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CENTRAL SIDONICITY FOR COMPACT LIE GROUPS

by Kathryn E. HARE (*)

0. Introduction.

Suppose G is a compact group with dual object G. It is well known
that if G is an abelian group, then every infinite subset of G contains an
infinite Sidon set [8]. In contrast, there are non-abelian groups which admit
no infinite central Sidon sets [11]. For central p-Sidon sets the situation is
quite different; even in the non-abelian setting these are plentiful. Indeed,
Dooley [3] showed that every compact, connected group admits an infinite
central p-Sidon set for all p > 1, however he was unable to determine if
every infinite set contains an infinite central p-Sidon subset.

The main result of our paper answers this question affirmatively. In
fact, we prove formally more. We study certain weighted generalizations of
Sidon sets, introduced in [5], called (central) (a,p)-Sidon sets, which arise
by considering classical Sidonicity with the Fourier transform weighted by
the a’th powers of the representation degree: (central) (1,p)-Sidon sets are
(central) p-Sidon sets. We prove that every infinite subset of the dual of a
compact, connected group contains an infinite subset which is central (a, p)-
Sidon for all p > 1 and @ < 2p — 1. Our method is essentially constructive:
we show that certain “lacunary-like” sets have the desired property.

(*) This research was partially supported by NSERC. It was carried out in part while
the author enjoyed the hospitality of the University of New South Wales. She is grateful
to David Wilson for many helpful conversations.

Key words: Sidon set — Lacunary set — Representations of compact Lie groups.
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When G is a compact, simply-connected, semisimple Lie group of rank
£, the dual object can be identified with the set of dominant weights and
consequently with (Z*)¢. Our examples of central (a,p)-Sidon sets in the
duals of these groups correspond to Sidon sets in Z¢. A natural question
to ask is if all Sidon sets in (Z*)¢ correspond to Sidon-type sets in G. We
show that such sets are always central (0, 1)-Sidon, but need not be central
(a,1)-Sidon for any @ > 0, and that there are central (a,1)-Sidon sets in G
which do not correspond to Sidon sets in (Z*1)~.

1. Preliminaries.

If G is a compact group, G will denote a maximal set of pairwise
inequivalent, unitary, irreducible representations of G. The degree of 0 € G
will be denoted by d,.

The following generalization of Sidonicity was introduced in [5].

DEFINITION. — Leta € R, 1 < p < 00. A subset E of G is called
a (central) (a,p)-Sidon set if there is a constant x(a,p) so that whenever

f= > d,TrAyo is a (central) trigonometric polynomial on G, then
oc€FE

- 1/p
1P lar = (3o a2 T 14017) ™ < (@, D)l oo

(Central) (1, p)-Sidon sets are usually called (central) p-Sidon and (central)
1-Sidon sets are simply referred to as (central) Sidon sets.

Obviously if E consists of representations of bounded degree there
is no distinction between (a, p)-Sidonicity for different values of a; if G is
abelian then central p-Sidon and p-Sidon properties coincide; and (for all
groups) it is easier to be (central) (a, p)-Sidon as a decreases or p increases.
There are other relationships between (a,p)-Sidon sets. For this paper we
only need note that since ¢ C P if ¢ < p, then any central (a, ¢)-Sidon set
is central (b, p)-Sidon provided (b+ 1)/p < (a+1)/q. In particular any set
which is central (a,1)-Sidon for all @ < 1 is also central (b, p)-Sidon for all
p>land b<2p—1.

One reason for the interest in (a,p)-Sidon sets is the scarcity of
(central) Sidon sets: a compact, connected group admits an infinite central
Sidon set if and only if it is not a semisimple Lie group [11], [12].



CENTRAL SIDONICITY FOR COMPACT LIE GROUPS 549

It is seen in [5] that if G is an infinite compact, connected group then
G is never central (0,1)-Sidon, but there are examples where G is (—e,1)-
Sidon for any given £ > 0. Also, every central (1+¢,1)-Sidon set for e > 0 is
a set of representations of bounded degree; consequently our interest (when
p=1)isin therange 0 < a < 1.

There are a number of equivalent characterizations of (central) (a, p)-
Sidonicity (see [5]). For example, analogous to [6], 37.2 we have

PROPOSITION 1.1. — Let G be a compact group. A subset E of G
is central (a, 1)-Sidon if and only if whenever ¢ € £*°(E) there is a central
measure 1 on G with

a)_/Tra —dlaz forall o € E.

Next we recall some notation and basic facts from Lie theory. The
reader is referred to (7] or [14] for more details. Let G denote a compact,
simply-connected, semisimple Lie group of rank ¢, T* a maximal torus for
G and t its Lie algebra. Let ® denote the set of roots for (G, T¢) and ®* the
positive roots relative to a fixed base A. To each A = (ny,...,n;) € Z* we

associate the weight A = Z nj\; where \; are the fundamental dominant
weights relative to A, andj we denote by A the set of all dominant weights
i.e. the set of all A with non-negative integer coefficients. We view ® as a
subset of it* The lattice of weights A is isomorphic to T¢ : A = YomiAj
determines a character on T by the map: exp H — eMH) = ¢=niAi(H) for
Het Theset Gisinal—1 correspondence with AT; oy € G is indexed
by its highest weight A € At. Thus if E is a subset of (Z1)¢, then E indexes
a subset of G in a canonical way, and we refer to this subset of G by E
as well. It should be clear from the context which set is actually meant.
A partial order is defined on A by the positive roots: y < o if and only if
o — i is a non-negative integral sum of positive roots. The Weyl group will
be denoted by W and the weights of o € At by
o) ={peA:w(p) <o forallwe W}
The set II(o) consists of all u € AT with u < o, together with all their

¢
Weyl-conjugates. Lastly, we set p = ) Aj; p is also half the sum of the
5=1
positive roots.

One reason for the success in studying central (a, p)-Sidon sets is that
there are formulas for Tr o restricted to the torus. One of these is the Weyl
character formula:
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3 det(w)eiw(@t+A)(=)

Tro(z) = 2¥ ,zeTt
(=) q(x)
where .
q(z) = Z det(w)ew(P)(@)
weW
— e—ip(z) H (eia(:z) _ 1).
acdt

Related to this is the Weyl dimension formula which states:

b= T Zrea)

aeq,.’_ <p7 a)

A final fact which we will record here is that the weights in II(o) correspond
to the irreducible subrepresentations of o|re, and so we also have the
formula
Tro(z) = Z mo (u)e® | ¢ e T
pell(o)

where m (1) is the multiplicity of p in o|e.

2. Main result.

In [3], Dooley constructs in the dual of any compact, connected,
semisimple Lie group examples of infinite sets which are p-Sidon for all
p > 1. By making the obvious modifications to his proof these examples can
be seen to be central (a, p)-Sidon for all p > 1 and a < 2p—1. Consequently,
every compact, connected group G admits infinite central (a, p)-Sidon sets
for any a and p as above. The main objective of this section is to prove
that these thin sets can be found in any infinite subset of G.

We first construct examples in the case when G is semisimple.
THEOREM 2.1. — Suppose G is a compact, simply-connected,
semisimple Lie group of rank . Choose 0 < t < £/|®*| and1-t/2 < a < 1.

There is a constant C = C(t, G) so that if {o;} is any set of representations
in G whose degrees, d,; = d;, satisfy

1) d/* > 49 for j > 1,
J

(2) '~/ > 4(Clog Cd;)* for j > 1, and
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(3) dj > C(dj—1)*/* for j > 2,

then {0} is a central (a, 1)-Sidon set.
It is useful to prove two lemmas.

LEMMA 2.2. — There is a constant C; = C1(G) so that if 0 € G
¢ ¢
and p € (o) with p = > wA; and o = Y, 0;);, then
i=1 =1

max |y;| < C1maxo; < C1d,.
i 1

Proof. — The second inequality is immediate from the Weyl dimen-
sion formula so we only need prove the first.

¢
Suppose A = {a;}é_;. Then each Ay = Y ayja; for some ay; =
i=1
ar;(G) > 0, and because Ay # 0 there is an index ji such that ax; > 0.
Since u < o with respect to the partial order induced by the positive roots,

e V;
Z/,L,-aij < Zaiaij for all j.
=1

=1
If u is a dominant weight, taking j = j, above we get

L

0< e <
Okix 521

< C(G) max ;.

iy

Otherwise u = w(v) for some dominant weight v € II(o) and w € W. Since
the Weyl action is linear,

max || < C'(G) maxv,
7 1
for some constant C’'(G). Now take C; = CC'. O

LEMMA 2.3. — There is a constant Cy = C3(t,G) so that if o € G
and p € II(0), then m,(u) < Cadl™t.

Proof. — This is a straight forward calculation. We begin with the
fact that

me (1) =/ Tro(z)e”*#®)dz.
Tt
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By the Weyl character formula and standard inequalities
Z det(w)eiw(a+p)(m)
mo(p) < /
W= @

weWw
< ” E det(w)e*(@+P)(=)
weW

S W a™ Mo reyds ™
Since ¢t € L}(T*) for any t < £/|®*| ([13]) the proof is complete. o

dx

t
0QIIQ"tHLl(Tt) | Trofrell g

Proof of Theorem 2.1. — Throughout the proof we will use the
following notation: m;(u) = my,(1); IL; = I(0;); and

¢
B; = {Zmi)\i :[my| < Cidy, my € z} CA.
i=1

For C; and C; as in the lemmas, put

N
nT

2/t || T e
_ ) n=2N Lt[0,2m)
C = max { ((2C1 +1) Cz) , s:’p( g N ) }

Lemma 2.2 obviously implies IT; C B;. The key idea of the proof (which
we make precise below) is that “most” of II;, counted by multiplicity, lies
outside B;j_;. This we are able to obtain from Lemma 2.3 and property
(3). To be precise we have, if k£ > j,

< .
> (k) < |B| max mi()

w€llxNB;
(*) < (2C1dj + 1)¢Cod} ™t
<477,
and thus
Do omw) =D me(w) - D ma(n)
p€llL\Bj pEMy p€lNB;
(%) > dy — dllc_t/z
1
> —dg.
> 2dk

Let D,, be the ¢-dimensional Dirichlet kernel supported by B, (thinking
now of B, as a subset of Z¢ rather than of A),
Cida

L
Dn(z1,...,ze)=[[ D €9,

k=1j=—C1dn
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and let H,=D,, — D,_;. Then H,=xp,\p,_, and |Hy,|:1<2(Clog Cd,)".

N
Suppose f = Y dja; Tro; is a central trigonometric polynomial with
j=1
|flloo < 1. With our notation

N
flre(@) =Y dja; Y m;(u)e™®.

=1  pel;

Notice that H,* 3. m;(u)e**® = 0if j < n (here the convolution is over
peEll;

T*), and so if n < N,
1 Wl * e 1flre + Ha(0)
"Hnul "Hn"1

N .
IE dja; 3 mj(ﬂ)e”‘(“”)*Hn(O)I
= T e,

I

| Hnll1
|Jé dja; > m; (u)'

HET;N(Bn\Bn_1)
>
= 2(ClogCd,,)*

An application of the triangle inequality yields

N
dlan] Y ma(u) <2(ClogCdn)'+ Y dilas| Y. myw)

p€\Bpn-1 j=n+1 p€M;N(Br\Bn-1)

Combined with our estimates (x) and (%), and property (2), this gives

N
Blan| < d3=2+2 3 &g,
j=n+1
. i 2-t/2 .
For j =1,2,...,N set §; = kZOdN_k |an—k| and set So = 0. This

gives
d?q,lanl S ds,,l_a)/2 + 2SN——n1

and since (1) guarantees d%z_ =2
Sj+1 < 2Sj + deN__té2
where € = (1 — a)/2. By induction,

j
§; <Y 2 a A for j=1,2,...,N.

=1
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Property (1) also ensures S; < 1, thus
d?lan| < d}~9/% 4 2.

It is now easy to see that {o;} is central (a, 1)-Sidon:

N
1@y =D ditlan|
n=1

N 2

S22 ot g
ol A

and this sum is bounded over N since {d,} is lacunary and a < 1. a

Remark — An application of the Weyl dimension formula shows
that if o; = z 0jii, then {(0j1,...,0j¢)}; is the union of a finite set and

a dissociate set in Z*, and hence is a Sidon set in the dual of the torus.

COROLLARY 2.4. — If G is a compact, simply-connected, semisim-
ple Lie group, then every infinite subset of G contains an infinite central
(a,p)-Sidon set for allp > 1 and a < 2p — 1.

Proof. — As remarked in the first section it suffices to prove this for
p=1landalla<]l1.

t
Let ¢=rank G and fix 0 < t < £/|®*|. Set a; = 1 — 5 and choose

an increasing sequence {a,}22; with a, < 1 and limit one. Let E C G be
infinite. Since G contains only finitely many representations of any given
degree we can choose an infinite subset {o;} of E satisfying (where C is as
in the theorem):

() d/* >4 forj>1,

(2) &' 7% > 4(Clog Cd;)* for j > 1, and

(3) d; > C(dj—1)%#/t for j > 2.

Choose a < 1. Then a < a; for all j > J and by the theorem {0;}32 ;
is a central (a,1)-Sidon set. It is easy to see from Proposition 1.1 that the

union of a finite set and a central (a,1)-Sidon set is again central (a,1)-
Sidon, and therefore {0;}52; is central (a, 1)-Sidon for any a < 1. O

Remark. — As noted previously, these groups admit no infinite
central Sidon sets. It is unknown if they admit infinite central (2p — 1, p)-
Sidon sets for any p > 1.
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The next step towards our main result is to consider the case when
G is an infinite product group.

(e
THEOREM 2.5. — Let G = [] G; be a product of compact, simply-
j=1
connected, semisimple Lie groups, and suppose o; is a non-trivial represen-
tation of G;. Then {01 x --- x 0;}22, is a central (a,1)- Sidon set for all
a<l.

N
Proof. — Suppose f= 3 dja; Troy x - -+ X 0; where d;j=d,, - - do,.
i=1

Without loss of generality assume || f|lo < 1. For the duration of this proof

we will use the following notation: mj(,u—) = mg; (p); m; = m;(0); I =
II(0;)\{0}; T¢ = torus of G4; and Ty = TS x --- x TCN. With this
notation we have

N J
flrw (Z1,-..,2ZN) = Zdjaj H <mk + Z mk(p)e“‘(”’“)) for zy € TC*.

j=1 k=1 peEIT),
Viewing f as a function on T, we can read off the Fourier coefficients:

N
£0,...,0) = "dja;my - -my;
j=1

N

f(y,l, e ,uk,O, oo ,0) = (dkak+ Z djajmk.H s mj)ml(ul) s mk(uk)
j=k+1

ifuiel'l(ai) fori=1,...,k-1, [.LkEH;C;
and f(u1,...,pn) = 0 otherwise.

For z; = (j1,...,Tje;)) € TS (here £(j) = rank G;), and M very
large, let

€j) M In| (
. N — MMy in(xe)
k=1n=—M
and for n < N let
n—1
Kn(21,- ., on) = [[ Hi(e;)(Hn(zn) — 1)
j=1

Observe that if u; € TG; for j=1,...,N, and I?n(ul,...,,uN) # 0, then
pj =0 for j >n and p, # 0. Consider the convolution of K, and f|ry. If
M is chosen sufficiently large then

N
1 /
2> |f*K,(0)] > 3 dna, +j=En+1 djajmpq1---m; En my(p1) - My (n)
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where Y’ denotes the sum over all p; € II(o;) for j = 1,...,n — 1, and
U, € II,,. Clearly
/
Z my(p1) -+ Mn(pn) = do, + -+ do,_, (do, — M)

n
= dn-—l(da,. - mn).

Thus
|dnan| < Z d; jAiMn+1
n—l(dan - mn j=mtl

Furthermore,

N N

Z djajmpyy - mj| = |dpt18n41 + Z djajMmpy2 - Mj|Muy1

j=n+1 j=n+2
4mn 1

n(da,.+1 - mn+1)
(where the empty sum and my4; equal 0). Thus
4 4mn+1
T dn-1(do,, —mn)  dn(do,,, — Mny1)

ldnan| <

In [4] Gallagher proves that if o is any non-trivial representation of
a compact, simply-connected, semisimple Lie group then Tro has a root,
say z, in the maximal torus. Evaluating Tr o at x we derive the formula

my(0) = — Z mo(/»‘)ei#(x)a
net(o)\{0}
from which one readily sees that m,(0) < d,/2. Hence |dpa,| < 12/d,,

and so
R N N 12
1fll @y =D ditelanl <Y ==
=1 j=19m

Since d,, > 2™, this sum converges provided a < 1, and thus {o; X --- X
07}, is a central (a, 1)-Sidon set for all a < 1. O

This set of representations is independent in the sense that if

N
/ H(’I‘ral X--'XO’j)ej 9‘-’0
Gi=1

for some N € N and ¢; = 0,%1 for j = 1,..., N, then necessarily all
¢; = 0. This independence condition is not sufficient to be Sidon [1]. It is
not sufficient for central-Sidon either as the next example demonstrates.
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Example 2.6. — Suppose G; = SU(2), G = n Gj and 0; = 2);.

The set {01 X -+ X 0;}$2; is not central (2p — 1, p)- Sldon for any p > 1.

Proof. — It is well known that the torus of SU(2) is the circle group
T and that Tr2)\;|r = 1+ €® + e ([6], 29.25). Therefore Tr 2); |7 takes
on precisely the values in [-1,3]. Let
frn= z( L Troy x -+ x 053

1
pcl /p3J

, N 1
Ifnllep-1,0) = 2 ; which diverges as N — oo.
=1

Being a central function, ||fn|lcc = ||f~¥|7|loo, and from the remark
above the latter equals

S
wj|.

‘ID.G[ % 1] i=1 l/p

We will now prove that this supremum is bounded over N which certainly

suffices to prove {01 x -+ x 0;}32, is not central (2p — 1, p)-Sidon.

Set j1 = 1 and inductively define jx to be the least integer greater
than jx—1 with
(=1)*w; - -- wjk(—l)jk_lwl cwy, 0.

Consider first the alternating sum

( 1)Jk
Z l/p ** Wy -

|wl...w.k|

Since —TI’J decreases to zero, this sum is bounded in absolute value
Jk
1
by — 7 =1.

J

If j & {ji} then (—1)7w; - --w; and (—1) " w; - - - w;_1 have the same

sign. This can occur only if w; < 0, but then |w; - --w;| < g[wl cwiol

As |w;| <1 for all 4, it follows that
Sy

Jgii
These estimates clearly combme to give

( n

j=1

N =

1
x5

sup
w;€[-1,1]

<

3
-
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THEOREM 2.7. — Let G = [[ G, be a product (possibly finite) of

o
compact, simply-connected, simple Lie groups. Then any infinite subset of
G contains an infinite central (a,p)-Sidon set for allp > 1 and a < 2p — 1.

First we introduce some notation and prove a lemma.

Notation. — Let o; € G. Then 0j = X0jo Where o, € G, and only
finitely many o, are non-trivial. Denote by supp o; the set {a : 0j, # 1}.
We will say o; is orthogonal to oy, and write o; L oy, if supp o; Nsupp ok
is empty. Recall that Parker [9] has shown that if {0} consists of mutually
orthogonal, non-trivial representations then {o;} is a central Sidon set.

LEMMA 2.8. — Let a <1 and suppose {0} is a central (a, 1)-Sidon
set in G. Suppose {7;} C G and 7; L oy for all j,k. Then {1; x o} is
another central (a, 1)-Sidon set.

Proof. — This is an easy consequence of the fact that
[ flloo = sup {|f(:1,')| ix=(rq)and z,=1if a € Usupp‘rj}. O
J

Proof of Theorem 2.7. — It suffices to show that any countably
infinite set, E = {0;}$2,, contains an infinite subset which is central (a, 1)
Sidon for all a < 1.

Suppose first {0, : 0; € E} is infinite for some a. By Corollary 2.4
we can find an infinite subset of {0, }32; which is a central (a, 1)-Sidon

subset of @a, for all a < 1. The corresponding subset of E has the same
property.

So we may assume {0, : 0; € E} is finite for each a.

Case 1. — For each index o, {0} : 0jo # 1} is finite.

Set 7; = 1 and inductively assume mutually orthogonal representa-
tions o;,,...,0;, € E have been picked. Since there are only finitely many

n
representations o; with oj, # 1 for o € |J supp ok, we can choose o;,,,

k=1
orthogonal to each of 0j,,...,0;, . By Parker [9] {0}, }« is central Sidon.

Case 2. — {0, : 0jo # 1} is infinite for some a, say a = a.

Since {0jq, : 0; € E} is finite there must be a non-trivial represen-
tation ¢1 of Gq,, wWith ¢ = 0j4, for all o; € F1, an infinite subset of E.
Select o;, € Fy.
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If {o; € F1 : 0jo # 1} is finite for all a ¢ suppoj,, then by
arguments similar to case 1 we can obtain an infinite subset of F; of the
form {7 x wi}32, where supp7; C suppoj, and the representations wy
are non-trivial, mutually orthogonal, and all orthogonal to o;,. By [9] and
the lemma this set is central Sidon.

Otherwise we repeat the argument to produce infinite sets F, C
Fn_1 (Fo = E), representations o;, € F, and ¢, orthogonal to o;, for
k < n-1, and an index a,, with the property that 0., = ¢, forall o; € F,.

n

If {o; € F,, : 0jo # 1} is finite for all ¢ ¢ |J suppoj, we quit this process

k=1
and produce an infinite central Sidon set in F,, by standard arguments.
Otherwise, as in the first step of case 2, we choose Fj, 11, ant1, Pn41 and
0j.+, With the properties above.

If this process never stops we produce an infinite set {o;,.} C E. By
construction o, = ¢1 X -+ X ¢ X T, Where ¢, L ¢1 X -+ x ¢; X 7; for all
n > j. From Theorem 2.5 {¢1 X - -+ X ¢, }32, is central (a,1)-Sidon for all
a < 1 and hence so is {0}, }.

In either case we can find an infinite central (a, 1)-Sidon subset of E
and thus the proof of the theorem is complete. O

The main result will now be seen to follow from the structure theorem
([10], 6.5.6): If G is a compact, connected group then there is a continuous
epimorphism ¢ : T x [[ G, — G where T is a compact abelian group and

[e3
each G, is a compact, simply-connected, simple Lie group.
THEOREM 2.9. — If G is a compact, connected group then any

infinite subset of G contains an infinite central (a,p)-Sidon set for allp > 1
anda < 2p—1.

We need only one additional lemma whose proof is obvious.

LEMMA 2.10. — IquS : H — G is a continuous epimorphism of
compact groups then E C G is a (central) (q.\, p)-Sidon set if and only if the
same is true for Eop={oo¢p:0€ E} C H.

Proof of Theorem 2.9. — Let E C G be an infinite set and let
¢ : T x [[Ga — G be the structure theorem epimorphism. Since ¢ is

a
onto E o ¢ is also infinite. For 0 o ¢ € F o ¢, write 0 o ¢ = 7, X 1, where
T € T and Y, € [[ G- If {75 : 0 € E} is infinite, then since T is an
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abelian group there is an infinite Sidon subset of {7,}, and by Lemma, 2.8
the corresponding subset of F o ¢ is central Sidon. If {1, } is infinite we
appeal to Theorem 2.7 and Lemma 2.8 to obtain an infinite central (a,1)-
Sidon set for all a < 1. In either case the corresponding infinite subset of
FE has the required property. ]

COROLLARY 2.11. — Suppose G is a compact, connected group.
Any infinite subset of G contains an infinite set which is central p-Sidon
for all p > 1.

Remark. — This answers the open problem left in [3].

3. Central (0,1)-Sidon sets.

In this section we investigate the relationship between weighted
central Sidonicity for a Lie group G and Sidonicity for its abelian torus. This
investigation is motivated in part by the fact that both Dooley’s examples
[3] of central p-Sidon sets and our examples from Theorem 2.1 correspond
to Sidon sets in Zr2nkG,

THEOREM 3.1. — Let G be a compact, simply-connected, semisim-
ple Lie group of rank ¢, with torus T*. If E C (Z*)* is a Sidon set for T*,
then E viewed as a subset of G is central (0,1)-Sidon.

Proof. — Let f = ). dsa, Tro be a central trigonometric polyno-
o€E
mial on G. Since |g(z)| < |W|, the Weyl character formula implies

I flloo > sup Y deas Y det(w)e™HE)|,
IWI aGE weW

Because the representations o +p, o € G , belong to the fundamental
Weyl chamber, the weights w(o + p) are distinct as w varies over W and
o over E ([7], ch. 10). Furthermore, the family of Sidon sets in an abelian
group is closed under linear transformations and finite unions ([8], p. 44) so
this set of distinct elements, |J {w(o + p) : 0 € E}, forms a Sidon set in

weEW

Z* (with the natural identification). With these observations it is straight
forward to check that E is central (0,1)-Sidon. O
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Our next result shows that Theorem 3.1 cannot be improved. Recall
that SU(2) has one fundamental weight so its dual can be identified with
Z*. The degree of the representation indexed by n is n + 1.

PROPOSITION 3.2. — There is a Sidon set in Z, which is contained
in Z*, and is not a central (a, 1)-Sidon set in SU(2) for any a > 0.

Proof. — Let E be any infinite Sidon subset of Z contained in
{2,3,4,...} and disjoint from E —2. Certainly EUFE —2 is a Sidon set in Z.
If it was a central (a, 1)-Sidon set in Sﬁ(\2) for some a > 0, by Proposition
1.1 there would be a measure p on SU(2) satisfying

1
An) =4 (n+1)1-e
0 forne E—-2.
Coifman and Weiss [2] have shown that y is a measure on SU(2) if and
only if

forne FE

Z((n + 1)i(n) — (n— 1)(n — 2)) cosné

n>2
represents a measure v on T. But for n € E, 9(n) = (n + 1)* which tends
to infinity, so this is an impossibility. a

It is natural to ask if the converse to Theorem 3.1 is true. It is not.

THEOREM 3.3. — There are subsets of Z* containing arbitrarily
long arithmetic progressions which are central (a,1)-Sidon sets in SU(2),
for all a < 1; consequently a central (a,1)-Sidon set need not be a Sidon
set in Z.

Proof. — The second statement follows from the first since sets
containing arbitrarily long arithmetic progressions are never Sidon sets in
Z ([8], p. 77). We follow the strategy of [3] to produce examples of central
(a,1)-Sidon sets with this property.

Let {n; };";1 be a sequence of positive integers, o; the representation
" N
of SU(2) indexed by 2n;, and let f = > (2n; + 1)a; Tro; be a central

j=1
trigonometric polynomial on SU(2). It is well known ([6], 29.25) that for

i0/2
e 0
to = ( 0 e_w/z) ET,

. 1 .0
Troj(te) = sm(nj + 5)0/ sin 5 = Dy, (0),
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where D,, is the n’th Dirichlet kernel. Thus
N

[flleo = Il flrlloo = iy > (215 + 1)a; D, (8)]-

€[0,2m)| ;5

For even integers a < b, let Fg, denote the translated Fejér kernel with
transform supported on (a,b). One easily sees that
(i) if k¥ < a then F,p * Dy, = 0; while
b—a
2
To simplify notation we write F; = Fy,,_, n; (taking no = 0), B; =
(nN—j —nN-j-1)/2 and X; = (2ny—; + 1)|an—;|. With this notation
N-1

(%) 1l a1y = Z(2nN—j +1)°Xn_;.
=0

(ll) if b < k then Fjp * Dk(O) = Fab(O) =

Without loss of generality we may assume || || = 1, so, for m = N — k,
N

12> |f % F,(0) = |>_(2n; + 1)a; F}, * Dy (0)
Jj=1
Ny, — Nyn—1 Nm — NMyp—1
> (2nm + 1)|am| (——2'—) - ];(271] + 1)|a]|(——2—)
k—1
> Xy By — ZXjBk'
Jj=0
Thus
=
Xk S "B— + ij
L

and simplifying this yields the estimate

Obviously there are many ways to choose a sequence {n;} containing
arbitrarily long arithmetic progressions, and yet have X} sufficiently small
so that (*) bounded over all N and all a < 1. One choice, whose verification
is routine, and is left for the reader, is to set nory; = AAk(l + 1) for
i=0,1,...,2F — 1, where A is sufficiently large. m]

There is however a partial converse to Theorem 3.1. We state it for
SU(2), the context in which we will apply it to show the failure of the
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union property, but similar results hold more generally for all compact,
simply-connected, semisimple Lie groups.

PROPOSITION 3.4. — Suppose E and E — 2 are disjoint subsets of
Z* and that EUE — 2 is a central (0,1)-Sidon set in SU(2). Then E is a
Sidon set in Z.

Proof. — Let ¢ € £*°(E). Since EU E — 2 is central (0, 1)-Sidon,
there exists a central measure p on SU(2) with a(n) = ¢(n)/(n + 1) for
n € F and 4 =0 on E — 2. As in Proposition 3.2, [2] implies that there is
a measure v on T with ?(£n) = (n+ 1)j(n) — (n — 1)a(n — 2) if n € Z+.
For n € E, ¥(n) = ¢(n), and consequently F is a Sidon set in Z. ]

In contrast to the situation for abelian groups it is known that the
union of two central Sidon sets need not be central Sidon [12]. This extends
to central (a,1)-Sidon sets.

PROPOSITION 3.5. — The union of two sets which are central (a, 1)-
Sidon for all a < 1, need not be a central (0, 1)-Sidon set.

Proof. — Consider the example E = {n;}, where na«; = AAk(1+i)
for i = 0,1,---,2%F — 1 and A sufficiently large. This example is seen in
Theorem 3.3 to be a non-Sidon set in Z* which is a central (a,1)-Sidon
set for all a < 1. The set E — 2 clearly has the same properties and is
disjoint from E. By the previous proposition their union is not central (0, 1)-
Sidon. O

Remark. — Our understanding of weighted Sidon sets is much less
satisfactory in the non-central case. It is known that any set of representa-
tions whose degrees tend to infinity sufficiently fast is (—¢, 1)-Sidon for any
given € > 0, and that a compact Lie group admits no (e, 1)-Sidon set for
€ > 0 [5], but we do not know if any of our examples of central (a, 1)-Sidon
sets, or any other infinite sets in the dual of a compact, simple-connected
semisimple Lie group, are (0, 1)-Sidon.
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