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UNIQUE CONTINUATION FOR THE SOLUTIONS
OF THE LAPLACIAN PLUS A DRIFT

by A. RUIZ & L. VEGA

1. Introduction.

We consider solutions of the inequality
(1) |Au(@)| < V(@)|Vu(z)] @€Q
where Q is an open connected set contained in R". We say that (1) has
the unique continuation property if any solution which vanishes in an open
subdomain of  must be identically zero in Q.

Unique continuation properties for inequalities as (1) with singular
drift V have been treated in several works. Hormander [H] studied a gencral
case
(2) |Lu(z)] < V(2)|Vu(z)] + W(z)|u(x)],
where L is an elliptic Lipschitz coefficient operator. In particular, concer-

ning L! = spaces he proved unique continuation if ¢ > . This result

n —

loc 2
-2

in [BKRS] when L is the Laplacian. Both proofs

are bcu.ed on the so-called Carleman estimates Whl(,h turn out to be falsc

ifg < (sce [Je]).

3n
was extended to =
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In this work we substitute L] . for the spaces of Morrey, also called
the Fefferman-Phong class for its recent use in the study of the eigenvalues
of Schrédinger operators [FeP]. (See also [CS], [K], [ChR], [ChF], and [RV]
where these classes appear in the unique continuation context.)

We say that a function v > 0 locally in L? is in F;.)P, a < n/p, if
there exists 79 > 0 such that
1' 1/p
3) vlllap =sup§ r* | 57— oP , TENT <1y p <00
: P IB(:L‘, T)l B(z,r)

where B(z,r) denotes the ball of radius r centered at r and |B(z,r)|

its volume. This class corresponds to LP* in the classical notation for
A= ap —n. (See [St], [C], [P].)

We prove the unique continuation property for solutions u in H2_(f),
the Sobolev space of functions in L%({2), with two derivatives in L2((2),
for the inequality (1) when the drift term is in Fof if @ < 1 and
p2(n—-2)/2(1-a).

Notice that it follows very easily from the definition of F|;7 that
Lt = F‘Zcp and therefore our result includes the previously known ones.
On the other hand, it also applies to functions with worse singularities.
For instance, assume that 7" : R® — R™ is linear and surjective and
consider w : R™ — R a function in L? for ¢ > (2m + n — 2)/2, then
the function v(z) = w(Tz) satisfies the above conditions and (1) has the
unique continuation property. However, if m < n this function does not

-2
need to be in L? when p > 3n

. This result has interest in applications

to physics, where very often the singularities of potentials and drifts are on
manifolds of positive codimension.

The method we use is based on Carleman L? weighted inequalities as
in [CS] and [ChR] and the diadic decomposition used in [RV]. There are
some technical complications since the linear Carleman weight ¢(z) = v -z
does not work and we need to use a parametrix, as in [Je], adapted to the
quadratic weight () = z, + 22 /2.

We would like to thank S. Chanillo for calling our attention to this
type of lower dimensional potential.

We, lastly, have some comments about the notation.

L?(v) : The set of functions f such that



UNIQUE CONTINUATION FOR THE SOLUTIONS OF THE LAPLACIAN 653

| fllz2y= (/ |f(z)?v(z) dI)l/2 < 00.

Il |lla,p : The norm of the Morrey space defined in (3).
A : The Fourier Transform in R"™.

A’ : The Fourier transform with respect to z' where z = (2',z,) €
R x R.

x4 : Characteristic function of the set A.

D : —i(0/0x1,...,0/0z,).
2. Statement of the results.

THEOREM 1. — Let u be a solution of (1) in H} () and V a
nonnegative function in F," for p > (n — 2)/2(1 — @), @ < 1, with the
further hypothesis of |||V |||«,p being sufficiently small if p = (n—2)/2(1—-a).
Then if w vanishes in an open subset of 0, u must be zero in .

The proof of Theorem 1 relies on the following Carleman estimate.

THEOREM 2. — There exist constants ¢ > 0, depending only on
n, and A9 > 0 depending only on n and ry in (3), such that for p(z) =
T, +2%2/2 and V in F3P a < 1,

loc ?
(4) X Vull L2 vy < MOV [la,plle*? Aull g2 v-1)

holds for any C* function u supported on R*~! x [~1/2,1/2] and any
A > Ao, where

B=(a-1)+(n-2)/2p)/2.

3. The Proofs.

Proof of Theorem 1 from Theorem 2. — We follow well-known
arguments.

1. As in [KRS], [BKRS], we may reduce by reflection, rotations,
dilations and translations to the case where u = 0 out of the unit ball
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B((0,...,0,—-1),1) centered at the point (0,...,0,—1) and it suffices to
prove that in this case u must be zero in a neighborhood of the origin.

2. Take u(z)n(|z|) = g(z) where 5 is a C* function such that 7 = 1 in
[0,£/2],p = 0in [, 00), for € > 0 to be chosen later on. We may substitute
V by

6
W(a) = xp00(@ (V@) + ), 6309 <a,
and so we deal with a drift bounded below.

Since W is in F}?? we use (4) and write :
I 2°Vgllzwy < CA(IIVllap + O)llE*? AgllL2w-1)
< CX([|IV]llap + 8)(IlX Agll L
+ || e“’VVu"Le(W_:))
where the last term on the right-hand side of the above inequality is
bounded using known Sobolev inequalities (see [FeP], [ChF]). If z is in
suppg N (B(0,¢) \ B(0,&/2)) there exists £(e) < 0 such that ¢(z) < €. Then
if 3 < 0 and A big or |||V|||a,p < 1/2C, we obtain
1Vl 2vaerirsernr) < OV Illap + 6 | Agll 2w -1)-
The proof would be finished if the last term is finite, but
Ag=(An)u+Vn-Vu+nAu, neC,

W=1XB(0.e)\B(v.c/2))

hence
lAgllL2w-1) £ C Z ID%ull L2(w-1) < C'llul| g2,
lal<2
since W—!(z) < M.

The following elementary lemma is the fundamental tool which allows
us to go beyond the Lf . class and to prove the Carleman inequality for
Morrey spaces.

LEMMA 3. — Forz € R" and f € L. _(R"), define the operator K

loc

by
Kf(z) = / K(z,2 - y)f(y) dy

n

where suppK'(z,-) is contained in a box R = H[ai,b,—]. Using R as a
=1

fundamental piece, construct by translations of R a grid of boxes {R, },cz»

such that the interiors of R, are mutually disjoint and R™ = U R,. Then
14

1K Fllsvy < ellE e o (p /R V) 1l ).
U 7
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Proof. — Define f, = xg, f. Because of the assumption about the
support of K we trivially have

Z Xsuppl((;v,-)(x - y) XR.;(?/) S 5",
v

<(z)]
L2(V)
<5y / IKf, 12V (z)dz
> /R,

2
< P Koy (0 [ V) S ILIE
v v

and by Cauchy-Schwarz inequality
2
< PN < ey (590 [ V) WAy

Proof of Theorem 2. — As we said, we use a parametrix of the
Carleman perturbation as in [Je] and [BKRS]. In the sequel see these
references for the claimed properties.

Then

KA vy =

The substitution u = ve™*% reduces (4) to
(D +iA(1 + z,)N)
< e(p, 1,70, IV |llap AN D + M1 + z0) N a2y -1

where N = (0,...,0,1), supp V C R*! x (-1/2,1/2) and D =
—i(9/0xy,...,0/0x,). Our aim is to take a left inverse of

n—1 2
|D +iA(1+z,)N|*> = ZDZ (—-—(1+:c,,)/\) ,

which is a differential operator w1th variable coefficients with respect to
the last variable z,,. Denote by A’, the Fourier transform with respect to
the n — 1 first variables. Thus

(D +ix(1+2)NP0) (0n,8) = €~ (= = (14 23] & (€20)
= (20, &) (20,¢) 'I‘\]’ ('Tnagl)

where Q;(zy, ') = |§'|+(—1)j(£:—— —(1+2,)A), j = 1,2. A simple change

n
of variable reduces the problem to finding an inverse to the one-variable
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differential operator j——z — 2. (The details can be found in [Je] p. 124.)
Therefore a left inverse of | D+iA\(1+z,,)N|? is given by By(zy, D) By (zy, D)
where Bj(zn,D), j = 1,2, is the pseudodifferential operator with symbol
() Pis(@,6) = (1) s71b(s(1 + zn) + (=1)s 7€), 57 6n)

with A\2 = s, z = (2',2,), £ = (£,&n), z € R*! x [=1/2,1/2], £ € R™ and

(6) ey 2 2 2 o 2
b(Z,’I]) = \/é' (/ e-s'—?szds) e—izn—(z'+n’)/2__/ e—s'/2—-s(z—i1])ds,
0 0
z,n €R.
From (6) and the property b(—z,n) = b(z,7) it is easy to obtain
s o ; e N1 —
(D) 555 ggaPis| < eon(s + 181+ ) + (Z1YJE'] = ign) 71711V

for any multi-index a, 8 € N™.
Therefore, it is enough to prove
(8) |75 B2(2n, D) By (2n, D)ullp2(vy < eX||ull p2(v-1)

with supp v C R™! x (-1/2,1/2), T; = 9/dzj, 1 < j < n and
Tpv1u = M1+ z,)u.

From (7) it follows very easily that if 1 < j < n + 1 then T}B; is
a Calderon - Zygmund operator with constants which depend only on Ag.
(See [Jo], theorem on p. 68.)

Now for V € F*? 0 < a < n,1 < p < n/a consider V = (MV?1)1/m
where M is the Hardy -Littlewood maximal function and 1 < p; < p. Then
V(z) < V(z), V is an A; weight and V € F? with |[|[V]|lap < c/l[V|]lawp-
(See [ChF], Lemma 1. Observe the notation there is different and that the
proof still holds for the case 0 < p < n.)

Therefore we have
IT;BaullLoqvy < ellull oy
It will be enough then to prove
9 IBrull vy < e[|V llapllullzqv-1)

for V € F*? as in Theorem 2 (notice that V-1 < V~1) and

Blu(a:', Tp) = st /b(s(l +T,) — 3_1|§I|a 3—l€n)eix.§f(§)d£
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with z = (2, z,,).

Consider now a bump function ¥y € C§°(R) such that ¥p(z) = 1
if |z] < 1 and vanishes if |z| > 2. For £k = 1,2,...,[lgs] + 1 define
z z z
Yi(z) = 1/’0(@) - 1/10(2k—_1) and Yoo(z) = 1 = Yo(gppy)- Call for

k=0,...,[lgs]+1ork=o00

(10) be(2,m) = Yi(lz — in))b(2,m),

(11) pfs(x,f) = S_Ibk(S(l +xn) - s_l|§llas—1§n)x = (x,’zn)af = (glaén)
and Bf, the pseudodifferential operator with symbol p¥,. Notice that by
construction

[1g s]+1
Z p’fs + p(ljg =D,
k=0

and therefore (9) will follow from
B ullz(vy < 27N |[|V|[|apllullL2qv-1y
IBfsullzaqvy < X[V Illapllellizar-1y
withe >0and k=0,1,...,[lgs] + 1.
Let us first deal with BS. From (7) and (11) we have
* ) Cey
———pls S .
dxB 9¢" (s2 + |¢])1Hal+]
Consider p% = Lsz + |€])p$S and ﬁf;’ the associated pseudodifferential

operator. Then Bf? is as T;B; and can be treated in the same way.
Therefore we have to prove

(13) 15 ullzvy < es™ |V [apllullzav-1)
-9 ~
for Ve Fo? 28 = (a—1)+ "—zp—, a < 1and (JH)NE) = s—2(s2€)a(€)

where ¢(¢) = (1 + |€])=!. Then it is well known that ¢ behaves as |z|!~™
when z is close to the origin and decays faster than any polynomial at
o0

(12)

infinity. Therefore we can write ¢(z) = Z ¢;(z) with supp ¢; C B(0,27)
j=—oo

| 5 llL=< 2791 if j <0
| 6 lloe< em2™™  if j > 0.

and

Thus we have

I Fullzery < e [1@;(s2) * ullL2vy
J
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and by Lemma 3 and the estimate for ||¢;| 1~

< cs"""‘”(z 2'f""“’(SUP/ | V) +Y cm27™ (Sup/ A V))”"“L"(V—‘)
<o v JQy >0 v JQy,

where {Q}},ecz} is a grid made by cubes of volume (s7327)". On the other

hand

S“p/ V< (722" Vo
Q

J
v "

Putting all the estimates together and choosing m > n — a we obtain, if
a<l
IR ull2vy < es™ DNVl llull 2 -1y

which is better than (13).

Let us consider now p¥, for k = 0,1,...,[lgs] + 1. Recall that B, f
is given by

BLI@ = [[Kans-0f@)dy = '2.)

where
(14) Kany) = [ oo, e de
and pi, as in (11). Notice that K depends on &k and s but for simplicity of
the notation we have dropped the index.

First we need an upper bound of the kernel K.

LiMMA 4. — Define I\ as in (14). Then for any natural number m
there exists a constant c,, > 0 such that
(15)
K G )] < s 9251425y ™)™ (L4155 ) 72/ (1205 )
where y = (y',yn) € R" and |x,| < 1/2.

Proof. — Assumec first that |y,| < (2871s)~! and |y'| < (28-1s)~L.
Then we can write using cylindrical coordinates € = (|¢'|w, &,), w € S™2

K= [ i) -
le, <24 +2s 235 ¢/ =2 (1, )| 24+

(16)
S P 9 do i) de.
Therefore ’
|K (0, )| <c2%ks2( =D sup sup / P (@, e W ) 4o,
€u 5%/100<|¢ | <1002 J 52

5622k52("_1)(2k5)_1(1 +S2|yll)—(n—2)/2
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where the last step is a consequence of (7), (11) and the well-known
estimates of the Fourier transform of a smooth measure on the sphere (see

[Se] p. 233).

The general case is proved by integration by parts in (16) with respect
to the variables &, and |¢'| and using again (7).

Hereafter we shall follow very closely the argument in [T]. The result
will be obtained by interpolation between two estimates. The first one will
be an L?(w™!) — L?(w) estimate (w will be eventually V?) and the second
one an L? — L? bound. In order to obtain the first part we shall need first
an upper bound of the kernel. This suggests to cut I into pieces according
to its level values. Consider as before the bump function ¥, € C§°(R) such
that ¥(z) = 1 if |2] < 1 and vanishes if |z| > 2. Then for j = 1,2,... we

define ¢;(z) = 1110(%) - ¢0(§ai—1) and

(17) I(j(z:n y', ?/n.) = 1/»'1'(32.1/')1\'(% ’ .1/', yn)-

oo
Then K = Z K; and from the Lemma 4 we have
J=0
(18)
{ |K;| < c,ns?"‘32k-.i(L~.7—2)(lz+ |2 sy, | ™)1 if0<j<[igs)+1—k

|| < coms?n=3+3mok=i (575 g=m(k+i)(1]2% sy, |™)=1 il j>[lgs] + k

and supp K; C {(¥,yn),|¥'| < 29%2572}. Then we have the following
lemma.

LEMMA 5. — For j=0,1,..., define K; as in (17). Then

(19) II/KJ(mn,x =W dyllLzvey < THNVINE Nl L2(v-r)

where
_ [ cs?er—22i(n=2ap)/2 if0<j<(lgs]+1-k
T = cm82ap—’22j(n—2ap)/‘2(2k+j8—1)-—171 ifj> [lgs] +1-k.

Proof. — We want to apply Lemma 3 but notice that the kernel
K; has compact support only in y’ variables. Therefore we have to cut K
according to level sets with respect to the y,, variable. Defineford =0, 1, ...

I{jd(x'll’ ?/'7 yn) = I{j(z'ﬂ-a 1/'1?/11)XI.1 (y'n)
where Xy, is the characteristic function of the set I; and Iy = {yn,2¢ <
26sy, < 291} if d # 0 and Iy = {yn,|yn| < (2¥s)~'}. Notice that

o0

K; = Z K4 and the support of K4 is contained in a box of dimension
) d=0
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20t2572 x ... x 2112572 x 2¢=kg~1 We can apply Lemma 3 to K4 where
the grid has the dimensions we have just mentioned. Call {R}?} the boxes
of that grid. Therefore, if 0 < j < [lgs] + 1 — k, the left hand side of

inequality (19) is bounded by || K4l 1= (sup,, i) RY, V”). But (18) gives

n—

I1Kjallz= < e 2~ ™4 g2n—39k—i(*7)

On the other hand, decomposing each R}? in cubes with height equal to

27422
24(2ks)~1
P2 \25) P
o fo V< T (o 7)

< cs—2n+1+2ap2j(n—ap—1)2—kI”V”lg'p
where {QJ%}, is a grid made by cubes of volume 2?*+2)s=27_Putting both

estimates together and summing up in d we obtain the desired result in
this case.

Now consider j > [lgs] + 1 — k. Then by (18)

n=—

I|Kjd”L°° < cms2n—3+3m2k—j( _2)2—m(k+j)2-dm

and

sup [ VP <sup [ VP if2¢ kg7l <9i*2s2

v JRi* v JQy,
24(2ks)—1 . ' :
sup VP < # sup/ VP if 2¢7kgTl > 9342572,
v JRid 2*2572 \ v Jry,
v f]

Using both estimates in Lemma 3 and summing up in d we obtain the
desired bound also in this case.

Finally we need the following lemma
LEMMA 6. — For j=0,1,..., define K; as in (17). Then

(20) ”/Kj(zml' - @)Yl L2 ®m-1x(-1/2,1/2)) < cTi 1 fllL2mm)

where .
o= 27572 ifj<lgs]+1-k
I7 2 kst ifj > [lgs] +1—k.
Before proving the lemma notice that a standard interpolation theo-
rem together with the estimates (19) and (20) give us

l /Kj(xml‘ =9 fW)dyllzvy < eril| fllLev-1)
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where
i { cs'zw—1>2j§<1f¢",>+(7l—2’_>{2p>||1|V||1a,,, _H0<j< lgs] +1—-k
I st noi(E—a)g=h(=37) (gkte =)= 5 if § > [Igs] + 1 — k.
Then summing up in j we obtain (take m > g— —a)
l /K(wmx ~ D f@)dyllz(vy < es*P2HA TNV ol fll 2 (v-1)
n—2

where K is given in (14) and 28 =a -1+ . Therefore, the proof of
Theorem 2 is finished as long as we prove Lemma 6.

Proof of Lemma 6. — Using the definitions of K; and K in (17) and
(14) respectively we have

/ Kj(zn,z —y)f(y)dy = / vi(s*(«' = y")f () / Pro(@n, €)e" ™V dg
= / F(n)a(@n, n)e'™" dn

where

A 1
(21) Qj(xnﬂ]/ann) = /pllcs(xnaflann)s_ﬂn_l) "/’j (6 1 ) dgl'

s2

Notice that the pseudodifferential operator defined by g; is of variable
coefficients just with respect to x,. Then using Plancherel’s theorem we
have

‘ / F)a(@n, m)e= dy

1/2 B
/ / / (/ f(n"”Tl)Q(xn,n',nn)e“’”""" d"h;) oiz' d',"

12 p '
= [ [ | Rt matea, ' e dn
Re-1J-1/2
Therefore it is enough to prove ([Jo], p. 68)

o8 o7
PEL
Consider first 8 = v = 0. From the definition of 3; we have
(23)

—2(n— A’ €I — 77,

s 2(n—1) ¢J ( )

2

= (29 5~2)n-1 1’1‘)’0 (u) — (2F-1g—2)n-1 {[‘;0 (5' = 77') .

27 g2 2-7g2

2

L2(R*=1x(—1/2,1/2))
2

dz,
L2(Rn-1)
2
dz,dn'.

(22) |<ena+lah™ v=012
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On the other hand, recall that the support of p},(z,,&’,7,) is contai-
ned in the cylinder ||¢'| - s2(1 + z,)| < 26+1s. Therefore if 277s% < 2¥s
(i.e., 7 > [lgs] + 1 — k) by Young’s inequality (11), (7) and (22) we have

o1y A . o
lgille~ < Ipfllo=lls™2*Y 9, (Zler < e2 ksl

. A o] A
If 27752 > 2ks write 9 o= Z ¥ om Where
m=1

A A
Yom (€ =90 (&) (xge1c271 () = xq1er1<2m-13(€)) -
We shall prove (22) for m = 0 being the general case a consequence of the

A
exponential decay of 9. Thus

. A
Ngill~ < NIpFll=(27s72)" 7 | %o Nz~
. {VOI(Supp p’l‘s("”?l’ ‘y 7711.) n {lﬁll < 2_‘732}) < 6218_2.

If B #0, or v # 0 we use the above procedure together with (7). Notice
that we only have to compute derivatives with respect to &, where the right
decay is obtained.
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