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HARTOGS’ PHENOMENON FOR POLYREGULAR
FUNCTIONS AND PROJECTIVE DIMENSION
OF RELATED MODULES OVER A POLYNOMIAL RING

by W.W. ADAMS, P. LOUSTAUNAU, V.P. PALAMODOV
and D.C. STRUPPA

1. Introduction.

In a recent paper, [1], the Cauchy—Fueter system was studied with
the purpose of analyzing the singularities of regular functions of several
quaternionic variables. We now recall the basic set-up of our problem. Let
I = (fo, f1, f2, f3) be a vector whose components are C* functions in 4n
real variables ( &o,&1,8&2,&s3; %@ = 1,...,n). We say that f is left regular

if,
(Of _Oh _Oh 9 _,
0o 061 02 O3
Ofo [ 0 Ofx  Ofs —0
) J 081 0o 0%z 02
Ofo , 0fi [ Ofa Ofs —0
08z 083 0 O
ofy _Oh _0f  0f _,
\ 063 02 O&1 0o
fori=1,...,n. We can view f as a function f: H™ — H, where H is the
space of quaternions. If we let g = (g1, ..., ¢n) be the variable in H", then
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Condition (1) is equivalent to

oF _

(2) % 0, 1=1,...,n.

By taking the Fourier transform of the matrix of differential operators
associated to Equation (1), one is led to consider the matrix

A, =[U Uy -+ Ul

where

Ti0 Ti1 Ti2 Ti3

—Ti1  Tq0 Ziz3  —Z52

Ui = ’

—Ti2 —Ti3 Tiqo Zi1

—Ti3 T2 —Ti1 Ts0
for i = 1,...,n, and where the variables z;; are the dual variables of the
variables ;;.

Let R = C[zio, %i1, Ti2, i3 | 1 = 1,...,n] and let p, be the maximal

ideal of R generated by the 4n variables. Given a matrix A, we denote by
(A) the R-module generated by the columns of A. In [1] we showed, among
other things, that

pd(R*/(A1)) =1, and pd(R'/(42)) =3,

where pd(M) denotes the projective dimension of an R-module M. In this
paper we prove that, for every n > 1,

pd(R*/(4n)) =2n -1,

EXtJ(R4/<An>aR) = Oa O < .7 < 271 - 2a a'nd Ethn_l(R4/<Aﬂ>’ R) 7& 0

In Section 3 we show how this result has interesting and unexpected
consequences for the theory of regular functions. In particular we prove that
if R is the sheaf of regular functions, then its flabby dimension, fl.dim(R),
is 2n — 1. In particular this shows that if U is any open set in H™ and
p > 2n—1, then H?(U,R) = 0. This result is a quaternionic version of the
famous result of Malgrange for holomorphic functions (see [7]) and we do
not see how it could have been proved by purely analytic methods. We also
give some results on the removability of singularities of the Cauchy—Fueter
system.
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We note that we can compute the projective dimension of R*/(A,)
for n = 1,2, 3 using the software CoCoA (1) which gives the explicit minimal
free resolutions of R*/(A,) for n = 1,2, 3. In the present paper we give an
algebraic proof of the equality pd(R*/(A,)) = 2n—1 using techniques from
commutative and computational algebra, in particular Grobner bases. For
any particular n CoCoA could be used, in principle, to compute a minimal
resolution of R*/(A,), however, running CoCoA on a Sparc 10, we were
able to compute only the cases n = 1,2,3 (the machine crashed at n = 4,
and the file of the 4 matrices which define the free resolution for n = 3 is
128kbytes!)

2. Projective dimension of R*/(A,).

In this section we compute the projective dimension of the R-module
M, = R*/(A,). Since nothing is changed in the proofs below until we get
to Theorem 2.6 we will assume until then that R is the polynomial ring in
the given variables over any field k.

If n = 1, it is straightforward to see that the syzygy module of A; is
zero, and so pd(M;) = 1. From now on we will assume that n > 1. We
will use the Auslander-Buchsbaum formula (see, for example, [4, Theorem
19.9 and Exercise 19.8])

pd(M,,) = depth(pn, R) — depth(pn, M5,).

We recall that, for an ideal I of R and an R-module M, the depth of I on
M, denoted depth(I, M), is the length of any maximal M-regular sequence
in I. The polynomials fi,..., fs € I form an M-regular sequence if

1. f, is a non-zerodivisor on M/(f1,..., fu—1)M, forv=1,...,s;

2. M # (f1,..., f)M.

See, for example, [4] for a thorough development of the notion of depth.
Clearly, depth(pn, R) = 4n, so we only need to compute depth(pn, My).
To do this we will exhibit a maximal M,-regular sequence in g,.

(1) CoCoA is a special purpose system for doing computations in commutative algebra.
It is the ongoing product of a research team in Computer Algebra at the University of
Genova, Italy. It is freely available, and more information can be obtained by sending
an e-mail message to cocoa@dima.unige.it
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This will be accomplished using the theory of Grobner bases (see, for
example, [2] for a detailed presentation of Grobner bases). Related ideas
were used in [8, ch. II, Section 2.4]. We first need a Grébner basis for (4,,).
We use the degree reverse lexicographic (degrevlex) term ordering on R
with

(3) T10 > X0 > > Tpp > T11 > - > Tpl > T12 > -+ > Tp3,

and the TOP (TOP stands for term over position) ordering on R* with
e; > eg > e3 > ey, where e; is the ith column of the 4 x 4 identity matrix.

; : — p010 On3 — P10 Bn3
That is, for monomials X = z7°---2;3* and ¥ = 275° - - - z,,5°, we have

( deg(X) = Z Q> deg(Y) = Z ﬁij or
i=1,...,n i=1,..,n
j=0,1,2,3 j=0,1,2,3

deg(X) = deg(Y) and a;; < f;; for the index 7,
last with respect to (3), such that ay; # 8i; or

X=Yandr<s.

Xe, >Ye;, <

\

LEMMA 2.1. — The reduced Grébner basis for the R-module (A,) is

given by the columns of A,, together with the columns of the ;l matrices

U,Us — UsU,.. Moreover the module generated by the leading terms of all
the elements of (A,), denoted Lt(Ay,), is

Lt(An) = (zioes, TraZs1€2) i=lom "

1<r<s<n
£=1,2,34

Proof. — It is easy to verify the statement for n = 2,3, and 4 using
CoCoA. Let n > 4. The S-polynomial of any two columns of A, can be
computed and reduced as in the case n = 2, and so the S-polynomials
generated by the columns of A,, give rise to the vectors in the columns of
the matrices U, Uy — U,U,.. To verify that the columns of A,, together with
the columns of all distinct U,U; — UsU, form the reduced Grobner basis
of (An), we need to verify that all the S-polynomials generated by these
vectors reduce to zero. An S-polynomial generated by a column of A,, and
a column of U,.U; — U U, is computed and reduced as in the case n = 2 or
3, depending on whether the column of A, comes from U,., Uy, or neither.
An S-polynomial generated by two columns of U,Us; — U,U, is computed
and reduced as in the case n = 2. An S-polynomial generated by a column
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of U,Us; — UsU, and a column of U,U, — U,U; is computed and reduced as
in the case n = 3 or 4, depending on whether one or none of the indices
r, s, and t,u is the same.

For the statement about Lt(A,), we first note that, for 1 < r < s < n,
U.Us —UU, =

0 —Tr3Ts2 + TraTs3 —Tr3Ts1 + Tr1Ts3 Tr2%s1 — TriTs2
Tr3Ts2 — Tr2Ts3 0 Tr2Zs1 — Tr1Ts2  Tr3Ts1 — Tr1Ts3
—Zr3Ts1 + Tr1ZTs3  Tr2Ts1 — Tr1Ts2 0 ZTr3Ts2 — Tr2Ts3
Tr2Ts1 — Tr1Ts2 Tr3Ts1 — Tr1Ts3 —Lr3Ts2 + Tra2Zs3 0

The result then follows immediately from the definition of the term
ordering. o

This result allows us to start an M,-regular sequence in g,

COROLLARY 2.2. — The variables x11,ZTn2,%i3,% = 1,...,n form an
M., -regular sequence of length n + 2.

Proof. — We note that the variables x11,Zpn2,Zi3,¢ = 1,...,n are
precisely the variables which do not appear in any of the leading terms of
the elements of the reduced Grobner basis of (A,) given in Lemma 2.1. In
general, if D is a submodule of R* and a variable z;; does not appear in
any of the leading terms in a Grobner basis for D, then x;; is a non-zero
divisor on R*/D. This is because if 0 # g € R* and g is reduced with
respect to the Grébner basis of D and x;;g is in D then z;;1t(g) must be
divisible by the leading term of one of the elements of the given Grébner
basis and so then 1t(g) must also be divisible by the same leading term,
contradicting the fact that g is reduced. o

To enlarge this regular sequence, we consider the module

M, = My /(T11, Tn2, iz, i = 1,...,n)M,
~ R*/(An + (%11, Tn2, i3, = 1,...,n)R*)
= R4/(UiaUrUs - UsUr,wllelaxn2elyxiBel>

i=1,...,n °
1<r<s<n

£=1,2,3,4

Let B = (U;,UUs — UsUy,T11€4, Tn2€s, Ti3€8) i=1__n- We note that

I<r<s<n
£=1,2,34
the columns of U,Us — UsU, can be reduced, using z,.3ey, and z,3ep,
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£=1,2,3,4, to the matrix

0 0 0 ZraTs1 — Tr1Ts2
0 0 Tr2Ts1 — Tr1Ts2 0
0 Tr2Ts1 — Tr1Ts2 0 0
Tr2Ts1 — Tr1Ts2 0 0 0
So we have
(4) B = (Ui, (Tr2Ts1 — Tr1Ts2)€s, T11€0, Tn2€e, Tiz€e) ;_y . -
1<r<s<n
£=1,2,3,4

We note that the generators of B given in (4) form a Grdbner basis
for B. To see this, note that the only S-polynomials we need to consider
are those computed using a column of U; and one of (zr2Zs1 — Z,1%s2)e€r,
T11€p, Tpo€yp, Or T;3€4. The leading terms of the columns of U; are z;pey
which are relatively prime to z11 €4, T,2€¢, and x;3e¢, and it is easy to verify
that the corresponding S-polynomials reduce to zero. The leading term of
(Tr2Zs1 — Tr1Zs2)€s IS Tr2Ts1€0, and so it is relatively prime to z;0. Again,
it is easy to verify that the corresponding S-polynomials reduce to zero.

ProrosITION 2.3. — The polynomials x21 + 12, %31 + Z22,...,Zn1 +
Zp—1,2 form a maximal M -regular sequence in gy,.

Proof. — In order to show that the polynomials z2; + x12,231 +
22, ...,Tp1 + Tn_1,2 form a M} -regular sequence in gp,, we need to show
that the polynomial z,11,1 + Z,2 is a non-zero divisor on R*/B,_; (for
v=12,...,n—1),where B,_; = (B, (1’21+(L‘12)ee, ($31+.’522)eg, cos (@1t
31:,,_1,2)65)22172’3’4 (and By = B). Then to show that the sequence is

maximal we will show that every element of g, is a zero divisor on
R*/B,_;.

In order to do this we first find a Grobner basis for B, _1 for 1 < v < n.
This basis will consist of the following vectors:

a) The columns of U; for 1 <i < n
b) z122s—1.2€¢ for 2< s v

c) T12z¢s1€p forv+1<s<n

d) zrozpiepforl<r<n

e) (Tro®s—12 — Tr_12%s2)eg for 2<r<s<w
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f) (xro®s1 + Tr_122s2)er for 2<r<v<s<n
g) (zroTs1 — TriTs2)ep forv <r<s<n

h) z11e,

i) zpoes

j) zisegfor1<ig<n

k) (zr1 +zr_12)eg for 1 <r <,

where £ = 1,2,3,4. These vectors are obtained from the vectors in the
generating set for B given in Equation (4) by substituting 0 for z;; and z,2,
and —z,_1,2 for 1. Thus the given vectors do form a generating set for the
module B, _;. That this set of vectors forms a Grobner basis with respect
to the given order can be verified by checking that all the corresponding
S-polynomials in fact reduce to 0. Note that all of the vectors above are
written with their leading term first. Also note that in the extreme cases
for v,i.e. v =1 and v = n — 1, the ranges in many of the above contain no
r or s. We denote this Grébner basis of B,,_1 by G,_;.

We now verify that for v = 1,2,...,m — 1, ,411 + Z,2 is a non-
zero divisor on R* /By _1. The verification will be made in the case where
all of the vectors in the above list appear. The extreme cases of v = 1
and v = n — 1 are the same but avoid some of the complications of the
following. So assume that we have a vector g in R* — B,_; such that
(zy+1,1 + Zv2)g € B,—1. We may assume that g is reduced with respect to
Gy_1. In particular this means that g can only contain the variables x,;
forv+1<r<nandzs for 1 <s<n—1 (that the variables 11, Tn2, ;3
(1<i<mn),and z,1 (1 <r <v) do not appear follows immediately from
the vectors in h), i), j), and k) in the above list for the Grobner basis for
B, _1; that the variables z;o for 1 < 7 < n do not appear follows from the
fact that in the matrices U; for 1 < 7 < n there is a leading term of the form
z0ep for 1 <i<nand £=1,2,3,4 and no z; in any other coordinate of
that vector in U;.

We, of course, have that
(Zv+1,1 + Zu2)g reduces to zero by G,_;.

Only the vectors in b), ¢), d), e), f), and g) in the list for the Grobner basis
G, -1 above can ever be used to reduce (2,411 + Z,2)g. Now g must have
a non-zero coordinate, say gey (for some ¢ = 1,2,3,4). Then, due to the
nature of the vectors in the Grobner basis G,,_; that can be used to reduce
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(Zy+1,1 + Zu2)g, we see that

(Tv41,1 + To2)g
must reduce to zero using the polynomials in the list below:

b) z12z5-12 for 2< s v

¢) T19zs1 forv+1<s<n

d) Tpoxpy for 1< r<n

€) TraTs—12 — Tr—12Ts2 for 2<r<s<v
f) ZroZs1 + Tro12Ts2 for 2<r<v<s<n

g) TroZs1 — Tr1Zse for v <r < s<n.

Denote this list of polynomials by H,_;. Note that g is reduced with
respect to H,,_; and only involves the variables . for v+1 < r < nand x4
for 1 < s < n — 1. Thus one of the leading power products in H,_; must
divide Ip((@y41,1 + Zv2)g) = Tv4+1,11p(9) and cannot divide Ip(g). These
polynomials come from the polynomials in ¢) and f) in the list for H,_;
above, and so we see that z,.o must divide lp(g) for one of r = 1,...,v.
Since g is reduced with respect to H,_; we see, using the polynomials in
c), d), and f) in the list for H,_;, that no z,; can divide Ip(g). Thus

_ 01,02 an—1
g =132 T, 1o+ h,

where all of the terms in h are smaller than Ip(g) = z3 - - - "', Moreover
one of the a,, for 1 < r < v is non-zero. Then

a An—1 a

(To41,1 +202)9 = Tug11275 A TR

Ay—1 _a,+1_Gav+1 Qn—1

T, Ty T T Tl + (Tug1,1 + Tu2)h

If a; > 1 then using the monomial in c) in the list for H,_; we have that

a ay—-1 _ay+1_Gv41 An_1
(Tu+1,1 + Tu2)g Teduces to 273 -+ 2,1 x0T T o 2 + (Tugrn +
Zy2)h. If a3 = 0, then one of ay,...,a, is greater than zero, say a; > 1

(2 < j < V), and so using the polynomial z,41,1Z;2 + Tj—1,22Z,+1,2 in ) in
the list for H,_; we have that (z,4+1,1 + Z,2)g reduces to

a1 %-2 05—l aj1+l g, a1+l aviz an-1
Tiz " TigoTia TiZgo " TyoTytio Tyi22°  Tp_12

ay Ay —1 a,+1,_avi1 an—1
+275 T Ty T e T e+ (Tuga,1 + Tu2)he
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We see that the second term in this last expression is larger than the
first term in the degrevlex ordering, since a,4+1 + 1 > a,41 (the degrees
of the two monomials are the same). Thus the leading power product
in the reduced polynomial just obtained from (z,41,1 + Z.2)g is either

ai ay—1 _a,+1_Qav+1 an—1
Lo Ty_12Ty2 Tyy12° " Tp—1,2 OT Ty+1,11p(h).

Claim. — Let X be a term of h such that

ay ay—1 _a,+1,_ Qv41 Qn—1
Ty411X > 275 - T, 19T, Tyt T g

Assume that z,41,1X can be reduced using H,_;. Then z,41,:X can be

reduced to a term Y, using H,_1, such that

a1 . 0v—1 a,+1 avi1 Qn—1
Y <292, 005" 2, 200

Assuming the claim we complete the proof that z,411 + Zu2
is a non-zero divisor on R* /B,_1 as follows. We first observe that
afs -z iy ety - ', cannot be reduced using H,_;. To see
this we note that since only the variables zs2 appear we could only pos-
sibly use the polynomials in b) or e) in the list for H,_; then since g is
reduced with respect to H,,_1, z,,2 would have to appear in the polynomial
used to do the reduction, but this variable does not appear in any of the
polynomials in b) and e). Thus if 23} - - - &}, 'oxps zy - 27" 7'y is the
leading term we have a contradiction. Otherwise x,+1,11p(h) is the leading
term and so must be reducible using H,_. Letting X = lt(h) in the claim

and setting h’ = h — 1t(h) we reduce (z,41,1 + Zu2)g to
x?é tet éjgi]tgx:ié—i_lmﬁ’.ﬁilg M -Tzﬁ__llyz + Y + xVQX + (wu—i—l,l + .’L‘yz)h/.

Since Ip(g) > lp(h) we see that the leading term of this last expression is
either z3} -+ @3 ooy Tyl - Yy o T,4111p(R/). If it is the latter
then z,41 1lp(h’) must be reducible using H,_;. Thus the argument may
be repeated until we obtain an expression which must reduce to zero using
H,_1 but whose leading term is 2{3 - - - 23, 1 yzls V1ol iy - 27!, and we
have again arrived at a contradiction.

It remains to prove the claim. As above, we see that z,4;1X can
only be reduced using the polynomials in c) and f) in the list for H,_;
above. Thus z,o must divide X for some r = 1,...,v. Moreover no
variable z,; can divide X since X cannot be reduced using H,_;. Thus
X = zhab2 .. -:vf[‘_’ll’z. Now if we can use the monomial z122,41,1 in ¢)

then z,41,1X reduces to 0 and the claim is true. Otherwise z,o divides X
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for some r such that 2 < r < v. For the reduction of z,1,1X we replace
Tr2Ty+1,1 BY —Tr—1,2Z1+1,2. Thus we need to show that

X

Tr2

ay Ay—1 _a,+1_av41 An—1
Tr-12Tv41,2 < T1a Ty 19%T,5 Tp,ilh2  Tp_ia

(5)

under the hypotheses

_ b bn_1 a1 an—1
X=ap 2, 0, <X =272, 7

and

a1 . 0%-1 apt+l Guil o Gn-1
Typ11X > 2750 T 0T T e B e

These two hypotheses guarantee that all terms present have the same
degree. From the first we choose £ such that

bet1 = Aoy, oy bn—1 = An-1,be > ap.

Then the second hypothesis guarantees that £ < v. but then the left side of
Equation (5), x—x,._l,zx,,ﬂyz, has the exponent b,; + 1 for ,41,2 while
2

the right side h%s the exponent a,4+; = b,+1 and both sides have equal
exponents for all 2o for » > v + 1. Thus (5) is true and this completes the
proof of the claim.

It remains to show that every element of g, is a zero divisor on
R* /Bpn—1. We first need to reduce the Grébner basis given above for By,_1.
First note that this Grébner basis is given by the following vectors:

a) The columns of U; for 1 < i< n

b) z12zs—12ep for 2<s<n

d) Trozpieforl<r<n

e) (Tras—1,2 — Tr_12Ts2)€g for 2<r<s<n
h) z11€;

i) Znp2ep

j) zizep for 1 <i<n

k) (71 4+ zr—12)e, for 1 <r < m,

where £ = 1,2,3,4. We first note that we can use the vector in k) with
r = n to reduce the vectors in d) to z,ozn_126¢ for 1 < r < n. We now
look at the vectors in e). If s = n — 1 then use z,_ 22n—1,2€; to reduce
(TroTn-2,2 — Tr—1,2Tn—1,2)€¢ t0 Tr2Tn_2 2€,. Then with this last vector we
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reduce the vector in e) with s = n — 2, (zroTn-32 — Tr—1,2Tn—22)€sr to
Zr2ZTn-3,2€;. Continue in this fashion and we obtain the reduced Grébner
basis for B, _; consisting of the following vectors:

1. The columns of U; for 1 < i< n
2. Tgoxoepforl<r<s<n—1.

3. x11€¢

4. x,0€p

5. xz3epfor1<i<n

6. (xr1 +2r—1,2)eg for 1 <r < n,

where £ = 1,2, 3,4. Denote this Grobner basis by G.

So let f € g, be non-zero. If fe; € B, then f(e; + Bp—1) =0 and
so e; ¢ B, implies that f is a zero divisor. So assume that fe; ¢ B, _;.
Then f(fe; + Bn_1) = f2e1 + B,_1, and so it suffices to show that for
any f € pn, f?e; € B,_1; that is, show that f2e; reduces to zero using
G. Since f € p, every term in f2 is of degree 2 or higher. Then, using the
columns of the U;’s, we can reduce f2e; to a vector f; with no variables
Z;0 (1 <4 < n) in it and with all terms of degree 2 or higher. Then, using
the last four types of vectors itemized in G above, we can reduce f; to a
vector f, containing only the variables z,5 (1 < r < n — 1) and with all
terms of degree 2 or higher. Finally, using the vectors in 2) above, we see
Jo reduces to zero. m]

We can now obtain the formula for the projective dimension of M,,.

THEOREM 2.4.

pd(M,) =2n - 1.

Proof. — By the Auslander-Buchsbaum formula we have
pd(M,,) = depth(p,, R) — depth(pn, M,) = 4n — depth(p,, M,).
By Corollary 2.2 and Proposition 2.3 we have
depth(pn, M,) =2n+ 1. a

Remark. — We now have a free resolution of R*/(A,)

(6)

C B
0— R™'——R™2—— .. > R”? > R"™ > R*> R*/(A,) - 0
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(by the well-known Quillen-Suslin Theorem, we know that every projective
R-module is free, see [9]). By taking the dual of Resolution (6) we obtain
a complex

t
() 0—R*—R"™ - R? — .. — R —»C R™-1 — (),

whose homology groups are, by definition, Exti(Mn,R). We see that
the last homology, Ext*"~!(M,,R), in (7) is not zero. Indeed, if the
map R™n-2 — R™n-1 is onto, then we obtain a matrix D with D!
defining a map R™~-1 — R™2-2 such that C*D! = I, the identity. So
we get that DC = I as well and the map C in Resolution (6) splits,
R™n-2 = imC @kerD. Since kerD is free and B restricted to kerD is one to
one we have obtained a shorter free resolution for R*/(A,) than (7), which
violates Theorem 2.4.

It is actually possible to say more than this.
THEOREM 2.6. — Sequence (7) is exact except at the last spot, i.e.

Ext(M,,R) =0, forall j =0,...,2n—2

and

Ext®~}(M,, R) # 0.

Proof. — We will prove in the next Proposition that the characteristic
variety V(M) of M,, (which can be defined, in view of (8, Proposition 2,
p. 139], as the set of points where the rank of A, is strictly less than 4) has
dimension 2n+1. But then, by [8, Corollary 1, p. 377], we have immediately
that Ext? (M, R) =0 for j < 2n — 1 and Ext>"~*(M,, R) # 0. o

PropPoSITION 2.7. — The characteristic variety V(M,) of M,, has
dimension 2n + 1.

Proof. — As observed above, the characteristic variety V,, = V(M)
is the subset of points ¢ € C*" where the rank of the matrix A, (¢) is strictly
less than 4. We show that the algebraic set V,, has dimension 2n + 1 in a
neighborhood of an arbitrary point ¢° # 0 in Vj,.

We write ¢ = ((1,...,¢n) € Vi, where (1,...,(, € C* We may
assume that ¢; # 0. Finally we write {; = (&0, &1, &2, &3), where &;; € C,
fori=1,...,n.

We can consider each vector ¢; as the element (; = ;o+&;1i+E&i2j+&i3k
of the complexified quaternionic algebra Hg = H ®g C, where {1,1,j,k} is
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the standard basis for the C-vector space H¢. This is an associative C-
algebra with involution (} = &0 — &1l — &2j — &isk. It is easy to see that
the columns of A, (¢) correspond to the quaternions

(1, QL €1, 6Tk 63, G, G, Gk, - -+, Gy Gods Gy Gk

The determinant of the first four columns of A,,(¢) is easily computed
to be ({7¢1)?, where (f¢1 = €2y + €4 + &% + &%, The equation (f¢; = 0
defines a quadratic cone V; in C* of dimension three.

For 1 € H¢ we define four complex subspaces of Hg as follows. Set

Ly = {nglq € H¢} and L;; = {q € Hc|ng = 0},

R, = {qnlq € H¢} and R; = {q € Hc|qn = 0}.

One of the first two spaces is the image of left multiplication in Hg¢ by 5 and
the other is the kernel of this map so we have that dim¢ L,, 4+ dim¢ L# =4.
We also have dim¢ R, + dim¢ Ry = 4.

For n # 0 and n € V4, i.e. n*n = 0, we see that dim¢ L, = 2. This
follows since the matrix of the map of left multiplication by n with respect
to the basis {1,1,],k} is the first four columns of A, with n* substituted in
and the three by three subdeterminants of this matrix are readily computed
to all be multiples of n*n, while  # 0 easily implies that not all of the two by
two subdeterminants are zero. Moreover, since L, C L#*, we conclude from
looking at the dimensions that L, = L#*. We similarly get dim¢ R, = 2
and R, = R,#‘.

We now show that

(€ V,ifand only if (; € V1 and ¢ € R¢, (2 < j < n).

First assume that (; € V5 and (; € R¢, (2 < j < n). Then ¢; = ¢;(1,
for some g; € Hc. So (jv € L¢y where v = 1,i,j, k and so we see that the
column space of A,(() is contained in the two dimensional space L¢: and
so the rank of A,({) is 2 < 4, and so { € V.

Conversely assume that ¢ € V,. Since dim¢ L¢; = 2 we may assume,
by symmetry, that {§ and ({i are linearly independent and so form a basis
for L¢y. Fix a j. Since the rank of A,(() is less than 4, we have that
¢(1,¢71,¢;, ¢;1 are linearly dependent, and so there are complex numbers
ay, b, c1,dy, not all zero, such that

G (a1 + bii) = ¢S (c1 + dai).
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Since ¢§ and (}i are linearly independent we must have one of ¢;,d; non-
zero. Now if d; = 0 then ¢; = ¢*(1 € R¢, where ¢ = ¢; (a1 + b1i) and we
would be done. So assume that d; # 0. Similarly we would be done unless
we had complex numbers ag, bg, ¢2, dg, as, b3, c3, ds with dz # 0, d3 # 0 such
that

(1 (a2 + boi) = (5 (c2 + daj)
and
(1 (a3 + bsi) = ¢ (c3 + dsk).

Multiplying these last three displayed equations on the left by (3, recalling
that Cl(f = 0, we obtain §1§]’-‘(cl + dll) = 0, CIC;(C2 + dzl) = 0, and
1¢; (3 + dsk) = 0. That is, we have

€1+ dil, co + doj,c3 +dsk € LZL1C;'

Now (QCJ*»‘)(QCJ’-‘)* = 0 and so ¢; +d1i, c2 +daj, c3+dsk linearly independent

over C implies (1(; = 0, since (1(; # 0 implies dim¢ Lé}c? = 2. Thus we
J

have

* 1

We conclude that (7 = (7q for some q € Hc and thus (; = ¢*(1 € Re,, as
desired.

The dimension of V,, follows immediately:

dimg V,, = dimg Vi + (n — 1) dimg Re, =3 +2(n—1) = 2n + 1.

3. Application to the theory of regular functions.

Let P(D) = [P;j(D)] be the 4n x 4 matrix of differential operators
defining the Cauchy-Fueter system (1). We have that

P(D): [£ (®*")]" — [€ (R*")]"™

and we denote by R = £F the sheaf of C* solutions of P, i.e. the sheaf
of regular functions (see Section 1). Note that, since P is an elliptic
system (see, e.g., [5]), we have R = £F = D'P where D' is the sheaf
of distributions. However a fundamental result of Bengel-Harvey-Komatsu
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(see [6]) shows that we also have R = BF, where B is the sheaf of
hyperfunctions. This fact immediately allows us to prove the following

THEOREM 3.1. — The sheaf R has flabby dimension equal to 2n — 1.

Proof. — We first note that the matrix A, is the transpose of the
Fourier transform of P(D), so from Theorem 2.4 we have the complex (7)
which gives us
(8) P(D)

0 — B —B*—5B*" — B2 — ... — B2 BTl ),

which is a resolution of the sheaf BF. This result is essentially due to
Ehrenpreis-Malgrange-Palamodov, but in the hyperfunction setting it was
actually proved by Komatsu (see [6] for details and references). Since
R = BF, as we noted above, and since B is flabby, Resolution (8) proves
that fl.dim(R) < 2n — 1. On the other hand, the flabby dimension cannot
be strictly less than 2n — 1, since (see [6, Theorem 1.2]) this would
imply the vanishing of H?"~!(H",H"\K;R) for every compact convex
set K in H". This would imply that Ext*"~*(M,, R) = 0, which would
contradict Remark 2.5 or Theorem 2.6. We have therefore proved that
fl.dim(R) = 2n — 1. O

Remark 3.2. — For n = 1,2 this result is implicitly contained in [5]
and [1] even though it was not explicitly stated.

Remark 3.3. — Theorem 3.1 generalizes to the sheaf of germs of
regular functions the well-known fact that fl.dim(O) = n, where O is the
sheaf of germs of holomorphic functions. Such a result was probably hard
to imagine before our computations in [1].

As we have shown in [5], all open sets U in H are cohomologically
trivial in the sense that

HP(UR)=0 p3>1.

In [1], on the other hand, we showed that this result fails for n > 1, since a
Hartogs’ phenomenon occurs. This situation clearly mirrors what happens
for the sheaf O of holomorphic functions. In that case, the most important
result, due to Malgrange [7], states that, for any open set U C C™,

HP(U,0)=0 p>n.

In our case, the analog of such a statement is an immediate corollary of
Theorem 3.1.
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CoROLLARY 3.4. — If U is any open set in H"™, then

HP(U,R)=0 p>=2n-1.

Once again, we believe this result to be quite unexpected. We do not
know of any analytic proof for it.

Let us now explain the significance of these results for the construction
of a theory of quaternionic hyperfunctions. As it is well-known, see for
example [10], the theory of hyperfunctions is based on two key facts: one
is that the flabby dimension of O is n and the other is the fact that R™
is purely n-codimensional in C" (see [6] or [10]). These facts allowed Sato
to define B as the n-th derived sheaf Hg,(O) of O restricted to R™. It
is therefore clear that the present paper provides us with the first step
towards a similar construction. The difficulty will be to figure out which
subset S of H" should be chosen to restrict the derived sheaf. In [5], we
took

S:H={q=x0+iw1 + jzo + kz3, 20 =0} CH

which is purely 1-codimensional and we were able to reconstruct the entire
theory.

We conclude by pointing out other interesting byproducts of the
results from Section 2. To begin with, one can use our arguments from
[1] to completely restore the duality theorem which prompted our interest
in this investigations.

THEOREM 3.5. — Let K be a compact convex set in H". Then if S
denotes the sheaf of distribution solutions to the system associated to the
matrix C* which appears in (7), then

H™ Y(H",H"\K;S) ~ [H*(K,R)].

On the other hand, the vanishing of so many Ext-modules also gives
more information on removability of singularities of the Cauchy—Fueter
system.

THEOREM 3.6. — Let Q be a convex connected open set in H™ = R*",
and let K be a compact subset of Q. Let X1,...,X,—2 be closed half
spaces in R*" and set ¥ = £, U...U Xy,_. Then every regular function
f € Q\(KUX) extends to a regular function f € Q\X which coincides with
f in Q\(K'UZX), for K’ a compact subset of ).
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Proof. — This is an immediate consequence of our Theorem 2.6 and
of [8, Theorem 4, p. 405]. O

THEOREM 3.7. — Let L be a subspace of H® = R*" of dimension
2n + 2. Then for every compact K contained in L, and every connected
open set $), relatively compact in K, every regular function defined in the
neighborhood of K\ can be extended to a regular function defined in a
neighborhood of K.

Proof. — This result follows again from our Theorem 2.6 together
with [8, Theorem 3, p. 403] if we can prove that none of the varieties
associated to the module Ext®*"~!(M,, R) is hyperbolic with respect to
L. However, [8, Corollary 2, p. 377] shows that V(Ext*"~}(M,,R)) is
contained in V(M,), and since M,, is elliptic, we can conclude that
every variety in V(Ext*"~!(M,, R)) is elliptic and therefore cannot be
hyperbolic. m]
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