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SOLVING POWER SERIES EQUATIONS,
PART II : CHANGE OF GROUND FIELD

by Joseph BECKER (*)

In the study of algebraic geometry or local analytic geometry over a residue
field k of characteristic zero, one usually ignores the residue field, especially
if it is algebraically closed. One reduces all questions to purely algebraic
statements in commutative algebra. If one wants to pass to an extension field
F of k, we reduce the problem at hand to an appropriate exact sequence,
tensor with F over k, and apply faithful flatness. In [7], I showed this
technique is inadequate for analytic geometry, because analytic tensor
product isn’t flat. In particular there are examples of injective, local, algebra
homomorphisms of convergent power series rings :

© : AxyD)> = At ptatets) ),

where A is the field of algebraic numbers, such that the natural extension of

(p: C<<X,Y>> i C<<t1,t2,t3,l4,t5>>,
where C is the field of complex numbers, is not injective.

In [9] we continued the investigation of the properties of local algebra
homomorphisms begun in [2, 12, 14, 18], and showed thatif ¢ : R —» S is
an algebra homomorphism of reduced analytic rings over C which is closed
in the Krull topology, then ¢ is open in the Krull topology. This can be
restated as follows: If ¢ is injective and @(R) NS = @(R), then
¢ : R - § is injective, where hat denotes completion. This is a purely
algebraic statement about formal and convergent power series, €.g.

{[3conv. f+#0 with f(¢)=0] and [V formal g with g(¢) conv., 3 conv. f with
f@)=g(9)]} = {3formal f#0 with f(¢)=0},

the proof given in [9] uses topological techniques, and relies heavily on the
completeness of the complex numbers. Since the above statement is purely

(*) Supported by NSF Grant No. MCS 77-00967.
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algebraic, it is natural to ask whether it holds for series over a valued field k of
characteristic zero. As we have mentioned, we can’t answer this question by
just reducing everything to a set of equations. Also, we can’t just duplicate the
proof, due to our essential use of functional analysis. Instead we will show that
all the relevant topological properties of local algebra homomorphisms are
invariant under change of the residue field and hence for subfields k of C,
closed maps are open. A long chase through the proofs of sections 1, 2, and 3
of this paper yields a purely algebraic, but far more technical, proof of the fact
that closed maps are open.

1. Introduction.

We recall first the main result of [9]. Let ¢ : R — S belocal C algebra
homomorphism of reduced analytic rings. By the Krull topology, we mean
the metric topology given by the powers of the maximal ideal ; by the simple
topology we mean the metric topology induced by the coefficients of the
power series, i.e., the topology of convergence of coefficients. By the inductive
topology, we mean the topology induced from the direct limit of the Banach
algebras B, = {f = Za,z%Z|a,r* < oo}. Tosaythat R isclosedin S ina
given topology just means that R is a closed subset of S. To say that ¢ is
open means that the map R — ¢(R) is open where @(R) has the relative
topology induced from S. If R injectsinto S, we say that R is a subspace
of S if the topology on R induced from S is the same as the natural
topology on R. We say that ¢ is strongly injective if the map of abelian
groups R/R — §/S is injective. Consider the following conditions :

a) R isclosed in S in the Krull topology.
)

b is closed in S in the simple topology.
9
d) ¢ is open in the Krull topology.

e)
)

R
R
R is closed in S in the inductive topology.
¢
¢ is open in the simple topology.

Y

is open in the inductive topology.

THEOREM[9, 2.8]. — a,b,c,and f areequivalent; d and e are equivalent;
a implies d; d does not imply f.

We will generalize this result to analytic rings with more general residue
field. We will employ the following technique : Start with the original
equations over k, passfrom k to C, apply our results there, and deduce the
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desired result for k. More precisely if

R =klyy, - ymrd/L S = k{{Xy,. ., x, 00/,
I generated by f,....f,, J generated by g,, ..., g,, let

R = CLs- - - ymd/T, S = C{xy,. o x,o0/ 7,

where T and J are the ideals generated by the f;, g, respectively and
@ : R - S be the extension of @ : R = S. (We may think of R as the
analytic tensor product of R and C over k.) We must determine the
relation-ship of ¢ being open, injective, closed, strongly injective, respective-
ly.

To begin, note that if h is a formal power series over k, then h isa
convergent power series over k if and only if & is a convergent power series
when considered as a formal power series over C. Let i:k — C be the
natural inclusion of fields. There is an additive k linear projection nn : C — k
such that m-i = identity on k, and = extends to a projection
C[[x]] — k[[x1], where x = (x,,..:,x,). Since m is constructed via a
transcendence basis of C over k, it is highly discontinuous and does not
carry C{{x)) to k{{x))>. It is elementary to check that if fe C[[x]],
g € k[[x]], then n(f-g) = n(f)-g. Also if

o; € k[[x]], ¢© =(@,-.-,9,), and Ve C[[y]],

then n(Y(¢)) = n(Y)(e). We check that R injects to R : Suppose

Vek{y)>,  fiekyd), heCyy), and ¥ =} fh
i=1
is zero in R. Then applying ©, we have | = i n(h)f;, m(h)ek[[y]1].
But then =1

Ve k() N (K™ = (kDD

so I, e k< {y>>soy = Z h.f, is zeroin R. Similarly it is trivial to show
i=1
S injects in S and we get a commutative diagram :

[0}
—

RN

|-
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Furthermore if  : R, - R,, and { : R, = R; are local maps of analytic
rings then Yo = { ¢.

We also employ a similar construction for complete rings. If

T = k[[xy,- - -x.]1/4

is a complete ring and F an extension field of k, welet T = T ®,F be the
completed tensor product of T and F over k. This is constructed as
follows : Let F =lim F, be the direct limit of finitely generated field
extensions F, of k. Then T ®,F = (lim T ®,F,) . This extends in the
obvious manner to finite modules over complete rings. We check that the
functor T - T ®, F isflat :ie.let p beanidealof T, andshow p ®,F is
an ideal of T ®, F. Since usual tensor product is exact, the exact sequence
0 —» p — T induces an exact sequence 0 - p ®, F, - T ®,F,. Sincedirect
limit preserves exact sequences, this yields an exact sequence

0 - p®F > T®,F.

It is trivial to check thatif ¢ : T, - T,,¥ : T, —» T, are local maps of
complete rings over k, then ¢ and | induce maps ¢ : T, —» T,,
Y : T, » T,, and we get a commutative diagram :

v
, —>

T, = T T,
TILTZLT;«
oV

Next we note thatif T = k[[x,,...,x,]1/9, ¢ = (hy,...,h,) isacomplete
ringand T = T ®,F, that T injectsinto T, n inducesamap T - T,
and =(i) = identity on T. Only the second assertion requires a proof.
Suppose ¥, , ¥, € F[[x]] are two representatives of the same element of T,

t

then Yy (x) = ¥,(x) = . 0ix)h(x), ;€ F[[x]], h; € k[[x]]. Applying

i=1
t

we have my; — my, = Y mw(c)h; so my, and my, are the same in T.
i=1

LemMma 1.1, — Let ¢ : T, —» T, bealocal map of complete rings, then @ is
injective if and only if @ is injective.
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Proof. — An elementary diagram chase.

T, 2 T,

nlJ iy izl[“z iZ(p
@

T, — T,

¥,
T,

€
Ry
I

Ifo : k[y] —» k[x] or k[[y]] — k[[x]] or more generally any local k algebra
homomorphism of affine or complete rings, ¢ is injective if and only if ¢ :
C[y] - C[x], C[[y]] » C[[x]1] is injective. Also it is easy to check that if
¢ : R - S isamapof k analyticringsand ¢ : R — S isinjective, then ¢ is
injective. However the converse is false. This is despite the fact
([10, Satz 1.4.4, page 38] with the help of [11, 3.5.2, Theorem 1, page 227])
that R isaflat R module, and hence an exact sequence 0 — R — S induces
an exact sequence 0 - R —» S ®; (R®,C). This last module is not the same
as S ®, C-analytic tensor product is not associative. If S is a finite R module,
then S®,R®C) =S®,C and we get an exact sequence
0—+R >S5S —0. However letting R =S = Q{x,y>> and o¢(x) = x,
¢@(y) = xy, itis easily checked that

y ® Z xr®rl/r> _ Z 1 ® yxr ® rir
=1 r=1

is a nonzero element of the kernel of the natural map
S ®&(R ®Q C) - (S®&rR) ®QC-

On the other hand it is obvious thatif @ : R — S is onto, then the induced
map¢o: R=R®,C—->S®,C =S is onto.

Lemma 1.2. — If R is an analytic ring, then R is isomorphic to R. If
¢©:R->S, ¥:S—>T are local maps of analytic rings then there is a

commutative diagram :
S \\ \ \
Cg

v

-1

l

e
N N

>T

\’:r

|, =/} W — — )]
v ¢——F—— WD

N




6 JOSEPH BECKER

Proof. — Follows immediately from all the preceding properties. Let

R = k{{x>>/(f); then

_ R=CKHNH), R=CIXIU,
R = k[[x]1/f), and R = C[[x]INf).

2. Descent from complete fields.

We now investigate what happens to the topological properties of @ when
changing the residue field. We find that these properties are invariant under
change of the residue field.

THEOREM 2.1. — With the same notation as section 1 and all topologies
being the Krull topology :

a) @ injective = @ injective,

b) R is a subspace of S = R is a subspace of S,
¢) @ open =@ open,

d) R isa subspace of S = R is a subspace of S,
e) ¢ open = @ open,

) @ strongly injective = @ strongly injective,

g) @ strongly injective = @ strongly injective,

h) @ closed => ¢ closed.

If' S is reduced, then we also have,

i) @ closed = @ closed,

J) © closed = o open,

k) o injective and closed = o strongly injective.

Proof. — We begin by reducing to the case where k isdensein C. There
are two possibilities-either k = R or k is dense in C. If k < R, let
i=,/—1 and F =k[i]. Then F is dense in C and the projection
F — k iscontinuous in the Euclidean topology on C and hence the induced
projection F[[x]] - F[[x]], carries F<{{x))> to k{{x>). Let
¢o:R->S,and Yy =90®1:R®,F—>S ®,F. Itis now trivial to verify
that y and ¢ have the same relevant properties.

Proof of 2.1a. — Trivial diagram chase.
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Proof of 2.1b. — R is a subspace of S = R injects into S, by [6.1.12]

= R injects into S, by lemma 1.1 = R injects into S, by lemma 1.2
= R is a subspace of S, since R is a subspace of its completion and the
composition of subspaces is a subspace => R is a subspace of S, by [6,1.8].

Proof of 2.1c. — ¢ : R - S open implies R — R/ker ¢ is onto and
R/ker ¢ is a subspace of S by [6,1.3]. Hence R — (R/ker ¢)~ is onto and
(R/ker @)~ is a subspace of S by 2.1b. By [6, 1.1 and 1.6], ¢ is open.

LemMma 2.2. — R is a subspace of R.
Proof. — We recall the definition of bsubspace [6]:
VieN, JkeN o) m(Ry o i“(m(R)f‘;.
By abuse of notation we will let o = y*n denote the statement that

c e m(R). (We really should write 3n,€R so o = ) y’na.> Now the

It = k
statement that R is a subspace of R becomes :

vj, 3k, VneR, VyeR[U=yn=3IBeR so y=)P].
In fact we can just let k = j. Then
V=yn =¥ =nW)=ynp) = veR nmRFR = mR).
Alternate proof of 2.2. — R is a subspace of R and R is a subspace of

= R by the Chevalley subspace theorem so [6,1.7] R is a subspace of
.ButR <R c R so[6, 18] R isa subspace of R.

=ih P

Proof of 2.1d. — R is a subspace of S so R injects into S. Also R
injects into R. An elementary diagram chase shows R injects into S.

Proof of 2.1e. — We first show that it suffices to consider the case where
R injectsinto S. Let ¢ : R - S and R, = R/ker ¢, then R - R, - 0
and 0 - R, —» S are exact. It follows that R > Ry — 0 is exact, and we
havemaps R — R, —» S. Clearly ¢ openimplies the map Ry, — S is open.
The special case would imply that the map R, — S is open. By [6, 1.6]
applied to R - R, = S, ¢ is open.

We now assume ¢ isinjectiveand ¢ isopen. If ¢ were injective, then by
[6, 1.2 and 1.1] and 6.1d we would have that R is a subspace of S so R isa
subspace of S so ¢ isopen.Let 0 - K, - R —» S beexact, with K, # 0.
Applying n and lemmas 1.1 and 1.2 yields an exact sequence
0-K,->R—->S, with K, #0. Let R, = R/K, and R, = R/K,.
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From the faithful flatness of completion applied to the sequence of finite R
modules : 0 - K; - R - R, — 0, and from the faithful flatness of comple-
ted tensor product applied to the sequence 0 - K, - R - R, - 0, wehave
that R, = R/K and R, = R/K,. From the flatness of completed tensor
product over a field apphed to the sequence 0 — K, — R — S, we have an
exact sequence 0 » K, - R - S. Since ¢ is open, [6, 1.11] the exact
sequence 0 — Ky - R —>S completess to an exact sequence
0-K, - R-S. Chasing canonical homomorphisms as in lemma 1.2, it
follows that K, = K,. Let R; denote

R, = l-{z = Cllyy- - -yl f1s- - ~afq)’

where f; € k{{y)>>. Let r = dimR;, r < n; then r = dim R, = dim R,
and for a generic linear combination Z,,...,Z, of y,,...,y, over k,
A = k({Z,,...,Z,>)> injectsinto R, A = R,, A cR,, A cR,, R, is
finite over A = A,, R, is finite over A = A,, and R, is finite over
A = A;. Now z,,, satisfies a nonzero polynomial P,,P,,P; in R;,R,,
R; of minimal degree d,,d,,d, in z,,, over A, A,, A; respectively. (If
the R; are domains, this polynomial is monic because A, A, A are each
normal.) Considering the finite maps A; — A;[z,,,], and applying the
faithful flatness of completion and completed tensor product over a field, we
find that d, = d;, d, = d;, (to be henceforth denoted by just d) and that
P, =P;, P, = P;. Let

d d

_ - . - - .
L= ) AZegs Zal Zr+1o a,€A, g;eA.

Then P, — P, is zero in R; and the coefﬁcients a; — @, are zero in A.
Hence a, = a;€ A nA = A. Hence P, e A[z,,,]. From the commutati-

ve diagram : o
R— R/K,

]

S —

we see that R injectsinto R,. But P, iszeroin R, so P, iszeroin R. On
the other hand, A[z,,;] injects into R so we have each q; = 0, and we
have a contradiction with the fact that P, is a nonzero polynomial.

LEmMa 2.3. — R = R N R, where R and R are both considered as
subsets of R.

Proof. — If R is regular, the result is clear. Otherwise, let A be a regular
analytic ring over k, and R a finite extension of A. Then R is a finite
extension of A, R isafiniteextensionof A, and R isa finite extension of A .
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Let feR nR, then f satisfies a polynomial over A, A, A, and the
minimal degree polynomial P, P, P for f over A, A, A in R, R, R
respectively, are all monic. Since maps of analytic and complete rings both
satisfy the property that they are finite if and only if they are quasi finite, it
follows easily that the degrees of P, P, P are the same, say = r. Now

is zeroin R and of degree less than the minimal polynomial P. Hence each
d; —a; =0.Since A nA =A,a,4,€A. Hence f R and f isintegral
over A. Since the integral closure N of R is a finite module over R, R is
closed in N; thatis R nN =R, so feR.

Proof of 2.1g. — By lemma 2.3, there is an injection of abelian groups
R/R = R/R. By hypothesis the natural map R/R — S/S is injective. The
result follows from the commutative diagram :

RR — §/8
1
R/R S/S

LemMa 2.4. — R 4+ R = R, that is every formal power series over C can
be written as the sum of a formal power series over k and a convergent power
series overs C.

Proof. — k is dense in C.

Proof of 2.1f. — We know R/R injects into S/S. Suppose Ve R and
V(9)€S; want to show yeR. Write ¥ =y, + V,, ¥, eR, Y, eR.
Clearly V,(9)€S, V,(9)€S. Since V(@) = V() — V() €S, we have
V(@) €S nS =S. Now o is strongly injective, J;(p)€S, and V¥, eR
implies , € R. Finally ¥,,V¥,eR so yeR.

Proof of 2.1h. — Assume ¢ is closed, ll/eﬁ and y(p)eS. Write
V=V, +V,, V;eR, Y,eR. Clearly V,;(9)eS, V,(9)eS. Since
U, (@) = V(®) — V,(@) €S, we have Y, (9)eS NS =.S. Now ¢ closed,
V, €R and Y, (p)eS implies there exists 1 e R so n(®) = V,(¢). Then
n+ V¥, eR and (n + V,)(e) = V().

Proof of 2.1i. — As in the proof of 2.1e, it is easy to check that it suffices to
consider the case where ¢ is injective. (We omit the details.) Also from
standard considerations, we know that S reduced implies S, S, and S are
all reduced.
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Now ¢ closed — ¢ open by [9,2.13] — ¢ open, by 2.1e. Next ¢ open
and injective — R isasubspaceof S — R isasubspaceof S by6.1b — ¢
is injective. Finally ¢ injective and closed = ¢ strongly injective by
[9, 2.12] = o strongly injective by 2.1g = ¢ closed.

Proof of 2.1j. — o closed = ¢ closed by 2.1h = ¢ open by [9,2.12]
= @ open by 2.1e.

Proof of 2.1k. — ¢ closed and injective = ¢ closed, open, and injective
by 2.1j — ¢ strongly injective by [6, 1.2, 1.12, and 2.2].

-THEOREM 2.5. — The following are equivalent :

(i) @ is open in the Krull topology,
(i) @ is open in the simple topology,
(iti) @ is open in the Krull topology,
(iv) @ is open in the simple topology.

Proof. — (iii) < (iv)by[9, 2.8]; (i) < (iii) by theorem2.1; (i) = (ii) by
the proof of [9, 1.5];(i1) = (i) because ¢ open in the simple topology implies
the completion of ¢ in the simple topology is injective so by the proof of
[9,2.7]. R = S is injective. Hence by lemma 1.1, R — S is injective. Hence
¢ is open in the Krull topology.

THEOREM 2.6. — Assume S is reduced. Then we have the following set of
implications. This shows all the properties listed are equivalent.

¢ closed Krull «—— ¢ closed Krull

of e I

¢ closed simple ¢@ closed simple
o |
¢ closed inductive & @ closed inductive
l®
@

¢ open inductive  «—— @ open inductive

L l

rk @ = dim R/ker ¢ «— rk @ = dim R/ker .
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Here for the rank of ¢, we can’t use the usual geometric definition which
works when k is algebraically closed, but must resort to a purely algebraic
definition. Let D(S/R) be the module of differentials of S over R and

e o)

Q(S/R) = D(S/R)/N m'D(S/R),

i=1

where m is the maximal ideal of S. By the rank of ¢ we mean the rank of
the S module Q(S/R). Itiselementary to check the following : If R and S
are analyticringsand i : R — S the naturalinclusion, then rki < dim R. If
YV: R->S, n:S->T are local maps of analytic rings and
rkn =dimS = dim T, then rk y = dim R ifand onlyif rk ny = dim R.

The proof of all the unnumbered implications has already been given in
[9] or theorem 2.1.

Proof of (1) and (3). — Obvious since the Krull topology is weaker than the

simple topology and the simple topology is stronger than the inductive
topology.

Proof of (2). — Suppose ¢ is injective and ¢ and ¢ are closed in the
Krull topology, ie. ®[R) NS = @(R) and ¢(R) n'S = ¢(R). We then
show ¢ is closed in the simple topology, i.e. (p(ﬁ) NS = @(R). Clearly
oR) nS < 9(R) nS < o(R) NS. Let neS, veR, and V(p) = 7.
Then n = n(n) = (TY)¢ € 9(R). So

neo®R) NS < ¢(R).

Proof of (4). — This goes exactly as in [9, theorem 2.8f — d] since the
completeness of the field was not usued there.

Note that in each of (5), (6), and (7), we have from [9, 2.8] that ¢ is openin
the Krull topology. By 2.1e, ¢ is open in the Krull topology. By the habitual
argument, it suffices to consider the case where ¢ is injective-then R is a
subspace of S and by a now standard argument, ¢ is also injective.

Proof of (5). — Since rk @ = rk ¢, this is obvious.

Proof of (6). — Let n be in the closure of R in S in the inductive
topology, then 1 is in the closure of R in S in the inductive topology.
Hence neS. Now neR nS so applying the projection m, we have
neR nS. Since ¢ is closed in the Krull topology, n €R.

Lemma 2.7. — R is a subspace of R in the inductive topology.
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Sketch of proof. — If R is regular, this is obvious since the Banach norms
lI=1l, on R are just the restrictions of the corresponding Banach norms on
R. Although the inductive topology on R is not metric, we may still
consider the completion of R with respect to Cauchy nets, denoted IC(R).
The desired result if just the statement that IC(R) = R, which is of course
true for regular rings. Clearly R is complete in this topology. If

R = k{{y>)>/1, then
IC(R) = IC(C{y»)/ICT). and IC(R) = IC[k{Ly>))/IC(D).

The last equality is not as clear. One needs to check that the inductive
topology on I induced from being a subset of k{{y)) is the same as the
inductive topology on I considered as a finite module over k{{y)>>.(Over
the real or complex field this follows trivially from the open mapping theorem.
For more general fields this technique is not available, but this result is still true
[13, Kapitel II, section 2.7, Satz 9, page 97].)

We have an exact sequence 0 - I — k{{(y>> - R — 0 and an induced
commutative diagram :

0 - IC(I) — IC(k{{y»>) — IC(R) = 0

l ! !
0- I - CKy> - R -0

By induction on the homological dimension of I, we may assume IC(I) =T
(since it’s true for principal ideals) and hence the first two columns of the
diagram are isomorphisms. By a elementary diagram chase, the last column is
also an isomorphism.

The technique employed here is similar to that used in [9, theorem 2.7]. A
more thorough explanation can be found there.

Proof of (7). — We have a commutative diagram with @, ¢ injective.

=

R
v —

1Y
—

Now ¢ isopen[9, 3.i] = R isasubspace of S = R issubspaceof S, by 2.7
and [9, 3.v] = R is a subspace of S by [9, 3.vi].

Part 8. — This proof is long and tedious and is deferred to section 3.
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3. The Final Step.

This section is devoted to proving part 8 of theorem 2.6. Although the
result holds even when S has nilpotents, for the sake of simplicity we will
consider only the case where S is a domain.

In this section we will consider analytic rings R and S whose residue
fields kg, ks respectively are not necessarily equal. By the statement
¢©:R—>S is a local algebra homomorphism, we also mean that
o(My) < Mg, o(kg) < ks and [kg: kg] < oo. The general theory of such
mappings is carried out in [2, section 1] and to the best of my knowledge,
everything comes out exactly as in the usual case. This generalization is not-
considered for its own sake, but because of the change of residue field which
occurs in lemma 3.2.

Since we already have that ¢ open in inductive topology is equivalent to
rk @ = dim R/ker ¢, it is sufficient to show that ¢ closed in inductive
topology implies that ¢ is open in inductive topology or
rk @ = dim R/ker ¢@. The proof will be divided into 3 sections :

(1) Reduction to the case where ¢ is injective, S is regular, and
dimS =rko.

(i) Proof that if f; is a sequence in R and ¢(f;) converges in the
inductive topology on S, then f; converges in the simple topology on R.

ili) Assuming dim R > dim S, the construction of a sequence f; in R
which violates the above conditions.

In part (i) we use the rank condition as our conclusion.

Observation 3.1. — If y:R—>T and n:T — S are local maps of
analytic rings (which do not necessarily all have the same residue field), { and
n are closed in the inductive topology, and n is injective and open in the
inductive topology, then n () is closed in the inductive topology. Note that
this does not seem at all obvious if we drop the hypothesis that n is open, and
we do not yet have that closed implied open.

LEMMA 3.2. — Reduction of part 8 to the special case where @ is injective
and S is regular.

Proof. — Clearly ¢ : R — S isclosed iff the induced map R/ker ¢ — S is
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closed. Also rk ¢ equals the rank of the induced map. So we may assume ¢
is injective.

Now consider the scheme B over S formed by blowing up the maximal
idealof R and N be the scheme formed from B by taking the normalization
(integral closure in full ring of quotients) of each affine piece of B. Clearly in
any affine piece B is a finite algebra over S. That N is a finite B module
follows from the following facts : [16, section 36]. Aring A is pseudogeome-
tric if A is Noetherian and if for every prime ideal p of A and ring E,
A/p < E, with the quotient field of E a finite extension of the quotient field
of A/p,and E integral over A/p, we have that E isafinite A/p module.In
characteristic zero, analytic rings are pseudogeometric. If A is pseudogeome-
tric, then every localization of a finite algebra over A is pseudogeometric.

Let
M(S)=(xy,. . ..x,)S, B=S[x,/xy,.. .. x,/x], I=(xy,. .., x,)B=x,B,

and IN be the extensionof I to N. Now I is principal, and a proper ideal
so ht1 = 1. Similarly the height of IN in N isone. Let J be the jacobian
ideal of N. By the Serre criteria for normality, htJ > 2. Since ht IN = 1,
J ¢ IN, and J = J/IN isnotzeroin N’ = N/IN. Clearly B’ = B/I isan
affine ring. Now N isafinite B moduleso N’ isa finite B’ module. A finite
extension of an affine ring is affine so N’ is is an affine ring. Hence there exists
a maximal ideal M’ of N’ with J* ¢ M'. (This is easily seen by tensoring
N’ with the algebraic closure of k over the residue field F of T, finding a
maximal ideal M, of N’ ®.k with J' ® k ¢ M, via the Hilbert Nullstel-
lensatz and letting M’ = M, n N’). Let M be the contractionof M’ toN.
By the jacobian criterian T = N, is regular. Since Ny, is a spot over S,
there is [2, 1.11] a smallest analytic ring T* containing T with T = T*.
This ring T* is just the analytic ring gotten by blowing up and normalizing
in the category of analytic rings. Since T is a finite algebra over S, the
residue field of T is finite over the residue field of S. Since T and T* has
the same completion, they have the same residue field. It can be shown from
[6, section 3], theorem 2.1 and the previous parts of theorem 2.6, that the
quadratic transform i :S — T* is injective and open and closed in the
inductive topology. By 3.1 the composition ¢ : R - S — T* is closed
in the inductive topology. By the special case, rk c = dim R. Since
rki =dimS = dim T, it follows that rk ¢ = dimR.

Remark. — Obviously one would also like to reduce to the case where R
is regular via a finite map A - R where A is regular. However we don’t
know the composition A - R — S isclosed in the inductive topology as 3.1
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is not applicable. We will get around this difficulty in another way in
proposition 3.7.

Remark 3.3. — The maximal ideal M above is not necessarily a k
rational point. More precisely let

R = k{{X,,. . XD/ = k<{KXq,. . X000,
B = k{{Xy,.. . x00[225- - -520]

where z; = x;/x; for i > 2, and B’ = k[z,,...,z,]. Then the maximal
ideal M N B is generated by x, and M' nB’, but M' n B’ is not
necessarily of the form (z,—a,,...,z,—a,) for some a;e k. B’ is just the
initial ideal of I dehomogenized with respect to x,; so is likely to be an
example of the type below. If the maximal ideal M N B isnota k rational
point the residue field of B,, .5 will be bigger than k.

We have used implicitly the following Hilfsatz in the above discussion. Let
R, = R, berings with R, integral over R, and M be a maximal ideal in
R,. Then R; N M is a maximal ideal in R,.

Proof. — D =R;/R; nM c R,/M =F so D isdomainand F isa
field and F is integral over D. If xe D and

Ly 1\"! 1
- +a,_,|— + 4+ al—-)+a,=0, a€eD,
X X X

1
then — 1 = x(a,_;+a,_,+...+apx""') so — isin D. Hence D isa
field. X

Remark. — By restricting to an irreductible component of B, .. and the
corresponding component of N, and making a judicious choice of the
maximal ideal M, we may assume that the residue fields of Ny and By .5
are equal. This is easily seen from the lemma below (since the residue fields of
By .s and By .y are clearly equal) which says that outside a set of codim
one, the map Spec N’ — Spec B’ is unramified.

LemMA 3.4. — Let A and C be reduced affine rings over a field k and
A < C be a finite integral extension. Then there is an ideal 1 = A with
ht 1 = 1 suchthat for every maximal ideal M of A withl ¢ M and maximal

ideal M of C with M n A = M, we have MC,, = MCy, (i.e. the extension
Ay < Cy is unramified).
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Proof. — Recall thatif N is a finite R module that Supp N is the set of
prime ideals p in R such that N, # 0, or equivalently, the set of primes in
R which contain the annihilator of N, where Ann N = {reR : rN = 0}.

Let Q(C/A) be the module of differentials of C over A. Then Q(C/A) is
a finite C module and Ann Q(C/A) is an ideal in C. Let I be its
contractionto A. Let M be any maximal idealin A with [ ¢ M and M
any maximal ideal of C with M nA = M. Clearly MC <« M and

Ann Q(C/A) & M, so Q(C/A)y, = 0. We have an exact sequence :
0> C®R\QA/k) - QC/k) - Q(C/A) - 0.

Localizing at M and utilizing the functorial properties of the module of
differentials yields :

0 - Cy ®Q(Awk) — QCwk) — 0.

The residue field F of C); is a finite (possibility trivial) extension of k so
Q(F/k) = 0. It follows that Q(Cy/F) = Q(Cy/k) = 0. Now if x;, ..., x;
are in the maximal ideal of the localization of an affine ring, then x, ..., x;
generate that maximal ideal if and only if dx, ..., dx; generate the module
of differentials of that local ring over its residue field. Hence the-last exact

sequence implies that MA,, generates MCj;.

It remains to show ht1 > 1. If k is algebraically closed then the
inclusion A < C, induces a finite map Spec C — Spec A, and any regular
point of Spec C where the map has maximal jacobian rank will be a point
notin I so ht1 > 1. We now reduce to the above case. Let k be an
algebraic closure of k. Then

Q(CRK/A ®K) =Q(C/A) ®,k, Ann(Q(C/A)) ®k=Ann(Q(C/A)®,FK),

A ®,k = C ®,k is a finite extension, tensoring with k over k preserves
height, A ®,k and B ®,k are reduced. Hence the general case follows.

Remark 3.5. — Assume [F :k] =d < o0 and meF is a primitive
element for the field extension. Any element of F can be written uniquely as a

d—1
sum Y amn’, where a;€k. Applying this process to the coefficients of a
i=0

power series yields a k linear additive map o :F[[z,...,z,]]
— k[[ty,.. .,t,J], where the ¢, are the n'z; for 0<i<d-—1,
1 <j < n. Now o does not in general, carry F{{z)) to k{{t)).
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In lemma 3.2, we constructed a map V:S — T* = F{({z)). For
technical reasons arising in proposition 3.7, we desire this map to go into
k{{t)> instead. We can’t just apply o ; however we will show that in fact
because of the special construction of the map S — T*, we can assume
Y(S) = k({t))>. By 3.4, thereisnochange of residue field in passing from B
to N, soitsuffices to show theimage of S in By, ,gliesina k analytic ring.
The maximal ideal M =M n B can be constructed as follows :
B' = B/l = k[z,,...,2,], z; = x;/x;, is an affine ring over k, choose a
maximal ideal M, of B’ ®,k =B, M, = (z,—a,)B, a;€k, and let
M’ = M, n B’" and M be the contractionof M’ to B. Then F = k(a)) is
a finite extension of k, F is the residue field of By, and z,,
z, — ay, ...,2z, — a, generate the maximal ideal of By. To show
Y(S) = k({t)> it is sufficient to show each (x;)e€k{{t>). But
x; = 2,2; = z,(2; — a;) + a;z, ; since this is a polynomial over F it obviously
gives rise to a convergent power series over K.

Remark 3.6. — It remains to check that the topological conditions of part
8 of theorem 2.6 are preserved when passing from F{{z)>> to k{{t)) in
remark 3.5. Since a norm of o(g) in k{{t)) is not less than the
corresponding norm of g in F{{z)), itis trivial to check that S closed in
the inductive topology on F{{z>)> implies that S closed in the inductive
topology on k{{t)>). Also the ranks of both maps S — F{(<{z))> and
S — k({{t>) are the same and equal to dim S so the rank of the map
R — S —» F{{z)) is unchanged by this change of residue field.

DEeFINITION. — Let F be a valued field and Z = (Z,,...,Z,) be
indeterminents over ¥. A local map H : F({(Z)) — F{({(Z)) is called a
monomial map if H is of the form (Z;,M,Z,,...,M,Z,) where each M, isa
nonzero monomial in only the variables Z,, ...,Z;_;. A routine computation
similar to [6, Remark 4] shows that H is injective, open in the Krull topology,
and strongly injective. Also it is easy to check H is open and closed in the
inductive topology. Also rk H = n.

LemMa 3.7. — Reduction of part 8 to the special case where rk ¢ = dim S.

Proof. - Suppose Y =(Y,....Y,); X = (Xg,- X)),
@ : k<{Y>> - k¢{x>>, and rank ¢ < n. Then Eakin and Harris [14,
section 4] have proven there exists an isomorphism
H, : k({Y)>) - k{({Y)>), and a map H, : k{({x)> — k{{x>) which is
the composition of monominal maps such that »

V = Hy(@H, : k(YD) = k({Xy,. . X, D) e
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you can transform off one of the variables. From 3.1, it follows that { is
closed in the inductive topology on k{{x,,...,x,»> induces the inductive
topology on k{{x;,...,x,_1»>>, V¥ is also closed as a map into
k{{x1s. . sXy_1yY. Also rky =rk ¢ since rkH = n.

ProposITION 3.7. — Assume dimR =r >n =dimS=rk @, S isregu-
lar, ¢ : R — S isclosed in the inductive topology. Then there exists a sequence
h;e R suchthat @(h;))—0 in the inductive topology on S, but h; + 0 in the
simple topology on R.

Proof. — Suppose ¢ : 0, —» 0, is injective and r > n. By generalizing
[14, lemma 4.2] the construction used in Gabrielov’s example, we have that
there exists a sequence of polynomials f, € k[Y,,...,Y,] of degree v so that

(i) max {|b] : b is a coefficient of f,} = 1

(i) lim ||f(oy,...,0)|}¥ =0 for some t > 0.

VoL

k
1
Let P,=) g—f,.,(Y,,. .5Y)Yy and P = limP,, where

i=0 & k= o0
e, = ||f.(®)l|,. Foreach i, f;,(Y,,...,Y,)Yi' is of degree 2(i !) and order
> i!; thus P iswell defined. Moreover, P is divergent because for each i,
f;» has a coefficient 1, which cannot be cancelled by a coefficient from any
other position, and for any k with i! <k <23, (1/)"* —> oo as
i > 0. Hence the sequence P, of polynomials converges in no Banach
norm in (,. However,

0

1 [ee)

IP(@)Il, < X a—llf,-z(tp)lltllwllli’ < X oyl < oo,
i=0 “i! i=0

provided ¢ is chosen so ||@,]l, < 1. It follows that P,(¢@) converges in the

inductive topology on 0,.

Now R is a finite extension of a regular ring A = k{{Y,,...Y,>) < R.
Let ¢ also denote the restriction of @ to (,, andlet P; denote the image
of the above polynomials in R. Since ¢(P; converges to ¢(P) in the
inductive topology and R isclosed in S, @(P)e @(R). That is there exists
geR, g =limg;,g; polynomial of degree j, with ¢(g9) = ¢(P). Since g
1s convergent, g; — g in the inductive topology, and so ¢(g;) — ¢(g) in the
inductive topology. Letting h = g — P, h; = g; — P;, we have ¢(h) -0
in the inductive topology on S and h; — h in the simple topology on R.
But h # 0 since ge R, and P¢ R (because Pe A — A and A NnR = A).



SOLVING POWER SERIES EQUATIONS 19

LeMMA 3.7. — Let R be an analytic domain. Then for everyl > 0, thereisa
countable set {p;}2, of prime ideals in R, with each dim R/p, =1, and a

function n: N - N, with lim n(j) = oo, and so that q,; < m’, where

j—= o

Jj
q; = M pi, and m is the maximal ideal of R.
i=1

Proof. — By a trivial backwards induction on [, it suffices to consider the
case where /| = dimR — 1.

Now let R be finite extension of a regular ring A = k{{(Y,...,Y,)).
Then R is a finite extension of A. Take any countable distinct set of

hyperplanes H; in k" and I, be the ideal of H; in A. Clearly () I, = (0)

i=1
and () T,. = (0). Now LR is not usually prime, but there exist a finite
i=1

number of primes p; in R so that the contractionto A of each of them s just
I;. Let {p,} be the set of all such resulting primes. Since

(Or)aa=(At)aa-o

and R isadomain, we have that () p; = (0). Since p; is a height one prime,
i=1

p; is also a height one prime; hence p; N A is a height one prime. But

pi=pi "R, L,=p,nA, and I, =p, nA, so I, = p, nA. Since I,

and p, N A are both height one primes, they are equal. Since R isa domain,

the previous line of reasoning show that () p; = (0). Hence

i=1

K

X X Jj
Na=NNH=Np=0©.
j=1 j=1i=1

i=1

By the Chevalley subspace theorem Vjin so §, < m/. Then

g, =4, "R/ nR =ml.

LemMma 3.8. — Let R be an analytic domain and f, be a sequence in R.
Then f, — O inthe simple topology on R ifand only ifthe images of f, in R/p
converge to zero in the simple topology, for every prime p of R with
dim R/p = 1.
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Proof. — Let p;, q; be as in previous lemma. Now f, — 0 in R iff Vk,
f, = 0 in R/m*. Hence [Vi, fi»0inR/p] = [Vj, f,—»0in R/gq;] because

J
R/Qj - @ R/p;
i=1

is an injection of finite R modules = [VIf,—0inR/m'] because
g;cm= f, >0 in R.

Part 8 of theorem 2.6 will follow immediately from propositions 3.4 and
3.9.

ProPOSITION 3.9. — Assume @ : R — S is injective and closed in the
inductive topology. If S is the inductive limit of the algebras B,, h; is a
sequence in R, with @({h;}i<,) contained in a fixed B, and @(h)) - 0 in
B,, then h; — 0 in the simple topology on R’

Remark. — We use the hypothesis that each ¢(h;) € B,, rather than just
saying @(h;) - 0 in the inductive topology on S because without the
compactness of the inclusions B, — B, s < t, this condition does not seem
to follow automatically from the fact that ¢(h;) converges.

Proof of prop. — Let B denote one of the algebras B,, with r small
enough so thateach @(h;) € B andeach ¢(y;) € B where y,, ..., y, generate
the maximal ideal of R. Let ¥ : B n @(R) - R denote the inverse of
¢®R n ¢ !1(B). We give B n ¢@(R) the topology from the norm- ||—|| on
B, and R the simple topology, and show V{ is continuous.

By lemma 3.8 it suffices to prove that for every prime p in R with
dim R/p = 1, the composition B n ¢(R) - R - R/p is continuous, whe-
re R/p has the simple topology. Let N be the integral closure of R/p inits
field of quotients. Since dim R/p = 1, N is normal and of dim one so
regular. Hence there is a finite field extension F of k so that N = F{{t)).
Clearly it also suffices to show the composition, also denoted by 1V,
B n ¢o(R) > R - R/p » F{{t)) is continuous.

Any heF{{t))> has a representation Y h,t" with h,e F. For some
n=0
y;, the image y;, of y, in F{{t)) is a nonzero nonunit. Without loss of

generality, we may assume ||y]| < 1. Let f denote ¢@(y;) and ) C,t" be

nzp

the expansion of y(f) = y;, where p > 0 is the order of VY(f). Let
V(Y = ) Gut",

n>=kp

where C,,eF and C,,, # 0. Clearly f lies in the maximal ideal of S.
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We will now prove the following statement by induction on [ (the desired
result is the totality of all these statements) :

For every integer [, there exists a real number M, so that for every

*) geR no®B),  Wighl < Mgl

Since ¢ does not change the constant term of a power series, and ||g|| = the
absolute value of its constant term, we may pick M, = 1, and the /| =0
stage of the induction is done. Assume the induction hypothesis for
j=0,...,1 — 1, andits negation for j = [ ; we will reach a contradiction.
We have : V0 <] <!l-1, IM; so

VgeB n oR), lo(9) < Mjigl and VM,, IgeB N ¢(R)
with [@(g)] > M,|lg[.
Now pick inductively g,e B n @(R) so that ||g|| < 1 and [V(g,),| is

arbitrarily large (exact formula to be given later). Then o = Y g,f°
i=1
converges in the Krull topology on S so ¢ is also a formal power series over
k. Since ||f]] <1, the sum also converges in the norm on B; hence
o € B. Finally the partial sums all liein ¢@(R) and convergein B and hence
in the inductive topology on S; since ¢(R) is closed in S, we have

o € ¢(R). Similarly forany n > 0, Z g:+nf' converges to an element of
B n ¢(R). =1

Inow claim that Z g,f") = Y Y(g)V(f) asformal power series in
k=1

t. To see this, recall that two elements of F[[t]] are equalifand only if their
coefficients are all equal and note that

v i%f") Z VgV + V(N Z g f*” ">—R1 + Ry,

=n+1

and

‘_L @IV = Z V@IV (Y + ()" Z V@IV =S, +8,.

k=n+1

The first n coefficients of R, and of S, are all zero so the nth order
expansion of R; + R, equals the n th order expansion of R,, and the nth
order expansion of S, + S, equals the nth order expansion of S;. Also
R, = S,, so the nth order expansion of R, equals the nth order
expansion of S;. Hence the nth order expansion of R, + R, equals the
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nth order expansion of S; + S,, for all n. Hence

Ry + R, =8, +35, and > Vg
k=1
is a convergent power series in ¢.

Let [r] denote the greatest integer less than or equal to r and let

= [(m = D/p]. Let ¥(gy) = Z At's V(g = Ay, and compute
i=0 .
Vo) = ¥ V@V = % ( ' Ak.»t‘)( ) Cm")
k=1 k=1 \i=0 n=>hp

Il
Mg
3
<
M=
3
|
=
=
‘p
i
~_

m= =1 j=0
h—1 m— pk m—ph—1
© Z Z kJCAnl /+ z AhjChm j
— m k=1 j=0 j=0
-1
m—1
+ Aleh.m~I + Z Z Aijk.m—i
j=0k=h+1

Recall that |A,;| = (gl < Mjllgill < M; for 0 <j<!—1land k >
Hence for m > I(p + 1), we have

h—1 m—pk -1 m
|0(0)m = ApChmil < Z Z Aijk.m—jl + Z Z Mjlck.m—jl'
k=1 j=0 j=0 K=h

It is possible to inductively pick for m = kp + I, h = k, the ¢(g,), so that

h—1 m—pk I-1 m
I(p(gh)ll ; |Ch,mll_1|: Z Z AijkJn—i + Z Z Mjlck_m—jl + mmjl
k=1 j=0 j=0k=h
because C,, # 0, the first sum runs fromk = 1, ..., h — 1 so depends on

previously picked A,/s and the second sum runsfrom j =0, ...,/ — 1, so
also depends on previously picked data. Making these choices, we have
(o), = m™. The radius of convergence of the power series Xa,z" is
lim infla,|~!'", so we have a contradiction with the fact that (o) is

convergent. Line (*) is now proven.
Q.E.D.
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