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SUPER' BOSON-FERMION CORRESPONDENCE (*)

by V. G. KAC and J. W. van de LEUR

0. Introduction.

Since the pioneering work of Skyrme [20], the boson-fermion
correspondence has been playing an increasingly important role in
2-dimensional quantum field: theory. More recently, it has become an
important ingredient in the work of the Kyoto school on the KP:
hierarchy of soliton equations. [16], [1], [2], [4] (see also. [13]).

In the present paper we establish a super boson-fermion correspon-
dence, having in mind its applications to super KP hierarchies.

Let us first recall the discrete counterpart of the Skyrme. construction
(see e.g. [13]). Consider the Clifford algebra on generators ; and Y,
ie Z, called free fermions, with defining relations :

(0.1) \[’N’f"' q’f‘f‘. = Sij’ ‘Vi‘l’j + \l’j\I/i =0,
PEHVRE =0, i jeZ,
and its spin representation with vacuum vector |0) satisfying :
(02) ;)0 =0 for i <0, Y¥0> =0 for i> 0.

The besonization procedure consists of introducing besens

(0.3) =Y Ul . keZ,
jez
where: Y¥:=Yy¥ if j >0 and = — yFy; if j < 0. They are

(*) Partially supported by the NSF grant DMS 8508953.

Key-words : Superbosons - Superfermions - Super oscillator algebra - Super vertex
operators - SKP hierarchy - Spin module - Oscillator module.
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operators on the spin representation space and they form an oscillator -
algebra :

0.4) o0, — OO, = MY

m, —n

Under the oscillator algebra the spin representation breaks into direct
sum of irreducible representations, according to the charge number
defined by charge (y;) = — charge (y¥) = 1, with vacuum vectors |m),
m € Z, defined by :

Im) = ., ...y, 10) if m=0,
m) = Yk, ... P§0> if m<O.

Introducing the generating series (fields)

0.5) a(z) = Y, a;z77 (ze C),
0.6) V()= Y v, U*(2) = Y Yzl (zeCY),
jeZz jeZ

we can rewrite (0.3) in a more compact form :

(0.5a) a(z) = Y@@V*(@2):.

The fermionization procedure consists of reconstructing the fermionic
fields Y(z) and y*(z) in terms of the bosonic field a(z). Since the spin
representation does not remain irreducible under the oscillator algebra,
we need to introduce more operators for that. Let p, denote the
projection operator on the subspace spanned by elements of charge m,
and let g denote the operator determined by

©.7) gqgim) = |m + 1, q¥; = V19, Q¥ = Vg

Let p(z) = ) p;z/ (= z*); then we have:
jez
(0.8) V(z) = p(2)ql'- ()T (2),
V*@2) = ¢ 'p2) 7 'T ()7 'T ()",

where I',(z) are defined by

o

(0.9) r.(2) =exp— Y %z (zeC*).

n=1
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The operators on the right-hand side of (0.8) are called wvertex
operators.

We can proceed now to explain the main construction of the present
paper, the super boson-fermion correspondence. Consider the Clifford

1 .
superalgebra on generators ¥, and ¥, ie - Z, which may be called
free superfermions, with defining relations

(0.10) \".\l’f + (—'l)“j\l’f\'/i = aija \l’i“»’j + (- 1)4“.‘%"1/.' =0,

VR DR =0, ijes Z,

and its spin representation with vacuum vector [0) satisfying (0.2).
Consider the super fermonic fields

0.11a) () = ¥ ¥,7, Vi) = 3 vz,

jezZ jez
(0.116)  i(2) = .Z Vi, Vi = - Y vzl
jei+l je

The super bosonization procedure consists of introducing the super
bosonic fields :

(0.12a) A2):= Y AMmz™" = YDV,

neZ

Youmz™"m = Vi),

neZ

T oemz " = @)

nelZ

Y Sz = @VEE)

nelZ

I

(0.12b) p(2):

0.12¢) e(z) :

I

Il

0.12d) f(2) :

where the normal ordering is defined by
0.13) :WF:=Yyr if j >0, = — (=D*yry; if j<O.
The operators A(n), p(n), e(n) and f(n) together with the identity form

a Lie superalgebra ;, A(n) and p(n) (resp. e(n) and f(n)) being its even
(resp. odd) elements. We call 4 the superoscillator algebra.
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A simple but crucial observation is that g is isomorphic to the
affine superalgebra gl,.,, associated to the 4-dimensional Lie superalgebra
gl11(€), defined as follows. :

glm = glm(C[t,t_l]) ® Cc, -
[x(m), y(n)] = [x, y}(m+n) + md,, _,(Str xy)c,

where x, y € gl;;;(C), x(m) stands for t™x, Str stands for the supertrace
and c is the central element. Explicitly g can be identified with gl,,,
as follows :

0.14) I=¢, A = [‘0‘" 8], w(n) = [8' _Ot,,],

e(n) = [g ﬁ)} Jmy = [_"tn 8]

Note that the oscillator algebra is a central extension of the (abelian)
Lie algebra gl (C[t,t™']), the loop algebra of gl,(C). From this point
of view, the superoscillator algebra is its natural generalization : it is a
central extension of the Lie superalgebra gl,,,(C[t,t ™)), the loop algebra
of gly,(C).

Introduce the charge (resp. fermionic charge) by putting charge
1 ' N
() = — charge(y¥) = tforie 2 Z (resp. fermionic charge (y;) = — fer-
1
mionic charge (Y*) =1 for ieZ, and = 0 for iez + Z). Then,

restricted to the superoscillator algebra 4, the spin representation breaks
into a direct sum-of irreducible representations according to the charge
number m € Z, with vacuum vectors |m) defined by

Imy = Y710y if m >0,

(0.15) 2

Imy = Y* " WE 0>, if m.< 0.
2 .

This irreducibility is one of the key results of the paper (Theorem 2).
It is proved by making use of the super fermionization explained below.

Let P, denote the projection operator on the subspace spanned by
elements of fermionic charge m, let P(z) = Y P,z"(= z/?), and let

melZ
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Q denote the operator determined by
(0.16a) QI0> = 410>, Q¥: = ¥:4,Q,
QU =Vvh,Q if ieZ;
0.16b) Q¥ = — y,Q, QU* = — y*Q if ie% + Z.

Then we have (Theorem 1) (*):

(0.17a) Vo(2) = P(2)QI'- ()T, (2),
(0.17b) Vi = Q7 'P@) T, (97 'T. ()7,
(0.17¢) Vi(2) = — P)QI-(2)e()T.(2),

(0.17d) Vi) = Q7 'P@) ' T_ (@) ' f@T. ()71,
where

(0.18) I'.(z) =exp — i MT:&"L‘QZ?".

n=1

It is natural to call the right-hand side of (0.17b and ¢) the super vertex
operators.

Three immediate applications of the super boson-fermion correspon-
dence are these. First, it is an explicit fermionic construction of all
degenerate level 1 irreducible highest weight representations of the Lie
superalgebra gl,,,, and a multiplicative formula for the g-dimension
and a vertex operator construction of some representations of the Lie
superalgebra gl ,,(C). For this we use some results on Verma modules
over gl,,,, which is a special case of the theory developed in [12],

{91, [11].

Second, by comparing two expressions for g-dimensions of represen-
tations of gl,,,, we derive the following new combinatorial identities.
A partition of k into a sum of black and white positive integers such
that odd parts of each color are distinct is called a super bipartition.
Then, for each me Z, = {0,1,...}, the number of super bipartitions
of k such that # (white parts) — # (black parts) < m, is equal to the
number of super bipartitions of k such that no black part equals

(*) The operators p(n) do not appear explicitly in (0.17). However, they do appear
implicitly since [e(n),f(m)] = A(m+n) + p(m+n) — md,, ,c.



104 V.G. KAC AND J. W. VAN DE LEUR

2m + 1. G. Andrews provided us with another, analytic proof of this
result, but no combinatorial proof is known so far. After the work [5]
it has become clear that a whole range of combinatorial identities can
be obtained by computing characters of representations of infinite-
dimensional Lie algebras in two different ways. The above identity is
probably the first where considering a Lie superalgebra representation
is essential.

Third, a series of irreducible highest weight modules of the affine
Lie superalgebra gl,, = gl,.(C[t,t”']) ® Cc is constructed, and
an explicit formula for the g-dimension is found. Unfortunately, these
representations are not unitarizable, which is not surprizing since one
can show that, in fact, gl,,, has no nontrivial unitarizable highest
weight representations. We hope that our construction of the
gl,,-modules will give an indication which property in the representation
theory of affine Lie superalgebras will take over the role of unitarity.

Now, recall that the KP hierarchy of equations on fin the fermionic
picture is [4], [13]:

(0.19) Y VS ®Vrf=0.

ieZ

When translated into the the bosonic picture, it gives the celebrated
KP hierarchy of PDE’s[1], [4], [13]. The importance of this hierarchy
of equations stems from the facts that, on the one hand, it is a
« universal » system of soliton equations ([16], [2], [4], [13]) and, on the
other hand, it characterizes the Jacobians of algebraic curves[17], [18],
[19].

A natural «super» analog of (0.19) is

(0.20) Y DS =0,

L1
xEZL

which we call the super KP hierarchy. Unfortunately, we still do not
know how to interpret (0.20) in the bosonic picture as a system of
«super » soliton equations, or how to relate (0.20) to Jacobians of
supercurves. In particular, its relationship to the super KP of Manin-
Radul and Kupershmidt [15] (cf. [22]) remains unclear.

We also sketch a similar formalism with the Clifford superalgebra
replaced by the Weyl superalgebra.

We would like to thank P. Goddard and D. Olive for discussions
while the work was in progress and G. Andrews for correspondence.
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1. The Clifford superalgebra and its spin module.

We use the notation and conventions of the superalgebra theory
adopted in [6].

The Clifford superalgebra Cl = Clg @ Clj is defined as the associative
superalgebra over C with a unit element on the generators V; and

1 . . .
*,Je 2 Z, and the following defining relations :

Yl + (- DY =5y,
‘J’i‘l’j + (= 1)4ij\[’j‘l/i =0,
VR + (DR =0,

with the Z,-gradation given by

(1.1)

1
(1) ¥ ¥feCly if jeZ, V¥jeClh if jes+Z.

The superalgebra CI carries an antilinear anti-involution o defined
by

(1.3) o) = (=D¥VF, o) = (=D;.

The spin module over Cl is the irreducible Cl-module V which admits
a non-zero even vector |0), called the vacuum vector, such that

(14) ;0> =0 for j<O0, y¥0>=0 for j> 0.

The module V carries a unique Hermitian form ¢-,-> such that the
square length of the vacuum vector is 1 and the operators a and w(a)
are adjoint, a € Cl.

Elements

(1.5) VES PR A gk 0)

with

jr> >j1>02i1> >is’v

such that [, = 1 (resp. k,=1) if i, (resp.j,) € Z, form a basis of V. These
elements are pairwise orthogonal with respect to {-,-> and the square
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length of the element (1.5) is
23

(—1)); kyVoook ML

Thus, the Cl-module V is not unitary, ghosts being elements (1.5) with
odd number of ¥ with half-integral i.

2. gly. and a, ., ; decomposition of the spin module.

Let ¥ =¥ ®¥Y; = @ CV; be an (infinite-dimensional) complex

el
je 22
Z,-graded vector space with fixed basic {{;} | wherey;eW¥; if ieZ
je=- 2
. 1 2 . .
and V,;eV¥; if ieZ + 3 The map ) c¢\; > (c) , identifies ¥

jelz rezt
with the space of column vectors whose coordinates are indexed by

1 . .
EZ’ all but a finite number of them being 0.

Introduce the infinite complex matrix Lie algebra
glnoioo = glamoc-;(') ('B g[ootcc;i )

where for aeZ, = {0,1} :

8loiwia = {(a;) | la; =0  for i+j=a+1mod2;
ije<=Z

all but a finite number of a;; are 0 for i + j = a mod 2}.
The Lie bracket is defined by

la,b] = ab — (—=D* ba for ae€gly iy, b€gleis-

The Lie superalgebra gl,,, operates on ¥ via the multiplication of

a matrix and a column vector, viz.,
Eij(‘l’j) =V,

where E;; denotes the matrix with the (i,j) entry 1 and the rest0.

Another way to introduce gl ., is as a contragredient Lie superalgebra
[6] of infinite rank on Chevalley generators

¢ =E,1. fi=E
i,i 2

i+3

hi = [e;.f] = E; + E.
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Its Cartan matrix is

|

—
— O e
O -
[

L -

Its corresponding Dynkin diagram is the infinite chain

R -R—®—---.

The standard representation of gl,,. on ¥ can also be defined in
terms of the Clifford generators as follows :

@1 E; - (=D},
. with the action defined by the commutator :
Ejl; = [(= D>V, )l
= (= DX, — (= DY) = ¥

The antilinear anti-involution « leaves gl , embedded via (2.1} in
Cl, invariant and induces its compact anti-involution a — ‘a.

Let V be as in § 1. We define a representation n of gl, .. on V by
n(Ey) = (= Dt
by which we mean w(E;)(¥|0>) = (— Dty |0).
A Given me Z, define |m) € V by

V7100 for m>0
2
'm> = x-—m—1 %k
\1'_% Y§10> for m < 0.
Putting deg |0 = 0, deg{; = 1 and deg V} = — 1 defines the decom-
position into a direct sum of vector spaces
V = (-B Vm’
meZ

so that |m) e V,,. We call m the charge number.
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If we put deg|0) =0 and deg{y;, =1, deg{y*= —1 for
ieZ, deg\;, =degVy¥ =0forieZ + % (resp. deg ¥; = deg ¥¥ = 0 for
i€ .Z., degVy; =1, degVy* = — 1 for ieZ + %), we get other decom-
positions of V :

2.2) V= m(;DZ Visym (resp. V = MGEBZ V bym) -

In this case the number m is called the fermionic (resp. bosonic) charge
number.

The subspaces V,, are invariant and irreducible with respect to gl
(this is not the case for V), or V). We denote this representation
by m,. Its highest weight vector is {m), in the sense that

Tn(E;)im) = 0 for i <j
and
1
T (Bi) my = L™ |m), ie-Z.
Using the relations in the Clifford superalgebra, we calculate its
corresponding highest weight O‘(i'")),-gl . :
2

0 0 0 m+ 1 m 0 0

. — ® ®- ® R——®- ®— for m > 0
R A O
2 2 2 2
0 m+ 1 m 0 0 0 0

L — R R —R—R——R— ... for m < 0.
A O
2 2 2 2

Note that the operators n,(a) and =,(‘a) are adjoint with respect
to the Hermitian form (-, on V,. However, m, is not a unitary
representation (see § 1). Moreover, one can prove that no highest weight
representation of gl , except the trivial one, is unitary.

We introduce now a Lie superalgebra 2., containing gl :
2o = {(a;) , |for each k the number of non-zero

ije-Z
: a; with j < k and i > k is finite}.

It acts on a completion ¥ of the space ¥, where

lil:{ Y. ¢¥ilc;=0 forj>>0}.
je%l
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However, if we try to extend the representation =, to the Lie superalgebra
@, W€ encounter an « anomaly », e.g., in

T, (diag () | )imy = (mhy + ¥ (—~1)*A)imy if m >0,
i YA

ies 2 <o
the right-hand side is in general a divergent series. To remove this
anomaly, we change the representation =, as follows. Put:
(2.3a) fim(Ei) = m,(E) — (=11 for i<0.
(2.3b) i (Ej) =m,(Ey if i#j or i=j>0.
Note that (2.3a) simply means that diagonal matrices kill the vacuum |0} .

Extending #,, by linearity, we get a projective representation of the
Lie superalgebra z.,. Equivalently, introduce the central extension
Ao = @ ® Cc with center Cc and bracket

[a,b] = ab — (—1)**ba + C(a,b)c,
for
ace ;%L-foo;aa b € &ool:x);B’

where the cocycle C is defined by:
(2.4a) C(E;,Ep)=—(—1)*“")C(E;;,E;)=(—1)* if i<0<j,
(2.4b) C(E;;,E;) =0 in all other cases.

A

Then, extending %, t0 @, by #,(c) =1, we obtain a linear
representation of the Lie superalgebra 2., on the space V,, which
we again denote by f#,,. :

Introduce the principal gradation gl, . = @ g; by putting
! jezZ

deg E;; = 2(j—i), so that [4;, ;] = #;+;. By putting deg ¢ = 0, we extend
this gradation to .., = @ «;. This principal gradation on the Lie
jeZ

superalgebra induces a principal gradation
(2.50) Vo= @ V@,

keZ

which is consistent with the gradation on ., 1.€.,

€ ;.

Rim(a)V® < VO for a; € ;

J

More explicity, the space V% is the linear span of all elements of V,
of the form :

(2.5b) fom(Eij) - - - Rp(Ey ;) Im)
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with (i, +i,+---+i) — (G +j,+ ---+j,) = = k.

N | =

Note that in (2.5b) we could assume j, < i, for all 1 <t < r (by
the PBW theorem for superalgebras) ; it follows that V& = 0 for k < 0,
and V9 = C|m).

We can rewrite (2.5b) in terms of the Clifford generat.ors SVE s
the linear span of all elements

6 - B YN m)

with Gk, +---+jk) — (0, + - +il) = %k.

Now notice that
(2.7a) k,(resp.l) =1 if j,(resp.i,)eZ;
furthermore we can order the i, ’s and j, ’s in such a way that
(2.7b) vy <, and  j4q > -

With these and the following conditions (2.7¢,d), the elements of

the form (2.6) form a basis of V®. Assume m >0, so that

Im) = y™|0>. Then we get the following extra conditions for the i, ’s
1

2
and j, ’s:

@7 i<z j,>0,

1 1
2.7d) i,=§ accurs at most m times, and if it occurs then i,;éz-

If m <0, so that |m) = \ll*'{""\ll?,‘lO), then the extra conditions are:
-2

(2.7¢") <0, j=-

N —

1 . -
2.7d) j, = ) occurs at most — m — 1 times, and if it occurs

1
then j - =
en j, # >
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From all these conditions we conclude that dim V% < oo for all k.

Let p, (k) = dim V¥ ; we may write the formal power series.

(2.8) dim,V, = . pa(k)q",

k>0
called the g-dimension (or the partition function) of V,,.

For m > 0, p,(k) is equal to the number of partitions of k into
integers, where each integer has black or white color, with the following
conditions (cf. (2.7)):

(1) +# whites = # blacks,
(2) even parts of each color are distinct,
(29) (3) whites > 0, blacks > — 1,
(4) — 1 occurs at most m times,
(5) if — 1 occurs, then white 1 does not occur.

. Now adding 1 to all blacks and subtracting 1 off all whites, p,,(k)
stays the same, but the conditions (2.9) become the following ones :

(1) # whites — # blacks < m,
2.9 (2) odd parts of each color are distinct,
(3) all parts are positive integers.

If m < 0 then one can verify . that
(2.10) Pm(k) = Pop-1(k) for k>=0.

In §7 we shall give another formula for p,(k), which will give an
explicit expression for dim,V,,. '

3. The principal subalgebra of @ .

We shall construct a subsuperalgebra g of @y, for which the
modules V,, considered as z-moduleswill turn out to remain irreducible.

Put
k(n) = Z Ek,k+n’ H(") = Z Ek.k+na

keZ g+ 1
keZl+s

e(n) = z Ek—%-kw’ fin) = kgz Ek,k+n—%’

keZ
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for ne Z. Then these elements of «.,, together with the central element
c form a basis of a sub(super)algebra 7 of 2,.. One easily computes
its commutation relations :

A(m),e(m)] = — e(m+n),  [An),f(n)] = f(m+n),

[1(n),e(m)] = e(m+n), k), /()] = — f(m+n),

A(n), A(m)] = n3,, _,c, k), u(m)] = — nd,, _.c,
A@),u(m)] =0,  [e(n).f(m)] = A(m+n) + p(m+n) — nd,, _.c.

We will call this algebra 7 the principal subalgebra of a.,,. Note that
7 = 1a;)) ® Ac € al@;j = G;4p j+, for neZ}, and that the principal
gradation of A(n), u(n), e(n), f(n) is 2n, 2n, 2n+1, 2n—1, respectively.

We have :

(3.1a) #,(e(n)m> = 0, f,(f(n+1)m) =0 for n=>0,
3.1b) #®,(A(n)Im) =0, ,(n(n))im) =0 for n >0,

(B.le) R®u(c) =1, (A (0))im) = 0,

3.1d) #,(nO)m) = mm) f m>= Ok, =m+)m) if m<O.

We shall give another construction of the subalgebra ;. Let
% = C[t,t" '] be the algebra of Laurent polynomials in the indetermi-

g i C d > ’

be the Lie superalgebra with the Z,-gradation

0 0 b
glino(Z) = {(8 d)} and ghini(&) = {(c 0)}’
and the usual Lie superbracket :
a b a B ° _ (ao—oaa+by+Bc bd—Pd+aB—oab)
c d)’\y & co—ya+dy—38 dbé—d8d+cB+vyb
The subalgebra z is an extension by a 1-dimensional center Cc of
ghn(L): ¢¢11 = ¢£,, (L) ® Cc. The Lie bracket is given by

d
[x + Ae,y + pe] = [x,y]° + Res,o Str (d—’t‘ y)c

for x,yegl;(£). Here Str means the supertrace; for an element

a Z)eglm(ff) this is defined by Str (‘c’ Z) =a-d.



SUPER BOSON-FERMION CORRESPONDENCE 113

The two constructions of z are identified as follows :

e(n)=[8 ‘0] f(n)=[_°tn g]

u(n)=[g _Ot,} l(n)=[_0t" g], 1=c.

We put A = A(0) and p = p(0) for short.

In order to perform calculations, it is more convenient to enlarge
the algebra gl,,, by adding an even derivationd which operates on

d
gl (¥) as t— and killsc. Denote this superalgebra by gl,,, ; then

dt
glm = glm(g) ®Cco Cd,
and
dx
[d,x] = t:l? for xegl,(¥), [d,c] = 0.

4. The super boson-fermion correspondence.

In §3 we have described the elements A(n), pu(n), e(n) and f(n) of
the principal subalgebra in terms of Ei € aww- Using (2.1) and (2.3)
we can describe these elements in terms of y;, y* e Cl. In order to
do this it will be convenient to introduce a normal ordering of the
quadratic expressions ;y¥, which we define to be

‘l"l’* . = \llx‘yf » for .l > 0,
IS - (—1)4”\11;?\|1,- for j<0.
Then we have,
An) = Z BV T p(n) = — Z I A /N
‘ kez kez+d

e(n) =Y, :\I.l,.,_%\ll,’:t,,I Lo fly == Y sl g

keZ kez 2

The converse of the above description, i.e., describing the y; and
V¥ in terms of the A(n), u(n), e(n) and f(n), is also possible. This will
give us a super boson-fermion correspondence. We shall give this
description in the rest of this section.
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Let V,, denote the formal completion of V,, (see e.g. [10, § 1.5]), and
ut - ~
P V=] V..

meZ

We introduce generating series of the \; and ¥}, which are operators
that map V into V (zeC™):

Vo@= Y ¥z, Vi@ =3 ¥z

ieZ ieZ
Vi) = Y W, Vi@ =- Y Yzl
i€ Z+% i€ Z+%
LeEMMA 4.1. — The following commutation relations hold :
M), Y5(2)] = 2"V5(2), @), V3] = — z2V§(2),
[w(n), ¥s(2)] = 0, u(n), ¥5(2)] = 0,
u(®m), ¥1(2)] = 2"¥1(2), k@), V@] = — 2V (),
(), ¥i(2)] =0, @), ¥1@@)] =0,
e, Wo@ = 2 25 (2), [e(m), ¥i(2)] = 0,
[Fed, o0 = 0, ), 3@ = = 271,
), ¥1(] = 2~ 2902, L, ¥¥E) = 0,
fe(), 1 (2] = 0, ' e, V@) = 2 T3 ).

Proof. — Is straightforward.

In order to describe the generating series of the y; and ¥ explicitly,
we need the fermionic charge decomposition of V defined by (2.2).

Let P, be the projection on V), , and let

P(z) = ), Pz, P(z)™'= Y P,z"

mel meZ
be the corresponding generating series.

We also need another operator Q mapping Y, into V(y.,+,, which
is uniquely defined by the following properties :

(4.1a) QI0> = ¥,10),
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(4.16) Q¥ =¥y, Q,  QYF=VY%,Q for  i€Z,

(4l Qb= -vQ, QY= -VYfQ for ieZ+

N —

It is straightforward to verify the following

LEMMA 4.2. — One has for neZ, ze C* :

QP(z) =z7'P(2)Q, QP()~! =zP(2)7'Q;

A(n)P(z)=P(z)\(n), A(n)P(z)"'=P(z)"'A(n) ;
R(n)P(2)=P(z)n(n), R(MP(2)" ' =P(2)"'p(n) ;
e(n)P(z) =zP(2)e(n), e(MP(z) ' =z"1P(z) " le(n);
fMP@) =z"'"P(2)f(n), f)P(z)""' =zP(z)~ lf(_"l) ;
Qe(n) =—e(r+1)Q, Qf(n) =—f(n—1DQ;

QMO0) = (0)-DQ, QA (n) =A(M)Q for n#0;
Qu(n) =umQ.

Define for ze C* :
I'_(z) = exp < Y uz")

n>0 n
and

.(z) = exp(—- Y Mz"")-

n>0 n

Their product, ie., I'(z) = I'_(2)I".(z) is the well-known vertex operator,
which appears in string theory and goes back to Skyrme [20]. Note that
I'(z) maps V into V.

Then (see e.g. [13] or the introduction) we have :
4.2) V5(2) = P(2)QI'-(2)["4(2)
Vi@ = QP T_() ' T.() .

Using Lemma 4.1 we deduce :

43) Vi@ = [0), W@z *, V@) = - [/©0), Vil

Moreover, it is possible to get a somewhat nicer description of these
operators. For this we need the following lemma :
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LemMA 4.3. — As equalities of formal power series in z we have :

i e(m+i)z™F,

i=0
F.@fmr.@"' = fm)— f(m+1)z7*,
T, ()7 temI,(z) = e(m) — e(m+1)z7",

C.@7fmr.(2) = Y flm+i)z™},
i=0

I_(2emI'_(2)"! = e(m)— e(m—1)z,

r@fmr-@™ = % fm-z,

i=0

I'.(@e(mr., (2!

I_(2) lemI_(z) = e(m—i)z',

it

fm) — f(m—1)z.

I 'f(mI'_(2)

Proof. — The exponentials and logarithms in the proof are to be
understood by means of their formal power series expansions. Completely
formally we have the following equality :

exp q(z)a exp (—q(2)) = exp (adq(2))(a),

here g(z) is some formal power series in z. We will prove the lemma
for the formulas which contain I',(z) (the proof of other formulas is
similar).

Define the polynomials q,,(;) as follows :

z

exp Y. X,

n>0

=Y g,z

n

-
where x = (x;,Xx5,...).

Let y(m) = t" ® y for short, where y = e or feg/,,(C), and
t"e ¥ = C[t,t”']. We have:

A(n),y(m)] = (= 1)’y(m+n),

where 6 =0 for y = fand d =1 for y = e.
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e=0 or 1, |t|<|zl<|t]"' and %= A)LAQ),..

—»

( ..). We have:

£ Z_"
exp < —1) Z n ))’(m)

=Y g.((= 1) ad X)y(m)z™"

=Y g,(— 1) D)ym+n)z"

=y qn((*l)”*aT)<§> ®y

oo ()
= ¢m<exp ((— 1)**% log (1 —It/z>)> Ry

< /t\' e . . .
= ¢m Z <;) ®y= z y(m+i)z™! if €+ 9 is even,
i=0 i=0

= t’”(l—i)@y = y(m) — y(m+1)z"' if €+ & is odd.

Using Lemmas 4.2 and 4.3 we get:

¥i(@) = [(0), (22

= (O)P@)QT- (2T, (&)~ PER)QT (T, (e(@)z " *

= (~PEQe(~ DT~ @ (2~ PEQI- @+ (e(@)z*
(~P@QT-(2) ¥ e(—1-iz*IT, ()

i=0

117
s

~POQ_ () T e T (@)t
i=0

~ POQr_(2) T el . (2).

iel

We can make a similar computation for y¥(z). Putting

e(z) = ) e(i)z'i—% and  f(z)= Y f)z’'"?

ieZ ieZ

we obtain the central result of this paper.
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THeOREM 1 (The super boson-fermion correspondence). —
Vo(2) = P(2)QI'-(2)T.(2)
32 = Q'P@)TT_-(2)7'T. ()"
Vi(z2) = — P(2)QI'-(2)e(2)[ . (2)
Vi) = QT'PE)TT-@ @ ()" O

Using this theorem, we express the generating series of

1 .

Ta(E;)), i,jeEZ, in terms of the A(n), p(n), e(n) and f(n). This
generating series is given by

ﬂm< ) Ei,-in‘j> =V (WVE(2) + Yo VT (2) V1 VE (2) + i VT (2)

i‘je%l

where y,ze C*. Using (2.3), Lemma 4.2 and Lemma 4.3, we get the
following result :

ProrosiTiON 4.4. — For |y| > |z| we have

L. m 1 ) |
(a) nm(uiz Ei,-y'Z“’) = (g) 1“_(y,z)[1 s + f(2)+ ();)e(y)

+ (3 ~ l)e(y)f(Z)]n 1.2),

z

- . " 1
(®) n(z E.-,-y'z-f) - @) r- W)[H @)+ e)e(y)

m % ]
+ (f - l)emf(z)]n(y,z) + e) (1— (i)) 2

where
A‘ —_
roo = e (320 0-n)
n>0
and
x —_
T\ (n2) = exp (— $ oD g - z'")). 0
n>0

In order to calculate m,(E;) or #,(E;), one can develop

-1 k
(1—- f) =Y (%) , T-(nz), I'y(y,2), e(y) and f(z) in formal power

y k>0
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series in y and z and then collect all the coefficients of yz~/. Then
one obtains a complicated operator of infinite order and in infinite
many variables.

From Proposition 4.4 we can immediately deduce the second key
result of this paper.

THEOREM 2. — The presentation f,, of @w 0 On V,, remains irreducible
when restricted to the principal subalgebra ;.

Proof. — By Proposition 4.4, a g-invariant subspace of V, is
a_  -invariant. O

In § 5 we shall develop a representation theory of gl,,,, in order
to prove in §6 a formula for the g-dimension of the representation

S

#,, of a,,,., on V,.

5. Structure of Verma modules over g/, ,.

In this section we develop a representation theory of the Lie
superalgebra ; = gl,,, constructed in §3.

Let Z=CL® Cu® Cc® Cd be the Cartan subalgebra of }
Introduce a C-valued bilinear for (,) on 4 by:

(x+oac+Bd,y+yc+8d) = Resy(t™'Str(xy)) + ad + By
for xayEgl.lH('g)a a, B’ Y deC.
One easily verifies that this bilinear form is supersymmetric, non-

degenerate and invariant. Moreover, its restriction to # is non-dege-
nerate.

The Cartan subalgebra # is diagonalizable in 7, so that we have
the root space decomposition :

7= @ g, where 3 ={xezl[hx] = y(h)x for all he 4.

ye s

We call 0 # ye #* a root if 7 # 0. The set of all roots is denoted
by A, which we call the root system. Let o« and & be the roots
corresponding to the root spaces

= Ce(0), 45 = CM(1) @ Cu(1)
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so that we have

—a)=a@=1, al)= a(d)‘= 0;
8\ =8 =8(c)=0, 8@ =1.

Then we can express A in terms of o and 6:
A= {kdxalkeZ} v {kdlk e Z\0}.

Let As = {yeAlz < g5} and A; = {ye Alz < #}, be the sets of even
and odd roots, respectively. Then A is the disjoint union of

Ag = {kdlk € Z\0} and A; = {kdtalkeZ}.

Since the restriction of (,) to # is non-degenerate, we can identify £
with #*, obtaining for A e #*:

(5.1a) Aa) = — AR+, (A,8) = A(o),
so that
(5.1b) B,v)=0 for B, yeA.

Let {oo=0—a,a,=a}, be the set of simple roots. We set
L=2Zoy+ Za, and L, = Z,a, + Z,a,. The lattice L is called the
root lattice. For y = ko + lo; € L the number ht(y) = k + [ is called
the height of y. For any ye A, either yeL, or — yeL, ; v is called
a positive root in the first case. We denote the set of positive roots by
A, . Then A is a disjoint union of A, and — A, .

We consider the subalgebras »_. = @ 4_,and », = @ 4. This
YyeaA YeA
gives us the triangular decomposition : ’ ¥

(5.2) PRV 1P
The antilinear anti-involution ® extends to a,, bY:
w(@) ="'a for AE Uy, 0O(C) = cC.
The principal subalgebra ; is invariant under w; we have :

wlek) = f(=k),  o(f(k) = e(=k),
oK) =M-K), op@k)=pn-kK, ol)=c;

this extends to the whole 7 by w(d) = d.
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U(g) will always denote the universal enveloping superalgebra of
the Lie superalgebra 4. From (5.2), we obtain

U = U(z-) ®c U(}) ®c U(x.).

The root space decomposition of Z induces an L-gradation on
U(p):
U = @ U@y.
Bel

Now consider the left ideal #(A, in U(}), generated by »~, and
the elements h — A(h), he #. We set

M(A) = U(p)/A(1).

The left multiplication on U(y) induces a structure of U(gz)-module on
M(A). We denote the image of 1 in M(A) by v,. We call M(A) the
Verma module with highest weight A.

ProrosiTION 5.1.

(1) 2y .05 = 0; h.vy = A(h)v, for he £.

(2) M(A) is a free U(n_)-module of rank 1 with generator v, .
3) M(A) = U(n_)v,.

(4) The elements

(=2 (= 2)™2f (= 2)%(— 2 2p(— DMA(— D™ (= Dhe(— 1)1 f(0) 0p

with n;, m;e Z, and k;, 1, = 0 or 1, and only a finite number of k;, 1;,
m;, n; non-zero, form a basis of M(A).

(5) M(A) contains a unique proper maximal gsubmodule 1(A), so
that .
L(A) = M(A)/T(A)

is an irreducible g-module .

Proof. — Is standard. O
The L-gradation of U(»_) induces a weight space decomposition
MA)= @® M(A)r-p, where '

BeL.,

M(A)r-p = U(se-)_p(va) = {ve M(A)[h() = (A=B)(h), he 4.
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Let P(m), nel, denote the number of partitions of 1 into a sum
of positive roots (k& taken with multiplicity 2 and the rest with
multiplicity 1), odd roots appearing at most ones (by definition,
P(0)=1). By Proposition 5.1 (4) we have :

(5.3) P() = dim M(A)s_,.

A quotient V(A) of M(A) is called a highest weight gmodule. It
has the induced weight space decomposition :

VA = @ V(A

BelLy

As usual, we define its character by :

ch V(A) = ¥ (dim V(A),_pe*".

ﬁEL+

Putting V(A);; = @ V(A)r-p, we obtain the principal gradation
BeLy h(py=j

of V(A). Define the g-dimension of V(A) by:

dim, V(A) = ¥ dim V(A),e'.

Jje€Zy

Then, defining the principal specialization F by F(e™f) = ¢"®, BeL,,
we have

(5.4) dim, V(A) = F(e"*ch V(A)).
In particular, we have by Proposition 5.1 (4) (cf. (5.3)):
(5.5 ch M(A)=¢" ) P@Pe"

ﬂEL+

= el\ n (1_e—kﬁ)—Z(l+e—k8+u)(l+e—(k—l)ﬁ—u)’

k=1

(5.6) dim, M(A) = [] (1+¢* " 1)*/(1—¢**).

k=1

We can introduce a Hermitian form F on M(A), called the
contravariant form, which is uniquely defined by the properties :

F(va,0a) =1 and F(g(v),w) = Fv,0(g)(w)), v, we M(A), ge .
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We have the following properties :
FIM(A)-, M(A)_) =0 if n #80; Ker F = I(A).

We set F, = FIM_,. The function (det F,)(A) is a polynomial in
A € #*, which is independent of the choice of the basis in M(A)-, up
to a positive constant factor. Clearly M(A) is irreducible if and only
if det F,, # 0 for all neL,\0.

For contragredient Lie superalgebras there exists a formula
for det F,. One can find the correct version in [11] (its proof is the
same. as in [12]). This formula also holds for ¢. Recall that in this
case (y,y) = 0 for all ye A, (see (5.1h), so that for pe #* such that

p,) = E(ai,cxi), we have (p,y) = 0 for all ye A. Hence we get from
the general formula in [11] (here and further, N = {1,2, ...}):

PROPOSITION 5.2. — For the representation M(A) of # one has

(det F)(A) = [ T A IT (A2,
Y€MD, keN YEAT,

where P, denotes the number of partitions not involving the root y. In
particular M(A) is irreducible iff (A,y) # 0 for all ye A, . O

Following [3], we construct the Jantzen filtration
MA)=MosM! 5 M2 > ...
This filtration satisfies the following conditions :
(5.7a) M(A) -y M =0  for some i.

(5.8b) M' is the kernel of F and M/M! is an irreducible
z#-module isomorphic to L(A).

Now using Proposition 5.2, we can prove as in [3, 12]:

(5.7¢) Y ch M!

i1

= Y &Y Y Pm-nye "+ Y &Y P(m—ye

7:.3% neNnelL: 3/537:0 neLs
= Y Y chMA-ny)+ Y chM/(A-7y)),
Y€AG+ ne N yeAT4

(Ay)=0 (Ay)=0
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where M,(A—vy) is a submodule of M(A) generated by a vector of
weight A — vy.

ProposITION 5.3. — Let Aeh* be such that A(c) # 0. Then the
g-module M(A) is irreducible except for the following three cases :

(@ (A =0,

(b) (A,@) = kA(c) for a positive integer k,

() (A,a) = — kA(c) for a positive integer k.
In these cases, M(A) contains a unique irreducible submodule L(A—B),

where B = a, k& — o and kd + o for cases (a), (b) and (c) respectively,
and we have :

(.8) chL(A) = (1+e?~! ch M(A).

Proof. — Follows from the general description of irreducible
subquotients of Verma modules given in [9] (which is deduced from
(5.7¢)). The fact that the irreducible subquotient L(A—B) occurs with
multiplicity 1 (this is true in the general setup of [9] for any odd B,
actually) is clear from (5.7¢). - _ O

Remark 5.1. — Replacing 7z by 7 and g-modules by graded
;z-modules in this section does not change the claims of Proposition5.3,
since, apart from Cuv,, the only other vectors killed by », are in
M(A)r-p (Where B is as in Proposition 5.3).

6. The g-dimension formula for the a, ,,-module V,,.

By Theorem 2 we already know that V, remains irreducible if we
restrict to the principal subalgebra 7. So V,, is an irreducible highest
weight module L(A,) over 2 with highest weight vector |m) (see (3.1))
and the highest weight defined by :

A, (©=A,0)=1; (A,)=-mif m>0,—(m+1) if m<0.
Define B by :

B=md+a if m=0, B=a if m= -1,
B=—-m+Hé—a if m< — 1.

Then (5.8) gives us

6.1) chL(A,) = (1+e "~ ch M(A,,).
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Hence, using (5.6) and the fact that the principal gradation of the
Gx1o-module V,, is consistent with that of the g-module V,, = L(A,)
we obtain :

(A+g> D) [TU-g*)72A+¢*7)?  if m>0
(6.2) dim*V" = k>1
A+q7 2 ) U= "2(0+¢* 1) if m< 0.

k=1

As a corollary, we obtain an .interesting combinatorial identity. We
shall call a partition of k into a sum of positive integers of white and
black color a super bipartition if odd parts of each color are distinct.

COROLLARY 6.1. — Fix m = 0. Then the number of super bipartitions
of k such that the number of white parts minus the number of black parts
is less than or equal to m, is equal to the number of super bipartitions
of k such that no black part equals 2m + 1.

7. The operators S and T.

Introduce the following two operators on V ® V which are adjoint
to each other:

S= Y =D, @Vt and T= ) V@V
ie%l is%l

Using the defining relations of Cl it is straightforward to verify the
following lemma :

LEmMmA 7.1.

(1) S and T commute with the action of T @ T (gly ) -

2) SUm)®Ind) =0 iff m>0and n <0
T(m>®|n)) =0 iff m < 0 and n =2 0.

In the Lie algebras case, i.e., gl,, a similar operator S leads to the
definition of the KP and MKP hierarchies. (See [13].) In that case one
can construct Hirota bilinear equations, which are certain « bilinear »
partial differential equations. We had hoped that also in the super case,
ie., gl this operator S would lead to some hierarchy of differential
equations with commuting and anticommuting variables. Generalizing
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the definition of the KP hierarchy, a natural definition of the super
KP hierarchy is then given by the following equation

(7.1) SFOF)=0 for FeV,.

Let F = Fy + F; be the decomposition in even and odd elements of
Vo, then (7.1) is equivalent to .

(7.2) Zl Vi(Fo)@VH(Fp+Fp) +(— D*V(FD@VHF + Fy) = 0,

IEEZ

and this again is equivalent to the following bilinear identity

(7.3) ég(‘lfo(z)(F() + Fp® V(@) (F + Fy)
T Vi@(Fs + Fr) ® Vi@)(Fs + Fﬂ% = 0.

Unfortunately, it is not clear to us how one can develop this in order
to get «super » Hirota bilinear equations of the Super KP-hierarchy.

In ‘[15], Manin and Radul use even and odd pseudodifferential
operators to define the Super KP (SKP)-hierarchy. The time evolution
in SKP is defined with respect to a non-abelian Lie superalgebra 0 of

~ flows 0;, i = 1, deg6;, = i mod 2 with the commutation relations
[0,;, 92j] = [0, 92;’—1] =0, [02i-1, er—1] = 262i+2j—2-

This Lie superalgebra 0 can be found as a subalgebra in the principal
subalgebra g. There are two choices for 0, viz,

(M 0, =20) + p(), Oy, =e() +/() Jj=
2 62,’ =A@ + n(), 92j—1 =i(e() —f(G) j=1.

> 1, or

This would suggest that there is a relation between the SKP hierarchy
of Manin and Radul and the representation theory of g7, developed
in this paper. Until now it is unclear, however, how these two theories
are related.
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8. The Weyl superalgebra, its oscillator module
and the boson-fermion correspondence.

In this section we review the theory developed in § 1-§ 7 but now
for the Weyl superalgebra instead of Clifford superalgebra.

The Weyl superalgebra W = W; @ W; is defined as the associative
superalgebra over C with a unit element on the generators \; and V¥,

1
G 3 Z, and the following defining relations :

‘I’;\l’f i 1)““”?‘1’:’ = &,
(8.1 Vi — (D =0,
VEVF — (- D)*NFyr =0,

with the Z,-grading given by
1
82) V;,¥reW, if jeZ, Y, ¥FeW; if je§+Z.

The antilinear anti-involution ® on W is defined by
(33) o) = - (DN}, oW = - (DY,

The oscillator module over W is the irreducible W-module U which
admits a non-zero even vacuum vector |0), such that (1.4) holds. The

Hermitian form {*,*) on U is defined in the same way as on the
Cl-module V.

" Elements
I 1y |k, k
(8.4) ;'; ;“ll\lljr...\bjl’ 10>
with
jx>"‘>jr>0>i1>"'>is’

1
such that |, = 1 (resp. k, = 1) if i, (resp. j,) 65 + Z form a basis of

U. These elements are pairwise orthogonal with respect to {-,-) and
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the square length of the element (8.4) is

2y fi-1
(—1)'.( 2)kll...k,u,!...z,!.

Let ¥ and gl,,, be as in § 2, we define the standard representation
of gl, ., on ¥ in terms of the Weyl generators as follows :

8.5) Ej—> - (=D},

the action is again defined by the (super) commutator. The map (8.5)
also defines a representation p of g/, on U. Given n e Z, define

\Vi_x‘l’% 10> for n>0,
) =
Vi 10D for n<0.

Putting deg |0)> = 0, deg ¥; = 1 and deg y* = — 1, we get the following
decomposition into irreducible gl -modules U, with highest weight
vectors |n) :
u= @ Uu,.
neZ
We denote by p, the representation of gl, ., on the submodule U,.
We calculate the corresponding highest weights (M-"’)ie% 2"

0 0 0 0 n n—1 0
e — R —®——®— ... for n>0.

B I

2 2 2 2

0 0 n n—1 0 0 0
—R— ® & -——R——R——R— ... for n <0

_3 -1 _1 0 1 1 2

2 2 2 2

Comparing the highest weights of U, with the highest weights of V,,,
we conclude

(8.6) dim, U, = dim, V,_,.

As in the case of Cl and V, we can also define thc fermionic and
bosonic charge decompositions. Put deg|0) =0 and degVy; =1,

1
degy* = —1 for ieZ+5, degy; =degVy* =0 for i€eZ
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(resp. degV, =1, degVy* = — 1 for ieZ, degVy, = degy¥ =0 for
1 -
ieZ+ 5), obtaining the fermionic (resp. bosonic) charge decomposition

of U:

8.7) U= @Z Uiy (resp. U = @Ii Up):n) -

Again the subspaces U,,., and Ug,., are not invariant with respect to
glooloo-

In order to avoid « anomalies » in a,,,, we change the representation
p. Define p as follows :

(8.8a) p(Ep) =p(Ey) + (-1 for i<0
(88b) p(E)=pEy) if i#j or i=j>0.
Then the corresponding cocycle is

C™(E;, Eu) = C(E_H%. b B <+%),

I+§ —1+§-~

where C is defined by (2.4).

Then extending f) t0 @opiew = @m0 ® Cc with cocycle C~, by
p(c) = I, we obtain a linear representation of the Lie algebra .«
on the space U,, which we denote by p,. One can find a similar cons-
truction of @, ., in [22]. .

The elements p(m), A(m), e(m), f(m) and ¢ of §3 form a basis of
the principal subalgebra 4 < «,,,,. Moreover, now they have the
following commutation relations :

[M(n),e(m)] = —e(m+n),  [A(n),f(m)] =f(m+n),
[n(n),e(m)] = e(m+n), (). f(m)] = —f(m+n),
@), A(m)] = —nd, _nc,  [p(n), p(m)] = nd, _uc,

A(),pm)]=0, [e(n),f(m)] = A(m+n)+u(m+n)+nd, _.c.

So we have the following identification with gl,,, :

A(n) = [8 3’]’ pn) = I}; g], 1 =c.
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If we replace &%, by p,+,; the relations (3.1) still hold, hence, when
restricted to g, we have

A

(8.9) . Pmi1 = Ry

This together with (8.6) proves Theorem 2 in the Weyl superalgebra
case :

THEOREM 2'. — The representation p, of g on U, remains
irreducible when restricted to the principal subalgebra z.

Now we describe the boson-fermion correspondence for W.

We introduce a normal ordering :

k- = VYT for j>0
T = {(—1)4"1\1;;\;;,. for j<O0.
Then p(E;j) = (= D¥*1: Yt
pPAM) = = ¥ Wbk, p@m) = Y i,
keZ kez+%
ple(n) = — Z Z‘l’k_l‘l’:h 5 p(f(n) = Z Z‘I/k\lfﬂ,,_%:-

kez 2 nez

Let U be the formal completion of U, and let y5(z) and ;(z) be the
same generating series as in §4. The series Y3 (z) and YF(z) are slightly
different :

Vi) = 2 — V™5 v = X Wz

ieZ iEZ+%

These are operators that map U into U. Then exactly the same
commutation relations hold as in Lemma 4.1.

Let P, be the projection on U, (see (9.7)) and let

.

1
Pz) = 2Pz 2 and P(z)"!=3Pz ?

be the corresponding generating series of the projections. Define also
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Q; now it maps U, into U, .., ; and this operator is uniquely
defined by the following relations :

Q0> = 1[0,

QUi = ¥ir: Q. QU*=y%,Q for ieZ+%,
QU= ¥Q. QUF=y*Q for ieZ.

"1t is easy to verify the following relations :

LemMma 8.1. For neZ we have:

QP(z) =z 'P(2)Q; QP(x)™' = zP(z)7'Q;

A(mP(z) = P(z2)A(n); AmP(z)"' = P(z2)"'A(n);

r(MP(z) = P(z)p(n); u(MP(z)~"' = P(z)"'e(n);

e(n)P(z) = z7'P(2)e(n); e(MP()™! = zP(2) " le(n);

S(MP(z) = zP(2)f(n); fMWP()™ ! = z7'P(z)"Yf(n);

Qe(n) = e(n—1Q; Qf(n) = f(n+1)Q;

Qi(n) =r(MQ;

Qu0) = WO)-DHQ; Qu(n) = pmQ for n # 0.

(]

Define

I'_(z) = exp (nz -u(—_n)z">, r.(z) = exp(— Y K(=m z"),
>0 h n>0 n

then the following relations hold :
LeEmMMma 8.2
I.@emMT,(z2)"! = e(m) — e(m+1)z7*,

C.@fmT. ()" = ) fm+iz™,
i=0

e}

Fi2) temI,(2) = ) e(m+iz™i,

T @ ' fmT.(2) = f(m) — f(m+1)z™",
I'_(2e(mTI_(z)~! = Z e(m—i)z,
i=0

T_@fmT_(z)~' = f(m) = f(m—1)z,
. 'emI_(z) = em) — em—1)z,

e

I 'fml-(2) = ¥ fm—i)z. O

i=0
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Now as before, we have :
¥i(2) = P@QIr-(T.(2), V¥i() = Q 'P) 'T.(2)7'I(2)~".
Using Lemma 4.1 we find

1
2

W@ = O, W@z and Vi) = [e(0), V(D]

Applying Lemma 8.2 we find the analog of Theorem 1 in the Weyl
superalgebra case. Let e(z) and f(z) be as in §4. Then we have:

THeoOREM 1’ (The super boson-fermion correspondence for W).

Vs(2) = P2)QI'-(2)f(2)T+(2),

Vi) = QP TIT_(2) eI+ (2) 71,

Yi(z) = P@)QIr-(9)I'+(2),

Vi) = Q'P@)'T_(97'T.(9)7".
ProposiTioN 8.3. — For |y| > |z| we have

-\ 2\ ! 4
(a) Dm(z; E;jy'z > (z> r—(y’z)[l_Z/y+e(2)+<z>f(}’)

i«je-z-Z

+ (X - 1>f(y)e(2)]r+(y, 2),

V4

X i m__1 l
7 E.-,-y'z‘f) = (f) @, z)[1 — et (f)f(y)
y i, z 3 1
+(poearoa (F(-5) )5

ro) - e T EEP )

n>0

™

® p(

i.je

N =

where

and

R ) e

n>0
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Finally, we introduce the operators S and T in the Weyl superalgebra
case :

S=- Y D@V ad T= Y VWV

ie-2-Z. 1577,

Lemma 7.1 also holds in this case for the representation p instead of
n. Hence the super KP hierarchy can be defined in a similar way :

SFRF) =0 for FeU,.

9. Reduction to gl .

In this section we return to the description of gl, ., and a4, and
their highest weight module V,, in terms of the Clifford generators.

Let & = C[t,t”'] be the algebra of Laurent polynomials in ¢,
previously introduced in §3. Fix two positive integers k and /. Denote
by ©,,®,, ..., s, the standard basis of C**'. We identify the vector
space #**! over C with the space ¥ (see §2) by
(9.1) “l’kl+]=t_‘(p] if lEZ, ] = 1,...,k,

¢Ii+j+%=t—i(pk+j if iEZ, ]= 1,...,1.

The Z,-gradation on ¥ induces a Z,-gradation on C**!, viz, deg ;=0
(resp. deg;=1) if j<k (resp. j>k). The identification (9.1)
gives us an imbedding of associative algebras T: Mat,, (&) = 2w,

where the matrix algebra Mat, (%) acts in the usual way on Z£**!.
Moreover, T also gives rise to the embedding of the corresponding Lie
superalgebras T : gl (&) = a4». Explicitly

(9.2) T(t"e,;

= Z Evnomy+i,kn+j if i,jel,... k,
neZ

=Y El("_m)_kﬂ_%’k"ﬂ if iek+1,...,k+1 and jel, ... k,
neZ

=Y El("_m)hkﬂ_%.{"_kﬂ_% if i,jek+1,...,k+1,
neZ

I

% Byremertos it iel,....k and jek+1,...,k+l,
ne



134 V.G. KAC AND J.W. VAN DE LEUR

where ¢;; is the (k+1) x (k+I)-matrix with an (i,j)-entry | and zeros
elsewhere.

The cocycle C on a4 ,. defined by (2.4), induces a cocycle on
gl /(¥), which we also denote by C and which can be easily calculated
using (9.2) :

C(A(t), B(t)) = Res, -, Str (‘I—Ad—t(t—) B(t)).

Equivalently, this defines a central extension

& = gha(£) @ Cc,

where the bracket is defined by (A,B € gl;;(C)):
[t"A,t"B] = t"*"[A,B] + md,, _, Str (AB)c.

The superalgebra gl is called the affine superalgebra associated to the
finite-dimensional Lie superalgebra gl,;(C).

Since the principal subalgebra g ¢ ., is contained in T(gh),
we get the following simple consequence :

ProposITION 9.1. — V_ is an irreducible gl ,-module. O
Note that |m) is the highest weight vector of the gl;,,. Now the Cartan
subalgebra #Z of %l has as basisc, e;;, ..., e the elements 2k, 2k.

Using the relations in the Clifford superalgebra, and its action on V,,
we calculate the highest weight of the gl ,-module V,,:

93a) f(c) Im) = |m),
(9.3b) #i(e;)im) =0 for i# k+ 1,2k and me Z,
(9.3¢) flegsy x+1)Im) =mlmy f m>0and =0 if m<O,

(9.3d) f(ep, ) Im) =0if m>=0and =(m+1)im) if m<O.

Notice that since V,, is not unitary as an e, ,-module, the same is
true for V,, as a gl ,-module. Unitarity and integrability, which play
an important role in the representation theory of affine Lie algebras [10],
seem to play a minor role in the representation theory of affine Lie
superalgebras. Some support for this statement is given by the following.
In [14], the contragredient Lie superalgebras (introduced in [6]) of finite
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growth with symmetrizable Cartan matrix were classified. They all turned
out to be non-twisted and twisted affine superalgebras. Only for a few
of those superalgebras, viz., B*(0,n), A®(0,2n—1), C?(n+1) and
A™(0,2n), there exist non-trivial integrable highest weight representations
}(see [7]). In all other cases (resp. in all cases) one can prove, using the
methods of [8], that there are no integrable (resp. unitary) highest weight
representations except the 1-dimensional. We hope that our construction
of the gl,,-modules V, will give an indication which « new » conditions
will take over the role of unitary and integrability in the representation
theory of affine superalgebras.

The principal gradation of a5 (s€€(2.5)) induces a gradation on
&l :

deg (t™e;;)) = 2(km+j—i) if i,je ...,k or i,jek +1,...,2k

=2(k(m+1)+j—i+%)
if iek+1,...,2k and jel, ...,k

= 2<k(m—l)+j~i—-%>

if iet,...,k and jek + 1, ...,2k.

This gives a principal gradation on the gl -module V, which is exactly
the same as its principal gradation as a4 -module. Hence the
g-dimension of the gl,,-module V, is given by formula (6.2).

Added in proof. We have constructed recently a super boson-fermion
correspondence for the Lie superalgebra b,,,.. In this case the Clifford
superalgebra is generated by neutral free superfermions ¢;, i € 1/2Z, satisfying
relations

0:0; + (— D*o,0; = (— 1)[“81'.—1-
The corresponding SBKP operator is

§$=2 Y (—-)o_;®9;.

je1/2Z
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