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THE HARISH-CHANDRA HOMOMORPHISM
FOR A QUANTIZED CLASSICAL HERMITIAN
SYMMETRIC PAIR

by W. BALDONI and P. MOSENEDER FRAJRIA

1. Introduction.

If G/K is a noncompact symmetric space and K AN is an Iwasawa
decomposition of G then the Harish-Chandra homomorphism is an explicit
homomorphism between the algebra D(G/K) of invariant differential op-
erators on G/K and the algebra of polynomials on A that are invariant for
the Weyl group Wy of the pair (G, A).

If G/K is an hermitian symmetric space then the complexification
t of the Lie algebra of K is a Levi component of a parabolic subalgebra
of the complexification g of the Lie algebra of G. This implies that there
is a natural analog (U,K) of the pair (G, K) with U and K quantized
enveloping algebras. In this quantized setting there is also an analog
Dy(G/K) of the algebra D(G/K).

The main result of this paper (Theorem 3.3) is the construction of
an isomorphism between the algebra D,(G/K) and an algebra of Laurent
polynomials that are invariant for the group Wg. We feel that ours is the
correct generalization to the quantum group setting of the Harish-Chandra
homomorphism. .

The major difficulty in generalizing the classical result comes from the
fact that there is no obvious analog of the group A, we solve this problem by

Keywords: Quantum groups — Symmetric functions.
Math. classification: 17B37.



1180 W. BALDONI AND P. MOSENEDER FRAJRIA

substituting the algebra of polynomials on A with an algebra of functions
on the lattice of integral weights of the system of restricted roots. Then we
identify an element X of D,(G/K) with the function Fx defined by setting
Fx(X) to be ®5(X) where ®, is a spherical function. This identification
followed by an appropriate p-shift gives the desired isomorphism.

To carry out this program we need to compute precisely the values
®,(X) of spherical functions and we are able to do so only when X is a
central element of U. For this reason we can not prove our result in full
generality, but only for the classical cases.

2. Notations.

Let G/K be an irreducible hermitian symmetric space of the non-
compact type. Let T C K be a torus and set g,, € and to to be the Lie
algebras of G, K, and T respectively. Set g, ¢, t to be the complexifications
of go, 8o and t,. Then t is a Cartan subalgebra of g and we denote by R
the root system of (g,t). This is a root system in the euclidean real space
(E,(, )), where E is the real dual of /=1ty and ( , ) is any (nonzero)
multiple of the form induced by the Killing form.

Since G/K is hermitian symmetric, it is well known that we can
find a positive system R* for R such that, if I = {a,...,a,} is the
corresponding set of simple roots, then there is a simple root «;, such that
the Lie algebra [¢, €] is the algebra corresponding to the subsystem R, of
R generated by IT\{a;,} and ¢ = [¢, €] + t. In other words the algebra ¢ is
the Levi component of a parabolic subalgebra of g. Moreover, if & is the
highest root in Rt and we write

o = E n;og,
J

then n;, = 1. We assume that such a positive system has been chosen once
and for all.

n
We denote by Q = Y Za; the root lattice for R, and we let P denote

i=1
the lattice of integral weights. We write P for the set of dominant integral
weights for R with respect to R*. We also set Rf = R N R, and Q. the

root lattice for R..
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We now describe the quantum analog of the pair (G, K): let F be a
field and assume that charF # 2. Fix ¢ € F and assume that q is not a
root of unity.

We normalize ( , ) so that d; = (1/2)(as, ;) € N and the d; are
relatively prime. Set a;; = 2(o,o;)/(ci,;), and let A denote the matrix
(aij). We let U denote the quantized enveloping algebra associated to
the matrix A. This is the algebra over F with generators E;, F;, K; and
K;! (i = 1,...,n) satisfying the relations described in §1.1 of [12]. We
denote by U*, U™, and U° the subalgebras of U generated by E;, F;, and
K;, K[! respectively. We set U> (resp. U<) to be the Hopf subalgebra of
U generated by the elements E;, K (F;, KF).

As it is well known, U is also a Hopf algebra and we let A denote the
comultiplication, S the antipode, and € the counit. We recall that € is the
homomorphism from U to F defined by

(B = e(F) =0, e(K)=e(K;") =1

and we set A = Kere. For the precise definition of the comultiplication and
the antipode we refer again to §1.1 of [12].

If X € U, then A(X) =) X1; ® X2;. We write for short

A(X) = ZX(I) ® X(z).

We let Ad denote the adjoint action of U on itself. This is defined as follows:
if X € Uand A(X) =3 X(3) ® X(2), then

AdX)(Y) =D X1)Y S(X(2).

If M is a Hopf subalgebra of U, then M acts via the adjoint action on U;
this action will still be denoted by Ad.

Set K to be the subalgebra of U generated by all the KX and by
E.,., F,. with r # ig. We note that, in the classical limit ¢ = 1, the algebra K
turns out to be the enveloping algebra of . As already observed the algebra
t is the Levi component of a parabolic subalgebra. An analogous situation
holds in the quantum case: as shown in [§2] we can find a subalgebra U,
of U™ such that P = KU, is a subalgebra of U and U, is Ad(K)-stable.
We recall that the algebra U, is the algebra generated by the root vectors
Xo with @ € RT\R} provided that a convex ordering for R is carefully
chosen.
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Let 7 be the involutive antihomomorphism of U defined by
(2.1) 7(E;) = -FK;, 7(F)=-K;'E;, 7(K;)=K,.

It is easy to check (see [1, Lemma 3.1]) that 7(U,) is Ad(K)-stable.
The PBW theorem for quantized enveloping algebras implies that the
multiplication

(2.2) m:U,®7(U,) K —- U

is an isomorphism of vector spaces (see [§3] for the details).

If M is a U%-module and p € P, then we define
M,={veM|Kv= q( @My for all i}.

If v € M, we say that v has weight ;4 and that M, is the weight space of
M of weight p. As a particular case we consider the action of U® on U via
Ad: in this case U, # {0} if and only if u € Q and

U=,
neQ
If X € U has weight p we write for short A(X) = u.

In this paper all U-modules are meant to be finite dimensional and of
type 1. We recall that a U-module is said to be of type 1 if it is the direct
sum of its weight spaces.

If A € P* then we denote by V(\) the irreducible finite dimensional
U-module of highest weight A as defined in [9]. We denote by P} the set
of weights in P that are dominant for II\{a;,}. If A € P} let V,(\) be the
finite dimensional representation of K with highest weight A.

If V is a U-module, v € V and f € V*, then we denote by cy, the
matrix coefficient defined by

cso(X) = f(Xv) X eU.

Let Fq(G) denote the subalgebra of U* generated by the matrix coefficients
of all the representations V() with A € P*. Set

Fo(G//K) = {f €Fy(G) | f(k1Xkz)
= G(kl)f(X)E(kz); ki,ke €K, X € U}

This is the g-analog of the algebra of bi-K-invariant functions on G.
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If V is a finite dimensional representation we say that a vector v € V
is a spherical vector if kv = e(k)v for all kK € K. We denote by P, the set
of all dominant integral weights A such that V(A\) has a nonzero spherical
vector. The space of spherical vectors in V(\) has dimension at most one,
as follows easily from [11, Theorem 4.12], thus, if A € Py, we fix a nonzero
spherical vector vy € V(X) so that the space of spherical vectors in V() is
precisely Fu,.

Let fx € V(A\)* be the spherical vector in V/(A)* such that fy(vy) = 1.
We call ) = cy, ., the spherical function of weight .

3. The algebra D,(G/K).

We now introduce the quantum version Dy(G/K) of the algebra of
invariant differential operators on the symmetric space G/K: set

U™ = (X e U| Ad(k)(X) = (k) X, k € K},
and J = U(K N .A). It is natural to define

D,(G/K)=U" /g nU".

K
Observe that Dy(G/K) is an algebra since JN'U is a two sided ideal in
K
U .
Recall that R, is the root system of (¢, t) and that R} = R*NR,. Let
7 €792 < ... < € RT\R} be the strongly orthogonal roots associated
to the pair (R, R}) (see [5, Proposition 7.4]). Let W, denote the Weyl

group of R.. If w, is the longest element of W, with respect to R} we set
8; = we(7;) and observe that §; € R*.

Set @' = Y R¥; and let m : E — a’ denote the orthogonal projection.
Set b~ = {X € ty | a(v/=1X) = Oforall @ € a’} and h* to be the
orthogonal complement of v/—1h~ in y/—1ty. We observe that the roots
6; are the strongly orthogonal roots for the positive system w.(R*) =
—RY U R\R}. Therefore, by [5, Corollary 7.6], we can choose root vectors
X5, and an Iwasawa decomposition G = KAN of G so that the space

G = ZR(X& + X—&i)

is the Lie algebra ag of A. By standard Lie theory we can find an element
u € Int(g) and such that Up- = Id and u(h*) = ao.
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If o is an element of the real dual of /—1ty, then we set a* to be the
element of the real dual of ag + v/—1h" defined by a* = aou~1. It follows
that w(R)*\{0} is the set of restricted roots for (g, ap), hence w(R)\{0} is
a root system (which is known to be of type BC,.). We denote by Qr, Pr
respectively the root and the weight lattice of w(R)\{0}. We also set Wg
to be the Weyl group of 7(R)\{0}.

Obviously (R*) is a positive system for the root system R*. We set
vt = n(R*)*\{0}.

LeMMA 3.1. — Xt is a positive system for w(R)“\{0}.

Proof. — Set aj to be the real dual of ag. The set {6%,6%,...,6%}
is a basis for aj. We order this basis by setting 6} > 6% > ... > 6* and
we extend this order lexicographically to all of aj. This defines a positive
system A% for 7(R)*\{0}. We claim that AT = X+.

As observed above the roots é; are the strongly orthogonal roots for
the positive system w.(R"), so, by [14, §2], if @ € R} then n(—a) is in one
of the following possible forms:

m(—a) =0 m(—a) = —%& n(—a) = - (6; — 6;) with j <

N =

hence, if @ € R} and 7(a) # 0 then 7(a) € A*.

On the other hand, if @ € R\RY then, by [14, §2], () is in one of
the following possible forms:

w(a):%&i (@) = ~ (6 +6;)

N =

thus 7(a) € A™.

This shows that T C A*. In particular we have that ¥t and — X+ are
disjoint. Finally we observe that AT U (=A%) = n(R)*\{0} = Zt U (™)
proving our claim. O

As pointed out in the Introduction the main result of this paper is the
quantum version of the Harish-Chandra isomorphism between the algebra
of invariant differential operators on G/K and the algebra of invariant
polynomials on A. We now describe our result precisely.

We begin with the following observation:

LEMMA 3.2. — If A € P then w()) € Pg.
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A 61 [
Proof. — Clearly 7(\) = i (( 6,»’, 53) 6;. If A € P, then 2 (((;\z’ (;)) €Z,
so we need only to prove that
1
3.1 = —Z6;.
(3.1) Pr Z 5 Z6
This can be checked directly using (iii) and (iv) of [14, §2]. o

Notice that, by (3.1),

2P = i Z6;

Jj=1

so, given A € Pg, we can define a function e* on 2Pg with values in F by
setting

) = ¢,

We denote the algebra of functions generated by {e?* | u € Pr} by Fo[2Fg].
There is a natural homomorphism from the group algebra F[2Pg] of 2Pg
onto Fy[2Fg]. Since we are assuming that ¢ is not a root of unity this
homomorphism is actually an isomorphism. The natural action of Wg on
2Pg extends to an action on Fy[2Fg].

1
If p= 3 >~ «, then we set py = 7(p). We already observed that, if
a€ERt
A € 2Pg, then (A, u) € Z for all 4 € Pg. Combining this last observation

with Lemma 3.2 we obtain that we can define an automorphism ~v_,;, of
Fq[2PR] by setting v—,,, (e*) = g~*rae?,

Suppose now that X € Dy(G/K). We define a function fg: Py — F
by setting fy(u) = ®,(X). Here is our main result:

THEOREM 3.3. — Suppose that the root system R is irreducible and
of type An, Bn, Cn, Dyn. Then the function fx : Py — F has a unique
extension Fy : 2Pg — F that belongs to Fy[2Pg]. Moreover

L v_pg (F) € Fg[2PR]"%.
2. The map
I': Dy(G/K) — F,[2Pa]"™,
I':X = 7y (Fx)

is an isomorphism of algebras.
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The rest of this paper is devoted to the proof of Theorem 3.3. The
reason why we need to restrict to the classical cases will soon be apparent.

We conclude this section by describing briefly the various steps in
the proof: in §4 we construct a basis {X | A € P} of Dy(G/K) using the
decomposition (2.2). Unfortunately we are not able to compute directly the
functions f5 . To overcome this difficulty, we construct a different basis for
Dy(G/K) using the central elements zy defined in [7, Lemma 6.23]. This
is done because the functions fz,, are easily computable. To carry out the
proof of Theorem 3.3. we need to relate the elements Zy with our basis
{X1}. The key result in this direction is Corollary 5.6 which is proved in
§5 using the so called L-operators.

Finally, in §6, we show how to reduce Theorem 3.3 to a computation
in F[2Pg]"®. The actual calculations are performed in §7 for the classical
cases. It should be noticed that we essentially show that the center of U
completely describes Dy(G/K). It is known that in the ¢ = 1 case this fact
holds for the classical cases while it is not always true in the exceptional
ones (see exercise D3 of ch.Il and the remark on page 326 of [6] with
the reference cited there). This observation explains why we cannot prove
Theorem 3.3 in the exceptional cases.

4. A basis for D,(G/K).

In this section we construct a basis for Dy(G/K). We start by
decomposing U, as a K-module:

THEOREM 4.1. — As a K-module

(41) Un = GBAEP()‘/C()‘)‘

Proof. — It is well known in the ¢ = 1 case that V¢(\) occurs in U,
if and only if A = n161 + n2b2 + ... + nyd, with n; € Zand ny 2 no >
. 2 n, > 0. Moreover such a V() occurs with multiplicity one (see the
remarks after Theorem 0 of [10] for the correct attribution of this result).
It follows in particular that, if n; € Zand ny > n2 > ... > n, > 0, then
n161 +nebs + ... +n,.6, € P*. By construction U,, has the same character
of its classical counterpart, so, by [11, Theorem 4.12], it decomposes in the
same way.
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To conclude the proof we need only to show that

(4.2) Py = anéjlanZandn1>n2>...>nT>0 ,
Jj=1

,
IfAe{ njéjInjEZandnl>n22...>nr>0},then)\“is
i=1

a weight on ag + h* that is dominant integral with respect to (R*)v. Set
F(A*) to be the finite dimensional irreducible g-module of highest weight
A¥. By Lemma 3.1 we can apply Theorem 4.1 of [6] and find that F(A\*) has
a nonzero t-invariant vector. We know that in the ¢ = 1 case V() = F(A¥),
therefore, by applying Theorem 4.1 of [11] again , we find that, if ¢ is not a
root of unity, then V() has a nonzero K-invariant vector. This shows that

T
anéj|nj€Zandn1>n2>...>nr>0 C PB.
Jj=1

On the other hand, if A € P, then any highest weight vector v*
of V(A) belongs to Utvy. By the PBW theorem we know that Ut ~
U, ® (KNU"), so, since v, is spherical, we have that v+ € U,v,. Since
the map U,, — U,v, (X — Xw,) is clearly K-equivariant, we can conclude

that V() occurs in U,. o
It follows immediately that, as a K-module,
(4.3) 7(Un) = @ (Ve V),
AEPy
hence

Uar(Un) = @ Ver(Va(w).

Au€EPy
As shown in [1] it is not hard to check that

Ve(M)7(Ve(n)) ~ Homg(Ve(A), Ve(w))

as a K-module. This depends on the fact that there is a nondegenerate
K-invariant pairing between U,, and 7(U,,); such a pairing will be exhibited
later in this paper.

It follows that

(Unr(U) = @ (er(ve))

AEPR,
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and
K
dim(Ve(\)r(Ve(N)) = 1.
For each A € Py we choose a nonzero element X € (Vc(/\)T(Vc()\)))K ;
we have thus shown that {X,} is a basis of (UnT(Un))K.
By (2.2) we have that
(4.4) U=U,7(Un)®J

and therefore since both U,7(U,) and J are K-stable,

U = (Uar(U)" ()"
It follows at once that
(4.5) {XA| A€ R}
is a basis of Dg(G/K).

5. L-operators.

In this section we set up the machinery of L-operators. The result
we are aiming at is Corollary 5.6 below. We recall briefly the theory of
L-operators: references are [13] and [8, Chapter 9]. A quick exposition can
be found in [4].

Let (, ) denote the unique bilinear pairing between U< and U? such
that, for all y,y’ € US, all ,z’ € U? and all u, \ € Z®,

(5.1) (v,z2') = (A(y), 2’ ®2)  (w,2) = (Y®Y, Ax))
(5.2) (K, Ku) =g~ (Fi, Ej) = ~6ij(ai — ¢ )7
(5:3) (K, Ei) = (Fi, Ku) = 0

(see [7, Proposition 6.12]).

We denote by U? the group algebra of P. If H is a Hopf subalgebra
of U containing U° then we can extend the adjoint action Ad of U° on H
to U% if X € H and A(X) = p then we set Ad(K))(X) = ¢» W X. We
denote by H the Hopf algebra H = H ®y0 U° with multiplication defined

by
(X®K))(Y ® K,) = XAd(K))(Y) ® K»\K,,
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and comultiplication defined by
A(X ® K») = 123(A(X) ® KX ® K))

(here To3 is the “flip” T23(X1 RX2QX3® X4) =X1 X330 X2 ® X4).

By Lemma 4.1 of [4], we can extend the pairing ( , ) to a pairing
between US and U and to a pairing between U< and U?> by defining

(5.4) (YK), XK,)=q¢ ®(Y,X) XeUt, YeU .

We denote both pairings by (, ) and observe that the same argument of
Corollary 4.3 of [4] shows that the pairings are both nondegenerate.

We can now introduce the L-operators. See [4] for a proof of the
following result:

THEOREM 5.1. — Let M be a finite dimensional U-module. Fixv € M
and f € M*. Then

1. There is a unique element £}, € U? such that c;,(y) = (y,£},)
for all y € U<,

2. There is a unique element £, € U< such that ¢, (S(z)) = ()
for all z € U>.

The elements Z;v are the so called L-operators.

Let M be a finite dimensional U-module, {v;} a basis of M, and {f;}
its dual basis. If v € M, and f € M*, we set

(5.5) Lu(f@v)= Zef w55, )

We also set
(5.6) 2 =Ly (Z fi® Kg,,vi) .

A proof of the following result can be found in §7 of [4]:

THEOREM 5.2. — 1. L : M*® M — U is U-equivariant. (The action
of U on U is given by Ad).

2. If A\ € P and 2) € Q, then
Lyy(V)*®V(A) cU.

3. zu is a central element in U.
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By hitting with zps the lowest weight of V/()\) we find by a direct
calculation that

(5.7) zu - v = t1 (K_g(atp), M)V

for all v € V(A). In particular, by applying Proposition 5.11 of [7] or by a
direct calculation, we find that

(5.8) ZMZN = ZMQ®N -
We set zy = 2y (y) for A € Pt.

Our next task is to find a K-equivariant version of £z, this time into
U,7(Uy,): set

K =KNnU- K'=KnU*t
and
K<s=KnUS K>=KnU=>

We let A denote the augmentation ideal of U. It is the two sided ideal
generated by A and {K) — 1| A € P}. We set

<= USRSNA) T2 = (K> n A0,
By the PBW theorem we have that
Us=7U,)eIc U>=U,,0I>.

Let pt : U? = U, and p~ : US — 7(U,,) be the projections corresponding
to the decompositions above.

We now observe that
(5.9) (Z5,U,) =0.

Indeed, notice that if Y € IS and X € U,, then we can assume that
Y =Y'K), with Y e U (K" NA) or Y = Y'(K) — 1) with Y’ € U< and
A € P. In the first case we obtain

(Y,X) = 0 by (5.4) and §8.30 of [7]; in the second, (Y, X) = 0 by
applying (5.4).

Next we prove that

(5.10) (r(U,),I?) =0.
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Let w be the involutive automorphism of U defined by
w(Fi) = Ei w(K)‘) = K_)\.

We observe that S(w(X)) = 7(X) for all X € U, hence we can extend T
to U. Now, if X € Ut and Y € U™, then, as shown in [7, Lemma 6.16],
we know that

(5.11) ¥, X) = (w(X),w(Y)).

Using (5.4) it is easy to check that (5.11) holds also if Y € U< and X € U+.
Since (S(Y), S(X)) = (Y, X) forall Y € U< and X € U? (see Exercise 6.16
of [7]), we deduce that (Y, X) = (7(X),7(Y)) if X € Ut and Y € U<. In
order to prove (5.10) it is now sufficient to observe that 7> = 7(I<).

Notice also that (5.9) and (5.10) imply that the pairing between U,
and 7(U,) given by restricting (, ) is nondegenerate.

THEOREM 5.3. — Let V be a finite dimensional U-module.
1. The map [I;';V :V®V* — U, defined by
v®f - (k0

is K-equivariant.

2. Themap Ly, : V®V* — 7(U,) defined by

v® f o p (S(lk,,0))

is K-equivariant.

Proof. — We first show that for all X,, X, € U, and k € K.
(5.12) (Ad(5(K))(7(X1)), X2) = (7(X1), Ad(k)(X2))

This can most easily checked using the Rosso form <, > as defined
in [7, §6.20]. Indeed, by equation (1) of 7, §6.20] we have that

(T(X1), X2) =< Ad(K2,)(7(X1)), X2 >

hence 5.12) follows readily from the Ad-invariance of the Rosso form.

As observed above, the pairing between U, and 7(U,) given by
restricting ( , ) is nondegenerate. It follows that in order to prove our
statements it is enough to show that, for all k € K and X € U,

(5.13) (r(X), L3 v (k- (v® ) = (T(X), Ad(RK) (L7} v (v ® £)))
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and that
(5.14) (Lov(k-(v®f)),X) = (Ad(k) (L, v (v ® f)), X).

We now prove (5.13): write A(k) = le k! ® kI then
(r(X), £y (k- (0@ £) = 3 (7(X), " (61 (k¢ _yph100))
=2 ((X) B pxcppys) BV (5:10)
= Z k! - f(T(X)K_2,k! - v) by Theorem 5.1
= Z F(S(KY)T(X) K gk, - )
= f(Ad(S(k)(T(X))K -2 - v)

= (Ad(S(k)(T(X)),lZK_h_U) by Theorem 5.1
= (Ad(S(k)(7(X)),p* (€5 k_,,.)) by (5.10)
= (1(X), Ad(k)(L7 (v® £))) by (5.12).
The proof of (5.14) is completely analogous. m]

Suppose now that A € Py so that V() has a nonzero spherical vector.
This implies that the weights of V(A) are all in Q. In particular we can
define an action of U on V(\) by K,v = ¢y for v € V()),.

Consider the left ideal Z of U
IT={XecU|Xvy=0forall A € P}.

The following result was proven in [3]:

TuEOREM 5.4. — 1. 7 = U(K N A).

2. The decomposition

U = (U, r(U))< @ (UK N A) + (K N A)0)

holds.

3. The pairing

<, >:Fy(G//K) x Do(G/K) - F

given by < f, X >= f(X) is nondegenerate.
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. K
Let p : U — (U,7(U,)) be the projection associated with the
decomposition given in 2 of Theorem 5.4. If V' is a U-module, then we set

Py(V)={X € Py | Ve()) occurs in V}.

A consequence of Theorem 5.3 is the following result:

ProrosiTiON 5.5. — Let V,W be U-modules. If v € V, f € V*,
w € W, and g € W*, then

p(t},5(650)) = Y cuXy,
w

with ¢, = 0 unless p € Po(V @ V*) N Py(W @ W*).
Proof. — Obviously,
p(¢f,8(¢5.,)) = p(* (€F,)p™ (S(€,,)))
= p(EI,V(KZp'U ® f)L, w(w® K_2,9)).

If p € P} and V is a U-module, we let C(u, V) denote the isotypic
component of V of type . By (4.1), we know that

{C(u, U,) ={0} ifu¢h,
C(p, Uyn) = Ve(p) if p € Po;
and, by (4.3),
{ C(“’T(Un)) = {0} if — wc(y‘) ¢ Py,
C(k, 7(Un)) = 7(Ve(—we(p)) if —we(p) € Fo.

By the K-equivariance of EI’V we deduce that
Lhy(Kpuv®f))e D Velw
HEP(VRV™)
and, by the K-equivariance of Ly,
Loww®K s9)€ > 7(Ve(w)
KEP(WRW™*)
(here we used the fact that (W @ W*)* ~ W @ W*).
It follows that

p(E},5(t5)) € p( ) Vc(ul)T(Vc(uz)))

H1,H42
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with g1 € Po(V®V™*) and pa € Po(W @ W*). If we set Jix = (UK NA)+
(KN .A)0), it is easy to check that

V() 7(Ve(2)) = (Velua)T(Ve(b2))) - @ (Ve()7(Velz))) N Jic

hence

_ K
Pt} ,S(ly0) € D (Ve(m)T(Ve(2))) -
K142
To conclude the proof it is enough to recall that

{ (Vc(ul)T(Vc(uz)))K = {0} if 1 # po,
(V)7 (Va(w))) = FX,.

Analogous to the decomposition (4.4), we have a decomposition

U =U,r(U,) @ UKNA
hence, if we set J = U(K N A), then

. K K .K
U =(U,r(U,) &J
K _K
thus the embedding U C U induces an isomorphism

U /7" ~ D,(G/K).

. K — K
If X €U westilldenote X = X +J € Dy(G/K). A consequence
of the previous proposition is the following result:

COROLLARY 5.6. — If V is a U-module, then
Zy = ZC;LYM
m
with ¢, = 0 unless p € Po(V @ V*).

Proof. — We already observed that if A € Py then U acts on V(\). It
follows that we can define ®,(zy) for all A € Py. Let <, > be the pairing
defined in Theorem 5.4. Since K N A acts trivially on spherical vectors we
have that

< Py),Zy >= @)\(Zv) forall A € Py
and that

D) (2v) = Ba(p(2v)) =< ®,p(2v) > for all X € Py.
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By the nondegeneracy of the pairing < , > we obtain that
Zv = p(zv)

hence our result.

6. The proof of Theorem 3.3.

In this section we show how to reduce the proof of Theorem 3.3 to a
calculation in F[2Pg]"®.

First of all we observe that it is obvious that f = fxfy, so if
we can prove the existence and uniqueness of F5 and Fy- then clearly
Py = FxFy. € Since Y=pg is obviously an automorphism of Fy[2FPR], we
have that I'(XY) = I'(X)I'(Y).

We now show that the function F5 of Theorem 3.3 exists when
X = zy: by (5.7)

fzv (N = tr(K_2aip), V) = Z Z dim V, g2 +0)

pRERR \7(v)=p

Since A € Py C o’ then we can rewrite fz, as

f?v()\)= Z Z dimVVq—2(V,p) q—z(u,x)

HER \7(v)=p

so, if we set

Fpy =Y | ) dimV,g 2™ | e
HER \n(v)=p

then clearly Fz, € Fo[2FR] and (F%, )|, = fzy- The uniqueness of F3,
follows immediately from the following observation:

TueOREM 6.1. — If F' € Fy[2FR] is such that Fj, =0 then F =0.

Proof. — Let F[z;,z; '] be the algebra of Laurent polynomials in
r variables. We can define a map ¢ : Flz;,z; '] — F,[2Pg] by setting
#(z;) = €%. The map ¢ is clearly onto. If F = ¢(p) is such that Fp =0
then, arguing as in Lemma 4.2 of [4], we find that p = 0 thus F' = 0. o
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Since Fz, exists we can also define I'(Zy) = v-,,, (Fz,). We now
compute it: set ppr = p — pg/, then

(61) F(EV) = ’Y—Pal (F?v)

= Z Z dimV,,q_2("”’) q2(Pa/»#)e'—2#
(6.2) pePx \m(v)=n
- -y [ X dmugeeo ) o

HER \m(v)=p
Our next task is to prove that ['(Zy) is Wg-invariant. Set
Ry ={a € R | n(a) = 0}.

It is known that Ry is a root system.

It is well known that Lemma 3.1 implies that IIN Ry is a set of simple
roots for Ry whose corresponding system of positive roots is Ra' = R*NR,.

LeEMmMA 6.2. — Given w € WR, there is W € W such that

(6.4) ToW=woT
and
(6.5) W(pm) = pum-

Proof. — Set Wy = {w € W | w(a’) = o'} and let Wy be the Weyl
group of Rg. Then, by Proposition 8.10 of [5], the map Res : Wy — Wg
(Res(w) = w)q) is onto and its kernel is Wj.

Given w € WR then we choose w € Wy such that Res(w) = w and
such that @ is an element of minimal length in the coset WW)y of Wy /W.
It is clear that w satisfies (6.4).

We now show that  satisfies (6.5) : it is well known that Lemma 3.1
implies that ppsy = = Y @, so it is enough to prove that w(Ry) = Ry .

aeRg'

Since w(a’) = o', then W(Rp) = Ro. Since Ry is the positive system whose
set of simple roots is II N Ry, it follows that we need only to check that
w(e) € RY for all @ € IIN Ry. Suppose that @ € IIN Ry and w(a) € —R.
Then Ws, € W) and £(Wss) < (W) contrary to the choice of w. u]
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We are now ready to prove that I'(Zy) is invariant:

PROPOSITION 6.3.

I'(zv) € F[2Pg)"k.

Fix w € Wg. We need to check that the coefficient of e=2# in I'(zy)
is the same as the coefficient of ¥~ (=2¥) i.e. that

Y dimV,g i) = N dim Vg2,
m(v)=p m(v)=w=1(p)

Choose @ as in Lemma 6.2. Then 7(v) = w™1(y) if and only if m(w(v)) = u
SO we can write

Z dim qu—2(v,mw) - Z dim qu—2(v,pm)

m(v)=w1(p) m(B(v))=p

Z dim Vw_l(u)q_2(ﬁ)—l(u))pM)
m(v)=p

Z dim qu—2(v,ﬂ)(pm))
m(v)=p

> dimV, g 2er) by (6.5)
m(v)=p

as desired. o
i
Recall that r = dima’ and for i =1,...,r set w; = ) §;.
j=1
T

If I = (41,...,4i,) € N" then we set |I| = Y ji;. If A € Py then
J=1
A=Y n;é; withn; € Zandny 2nz >... >2n, >0. Weset |A\| =) n;.
=1

LEMMA 6.4. — Suppose that there are \1,..., )\, € PT such that
1.
(Aj,wr) < 5](51,51)
Set z; = 2V (A:) and, if I = (i,...,i,) € N", set = HE;?,
J

Then

zl = Z C)\—X_)‘.
RYNI|
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Proof. — Set
M= (@) ® (82V3) ®...® (®V;).
By (5.8) we have that
SI

z =2l =zZpp.

Applying Corollary 5.6 we find that

ZM = Z caXa.
AEP(MRM*)

If A € Po(M®M™*), then A must be a weight of MQM*, thus A = p+v
with p a weight of M and v a weight of M*, so

Mn = ZZJ)\] - Zniai and v = Zij(—-’wo(Aj)) - Zmiai
j=1 j=1

with m;,n; € N. (Here wp is the longest element of the Weyl group of R
with respect to R™).

Since w, is dominant for R*, we have that

(wr) <D 35N, wyp) and (v,w,) <Y d5(—wo(Ag), wr).
i i

1
We are assuming that (A\;,wr) < —2-j(51, 61). Arguing as in [1, Lemma 6.2]

1
we see that —wo(wr) = wy 50 (—wo(Aj),wr) < Ej(él, 61). We can conclude
that

A wr) = (B + v ,wyp) < |I](61,61).

On the other hand, by (v) of [14, §2], (6;,6;) = (61,61) for all j, hence,
since A = )" n;d;, we find that

(6.6) (A, wr) = |A[(b1,61)-

The result follows. o

By Lemma 6.4, Theorem 3.3 will follow if we prove the following
result:
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THEOREM 6.5. — Under the hypothesis of Lemma 6.4 suppose also
that the set

{L(z1),...,I'(z)}
is an algebraically independent set of generators of Fy[2 Pg]"V®.
Then the set {Z'} is a basis of D4(G/K), Dy(G/K) = F[z;], and
T : F[zi] — Fo[2PR]™
is an isomorphism of algebras.

Proof. — Fix N € N and set Dy(G/K)[N] to be the space generated
by {Xx | |A| < N}. By Lemma 6.4, {Z' | |I| < N} C Do(G/K)[N].

If I = (i1,...,4r) weset A(I) = E ijw;. By (6.6), using the fact that
j=
(wj,wr) = j(61,61), we deduce that I/\(I)| = |I], so we can define a map
{Z' | <N} — {Xx | M < N}
zh = X
that is bijective.

Since the set {I'(z1),...,I'(Z,)} is algebraically independent, the set
{z" | 1| < N} is linearly mdependent Since {X | |A\| < N} is a basis
of Dg(G/K)[N], and Dy(G/K)[N] is finite dimensional we deduce that
{z! | |I| < N} is a basis of Dy(G/K)[N]. This proves the fact that {z'} is
a basis of Dy(G/K) and, therefore, Dy(G/K) = F[Z;].

Moreover, since I' maps an algebraically independent set of genera-
tors onto an algebraically independent set of generators, it is clearly an
isomorphism. u}

7. The classical cases.

In this section we prove that if R is a root system of type A, Bn,
Ch, Dy, then the hypotheses of Theorem 6.5 hold. Our computations will
be based on the following easy observation:

LEMMA 7.1. — Suppose that
¢ :Flzy,...,25) = Flzq,...,25]

is a surjective homomorphism. Then ¢ is an isomorphism.
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Proof. — The ring Fz;,...,,] is noetherian. O

If A € 2Pg, then we denote by m(\) the Wg-orbit of e*. It is known
by classical invariant theory that F[2Pg]"® is the polynomial algebra in
the free generators X; = m(—w;).

Suppose that, for each i = 1,...,r, we can find \; € Pt that satisfies
the hypothesis of Lemma 6.4. Let z; be as in Lemma 6.4, and set Y; = I'(z;).
We need to prove that {Y;} is an algebraically independent set of generators
for F[2Pg]"®. By Lemma 7.1, in order to prove this fact, we need only show
that the homomorphism

¢:F[X1,...,X,] - FX1,..., %]

defined by setting ¢(X;) = Y; is onto, or, equivalently, that there are
polynomials Py, P, ..., P, such that X; = P;(Y3,...,Y,). The proof of the
existence of the weights \; as well of the polynomials P;,..., P, requires a
certain amount of case by case checking, so we prove it separately for each
case. In all of our cases we use the description of roots and weights given
in (2, Planches I-IV]. The various cases are listed according to Table V at
page 518 of [5].

7.1. Case CI.

In this case R is of type Cp, a;, = 2€,, and §; = 2¢;, ¢ = 1,...,n.
It follows that 7 = n and E = o/, so = is the identity and pps = 0. For

2
i=1,...,n, we choose \; = ) ¢;; it is easily checked that the weights A;
)
satisfy the hypothesis of Lemma 6.4. It follows from (6.3) that in this case
(7.1) Y; =T(z:) = Y dimV(\)ue .
. pEP

Let F();) be the finite dimensional irreducible representation of sp(n,C)
of highest weight A;. Theorem 4.12 of [11] assures that dimV(\;), =
dim F();),. Since F();) is a subrepresentation of A‘C?™ with the action of
sp(n, C) on C2" given by the standard representation, then it is easily seen
that the weights of V();) are in the W-orbit of \;, with j < i and i — j
even. In turns, this implies that, by the W-invariance of Y;,

(7.2) Y= cym(=2X) =Y ciym(—wj) =Y i X;

j<i j<i j<i

where, clearly, c;; is the coefficient of e~2% when we write Y; as in (7.1).
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We deduce that c;; = dimV'();)»,, hence ¢;; = 1. It follows that we
can invert the matrix (c.s) and write

X; =Y _dyY;.
J<i

This concludes the proof.
7.2. Case AIIL

In this case R is of type A,_,. We can choose a;, = €, — €541 and

assume also that p > ¢ where ¢ = n — p. We have that §; = €; — €541 for
% ; n
i=1,...,q,hencer =¢q. Ifi=1,...,r, then weset \; = )_ € — 12@.

j=1 n] 1

Arguing as in §7.1, we see that the weights occurring in V();) are in
the W-orbit of A;, with j < 4. If @ € R, then it is easy to check that
(Aj, @) € {1,0,—1}. This implies that, if 4 is a weight occurring in V/(X;),
then
(1,6n) = (w(X;),6n) = (N\j,w™'(6n)) € {1,0, -1},
hence 7(2p) = 3 ardp with ap € {1,0,—1}. It follows that m(2u) is in the
R
Wh-orbit of w; for some j. By the Wg-invariance of Y; we obtain that

Y, =3 ciym(-w;).

Moreover, u is a weight occurring in V();) only if 4 = A\; — Y naa, with
nqo € Nand a € R*. Since w;, is dominant for R* we see that, if 7(2u) = wj,
then
2j = (7(2p),wr) = 2p,wyr) < (2N, wy) = 21,
hence
Yi = Zcinj.
J<i

To conclude the argument we need only check that ¢;; # 0. Indeed we prove

LEMMA 7.2.
Yi=D eiX;
j<i

with ¢;; = 1.
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Proof. — By (6.3)

Y, =T@z)= Y | DY dimV(\),g 2" | e 2,
HER \m(v)=p

S0 ¢;; is the coefficient of e~ in the expression above.

Suppose that v is a weight of V()\;) such that 7(2v) = w;. We notice
that m(2)\;) = w; so we have that (v,6;) = (\;,8;) for j=1,...,r

We write v = \; — Y npop, with np, € N. Hence

(1,68;) = (N, 85) — (Znhah, ) (v,65) - (Znhahﬁj)

so (3_nras,6;) =0 for any j, or, equivalently,

(Z LR, wj) =0

for any j. Since w; is dominant with respect to R*, we obtain that if nj, # 0
then (ap,wj) =0, hence ap, € Ry. Set Iy = IIN Ry. We have proven that

(7.3) V=) — Z NRAY.

ap€llp

Let M~ be the subalgebra of U~ generated by the set {F}, | an € IIp}.
Fix v to be a highest weight vector for V/();) and set W = M~v*. By (7.3)
the weight v can only occur in W. On the other hand, since (A;, @) = 0 for
any o € Ry, by the standard theory of finite dimensional representations
of U we see that W is one dimensional, so ¥ = \;. We can conclude that

Ciyy = dim V(Ai),\iq(_zki’pM) =1

as desired. o
7.3. Case DIII.

This case is more difficult and somewhat surprising. Here R is of
type D, and we can choose a;, = €,_1 + €,. The roots §; are given by
0; =€y_1+e€y fori=1,..., [n/2], SO T = [n/2]

In this case we choose A\; = ) €;. Arguing as in §7.1 we see that the
j=1
weights of V();) are in the W-orbit of A;, with j < 7 and ¢ — j even. It
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follows that, if p is a weight of V(A;) then
(1, 81) = (w(A;),68) = (N, w™'(8n)) € {2,1,0,~1,-2}.
By the Wy invariance of Y;, we can write
Y =Y auym(—my)

where pf = w; +wys with I < f (wp =0) and

aif = Z dimV (\;), g~ 2"Pm),
()=

Moreover, u is a weight occurring in V(X;) only if u = X\; — Y nea,
with n, € N and a € R*. Since w, is dominant for Rt we see that, if
7(2u) = puy, then

200+ f) = (m(2p),wr) = (2u,wr) < (2Ai, wy) = 24,
hence

Y, = Z aipm(—puf)-
I+ f<i

We need to compute the coefficients a;; more precisely:

LeEmMmA 7.3.
Yi — Z (q+q_1)(f—l)m(—/"’lf) + Z ailfm(_:u’lf)‘
I+f=t I+f<i

Proof. — If a weight p occurs in V();) then we can write
S

with as € {1,0,—1} and ) |as| < . If moreover m(2u) = iy with I+ f =4,
then we have that ass_1 + azs = 2 for s < | and agss_1 + azs = 1 for
l+1 < s < f. We deduce that as = 1 for s < 2l and either ags = 1, ags—1 =0
orass =0, azs—1 = 1forl+1 < s < f. Since we are assuming that [+ f = 1,
the fact that 3 |as| < ¢ implies that a; = 0 for s > 2f. We can therefore
write

21
‘¢L=X:e&,+es1 +...+es,_,
s=1
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where sp € {2l+2h—1,2l+2h} for h=1,..., f — 1. Since such a weight p
is in the W-orbit of \; we see that dim V();),, = 1 while g=2(#-Pm) = gt-p
where

p=t{h|sh=20+2h—1} t=4{h|s,=2l+2h}.

Clearly t = f — I — p, so we have that g~ 2(#PM) = ¢f=1=2P Tt follows that
the coefficient of p;¢ in Y; when [ 4+ f = ¢ is given by

f-1
o F=U\ s i9p_ —1Nf-l
auf = Z q =(q+q77)

p=0 p
as desired. m]
LEMMA 7.4.
f=1
XiX;= Y, i ) m(=mg) + D kim(—puy).
I+ f=i+j 14+ f<its

Proof. — We observe that, if A € P then m(—\) occurs in X; X if
and only if there is a weight v; in the Wg-orbit of —w;, and a weight v
in the Wg-orbit of —w; such that v; 4+ v, = —A. If v is in the W-orbit of

—w; then
v= Z asds

with as € {1,0,—1} and )’ |as| = i. Hence, if we write

=) ab, va=Y bbs A=) csb,

then —¢s = as+bs € {2,1,0,—1, —2}. This implies that ) is in the Wg-orbit
of w5 for some [, f, hence m(—\) = m(—puys) and we can write

Xin = Z klfm(—mf).

To compute the coefficient ki we need only compute the coefficient of e~#¢
when we write X;X; as ) k,e*. By taking A = p;¢ in the argument above,
then we find that

I+f=) <D las|+ Y |ba| =i+

hence

XiX;= Y kiym(—ps)-
I4+f<i+j
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It remains only to find the coefficient k;¢ of m(—piz) when I+ f = i+3j.
We need to count the number of pairs (v1,2) such that v; is in the Wg-
orbit of w;, v, is in the Wg-orbit of w;, and vy 4+ vo = pj¢. The fact that
v1 +vp = w5 implies that a; = b; = 1 if s <[, and either a; =0, b; =1 or
as=1, bs=0ifl+1<s< f.Sincel+ f =1+ ] we see that a; =b; =0
if f+1<s<r. Hence

l
v = 253 +631 +"'63i—l Vo = My — 1
s=1

withl+1<s81<82<...<8,<F.

It follows that the number of pairs (v1,12) as above is equal to the
number of choices for the indices s; < s < ... < s;_; that is clearly equal

to (‘:_—ll) o

LEMMA 7.5.

m(—wys) = Qus(X1,- .-, Xits)

where Qs is a polynomial.

Proof. — Obviously the point of this result is the fact that m(—puy)
does not depend on Xjif41,...,X,. This fact can be derived from
Lemma 7.4. Here we give a more natural proof.

If A € 2P then A = Y n;6; with n; € Z. We set |\| = > n;. Since ¢
is not a root of unity the set {e* | A € 2PR} is a basis of F,[2FPg]. Hence
we can define a degree d on F,[2PR] by setting d(e=*) = |\|. Since F,[2Fg]
is a domain we see that if f, g € Fg[2Pg]| then d(fg) = d(f) + d(g).

We compute that d(m(—pi)) =1+ f and that d(X;) = .
Since m(—pif) € Fy[2PR]"® then there is a polynomial Q;5 such that

m(—pf) = Qus(X1,..., Xr),

and Qs does not depend on Xjifi1,...,X, otherwise the degree of
m(—puys) would be bigger than I + f. o

Our result in case DIII depends on the following formulas:
LEMMA 7.6. — Fixi € {1,...,r} and set m = [i/2]. If i = 1, then

(7.4) Y1 —(¢+¢ V)X, =k withk €F.
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If ¢ > 1, then for each t = 0,...,m — 1 there is a polynomial
pt(X1,...,X;—1) such that, if i is even,

t
(75) Yi+pe(Xa,o s Xic1) = X5 = (67 + ¢ ) Xnej X j
i=1

m  s—t—1

2s o _o(s—
= Z ( Z (h ) (q2( h) +q A h)))m(_ﬂ'm—s,m+s)
s=t+1 h=0
while, if 1 is odd,

t
(7.6) Yi+pe(X1,...,Xiz1) — Z(qzﬂ'1 + ¢ N X i X144
j=0

m  s—t—1 2 +1
= Z ( Z ( B )(q2(s—h)+1 +q_2(s_h)_1))m(_/~l'm—s,m+1+s)-

s=t+1 h=0

Proof. — The proof is by induction on t. First of all we prove (7.5):
if 7 is even and t = 0 then by Lemma 7.3 we can write

Yi= Z (Q+q—1)(f—l)m(-llflf)+ Z a,-lfm(—mf).
I+ f=i I+f<i

By Lemma 7.5 there is a polynomial p'(X3,...,X;_1) such that

Yi+p (X1, , Xic1) = Y (g+ ¢ )Y Im(—py)
I+ f=i

m
=Y (a+ a7 ) *m(~tm—s;m+s)-
=0

By Lemma 7.4 we have that
[ 2s
X72n = Z ( s ) m(_ﬂm—s,m+s) + Z klfm(_/“lf)
s=0 +f<i

so, by applying Lemma 7.5 we can find a polynomial p” (X3, ..., X;—1) such
that

(2
X',zn = Z ( ) m(_l‘l‘m—s,m+s) +P"(X1, ce aXi—l)-
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Substituting we find that, setting pg = p’ + p”,

= —1\2s 2s
Y +po(X1,.. s Xi1) = X5 =) ((g+q7 ") - ( s ))m(_/‘m——s,'m+s)
s=1

- Z(
s=1
The inductive step is similar: by Lemma 7.4 and Lemma 7.5

Xm—tXmit = Z <mf__tl_l> m(—pg) + Z kigm(—pug)

I+ f=i LS <i

s

-1
2s s— —2(s—
(h ) (@ + 72"~ pm—s mats)-
h=0

m

2s
= (S'—t) m(_,um—s,m-l-s)+p,(X1,-.-,Xi_1)

s=t
and, by the induction hypothesis,

t—1

Yitpoa(Xe, o, Xic1) = X2 =) (67 + ) X j Xy =
Jj=1

s—t

=y <2hs) (@C + g 2P ) ) m(— pn—s mets)-

s=t h=0

Substituting in (7.5) and setting p; = ps—1 + (g% + ¢~ 2!)p’ we find
that

t
Y, + pt(Xl’ vy Xim1) — szn - Z(qzj + q—Zj)Xm-jX"H-j

=1
TSN (28 2s
=S (F) @ ra ey - () @+ )m-meam)
s=t h=0
m  s—t—1 2
= 2 (2 (5) @+ o)
s=t+1 h=0
as desired.
The case 7 is odd is proved in the same way. m]

Finally we are ready to prove that the hypotheses of Theorem 6.5
hold in this case:

ProrosITION 7.7. — There are polynomials P; such that

Xi = FP(Y1,...,Y,).
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Proof. — We prove this result by induction on i: if = 1 then (7.4)
says that

Y1 = (¢ +q7 1) X1 + cost.

S0, since ¢ is not a root of unity, we can write
X1 =(g+q 1) (Y1 — cost.).

The inductive step is similar: by setting ¢ = m — 1 in the formulas of
Lemma 7.6 we find that there is a polynomial Q; such that

Yi+Qi(X1,..., Xim1) = (¢ + ) X;
S0, since ¢ is not a root of unity, we can write
Xi=(¢"+¢ )Y+ Qi(X1,..., Xio1)).

The result follows immediately from the induction hypothesis. O

7.4. Case BDI and R of type B,,4;.

In this case R is of type B,+1. The case when n = 1 has already
been discussed in case CI hence we can assume n > 2. We can choose

o, = €1 — €, thus 7 = 2 and 6; = € + €2, 62 = € — €2. If we define
n+l 1
A=Y 56,‘ and A2 = €, then this choice satisfies the hypothesis of

Lemm; 61.4. Since \A; is the highest weight of the spin representation, the
weights of V(A1) are all the expressions 1/2(te€; + ... & €,41) while the
weights of Ay are +e; with j =1,...,n + 1. In both cases the multiplicity
of a weight is one.

We now proceed to compute Y;, i = 1,2.

Suppose v is a weight of V(A1) and write

n+1

1
V= 5;01'61‘

with ¢; = £1. Recall that we normalized the form (, ) so that (e;,¢;) = 2.
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Then

N

w(v) =

1 1 ca+ec 1 /¢ —c
(1 60)61 + 3 (1 62)8 = 5 (= 2>61+5( 53 2‘)52.

. - 1 1
By inspection one easily sees that 7(v) is either equal to + 3 6y or to + 3 b2,

and thus 7(2v) is conjugate to w; = 6;. Therefore by the Wg-invariance of
Y; we obtain that

i=| > ¢ | m(-w).

7(2v)=w;

In order to compute the coefficient we argue as before: suppose that

n+1 3
m(2v) = wy, thenc;+cy = 2,i.e.¢c; =cy =1.Since ppy = Y, (n—j+ 5)61',
=3
we find that

bl o
q—2(l/,pM) =q j=3 i (2n—25+3)

and

n+1

Z q—2(u,PM) — Z q 23 cj(2n—2j5+3)

n(2v)=w1 €3,--sCn41

n—1 .
_ Z q— =1 a;(2n—2j5-1)
a1,..-,an—1

where a; = ¢;j42, a; = £1.

Set
Ap ={(a1,...,an) | a; = £1}.

We claim that

n—1 (2 . 1 n—2 . .
Z . Yoy ai(2(n—3)=1) _ H(q(2]+1) 4 g~ @),

(a1,--,8n—1)€EAn—1 j=0

We prove it by induction: if n = 2 we have

doat=q+q"

a==+1
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Suppose it is true up to n — 2 and let us prove it for n — 1:

) PODCIC R

(a1,--y@n—1)€EAn_1

_ Z A=D1, Yo, ai(2(n—4)-1)
(a2y'~~7an—1)6An—-2
+ Z q2(n—2)+1q_ Z:; a;(2(n—j)—1)
(0'27-~)an—1)€An—2
— g 221 Z q E;': bj(2(n—1-35)—1)
(b1,..bn_2)EAL_2
+ gAn-D+1 ) g~ L bi@n=1=4)-1)
(bl»-wybn—Z)eAn—Z
n—3 ‘ '
— (q—2(n~2)—1 + q2(n—2)+1) H(q(2j+l) + q—(2]+1))
j=0
as desired.
In particular
n—2 ) ]
Y= | [T + ¢ @) | m(—w1) = p(g)m(—wr).
=0

We now compute Y. In this case if v is a weight of V()2), then

n+1
v= 3 cig; with Y |¢;| = 1; thus m(2v) is conjugate to w, and
i=1

Y, = Z g 2Pm) | my(—ws).

7(2v)=wq

If m(2v) = wy then v = Ay and so Y3 = Xo.

Therefore Y; = p(q)X; and Y2 = Xa. Since g is not a root of unity
we have that p(q) # 0, hence our result.

7.5. Case BDI and R of type Dy4;.

In this case R is of type D,,+1. We can assume n > 3 for the case n = 2
has already been discussed in §7.2. We can choose a;, = €1 — €2, this i =2



THE HARISH-CHANDRA HOMOMORPHISM FOR A QUANTIZED CLASSICAL 1211

n+l 1
and 61 = €1 + €2, 62 = €1 — €2. If we define \j = > 3¢ and Ay = €;, then
i=1

this choice satisfies the hypothesis of Lemma 6.4. We recall that since \;
is the highest weight of the spin plus representation, the weights of V(A1)
are all the expressions 1/2(+€; +. ..+ €,41) With an even number of minus
signs while the weights of Ay are +e; with j = 1,...,n 4+ 1. In both cases
the multiplicity of a weight is one.

We now proceed to compute Y;, i =1, 2.
Suppose v is a weight of V(A1) and write
n+1

1
V= E;Cﬁ,—

with ¢; = £1, then

1 1 ]_ C +C 1 ci1 —cC
) = 3o+ o = 3 (252 e g (232

1 1
By inspection one easily sees that 7(v) is either equal to + 3 61 orto 3 ba;

thus 7(2v) is conjugate to w; = 6;. Therefore by the Wg-invariance of Y;
we obtain

Y = Z g 2Pn) | m(—wy).

7(2v)=w)

In order to compute the coefficient we argue as follows: suppose that
n+1

m(2V) = wy, then ¢ +c2 = 2, 1. e. ¢; = ¢ = 1. Since ppr = E (n—j+1)e;,
we find that I=3

q-2(V7PM) =q ::31 cj(n—j+1)
and

S gm0 = 3 g s Ca(nit)

7(2v)=w; C3,..yCnt1
n—1 .
— Z q— Ej:l aj(n—j-1)

a1,...,Gn—1

where a; = ¢;42, a; = +1, and we have an even number of minus signs.
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Set

AI = {(a1,...,a,) | a; = £1, an even number of —1}

A, ={(ai1,...,a,) | a; = £1, an odd number of —1}.
We claim that

n—2

Z q_ E;:ll aj(n—j—1) — H(q] +q—j).

(al,.,.,an_l)GAi Jj=1

n—1

We prove this by induction: if n = 3 we have A} = {(1,1),(-1,-1)},
SO

2 .
S D oy

(a1,a2)€AT

while A7 = {(1,-1),(-1,+1)}, so

2 .
> ot

(a1 ,a2)€A2_

Suppose true up to n — 2 and let us prove it for n — 1:

n—1

Z - Yoy as(n=i=1) _ Z g2 S, ai(n—j-1)
(@1,-an—1)EA}_, (az,....an—1)EAT_,

+ g2 3 g~ Lims o (m=i=1)
(@2,-r8n—_1)EAT_,

_ g~(n-2) ) g~ 2o bi(n=i=2)

(b1,esbn-2)€AY_,

R S > = e

(b1, bn—2)EAT_,

n—3

= (@™ 2+ )] +q7),

j=1
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while

Z q_ Z;:ll aj(n—j—1) — Z q_(n_z)q— E;:; aj(n—j—1)

n—2

+ Z q(n—2)q' Z;:; aj(n—j-1)
(az,-.,an-1)EAT_,

=g (»—2) Z q Z:: bj(n—j—2)

(blv'n:bn—Z)EA;_z

(lll,u.,an_l)GA;_l (az,...,an-1)€EA

+ g Z T >l bi(n—j—2)
(b1,....bn—2)€EAT_,
n—3 ) )
=@ P+ [ +a7).
j=1
In particular
n—2

Y = H(qj +¢77) | m(—wi) = p(g)m(-wi).

We now compute Y3. In this case if v is a weight of V(\2), then

n+1
v =Y ¢ with > |¢;| = 1, thus 7(2v) is conjugate to we and

i=1

Y, = Z g~ 2Pm) | m(—ws).
7(2v)=w2
If m(2v) = wy then v = Az and so Y2 = X5.

Therefore Y7 = p(¢)X; and Y2 = X,. Since ¢ is not a root of unity
we have p(q) # 0, hence our result.
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