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BLOCK-DISTRIBUTION IN RANDOM STRINGS

by Peter J. GRABNER

1. Introduction.

We investigate some properties of infinite sequences of independent
random variables, which take the values 0 and 1 with probabilities p and g
respectively (Bernoulli’s scheme). It is one of the basic results of probability
theory that the limit relation

#{1<n<N-k:TpTpi1...Tntk =0Q1...0k}

lim N = px(A4)

N—o0

holds in probability for all blocks A = a; ...ax of a given constant length
k (ur(A) is the k-fold product measure generated by u({0}) = p and
#({1}) = ¢). This result can also be naturally imbedded into ergodic
theory : consider the infinite product space X = {0,1}N equipped with
the infinite product measure po, generated by p. Then the shift operator S
(Bernoulli shift) on X defined by S(z1,22,...) = (z2,z3,...) is an ergodic
transformation on X (cf. e.g. [Wa]) and the above relation is a consequence
of Birkhoff’s ergodic theorem.

It is now natural to ask how fast (depending on N) k could grow such
that this relation persists. In order to answer this question we introduce a
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special notion of discrepancy (cf. [Hl], [KN]) :

(1.1)
D% (z1,...,zN)
1 1<n<N-k:z, =ai...
— max #{1<n< TnTntl-- -Tntk=01---Qk} e (A)].
A€{0,1}*/pk g, (A) N
The following calculations will show that this is a proper measure for the
distribution behaviour of the sequence z1, x2,.... Note that this definition
1

agrees with the definition in [FKT] for p = ¢ = 3

DEFINITION. — A sequence z1,Z2,... is called k(N)-distributed
with respect to p if

lim Df\,(N)(.rl, ...,zN)=0.
N—o0

Our Theorem will show under which conditions almost all sequences
are k(N)-distributed. Without loss of generality assume that p < g. The

1
notation Ipn is the logarithm to base = : Ipn = logi n.
p P

THEOREM. — Let k(N) be a non-decreasing sequence of positive
integers. Then the following 0-1-law holds

. E(N) A _J1 if lpn—Iplpn—k(n) — oo
Hoo (1\}51100 Dy (@, v2n) = 0) B {0 otherwise.

It clearly follows from Kolmogoroff’s 0-1-law or the fact that the set

{Nlim va(N)(xl, ce o IN) = O}

is invariant under the (ergodic) shift S, that the only possible values for
the above probability are 0 and 1. The proof of this theorem will use
bivariate correlation polynomials, which are a generalization of Guibas’ and
Odlyzko’s correlation polynomials in one variable (cf. [GO]). Using these
polynomials we are able to compute the probability generating functions
of the events we are interested in.

2. Generating Functions.

Throughout this section let A = ajas...ar be a 0-1-string of length
k. We are interested in the cardinalities of the following subsets of the set
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S s of strings containing r digits 0 and s digits 1 :

(2.1)
fa(r,s)=#{Be€ S, ,: B contains A only at the end}

ga(r, s)=#{B€ S, s: B contains Aonly at the beginning and at the end}
ha(r,s,)=#{B€S,s:Bdoes not contain A}.
In order to compute the generating functions of these quantities we intro-
duce the bivariate autocorrelation polynomial [AA](z, w) :

1 ifajas...0k—r—s = Grys41Qrtst2---ax and the
string a;as . ..ar4+s contains r digits 0 and s
digits 1

0 otherwise,

[2"w®][AA](z, w)=

where [2"w®]P(z,w) as usual denotes the coefficient of 2"w® in P(z,w). We
are now ready to formulate

PROPOSITION 1. — The generating functions of the combinatorial
expressions (2. 1) are given by
L0(A) 1y 1(4)
20 1(4) + (1 — 2z — w)[AA](z,w)

(z 4w — 1)20(A)1(4)
204 i(4) 4 (1 — 2 — w)[AA](z, w)
[AA](z, w)
2014 4 (1 — 2 — w)[AA](z,w)’
where 0(A) and 1(A) denote the number of 0’s and 1’s in A respectively.

Fy(z,w) = ZfA (r,8)z"w® =

r,8=0

Ga(z,w) = 2@yt 4

HA(Z, w) =

The proof of this proposition is analogous to the proof of the corre-
sponding results for ordinary generating functions (cf. [GO]).

Remark 1. — Obviously these results can be generalized to any finite
alphabet.

As in [FKT| we use these functions to compute the probability
generating function (p.g.f.) of all strings containing the substring A exactly
r times :

o7 (2) = FA(pz 92)*Ga(pz,qz)" ! for r > 1

(A)
8 (2) = Ha(pz,¢2).

Inserting the results of Proposition 1 and setting

(2.2) P(z) = [AA] (p2,92)
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yields
r—1
o) = 2 (@=2)(P@) - m)ﬂlk)
ik (A) (1= 2)P(z) + 2¢)"F
o () = —— )

(1—-2)P(2) + 2%~

3. Proof of the Theorem.

We split the proof into two parts; first we show that almost all
sequences are k(INV) distributed if lpn — lplpn — k(n) — oo. Using our
p.g.f. results we can write
(3.1)

foo  H#F{OSNSN—Kk:Zpi1...Tn4k=0a1...05}=T) =pf4r)(N) =
M806) = 57§80z

In order to be able to estimate the integral we need information on the the
zeros of the polynomial (1 — z)P(z) + z*.

LEMMA 1. — The zero of smallest modulus zq of (1 — 2)P(z) + 2*
is real and positive and satisfies the estimate

20 > 1+ Cui(A)

for a positive constant C only depending on p.

Proof. — As Fs(pz,qz) is a p.g.f. and (1 — 2)P(z) + zF is the
denominator of this rational function the zero of smallest modulus has
“to be positive and > 1. Investigation of the derivative shows the existence
of the constant C.

Let now
k(n) =1pn—Iplpn —Ipy(n),

where 1(n) — co. We need estimates for the probability that the number
of occurrences Zy(A) of a block A deviates too far from the mean value :

Ln(64) = poo(ZNn(A) < Nur(A)(1—64)) and

(3-2) Un(84) = poo(Zn(A) > Nur(A)(1 + 64)).
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These probabilities are sums of the p(r)(N ) defined in (3.1) :

Ln@a)= Y. pPW) and
(3.3) r<Nuk(A)(1-64) "
Un(84) = Z P4’ (N).
r>Npr(A)(1+64)

We will use the integral representation (3.1) to estimate these quantities.

For convenience we now introduce some notations

Q(z) = (1 = 2)P(2) + 2*

(3.4) P z—1
“) =g M= Laee
This gives
80 (2) = ——a(2)b(z)""

for r > 1. Observe further that

)
1+ ()

; €j €2j
P (1+e)=exp (i,uk(A) +0 (uk(A)z))
(L+e)™™ = exp (Fne + O(ne?)) .

a(lte) = 1+O(
b(lte) =1+ f

We can now write

1 1 b(z) dz
Un(éa) = 2mi }{C wr(A) a(z )1 —b(z) 2N+’

where j = [Nuk(A)(1+64)]. As all the power series involved have positive
coefficients and because of Lemma 1 we can estimate
1 Y(1- ) -N
Un(ba) L —=a(l—e)——=(1—¢
for every positive € < Cug(A). Using (3.5) ylelds

Un(64)< %%exp ((N—m) 6+O<ig)3) +O(Ne2)> .

IpN\2
Inserting € = (,uk(A)pT) into the above inequality yields

(3.6) Un(64) < exp(—84 (Nuk(A)Ip N)? + Cy log N).



544 PETER J. GRABNER

In the same way we treat the lower tail. Let now j = [Npu(A)(1-64)].
Thus we obtain

1 P(z2) a(z) ¥(z)-1 dz
w6 = 55 £, (G i 501 ) e
We can now estimate
Ln(6a) S Geah 147N 4 b1+ elall +e)(1+ &) ™.

Using the same value for € as above yields

(87)  Ln(8a) < exp (84 (Nuk(4) I N)? + Cylog V) .
Combining this with (3.6) yields

Zn(A

D ()| > sam()

N
< exp(—64 (Npx(A)Ip N)? + Cslog N).

(3.8) “°°(

E o\ 2
Let now 64 = 6( p )> and observe that p* = pN

() - YA)

Therefore we have
39) fioo(DEM) (W) > 6) < 25 exp(—69(N)3 Ip N + Cslog N)
' < exp(—69(N)2 Ip N + C' log N).
We now choose § as a function of N
§=4(N)™4
and observe that
s 1
> exp(—¢(N)¥IpN + C'log N) < 00
N=1

Thus by the Borel-Cantelli lemma. (cf. [Fe]), we obtain the first part of our
Theorem.

We now have to prove that almost no series are k(NV)-distributed if

Ipn —1Iplpn — k(n) 4 oo (we confine ourselves to the case p < 3 because

1
the case p = 3 has been treated by Grill [Gr]). We introduce a set A4

of strings of length k, which have only trivial autocorrelation and do not
overlap each other :

.A={O...0 A 1...1},
——— N S
U I4d(k)—2 1
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k
where | = {5 }+1 and d(k) = kmod 3. We need the p.g.f. ¢(2) of all strings

not containing an element of A. This function satisfies the equations
P(2) +pa,(2) +... +pa,(2) = 2p(2) +1
¢4, (2) = 2*uk(Ar)p(2)

P (2) = 2 u(Am)p(2),
where A;,..., Ay, are the elements of 4 and ¢4,(2)(I = 1,...,m) is the
p.g.f. of the blocks ending with A; but containing no further occurrence of
any element of 4. Solving these equations yields
1

(3.10) <p(z)——1 mp—

Note that the simplicity of these equations comes from the trivial overlap
structure of the elements of .A.

Because of this simple overlap structure it is easy to see that
(3.11)
- (jljf" - ;._j'm)!llk(Al)jl e (A )im G im) o )ik Him 1
L im!
is the p.g.f. of all blocks containing A; exactly j; times (I =1...m). As in
the first part of the proof we use

MN(6) = poo (1ZN (A1) — Nuk(Ar)| < Npw(Ai)da,,l=1...m)

1 dz
(312) = % . Z <Pj1...jm(2)zN+1a
|]l—NMk(A1)|SN“k(A1)5Al
l=1,...,m
1
k 2
V4
where 64, = 6 <——) .
A pr(Ar)

We want to treat (3.12) exactly like the corresponding expressions in
the first part of the proof. For this purpose we need information on the
zeros of the polynomial 1 — z + px(A)2*.

LEMMA 2. — The zero of smallest modulus zy of 1 — z + pk(A)z*
is real and satisfies

20 > 1+ px(A).

Proof. — The proof of the first statement is as in the proof of
Lemma 1. For the proof of the inequality insert z = 1 4+ px(A) into the
polynomial.
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Observe now that

1

J+1
27 )

<p(1 +€)J+1(1 +8)kJ—N

2 <
90( SN—KJ+1 =

J
for e < px(A). Inserting € = pg(A)— N and performing similar calculations
as in the first part of the proof yields

(3.13)
1 dz
2mi go( )7 SN—KJ+1
1 J — Nup(A))2
= (A7 P (‘(—mﬁ%@i + O(kuk(A)2N)) .

Let now n = Nug(A), J =71+ + jm and p; = };k((il)) and insert
k
(3.13) into (3.12) to obtain
(3.14)
My (6)

e D N ,sz exp (- + Ok Am)

lii—nplSnpiég,
l=1,..., m

m

where > p; = 1. Thus we have arrived at an expression that we can treat
=1

by the normal approximation of the multinomial distribution.

Assume that N runs through a subsequence of N such that

IpN —IplpN — k(N) — limsup(lpN —IplpN — k(N)) =1pC < oo.

N—oo

It will suffice to prove our theorem for the case that limsuplp N —Ilplp N —
k(N) > —oo, such that 0 < C' < oo. Observe now that Nug(A;)d4, =

6+/CNpuk(A;)lp N and use Stirling’s formula

() < B (2)
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to obtain
(3.15)
My (6) < L ER(Oknk(An) 3 VT
— m—1 /a .9
10 (A)ver lr—np|<s\/ONm AN VO Im
' ox (J —n)?
e J%’:‘,Hlp]ep< 2n )
_1 exp (O(kpui (A)n)) vitn
10 nm =12 (A)2m) T VBT P aiize, VI F @) (T4 2m)

1=1,...,m

X exp (—— Zpl:vl +0(nn®)+0 (nzpla:l)>

=1
where j; = np;(1+ ;) and J=n(1+ 77) The terms in the last exponential

come from (1 + z)'** = exp <x+ = +O(x3)) for £ — 0 and the
observation that j; + --- + j, = J transforms to Y piz; = 7. In the
following we will use p < % which yields 64, — 0 for our choice of A (in
the case p = % we have 64, = 6 and the following arguments cannot be
used).

Inserting the definition of ¢4, yields the estimate

(3. 16)
gN)? & 1
iy S
Z : \/_ ; VP
(B (3 h) g R )
and a similar estimate holds for nn®. Using an exponential estimate yields
v1+n

VA+z) (14 2zm)
og g9

— exp(O(N ¥ +HEE T3 (5+38) (10 ) - #EE-30(T+ ),

Inserting these inequalites into (3.15) and setting o« = ———+

i 31p ( 7 \/_) yields
My (8) < exp(O(N~3t%(log N)3=*)\n™2" \/p1 -~ Pm

=1

p (A)(2m)“T
ol "2 L
x Z ep< 2;plz’>(np1)--~(npm)'

|z1|<6a4,
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The sum in the last line can be interpreted as a lower Riemann sum for the

integral
n m
2
exp| —— pxy | dxy - -dx
/Iml|.<_6Al ( 2; )

using the lattice

(wl,...,zm)lxlzj—l—l, |zi] < 64,, I=1,....,m».
npy

Thus we obtain
(3.17)

My (8) < exp(O(N~3%%(log N)37%) 4 O(log N)))(®(6,/C1p N))™

where

1 z 22 2 1 12
d(z) = — Trdt~1—y/——e T
(@) Vo _ze ’ 71'1'6
for £ — o0o. Therefore we can estimate
(3.18)
My (6)
2
< EXP(_\/;g\/UFJ\Z%VOIpN +0(N—%+a(1ogN)%—a)+o(1ogN)> .
Observe now
N %lp2
A <logN )
(3.19) log N\ ~5PPa
(4) = (257

n < N*31Ppa(log N)~ 31020,
Inserting these estimates into (3.18) yields
Ns Ip2—-16Clpe

< —_—
MN(a)_exp< o W T2

+0(N-%+a(1ogN)‘%-a)+0(1ogN)) ,
where D > 0 is a constant implied by (3.19). The right hand side tends to

1 1
0 for sufficiently small § > 0, because 3 Ip2 > —% + a holds for p < 7

Note that
poo (DR (W) < 6) < M (6).

Thus the proof is complete. O
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Remark 2. — Modifying (1.1) one can also investigate discrepancies

Dy’ (w)

_ (k)

= max #{1SnsN—k:$n$n+l---$n+k=A}_
Ae{0,1}* \| ux(A)

> (4,

where ¢ is a monotonically increasing function. Then the same calculations
as above yield

oo ( Jim DY™%(w) = 0) = { (1) if lzlvlinoo
- otherwise.

This answers a question posed by Flajolet, Kirschenhofer and Tichy [FKT],
Remark 2.

No(k(N)) _
logN 0
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