary analysis. Given an
odd Poisson bracket, to each element in the algebra we associate the diver-
gence of the hamiltonian derivation that it defines, and we show that such
a map from the algebra to itself, multiplied by the factor % and by an ap-
propriate sign, is a generator of that bracket (Theorem 1.2). We then adopt
the language of supermanifolds to treat two constructions which determine

divergence operators on the structural sheaf of the supermanifold.

The first construction uses berezinian volumes, and is modeled after
the construction of divergence operators on smooth, purely even manifolds
which uses volume elements. Once a divergence operator is defined, we
apply Theorem 1.2 to obtain generators of an odd Poisson bracket on the
supermanifold. One can deform any generator, obtained from a berezinian
volume, by a change of berezinian volume, i.e., the multiplication by an
invertible, even function. The deformed generator then differs from the
original one by the addition of a hamiltonian derivation. If the original
generator is of square 0, a sufficient condition for a deformed generator to
remain of square 0 is given by a Maurer-Cartan equation. (Under the name
“BV quantum master equation”, this condition plays a fundamental role in
the BV quantization of gauge fields.) We study two special cases in detail:
(i) the cotangent bundle of a smooth manifold viewed as a supermanifold
whose structural sheaf is the sheaf of multivectors on the manifold, in which
case the odd Poisson bracket under consideration is the Schouten bracket,
and (ii) the tangent bundle of a smooth manifold as a supermanifold whose
structural sheaf is the sheaf of differential forms on the manifold, when the
underlying smooth, even manifold is a Poisson manifold.

The second construction utilizes graded linear connections on super-
manifolds, and generalizes to the graded case an approach to the construc-
tion of divergence operators on purely even manifolds using linear connec-
tions. Given a linear connection on a smooth, even manifold, the divergence
of a vector field X is defined as the trace of the difference of the covariant
derivation in the direction of X and of the map [X, . ], where [, | is the
Lie bracket of vector fields. In the case of a supermanifold, given a graded
linear connection, the divergence of a graded vector field is defined in a si-
milar manner, replacing the trace by the supertrace, and the Lie bracket by
the graded commutator. We then apply Theorem 1.2 to obtain a generator
of an odd Poisson bracket on the supermanifold. As an example, we again
study the generators of the Schouten bracket of multivectors on a manifold,
equipped with a linear connection. On the one hand, there exists a unique
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generator of the Schouten bracket whose restriction to the vector fields is
the divergence defined by the linear connection. On the other hand, on the
cotangent bundle considered as a supermanifold, the linear connection on
the manifold defines a graded metric in a simple way. This graded metric
in turn determines a graded torsionless connection on this supermanifold —
the associated Levi-Civita connection —, from which we obtain a generator
of the Schouten bracket, following our general procedure. We show that
these two generators of the Schouten bracket coincide and that, when the
connection is flat, this generator is of square 0.

One can ask: what happens if we deal with an even Poisson bracket
instead of an odd one? The answer is that the phenomena in the odd and
in the even cases are very different, although there is a formal similarity of
the constructions. In the even case, the results extend those of the purely
even case, e.g., the usual case of Poisson algebras of smooth manifolds.
Taking the divergence of a hamiltonian vector field with respect to a volume
form if the manifold is orientable, or, more generally, to a density, yields
a derivation of the algebra, i.e., a vector field. This is the modular vector
field that has been studied in Poisson geometry (see [24], [42]) and in more
general contexts (see [16], [44], [21]). One can prove that this vector field
is closed in the Poisson-Lichnerowicz cohomology. A change in the volume
element modifies the vector field by a hamiltonian vector field, therefore
the cohomology class of the closed vector field does not change. One thus
obtains a cohomology class, called “the modular class” [42]. So, while in the
odd case we get a second-order differential operator which is a generator
of the bracket, in the even case we get a first-order differential operator, in
fact a derivation of the structural sheaf of associative algebras.

The paper is organized as follows. In Section 1, we first recall the
definition of an odd Poisson bracket on a Z,-graded algebra, and, in Section
1.2, we define algebraically the notion of a divergence operator on a graded
algebra and that of its curvature. We then prove Theorem 1.2, which will
serve as the main tool in our constructions, and we study the deformation
of divergence operators and of the associated generators of odd Poisson
brackets.

In Section 2, we study the divergence operators defined by berezinian
volumes (Proposition 2.2), the associated generators of odd Poisson brack-
ets, and their deformation under a change of berezinian volume. We show
that the “Batalin-Vilkovisky quantum master equation” appears as a suffi-
cient condition for the modified generator to remain of square 0 (Proposi-
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422 Y. KOSMANN-SCHWARZBACH & J. MONTERDE

tion 2.5). In Section 2.3, we consider the example of the cotangent bundle
of a manifold M, considered as a supermanifold. To a volume element
element 1 on M, there corresponds a berezinian volume, which behaves
like the “square of p”. In Theorem 2.8, we show that the generator of the
Schouten bracket furnished by the general construction outlined above co-
incides with the generator obtained from the de Rham differential by the
isomorphism defined by p relating forms to multivectors. In Section 2.4,
we treat the case of the tangent bundle of M, which is an odd Poisson su-
permanifold when M has a Poisson structure. We prove that the generator
defined by the divergence of hamiltonian vector fields with respect to the
canonical berezinian volume coincides with the Poisson homology operator,
and that its square therefore vanishes (Theorem 2.11). In Section 2.5, we
express the properties of the supermanifolds studied in Sections 2.3 and 2.4
in the language of QS, SP and QSP manifolds of [37] and [1] (Theorems
2.16 and 2.17).

In Section 3, we study the divergence operators defined by graded
linear connections. The definitions of a graded linear connection, its cur-
vature and torsion, and of the associated divergence operator (Proposition
3.3) are given in Section 3.1. We then study the generator, associated to
a torsionless graded linear connection, of an odd Poisson bracket and the
effect of a change of connection on the generator (Section 3.2). The Levi-
Civita connection of a graded metric on a supermanifold is introduced in
Section 3.3. In the remaining part of Section 3, we study the cotangent bun-
dle of a manifold as an odd Poisson supermanifold. More specifically we
study two constructions of generators of the Schouten bracket associated to
a torsionless linear connection on the base manifold, and we show that the
two constructions yield the same generator (Theorem 3.16). We conclude
the paper with remarks concerning the relationships between divergence
operators, right and left module structures in the theory of Lie-Rinehart
algebras [15] and right and left D-modules, and their analogues in the
graded case [34], and we formulate a conjecture regarding the existence of
a unique prolongation of a divergence operator on a supermanifold into a
generator of an odd bracket on the algebra of graded multivectors.

We shall usually denote a supermanifold by a pair (M, A) where M
is an ordinary smooth manifold, called the base manifold, and A is a sheaf
over M of Zs-graded commutative, associative algebras. The sections of
A will be denoted by f,g,..., but this notation will be modified in some
instances. When a is an element of a Z,-graded vector space, |a| denotes the
Zo-degree of a and, whenever it appears in a formula, it is understood that
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a is homogeneous. The word “graded” will often be omitted. The bracket
[, ] denotes the graded commutator. Manifolds and maps are assumed to
be smooth. We recall some general properties of supermanifolds and the
definition of the berezinian volumes in the Appendix.

1. Odd Poisson brackets and divergence operators.

In this section, we review the main definitions concerning odd Poisson
brackets on graded algebras and we study how to construct generators of
such brackets.

1.1. Gerstenhaber and BV-algebras.

Let A be a Zs-graded commutative, associative algebra over a field of
characteristic 0. The multiplication map of algebra A, (f,g) € A X A
fg € A, will be denoted by m. By definition, an odd Poisson bracket or
a Zo-Gerstenhaber bracket on A is an odd bilinear map, # : (f,g) €
A x A [f,g] € A, satisfying, for any f,g,h € A,

e [f,g9] = —(=1)FI=DUsI-D[g, f]  (skew-symmetry),

o [£,19, k1] = [If, 9], h] + (=1)FI=DUsl=D[g [, h]] (graded Jacobi
identity),
o [f,9h] = [f, glh + (-1)1=Vlslg[f,h]  (Leibniz rule).
(“Map 7 is odd” means that |[f,g]| = |f| + |g] — 1 modulo 2.) The pair
(A, ) is then called an odd Poisson algebra or a Zy-Gerstenhaber algebra.

A linear map of odd degree, A : A — A, such that, for all f,g € A,
(1) £,91 = (D! (A(fg) - (Af)g - (115 (Ag))

is called a generator or a generating operator of  (or of bracket [ , ]). If
there exists a generator A of the bracket which is of square 0, then (A, m, A)
is called a Zo-Batalin-Vilkovisky algebra, or BV-algebra for short.

Remark. — Since a Gerstenhaber bracket in the usual sense, defined
on a Z-graded algebra, is of Z-degree —1, it is clear that it can also be
considered to be a Zy-Gerstenhaber bracket. Similarly, Batalin-Vilkovisky
algebras in the usual, Z-graded sense, are particular cases of Z,-Batalin-
Vilkovisky algebras.

TOME 52 (2002), FASCICULE 2



424 Y. KOSMANN-SCHWARZBACH & J. MONTERDE

A generator of an odd Poisson bracket is clearly not a derivation of
the graded associative algebra (A, m), unless the bracket is identically 0.
We shall now see under what condition a generator A of an odd Poisson
bracket 7 is a derivation of the graded Lie algebra (A, 7). A straightforward
computation, using the defining relation (1) for a generator, yields the
identity,

(2)  A%(fg) — (A%f)g — f(A%)
= (=D)AL, g]) - [AF, 9] = (-1)VI71[F, Ag)),

for all f,g € A. From (2), we obtain

LemMA 1.1.— A generator A of an odd Poisson bracket  is an odd
derivation of the odd Poisson algebra, (A, ), if and only if the map A? is
an even derivation of the graded associative algebra (A, m). In particular,
if A? =0, then A is a derivation of (A, ).

Remark. — In the case of a Z-graded algebra and a linear map A of
degree —1, the map A?, which is of degree —2, is a derivation of (A,m)
if and only if it vanishes. Therefore, in this case, a generator A of 7 is a
derivation of (A, ) if and only if A% = 0.

The following identity, of which we shall make use in Section 2.5, is
the result of another computation. If D is an odd derivation of (A, m), then

3)  [D,Al(fg) — (ID,Alf)g — £(ID, Alg)
= (-)I(D[f, 9] - [Df, 9] — (-1)¥1='[£, Dg]).

Let 6, be the graded Hochschild differential of algebra (A,m).
Equation (1) expresses the equality

m(f,9) = ()16 A)(f, 9).

Let us also introduce the graded Chevalley-Eilenberg differential of (A, ),
denoted by &,. Equation (2) expresses the equality

(6:8)(f,9) = (-1)V171(6,(A))(f, 9),

and Lemma 1.1 can be reformulated as follows : A is a d,-cocycle if and
only if A? is a 6,,-cocycle.
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1.2. Divergence operators.

Let (A,m) be a Zs-graded commutative, associative algebra, and
let DerA be the graded vector space of graded derivations of (A, m). By
definition, a divergence operator on A is an even linear map, div : DerA —
A, such that

(4) div(£D) = f div(D) + (-1)/II"ID(f),
for any D € DerA and any f € A.

This definition obviously generalizes the usual notion of divergence of
vector fields in elementary analysis. More generally, if A is the purely even
algebra of smooth real- or complex-valued functions on a smooth manifold,
divergence operators on A can be defined by means of either volume forms
or linear connections, the two approaches being related in a simple way.
See [24]. These two approaches will be generalized below in Sections 2 and
3, respectively.

We define the curvature of a divergence operator, as the bilinear map,
RV : DerA x DerA — A by

(5) RYY(Dy, Dy) = div[Dy, Dg] — Dy(divDsy) 4 (—1)IP111P2l Dy (divDy),

for any derivations Dy, Dy € DerA. A short computation shows that R4Y
is A-bilinear. If §; | denotes the graded Chevalley-Eilenberg differential of
the graded Lie algebra (DerA, [, ]) acting on cochains on Der A with values
in the DerA-module A, then the definition of R%" in (5) can be written

RIV — 5[ , ](div).

1.3. Divergence operators and generators.

On the odd Poisson algebra (A, ), we define the hamiltonian map-
ping by X™ : A — DerA, defined by

f— X}r = |If, R
The graded Jacobi identity for the bracket 7 is equivalent to the relation
(6) X{r.a = X7, Xg),

for any f, g € A, which expresses the fact that X™ is a morphism of graded
Lie algebras from (A, ) to (DerA, [, ]).

TOME 52 (2002), FASCICULE 2



426 Y. KOSMANN-SCHWARZBACH & J. MONTERDE

We now introduce the main object of interest in this paper, the odd
linear map A : A — A, depending on both 7 and the choice of a divergence
operator, defined by

7) Af = (- Zdiv(XF),
for f € A.

THEOREM 1.2. — The operator A on A, defined by (7), is a generator
of bracket 7.

Proof.— To show that Equation (1) is satisfied, we compute A(fg)
using the Leibniz rule for the odd Poisson bracket, and the fundamental
property (4) of the divergence operators,

1, . 1. - m
(-l A(fg) = le"ng = —2—d1V(fXg + (_1)|f||g|ng)

— (<1)9l fAg + (—1)HI0s+DgAF 4 %(_1)|fl(lgl+l)[[g’f]] + %(_1)Iglﬂf’ ql
= (-1 fAg+ (-)HE(Af)g + (~1)¥I[f,g],

and the result follows. O

This fundamental result must be contrasted with a parallel, but
strikingly different result valid for even Poisson brackets, and consequently
also, in the usual case, for ungraded Poisson algebras. If, in (7), we replace
the hamiltonian operator defined by an odd Poisson bracket by the one
defined by an even Poisson bracket, a computation similar to the proof
of Theorem 1.2 shows that the operator thus defined is a derivation of
the associative multiplication. When the Poisson algebra is the algebra
of functions of a smooth orientable Poisson manifold, in which case the
divergence operator is the one associated with a volume element, this
derivation is a vector field. It is easy to see that, up to the factor 1/2,
it coincides with the modular vector field of the Poisson manifold [42] (also
(16], [21] and references cited therein).

We now establish a relation between the operator A defined by 7 and
div, and the curvature of the divergence operator evaluated on hamiltonian
derivations.

ProposiTiON 1.3. — For any f,g € A,
1 iv ™ ™
(8) ALf,gl - [Afg] = (1)1, Ag] = (=)=t SR (X, XT).
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Proof. — By (6) and the definition of A,
P . 1.,
A[f, g] = (—=1)/fI*lsl=1 §d“’X[f,g] = (—1)M/I+lgl-1 §d1v[X}’,X;],
1 . P S,
[f,A0] = (1) S XF(divX]),  [Af,g] = (D)= - XT(divXF).
In view of the definition of the curvature, the proposition follows. O

COROLLARY 1.4.— The generator A is a derivation of (A, ) if and
only if RYY vanishes on the hamiltonian derivations.

In terms of the differentials 6, and 4 | |, Equation (8) can be written

(6xA)(f,9) = (~)VIHII=1 = (8 1div)(XF, XT).

N =

1.4. Deformations of divergence operators and of generators.

Since the difference of two divergence operators is an A-linear map
from DerA to A, the space of divergence operators on A is an affine
space over Homp (DerA, A). We shall be interested in the case where the
difference of two divergence operators is an evaluation map, D € DerA —
D(2w) € A, where w is a fixed, even element in A. (The factor 2 is
conventional.)

Since the difference of two generators of an odd Poisson bracket 7 on
A is a derivation of (A, m), the space of generators of 7 is an affine space
over DerA.

ProposITION 1.5.— Let div and div’ be divergence operators on A
such that there exists an even w € A satisfying

(9) div'D = divD + D(2w),

for all D € DerA. For 7 a fixed odd Poisson bracket, let A and A’ be the
generators of the bracket defined by (7) for div and div’, respectively. Then

(10) A=A+ XT.

Proof. — Equation (10) follows from (9) and the skew-symmetry of
the bracket. O

TOME 52 (2002), FASCICULE 2



428 Y. KOSMANN-SCHWARZBACH & J. MONTERDE

Remark. — In the case of an even Poisson algebra, and, in particular,
in the usual case of the Poisson algebra of a smooth manifold, a similar ar-
gument is valid. As a consequence, one proves that the class of the modular
vector field in the Poisson cohomology is well-defined, independently of the
choice of a volume element [42].

We shall now consider under what condition a generator of m with
vanishing square remains of square 0 when modified by the addition of an
interior derivation X7 .

ProrosiTion 1.6. — If A is a generator of square 0 of bracket m, and
w is an even element of A, then

(11) (A+ X0 = X3 i 1wl

Proof. — From Lemma, 1.1, we know that A2 = 0 implies that A is
a derivation of w, whence [A, X7] = X3}, Using this relation and (6), we
obtain

(A+X5)? = (A, X3+ 5 1X5, X2) = XEu + 5 Xfuup
whence the result. O
The equation
(12) Aw + % [w,w] =0,

is the Maurer-Cartan equation, familiar from deformation theory. (See [39].)
Thus we can state

CoROLLARY 1.7.— Let A be a generator of square 0 of bracket T,
and let w be an even element of A. The generator A’ = A + X7 is of
square 0 if and only if the hamiltonian operator X} +1[w,wl] vanishes.
If, in particular, w satisfies the Maurer-Cartan equation (12), then the

generator A" = A+ X7 is of square 0.
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2. Berezinian volumes and generators
of odd Poisson brackets.

An odd Poisson supermanifold (resp., a BV-supermanifold) is a
supermanifold (M, A) whose sheaf of functions, A, is a sheaf of odd Poisson
algebras (resp., of BV-algebras). In the context of supermanifold theory, an
odd Poisson bracket is often referred to as an antibracket [2] [43] [11] or
a Buttin bracket [28]. The notions of derivations and divergence operators
that we have introduced in Section 1 have obvious analogues in the case of
sheaves of algebras, and we shall use the same symbols. On a supermanifold,
a derivation of the sheaf of functions is called a graded vector field. We use
the term “operator from A; to A3” for a morphism of sheaves of vector
spaces from A; to As.

In this section, we show how generators of an odd Poisson bracket on
a supermanifold can be obtained from berezinian volumes.

2.1. Divergence operators defined by berezinian volumes.

We first recall the main properties of the Lie derivatives of berezinian
sections. (See the Appendix for the definition of the berezinian sheaf. See,
e.g., [7] for a proof of the following proposition.)

PROPOSITION 2.1. — Let £ be a berezinian section on (M, A). For any
graded vector field D and any section f of A,

(13) Lp(E.f) = Lp(€).f + (1)l D(f),

and

(14) Lyp(€) = (~1)IIPHEN L (. ).
We shall now define the divergence operator associated with a

berezinian volume.

ProrosITION 2.2.— Let & be a berezinian volume. For any graded
vector field D, there exists a unique section, dive(D), of A such that

(15) Lp¢ = (—1)IPllEl¢ dive (D).

The map D +— divg(D) from DerA to A defined by (15) is a divergence
operator.

TOME 52 (2002), FASCICULE 2



430 Y. KOSMANN-SCHWARZBACH & J. MONTERDE

Proof.— The map dive is even, since |£| + |dive(D)| = |€.dive(D)| =
|Lp&| = |D| + |€|. We must prove that dive satisfies (4). Using Proposition
2.1, we obtain

¢.dive(fD) = (_1)(|f!+ID|)I§IEfD§ — (_1)ID|(|fi+|€I)£D(§.f)
— (_1)|D|(lf|+|§|)(£D(§)’f + (_1)|DIIEI§‘D(f))
= (-1)"IP\(e.dive(D)f + €.D(f)),

whence the result. O

Example. — If (M, A) = R™" with graded coordinates (z?,...,z™,
st,...,s™), the section

0 0
G G,.m
§:|:d ' AL Ad% ®$0 05;;;]

is a berezinian volume and, if D = >"" | ¢* 8:0’ + ZZ=1 as,, , then

m i n p
dng (D Z |hp| ah

p=1

A short computation shows that, for graded vector fields D; and Ds,
(16) dive[Dq, Dy| = Dy(diveDs) — (_1)|Dll|DZ'D2(div5D1).

In view of the definition of the curvature of a divergence operator (5), we
have proved

ProrosiTiON 2.3.— For any berezinian volume &, the curvature
Rdive of the divergence operator dive vanishes.

We now consider the effect on the divergence operator of a change
of berezinian volume. When v is an invertible, even section of A, then £.v
is also a generator of the berezinian sheaf. We remark that any invertible,
even section, v of A, can be written as +e?¥ for an even section w of A.
In fact, v can be written as the product of a nowhere vanishing function
on the base manifold and a function 1 + u, where u is nilpotent. Since
u is nilpotent, say of order k, 1 + u is equal to exp(In(l + u)), where

In(l+w) = 37, (-1 71
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DIVERGENCE OPERATORS AND ODD POISSON BRACKETS 431

PropPOSITION 2.4. — Let ¢ be a berezinian volume. For any invertible,
even section v of A, the berezinian section €.v is a berezinian volume, and,
for any graded vector field D,

(17) dive »(D) = dive(D) + v~ D(v).
If v = €?¥, where w is an even section of A, then

(18) dive e2v (D) = dive(D) + D(2w).

Proof. — Using (13), we compute

(é.v).dive (D) = (—I)IDHQED(ﬁ.v)

= (-)!PIlLp(€).0 + £.D(v)
= {.(dive(D)v) + €.D(v).
Therefore

v dive (D) = dive(D)v + D(v),

1

and, multiplying both sides by v, we obtain formula (17), since v is even.

O
2.2. Properties of generators defined by berezinian volumes.

We shall now assume that there is an odd Poisson structure, 7, on
(M, A), with odd Poisson bracket [, ]. Let & be a berezinian volume on
(M, A). Following the general pattern of Section 1.3, we define the operator
A™¢ : A — Aby

Ky 1 4 s
(19) A™Ef = (—1)M] 5 diveX7,

for any section f of A. It follows from Proposition 2.2 and Theorem 1.2
that the odd operator A™¢ is a generator of bracket . Thus, given an odd
Poisson bracket, to any berezinian volume there corresponds a generator
of this bracket. We shall now study the effect on the generator of a change
of berezinian volume, and determine under which conditions the generator
corresponding to a berezinian volume is of square 0.

It follows from (18) and Proposition 1.5 that, when £ is a berezinian
volume and v = e?* an invertible, even section of A,

(20) ATEY — ATE 4 XT.
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432 Y. KOSMANN-SCHWARZBACH & J. MONTERDE

It also follows from Proposition 1.6 that, if £ is a berezinian volume such
that (A™¢)2 = 0, and v = €2 is an invertible, even section of A, then,

(21) (A™5Y)2 = X pm €t L fwyul
Moreover,
eVA™E (eV) = %e_wdi%(e’”X;ﬂ) =A™y + %e‘wﬂw,e“’]],
and therefore
(22) A™Sw + %ﬂw, w] = eTYA™E(e).

In the context of supermanifolds (usually infinite-dimensional), the
Maurer-Cartan equation,

(23) A"y + % [w,w] =0,

is referred to as the Batalin-Vilkovisky quantum master equation. In the
case of odd symplectic supermanifolds, the results stated below can be
found in articles dealing with the BV-quantization of gauge theories,
starting with [2], [3], followed by, among others, [43], [17], [37], [18], [1],
or of string theories [11]. See also [10] and [39]. In our treatment, the more
general case of possibly degenerate odd Poisson structures is included.

ProposiTION 2.5.— Let £ be a berezinian volume on (M, A) such
that (A™¢)? = 0, and let v = €2* be an invertible, even section of A.
(i) The following conditions are equivalent:
o A™¢(e¥) =0,
e w is a solution of (23).

(i) If this condition is satisfied, then (A™¢%)2 = 0.

Proof.— These implications follow from Equations (22) and (21). O

Conversely (A™¢?)2 = 0 implies that there exists an odd Casimir
section C of square 0 such that A™¢(e¥)C = 0. (A Casimir section is a
section of A such that X% = 0.) In fact, if (A™¢%)2 = 0, then there exists
a Casimir section C such that e ¥ A™¢(e¥) = C, or A™¢(e¥) = e¥ C.
Together with (A™¢)? = 0, this condition implies that A™¢(e*)C = 0,
whence also C? = 0.
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If the odd Poisson bracket 7 is nondegenerate, any Casimir section is
a constant, therefore even, and necessarily C = 0. In this case, (i) and (ii)
in the proposition are equivalent.

In quantum field theory, e#$ is the action, and the condition
A™¢(e#S) = 0 states that the action is closed with respect to the dif-
ferential A™¢.

PROPOSITION 2.6.— If v = €2V is an invertible, even section of A
such that w is a solution of Equation (23), then, for any section f of A,

ATEVf = e ATE (e f).

Proof. — Using (1), we find that
eT"A™E (e f) = e ([e”, f] + (A™%e®) f + ew(A”’gf)).
By (22) and (20),

e amE(e ) = ame(p) + (4wt S uul) .

The proposition is proved. O

2.3. The supermanifold II7T* M.

For any manifold M of dimension n, we consider the supermanifold
IIT* M of dimension n|n, whose structural sheaf is the sheaf of multivectors
on M. The supermanifold IIT* M has an odd Poisson bracket, the Schouten
bracket of multivectors on M. It is in fact nondegenerate, i.e., the odd
Poisson structure on II7*M is symplectic. Here we revert to the usual
notations for vector fields, differential forms and functions on the ordinary
manifold M. See the Appendix for the definition to be used below of the
map « — & from forms on a supermanifold (M, .A) to forms on M.

LEMMA 2.7.— Given a volume form p on M, there is a unique
berezinian volume §,, on IIT*M such that

&I:(\:)/() = (ix(n)u)ﬂ"

for any field of multivectors X, where ix,,p is the result of the duality-
pairing of the homogeneous component X ) of degree n of the multivector
X and the n-form p.
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Proof.— To any graded vector field, D, on IIT*M is associated a
vector field, D, on M, defined by

D(f) = D()

for any function f on M. Given a differential n-form, u, on M, we can
define a graded n-form, u®, on IIT*M by

<D1a"‘aDn ’ )U‘G >=/J'(b\;.a7Dn)7

for graded vector fields D,...,D,. Then /;E = . Since the map X —
ix, 18 a differential operator of order n on the structural sheaf of [IT™ M,
the map £, : X — (4 X(n)u)uG defines a section of the berezinian sheaf,
which is a berezinian volume if and only if y is a volume form. O

We remark that, for any positive function v on M,
Sop = (Eu)'vz

We assume that M is an orientable manifold, and we let i be a volume
form on M. In the non orientable case, densities must be used instead of
volume forms. On I1T* M, there is an operator ASehoutenéu associated to
the odd Poisson bracket and to the berezinian volume §,, by means of (19).
Let d be the de Rham differential on M, and let *, be the isomorphism
from multivectors to forms defined by the volume form u. Then we know

(see, e.g., [21]) that 9, = — ;' d«, is a generator of the Schouten bracket.
THEOREM 2.8.— For any volume form p on M, the generator
ASchoutentu of the Schouten bracket coincides with 8, = — ;' d *,, and

(ASChouten,gp)Z =0.

Proof. — Tt is enough to show that these operators coincide on vector
fields. We prove this fact using local coordinates (z!,...,z™, &1, ..., &) on
IIT*M. For a vector field X = Y ", X i% considered as a function
S X% on IIT*M,

[X, - ]]—ZXzaac’ ZZ oxd &

=1 j=1

Assume that pg = dz' A ... Adz™, so that

1 ) G & ,
— 5 dive, [X, . 1=—3 Z ( 5 T %> = —div,, X = 9o X.

=1
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More generally, if 4 = e® ug, then £, = 5”0.62“’, and for any vector field X,
1., 1.
_§d1v€“|IX, 1= _§dw#oX = Xw=0po X = X = Oewpo X =, X.

The fact that (ASchouten£u)2 —  js now an immediate consequence of the
fact that d? = 0. ]

Remark. — The equality A = 8, means that, for any differential

form «,
*;1da =-A *;1 a.

The map *;1 coincides with the “Fourier transform with respect to the odd
variables” introduced in [41] and [37], p. 255. Therefore, in the case of a
nondegenerate Poisson structure, our result reduces to that of [41] and [37],
formula (20), a fact already observed by Witten in [43], formula (13). In
the terminology of Voronov and Schwarz, the operator d,, on the functions
on IIT*M is the “Fourier transform” of the de Rham differential acting
on functions on IIT'M. Schwarz proves that a supermanifold (M,.A) of
dimension n|n with an odd symplectic structure is equivalent in a suitable
sense to IIT* M with its canonical, odd symplectic structure.

Now, let p be a volume form, and w a differential form on M such
that w(,) is a volume form. If @ = *;lw, then ¢ = §M.Q2 is a berezinian
volume on IIT*M. Setting A’ = ASchoutent’ e see from Proposition 2.5
that (A’)2 = 0 if AQ = 0. By Theorem 2.8, this condition is equivalent to
dw = 0. So (A")? = 0 if w is a closed form. This result constitutes part of
Theorem 5 of [37]. Moreover, it is proved there that two closed forms in

the same de Rham cohomology class yield equivalent structures.

2.4. The supermanifold IITM.

We shall now consider another supermanifold attached to a smooth
manifold M of dimension n. Let A = Q(M) be the sheaf of differential forms
on M. The pair (M, .A), usually denoted by IIT'M, is a supermanifold of
dimension n|n. The sections of the sheaf (M) will be denoted by o, 8.. .,
but differential forms of Z-degree 0, i.e., smooth functions, will be denoted
by, f,g,.... If a is a section of Q(M), then we denote the homogeneous
component of a of degree n by o).
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2.4.1. Canonical berezinian volume on the supermanifold IIT M.

LEMMA 2.9. — There is a unique berezinian volume & on IIT' M, such
that, for any section « of Q(M),

—_—

(24) §(a) = agm)-

Proof. — If £ and ¢’ are berezinian volumes satisfying (24), then
€3 —E’J) (a) = 0 for any section a of (M), and this means, by the definition
of the berezinian sheaf, that £ = &', which proves the uniqueness of a
berezinian volume satisfying (24). To prove its existence, we use local
coordinates and we show the invariance under a change of coordinates.
Let (z1,...,2") be local coordinates on an open set U of the manifold M.
Then (z!,...,z",s! =dz!,...,s™ = dz") are graded local coordinates in

IITM, and a local basis of derivations is

0 . 0 .
(ﬁfr”"’ﬁﬁw’@zzﬁr"”’ﬁzzﬁw .
We now consider the local section of the berezinian sheaf,
_ 4G ..1 G .
fu——[dfﬂ A...Nd .’E"®'L£TA_“A5%F].

A change of coordinates from (z!,...,z") to (y!,...,y") induces a change
of graded coordinates to (y!,...,y", ¢! =dy!,...,t" = dy™), with matrix

(% @)

whose berezinian is equal to 1. Therefore, we can define a berezinian section
& on IIT M by piecing the locally defined £y ’s together.

This berezinian section is also a berezinian volume. In fact, this is
true locally and, if U and V are open sets such that UNV # @, and if local
forms a and 8 satisfy £y.a = &y.0,thena =8, on UNV.

Finally, if o) = fdz' A... Adz™, where f € C*°(U), then &y (a) =
fd€z' A ... Ad%z™, and therefore

&;A(E) = fdCz! A...AdCzn = fdz' AL AdE™ = aq,
and ¢ satisfies condition (24). O
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2.4.2. The canonical divergence operator on IIT' M.

Let us denote by div.,, the divergence operator associated to the
canonical berezinian volume, £, on IIT' M. The graded vector fields on IIT M
are the derivations of the sheaf of differential forms. Let us denote the
sheaf of vector-valued differential k-forms by QF(M;TM), for k > 0. By
the Frolicher-Nijenhuis theorem [9], we know that a derivation D of degree
k of Q(M) can be uniquely written as

D=Lk +1ig,

where K is a section of Q%(M;TM) and L is a section of Q**+1(M;TM).

We introduce the notation C for the (1,1)-contraction map from
QF(M;TM) to QF~1(M), defined on a decomposable element K = w ® X,
where X is a vector field and w is a k-form, by CK = ixw, for k > 1, and
by C =0 on Q°(M;TM).

LeMMA 2.10. — For K a section of Q¥(M;TM) and L a section of
Q-+ (M; TM),

divean(iz) = (=1)*CL, divcan(d) =0, divean(Lk) = —d(CK),
where d denotes the de Rham differential.

Proof. — We shall first compute divcan(ir) for a decomposable L =
w ® X where w is a section of Q¥+1(M). For any differential form «,

(Lig6)a = (€ oir)a = £(ira)

=¢(wANixa) = (WAixa)m) =wANix(n-k))

= (=)*ix (@) A an-ky = (-1)*(ix (@) A @) (n)

= {((-DFix (w) A a),
where we have used the relation

(ixw) A OQ(n—k) + (—‘1)k+1w A iXa(n—k) = iX(w A a(n—k)) =0.

Therefore £;,¢ = &.((—1)Fix(w)) = &((-1)*CL), and divean(ir) =
(-1)kCL.

Similarly, for the derivation d,

(Lab)a = (€ o d)a = £(da) = d(a(n_1)),
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which is always an exact form. Thus £4¢ = 0. Finally, using (16), we obtain

dive(Lk) = dive([ix,d]) = ik (dive(d)) — (=1)Fd(dive(ix)) = —d(CK).
O

In particular, if X is a vector field on M, then

(25) dchan(ix) = 0, dchan(ﬁx) =0.

2.4.3. Generators of the Koszul-Schouten bracket.

We shall now assume that the base manifold M is equipped with a
Poisson structure. Given a Poisson manifold (M, P), there is an odd Poisson
bracket, [ , ]p, on the supermanifold IIT'M, called the Koszul-Schouten
bracket, that is characterized by the conditions,

[f,glp =0,  [f,dglp ={f,9}, [df,dglp =d{f, g},

for all f,g € C>°(M), where { , } denotes the Poisson bracket on C*° (M)
defined by P, together with the graded Leibniz rule. It was shown by Koszul
[24] that a generator for this bracket is the Poisson homology operator,
Op = [d,ip], sometimes called the Koszul-Brylinski operator. See [14], and
also [21]. On the other hand, we know that, given a berezinian volume &
on IITM, the operator A(P)€ defined by

1
APIE(a) = (~1)l Zdive([e, o),
for any differential form ¢, is also a generator of [ , ]p.

THEOREM 2.11.— The generator A(F)20 of the Koszul-Schouten
bracket associated to the canonical berezinian volume coincides with Op,
and (A(P)can)2 — (,

Proof. — It suffices to prove that A(F)22 and 9p agree on 1-forms,
and it is enough to show that both vanish on exact 1-forms, o = df, where
f € C®(M). In fact, [df,. |p = Lypar, where #pdf = {f, . }. From

(25), it follows that AP)ean(df) = —1divean(Lypas) = 0. And clearly
dp(df) = 0. Moreover, (9p)? = 0, since [d,dp] = 0 and [ip,dp] = 0, and
therefore (A(F)can)2 — (. ]

Remark. — Any nondegenerate metric g on the manifold M defines
an isomorphism from multivectors to differential forms. Hence, from the
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Schouten bracket of multivectors, we obtain a Z-graded bracket [ , ], on
the sheaf of differential forms on M. Then, the codifferential é, associated
to g is a generator of this bracket. (See [40] or [6].) One can also consider
the operator associated to the canonical berezinian on IIT'M, defined by

A(g),can(a) = (—l)lal %divcan(ﬂa’ . ]]9)7

for any differential form ¢, and one can show that these two generators of
the bracket [, ], coincide, A(9)can = §, .

2.5. QS, SP and QSP-manifolds.

The following definitions, adapted from [37] and [38], will be useful
in order to reformulate some of our results.

DEFINITION 2.12. — Let (M, A) be a supermanifold, D an odd vector
field and & a berezinian volume. We say that ((M, A), D, §) is a QS-manifold
if D? = 0 and div¢(D) = 0.

DEFINITION 2.13. — Let (M, A) be a supermanifold,  an odd Poisson
bracket and £ a berezinian volume. We say that ((M, A),n,§) is a weak
SP-manifold if (A™¢)? = 0, where A™* is defined by (19). If the Poisson
bracket is nondegenerate, then the supermanifold is an SP-manifold.

DEerINITION 2.14. — Let (M, A) be a supermanifold,  an odd Poisson
bracket, D an odd vector field and £ a berezinian volume. We say that
(M, A),n,D,§) is a weak QSP-manifold if

o (M, A),n,¢&) is a weak SP-manifold,
e ((M,A),D,¢) is a QS-manifold, and
e D is a derivation of the odd Poisson bracket, .

If the Poisson bracket is nondegenerate, and if D is the hamiltonian
vector field defined by an even section of A, then the supermanifold is a
QSP-manifold.

If the graded vector field D is the hamiltonian vector field [A, . ],
where h is an even section of A, then D? = 0 if and only if [h,h] = 0.
In field theory, this condition appears under the name classical master
equation.
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It follows from identity (3) that, if A is a generator of the odd Poisson
bracket [ , ]| and if D is a graded vector field on (M, .A), a necessary and
sufficient condition for D to be a derivation of the odd Poisson bracket
is that the graded commutator, [D, A], be a derivation of the associative
multiplication of A. This implies

PropositioN 2.15.— If m and ¢ define a weak SP-structure on
(M, A), if D and £ define a QS-structure on (M, A), and if [D,A] = 0,
then 7, D and £ define a weak QSP-structure on (M, A).

The following theorems follow in part from the results of Section 2.3
and 2.4. See also [1]. Recall that a Poisson manifold is called unimodular if
the Poisson cohomology class of its modular vector field (see [42]) vanishes.
In particular, any symplectic manifold is a unimodular Poisson manifold.

THEOREM 2.16. — (i) For any manifold M with a volume element, p,
the supermanifold IIT* M, with the Schouten bracket and the berezinian
volume §,,, is an SP-manifold.

(ii) Let (M, P) be an orientable, unimodular Poisson manifold, and
let dp = [P,. ] be the Lichnerowicz-Poisson differential. There exists a
volume element p on M such that IIT* M, with the Schouten bracket, the
odd vector field dp, and the berezinian volume §,, is a QSP-manifold.

Proof. — In fact, dp is the hamiltonian vector field with hamiltonian
P, with respect to the odd Poisson structure defining the Schouten bracket.
Therefore, by Theorem 2.8, dive,dp = —2 ASchovtenéup — —2 9, P. But
0y P is the modular vector field with respect to u of the Poisson manifold
(M, P) (see [21]). Therefore there exists a volume element p on M such
that dive,dp vanishes if and only if (M, P) is unimodular. The odd vector
field dp is of square 0, because [P, P] = 0, and it is a derivation of the
Schouten bracket by the graded Jacobi identity. O

THEOREM 2.17. — (i) For any manifold M, the supermanifold IITM ,
with the de Rham differential d and the canonical berezinian volume, is a
QS-manifold.

(ii) Let (M, P) be a Poisson manifold, and let | , |p be the Koszul-
Schouten bracket. Then IIT'M with the odd Poisson bracket [ , |p, the
de Rham differential d and the canonical berezinian volume, is a weak
QSP-manifold. If P is a nondegenerate Poisson structure, then IIT'M is a
QSP-manifold.
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Proof. — To complete the proof, we only have to recall that the
de Rham differential d is a derivation of [ , ]p, and that, when P is
nondegenerate with inverse the symplectic form, w, then d = [w, . |p,
so that d is the hamiltonian vector field associated to w. (See [22] or [5] for
a proof of this fact.) O

3. Linear connections and generators
of odd Poisson brackets.

Divergence operators on smooth manifolds can be defined not only by
means of volume forms, but also by means of connections. (See [15].) While
in Section 2, we generalized the first approach to supermanifolds, replacing
volume forms by their graded analogue, the berezinian volumes, in this
section we generalize the second method, defining divergence operators by
means of graded connections.

3.1. Divergence operators defined by graded connections.

We first recall the notion of graded connection. See [30] and [31] for
the definitions of left and right graded connections. Here we consider only
left graded connections, which we simply call connections. Let (M, A) be
a supermanifold and let Der.A be the sheaf of derivations of A.

DEFINITION 3.1. — Let S be a sheaf of A-modules on M. A left graded
connection, or simply a connection, on § is a morphism of sheaves of graded
vector spaces from DerA® S to S, denoted D ® o — W pa, which satisfies
the identity

VfDOl = fVDOé,
and the Leibniz rule,
Vo (fa) = D(f)a+ (-1)PV fWpa,

for any section f of A, any derivation D of A, and any section « of S.

A connection on the sheaf Der A of derivations of A is a graded linear
connection or simply a linear connection on (M, A).
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DEFINITION 3.2.— The curvature, RY, of a connection, ¥, on S is
defined by

RY(D1,D3) = [V p,,Vp,] =V p, p,,
for any derivations Dy, Dy of A.
The torsion, TV, of a linear connection, W, on (M, A) is defined by

TV (D1, Dy) = Vp, Dy — (—1)P1IP2l g, Dy — [Dy, Dy).

We shall now define the divergence operator associated with a linear
connection on (M, A). Let sTr denote the supertrace of an endomorphism
of sheaves of A-modules (see, e.g., [30] or [7]), and let adp denote the
endomorphism of Der A, E — [D, E]. For any graded vector field D, we set

(26) diVV(D) =sTr (VD - adD).

ProrosITiON 3.3.— For any linear connection, ¥, on (M, A), the
map, divy : Der A — A, defined by (26) is a divergence operator.

Proof. — The map divy is even. It follows from [fD, E] = f[D, E] —
(_1)(|f|+ID|)|E|E(f)D’ that

divy (fD) =sTr(Vyp — adsp)
= f divg (D) + T (E s (-1) VHIPVE (1) D).

Let the graded dimension of the supermanifold be m|n, and let us choose
a system of local graded coordinates (z?,...,z™,s!,...,s™). We find that

STr(E — (_1)(|f!+|DI)IEIE(f)D)

- D If |+D|
Lo Pt (@ ) Z (95”
=1
IfIIDI D —1)If1IPI D(s _nlfFpip
> Dl g + (017D 2 = (-

where we have used the local expression of the derivation D in the basis of
localgradedvectorﬁelds,(8—2—1,...,525,5%,...,6%). O

ProposITION 3.4.— Let W be a torsionless linear connection on A

and let Dy and D+ be graded vector fields. Then
(27) RYVY (Dy, Dy) = —sTr(RY (D1, Dy)).

ANNALES DE L’INSTITUT FOURIER



DIVERGENCE OPERATORS AND ODD POISSON BRACKETS 443

Proof. — We have to prove that
D; (sTx(V p, — adp,)) — (=1)! P72 Dy (sTe(V p, — adp,))
—S“(V[Dth] - a’d[DlyD2])
=sTr([Vp,, Vp,] = Vp, p,)).

This result follows from a computation of these two expressions in local
coordinates, for pairs of commuting graded vector fields, D; and Do, in a
local basis. O

3.2. Generators defined by graded connections.

We now assume that (M, .A) has an odd Poisson structure, 7, whose
bracket we denote by [ , ]. Let W be a linear connection on (M, A).
Following the general pattern of Section 1.3, we define the operator A™V :

A— A by

(28) ATV (f) = (- Sdive (I, - ),

for any section f of A. It follows from Proposition 3.3 and Theorem 1.2 that
the odd operator A™V is a generator of bracket m. Therefore, to any linear
connection on an odd Poisson manifold, there corresponds a generator of
the odd Poisson bracket.

ProposiTiON 3.5.— Let V be a torsionless linear connection on A.
The following properties are equivalent:

e A™V js a derivation of the odd Poisson bracket,r,

e (A™V)? is a derivation of the sheaf of associative algebras, A,

o sTr(RV) vanishes on the sheaf of hamiltonian derivations.

Proof. — These equivalences follow from Lemma 1.1, and from Corol-
lary 1.4 together with Proposition 3.4. O

We now compare the generators associated to torsionless linear con-
nections, ¥ and V¥’, on A. The difference ¥, — ¥p is then a morphism
of sheaves of .A-modules from DerA to itself, which we denote by u(D).

PropPoOsITION 3.6.— Let W and V' be torsionless linear connections
on A. Then

AT () = ATV (f) + (- SSTr(u(XT)),
for any section f of A.
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Proof. — This relation follows from the fact that, for any derivation
D of A, divyg/ (D) = divy(D) + sTr(u(D)). O

Remark. — In the case of an ordinary manifold, the trace of the
curvature of a linear connection is the curvature of the connection induced
on the bundle of top-degree forms. It would be interesting to interpret the
supertrace of the curvature of a graded linear connection as the curvature
of a connection on the sections of the berezinian sheaf.

3.3. Metrics and metric connections on supermanifolds.

We recall the definitions of metrics and metric linear connections on
supermanifolds.

DerINITION 3.7.— A graded metric, or simply a metric, on (M, A)
is a morphism of sheaves of A-modules, ( , ) : Der A® Der A — A, such
that

e (D, Dy) = (-1)IP1lIP2l(D, D), for derivations D; and D (graded
symmetry),

e the map D — (D, - ) is an isomorphism of sheaves of A-modules
from DerA to Hom 4(DerA, A) (nondegeneracy).

DEFINITION 3.8. — A linear connection W on A is metric with respect
to a metric ( , ) if, for any derivations D, Dy, and D5 of A,
D(Dy, D3)
= (VpDy,Ds) + (_1)|D1IIDI<D1, V%Dg) + (_1)ID1|(ID|+1)(D17 vbD2>,

where W = V° + W! is the decomposition of the linear connection into its
even and odd components.

The proof of the following theorem, can be found in [27], p. 134, and
in [33].

THEOREM 3.9. — There exists a unique torsionless linear connection

which is metric with respect to a given metric. It is determined by

2(V p, D2, D3) = D1(Do, D3) + ([D1, D], D3)
+ (_1)|D1|(|D2I+ID3I) (Dy(D3, Dy) — <[D2,D3],D1>)
— (_1)|D3!(|D1|+ID21) (D3(Dy, Dy) — (D3, D1], D2)) .
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The linear connection defined in Theorem 3.9 is called the graded
Levi-Civita connection or simply, the Levi-Civita connection of the metric
(', )- The Levi-Civita connection of a homogeneous metric is even. (See also
(8], where an expression in local coordinates of the Levi-Civita connection
is given in the case of a homogeneous, even metric.)

3.4. Linear connections and Schouten bracket.

We shall again consider the supermanifold II7T* M, whose sheaf of
functions is the sheaf of multivectors on M. We shall use the notations
f,g,... for functions on M or on an open set of M, and the notations
X,Y,... for vector fields and «, 3, ... for differential 1-forms.

3.4.1. Graded vector fields on IIT*M.

Whereas the derivations of the algebra of forms on a manifold can be
classified by the Frolicher-Nijenhuis theorem [9] (and see Section 2.4.2), the
classification of the derivations of the algebra of multivectors on M requires
the use of an auxiliary linear connection, V. Let U be an open set of M. If
K = @ ® X is a vector-valued multivector on U, where Q is a multivector
and X is a vector, we define VgV = Q A VxV, for any multivector V'
onU. If L =W ® a is a 1-form-valued multivector on U, where W is a
multivector and « is a differential 1-form, we define i,V = W A i, V.

ProposiTiON 3.10 [32]. — Let D be a graded vector field of degree
r on IIT*M, i.e., a derivation of degree r of the sheaf of multivectors on
M. On any open set U of M, there exist a vector-valued r-vector, K,
and a 1-form-valued (r + 1)-vector, L, each uniquely defined, such that
DiU =Vgk +ir.

As a consequence, we see that, if (e1,...,e,) is a local basis of vector
fieldson U and (€,.. ., €™) is the dual basis, then (V,,..., Ve, ,ie1,. .., i)
generate the derivations of the algebra of multivectors over U, as a module
over the algebra of multivectors over U.

3.4.2. The graded connection on IIT*M associated to a linear connection
on M.

We shall show how to associate a metric on IIT*M to a linear
connection on M, and we shall study the Levi-Civita connection of this
metric.
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DeriniTION 3.11.— Let V be a linear connection on M. We define a
metric {, )y on IIT*M by its value on derivations of type V x, where X
is a vector field, and of type i,, where « is a 1-form,

(Vx,Vy)v =0, (Vx,ia)v =a(X), (ia,ig)v =0.

To verify the nondegeneracy of the metric thus defined, we observe

that, in the local basis of derivations (Ve,,..., Ve, ,éc1,..., %), the matrix
of this metric is (I?i Ig). This metric is odd.
ProrosriTiON 3.12. — Let V be a torsionless linear connection on M.

The Levi-Civita connection, VW, of the metric (, )v on IIT*M is given by

VvxVy =Voyy +ir. v)x» Vvuxia =ivia,
V, Vx =0, Wiisg=0,

where R denotes the curvature tensor of V.
Proof. — We shall make use of the commutation relations
[Vx,Vy] =Vixy] +irxy) [VXiial =ivya, and [ia,ig] = 0.

Using Theorem 3.9, Definition 3.11 and the fact that the connection V is
torsionless, we obtain

(R(X,Y)Z — R(Y,Z)X + R(Z,X)Y)
(Z,Y)X = (ig(. vix,V2z)v,
(VoxVy,ia)v = a(VxY) =(Vy,y, ia)v,
and
(Vyyiia, Vy)v = (Vxa)Y = (ivga, Vy)v, (Vvyia,ig)v =0.

From these relations and the nondegeneracy of the graded metric we obtain
the first two formulze, while the third follows from the fact that ¥ is
torsionless, and the fourth follows from the definitions. O

ProposITION 3.13.— The curvature RV of the Levi-Civita connec-
tion, V, of the metric { , )v on IIT*M, satisfies

RY(Vx,Vy)Vz = Vrxy)z T ivxRr)( - ,2)y T HVyR)( - ,2)%>
RY(Vx,Vy)ia = ip(x,y) ar
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where R denotes the curvature tensor of V, and R(X,Y)* denotes the
transpose of R(X,Y). Moreover RY (Vx,is) = RY (ia,i5) = 0.

Proof. — The proof is a straightforward computation using Proposi-
tion 3.12. O

CoOROLLARY 3.14.— Let V be a torsionless linear connection on M.
Then the Levi-Civita connection of the metric { , )v on IIT*M is flat if
and only if V is flat.

3.4.3. Generators of the Schouten bracket.

We have just seen that, to a torsionless linear connection V on M
we can associate the Levi-Civita connection, ¥, of the odd metric (, )v
on IIT*M, and therefore, by (28), a generator of the Schouten bracket,
which we shall denote by ASchouten,¥ There exists another construction,
due to Koszul [24], which associates a generator of the Schouten bracket
to a torsionless linear connection V on M. To V, he first associates the
corresponding divergence operator, defined on vector fields X by

(29) din(X) = TI‘(VX - adx).

This is the definition that is used in fact in [24] (although it appears by
mistake with the opposite sign in its first occurrence, page 262, before
Lemma (2.1)). This map is a divergence operator, i.e., satisfies (4), on the
purely even algebra C°°(M). For a flat connection on flat space, it reduces
to the elementary divergence. He then shows, using a local basis of vector
fields, that there is a unique operator on the multivectors, AV, of degree
—1, that extends the operator —divy and generates the Schouten bracket.
We shall now show that the generators of the Schouten bracket obtained
by these two constructions coincide.

LemMA 3.15.— For any vector field X, and for any 1-form «,

divy(Vx) = din(X), diVV(ia) =0.

Proof. — If (z',...,z") is a system of local coordinates on M, then a
local basis of graded derivations on II7T* M is (V y .,V (2. Tdaly - - - bdzn ).

We use the relations < V 2 ,dCzk >= g% and < zdz],dcmk >=0. In or-
5

der to compute dwv(VX) = sTr(Vy, — ady, ), we first observe that,
because V is torsionless,

vindclﬂ - [VX,ide] =V, Vx=0.

Ydz3
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Therefore

sTrH(Vy, —advy) =Y <Vy,V o —[Vx,V o ],d%’ >
j"l 8z oxd

=) <Vy_, Vx,d’ >= Z<v o X,de’ >= divy(X).

8xJ j=1

O

THEOREM 3.16. — For any torsionless linear connection V on M, the
generators AS°houten,V and AV of the Schouten bracket coincide. If V is
flat, this generator is of square 0.

Proof. — Since we know that both operators are generators of the
Schouten bracket, we need only show that they coincide on functions and
on vector fields. On functions, AShouten, ¥V yanishes since [f, - | = iqy and
divy (iqy) = 0, as does AV because it is of degree —1. Now, for any vector
field X and any torsionless linear connection V on an open set U of M,
[X, . ] = Vx — ivx, since both derivations of the sheaf of multivectors
coincide on functions and on vectors. If (eq, ..., e,) is a local basis of vector
fields on U and (e!,...,€") is the dual basis, then the 1-form-valued vector
VX in U can be written as E;;l Ve, X ® e/, Thus iyx = Ve, X Nigs.
Therefore, by Proposition 3.3 and Lemma 3.15,

divy (ivx) = dive () Ve, X Aiy)
Jj=1

=Z Ve, Xdive (ic) Zeﬂ Ve, X) = —divy (X).

It follows that
1
ASchouten,V(X) — _§din(lI)(7 . ]]) = —din(X)-

It follows from Corollaries 1.4 and 3.14 together with Proposition 3.4
that, if V is flat, the operator (ASchouten,¥)2 ig 5 derivation of the sheaf
of multivectors with respect to the exterior product. Since, moreover,
(ASchouten, V)2 g of 7-degree —2, it vanishes. O

Remark. — Koszul [24] proves that, conversely, any generator of the
Schouten bracket of multivectors on a manifold M is of the form AV for
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some torsionless linear connection on M, and that two connections give rise
to the same generator of the Schouten bracket if and only if they induce the
same linear connection on A\™ T'M, m being the dimension of the manifold.
We have not found any straightforward extension of this result to the case
of odd Poisson brackets on supermanifolds in general.

3.4.4. Conclusion.

Given a smooth manifold M, we set A = C*°(M), and we let Der A
denote the module of vector fields on M. The definition of a divergence
operator on a graded algebra reduces, in the purely even case of A, to the
requirement that the linear operator, div : Der A — A, satisfy the identity
div(fX) = fdivX + X(f), for any f € A and X € Der A. The operators
divy, considered in Section 3.4.3, where V are torsionless linear connections
on M, are examples of divergence operators. Other examples are furnished
by the operators div, associated to volume forms, y, on an orientable
manifold M. The Schouten bracket is an odd Poisson bracket on the graded
commutative, associative algebra, A = A ,(Der A) = &}, /\Z(Der A),
where m is the dimension of the manifold M. It is the opposite of a
divergence operator that can be extended into a generator of the Schouten
bracket. In fact, for any divergence operator on A, the operator —div can
be uniquely extended to a generator of Z-degree —1, denoted A(4) | of the
Schouten bracket. One can characterize the generator A(dV) recursively
since, for any f € A, it commutes with the interior product iqf. More
generally, for any form o,

lia, AUV = —i 4q.

It is easy to see that, in the purely even case, a divergence operator
div : DerA — A is nothing but a right (A, DerA)-connection on A, in the
sense of Huebschmann [15] [16]. In fact, if div is a divergence operator, then

(f,X) e AxDerA— foX =—div(fX) e A

is a right (A,DerA)-connection on the algebra A, and, conversely, if
(f,X) € AxDerA — foX € Ais a right (A,DerA)-connection on
A, then X € DerA — —1o0 X, where 1 is the unit of A, is a divergence
operator. Moreover, the right (A4, DerA)-connection is a right (A, DerA)-
module structure if and only if the curvature of the divergence operator,
defined by (5), vanishes. In fact,

(foX1)oXa— (foXz)oXy— fol[X1,Xs] = fRW (X1, Xa).
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In the papers cited above, the notion of a divergence operator does
not appear explicitly, but the preceding remarks show that the 1-to-1
correspondence ([15], Theorem 1) between right (A, DerA)-connections on
A and generating operators of the Schouten bracket of A yields a 1-
to-1 correspondence between divergence operators and generators, which
restricts to a 1-to-1 correspondence between divergence operators whose
curvature vanishes and generators whose square vanishes. Also, the 1-to-1
correspondence ([15], Theorem 3) between right (A, DerA)-connections on
A and left (A, DerA)-connections on the top exterior power, A’y DerA =
/\f;’p DerA, translates into a 1-to-1 correspondence between divergence
operators and left (A, DerA)-connections on the top exterior power. The
canonical bundle /\f‘{’p DerA is, in a natural way, a right module; equipping
it with a left module structure, which can be done by choosing a volume
element, is equivalent to equipping A itself with a right module structure
and therefore to selecting a divergence operator whose curvature vanishes
(cf. Proposition 2.3). To summarize, divergence operators, right connections
on A, left connections on the top exterior power of DerA, and generators
of the Schouten bracket are in 1-to-1 correspondence. The definition
of divergence operators and the preceding constructions extend to the
framework of Lie algebroids and to that of Lie-Rinehart algebras. See
[15], [16] and also [44] and [21]. While there is a functor from Lie-
Rinehart algebras to Gerstenhaber algebras, there is also a functor from Lie-
Rinehart algebras with a divergence operator (resp., divergence operator
with vanishing curvature) to Gerstenhaber algebras with a generator
(resp., to Batalin-Vilkovisky algebras). In the case of a complex analytic
manifold M and its algebra of analytic functions, the left (A4, DerA)-module
structures on the canonical bundle (top exterior power of holomorphic
vector fields) are called Calabi-Yau structures [36]. In this case, left (resp.,
right) (A, DerA)-module structures coincide with left (resp., right) Dps-
module structures.

The extension of the above 1-to-1 correspondences valid in the purely
even case to the case where A itself is a Z- or Zs-graded algebra, A, remains
to be done. The appropriate framework is that of the graded Lie-Rinehart
algebras, whose theory has already been developped by Huebschmann
(1990, unpublished), and left and right (A, DerA)-connections and module
structures in an appropriate sense. Sheaves of graded Lie-Rinehart algebras
should then be considered, the fundamental example being (A, DerA), for
any supermanifold (M, A). A divergence operator with vanishing curvature
should define a right (A, Der.A)-module structure on A, and there should
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be 1-to-1 correspondences between divergence operators, right structures
on the structural sheaf and left structures on the berezinian sheaf. Another
approach is by means of the theory of D-modules. Left and right D-modules
on complex supermanifolds have been studied by Penkov [34], who showed
that the berezinian sheaf of a complex analytic supermanifold is a right
D-module in a canonical way. Defining a left D-module structure on the
berezinian sheaf, which can be done by choosing a berezinian volume, is
equivalent to defining a right D-module structure on the structural sheaf,
and should be equivalent to the choice of a divergence operator.

One can define graded analogues of the modules of multivectors on
a manifold as modules of skew-symmetric multiderivations of A, and one
can generalize these notions to the case of sheaves of graded algebras over
a manifold. Multigraded generalizations of the Schouten bracket on the
space of skew-symmetric multiderivations of a graded algebra were defined
by Krasil’shchik in [26], following his earlier paper [25]. An analogue of the
1-to-1 correspondence between divergence operators and generators should
be also valid in the graded case.

Conjecture. A divergence operator on the graded algebra A, up to sign
factors, can be uniquely extended to an operator on the skew-symmetric
multiderivations of A that generates, in a suitable sense, the bigraded
Krasil’shchik-Schouten bracket.

In particular, this construction would associate to a divergence op-
erator on a supermanifold (M, A) a generator of the bigraded bracket on
multivectors on the supermanifold. We hope to return to this question and
also to study the relationship between the generators of a graded bracket
and those of its derived brackets, in the sense of [20], in a future publication.

Appendix. The berezinian sheaf.

We shall recall the definition of the berezinian integral and some
fundamental results, following [4], [30], [35], [41] and mostly [12] and [13].

Let (M, A) be a supermanifold of dimension m|n, in the sense of [23].
Thus, M is a smooth manifold and A is a sheaf of Zs-graded commutative,
associative R-algebras over M. There is an exact sequence

0-N—-A— A/N =0,
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where N is the sheaf of nilpotent sections of A, and .A/N is the sheaf
C> (M), regarded as trivially graded. The projection A — A/N = C®(M)
is denoted by the symbol ~, and there is a unique prolongation to the
module of differential forms of this projection, that commutes with the
de Rham differentials. Thus, if we denote by d and d® the de Rham
differentials in M and (M, A), then

dCa = da,

for any differential form o on the supermanifold (M, A).

The berezinian sheaf can be described as follows. Let P¥(A) be the
vector space of the differential operators of order k on A. There is both a
right and a left .A-module structure on P¥(A) given by (f.P)(g9) = f.P(g)
and (P.f)(g) = P(f.g), respectively, for sections f,g of A and P € P*¥(A).
If (,...,2™,s!,... ,8™) are graded coordinates on an open set U in M,
then P*(A)|y is free for both structures of .A-module, with basis

——6— kl [e] (o] ——8 km o] a o o] a
ozx! O™ OsPr T OsPa’

where ky,...,kn EN, 1< p1 <p2<...<pj<nandki+...+kn+j=k.

Let us now define P*¥(A4,Q7%) = Q% @ P¥(A), where Q% is the sheaf
of differential m-forms on (M, A). Let K™ be the subsheaf of elements P
in P*(A,Q7%) such that, for any section f of A over an open set U of
M with compact support, there exists an (m — 1)-differential form w with
compact support in U such that PA(?) = dw. Is is easy to show that K"
is a subsheaf of right A-modules of P™(A,Q7%). The berezinian sheaf is
the quotient sheaf P™(A, 7¢)/K™. The sections of this sheaf can be locally
expressed as

0 0
G G,.m

where f is a section of A. If V C M is an open set with graded coordinates
(¥ ...,y™ tl,...,t"), then,on UNV,

0 0
G, 1 G, m
[d Yy A...ANd7y ®———at1 o...o——atn]
1o} 0 A B
_ G,.1 G,.m
=|(d¥z" A...Ad%z ®_6sl o...oasn].Ber(C D)
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(4 3-8 &)

s ds°

where

and where Ber denotes the berezinian. (The berezinian, also called the
superdeterminant, of an invertible even matrix of the form (A B ) is

C D
det(A — BD1C)det(D™1).)

If M is an orientable smooth manifold, the Berezin integral, f( M, A)
maps the sections with compact support of the berezinian sheaf to R, and
is defined by f(M,A)[P] = [, P(1). As an example, if (M, A) = R™", then

0 0
G.,.1 G,.m
/len [d A Ad%2 ®_8sl o..,o—asn} f
=(—1)n"2_1 /IR" f(1,27m,n)(ac)dx1 A...ANdz™,

where f(; 2. n) is the coefficient of s's?...s" in the expansion of f as a
sum of products of the s”’s.

A section, &, of the berezinian sheaf is called a berezinian volume if
it is a generator of the berezinian sheaf, i.e., if any other section can be
uniquely written as . f for some section f of A. A berezinian volume is a
homogeneous section of the berezinian sheaf, whose degree depends on the
parity of the dimension n. If £ is a berezinian volume and v is a section of
A, then £.v is also a berezinian volume if and only v is invertible and even.

In order to define the Lie derivatives of berezinian volumes with
respect to graded vector fields, we first observe that, in a similar way, we
can define the right submodule K™% of Pn+k(A4, Q) for each k > 1,
and that the canonical inclusion P"(A,Q7%) — P"*(4,Q7%) induces
an isomorphism of sheaves of right .A-modules from P"(A,Q7%)/K" to
PrHE(A, Q) /KmHE.

Let D be a graded vector field on (M, .A). The Lie derivative of the
berezinian volume [w ® P)] with respect to D is

Lplw® P] = (-1)/PIwePI+[, & Po D].

The main properties of the Lie derivatives of berezinian volumes are stated
in Section 2, and are used there in order to derive the properties of the
divergence operators.
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