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CENTRAL SEQUENCES IN THE FACTOR
ASSOCIATED WITH THOMPSON’S GROUP F

by Paul JOLISSAINT

1. Introduction.

The group F' is the following subgroup of the group of homeomor-
phisms of the interval [0, 1]: it is the set of piecewise linear homeomor-
phisms of [0, 1] that are differentiable except at finitely many dyadic ratio-
nal numbers and such that on intervals of differentiability the derivatives
are integral powers of 2. It was discovered by R. Thompson in 1965 and re-
discovered later by homotopy theorists. Its history is sketched in [6] where
many results that we need here are proved. To begin with, it is known that
F admits the following presentation

F=<1§0,1}1,... |x;1wnzi=xn+105i<n>.

Since z,, = za("_l)xlxg‘l for n > 2, F is generated by x¢ and z;, and

in the geometric realization above, the corresponding homeomorphisms x,,
are defined by

¢ fo<t<1-2""
zn(t) = t+i(1-2"m) f1-2"<t<1-2"""1
" t—27""2 ifl—2rl<¢<1—2"2
2t -1 if1-2"2<t<1.

Geoghegan discovered the interest in knowing whether or not F is amenable,
and he conjectured in 1979 [11] that

Key words: Type II; factors — Central sequences — Crossed products — Centrally free
actions.
Math. classification: 46L10 — 46L55 — 20D25.



1094 PAUL JOLISSAINT

(1) F does not contain a non-Abelian free subgroup;
(2) F is not amenable.

The first conjecture was solved with an affirmative answer by Brin and
Squier [5], but it is still unknown whether or not F is amenable. However,
we remarked in [12] that F is inner amenable: this means that there exists
an inner invariant mean on the algebra [°(F — {e}), i.e. a mean m which
is invariant under the action

(- fy) = flzyz).

Indeed, if w is a free ultrafilter on N, then the linear functional m on
1°(F — {e}) given by

' 1 2n
m(f) = lim ;kzsz(xk)

is an invariant mean. (Simply use the relations: T;

n>1and j=0and1.)

TpT; = T4 for all

Inner amenability was defined by E.G. Effros in [10] where he observed
that if G is an icc group (i.e. all non trivial conjugacy classes of G are
infinite) and if the factor L(G) has property gamma of Murray and von
Neumann (see below), then G is inner amenable.

Here we prove that the factors associated with F' and with some of its
subgroups have a stronger property: they are McDuff factors, which means
that each such factor M is isomorphic to its tensor product M ® R with
the hyperfinite type II; factor R. It turns out that the latter property is
equivalent to the existence of pairs of non commuting non trivial central
sequences in M (see [13]), hence the title of our article. This is a weak form
of amenability because it follows from Corollary 7.2 of [8] that for every
countable amenable icc group G, the associated factor L(G) is isomorphic
to R. Before stating our main results, let us present some definitions:

In [3], D. Bisch extended that property to pairs 1 € N C M, where
N is a type II; subfactor of M; so let us say that the pair N C M has
the relative McDuff property if there exists an isomorphism ® of M onto
M ® R such that ®(N) =N ® R.

Now let F’ denote the commutator subgroup of F; it is known that
F' is a simple group and that it consists in all elements of F' that are trivial
in neighbourhoods of 0 and 1 (notice that each element z in F fixes 0 and
1): see [6], Theorem 4.1. Let us also introduce the intermediate subgroup
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D consisting in all elements of F' which are trivial on a neighbourhood of 1:
D ={z € F;3e > 0such that z(t) =t Vt € [1 —¢;1]}.

Then F' and D are icc groups, so that the von Neumann algebras L(F’)
and L(D) are type II; factors. Notice that F' = D x, Z, where the action
a is defined by: o™(z) = zfzzy " Vz € F. This will be used in the proof
of:

THEOREM A. — The pairs of factors L(F') C L(D) and L(D) C
L(F) have the relative McDuff property.

Notice that even if F' turned to be amenable, the above theorem is
still of interest, because D. Bisch gave in [4] examples of pairs N C M
of hyperfinite II; factors, with finite index, which do not have the relative
McDuff property.

In [15], S. Popa and M. Takesaki proved that the unitary group U (M)
of a type II; McDuff factor M is contractible with respect to the topology
induced by the norm || - ||2. Thus we obtain more precisely:

THEOREM B. — Let N C M be a pair which has the relative Mc-
Duff property. Then there exists a continuous map « : [0,00[xU(M) —
U (M) with the following properties:

(1) ax(U(N)) CU(N) VYt >0;

(2) ap(u) =u and tlggo a(u) =1, Vu € U(M);

(3) each a; is an injective endomorphism of U(M);
(4) asoas = asyt, Vs,t > 0;

(5) lloe(u) — ar(v)]]2 = e~ % |ju — v||a, ¥t > 0, Yu,v € U(M).

CoOROLLARY C. — The unitary groups of the pairs of factors
L(F') c L(D) and L(D) C L(F) have the contractibility properties of
Theorem B.

Theorem B is a particular case of Theorem 1 of [15]: the latter states
that if M is a type II; factor such that the tensor product M ® B of M
with the type I, factor B admits a one parameter group (6s)secr scaling the
trace of M ® B, i.e. Trof; = e~ * It for every s € R, then there exists a map
a having properties (2)-(5) above. The proof uses the structure theorem
for factors of type III and Connes-Takesaki duality theorem. However, if
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M is a McDuff factor, the one parameter group (fs)scr comes from a
one parameter group (os)ser on the hyperfinite factor of type I, and it
seems interesting to give a proof in this special case avoiding type III factors
techniques. In order to do that, we use the realization of the hyperfinite
factor of type Il,, as the crossed product L*°(R?) %, SL(2,Z) given by
P.-L. Aubert in [1]. This allows us to get an explicit description of the one
parameter group (0s)seRr-

Notations. — Let M be a type II; factor; we denote by tr its normal,
normalized, faithful trace and by |ja||z = tr(a*a)? the associated Hilbertian
norm. Let w be a free ultrafilter on N. Then

Ly = {(@n)n21 € 1°(N, M); lim Jlan |2 = 0}

is a closed two-sided ideal of the von Neumann algebra {*°(N, M) and the
corresponding quotient algebra is denoted by M“ (cf. [7], [8], [3], [13]). We
will write [(an)] = (an) + L, for the equivalence class of (a,) in M*, and
we recall that M embeds naturally into M“, where the image of a € M is
the class of the constant sequence a, = a, Vn > 1.

A sequence (a,) € I°(N, M) is a central sequence if
lim ||a,an]llz =0
n—00
for every a € M, where [a,b] = ab — ba; two central sequences (a,) and
(bn) are equivalent if
lim ||an, — bpll2 = 0;
n—00
finally, a central sequence is trivial if it is equivalent to a scalar sequence,

and a factor M has property gamma if it admits a non trivial central
sequence.

Let now G be an icc (countable) group; let A denote the left regular
representation of G on I2(G)

(A@)€)(y) = £(z™1y)
for all z,y € G and £ € I2(G). The bicommutant A(G)"” in the algebra of
all linear, bounded operators on 1?(G) is then a type II; factor denoted by
L(G), whose trace is
tr(a) = (abe, b.),

where & is the characteristic function of {e}. Recall finally that if H is a
subgroup of G, then L(H) embeds into L(G) in a natural way.
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2. Relative McDuff property.

Let M be a type II; factor with separable predual and let 1 € N be a
subfactor of M. Theorem 3.1 of [3] states that the following properties are
equivalent:

(1) there exists an isomorphism ® of M onto M ® R such that
®(N)=NQR,;

(2) the algebra M’ N N*“ is noncommutative;

(3) for all ay,...,an, € M, for every € > 0, there exist a type I
subfactor B of N, with the same unit, and a system of matrix units
(€ij)1<i,j<2 of B such that ||[ak,e;]ll2 < € for all k = 1,...,n and all
ij=1,2.

We point out that in condition (2) above, M’ N N* is the subalgebra
of all [(an)n>1] € M¥ such that a, € N Vn and lim ll[an,a]ll2 = 0 Va € M.

- ncw
Let us say that the pair N C M has the relative McDuff property if it
satisfies these conditions. (See also [13].)

The aim of this section is to prove:

THEOREM 2.1. — The subgroups F' and D of F are icc groups,
and the pairs of 11, factors L(F') C L(D) and L(D) C L(F) have both the
relative McDuff property.

We are going to prove Theorem 2.1 into two steps, according to its
statement.

The next lemma is Lemma 4.2 of [6], and we restate it for the
convenience of the reader:

LEMMA 2.2. — If0=ay < a1 <...<a,=1land0=by < b; <
... < b, =1 are partitions of [0,1] consisting of dyadic rational numbers,
then there exists x € F such that z(a;) = b; for i =0, ...,n. Moreover, if

a;—1 = b;—1 and a; = b; for some 1 < ¢ < n, then x can be taken to be
trivial on the interval [a;_1, a;].

From this we deduce:

LEMMA 2.3. — The subgroups F’ and D are icc groups and hence
L(F’) and L(D) are type I1; subfactors of L(F).
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Proof. — We give the proof for F'. Let z € F’, x # e. There exist
dyadic rational numbers a, b, ¢,d €]0, 1] such that

(1)0<c<a,b<d<landa##b

(2) z(a) = b;

(3) z(t) =t for every t € [0,c] U [d, 1].

Assume for instance that b > a, and let N > 1 be an integer such
that b+ 2~V < d. Using Lemma, 2.2, for every integer n > N, there exists
Yn € F such that:

(4) yn(t) =t for every t € [0,c] U [d, 1];

(5) yn(a) =a and y,(b) = b+ 27",

Then in fact y, belongs to F’, and if n # m are integers larger than
N one has

ynwygl(a) =b+2""#b+2"" = ymmy;;l (a)
This proves that the conjugacy class of z in F’ is infinite. ]

To prove the first half of Theorem 2.1, we need the following general
result which is analoguous to Lemma 7 of [9]:

PROPOSITION 2.4. — Let G be a countable icc group and let H be
an icc subgroup of G with the following property: for every finite subset E
of G, there exist elements g and h in H — {e} such that

(1) zg = gz and zh = hx for every = € E;
(2) gh # hg.
Then the pair L(H) C L(G) has the relative McDuff property.

Proof. — Let (Ey)n>1 be an increasing sequence of finite'subsets of
G such that G = |J E,. For every n > 1, choose g, and h, in H — {e}
n>1

satisfying properties (1) and (2) with respect to E,. Set a = [(A(gn))n>1]
and b = [(A(hn))n>1), which are both elements of L(H )", for any ultrafilter
w on N.

Then ab # ba because ||A(gnhng;h ') — 1]|2 = V2 for every n > 1.
Moreover, if ¢ € L(G) and if € > 0 are given, there exists N > 1 such that

> @) < &

z@€E,
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for every n > N. We get for these n:
lan, clllz = [A(gn)eA(gn ) = cll2

D=

= | > lel9n'zgn) = c(=)I?

¢ E,

N|=

= > le(gy, ' xgn) — c(z)|?

@€ En,x#gn  Tgn

< T ket +[ 3 le@)p

9n ' zgn€En z¢En
< e,

since, if ¢ ¢ E,, and if g, 'zg, # =, then g, 'zg, & E,.

This proves that lim ||[an, c]||2 = 0, and similarly, lim ||[by,c]||2 = 0.
n-—0o0 n—oo

This implies that a and b belong to L(G)' N L(H)*“, which means that it is

a noncommutative algebra. O

The next corollary proves the first half of Theorem 2.1:

COROLLARY 2.5. — The pair L(F") C L(D) has the relative McDuff
property.

Proof. — Given a finite subset E of D, there exists a positive integer
N such that z(t) = t for t € [1 — 27V 1]. Let ' be the subgroup of all
elements g € D such that g(t) = t for t € [0,1 — 27V]. Clearly, T is
contained in F’ and in the centralizer of E. Moreover, I' is non abelian
because it is actually isomorphic to D. This proves the existence of the
required pair g, h € I" to apply Proposition 2.4. O

It is noticed in the introduction that F is isomorphic to the semidirect
product group D x4 Z; this implies that L(F') is spatially isomorphic to
the crossed product L(D) X4 Z, where ™ = Ad(A(z§')), Vm € Z. This
fact plays a crucial role in the proof of the second half of Theorem 2.1, for
which we need to recall the following definitions: Let M be a type II; factor
and let 6 be an automorphism of M; then 6 is centrally trivial if one has
for every central sequence (a,)n>1

lim [|0(an) — anll2 = 0.
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The group of centrally trivial automorphisms of M is denoted by Ct(M).

If G is a countable group and if a is an action of G on M, then « is
called centrally free if ag ¢ Ct(M) for every g € G — {e}.

The following proposition makes precise Lemma 5 of [2], and it relies
on the deep Theorem 8.5 of [14], where the hypotheses are the same as
ours:

PROPOSITION 2.6. — Let N be a McDuff factor of type I1; with
separable predual, let G be an amenable countable group and let « be a
centrally free action of G on N. Then the pair N C N x, G has the relative
McDuff property.

Proof. — Set M = N x4 G. Every element a € M is expressed as a
series

a=a(g)u(g)

geG
that converges in the following sense:
2
lall3 = > lal9)ll3
geG
where a(g) € N Vg, and v : G — U(M) is a homomorphism that
implements the action a:

u(g)bu(g™?) = a4(b) Vb€ N, VgeG.

Moreover, there is a unique normal, faithful conditional expectation En
from M onto N such that

En (Z a(g)u(g)) =a(e) Ya € M.

9

In particular, the trace tr on M is try oEn and the coefficients a(g) of a
are given by

a(g) = En(au(g™)).
This implies that ||a(g)|| < |la|| Vg € G.
Let us prove first that for every finite subset F of G, for all
ai,...,an, € M such that a;(g) = 0 VI and Vg ¢ FE, and for every

€ > 0, there exist a type I subfactor B of N and a system of matrix
units (8@')151"]52 in B satisfying

la, ei5]ll2 < € V1,4, 3.
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We assume that ||a;f] <1 VI =1,...,n. By Theorem 8.5 of [14], there
exist a unitary a-cocycle v: G — U(N) and a hyperfinite subfactor R of
N such that

(I) N=RV(R'NN);
(2) Advgooy|R=1idr Vg€ G;
(3) llvg — 1ll2 < €/5|E| Vg € E.

Using (1), for every l = 1,...,n and every g € G, there exists b;(g)
in the *-algebra generated by R and R' N\ N, with b;(g) = 0 for g € F, such
that

6u(9)Il < lla(g)ll <1
and

lbi(g) — ai(g)l2 < £E|

Moreover, since R is hyperfinite, there exist a type I subfactor B of R and
a system of matrix units (e;;) in B such that

£

I[b1(9), es5]ll2 < 5[E|

vl,i,j, and g € G.

Set by = 3 bi(g)u(g).
g€eG

Then fix I € {1,...,n} and 1 < 4,5 < 2; we have

Ias, eislll2 < 2 llai(g) — bu(g)llz + lI[br, 3511l
geEE

2e
<5+ b1, e:5]ll2-

In order to estimate ||[b;, e;;]||2, observe that by (2) and (3) above, we
have
u(g)e;u(g™?) = ay(e;) = v, leijvg

and

2e
-1
llvg “eijvg — €sjll2 < 2[lvg — 1|2 < SIE]



1102 PAUL JOLISSAINT

Then
B, ei5llla < D llbu(g)u(g)es; — eijbi(g)ulg)llz

9€E

= Z 1b:(g)u(g)ei;u(g™") — eijbu(g)ll2

geEE

> {llbu(9) (v eijvg — €3)ll2 + Nl[br(9), esll2}

g€EE

> {Ilbz(g)ll llvg “eijvg — eisllz + 5|E|}
geE

3e
5

IA

IA

|

This implies that ||[a;, e;;]]l2 <e VI=1,...,nand 1 <4,j < 2.

The *-subalgebra M, = { > alg)u(g); a(g) € N} of Mis || - ||l2—

finite
dense, and using Kaplansky’s density theorem, the same conclusion holds

for all ay,...,a, € M. a
The next corollary gives the second half of Theorem 2.1:

COROLLARY 2.7. — The pair L(D) C L(F') has the relative McDuff
property.

Proof. — We are going to use existence and uniqueness of a normal
form for every non trivial element x € F' (see (5], p.369): x can be written
in a unique way as

-1 -1

T = T4, ""Tikzjm ....’l,‘jl

where 0 < iy < ... < i, 0 < j1 < ... < jm, ik # jm, and if z; and z;*

appear in the decomposition of x, then so does ;4 or z;

Since L(D) is a McDuff factor, it suffices to check that the action «
of Z on L(D) given by

a(a) = A(zo)ar(zg ")
is centrally free.

Fix a positive integer m; we have to exhibit a central sequence (a,)n>1
in L(D) such that

liminf ||a™(an) — axll2 > 0.
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For n > 1, set an = A(@n+mTpimy1) € L(D). Then

a™(an) = )‘(x()nwn+mm;4l-m+1w6m)
= A(mnz;il)
# )‘(-Tn+mx;4l—m+1)
by uniqueness of normal forms.

This implies that
”am(an) - an”2 = \/5 Vn > 1.

Finally, (an)n>1 is a non trivial central sequence because for every finite
subset F of D, xnw;il commutes with every x € E for n large enough: see
the proof of Proposition 2.4. a

Remark. — We are indebted to the referee for the following ob-
servation: F is a semidirect product of F' with Z2, therefore the pair
L(F’") C L(F) has also the relative Mc Duff property, using again Proposi-
tion 2.6. However, one has to check that the action of Z? on L(F”’) is cen-
trally free. Indeed, define ¢ : F — Z2 and o : Z2 — F by p(zo) = (1,0),
o(x,) = (0,1) for n > 1, and o((1,-1)) = zoz]*, 0((0,1)) = z5. Since
a:gccl‘l commutes with xy for every k > 2, o is a homomorphism and a
section for ¢. The action a of Z? on L(F’) is given by

A(m,n) (M@)) = A(zozy ) 2F 223 " (woz 1) ™™),

for (m,n) € Z? and z € F'. Fix (m,n) # (0,0). If n # 0, set ar = A(yk),
for k > 1, where yx = [Tk, Tk+1] = xkxkﬂx;lx;{l = xkxkﬂx;iﬂ;l
in normal form. Since yx(t) =t for t < 1 — 27% (as a function on [0, 1)),
(ak)k>1 is a central sequence in L(F'). Moreover, (m n)(ar) = ax—n for
every k > |m|+ |n|+3. Finally, if n = 0, set 2z = 76" 2325 27 25 %! and
br, = A(zx) for k > 1. In the geometrical realization of F', zx = 6(yx), where
0 is the automorphism of F given by 6(z)(t) = 1 — (1 —t). Then it can be
proved that z;, € F', that zx(t) =t for t > 2% and that (m,0)(bk) = bkym
for large k. Using the same arguments as in the proof of Corollary 2.7, this
shows that « is centrally free.

3. Contractibility of unitary groups.

In the introduction, we noticed that the following result follows from
Theorem 1 of [15], but we think it interesting to give a proof avoiding type
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IIT factors techniques, and based on a clever realization of the hyperfinite
factor of type Il due to P.-L. Aubert [1].

THEOREM 3.1. — Let M be a type II; factor with separable pre-
dual and let N be a subfactor of M such that the pair N C M has
the relative McDuff property. Then there exists a continuous map o :
[0, 00[xU(M) — U(M) with the following properties:

(1) «(U(N)) CU(N) vt 2> 0;

(2) ap(u) =u and tl_l_glo ar(u) =1, Vu € U(M);

(3) each a is an injective endomorphism of U(M);

(4) asoat = asyy, Vs, t > 0;

(5) |lew(w) — as(v)|l2 = e~ 5 |lu — vl|g, Yt > 0, Yu,v € U(M).

COROLLARY 3.2. — The unitary groups of the pairs of factors
L(F') ¢ L(D) and L(D) C L(F) have contractibility properties of
Theorem 3.2. In particular, they are contractible.

Proof. — Let A denote the Abelian von Neumann algebra L>(R?)
relative to the Lebesgue measure p on R?. The group I' = SL2(Z) acts
canonically on R? and preserves u.

We denote by a the associated action of I on A:
ay(a)=aoy™! Vae A, yeT.

Then set R, = A x4 T; it is proved in [1] that R is the hyperfinite factor
of type I, with separable predual. Denote by E4 the natural conditional
expectation from R., onto A. Then the semifinite trace Tr on (Ru)+ is

Tr(z) = /R2 Ea(z)dp Yz € Ryo.

Set eg = xrx1, where I = [0, 1]; eg is a projection belonging to A, and the
reduced factor egRoo€p is the hyperfinite II;-factor R because Tr(eg) = 1,
and the normalized trace on R is thus tr(z) = Tr(epzep).

Now, for t € R, let 0y € Aut(A) be defined by
ot(a)(z,y) = a(efz, efy) V(z,y) €R? Va € A.
Then (0¢)ter is a one parameter group of automorphisms of A and

otoay=a,00¢ VtER, Vyel.
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Hence o; extends to an automorphism of R, still denoted by oy, such that

or(z) =D oe(z(7))u(y) Yz € Reo.

yer

Now let e; = o¢(eg), which is the projection of A corresponding to the
characteristic function of [0,e™%] x [0,e”%], so that e, < eg Vt > 0.
Moreover, if a € (Ry )+, We have

Troo(a) = /EA(Ut(a))(wyy)dﬂ(Iay)

~ [ Bat@)eta chy)duta,y)
= e 'Tr(a) Vt € R.
Finally, let ® be an isomorphism from M onto M ® egR..€e9 such that
®(N) = N ® egReceo; set 0; = idy @ 04, po =1®eg € M ® egRoceg and
Dt :0t(p0) = 1®6t Sp() for t > 0.
Following [15], define o : U(M) — U(M) by

ar(u) = @71 (po — pt + 0:(2(w))).
One checks easily that a has the required properties (1)—(5). O
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