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NEKHOROSHEV TYPE ESTIMATES
FOR BILLIARD BALL MAPS

by T. GRAMCHEV(® and G. POPOV(?

1. Introduction.

This paper is concerned with the effective stability of the billiard flow
near the boundary of a strictly convex bounded domain Q in R**1, n > 1,
with an analytic boundary 0Q. The billiard flow in €, called as well
generalized geodesic flow, is described by a particle moving with unit
velocity along straight lines inside 2 and reflecting at the boundary by the
law of the geometric optics “angle of reflection equals angle of incidence”.
The boundary is invariant with respect to the billiard flow, and if the
particle is on it with velocity tangent to Of2, then it travels with unit
speed along the corresponding geodesic of 0Q2. We are interested in effective
stability estimates for the billiard flow near the boundary, i.e. in stability
for finite but exponentially long time intervals.

The billiard flow induces a discrete dynamical system at the boundary
described by the billiard ball map

B:J—J J={(IL‘,€) € T*R™!: z € 0%, I£| = 1}’

(see Sect. 2) which is easier to deal with. The map B is analytic in J and
it coincides with the identity mapping on the glancing manifold
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K ={(z,£) € J: ({n(z)) =0},
n(z) being the inward unit normal to 99 at x.

The main problem we are concerned with, is to find an upper bound
for the rate of diffusion of the iterates '

BJ(Q)7 j = 172’ AR

from the glancing manifold K for g close to K. The plane case is trivial,
because there is a large set of smooth invariant curves of B accumulating at
K [16], [21], which trap any orbit starting close to K inside an annulus. The
corresponding caustics (the envelope of the rays issued from the invariant
circles) are smooth and strictly convex curves situated an a neighborhood
of 99 inside Q [16]. The picture is completely different when n > 2. It was
shown by Berger [4] that if n = 2 and Q admits a smooth caustic inside
Q, then Q is an ellipsoid. Generically, even if there exist invariant tori of
B in J, they are at least of codimension two, and the orbits could escape
any fixed neighborhood of K.

' The first effective stability result for perturbations of a completely
integrable Hamiltonian was obtained by Nekhoroshev. The Nekhoroshev
theorem [22], [23], states that the variation of the action of each orbit of an
analytic Hamiltonian H,, close to a completely integrable one Hy, remains
stable in a finite but exponentially large time interval

0<t<Texp(e™?),

if Hy satisfies certain generic steepness conditions. Since then a number of
new results about effective stability have appeared. Sharper estimates on
the stability exponent a have been proved recently by Benettin, Gallavotti,
Galgani, Giorgilli and others in the convex case (Hj is convex) in order to
investigate stability problems in Celestial and Statistical mechanics [2], [3],
[9]- A new approach to the effective stability of convex Hamiltonians, based
on an analysis near the worst resonances of the system, has been recently
proposed by Lochak [17]. The best exponent a = 1/2n in the quasi-convex
case was found by Lochak and Neishtadt [18] and by Péschel [25] who
added new geometric ideas to the traditional proof. Exponential stability
for time dependent potentials has been proved by Giorgilli and Zehnder
[10]

Effective stability results for iterates of a symplectic mapping P. close
to a completely integrable one Py have been proved by Kuksin and Poschel
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[15]. The main idea there, is to write P. as a time-one-shift of the flow of
a l-periodic analytic Hamiltonian H, which is € - close to a completely
integrable one. Bazzani, Marmi and Turchetti have obtained Nekhoroshev
estimates for isochronous non resonant symplectic maps [1].

The main difference between this paper and the results cited above is
that the billiard ball map is in general far from a completely integrable one
for n > 2. Nevertheless, there exists a smooth “approximate” first integral
¢ of B defining K, which means that { € C*°(J), { =0 and d{ # 0 on K,
and

(1.1) ((B(z,£)) = ((z,€) +r(z,8), (z,€) € J,

where the function r € C*°(J) is flat at K. Hereafter, we say that a function
r € C®(J) is flat at K, if r has a zero of infinite order at K, i. e. for
any smooth vector field Y in J and any integer k¥ > 0 the function Y*r
vanishes at K. A natural candidate for ¢ is the approximate interpolating
Hamiltonian of B which has been introduced in a little bit different context
for the corresponding boundary maps §* by Marvizi and Melrose in [19]
(see also [12]). In our case J is equipped with an analytic two-form wy
given by the pull-back of the canonical two-form in T*R™*! via the natural
inclusion map J — T*R"™*!. Note that the two-form wp is symplectic in
J\ K but it is degenerate at K. More precisely, taking n — 1 times the
exterior product of wy by itself we get

wy = (§;n(z))dv, (,€) € J,

where dv is a volume form in J and d{¢,n(z)) # 0 at K since 0N is
strictly convex (see Sect. 2). In particular, for any ¢ € C*°(J) satisfying
d¢(o0) = 0, Vo € K, the Hamiltonian vector field Hy of ¢ with respect to
wp is well defined by the inner product (Hg)wo = —d¢, and Hy is smooth
in J. We will call ¢ € C°°(J) an approximate interpolating Hamiltonian of
B if ( =0 and d{ # 0 on K, and for any f € C°(J) the function

(1.2) R(o) = f(B(e)) — f (exp (¢(0)H¢2) (0)) , 0 € J,

is flat at K. Here t — exp(tH.z) stands for the one-parameter group of
diffeomorphisms of the smooth vector field H¢z of ¢ 2 with respect to wy.
Making use of the normal forms of glancing hypersurfaces obtained by
Melrose [20], one can find an approximate interpolating Hamiltonian ¢ of
B as in [12] and [19].
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The main goal in this paper is to prove the existence of an approxi-
mate interpolating Hamiltonian ¢ of B of Gevrey class G%(J) (for a de-
finition of Gevrey classes see Sect. 2) provided that the boundary 99 is
analytic and strictly convex. Then the function R in (1.2), respectively 7 in
(1.1), will be in G? as well, and since r is flat at K we will get the estimate

C
r(z,¢)| < G exp(————), x, K,
(2, 8)l a) @O¢
with some C, C; > 0, which leads to effective stability at the boundary.
Note that {(z, £) measures the “distance” in J from a given point (z,£&) € J
to the glancing manifold K.

For any ¢ € J and any positive integer k¥ we denote by Tx(g) the
length of the broken geodesic arc issuing from p and having & points of
reflection at 012, i.e.

k—1
Ti(o) = Y |o* -],
j=0
where ¢ = (2%,€%), & = (/,&7) = Bi(0), j = 1,...,k, and [o/*! ~of
stands for the usual distance in R™**+1.

Our main result is :

THEOREM 1. — Let Q be a strictly convex bounded domain in
R"™*!, n > 1, with an analytic boundary. Then there exists an approximate
interpolating Hamiltonian ¢ € G%(J) of the billiard ball map B. Moreover,
there exist positive constants 6 and C such that for any 0 < € < 1, and
any o = (z,€) € J, 0 < |{(0)| < 6, we have

[<(B*(0)) = ¢(o)| < €¢(0)?
provided that

0 < Ti(e) < el¢(@)l exp(CI¢(0)I ™).

More generally, we prove in Section 2 that Theorem 1 holds for the
billiard ball map associated with any pair of analytic glancing hypersurfaces
having a compact glancing manifold K. In particular, we obtain effective
stability estimates near K for the billiard ball map of any compact real-
analytic Riemannian manifold whose boundary is strictly geodesically
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convex. The main idea in the proof is to find simultaneously a local normal
form

n
(1.3) oo = 261d6 Ndxy + Zdﬁ; A dIL‘j
j=2

for wp and an approximate local normal form for the billiard ball map in
G2

(14) B(.’E,g) = (:131 +€1,.’L‘2,. . -axnyg) +R(.’L‘,€),

where K = {¢; = 0}, the function R belongs to the Gevrey class G2 and it
is flat at K. When the boundary is strictly convex and C* smooth, Melrose
[20] has found smooth local coordinates (z, £) such that (1.3) and (1.4) hold
with R = 0. In particular, the billiard ball maps of any two strictly convex
domains with smooth boundaries are locally equivalent to each other in
the C*° category. More generally, Melrose proved that any two pairs of
glancing hypersurfaces are locally symplectically equivalent in the C* case.
As it was observed by Oshima [24], this is not true in the analytic case. In
fact, the example of Oshima shows even that there exist pairs of analytic
glancing hypersurfaces which are not locally symplectically equivalent in
the Gevrey classes G°, 1 < s < 2, (see Remark 2.4). Oshima’s example
suggests that s = 2 is the best Gevrey regularity for the approximate
interpolating Hamiltonian one can hope for.

The existence of the normal forms (1.3) and (1.4) of wy and B is
influenced by the construction of the normal forms in [11] and [20]. The
novelty in this paper is, that we analyse rather precisely the formal power
series arising in the traditional proof. These series do not converge in the
usual sense but they do converge in suitable “Gevrey” spaces of formal
series. Similar idea (to estimate the rate of divergence of formal series
arising in normal forms) has been used in [9] to study the effective stability
for a hamiltonian system in the vicinity of an elliptic equilibrium point.
Our approach is different from those in [9], it is based on certain techniques
which come from the calculus in Gevrey classes (see [5], [6], [13], [26]). The
relationship of the Gevrey classes with this type of problems was pointed
out by Lochak [17] as well. We would like to mention that our method
could be used to treat Gevrey normal forms for the billiard ball maps of
pairs of non analytic Gevrey glancing hypersurfaces as well.

The paper is organized as follows : In Sect. 2 we consider pairs of
analytic glancing hypersurfaces F, G, in an analytic symplectic manifold
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M and the corresponding analytic involutions Jr and Jg in J = FNG
having a common fixed point manifold K. The billiard ball map is given by
B = JroJg, and the analytic two-form wy is invariant with respect to both
the involutions and it is degenerate at K. Theorem 1 follows from Theorem
2.3 which provides simultaneously a G2 normal form for the two-form wq
and the involution JF and gives at the same time an approximate normal
form of Jg modulo an error term of Gevrey class G? which is flat at K.
Theorem 2.3 is proved in two steps. First we obtain an approximate normal
form for the pair of involutions in G2 (see Theorem 3.1) paying no attention
to the form wg. To put wp in a normal form keeping fixed the normal forms
of the pair of involutions given by Theorem 3.1 one could adapt the proof of
Theorem 21.4.4 in [11]. Instead, we give a new proof which is based on the
deformation argument of Moser-Weinstein, exploring the invariance of the
two-form wp under the involutions. Theorem 3.1 is proved in Sect. 4. The
Appendix contains technical lemmas concerning some estimates in Gevrey
classes.

Using the results of this paper we can show that the billiard ball
maps of any two strictly convex domains with analytic boundaries are G3
equivalent to each other. This represents a loss of Gevrey regularity with
respect to the approximate interpolating Hamiltonian of B which has G2
Gevrey regularity. The corresponding result is a subject of another paper

[8].

2. Glancing hypersurfaces.

The billiard ball map in a strictly convex bounded domain can be
associated to a pair of transversally intersecting glancing hypersurfaces.
First we recall certain facts about pairs of glancing hypersurfaces which
can be found in [11], [20]. First we consider a strictly convex domain € in
R™*! with a real analytic boundary 89, n > 1. Denote by

w=d{gNdz1+ ... +dépt1 N dTpt

the canonical two-form in T*R"™*!. Let f be a real analytic function in
R™*! such that f(z) = 0, df(z) # 0, on 99, and f(z) > 0 inside Q.
Set f(z,€) = f(z) and g(z,&) = 1 — [£|%, and denote by Xy and X, the
correponding Hamiltonian vector fields with respect to w. Consider the pair
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of analytic hypersurfaces
F={(z,§) e T"R™"": f(z,£) =0}, G ={(z,£) € T*"R""*: g(x,£) = 0}.

Since 0 is strictly convex, F' and G form a pair of transversal glancing
hypersurfaces [11], [20], i.e. F and G intersect transversally at J = FNG,
and for any ¢ € J, either the integral curve of X (X,) passing through
o intersects G (F') transversally or it is simply tangent to G (F'). More
precisely, the equality

(2.1) {f,9}(e) =0, o= (z,) € J,
(i.e. (¢,n(z)) = 0) implies
(2.2) {£,{f,9}}(0) <0, {g,{g,f}} <O.

Indeed, the first term in (2.2) is equal to —2|fz(z)|> < 0 and the second one
is 4(fzz()€,€) < 0. Here {-,-} stands for the Poisson brackets in T*R"+!
corresponding to w while (-,-) denotes the Euclidean scalar product in
R"™*1. Because of (2.2), the glancing set

K={f=9g={fg}=0}

is a submanifold of J. Indeed, the differentials df, dg, and d{f,g} are
linearly independent at any ¢ € K, since df and dg are linearly independent
at g and

df (Xy) = dg(Xy) =0, d{f,g}(Xy) #0,
at g according to (2.2). There are two analytic involutions

Jrp:J — J, JG:J—>J,

defined as follows. For any g in J outside K, Jr(g) (Jc(0)) is the second
point of intersection with J of the integral curve of X (X,) passing through
o, and Jr (Jg) coincides with the identity mapping on the glancing
manifold K. The billiard ball map B is defined by

(2.3) B=JroJg.

Note that J is a manifold of dimension 2n equipped with a two-
form wy which is the pull-back of w via the natural inclusion mapping
J — T*R™*!. The two-form wy is symplectic in J\K but it is degenerate
on K, indeed, in view of Lemma 21.4.7 in [11] we have

(2.4) wg =mu,
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where v is a volume form in J, m(z,§) = {f, g}(z,€), and the differential
of m(p) does not vanish on K according to (2.2). Moreover, wp is invariant
with respect to the involutions Jr and Jg. The set of fixed points of both
Jr and Jg coincides with K and their differentials are linearly independent
at any point of K.

More generally, we consider an analytic symplectic manifold (M, w)
where M is an analytic manifold of dimension 2n + 2, n > 1, and w is an
analytic symplectic two-form on it. Denote by {-,-} the Poisson brackets in
M corresponding to w. We consider a pair of analytic transversal glancing
hypersurfaces F, G, in M of the form

(2.5) F={oeM: f(o)=0}, G={o€ M: g(o) =0},

where f and g are smooth functions in M and analytic in a neighborhood
of J = FN G, such that df # 0 on F, dg # 0 on G, and the differentials
df and dg are linearly independent at J. As above we suppose that
equality (2.1) implies (2.2) and we denote by wq the pull-back of w via the
inclusion map J — M. Moreover, we assume that the glancing manifold
K ={p€ J:{f,g} o) = 0} is compact. It is easy to see that the involutions
Jr and Jg are well-defined and analytic in a neighborhood Jy of K in J,
and we define B : Jy — J by (2.3). Moreover, the function t(g), ¢ € Jo,
defined by

exp (t(0)X,) (0) = Jc(0)

is analytic in Jp in view of the implicit function theorem (see (2.10)), and
we have £t(g) > 0 in

Jr ={e0€ Jo: *{g,f}(e) > 0}.

On the other hand, for any positive integer k there is a neighborhood U
of K in Jy such that Bi(JL NU) C Jy for every 0 < j < k. Then we set
To(e) = 0, and define

j—1
Ti(0) = _[t(B"(), e€ JeNU, 1<j<k.
p=0

The broken bicharacteristic ®*(p) of G issuing from a point g in JLNU
and propagating for £t € [0, Tx+1(g)) in the domain

Go = {(ZJ,&) €eG: f(.’l?,£) 2 0}
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will be defined as follows :

®'(0) = exp(tXy)(B’()), Tj(e) <+t <Tjyi(e), 0<j<k.

Let us take for example M = T*R"™*! equipped with the standard
symplect two-form w. Let f = f(z) be independent of £, and assume that
the domain

Q={zeR"!: f(z)>0}

has a compact boundary. Suppose that g has the form
9(z,§) = E— H(z,§) - V(x)

in a neighborhood of J where H(z,&) = Z 9" (z)&:€; is the Hamiltonian
,J 1
corresponding to an analytic Riemannian metric in a neighborhood of 992.

Then the first inequality in (2.2) is equivalent to

n+1

> ¢9(z)Ni(z)N;(z) > 0, Vz € 8Q,

i,j=1
where N(z) = gradf(z). On the other hand, if V = 0 and E > 0, the
second inequality in (2.2) means that 2 is strictly geodesically convex with
respect to the geodesic flow associated to the Hamiltonian g.

Before formulating the main results we recall certain basic facts about
the Gevrey classes. If X is an open domain in R™ and o > 1, we denote by
G’ (X) the space of all Gevrey functions in X of index o, namely f € G?(X)
iff f € C°°(X) and for every compact subset Y of X there exists C > 0
such that

sup |02 f(z)| < CI"""l(a!)", acZy.
z€Y

Evidently G'(X) coincides with the space of all real analytic functions in
X, while for ¢ > 1 there are nonzero compactly supported G° functions,
namely G°(X)NC§°(X) # {0}. We point out that that for any G° function,
o > 1, which is flat at the hypersurface z; = 0, and any compact Y, there
exist two constants C' and c such that for every a € Z7} the following
estimate holds :

182 f(2)] < Gl () exp (—CI%I‘”("‘”) , 71 # 0,z €Y.

For more details on Gevrey classes we refer to [17] and [26].
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We formulate now a general result which yields in particular effective
stability estimates for the billiard ball map of a real-analytic manifold with
a strictly geodesically convex boundary.

THEOREM 2.1. — Let F, G, be a pair of transversal glancing hyper-
surfaces in an analytic symplectic manifold (M, w). Suppose that F and G
are analytic in a neighborhood of the glancing manifold K and assume that
K is compact. Then there exists an approximate interpolating Hamiltonian
¢ of Gevrey class G? for the billiard ball map B such that +¢ > 0 in Jx.
Moreover, there are positive constants § and C such that for any0 < ¢ <1
and any ¢ € J with 0 < |¢()| < 6, we have

[<(B*(2)) = ¢(0)] < ()%,
provided that

0 < Ti(e) < el¢(e)l’ exp(CI¢(0)I™H).

For any g € G we define the “distance” to the gliding manifold K by
d(e) = |f (o)l + [{f, 9}(e)l-

As a consequence of Theorem 2.1 we obtain

THEOREM 2.2. — Suppose that the assumptions of Theorem 2.1 hold.
Then there exist positive constants § and C, and some 0 < C; < 1 < Cy
such that for any ¢ € J1+ with d(¢) < § we have

Cid(e) < d(2'(e)) < C2d(0),

provided that

0 < +t < d(o)° exp (3(%5) .

The results formulated above are based on an approximate normal
form for a pair of symplectic involutions.

THEOREM 2.3. — Let J be an analytic manifold of dimension 2n and
let wo be a closed analytic two-form on it satisfying (2.4) where dm # 0
on K = {p € J: m(p) = 0}. Let J;, j = 1,2, be a pair of analytic
involutions such that Jwo = wo. Suppose that the sets of fixed points of
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Jj, j = 1,2, coincide with K, and that dJ; are linearly independent over
K. Then for any py € K there exists a diffeomorphism x of Gevrey class
G? mapping a neighborhood of the origin W in R?" to a neighborhood of
0o in J, x(0) = go, such that

X" (wo) = 00 = 261d€1 Adzy + Y d€; A dz,
j=2

while the involutions J = x~' 0 Jj 0 x, j = 1,2, become
jlo(m’ E) = (IE, _élagl)a

;720(-7;75) = (1‘1 +£1,$l, "§1,§’) + R(IL’, 6)7 (ZD, é) € VV,
where R belongs to G*(W) and it is flat at {(z,£) € W : £ = 0}.

Remark 2.4. — Making use of the example of Oshima of analytic
glancing hypersurfaces which are not analytically equivalent (see (7), [24]),
one can show that the Gevrey regularity G? in the theorem above is
optimal. Indeed, the estimates in [24], p. 57, can be used to prove that
the pair of analytic involutions associated to the glancing hypersurfaces
(7) are not locally symplectically equivalent to the pair J?, J3, in any
Gevrey class G°, 1 <s< 2.

Proof of Theorem 2.1. — The first statement in Theorem 2.1 follows
from Theorem 2.3 taking J; = Jr, J2 = Jg, and then choosing local
coordinates (z(g),£&(0)) = x (o) € W where o € U = x(W). Then we
have

(" 0 Box)(@,6) = (a1 +61,,€) + R(x,§)
= exp (6Hg ) (2,6) + R(=,€), (2,6) € W,

where Hﬁf is the Hamiltonian vector field of &2 with respect to o, R
belongs to G%(W), and R = 0. Hereafter, we say that R ~ 0 if R is
flat at {¢&; = 0}. Since x*(wo) = 00, the G? function ((0) = & (o) is
an approximate interpolating Hamiltonian of B in U. Moreover, changing
eventually & with —&; we can assume that { > 0 in J;. We are going to
show that ¢ is uniquely determined in U modulo a flat function.

Let xo : Wy — U be another G? diffeomorphism given by Theorem
2.3. Denote by (y(0),n(0)) = x5'(e) € Wo the corresponding G? local
coordinates in U, and set {o(0) = 71(0) where (o > 0 in J.
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LEMMA 2.5. — The function (o(0) — {(o) is flat at K.

Proof. Set ¢ = x5 ' ox : W — W and denote ¢(z, &) = o(x(,£)) =
(m o¢)(x,€). Then £¢(z,£) > 0 in {(z,€) € W : +£& > 0}. We are going
to show that ¢(z,&) — & ~ 0. Set

BQ((C, 6) = (‘Tl +€17$I)£)'

Then we have 9~ ! o By 01 — By ~ 0, hence,
exp (pHy2) — Bo =9~ ' oexp (annf) ot — By =0,
and for any smooth function f and any integer N > 1 we obtain the equality

f(xr+&,2,€) = f (exp (¢Hy2) (z,€))

N k
= 1@ + 3 22k 1(z.6) 4 0 (19t O ).
k=1 )

Set

= 0 d
Ho =3 (o560 +ﬁj(x,e>a—§j) -

=1

Taking f(z,€) =¢&;, 1 < j <n, we get 3; ~ 0. In the same way we obtain
a1 ~ 1 and a; = 0 for 2 < j < n. Hence, d¢? = —1(Hyz2)oo ~ d€2, and we
obtain ¢ = £; since ¢ and &; have the same sign. a

Patching together in G2 the local approximate interpolating Hamil-
tonians obtained above, we get an approximate interpolating Hamiltonian
¢ of B in a neighborhood of K of the Gevrey class G2.

We are going to prove the second statement in Theorem 2.1.

LeMMA 2.6. — There exist positive constants C, C1, and 6 such that

(2.6) [<(B7(0)) — ¢(0)] < 2C1j exp(=CI¢(e)|™") < 2¢C1l¢(e) P

for any 0 < |¢(¢)| < 6 and 0 < € < 1 provided that

(2.7) 0 < 5 < el¢(e)l exp(CI¢(e)l ™).
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Proof. — Taking f = ¢ in (1.2), and using the equality
¢(exp(CH¢z)(0)) = ¢(0),

we show that the G2 function ((B(g)) —((p) is flat at K. Hence, there exist
positive constants C, Ci, and é such that the estimate

(2.8) I¢(B(0)) - ¢(0)] < Crexp(=Cl¢(0)| )

holds if 0 < [¢(g)| < 36. We have shown that (2.8) is valid for j = 1. Fix j
such that (2.7) holds. Suppose that (2.6) is valid for some 1 < k < j. Then
the inductive assumption implies

(29)  [¢(B¥(0)) - ¢(0)| < 2Cikexp(—~CI¢(0)| ") < 2eCi[¢(0) P < 6,
if 62 < (2C;)~!. Now using (2.8) we get

¢(B**(2)) = ¢(0)] < [¢(B**(0)) — ¢(B*(0))] + 2C1k exp(=CI¢(0) ™)
< Crexp(—CI¢(B*(0))| ™) + 2C1k exp(~CI( ()] ).

On the other hand, for 0 < § < (4C;)~! estimate (2.9) implies
[C(B*(@)I7* 2 [¢(e)| ! — 4eCil¢ (o)1,
which yields for § < (4CC1)~!In2 the inequality
exp(—C|¢(B*(2))| ") < 2exp(=CI¢(0)| ),

and using (2.7) we get (2.6) for B¥*1(p). The proof of the lemma is
complete. O

LEMMA 2.7. — There exists a € C*(J), a > 0, such that

t(e) = a(e)¢(e)
in a neighborhood of K in Jy.

Proof. — The manifold K is defined in J by {g, f}(0) =0, (d{g, f} #
0 on K) and we have (o) =0, d{(0) # 0, ¢ € K. Hence,

{g, f}(0) = a1(0)¢(0), 0 € Jo,

and we can suppose that a; > 0 since ( > 0 in J,. Applying Taylor’s
formula to

f(exp(t(0)Xg)(0)) = f(0) =0, 0 € Jo,
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we obtain
210) {0,700+ 2o 4. /1}0) + O =0,
which proves the assertion. : 0O

LEMMA 2.8. — There exists § > 0 such that (2.7) holds if 0 < e <1,
0 <[¢(e)l <6, and

(2.11) T;(0) < l¢(e)I® exp(CI¢ ()l ™Y).

Proof. — Let 0 < k < j and suppose that T} satisfies (2.11) and

k < el¢(e)l exp(Cl¢(e)| 7).
Clearly Lemma 2.6 and Lemma 2.7 lead to

k k
Tis1(0) = Y IE(BP(2))| = Co Y 1¢(B”(0))]
p=0 p=0

> (k+ 1)ColC(@)I(1 ~ 20167 > (k +1) L ¢(o)]

if 62 < 1/4C;. Now (2.11) yields

k+1< 552;((9)4 exp(Cl¢(0)|™") < el¢ (o) exp(CI¢ ()Y

for 6§ < Cy/2, which proves the assertion. O

Making use of Lemma 2.6 and Lemma 2.8 we complete the proof of
Theorem 2.1. ]

To prove Theorem 2.2 we note that

d(o) = |{f,g}(0)| = a1(0)I¢(0), e € Jo,

and use Theorem 2.1.

3. Normal forms of pairs of analytic involutions.

We are going fo find a G? normal form of the pair of analytic
involutions J; and J> given in Theorem 2.3. If n > 3 and y € R™, we
set y = (y1,¥") = (¥1,9",9n), ¥ = (y2,---,Yn-1)- We have :
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THEOREM 3.1 — Let f and g be two real analytic involutions in a
neighborhood of the origin in R™, n > 2. Suppose that f and g coincide
with the identity on K = {y, = 0} and that the differentials df and dg are
linearly independent at the origin. Then there exists a diffeomorphism u
of Gevrey class G? in a neighborhood U of the origin such that the maps
fo=wuofou! and g’ =uogou! have the form

) =W,y —wn), °W) = W1+ yn,¥",—¥n) + R(y),

where R belongs to the Gevrey class G*(U) and it is flat at K.
The proof of Theorem 3.1 will be given in Section 4.

Proof of Theorem 2.3. — According to Theorem 3.1 there exist G?
coordinates (z,€) in a neighborhood U of (0,0) in R™ x R™ such that

jl(-z'a 6) = (zv _glagl)a ‘72(11,‘,6) = ‘70((3,5) + R(:E;E), ((L‘,E) € U7

where Jp stands for the involution

l70($’ 5) = (1'1 + glax’, _glig’)?

R € G?(U),and Ris flat at K = {(z,£) € U : & = 0}. Using the invariance
of wg with respect to the involutions given above, we are going to show that
it has a quite simple form which allows us to use the deformation argument
of Moser - Weinstein.

First we introduce the following notations : We set §~1 = ¢2 and
£ =¢, €= (£&,€) € R". Next, for given r € C°(U) we say as above that
r ~ 0 if r is flat at K. More generally, for a given k-form w in T*(R"™) we
say that w = 0 , if all the coefficients of w are flat functions at K.

Now, using the equality J'wp = wp we write the two-form wp as
follows

(3.1) wo = Z aij(z, €)dé; A dzj + Z bij(z,€)dz; A dz;

1<4,j<n 1<i<j<n

+ Y (e, O)dé nd,

1<i<j<n

where the functions a;;(z,£), bij(z,€), and c;;(z, ) belong to G2(U) and
they are even with respect to &1, i.e.

(38.2) Jiaij = aij, J7bi; = bij, Ji'cij = cij.
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Now, condition (2.4) reads
(3.3) wy = &1dv,

where dv is a volume form in U and we have taken n times the exterior
product of wy.

ProprosiTION 3.2. — Let wg be a closed two-form in a neighborhood
of the origin in T*(R™) with G? coefficients satisfying (3.3). Suppose that
Jjwo = wo, j =1,2. Then there exists a local diffeomorphism 1 € G*(U)
in a neighborhood U of ¢° = (0,0) such that

Yoh=010¢, YoJo=Tooy, inU,
and

(34)  Ywo= Y a(,n)dii Ady;+ D by, n)dy: Ady;
1<i,5<n 1<i<j<n

+ > W mdi A di + @,
1<i<j<n

where © =~ 0, ] = (77%»77/), and

35 oW =1, e (y,m) =0, b(y,n)=0,2<i<n

We postpone for a while the proof of the proposition. Now we
can apply the deformation argument of Moser - Weinstein to the form
o1 = YP*wo.

LemMA 3.3. — Let o1 be a closed two-form in a neighborhood of
the origin in R* with G? coefficients given by (3.4) and satisfying (3.3)
and (3.5). Suppose that J}wo = wo, j = 1,2. Then there exists a diffeo-
morphism ¢ € G?(U) in a neighborhood U of ¢° = (0,0) such that

n
¢ o1 =00 = 2mdm Ndy, + Z dn; A dy;,
j=2
and

poJi=J10¢, poJor J20¢inU.
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Proof. — After performing a linear change of the variables

21=y1+ Z (a3;(0)y; + 2;(0)m;) , G =m,
7j=2

(2',¢) = A(y',n'), det(A) #0,

which commutes with both 7; and Jy we can suppose that o7 = 09 + 03,
where o9 has the form (3.4), its coefficients satisfy (3.2) ( Jj*o2 = 032), and

(3.6) aj (y',m) =0, b%(y',m) =0, 1<i<n,
ag;(0) = b3;(0) = ¢;(0) =0, 1 < 4,5 <n.
We interpolate o; and og by the family
ot =09 +t(o1 —o0p), 0<t <1
We are looking for a time dependent vector field X; such that
3.7) (¢")"or = oo,

where ¢* is defined by

d
—¢' = X4(¢"), ¢° =1d.
dt ¢ t(¢ )7 ¢
Differentiating (3.7) with respect to t we get
Lx,00+01—09=0,

where Lx, = 1x, od + d o1x, is the Lie derivative, 1x, being the inner
product by X;. Since oy is closed, we arrive at the equality

(3.8) d(ix,0¢) = 09 — 01.

We have o¢ — 01 = da, o) =0, where a can be chosen in the form

n

(3.9) am Yy oy, m)dy+ > By, m)dn;,

j=2 j=1

in view of (3.4) and (3.6). We can suppose that a; and 3; are G2 functions.
Moreover, taking (J;*a + «) /2 instead of o we can arrange Jifa = «
still keeping (3.9), which implies £1(y’,n) = m~y(y',n) with v in G?. Set
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By = J1 0 Jo. In view of (3.9) we have Bja =~ a which implies Jo*a ~ «
since jo = ._71 o Bo.

Now (3.8) leads to the equation 1x,0¢ = a which has a unique solution
n n
d a
X, = . = . =
’ ;pa W) 5,- + ]; %W g,

Indeed, since B1(y’,n) = my(¥’,n) and the coefficient of dy; in « is flat at
n = 0, taking into account (3.6) we obtain an (algebraic) non-degenerate

linear system for p; and g; with G? coefficients wich has an unique solution
in G2.

We are going to show that ¢ = ¢! is the desired diffeomorphism. We
have to prove that ¢ commutes with J;. Setting

Y, =JiXe=dN) " Xeo T
we get

a=J; (1x,0¢) =1y, (J{ 0t) = 1y,01,

which implies J}* X; = X;. Hence, J; o ¢* = ¢* 0 J1. In the same way we
show the relation Jp o ¢* ~ ¢! o Jp which implies J; o ¢* =~ ¢ o J>. The
proof of Lemma, 3.3 is complete. O

Now, Theorem 2.3 follows immediately from Theorem 3.1, Proposi-
tion 3.2 and Lemma 3.3.

Proof of Proposition 3.2. — To put wp into a normal form, keeping
the involutions J; and Jp fixed, we use the following

LEMMA 3.4. — Let p € C*(U), Ji*p = p, and Jo*p =~ p. Then
Op/dz, =~ 0.

Proof. — Consider the Taylor expansion at (z,0,£’) of the smooth
function

p(xl + 51,1:’,6) - p(m! 6) = ng(l',g) - p(z,f) ~ 01
where By = J1 0 Jo. For any integer 8 > 0 the coefficint of 5{3 g equal to

B+1—v

Z Z aly '6;’18"p(w0§)

_0 a=1
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By inductive arguments with respect to 3 we get

.0 p(2,0,€') =0,

which proves the assertion.

The equality Bgwo = wp yields the identities

Bjain = an, Bjai; =~ a5, 2<i<n, 1<j<mn,

Babij ~ bz'j, 1<i<j<mn,
Bgeij = cij, 2<i<j<m.

Baau + Boblg R ajj, 2<j<mn,

2£

B(’;clj - Boa]1 x C15, 2<] <n.

25

Now Lemma 3.4 implies
an(z,€) ~ afy(#',¢),
aij(2,€) ~ a(2',), 2<i<n, 1<j<ny
bij(2,6) ~ b);(2',€), 1<i<j<m,

cij(z,€&) ~ c%-(m’,{), 2<i<j<n.

877

A similar argument has been used by Melrose [20] in a little bit different

context. Applying Lemma 3.4 to 0;,a1; and 0, c;; we obtain

0’1.7("n &) ~ al]( €)+zla1](xa§) QSJSn

aj(z,€) = &;(@', ) +zici;(e',€), 2<j<n

where
(3.10)

1 .
al;(z',€) = —Ebl,( z',€) € G? since by;(z',0,¢) = 0, 2<j<n,
(3.11)

C%j(x/7€) = a]l( ,1§)€G2 since a'jl(x,y07€,) = 0; 23.75'"'

261
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Moreover, we can suppose that
(3.12) ad(«,0,¢) = 1.

Indeed, we have

LEMMA 3.5. — There exists a diffeomorphism (z,£) = ¥(y,n) in a
neighborhood of ¢° = (0,0) having the form

a =Y\ nun, o' =y, & =X, & =1,
where X and Y are G? functions,
Y (%) >0, X(%/,0,7) =0, dX(o°) #0,

such that Jy o =1 o Jh, Booy =)o By, and the coefficient of dn? A dy,
in o = Y*wy is equal to 1.

Proof. — Taking into account (3.3), (3.10), and (3.11), we can suppose
that a9;(0) > 0. The coefficient of dn? A dy; in o is equal to

ady (¥(y, n))Y(y_’,n)g—i(y',n) =1.

Moreover, 9 commutes with By iff X(y',n) = Y(y',n7)n1, and we obtain
the equation

o0X
a(l)l(y,aX’nl)Xa_m(y,’n) = ", X(ylao, 77,) =0.

The solution of this equation is given by

X
(3.13) 2/0 ad, (v, t,n)tdt = 3.
Set
u
(¥ u,n') =2 / ady (¥, t,m')tdt.
0

Then p(y',u, ") = u2q(y’,u,n')?, q(0) = 1/a%,(0), where g is a G? function,
and we obtain the equation Xq(y’, X,n’) = n1, which has a unique solution
X(y',n) =mT(y',n), where T is a G2 function and T'(y’,0,7') > 0, in view
of the implicit function theorem in Gevrey classes. Moreover, J1*p = p,
and we obtain J;*T = T which implies J; o9 =1 o Jj. O
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From now on we suppose that (3.12) holds for the form o = ¥*wy.
We have 0 = 01 + y102 + 03 in U, where

ov= Y aydiAdy;+ Y Wdyindy;+ Y cdi Adi,

1<ij<n 1<i<j<n 1<i<j<n

n n
(3.14) 02 = _ai;dn} Ady; + Y clydif} Ay,
j=2 j=2

7= (n?,n’), and 03 ~ 0. We are going to explore the two-form 0. Since o
is closed and the coefficients of o; do not depend on y; we have dos = 0.
Then o9 = da + a(y’,n)dn;, where the coefficients of the one-form a do
not depend on y;, and a does not contain multiples of dy; and dn;. In
other words, one can consider a as one-form in (y',7n’) depending on the
parameter 7;. Now (3.14) implies dy ,yo = 0, hence o = dry + p(y’, n)dm,
where v,p € G?(U), and we get

o2 =dp Adm.

Next we write 0 = 0¥ + 09 + 03, where 03 ~ 0,
n n
o = | D_ad (', mdii — > _ b3, m)dy; | Adys +yadp(y',n) A dm,
i=1 j=2

while the two-form ¢ does not contain multiples of dy;, and the coefficients
of o9 are functions of (3’,7) only. Our aim is to show that o3 ~ dn? A dy;.
Notice that do9 ~ 0 which implies

> " daly Adi; — Y dbS; Ady; + dp A dm = 0.
i=1 j=2
Therefore,

Z ad diy; — Z b(l’jdyj ~ dr — pdn,,

i=1 j=2

where r € G2(U), and we have
09 =dr Ady; — pdm A dy, — yrdn: A dp.

On the other hand, since o? is invariant with respect to By, we get
B}o9 = 03, which gives

r(y',n) ~ —p(y',n)m +qa(m), ¢ € G*(R),
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while (3.12) yields

or
oy &',m) —p(y',n) = 2m.
Hence, r satisfies the equation

o

M Gy T a(m) + 2n3.

1

Then v(y',n) = r(y’,n) — r(0,m1,0) should satisfy the equation
ov
— +v=0,
M am
and we obtain v = 0. Therefore,
ag ~ dn? A dyy,

which completes the proof of the proposition. O

4. Proof of Theorem 3.1.

Consider the real analytic involutions f and g. As in [11] we can
suppose after a local analytic change of the variables that

f) = ,—yn) forye B"(6), 0<6<1,
where B"(§) = {z € R": |zj| <é,j=1,...,n}.
Then as g(y) is analytic in B"(6) we can write g(y) = (¢'(y),9n(¥)), ¥ €
B"™(6) in the following form :

@) W =v+) W), W)= (), ..dd_, ),
j=1

(4.2) 9n(¥) = =y + > T A;(Y).
j=1

Moreover, there is C > 0 such that

sup |07 (y)| < CItlal, a € 27, =1,2,..,
y'€Bn—1(5)
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where ¢’ stands either for af, r =1,...,n — 1, or for A;. The requirement
that the differentials of f and g are linearly independent on their fixed set
yields

a'(y’) #0 for y' € B""1(9).

Under the assumptions above Theorem C.4.6 in [11] provides a C*®
smooth change of the variables u = u(y), u(0) = 0, which preserves f and
transforms g into u~! o g o u = go, where

901, ¥, yn) = (W1 + Yn, ¥, —n)-

We are concerned here with the problem whether u can be found in a
suitable Gevrey class G? provided that the involutions are analytic. Fix an
integer p > 2. As in the proof of Theorem C.4.6 in [11], making an analytic
change of the variables, we can assume from the very beginning that

(4.3) al(y') =(1,0,...,0), A;j(y')=0,1<j<p-1

First we consider u(y) as formal power series in yp,

oo
u(y,yn) = 3 W (W), vl ¥)), v (W) =v, W) =1,
j=0

with the subsequent compositions obeying the rules of the calculus for
formal power series expansions.

LEMMA 4.1. — If u(y) satisfies f ou = w o f then u(y) has only even
powers in y,, namely

u(y, yn) = Zyﬁj (W' (y), yn ¥l (y)).

Proof. — We have

fu()) = (W' (y), ~un(y)) Z(Wﬂ "), ~y Ml (),

u(f () = ul',—yn) = Y _((~vn)u?' @), (—yn) P ().

=0
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Evidently the last two identities imply that fou =wo f iff u/(y’) =
(w'(y'), ud,(y')) = 0 for all j odd. O

So we look for u(y) given by the formal power series in Lemma 4.1
and satisfying

(4.4) u(g(y)) = go(u(y)).

First we write explicitly the left and the right hand side of (4.4) as
formal power series in y,. We check easily that formally

(45)  go(u(y)) Zy (W) + vl W), 0" (), —ynh () ) -

Further we obtain in view of (4.1), (4.2) and Lemma 4.1 that

u(g(y)) = Z ~Yn + Zy’“A
j=0

><<u”’y+2y (') ( yn+Zy’"+1A W), y+zy a*(y)) >

Next we recall the power series expansions

(=Y + Zy’“AT ¥))Y =}, ((—1)j + ZA~,u(y’)yZ> ;

V=p
il ‘ . .
(46 Ap) =) S (IR - (A
JoJpt---Juv- ‘
where the latter sum is taken over the set Zo(j,v) of all
(jOajpvjp+1a s 7jl/) € Zu—p+2
such that
Jotip+iprit. i =3, pip+ @+ Dips1+... + iy = 1.

We denote by Z the set of the non-negative integers and by N the set of
the positive ones. We set by convention

Ajo= (-1, Aj, =0, for ISy <p-1.



NEKHOROSHEV TYPE ESTIMATES 883

Moreover,

°° °° 80 hy
hy +Y una* (W) =D vk Y auply) L ﬂfy ),
s=1 :

r=0  |B|<pu

@D ) =Y S @) @)

where the latter sum is over the set of multiindices Z(8,u) of all
(v4,..., ") € (ZV 1), where v* € Z771, 0 < s < p, and

Yt =6, 2 ] =
We have used the notations
l=7+- -+ V=2, V¥ =007
and
@@) =ai¥) ... a5y (y)"r

We set by convention ago = 1, and a, g = 0if | 3| < p and Z(u, 3) is empty
which happens for example when ¢ > 1 and 8 = 0.

LEmMA 4.2. — Let = (B1, ..., Bn-1) € Z77, B#0, and let = |3].
Then, a, 3 =0 if B # (1,0,...,0), and a, g = 1 if B = (1,0,...,0).

Proof. — Let (y1,...,9*) € Z(u, 8). Then

WA+ P+ + I =18l ==+ 2%+ ...+ plv*,

and we obtain ¥2 = --- = 4* = 0 and ! = 3. Now, using (4.3) and (4.7)
we prove the assertion. O

The power series expansions given above yield

w(y) =u(g()) = Y _ vk (y), yawh (y))).
k=0

with
k—2j B . 1.1
o, (y)

W)= Y D ) A2j,u(y')ak—2j—u,ﬁ(y')~[;!—,

0<j<k/2 v=0 |B|<k—2j—v
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k—2j

Pl
@)= Y Y Y Ay @)erzns@) L "‘”.

0<j<k/2 v=0 |B|<k—2j—v

Now, taking into account (4.5), we obtain from (4.4) the equalities

*y) = (WM(y), —ui(y), k€ Zy,

(4.8) W (y') = (un (¥),0), k € Zy,

The resolution of (4.4) in the C'* category shows that one has only to solve
(4.8) for each k, since the other sequence of identities involving w?* follows
from (4.8) taking into account the fact that g is an involution (cf. case (a)
in (C.4.3), [11]).

We write the equations (4.8) explicitly, replacing w* by the corres-
ponding expressions given above. Using (4.3) we obtain

(4.9) 8y, u* () = ui(¥)er — G*(u),
where e; = (1,0,...,0), G° =0, and the operator G*, k > 1, is given by
S )
Grw@) =Y. Y. Th) L7 e
i=0 |B|<2k+1-2;

Here
s - (F0 L0 )
> 0 Pj,’g(yl)

is n X n matrix with

2k+1-2j— |8
(4.10) Ff,’é(y’) = Z Azj (Y a2k+1-2j-1,8(Y" ) En-1,
v=0
2k+1-2j—|8]
(4.11) e@) = Y. Ayr1,¥)azkii-2i-0s),
v=0

E,_1 being the unit matrix in R*~1.

Before solving equations (4.9) with suitable initial conditions, we
rewrite G* as a sum of two terms, grouping in one of them all T'* 7 p with
16l = 2k —2j +1. Let 8 = (Br,..-,Bn-1) € 2}, B # 0, ‘and let
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8] = 2k — 2§ + 1 for some positive integers k and j. Then v = 0 in
(4.10) and (4.11), and Lemma 4.2 implies that either

rks=0
if B# (2k —2j +1,0,...,0), or
Tip = [f)7 _01]
if 8= (2k—2j+1,0,...,0). Hence,
G* =P* + R,
where

i
(4.12) P’“(uxy)—z > Thay) L (y)

7=0 |B|<2k—2;
and

E 0 ]"‘1 o2+ 1ui (y)

(4.13) REw)(y) = [0 -1 k-2 + D

j=0
Denote by S the real analytic hypersurface in B"~1(8)
S:={y € B*71(6): yy =0},
and consider the system of equations (4.9) with initial conditions

(4.14) )5 =(0,9",1), uFls=0, k=1,2,... .

They can be solved successively for every k € Z, and the correspon-
ding solution u*(y’) is analytic in B"~1(§).

To estimate sup |uF(y')| as k — oo, we introduce suitable

y'€Bn=1(8)

Banach spaces of formal power series which are adapted for the calculus
with the Taylor series of Gevrey functions. Similar spaces have been used
in [6] to study the calculus of classical formal pseudo-differential operators
in Gevrey classes.

Let FA(6,n — 1) be the set of all sequences

h:=h(y') = {h°@W), R ), ...}
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of analytic functions h* in B"~1(6). Forany T >0, k € Z,,and a € Zi‘l
we set

(415)  MP(h:T) = B HE W)
. d(h:T) = sup > hT(y
k (2](? + |a|)' y'€Bn—1(5) v
and denote
(4.16) Il = Mg(h:T)

where the sum is taken over all k € Z; and «a € Zi_l. Let
E(T)={h€ FA(6,n—1): ||h|r <}

be the corresponding Banach space.

ProrosiTioN 4.3. — There exist constants § > 0 and C > 0 such
that
sup |0%uF(y)| < CHFHIl(2k)lal, VEk € Zy, VaeZ !,
y'€Bn—1(5)

Proof. — To prove Proposition 4.3 we have to show that
(4.17) u(y’) = {v°(y),u* (v'),...} € E(T) for some T > 0.
Indeed, we observe that (4.16) and (4.17) imply

(2k + |a)!

sup |8§,uk(y/)| < ¢ TokHal

yleBn—l(é)

where C1 > 1,0< T < 1, and C = C(C1,n,T).

< Ck+itlel 9k,

We are going to prove (4.17). To do this, we rewrite the Cauchy
problem (4.9) and (4.14) into a system of n integral equations. In this way
we obtain an equation

u(y') = H(P(w)(y') + HR(w))(y') +U°(Y), ueFAGn-1),

where U°(y'") ={(0,y",1),0,...,0,...} and the operator H:FA(é,n — 1)
— FA(6,n — 1) is defined by H(v)? = 0 and

y1 ot Y1
H(v)* = —(/0 /0 vﬁ(s,y”)dsdt) e; — /o v*(t,y")dt, k€N.

The idea is to prove that the linear operator HoP + Ho R is a
contraction in E(T), provided that 0 < T'< 1 and 0 < § < 1, and then to
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use the fixed point theorem in the Banach space E(T). First we show that
H is a contraction in E(T).

LeEMMA 4.4. — There exist positive constants 6y, Ty and Cy, such that
H:E(T)>v— H(v) € E(T)
is continuous and

[H)ll7 < Co(6+T)lvllr, Vv € E(T), T € (0,To], 6 € (0,5)].

Proof. — For any fixed o = (ay,...,an-1) € Z’_,‘_‘1 and k € N, we
consider the semi-norm Mg (v : T').

There are two possibilities :

i) @1 = 0. In that case 9y, = 8;;,/,' and the definition of H(u) implies

that
MZHW):T)<SMZ(v:T).
The second possibility is
ii) @3 > 1. In that case
Yn—1
a qa’’ k _ aai1—19a" (., k
3y1 6:!/” /0 v (t, y”)dt = 6y11 ay// ('U (yl)).
Hence, setting @ = (a3 — 1,¢’), we obtain
MEH@): T) < — 2 MS(v: T)
k T 2k 4o R T
The estimates above show that
IH@)|r =Y Mg(H : T) < (6 +T)llv|lr, v € E(T),
where the sum is taken over all k € Z, o € Z'j_‘l. g

LEMMA 4.5. — There exist positive constants 8y and Tj, such that
HoR:E(T)>u— E(T)
is continuous, and

[HR®W)) llz <3T|llr, Yve E(T), T €(0,To], 6 € (0,6].
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Proof. — Let k € N,a = (a1,...,0n-1) € Z'rl, and v € E(T).
According to (4.13) we have
k=1 52k—25,5 (1 2k—20.5 () o/
E 0 By, (Y') — 8y (0,9")
ki, — _ Y1 Y1
HR@)"() = [0 —1] 2 (2k — 2j + 1)!

j=

k=1 92k—2j—1,j —25—-1,,3 —25,,7
+e; Z ayl J lvzz(y/) - agf 2 I'U%(O, y”) - ylagf 2'7”%((), y”) )
& 2k — 25+ 1)!

Hence,

k—1

Tk-3 (2k—2j+a1,a")
a : < - \ 1, :
M2 (H(R(v)) T)_3j§=0: TR (M] (v:T)

+TM;2k—2j+°“_1’°‘”) (v: T)) .

Summing up with respect to k € N and « € Zi’l, and setting p =k — j
we obtain

IHRE) <63 Y 3 e M 7)

p=1j=0 a
[e )
TP
<6 —_— <
<0) eyt <37 Ivlr

for all T € (0,To], and Tp > 0 sufficiently small. O
It remains to show that the operator v — P(u), given by (4.12) is
continuous in E(T).
ProrosiTiON 4.6. — There exist Ty > 0 and C > 0 such that the
linear map
P:E(T)>v— P(v) € E(T)

is uniformly continuous for 0 < T < Ty, and

(4.18) IP@)lir < Cljvlr, ¥V T € (0,To).
Proof. — For any k > 1 and o € Z"~! we have

k-1
Mg(P):T) < > Y. > sup |95TE ()

7=0 |y|<2k—2j p+b=a Y'EB 1)
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419)  xZthltleD! e+ )

3k—35+|6|—|v| P+Y(,J .
@k+proppa L M D).

To estimate the right hand side of (4.19) we are going to use the
following

LEMMA 4.7. — There exists a constant C; > 0 such that

(420) sup |69 Pk ’ | < C k—j+16|+1 (2k h") 0!,
v'€Bn—1(5) (29)!

for any 7,0 € 27", and 0 < j <k —1, 0 < |y| < 2k — 2j.

Lemma 4.7 will be proved in the Appendix. Assume for the moment
that (4.20) is valid. Plugging it into (4.19) we arrive at the quantity

(2k = 7D)! (25 + [yl + 1)) (6 + p)!
(4.21) (25)! 2k + |o| +|6])! 10!

First we suppose that |y| = 2k — 2j. Then (4.21) is estimated above by
2k + 1p)! (Il + 1) ... (ol + 161)
(2k + |pl + |6])16

< 2k+1p)!' @k + o[ +1)...Ck+p[+]60]) _ 1
= 2k + [p] + ]! 6! IR

We remind, that for any z = (21,...,2n-1) € Z7"' we have |z| =
21+ -+ 2,—1, and that, by convention 0! = 1.

For || < 2k — 2j, we estimate (4.21) as above by

@i+ l+lpl +16D' 2 +1). 25+ 2k —2 — 1)
(2k + |o| +16])! 6!

—

)

1
Hence, (4.21) is estimated by o and we obtain

k—j+16|
MEW: DAY Y Y GO Myt 7).

J=0 |y|<2k—2j p+o=c

On the other hand, we have

oo

J+16|
Z y oyaebzr (ClT)k + < Y e SR (ClT)

k=j+1 |v|<2k-2j 6ez7* p=1 gezp*
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for any T € (0,Tp], and Tp sufficiently small. Therefore,

IP@llz= 3" Y MP@:T)< |l

kE€Zy qezn !

which completes the proof of the proposition. O
Now we pass to the Gevrey realization of the formal change of the
variables u(y) and to the proof of the theorem.

ProposITION 4.8. — Let uf(y) = (u¥'(y'),uk (")), k € Zy satisfy

s Un
the estimates in Proposition 4.3. Then there exists a vector-function

u(y) = (v (y), un(y)) € G*(B"(6)) such that

Fyr'(y',0) = (2k)® (y'), O35/ (y,0) =0, k€ Zy

2541y, (y,0) = (2k + DIt (y), 02Fun(y',0) =0, ke Zy,

i.e. u(y) is a G? realization of the formal solution from Proposition 4.3.

Proof. — We observe that in view of Lemma 4.1, u/(y) must be an
even function with respect to y,.

We put fa;11(y') = 0, f25(y") = (24)'w?'(¥'), j € Z+. Then Proposi-
tion 4.3 yields after straightforward calculations that {f;(y)}32; satisfy

sup 0% fi(y)| < C*HTIQ(R!?, ke Zy, a2,
y'€Bn=1(8)

where C > 0.

Now we can use the Whitney extension theorem in Gevrey classes
which has been proved in different cases by many authors e.g. [7], [13],
[14]. In our case, applying Lemma 1 in [13], or more generally Theorem
4.5 in [14], (see also Theorem 3.9 in [7]) we find a function u/'(y’,y,) €
G?(B™1(6)) having as a Taylor expansion in powers of y,, the next formal
sum

One deals similarly with u,(y) (which must be an odd function with
respect to y,) by defining f2;(y') =0, fo;j41(y") = (27 + i (y'), j € Z4.
The proof of Theorem 3.1 is complete. O
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5 Appendix.

A.1. We are going to prove Lemma 4.7. Since I‘;?’,Y(y’ ) is holomorphic
in the polydisk B"~!(26) in C™~!, it is enough to prove (4.16) for § = 0
(then one uses the Cauchy integral representation formulae in the polydisk
B"~1(26) with y' € B""1(§) for 0 < § < 1). We are going to estimate
separately A;, and a, . We have

(Al) Aj’o = (—l)j, and Aj,y = 0, 1<v< p—- 1,
according to (4.3) and (4.6), where p > 2 is fixed.

LEMMA A.1. — Let v > p > 2. Then there exists a constant C > 0

such that

j —2)!
(A.2) sip 4, ()] < o UL
v/ EBr—1(5) (-1

forany je€Z;, j> 1.

Proof. — Since g(y) is analytic, there exists C' > 0 such that

sup A (¥)|<CT, r=1,2,...
y'€Bn-1(6)

Hence, in view of (4.6) we obtain
il
/ .7 v
s Y Lo
(jOyjpy“~7jV)€Z0(j7u) P

for y' € B"1(§). Denote by m the minimum of j and the integer part of
v/p. To estimate the right hand side of the inequality above, we consider
for any j > 1 the function

tP
1-t

h(t):(1+ )j, te(-1,1), p>2.

Expanding h(t) in power series, we get

h(t) = <1+it’)J=§: > —j!—'t".

= -
. . " . 0. e e e .
r=p v=0 (jo,ips--s3v)€Z0(3,V) Jo'Jp v

On the other hand,
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Hence, for any v > p > 2 we have

4! 1 dh
Joldp!... gt W dtv

(1) (3) om0
2()( ) @tsto + ). (40— sp=1)

JiG-1)...G—-s+1)(s+v—-sp—1)!

(0)

(jOyjp:"'ij)ezO(jiy)

IN
Ms Q|o—a T|H

1

@
Il

Ms

jG+1)...G+s—-1)(s+v—sp—1)!

@
Il

“(G+v-s(p-2)-2)!

Ms

—~ G -1
—2)1
< Uty ?_
G -D!
Evidently the inequality above yields the desired estimate. O

LEMMA A.2. — There exists a constant C > 0 such that

(A.3) Sup |apuy @)l < crt
y'€Bn—1(5)

forany p € Zy, andy € Z%', 0 < |y| < .

Proof. — The demonstration is similar to that of Lemma A.1. We
have

!
sup  laus(y)l < > ¢

,_Sup [
y’'€B™1(6) (V1Y) EZ(7,1) n T

Let h be an analytic function in R®~1. One observes that the right hand-
side of the inequality above coincides with the coefficient @, (C) in the
identity

Ct hM(0
h(l—C’t" 1—Ct> > Z auy(C)t* ()

vezZy ™t 20l
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which leads to

6@ = 3 (£)" (oM - i) jmg

u!
(p—1)!
—c» < (20)*,
TR R
provided v € Z771, 0 < |y| < p. O

Proof of Lemma 4.7. — Fix v, k, and 0 < j < k — 1, so that

|v] < 2k — 25. Using (4.10) - (4.11) as well as (A.1) - (A.3), we obtain
2k+1—2j— || .

_2j —0; (2§ +v—-1)!
< O2%k+1-2j 2k+1-2j ( 7
SRS ID DS )

v=2
»y . 2k —y)! _ ks 2k —yI)!
Sc2k 2]+12k_2 +1- (__SC J—.’
( J |7|) (2.7)! 1 (2.7)!

with C; > 0 satisfying C?**1(2s+1) < C$, s > 1. The proof of Lemma 4.5
is complete. O

kng 1
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