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THREE SPECTRAL NOTIONS
FOR REPRESENTATIONS
OF COMMUTATIVE BANACH
ALGEBRAS

by Yngve DOMAR and Lars-Ake LINDAHL

1. Introduction.

The results in Lyubich [11] and Lyubich, Matsaev and Fel’dman
[12] on the spectrum of group representations have inspired us to
reconsider our papers [7] and [9], where we discussed narrow spectral
analysis, a concept originating from Beurling [2] and earlier studied in
[5], pp. 55-66, and [6]. During our work we have found close con-
nections with another independent line of research, represented by
the papers Arens [1], Zelazko [19], Slodkowski [16] and Choi and
Davis [3]. The main results of [3], [7], [9], [11], [12], [16] and [19]
can in fact all be formulated in terms of three different spectral
notions for representations of commutative Banach algebras. The aim
of this paper is to present such a unified approach and to prove some
new results.

Let T be a bounded representation of a commutative Banach
algebra B on a normed linear space V, and denote by 9IT(B) the
Gelfand space of B. With T we shall associate the following three
spectral sets.

The first one is the hull A, (T) in 1T (B) of Ker T. This is an old
and very much studied notion.

The second spectral set A,(T) consists of those ¢ € A, (T) which
are bounded with respect to the seminorm |+| in B, defined by
putting |b | = || T, Il. (T, is here the image of b under the mapping T).
This spectral definition turns out to be an extension of the old notion
of narrow spectrum, studied in [7] and [9].

The third spectral set A,(T), finally, consists of all p € IL(B)
such that, for every € > 0 and every finite FC B, there isav€EV
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satisfying |lvll =1 and IT,v — b(p) vl <e, for all b €F. This de-
finition can be considered as a generalization both of the essential
spectrum in [11] and of the set of maximal ideals consisting of joint
topological divisors of zero, studied in [16] and [19].

The paper is organized in the following way. In Section 2, A, (T)
and A,(T) are introduced and some simple properties of them are
derived. The set A,(T) is introduced in Section 3, and it is proved to
be a closed subset of A,(T). Section 4 contains some elementary
results on restrictions and reductions of representations. The regular
representation R and its adjoint representation L are studied in
Section 5, and we give a new proof of a theorem of ielazko, which
in our terminology states that A;(R) contains the Shilov boundary
of B. In Section 6, this result is used to prove that A;(T) is nonempty
if A,(T) is nonempty. Various conditions which suffice for equality
of two, or all three, of the spectra are also given, and connections
with results in [11] and [12] on group representations are pointed out.
Section 7 contains a generalization of extension theorems in Lyubich
[11] and Slodkowski [16]. Restrictions of L to invariant subspaces of
B* are studied in Section 8. Theorem 8.1 shows that, for these repre-
sentations, A; and A, coincide with the two spectral sets studied in
[71 and [9]. As an application we study the case when B is a Beurling
algebra, and we obtain an extension of the theorem in Beurling [2].
Comparisons are also made with results of Dixmier [4] and Warner
[18]. In Section 9 we give some examples which show the possibility
of having A; # A, # A, for restrictions of L.

2. The spectrum and the narrow spectrum.

Let B be a commutative Banach algebra, and denote by I (B)
the Gelfand space of B, that is the (possibly empty) locally compact
space of all nontrivial complex-valued homomorphisms of B. It
deserves to be pointed out that, except for Section 8, our investigation
will not depend on the choice of norm in B. In particular, we need
not assume that |lab || < |lall lIb]l.

Let
T:B = End(V), b T,,
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be a bounded representation of B on a normed linear space V, i.e. a
homomorphism from B into the normed algebra End(V) of bounded
operators on V such that || Tl =sup T, Il IIb I”! < oo, The kernel
and the image of T will be denoted by Ker T and Im T, respectively.

The spectrum A, (T) of T is defined to be the hull in MU(B) of
the closed ideal Ker T. It is immediate that A, (T) is a closed (possibly
empty) subset of INT(B).

Put B(T) = B/Ker T, and denote the cosets b + Ker T by b;.
We shall give B(T) two different norms. The first one is the usual
quotient norm |l+|l, under which B(T) becomes a commutative
Banach algebra, which will be denoted by B,(T). The canonical
homomorphism

7, : B =>B, (M, b ~b;,

induces a homeomorphism
wy @ MB,(T)) = A, (T)

between the Gelfand space of B, (T) and the spectrum of T. As usual
we identify these two spaces. Then we have

br(p) = b(p) VYEA(T),VbHEB.

Since B(T) is algebraically isomorphic to Im T, we obtain a
second, submultiplicative norm || +|l, in B(T) by putting

lbgll, = IT, 0 .

Let B,(T) denote the completion of B(T) under this norm. Then B, (T)
is a commutative Banach algebra. The injection j : B, (T) & B,(T) is
continuous, because ||byll, < [ITI b4, . It follows that the dual
map

j* : MB,L(T)) = A, (T) = B, (T))

is an embedding. The closed subset
A, (T) = j* (B, (T)))

of A,(T) will be called the narrow spectrum of T. It is convenient to
identify 91T(B,(T)) with A,(T).

Since the elements of A,(T) can be regarded as bounded complex-
valued homomorphisms on Im T, and since the norm of these homo-
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morphisms is at most one, the narrow spectrum has the following
characterization, which does not mention B,(T) explicitly.

PROPOSITION 2.1. — Let ¢ € NU(B).
D) If g€ A,(T), then 1b(p)| < | T, Il for all b €B.

ii) If there is a constant C > 0 such that 15(¢)| S CIT,Il for
all b € B, then p € A,(T).

A simple but useful consequence of Proposition 2.1 and of the
definition of the spectrum is the following :

PROPOSITION 2.2. — Let S and T be two representations of B. If
IS, Il < I T, |l for all b€ B, then A;,(S)CA(T), i=1,2.

We now give some examples which show that, in general, A,(T)
is a proper subset of A, (T).

Example 2.3. — Let D denote the closed unit disc in the complex
plane, and let A(D) be the sup normed algebra of all continuous
functions on D that are analytic in the interior of D. The Gelfand
space of A(D) can be identified with D, and under this identification
f@@) = f(z) for all f€ A(D) and all z€D. Let E be a closed subset
of D such that no nontrivial f € A(D) vanishes on E, and define a
representation T : A(D) - End (C(E)) by

ng=fua' g VfeAD),VgeC(E).
Then
IT ll = sup 17 @)1,
z€E

and hence A (T) =D and A,(T) = E, where E denotes the polyno-
mially convex hull of E.

Example 2.4. — Let (a,); be a sequence of positive numbers
with the following properties

i) _ o =1
ii) iy SQ 0, ,Vm,n,
iii) lim a}/" =0 .

n—
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Let B be the Banach space of all complex sequences b = (b,); with

o =0and |Ibll = Z7 |b, | <eo. B is a Banach algebra under convolu-
tion and N (B) = D\{0}. Let V be the Banach space of all complex se-
quences v = (v,), with |lvll = Z7 |v, | o, < oo, and let V, be the sub-

space of all v €V with vy = 0. By ii), V, is a Banach algebra under
convolution, and by iii), M(V,) = ¢. Convoluting elements in B
with elements in V we obtain a bounded representation T of B on V,
and it is easy to see that B,(T) = B and B,(T) = V,. This gives
A, (T) = D\{0} and A,(T) = ¢.

In order to assure that the spectrum of a representation T is
nonempty one has to impose some condition on T. The following
condition turns out to be sufficient, and it will be assumed to hold
at some places.

Assumption I. — There exists an element u € B such that T, # 0
and T,, =T, for all b €B.

In particular, if B is an algebra with unit and T # 0, then Assump-
tion I is fulfilled.

PROPOSITION 2.5. — Under Assumption I, both A, (T) and A,(T)
are compact and nonempty.

Proof. — If T fulfills Assumption I, then Ker T is a regular ideal
in B with « acting as a unit modulo Ker T, and u; is an identity
element for both B, (T) and B,(T). So in this case A, (T) and A,(T)
are Gelfand spaces of unitary Banach algebras, and this proves the
proposition.

The study of the spectrum of a representation can be reduced
to the case when the representation satisfies Assumption I, simply by
adjoining a unit to B and extending the representation in a natural
way. Let B be the Banach algebra obtained from B by adjoining a
unit 1. We shall regard B as a subalgebra of B. The Gelfand space
o(B) of B can be identified with o1(B) U{yp..}, where ¢_ denotes
the zero homomorphism of B, if we define

b+N(p)=b(p) +\, VBEB ,VAEC, VpE NUB) U{y_}.

Let I be the identity operator on V, and extend the representation T
of B to a representation Tof BonV by defining
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~

T, =T, +Al.

Obviously, T fulfills Assumption 1. The~following proposition relates
the spectra and the narrow spectra of T and T.

PROPOSITION 2.6. — A,(T) = A,(T) N UB) for i =1, 2.

Proof. — The proof is the same for i = 1 and i = 2. We start
from the commutative diagram
B «—> B
1‘1 l T
ImT &> Im T

This induces in a natural way a commutative diagram

B ——> B
. l | = Q2.1
B,(T) —— B,(T)

Since Im T is an ideal in Im T of codimension 0 orJ, g follows that
the codimension of B,(T), considered as an ideal in B;(T) via y;, is O
or 1. (The codimension of B,(T) is O if and only if Im T = Im T, and
the codimension of B,(T) is O if and only if Im T is dense in Im T).
By [14, Theorem 3.1.18] the dual maps of the horizontal maps in (2.1)
induce homeomorphisms

M(B)\{p.} > MM(B) and (B, (D)\#e, > M(B,(T)) .

Here, 5€, denotes the hull of B,(T) in (B, (T)). Thus, depending on
the codimension of B;(T), either ¢, = ¢ or ¥, ={¢" }, where ¢|is
the homomorphism that annihilates B;(T), and in the latter case,
?r',.* obviously maps ¢’ on ¢_. Thus, by duality, we obtain from (2.1)
and from the definition of A; either of the following two commutative
diagrams in which all straight arrows are homeomorphisms.

:m(?) -— m(ﬁ)j\{(p,,} MB) ~— mz(ﬁ)j\{wa}
A, ("Tr) A,.(F) A,.(P A (D\p.}

M(B, (T)) «— B, (T)) AML(B, (T)) < (B, (TH\{pl}



REPRESENTATIONS OF COMMUTATIVE BANACH ALGEBRAS 7

These diagrams show that either A; (T) = A;(T) or
AT = AT UL, )
In both cases, A;(T) = A,(T) N (B).

3. The approximate point spectrum.

We are now going to introduce and study a third spectral concept
which has its roots in some more special definitions of Lyubich [11]
and Zelazko [19].(*)

Let T be a bounded representation of B on V. If FC B and w
is a complex-valued function defined on F, we put

ve(w; F) = inf sup | Tyv — w®)vll .
lvli=1 pEF

The set A;(T) of all ¢ €T (B) such that v1(¢; F) = 0, for all
finite subsets F of B, will be called the approximate point spectrum
of T.

ProrosiTION 3.1. — A3(T) is a closed subset of A,(T).

Proof. - For qach finiAte set F, the map ¢ ~ v, (¢ ; F) is conti-
nuous. Indeed, if 1b(p) — b(py) | <€ for all b €F, then

(@ s F) —vp(pe s F) 1 <€ .

It follows that A,(T), being the intersection of the closed sets
{pe m(B) ; vr(p ; F) = 0} (F finite), is a closed subset of I (B).
Since A,(T) is closed, it now suffices to prove that A;(T) is a subset
of A,(T). Suppose that ¢ € A;(T). Then

1b(@)| = inf b vl < inf (1b(@)v— Tl +IT,vl)<
loll=1 loll=1
vl BY + IT, =0+ 1T, I =T, I

for every b € B. Hence ¢ € A,(T), by Proposition 2.1.

(*) Added in proof. The approximate point spectrum has also been studied
by Slodkowski and Zelazko in their recent paper “On joint spectra of commuting
families of operators”, Studia Math., 50 (1974), 127-148, which among other
things contains equivalent versions of our Theorems 6.3 and 7.1.
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In general, A;(T) is a proper subset of A,(T) (see e.g. Example
3.4). Of course, it is important to know whether A;(T) is nonempty,
and one of our main results (Theorem 6.3) will be that so is the case,
whenever A,(T) is nonempty. There is no corresponding relation
between A, (T) and A,(T) as is shown by Example 2.4.

We now give some equivalent definitions of the approximate
point spectrum. Of these, iii) is particularly useful for the determi-
nation of A;(T) in concrete cases.

ProposITION 3.2. — The following five conditions are equivalent :
i) € A;(T).
ii) vy(p ; F) = O for every finite subset F of some dense set in B.

iii) vp(p ; F) = O for every finite subset F of some set of gene-
rators of B.

iv) vy(p; F) = 0 for every compact subset F of B.

v) There exists a net {v,},c q in V such that v, |l = 1, for all
a €@, and lim || T,v, — b(p) v, Il = 0, for all b €B.

[«3

Proof. — i) = iv) follows by a standard compactness argument.

iv) = iii) is trivial.

iii) = ii) : It suffices to prove that if F ={b, ,b,,...,b,} and
if F'is a finite set of elements of the form a = P(b, ,b,,...,b,),
where P is a polynomial in n variables without constant term, then

vr(p ; F) < Cur(p; F) (3.1)

for some constant C (depending on F and F’). By Taylor’s formula,
there exist elements d; € B such that

a—-a()=Pb,,...,b,) —Pb,(9),...,b,(p) =

= Zl d;(b; - b;(p)) .
-

Hence

n ~ -
1T, -~ a@ vl =1y T, (T, v b0l

=1

n ~ - N
<y ||le, Il T,,]_ v—=bi(@vll<Ca).sup IT,v bl ,
=1 be 1

~.
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with C(a) = Z I ’F"i ||. It follows that (3.1) holds with C = malgg C(a).
i=1 a€E¥
ii) = i) is obvious.
i) ® v): If p€A;(T), then we can construct a net {v.a}aea,
with the set of all finite subsets of B as index set @, and such that v)
holds. The converse is trivial.

Example 3.3. — Let A, ,...,A, be a commuting family of
bounded linear operators on- a Banach space X, and let B be the
Banach subalgebra of End (X) generated by A, ,...,A,. If T is the
identity representation of B, then A;(T) coincides with the joint
approximate point spectrum of A, ,..., A, as defined in e.g. [3].

Example 3.4. — Let B and T be as in Example 2.3. Then

1
A;(T) = E. Thus, if for instance E =§ zlz|= 5; , then

A;(T) # A, (T) # A (T) .

The following relation between A;(T) and A3(¢I:) follows im-
mediately from the definition of the approximate point spectrum.

PROPOSITION 3.5. — A;(T) = A,(T) N M(B).

4. Induced representations.

Let T: B = End (V) be a bounded representation. If I C Ker T
is a closed ideal in B, we obtain a bounded representation IT of the
quotient Banach algebra B/I on V, by defining 'T, ,; = T, . Obviously,
IIlT,,+I|I= IT, I <UTIl lIb + Lllg,;. Identify O1C (B/I) with the hull of
I, which contains A, (T). We then have the following result, the proof
of which is immediate from the relations 'T,,, = T, and

Ker 'T = (Ker T)/I .

ProprosITION 4.1. —VA,.('T) =N() fori=1,2,3.

Thus, in particular, by taking I = Ker T and passing to the
quotient B, (T), if necessary, we may reduce the study of the spectrum
of a representation to the case when A, coincides with the Gelfand
space.
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Let W be a (T-)invariant linear subspace of V, i.e. T,W CW for
all b € B. By restricting each T, to W we obtain a representation T"
of B on W, which is called the restriction of T to W. Obviously,
I'TY | < I T, I, and hence A, (T¥) C A;(T) fori = 1, 2, by Proposition
2.2. Clearly, this inclusion is valid for i = 3, too.

If W is closed and invariant, the reduction TV/W of T to the
quotient space V[W is defined by

Ty Yo +W)=T,0+W.

Since || TY/™ | < I T, Il, we have A(TV/Y) C A,(T) fori = 1, 2. Simple
counterexamples show that this inclusion fails when i = 3.

PRrOPOSITION 4.2, — Let W be a closed invariant subspace of V.
Then

i) A (T) = A (TYHYU A, (TVV)
i) A,(T) DAL(TY) UA,(TVV).

If T is completely reduced by a pair of closed subspaces W and X,
then

i) A3(T) = A;(TY) U A,(TY).
Proof. - All that remains to be proved is the inclusion C in i)
and iii). The first one follows from the easily verified inclusion
(Ker TV) . (Ker TV/"YVyCKer T ,

where the left hand side denotes the ideal generated by all products
ab with a €Ker TY and b € Ker TY/V. The proof of iii) is left to the
reader.

Remark. — There are examples where the inclusion in ii) is
proper, even when T is completely reduced by a pair W, X. See e.g.
Example 9.3.

PROPOSITION 4.3. — Let bEB. If W =T, V, then
{9 EAT) ; blp) #0ICA(TY) for i=1,2,3.

Proof. - Assume that ¢, € A;(T) and B(apo) # 0. We consider
the cases i = 1, 2, 3 separately.
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i=1: Wq have Ker TV ={a ;ab € Ker T}. Therefore a € Ker TV
implies a(yp,) b(p,) = 0, that is a(p,) =0, and it follows that
@ €A, (TV).

i =2 : Firstly, b(,) # O implies | T, || # 0. Next,

W —
IT, 1= sup [T, T,vll=  sup I Tpvll = T I T, 17"
I T,oll <1 ol <iT,i?

and hence, by Proposition 2.1 i),

[@b) (p)| _ NTgpll _ _NIT, 1l
1b(pg) | 1b(pg) | 1b(py) |

for all a € B. This spows that condition ii) of Proposition 2.1 is fulfilled
with C = || T, [l 16(p,) 1", and hence g, € A, (TV).

la(py) | = TV

i=3: Let € >0 and a finite subset F C B be given. Put

C=ma:((l,|d(4po)l) and F' ={ab;a€F}tu{n}.
acF

Since ¢, € A;(T), there exists a v €V such that [|v|l = lb‘(‘po)l’l
and |IT,v — é(gy)vll <e/C for all c€E F'. Define w = T,v. Then
wEW, [[wll = 1b(py)vIl —€/C=1— € and
I T,w — alpy) wll < Tyv — apy) blpy) vl +

+1a(pg) | 1b(py) v — Tyoll < (1 +C)e/C < 2e

for all a €F. It follows that v, € A,(TY).

We have considered representations T on arbitrary normed linear
spaces V. However, as far as our three spectra are concerned, it is no
restriction to assume that V is a Banach space, because if V is the
completion of V and if 'fb denotes the unique extension of T, to Vv,
then T is a bounded representation on V with A,-(:l:) = A;(T) for
i=1,2,3.

5. The regular representation and its adjoint.

Let R be the regular representation of B, defined by

R,a = ba , YVa,bEB .
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Denote the dual space of B by B* and let L be the adjoint of R.
Thus L is the representation of B on B* defined by L, = R} for all
b EB.

R and L are obviously bounded representations. In this section
we shall study their spectra.

ProrosiTioON 5.1. — A;(L) = OX(B) for i =1, 2, 3.

Proof. — It sufficgs to prove that A;(L) = 9UB), and this is
trivial, because L,p = b(p) ¢ for every ¢ € NUB).

CoRrOLLARY 5.2. — A;(R) = 9QWW(B) for i =1, 2.

Proof. — Since |IL, Il = IR, |l, we have A,(R) = A, (L), by Pro-
position 2.2.

Remark. — Corollary 5.2 is equivalent to the inequality

sup |b(p)|< sup llabll, VHEB,
pEM(B) llall<1
by Proposition 2.1. Of course, this inequality is trivial when B has a
submultiplicative norm and a bounded approximate identity with
bound 1. In the general case, it can also be deduced from the spectral
radius formula.

COROLLARY 5.3. — Let 1 be a closed ideal in B. Then

A, (RPN = A, (R® = Hull (1) .

Proof. — Since 1 C Ker RB“, the representation I(RB”) of B/I
on B/I is well-defined. Obviously, '(R®") is the regular representation
of B/I. Hence, Corollary 5.3 follows from Proposition 4.1 and Corol-
lary 5.2.

The approximate point spectrum of R coincides with a concept
studied by Zelazko [19]. In [19], an ideal I C B is said to consist of
joint topological divisors of zero (abbreviated j.r.d.z.) if vg(p_;F) =0
for all finite subsets F of 1. (Recall that ¢_ is the zero map on B). If
B is a Banach algebra with unit, then ¢ € A;(R) if and only if Ker
consists ofi;t.d.z. (In the general case, we have ¢ € A, (ﬁ) if and only
if Ker ¢ C B consists of j.t.d.z). The following theorem is thus only a
reformulation of the main theorem in [19].
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THEOREM 5.4. — The approximate point spectrum A;(R) of R
contains the Shilov boundary T'(B) of B.

Proof. — We shall give a proof that differs from Zelazko’s proof.
Let 9, ET(B), let € >0, and let F={b,,b,,...,b,}CB be a
finite subset of Kery,. (p, is here considered as an element of
JIZ(B)) We have to show that there is an element x € B such that

Ibx || <ellx|l forall bEF. (5.1)
Put

C= sup 16|
bEF, p €IM(B)

and

U={p€ NUB) ;b <5 Vb EF)}.

Since v, €EI'(B) and U is a neighbourhood of ¢,, there exists an
element ¢ € B such that

sup lé(p)| =2 and sup lé(p)| <e/C.
m(B) cu

It follows from the spectral radius formula that

lim ")V =2,
n—o

and that (see [7, Lemma 1])

— n n ~
lim sup  Nby by bK< sup 1b(p)é(p)| <e .
n—>® npytecctnp=n bEF, p EM(B)

Now fix n such that
he'n=1, (5.2)
and
167 5% . bk || < en (5.3)

for every set of nonnegative integers n, ,n,,...,n, with L n; = n.
It then follows from (5.2) and (5.3) that there exists an element
x € B of the form

X=b, byt b ke,

where m; = 0 for every i, and £ m; < n — 1, such that (5.1) holds.
For detalls, see [5], p. 59, where the same argument has been used.



14 Y. DOMAR and L-A. LINDAHL

Remark. — There are examples of algebras B with identity such
that '(B) #A,;(R). See e.g. [1]. However, it is easy to see that
A;(R) =T'(B) when B is a sup norm algebra.

If NI (B) is nonempty, then the Shilov boundary is nonempty,
too. Hence, Theorem 5.4 has the following corollary.

COROLLARY 5.5. — If WU(B) is nonempty, then A4 (R) is nonempty.

6. Nonemptiness of the approximate point spectrum.

Our first aim is to generalize Corollary 5.5 to arbitrary represen-
tations T. To this end we shall need the following :

LiMMA 6.1. — Let Ry denote the regular representation of B, (T).
Then
A;(Rp) CAL(T) .

Proof. — Let 9 € A;(R;), € > 0, and a finite subset F of B be
given. Since B(T) is dense in B,(T), there exists x €B such that

T M= llxpll, =1
and R )
” Tb Tx - b(‘p) Tx “ = ”b'[x]' - bT(\o) x'r ”2 < €

for all b € F. Next, choose w € V such that [[w|l < 2and [| T, wl = 1.
Then
1T, T,w—-b@T, wll<e [lwl <2

for all b €F, and hence v;(p; F) < 2¢. Since € > 0 and F are arbi-
trary, this proves that ¢ € A(T).

Example 6.2. — This example shows that the inclusion in Lemma
6.1 may be proper. Let B be the disc algebra A(D), and let L be the
adjoint of the regular representation. Then B,(L) = B, so R is the
regular representation of B. Hence

Ay(L)=D and A,(R) =23D={z;lz|=1}.
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THEOREM 6.3. — If A,(T) # ¢, then Ay(T) # ¢. In particular, if
T satisfies Assumption I, then A4(T) # ¢.

Proof. -- Since A,(T) = MU(B,(T)), the theorem follows imme-
diately from Corollary 5.5, Lemma 6.1 and Proposition 2.5.

By Lemma 6.1 and Theorem 5.4, we have the following chain of
inclusions :

I'(B,(T)) C A;(Ry) C A,(T) C A,(T) C A, (T) C N(B) .

In general, none of these inclusions can be replaced by equality (cf.
Examples 3.4 and 6.2 and the remark preceding Corollary 5.5).
However, if B,(T) is regular, then I'(B,(T)) = J1T(B,(T)), so it
follows that A;(T) = A,(T). This relation holds, in particular, when
B is regular, because the regularity is inherited by B,(T). If B is
regular and semisimple, then in fact A, (T) = A;(T). The proof of
this uses the following lemma (cf. [5, Theorem 3.21] and [9]).

LiMMA 6.4. — Let b €B and put W =T, V.
i) If b is an idempotent modulo Ker T, then

A, (TY) = supp by ={@ EA(T) ;b(p) = 1} .
ii) If B is regular and semisimple, then

A(T¥YCTA(T)Nsupp b .

Proof. — i) Assume that b is an idempotent modulo Ker T. If
0o €A, (T) and B(<po) = 1, then ¢o€Al(Tw), by Proposition 4.3.
So assume that ¢, € A,(T) and b(p,) = 0. We must show that
@o & A, (TV). Choose ¢ € B such that é(p,) # 0 and puta = ¢ — cb.
Then ab = c(b—b*) € Ker T so that a € Ker TV, but d(p,) = é(p,) # 0.
Hence ¢, & A, (TV).

ii) Assume that B is regular and semisimple. We already know
that A, (TW)CA (T). So assume that ¢, € A, (T)\suppb Then, by
regularlty, we can choose g such that a(p,) # 0 and a(p) = 0 on
suppb Then a(w)b(«p) =0 on OR(B) so that ab = 0 by semi-
simplicity. It follows that «.€ Ker TV and, since a(p,) # 0, we con-
clude that ¢, & A, (TV).

We can now prove the following theorem (cf. [9]).
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THEOREM 6.5. — i) If either A,(T) is totally disconnected or B is
regular, then A,(T) = A;(T).

ii) If either A,(T) is totally disconnected or B is regular and
semisimple, then A, (T) = A;(T).

Remark. — We do not know whether A,(T) = A;(T) for all
regular algebras.

Proof. — The first statement has already been proved in the pa-
ragraph preceding Lemma 6.4, because the hypothesis on A,(T) (or
on B) implies that B,(T) is regular. As for the second statement,
Propositions 2.6 and 3.5 reduce the proof to the case when B has an
identity. Then every non-zero representation of B has a nonempty
approximate point spectrum by Theorem 6.3. Assume that ¢, € A, (T),
and let U be an arbitrary neighbourhood of ¢,. We shall prove that
U N A4(T) is nonempty, and, since A;(T) is closed, this implies that
¥, € A;(T). If B is regular and semisimple we use regularity to choose
b E€B so that B(spo) =1 and suppl} C U. If instead A,(T) is totally
disconnected, an application of Shilov’s idempotent theorem to the
algebra B, (T) glves an element b € B such that b is an idempotent
in B,(T) with b(‘Po) b t(py) =1 and supp b C U. In both cases
we set W =T,V and deduce from Lemma 6.4 that A (T )CU and
from Proposition 4.3 that 9, € A, (Tw) so that TV is non-zero. Hence
AL(TY) # ¢ and, since A,(T%)CA,(TY) and A,(TY) CA,(D), it
follows that U N A,(T) # ¢.

As an application of our results on the approximate point
spectrum we shall now derive two extensions of theorems in [11] and
[12]. Let 7 : G = Aut(X) be a uniformly continuous representation
of an abelian topological group G on a Banach space X, and let G*
denote the group of all continuous (unbounded) characters of G, i.e.
continuous homomorphisms G — C\{0}. Following Lyubich [11],
we define the essential spectrum o,(1) of 7 to be the set of all x € G*
for which there is a net {x },cq in X such that [l x |l = 1, for all
ac @, and hm “T x, — X&) x, |l =0, for all g€ G. The spectrum
o(r) of 7 con51sts of those characters x which satisfy the relation
127, o x(g) < NZ/., o Te; I, for every choice of n ;

a ,0,...,0, €C and ¢g,.8,,...,8,€G.
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THEOREM 6.6 [11]. — 0,(7) # ¢.

Proof. — The operators Tes 8€ G, generate a Banach subalgebra
B of End (X). For every ¢ € 0U(B) we obtain a character Xy € G* by
defining x‘p(g) = fg(w). The map ¢ X, is a bijection of AMU(B)
onto o(7) which allows us to identify 9T(B) with o (7). Consider the
identity representation T of B on X, defined by T, = w for every
w € B. It is obvious that A;(T) = 0,(7), and since B has an identity,
it follows from Theorem 6.3 that o,(7) # ¢.

THEOREM 6.7 [12]. — Assume that lim 7, I'" =1 for all
n—ye

g€ G. Then o,(1) = o(7).

Proof. — Let B and T be as in the proof of Theorem 6.6. The
condition on 7 implies that NT(B) can be identified with a subset of
some Cartesian product of unit circles. It follows that the Shilov
boundary I'(B) equals JUB). Since B,(T) = B, Theorem 5.4 and
Lemma 6.1 now yield 3X(B) = I'(B) C A;(Ry) C A4(T) = a,(7). This
proves the theorem.

Remark. — Lyubich [11] proves Theorem 6.6 for separable groups
only. His proof is entirely different and does not use any Banach
algebra methods. However, a close look at his proof reveals that it
does not use the full group structure of G but only the semi-group
property. It follows that his proof can be extended to deal with
representations of Banach algebras. In order to obtain extensions to
the non-separable case, it seems however necessary to use Banach
algebra techniques. [12] uses such techniques, but again only separable
groups are considered.

7. An extension theorem.

The following extension theorem is useful for the study of the
approximate point spectrum. It contains the extension lemma of
Lyubich [11] and the results of Slodkowski [16] and Choi-Davis [3]
as special cases. Another special case is Proposition 3.2 iii) = i). Our
proof is inspired by the proof of Lyubich [11] which uses an idea that
goes back to F. Quigley [14, p. 25]. The new feature in our proof is
the use of Theorem 6.3.
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THEOREM 7.1. — Let T be a representation of B satisfying Assump-
tion I with T, equal to the identity operator on V. Let E C B, let w be
a complex-valued function defined on E, and assume that vy(w ; F) = 0
for all finite subsets F of E. Then there exists a ¢ € A;(T) such that
w(b) = b(y) for all bEE.

Proof. — By assumption, there exists a net ¥° ={vd},cq in V
such that |[vd || = 1 for all « €&, and lim || T, v — w(®) v2 |l = O for
a
all b € E. Define I”(@; V) to be the normed linear space of all nets
v ={v,},c o Of elements in V with the norm

lwll = sup llv Il <eeo
[¢3

and let ¢ (X ; V) be the closed linear subspace of all nets that converge
to 0.

The representation T gives rise to a bounded representation T~
of B on I”(@ ; V), defined by T, {v,}) = {Tb v, }. Obviously, co(&;V)
is invariant under T™. Let S be the reduction of T~ to the quotient
space X = I7(&; V)/cy (X ; V). We note that the norm in X is given by

Ho,} + co(X; V)= inf  sup [lv, + w,ll = limsup [lv, |l ,
{wo}€co « o
Put Y={x€X;be=w(b)x,Vb€E}.

Then Y is a non-zero linear subspace of X, because
=9 +cy(@;V)IEY and [IX°I=1.

Since Y is invariant under S, the restriction SY is well-defined. Ob-
viously, S: is the identity operator on Y, and hence A3(SY) * ¢, by
Theorem 6.3.

Let 9 € A,(SY). If b €E, then
0=vylp;{b) = _inf IS,x—b()xl=

x€Y, Ixll=1

= inf lw®)x — b x|l = |w(®) — b(p)l
xEY,lIxlI=1
Hence w(b) = b(yp) for all b € E. The theorem thus follows if we
prove that ¢ € A;(T). To this end, let € > 0 and a finite subset F of
B be given. Then there exists an element x ={v,} + ¢, (X ;V) in Y
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such that |lx|l =1 and || S,‘,(x — B(¢)x|l < € for all b €EF. By the
definition of SY and of the norm in Y, this means that

limsup lv,l =1 and limsup IT,v, — b(p) vl <e
a a
for all b €F, and it follows that ¢ € A;(T).

Remark 1. — If we apply the theorem to the case when T is the
regular representation of an algebra B with unit, E is an ideal in B,
and w is the zero function, we obtain a positive answer to a conjec-
ture of Zelazko [19], namely that every ideal consisting of joint topo-
logical divisors of zero is contained in a maximal ideal consisting of
joint topological divisors of zero. This result has also been obtained
by Slodkowski [16] by a different method.

Remark 2. — Our proof of Theorem 7.1 uses Theorem 5.4.
However, it is possible to prove the extension theorem without using
Zelazko’s theorem. Lyubich does this in a special case, and so does
Slodkowski. Therefore it might be of interest to note that there is an
easy way to deduce Zelazko’s theorem from the extension theorem.

This is shown in [10].

8. The adjoint of the regular representation.

In this section we assume that B is normed so that
labll < llall bl .

We denote the closed ball in B* of radius p and centered at 0 by Sp.

Let L denote the adjoint of the regular representation of B, and
let V be an L-invariant subspace of B*. The aim of this section is to
give an alternative characterization of the spectrum and the narrow
spectrum of LY. In order to get a simpler notation we shall write
A;(V) instead of A,(LY), and we shall also speak of A,(V) as the
spectrum (narrow, approximate point spectrum) of V. The spectrum
A;(v) of an element v € B* is defined to be the corresponding spectrum
of the subspace {L,v ; b €B}.
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THEOREM 8.1. — i) A, (V) = VN OYB).
ii) A,(V) =V NS, N NUB) for all p > 1.

(The closure bar refers to the weak-* topology).

Pro_gf. — i) Denote the annihilator of Ker LV in B* by (Ker LY).
If vy &V, then there exists a b € B such that (v ,b) =0 for allv €V
whereas (v, , b)# 0. It follows that b € Ker LY, because

(Lyv,a)=(L,v»,b)>=0

for all a€B and v € V. Hence v, & (Ker L)', and this proves that
(Ker LY)' C V. In particular, A, (V) = (Ker LY) N 01L(B) C V N J1(B).

To prove the converse inclusion, assume that v, €V and b €Ker L.
Then (v, ,ab) = 0 for all a € B, because (v, ab) =(L,v,a) =0 for
all a€B and v€ V. If in addition v, € AT(B), then a(v,) B(vo) =0
for all a € B, and it follows that E(vo) = (. This shows that

VNaT(B) C (Ker LY)' N O(B) = A, (V) ,

and the proof of i) is complete.

The proof above also shows that V = (Ker LV)!, if b lies in the
closure of b . B for each b € B (e.g. if B has an approximate identity),
because then (v, , ab) = 0 for all a implies that (v, , b) = 0, without
any assumptions on v, . Thus, in that case B, (LY)* is isomorphic to V.

i) v.N Sp is a convex, balanced set with compact closure, so it
follows from the Hahn-Banach theorem that a functional », € B*
belongs to VN S, if and only if », and V N S, are not separated by
any hyperplane. Since the continuous functionals on B* (with the
weak-* topology) are of the form v ~> (v, b) with b €B, we con-
clude that

Vo EVNS, ® VbEB : [(y,,b)I<p - sup [{v,b)|. (81)
vEVNS,

Since L,VCV and IL,ll <llall, we obtain the following estimate
for the right hand side of the inequality in (8.1) :

sup v, b)| = sup [(L,v,b)| =

vEVNS, vEVNS, llali<1

= sup IKL,v,adl =LYl . (8.2)

vEVNS,,llall<1
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In the opposite direction we have trivially

sup  |(w,ab)l= sup [KLyp, &) <lall ILYIl. (8.3)
uEVr\Sl vEVNS,
It follows immediately from (8.1), (8.2) and Proposition 2.1 i) that
A,(V)CVNS N JTZ(B) so to complete the proof of ii) it suffices
to prove t that VﬂS NIT(B) C A,(V). To this end, assume that
YEVN S N NT(B) and choose @ € B such that a(p) = 1. Then, by
(8.1) and (8 3),
1b() | = I{p,ab)| <p llall IILVII

for all b € B, and Proposition 2.1 ii) now shows that ¢ € A, (V).

Remarks. — In [7] the narrow spectrum of V was defined as the
set VNS, N OYB), and the main problem was to show that
VNS, NAUB) is nonempty, whenever B is an algebra with identity
and V #{0}. Only partial results in that direction were obtained in
[6] and [8]. Theorem 8.1 together with Proposition 2.5 now solve
the problem completely.

Part ii) of Theorem 8.1 implies that every homomorphism in
MU(B) which is the weak-* limit of a bounded filter in V is the weak-*
limit of a filter in V with bound one. This result is somewhat surpris-
ing in view of the results for the related problem of bounded spectral
synthesis (cf. Varopoulos [17]).

Theorem 8.1 has connections with the work of Dixmier [4] on
the characteristic of weak-* dense subspaces of dual Banach spaces.
If W is a weak-* dense linear subspace of the dual B* of an arbitrary
Banach space B, then Dixmier defines the characteristic ch(W) of W as

ch(W) = inf sup . |{v, b)|,

bEB,IlblI=1 vEWNS,

and he shows that ch(W) > 0 if and only if pL>JO wns, =B*

Let V be an L-invariant subspace of the dual of a Banach algebra
B with a 1-bounded approximate identity. If we apply Dixmier’s
definition to V, considered as a dense subspace of B, (LY)*, we
obtain
| LZ { ) o 1, .

ch(V) = inf = inf
poveo llb ylly s yro llb vl
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If ch(V) >0, then the two norms |||l and [/-|l, on B(LY) are
equivalent, and it follows that A, (V) = A, (V). Consequently, if
A, (V) # A,(V), then we have an example of a subspace V of charac-
teristic 0. However, the condition A (V) # A,(V) is not necessary
for V to be of characteristic 0. Warner [18] gives an example of a
weak-* dense subspace H of L”(R) with ch(H) = 0. This subspace
happens to be L-invariant so we can define the representation L™ of
L'(R). It follows from Theorem 6.5 that A, (H) = A, (H).

As an application of Theorem 8.1 we shall give a concrete inter-
pretation of A;(V) for the Beurling algebras. We start by collecting
some basic definitions and facts about these algebras.

Let § be a locally compact abelian group, and denote a Haar
measure by m. Let $ Cg be a closed semigroup containing the
identity 0 of §, and assume that & is the closure of its interior. Let p
be a positive, m-measurable, submultiplicative function on &, i.e.
satisfying p(x + y) < p(x) p(») for all x, y €S8, and assume that p
and 1/p are bounded on every compact set. Assume further that
p(0) = 1 and that p is continuous at 0. (This last assumption is not
essential. It is used only in order to get the constants in Conditions
(2) and (3) below equal to 1). The Banach space of all m-measurable
functions f on § such that

= j; Lfx) | p(x)dm(x) <o

is denoted by L:,(é’). Let for each y €8 and f € LI‘,(S) the translate
f, be defined by

fy(x)= fx—y) if xey+8

0 otherwise.

Then f,€L,(8), IIf,I<p() Ifll, and the map $ - L,(8),
y ~~ fy is continuous. L:,($) is a Banach algebra with 1-bounded
approximate identity under convolution *, defined by

frg= L g(x) fodm(x) ,

and | f* gl <l fll lgll. The dual L;,(ZS)* is isometrically isomorphic
to the Banach space L‘;(S) of all m-measurable functions F on &
satisfying
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| F(x) | oo
p(x)
The duality between L:(S) and L;,(S) is given by

[IF Il = ess sup

<F,f)=/; F(x) f(x) dm(x) .

For FELJ(8) and y €8 we define the translate F, by the duality
relation (Fy,f) =«(F ,fy>. Then

F,(x) =F(y +x) and [F, I <p() IFI .

The Gelfand space m(L;(@)) consists of all multiplicative func-
tions x in AL:(ZS), i.e. al[ X € L:(S) satisfying x(x + y) = x(x) x(»).
Note that f,(x) = x(») f (%)

The representation L of L,(8) on L (8) is given by
(LF)(x) =(F,f), fEL(S) ,FELS),xES.

Note that LfF is continuous, that || LfFII < |IFIl Il fll, and that
(LfF)y = Lny = Lfy F.

Let V be an L-invariant subspace of L‘;(ES). For x € JIZ(L;,(S))
we introduce the following three conditions :

Condition (1). — For every € > 0 and every nonnegative, m-mea-
surable, locally bounded function w on $such that lim w(x) p(x) =0,
X —>o

there exists a function F € V such that ess sup | F(x) — x(x) | w(x) <e.
xXes

Condition (2). — For every € > 0 and every compact subset K
of 8, there exists a continuous function F €V such that |F| <1
and sup |F(x) — x(x)| <e.

x€K

Condition (3). — For every € > 0 and every compact subset K
of 8, there exists a continuous function F €V such that ||F| <1,
F(0)>1 —-e€and sup |F, — x(x) F|l <e.

xeK

Obviously, Condition (3) implies Condition (2), and Condition
(2) implies Condition (1). The different spectra of V are characterized
in terms of Conditions (1) — (3) by the following theorem.
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THEOREM 8.2. — x € A;(V) if and only if x satisfies Condition (i),
i=1,2,3.

Proof. — The proof of the sufficiency of Condition (i) is rather
obvious in all three cases and is omitted. So let us prove the necessity.

i=1:The result and the idea of the proof goes back to
Beurling, and special cases have been used by several authors (e.g.
[13, p. 25]). Since the proof does not seem to be available in the
literature, we give it here. Let x € A, (V) and let w be given as in
Condition (1). The space A, of all m-measurable functions f on &
such that

Hfll, =esssup | f(xX) | w(x) <ee and lim f(x) w(x) =0
xXES X —>

is a Banach space under the |} - || -norm. (Of course, functions f and g
with || f— gll, = 0 have been identified). Note that L:(8)C A,
and that the inclusion map is continuous.

In order to show that Condition (1) is fulfilled for x we have to
show that x belongs to the || - |l ,-closure of V. Arguing by contradiction,
we assume the contrary. Then, by the Hahn-Banach theorem, there is
a poy € AY such that (u,,F) = 0 for all F € V whereas (u, ,x) = 1.
Choose a continuous function f € L:, (ﬁ), supported by a compact sub-
set of the interior of 8, and such that f(x) = 1. Since F ™ (u,, L, F)
is a continuous linear functional on L:(S), there exists an element
vEL;(8)* such that (v,F)=(yy,LF) for all FEL(S). We
shall prove that v can be identified with an element g of L,’,(S), ie.
that

(v,FY=(F g)= fs F(x) g(x) dm(x) .

But then (F,g) = (u,,L,F) =0 for all FEV, and
200 =iy, Lix) = 00 (e, x) =1,

which contradicts the fact that x € A, (V) = V N (L, (S)).

The rest of the proof thus consists in showing that v € L,',(S).
To this end, put f¥(x) =f.(»), x, y€S. Each f” is a continuous
function on'$ with compact support, and the map 8 > A,y > fYis

continuous. It follows that the vector-valued integral j; F(») fXdm(y)
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exists and defines an element of A , for each F € L‘;(S) with compact

support. An easy calculation shows that f 5 F(y) f¥dm(y) = L F.

Put g(y) = (uy , f¥). Then g is a continuous function on 8, and
W, )=y L F) = [ FO) (g, ) dm(p) =
= fs F(y) g(») dm(y)

for each F € L7(8) with compact support. It follows that

[ F») g dm»)| < Iv I IF .
s Ly

We conclude that g€ L;(S) and that the linear functional 7 =»v — g
on L‘;(ZS) annihilates the subspace of functions with compact support.
We shall finish the proof by showing that 7 = 0. Let G&€ L:(ZS) and
€ >0 be given. Choose a compact subset K of § such that
p(x) w(x) <e€/(llpg I IGN I £1) outside K and

‘/;KIG(x) gx)dmix) <e ,

0 if xEKUK + supp f),

and define Gg(x) = % .
G(x) otherwise.

Then |<G,(,g>|=|fas Gy(x) g(x) dm(x) | <e .

From (LfGK)(x) = (Gg, [, 7, it follows that
(LG () | SUGgIIAN<UGHNfIIp(x) forall x€S

and that

(LG = [ G(») f,(») dm(») =0 for all x€K.
x+supp f

Hence

L, Ggll, = essesll(lp LG | w(x) <ellipyll

so that
10, G = 1<pg , LG < lligg I IL; G, <€

Since G — Gy has compact support,
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(1,G)=(7,G)=(,Gg) —(Gg, g).
Hence
KT, G <I{v,G + I{Gy, g <2,

and, € > 0 being arbitrary, this shows that (v,G) =0, i.e. 7= 0.
The proof of the case i = 1 is complete.

= 2: Let x€A,(V), e >0 and K, a compact subset of 8, be
given. Since L;,(ES) has an approximate identity, bounded in norm by
one, we can choose g € L:,(S) such that g(x) = land |lgl| <1 + e. It
follows from Theorem 8.1 ii) and an easy covering argument that, if
C is an arbitrary compact subset of L (8),then there existsa GEV
such that |G| <1 and |{G, f) —f(x)l <€, for all f€C. In parti-
cular, since {g, ;x €K} is a compact subset of LP(S), there is a
G eV with |G| <1 satisfying

<G ,g,) - & X1 <e,

for all x € K. But (G , g, ) = (Lg G)(x) and g, (x) = g0 x(x) = x(x).
With F = LgG €V we thus have

IFI<llglllIGII<1+e€e and sup |[F(x) —xx)I<e.
xe K

It follows that Condition (2) is satisfied by x.

i=3:Let x€A;(V), € >0 and K be given, and choose g
such that g¢(x) = 1 and |igll < 1 + €. By Proposition 3.2 iv), there
exists GE V such that |G|l =1 and

IL, G —x(®) Gl =1llL,_G-2(Gl<e, vxeKU{0}.
Since Gl =1 and IIL,G — Gl <, we can choose y €8 such that
IGOI>0 -e)p(y) and (LG ) -G I<ep(y) .

Put F = p(y)"' (L;G),. Then :
2) FEV, because F=p(»)7'L, G.
b) IFI<ILGI<IlgllIGI<1+e
) IFO 1 =p(») ' 1 ILGWNI=p) ' IG) |I—e=>1—2e
d) F, —x(x)F=p»™! (L, G — x(x) G) + x(x) (G- L, G)),.
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Hence
IF, — x() Fll < Lng —Xx)GI+1x)I G — LgGll <
<e(l+px),vxeK.

It follows from this that x satisfies Condition (3), and the proof of
Theorem 8.2 is complete.

If g is discrete, then L:,(S) has an identity, so it follows that
A;(V) # ¢ for all nontrivial V C L‘;(S). If § is non-discrete, this
need not be true any longer. Nyman [13] gives examples of weight
functions p and of L-invariant subspaces V of L‘;(R) and L:(R")
with empty spectrum A (V). However, if $ = § and the weight
function p satisfies the following two conditions

> log p(nx)
Y —5 <= ,Vx€g,

n=1 n

px)=21,v¥vx€g, and

then, by a theorem of Domar [5], L;,(g) is regular and semisimple,
and every closed proper ideal of L:,(g) is included in the kernel of
some xEOT(,(L:,(g)). Thus in this case, by Theorem 6.5 and the
definition of the spectrum, A;(V) = A,(V) # ¢ for all L-invariant,
nontrivial V C L‘;(g). In particular, there exists a character x satisfying
Condition (3). This was first proved in [S], and for §= R and
p(x) =1 by Beurling in [2], though the results of these papers
were only stated in terms of A, and Condition (2).

9. Counterexamples.

In this final section we shall show that there exist Banach algebras
B and L-invariant subspaces V C B* such that A, (V) # A, (V) # A, (V).

Let B be either the disc algebra A(D) (cf. Example 2.3) or the
algebra A"(D) of all analytic functions f(z) = Z5a,z" such that
HFll=Zgla, | <e. (Of course, A*(D) is isomorphic to the algebra
L;,(‘e?) with$ = Z* and p(x) = 1). In both cases, M(B) = D, and we
shall write ¢, for the multiplicative functional that corresponds to
z€D.

Let C={z,,z,,z;,...} be a countable subset of 3D and
denote its closure by E. When B = A*(D) we furthermore assume
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that C is independent. Let V = V(C) be the linear subspace of all
1 € B* such that

= Zl %, with Zl log | <o .
i= i=

Since Lop= z7 ®; f(z;) ¢, , V is invariant under L. The spectra of
LY are characterized in terms of E by the following theorem (cf. [9]).

THEOREM 9.1. — i) If E is a B-zero set, then
AV)=A,V)=A,(V)=E.

ii) If E is not a B-zero set and E # 0D, then A, (V) = D and
A, (V) = A;(V) = E.

iii) If E = D, then A,(V) = A,(V) =D and A,(V) = E.

We recall that E is said to be a B-zero set if there is a nontrivial
f €B that vanishes on E. It is well-known that E is an A(D)-zero

set, if and only if the linear Lebesgue measure m(E) is zero. A fortiori,
if E is an A*(D)-zero set, then m(E) = 0.

Proof. — We begin by proving that if u = ZTo; %i , then

L

fpll = 2 loy 1 . 9.1
i=1
Let H={z,,z,,...,z,}. When B = A(D), we apply a wellknown
theorem of Carleson and Rudin (see e.g. [15]) and conclude that,
given f € C(H), there exists a gE B such that

gu=S and |ligllg=Ilflcu-

When B = A*(D), a similar conclusion follows from Kronecker’s
theorem, H being independent. In both cases, we obtain

Y lgl=lull= sup 1Y ofEl=>
ji=1 FEBLIFIKY =

=  sup Iy o f(z) — )y log | =

FEBIfIST j=1 jen+1
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n oo
= sup I o f(z;)| — Q| =
FECH), If o) <1 ,g‘, e ,-jﬁ““ e
n oo
=2 lgl— ¥ lgl,
j=1 j=n+1

and (9.1) follows by letting n tend to infinity.

From (9.1) we now obtain the following two equalities :

ILYIl=  sup  lILull= sup X 1of(z)| = sup|f(2)]
HEV,lpl<1 E’al'|<l j=1 z€FE (9 2)

vylp, ;{z~zh= inf NLu—zoull=

Lwre BEV, lul=1

= inf ' o, (z; — z,)| = dist(z, , E) . (9.3)
zlajl=1 ,%‘1 7 0 0
By (9.2) and Proposition 2.1, A,(V) = E, the polynomially convex
hull of E. Since the function z ~ z generates B,

Ay (V) ={z ;dist(z,E) =0} = E

by (9.3) and Proposition 3.2 iii). This proves the theorem for A,(V)
and A;(V). To prove the theorem for A, (V), we first note that, since
KerLY ={f€B ; fig = 0}, A;(V) =D if and only if E is not a B-
zero set. So assume that A, (V) # D. Then A (V) is a B-zero set,
and it follows that A, (V) must be totally disconnected. By Theo-
rem 6.5 and by what we have already proved, we conclude that
A(V)=A;(V)=E

Remarks. — If E# 0D is not a B-zero set, then, since A; (V) #A,(V)
and Ker LY ={0}, V is a weak-* dense subspace of B* of charac-
teristic zero (cf. [4], [18]).

If u=27 o ¢z €V and o; # 0 for all j, then the norm closure
of {L;p;f€ B} equals V, so 1t follows that A;(u) = A;(V). Hence
Theorem 9.1 gives us examples of elements in B* with different
spectrum and narrow spectrum and also of elements with different
narrow and approximate point spectrum (cf. [9]).
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Nyman [13] and Gurarii [8] give a characterization of A, (»),
v € A*(D)*, in terms of a certain analytic transform of », and from
this characterization it is easy to deduce the result of Theorem 9.1
concerning A, (V).

The existence of Banach algebras B and L-invariant subspaces
V C B* such that A, (V) # A, (V) # A,(V) now follows from Theorem
9.1 ii) and iii) and the following easily proved proposition.

PROPOSITION 9.2. — Let B be the normed direct sum B, ® B, of
two Banach algebras B, and B,, and identify NU(B) with the disjoint
union ofﬁlt(Bl) and M (B,). Let V, C B} and V, C B} be L-invariant
subspaces and put V =V, @V, CB*. Then V is L-invariant, and
A; (V) is the disjoint union of A;(V,) and A;(V,) for i=1,2,3.

We can also use Theorem 9.1 to obtain an example with
A, (SeT)# A,(8) UA,(T) (cf. Proposition 4.2 ii)).

Example 9.3. — Let E, and E, be two closed proper subsets of
oD such that E, UE, = 9D, let C, and C, be countable dense subsets
of E, and E,, respectively, and define the corresponding subspac\e{:s
V,=V(C)and V, = V(C,) of A(D)* asin Theorem 9.1. Put S = L !
and T = va. Then A,(S) U A,(T) = aD and, by Proposition 4.2 ii),
A,(S @ T) D aD. Since dD is the Shilov boundary of A(D), it follows
from Proposition 2.1 that A,(S ® T) = D. Thus

A,(SeT)# A,(S)VA,(T)
in this case.
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