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SPECTRAL SYNTHESIS AND THE
POMPEIU PROBLEM

by Leon BROWN (*), Bertram M. SCHREIBER (*)
and B. Alan TAYLOR

1. Introduction.

In 1929 D. Pompeiu posed the following problem, which later
became known in the literature as the Pompeiu problem. Let D be a
bounded region in the xy-plane, and let £ denote the group of all
rigid motions of the plane. Suppose that f is a continuous function
on the plane satisfying ;

f ff(x,y)dxdy=o, 0EZ . (1)
o (D)

Does this imply f(x, y) =0 ? In his first paper on the subject [13],
Pompeiu claimed that the answer is yes when D is a disk. However,
this was later shown to be false ;in fact, the function f(x, y) = sin ax,
for a suitable choice of a, provides a counter-example. (See also
Theorem 4.3 below.) Nevertheless, he did prove in [14] that the
answer is yes if D is a square, under the further assumption that f
tends to a limit at infinity. This restriction was later removed by
C. Christov, who also showed that the answer is yes if D is a triangle
or a parallelogram [2], [3]. Finally, a more abstract formulation of
the problem was considered by L. Brown, F. Schnitzer and A. Shields
in [1].

The Pompeiu problem may be phrased as follows. For which
regions D is it true that (1) implies f = 0 ? In this paper we present a
solution to this problem, in terms of the Fourier-Laplace transform
of the Lebesgue area measure on D (Theorem 4.1). Our results imply,

(*) Research supported in part by the National Science Foundation under grant
number GP-20150.
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in particular, that the answer to the Pompeiu problem is yes when D
is any polygonal region (Theorem 5.9) or any convex set with at
least one ‘“‘corner” (Corollary 5.12).

Studying the Pompeiu problem leads to another problem of a
similar nature, whose solution also appears in Theorem 4.1. We shall
refer to this as the Morera problem because of its relationship to the
classical theorem of Morera. Let {I'} denote a collection of rectifiable
closed curves in the plane, and let f be continuous on R%. Suppose
that, setting { = x + iy,

[ r®dz=0, o€X, TEM). )
o (R)

Does this imply that f is an entire holomorphic function of ¢ ? Again,
this implication is valid for some choices of {I'} and not for others.
In [19] L. Zalcman observed that when D is a plane region whose
boundary T" is a rectifiable curve, then an affirmative answer to the
Pompeiu problem for D implies, via Green’s Theorem, an affirmative
solution to the Morera problem for I Our methods enable us to
show that the converse is also true (Theorem 4.2). In addition,
Zalcman gives, by methods similar to those of this paper, a solution
to the Morera problem in the following interesting case. Let r; and
r, be positive real numbers, and let {I'} consist of two circles of radius
r, and r,, respectively. Then (2) implies f is entire if and only if 7,/r,
does not belong to a certain countable set (which may be identified).
“Two circle theorems’ of this general type were first considered by
J. Delsarte [S], [6]. We refer the reader to [19] for an excellent account
of the history of the Pompeiu and Morera problems and the related
two circle theorems, as well as for further results along these lines.

The proof of our main result is based on the fundamental theorem
of L. Schwartz on mean periodic functions of one variable. This
seems to be a common ingredient in much of the work on these
problems, particularly in the two circle theorems of Delsarte and
Zalcman. In § 2 the necessary background material from the theory
of distributions and mean periodic functions is assembled. Although
all of these results are known, some of ‘them do not seem to be
readily available in the literature. Our main theorem (Theorem 3.1)
is then proved in § 3 ;namely, it is shown that every closed, translation-
invariant and rotation-invariant subspace of the space of continuous
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functions on R? is spanned by the polynomial-exponential functions
it contains. The proof is carried out by means of a sequence of re-
ductions which finally allow an application of the theorem of L.
Schwartz.

Theorem 4.1 follows easily from the results of § 3 ; the remainder
of § 4 consists primarily of applications of this theorem. In particular,
the two circle theorems of Delsarte and Zalcman are proved. § 5 is
devoted to finding explicit examples of regions and curves which give
affirmative answers to the Pompeiu and Morera problems, respectively.
The paper concludes with § 6, where we indicate how much simpler
it is to solve the Pompeiu problem if in (1) it is assumed that fis
bounded.

2. Spectral synthesis in & (R”) and C(R").

Let &R") denote the space of all infinitely differentiable func-
tions on R” with its usual topology, and & (R") its dual space, the
space of distributions with compact support in R” ([9], [18]). The
pairing between &(R”) and &' (R") is denoted by T(f) for f € &(R")
and TE€ &' (R"), and for such f and T we denote.by T #* f the convo-
lution of T and f as an element of &(R"). The Borel measures u with
compact support in R” will be identified with a subspace of & (R")

via the formula u(f) = R @) du(e).

We shall make extensive use of the theory of Fourier-Laplace
transforms of elements of &' (R"), so we ‘include here a brief sum-
mary of these results. For details, see [18] or [9, Chapter 1, § 7].
For T€&'(R"), the Fourier-Laplace transform of T is defined by

T@z) = T(e**)

wherez=(z,,...,z,)EC", x=(x,,...,x,)ER"andz. x =2z x, +
-+ + z,x,. The Paley-Wiener-Schwartz Theorem [9, p. 21] identifies

the space &' (R") = {T : TE&'(R")} as the space of all entire functions
F on C” such that

IF(z)| < C( + [z)N eAllmsl | zEC, -3
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for some constants A, C and N. Here |z|> = |z, +--- + |z,
and Imz=(Umz,,...,Imz,) is the imaginary part of z. &' (R"
is equipped with the topology which makes the mapping T — Ta
topological isomorphism when &' (R") is given the strong topology as
the dual of &(R"). Convergent sequences in & (R") may be characte-
rized as follows.

PROPOSITION 2.1. — ([7, Lemma 5.17]) A sequence {F;} in & (R")
converges to F € & (R") if and only if

i) F; = F uniformly on compact subsets of C", and

ii) The inequality (3) holds for all the F; with constants A, C
and N independent of j.

For further details on the topology of 3'(R") we refer the reader
to [7, Chapter 5, § V].

The main result we shall use concerning &' is the following one,
known as the “fundamental theorem of mean-periodic functions.”

THEOREM 2.2. (L. Schwartz [17]). — Let 1 be an ideal in &'(R)
whose functions have no common zeros in C. Then there exists a
sequence of functions in 1 converging to the constant function 1.

Let C(R") denote the space of all continuous functions on R”
with the usual topology of uniform convergence on compact sets.
Although the Pompeiu and Morera problems were formulated in § 1
in terms of continuous functions, there is no difference, at least from
the point of view taken here, if these problems are phrased in terms
of infinitely differentiable functions. Similarly, the problem of spectral
synthesis, which we shall discuss presently, may be phrased equiva-
lently in either C(R") or &(R"). This is all a consequence of the
following well-known proposition, which is proved by the standard
smoothing procedure.

PROPOSITION 2.3. — Let V be a closed, translation-invariant sub-
space of C(R"), and.let V, =V N &R"). Then V, is dense in V in
the topology of C(R"). .

Let us now consider the problem of spectral synthesis in &(R"),

following [17]. By a polynomial-exponential function we mean a
function of the form f(x) = p(x)e‘**, x €R", where p is a poly-
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nomial and z €C". For V a closed, translation-invariant subspace of
&(R"),let V, denote the closed linear space spanned by the polynomial-
exponential functions in V. Thus V, CV. The problem of spectral
synthesis is the question, “Must V, =V ?” ,

The problem may be translated to a question about closed ideals
in the ring 8'(R") as follows. Given V and V, as above, let

Vi(resp. Vg) ={TE€ &' (R") : T(f) =0, fEV (resp., fEV)}
and
I(resp.I,) ={T : TEV* (resp. TEV})} .

The following proposition, then, represents a rephrasing of the
problem of spectral synthesis.

ProrosITION 2.4. — I and 1 are closed ideals in @’(R” ). Moreover,
I =1, if and only if V=V,.

Proof. — Clearly I is a closed subspace of 8'(R"). To prove I is
an ideal, it suffices to show that, for every x €R" and TGI, the
function f(z) = ef*-* "i'(z) belongs to I, since the exponential functions
have dense linear span in &' (RM). However, f is the Fourier transform
of T_,, the translate of T by (— x). Since V is translation invariant,

so is V4, whence fEL Similarly, I, is a closed ideal in 8'(R").

The last part of the proposition is a standard application of the
Hahn-Banach Theorem. For I =1, if and only if Vi = V(l,, which
happens precisely when V =V, since V and V, are closed.

The ideal I, can be given a more precise description. For I an
ideal in 8'(R"), let I, . denote the ideal of all functions in &' (R")
which belong to I locally. That is, FE€I, . if and only if for each

loc

2, €C" there is a neighborhood U of z, functions F, ,...,F, inl,
and functions G, , ..., G,, holomorphic on U, such that
Fz)=G,2)F, (@) +---+G,(2)F,, (), zeU.

ProposiTioN 2.5. — I, =1

loc *

This proposition is well known, although we have been unable
to find an exact statement of it in the literature. The inclusion I, ), C I
is not hard to verify. The other inclusion is more difficult, but the
argument given in [10, pp. 199-200 (Steps 1 and 2)] or [12, pp. 282-
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284] can be carried over with only minor changes. For the sake of
completeness we include a proof.

Proof. - (1) 1,,,C1,. Let TEI,, and let f(x) =p(x)e ° 7
belong to V. We must show T(f) = Q. There exist a neighborhood
U of z,, functions 'f’l yeees Tm in I, and functions G,,...,G,,
holomorphic on U, such that on U we have

T=¢G,T,+--+¢G,T, . 4)
As usual, for any multi-order a = (@, ,...,qa,) let D* denote the
differential operator
a,+r e ta
pr o leatore) 31 "
X a 0y o,
X, ...0x,

let x* = x‘:‘ .. .x:", and for a polynomial p(x) = Z a, x* let
p(D) =Za,D* .
Then if f is as above we have '
T(f) = p(D,) [T(*)],, = pD) [T@),-,, ; )
hence we must prove that
p@,) [T@),., =0. (6)
Now, for every y €ER" f, €V, where

f,)=fx+p) =7 px +y)e0* | xeER".

Since every derivative of p is a limit in &(R") of linear combinations

of translates of p, it follows that p(®(x) ero* belongs to V,, for every
a, where

p(a)(x) — ial+...+an D“p(x) ) xER" .

From the general Leibnitz formula [9, p. 10] we have for 1 <i < m,

- 1 -
PG T, =( 2 5 D*G@POD T@]) . (O

Z=Zo

But since T; € V.l C Vf, , (5) with T replaced by T, and p by p(¥ gives
for all «,
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p{¥)(D) [1““,.(z)]z=z° =0, 1<i<m.

Hence the left-hand side of (7) is zero for all i. Since (4) holds on U,
we obtain (6).

@) I1,CI,,,. Let Te I, and fix z,€C". We must find a
neighborhood U of z,, functions 'i"l e e ,'i‘m in I and functions
G,,...,G,, holomorphic on U such that (4) holds on U. By [10,
Corollary 6.3.6, p. 153] it suffices to find formal power series G, ,...,G
in z — z, such that (4) holds for some T, ,..., T, €L

m

Consider the ideal I’o generated by I in the ring Az0 of germs of
functions holomorphic near z, . I‘o is finitely generated, since A‘o is

-

Noetherian, say be the germs at z; of the functions ’f‘l yooos Iy in L
We shall find formal power series G, , ..., G,, about z, such that (4)
holds for this choice of the T, .

Equation (4) in formal power series may be written as the system
of equations in G, ,...,G,, given by

- m ~
D*[T),-, =D*| Y G T, for all « .
° i=1 z=2z,
By [10, Lemma 6.3.7, p. 153) this system has a solution in formal
power series G, , ..., G, if it is compatible. The compatibility means
that if ¢ is any polynomial, then

m -~
q(D) [ Y G T,.] = 0 for all choices of the
i o G = ¢ [T@),.,, =0. @

Now, the hypothesis of (8) implies that q (D) [S (z)],=,0 = 0 for all
Se€l, since T, ,...,T,, genera?e IZO . Thus (5) and the .definition of
I imply that the function q(x) e 2" belongs to V, whence to V,- But
TE Vg, so (5) gives the conclusion of (8), as asserted.

Thus the problem of spectral synthesis in &(R") may be refor-
mulated as the problem of determining for which closed ideals I in
&' (R") it is true that I =1I,,. In this framework the fundamental
theorem of L. Schwartz cited earlier may be stated as follows.

THEOREM 2.2'. — For every closed ideal 1 in 8 (R), I = 1

loc *
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3. Ideals invariant under rotations.

By Theorem 2.2' and Proposition 2.3 every closed, translation-
invariant subspace of C(R) or &(R) is spanned by the polynomial-
exponential functions it contains. The analogue of Theorem 2.2’ is
not known for n > 1. However, in this section we prove that I =1
when n > 1 and I is rotation invariant.

loc

Notation. — Let T denote the group of all rotations of R? or C2,
i.e., all transformations of the form

— . ’— 4
T=Tg: 2z, =2z,c080 +2z,sin0
z,=—2z,sin0 +z,cos0, —w<O<m.

Thus T is a subgroup of X, the group of rigid motions of R2.

THEOREM 3.1. — Let 1 be a closed ideal in &' (R?) such that
for€EI whenever f€I1 and TET. Then 1 =1,,.

Remark. — The same theorem is true for &'(R™), n > 0, if the
group of rotations T is replaced by the group SO(n) of orthogonal
transformations of R” with determinant + 1. The applications of
Theorem 3.1 in § 4 can also be modified accordingly.

The theorem will be proved by reducing it to Theorem 2.2, We
first make some preliminary reductions.
Let
I={f€&'R*: f1, CI}.

It is routine to check that J is an ideal in @'(Rz), and J is closed
since I is closed. Since I is invariant under the rotations 7, it follows
that I,,. and J are also invariant under rotations.
LEMMA 3.2. — If fis an entire function on C? such that f (r(w))=0
for all T €T and some fixed w= (w, , w,) € C*, with w? + w2 # 0,
then ‘
f@) =} + 25— wi —w)e@), z€C?, ©)

where g is an entire function on C2, Furthermore, if f € é;’(R’) then
SO is g
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Proof. — The entire function of 6
h(@) =f(w,cos@ +w,sinf, —w,sinf + w, cos )

vanishes for all real § by hypothesis. Hence #(0) = 0 for all complex 6,
so f(z) = 0 on the set

{(w, cos@ + w,sinf, —w, sinf + cosf): 0 €EC}=
={(z,,2,): 22 + 22 = w? + wl

Now, if w} + w3 # 0 then the function p(z) = 22 + z2 —w? —wlis
an irreductible entire function on C?, whence P! f(2) is an entire
function. Thus (9) must hold.

It is easy to check that when f € fs'(Rz) an estimate of the form
(3) also holds for g.

LEMMA 3.3. — The functions in J have no common Zzeros.

Proof. — Let w € C?. We shall find a function g €J such that
g(w) # 0. Suppose first that w? + w2 # 0. Let p(z) be as in the proof
of Lemma 3.2 and let » = 0 be the largest integer such that p(z)"
divides every f € I. Then p(z) also divides every h €1, . That is, for
all h €1,,, there exists neé' (R*) such that 4 (z) = p ()" 7 (z). Choose
f €1 such that p(z)"+l does not divide f, and write f(z) = p(z)" g(z)
where g € 8 (R?). Then for h €1

loc °
gh=fhel;

hence g € J. Also, g(r(w)) # 0 for some 7€ T, for if not then p(z)
would divide g by Lemma 3.2. But then p(z)"*' would divide f(z),
contradicting the choice of f. If 7 is chosen so that g(r(w)) # O,
then g o 7 is a function in J not vanishing at w.

Now assume w? + w2 = 0 but w # 0. If w, = iw,, analogs of
Lemma 3.2 and the argument above, with p (z) replaced by the function
z, — iz,, imply that w is not a common zero of J. Similarly, if
w, = — iw, one obtains the same result by replacing p(z) by z, + iz, .

Finally, we consider the case w = 0. Let j and k be the greatest
integers such that (z, + iz,) and (z, — iz,)* divide every function in
I, and set

q@) = (z, + iz,Y (z, — iz,
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Let
I,=q7'I={q7'f:f€I}.

It is a routine matter to check that I, is a closed ideal in 8'(R2)

invariant under rotations and that q(I,),,. = I,,. -

We claim that if (0,0) is a common zero of I it is an isolated com-
mon zero. Indeed, if w is a common zero of I, with w? + w? = a? # 0,
then (a, 0) is also a common zero of I, by Lemma 3.2. Hence, since
the set of such numbers « clearly cannot have O as a limit point, it
follows that if (0,0) is not an isolated common zero of I, there must
exist a nonzero common zero w of I, such that w? + w3 = 0. But
since neither z, + iz, nor z, — iz, divides every function in I, by
the analogs of Lemma 3.2 mentioned earlier, such a w cannot exist.
Thus (0,0) is at worst an isolated common zero of I .

The proof of [11, Theorem 4.5], applied to the case of I, as an
ideal in &' (R? ), asserts that if (0,0) is an isolated common zero of I,
then there exists g € &'(R?) such that g(0,0) # 0 and g(Iy),, C I, .
In fact, g€J. Forif hE€1,,,, then h = q71’ for some h € Ig)oc > SO

gh =gq7{€qlo =1,

Thus g €], and the proof is complete.

Proof of Theorem 3.1. — We shall show that 1 €J, which will
complete the proof.

For f € &' (R?) define

~ 1 m )
f(2)=5;£"f°19(z)d0, z€C?,

and

T=(f:ren.

Since J is rotation invariant and closed, we have J CJ. And ? oT = ?
forall f€ J and 7€ T, so f is a function of z2 + z2. More precisely,
there is an even entire function F f(y) of one complex variable such that

F@,,2,) =F (/22 +22) ;

FE§)=7¢,00=70,0, (€C. (10)
Since f € &'(R?), (10) shows that F, €&’ (R).

namely,
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Let
] ={F (fET}.

Then, as one _may easily check, J, is an ideal in the space of even
functions in &'(R). The functions in J, have no common zeros, as
may be seen as follows. Since the functxons in J have no common
zeros, it follows that for every R > 0 and every € > 0 there exists
f€1J such that |f(z) — 1| <€ if |z| < R. Indeed, let A denote the
uniform closure of the polynomials over the set A ={z : |z| < R}.
A is a commutative Banach algebra with identity, and it is well known
that since A is convex, whence polynomially convex, the maximal ideal
space of A may be identified with A in the canonical way [8, p. 67].
It is easy to see that the closure J of {f|A : f€J}in A is an ideal
in A contained in no maximal ideal. Thus J = A ; in particular, there
is a function f€J such that |f(z) — 1| <g, z€A. Then also
|?(z) —-1|<€e,z€A, so |F,(§) — 1| <e if |¢| < R. Inparticular,
e<1 gives F.(§) # 0if || <R.

Finally we may apply Theorem 2.2 to the ideal generated by J,
in &' (R) to obtain a sequence {F,} in the ideal generated by J, converg-
ing to 1in &' (R). Each F, must be of the form

m
% mE©GE)
j=1
where each &, € &'(R) and G; €J, . But then
m m m
]gl (@) G + Z, h(=$) G (=% = ’Zl #;Q) + B (= ) G; )
= i= =
belongs to J, , since each G; is even and J, is an ideal in the space of
R 1
even functions in &' (R). In other words, H ) == (F )+ F, (=)

belongs to J, , and clearly H, = 1 in &' (R) Thus referring to Propo-
sition 2.1, we see that there are functions f =1 converging to 1 in
&' (R?). Since JTCJandJis closed, we have 1€ J, which completes
the proof.

Combining Theorem 3.1 with the discussion in § 2 we obtain

THEOREM 3.4. — Every translation-invariant and rotation-invariant
closed subspace of either C(R*) or & R?) is spanned by the polynomial-
exponential functions it contains,
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4. The Pompeiu, Morera, and mean-value properties.

Let us say that a family § C &' (R?) has the Pompeiu property if
for f€ &®R?), T(fo0)=0 for all TEYJ and ¢ €T implies f = 0.
Thus the results of Pompeiu and Christov cited in § 1 state that area
measure on a triangle or parallelogram has the Pompeiu property. We
shall say J has the Morera property if forf € &[R?*), T(f o 0) = 0 for
all TEJ and o € Z if and only if f is an entire holomorphic function
of £ =x +iy. We shall apply Theorem 3.4 to characterize those
families § C &' (R?) which have the Pompeiu and Morera properties
and those whose annihilators in the above sense consist only of har-
monic functions. As was pointed out in § 1, verification of the Pompeiu
and Morera properties are related in some cases.

For T €8'(R2) and TE€T, let T, be the distribution defined by
T, (f)=T(fo ™), fE &R?). A subset 9 of 8'(R2) will be called
rctation invariant if T, €J for all TEJ and TE T.
Notation. — For « €C, let
M, ={z=1(z,,2,)€C* : 22 + 2% = a},
and write M, = My UM, where

M ={z:2z,=tiz,}.

Remark. — Mz, M, and the M, are all invariant under T, and it
follows as in the proof of Lemma 3.2 that if f is an entire function on
C? such that fo 7(z,) = O for all 7 € T and some element z,, of, say,
M,, then f=0 on M,.

THEOREM 4.1. — Let F be a subset of &' (R?) and set

Z=n{T"'0): TEY}.
Suppose M, ¢ Z for all o # 0.
i) G has the Pompeiu property if and only if O ¢ Z.
ii) F has the Morera property if and only if M; CZ and
[z, — iz,) ' T@)),—o # 0
for some TEY.
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iii) The following conditions on J are equivalent.

a) For f€E 8R?*), T(fo0)=0 for all TE Fand 0 EZ if and
only if f is harmonic on R*.

b) My CZ and [(z? + 22)' T(2)],_, # O for some TE J.

If, on the other hand, M, C Z for some a # 0, then there exists
a nonharmonic exponential function f such that T(f° a) = 0 for all
TEJ and 0 €Z.

Proof. — Let §* be the rotation-invariant subset of &'(R?) gene-
rated by , and set Z* = N{T1(0) : TE F*}. Since Z* is rotation
invariant, it follows from the preceding remark that Z* is a union of
sets M, for certain nonzero values of «, perhaps along with {(0,0)},
M, and/or M. By Theorem 3.4 the space

V={fEBR*):T(fe0o)=0 foral TEY and o€Z}

is spanned by the polynomial-exponential functions it contains.
Since the exponential functions in V are those of the form
f,x,y)=expi(z,x + z,y) with z = (z,,2,) EZ*, i) now follows
from the fact that if a polynomial-exponential function is in V, then
the corresponding exponential function is also in V.

To prove ii) and iii) first notice that f, is harmonic if and only
if z €M, and holomorphic in { = x + iy if and only if z € M. Thus
Z =My if F has the Morera property and Z = M, if J satisfies condition
a) of iii). Hence in the first case each element of g is divisible in
é'(RZ) by z, — izl , while in the second case each element of & is
divisible by zl + 22 (cf. Lemma 3.2).

Suppose g has the Morera property and
[(22 — iz )—l ’i:‘(z)]z=0 = 0

for all TE 4, whence forall TE ?* Then writing T(z) = (z,—iz,) S(2),
T € 9*, we obtain

0 - 0 . .
52—1 [T@),-o = a [(z, —iz,)S(2)),-. =0, Teg*.
But in view of (§) this says the function p(x, y) = xisin V, contra-

dicting the assumption that § has the Morera property. Similarly,
assuming that My C Z and
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(2 +22) ' T(@2)],., =0, TE 9.

We conclude that p(x, y) = x? is in V. Thus in iii), b) implies a).

Let H be the subspace of &(R?) of all entire holomorphic func-
tions of ¢. By Theorem 3.4 H is spanned by the polynomial-exponential
functions it contains. But if pf, EH for some polynomial p and
A M; , then p € H. Moreover, setting z, = iz, and differentiating f,
with respect to z, , one obtains the function { exp iz, {, and it is easy
to see that this differentiation converges in &(R?). It follows that H
is generated by the functions f, with z €Mj,.

Suppose M§ C Z and [(z, — iz,)™* T(2)],-, # O for some TEY.
Then Z =M, and VD{f, : zEM,)}, so by the previous remarks
HCV. On the other hand, if prOEV for some polynomial p and

2, EM;, then by (5) p(D)[T()),., =0, TEF* Applying the
general Leibnitz formula (cf. (7)), we obtain

PD) [T@),-,, =p®) [z, — iz))8@);-,, =

Z=Zo

ap op .
=jf— +j— _ =0 .
| | (e T13,) @ B@L,
Since by i)

{SE€E&'®R? : T(z) = (z, — iz,)S(z) for some TE F}

has the Pompeiu property, we conclude that p satisfies the Cauchy-
Riemann equations

Hence VCH, so 4 has the Morera property.

Finally, assume that b) of iii) holds. As shown above the space H
is generated by {f, : z EM;}, hence also the space of conjugates of
functions in H is generated by {f, : zEM;}. Thus the space of
harmonic functions on R? is generated by { f, 1 Z€M,}, so that
assumption that My, C Z implies V contains all harmonic functions.
For TE J*, let R, U€E€&'(R?) such that

T@) =(, +iz,)R@2) = (2 +z2) V() , z€C?,

Then by i) and ii) { R} has the Morera property and {U} has the
Pompeiu property. If psz €V for some polynomial p and zEM, ,
then the Leibnitz formula gives
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- op
p@) [T@),,, =i(3; ~ z— D) [RG)),-,, =0 .
op op .
Thus -a—- — i a—-ls analytic, so the Cauchy-Riemann equations imply
X y

Vzp =0. If z, # 0, then
op R
pD) [T@)),- =2y = (2z1 — + 2z, " + V’p) D [0@),-,, =0,

so since p is harmonic

Thus p, whence pf , is analytic or conjugate-analytic, according as

zo EM,, or M;. Hence V consists entirely of harmonic functions, so
b) implies a). This completes the proof.

As a first application of Theorem 4.1 we arrive at an interesting
equivalence of the Pompeiu problem for domains in C whose boun-

daries are rectifiable closed curves and the Morera problem for such
curves.

Notation, — Let D be a domain in the complex plane and let "
be a rectifiable curve. We denote by up area measure on D and by
v and o the measure d§ and normalized linear measure on I', respec-
tively. If D is the disk and I' the circle of radius r about the origin,
we denote uy, v and op by u,, v,, and o,, respectively.

THEOREM 4.2. — Let @ be a collection of domains in the complex
plane whose boundaries are rectifiable closed curves. Then { up : DE®}
has the Pompeiu property if and only if {vy : ' = 9D, D €@} has
the Morera property.

Proof. — By Green’s Theorem we have for D € @ with boundary
T,
Vp = y )I‘D ’

the derivatives being taken in the sense of distributions. Thus
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bz, , 2,) = iliz, — 2,) fip(2, , 2,), (z,,2,)EC* . (11)

One completes the proof by applying i), ii) and the last assertion of
Theorem 4.1, since up = 0.

Remark. — This theorem also follows from Green’s Theorem and
the fact that given f€C(R?) there exists u € C(R*) such that

Note that area measure on a disk does not have the Pompeiu
property, and thus d¢ on a circle cannot have the Morera property.
Indeed, the reason for this, as we shall now show, is that since the
disk is rotation invariant all rigid motions of the disk are obtained by
translations.

THEOREM 4.3. — For every T € &' (R?) such that the support of T
contains at least two points there exists a nonharmonic exponential
function f such that T * f = 0.

Proof. — The assertion is that ’i“(z) = 0 for some z ECZ\MO.
Since every TE&'(R?) is of finite order it suffices to consider the
case when T is given by a measure u. By the Hadamard Factorization
Theorem and the growth conditions (3) on g, for any real m

B, mE) =t et PE), ¢teC,

where P is of the form
- § §
PE) = J:[l (1 - ;;) expp(;ﬂ) :

If P(§) # 1, then p(e, , ma;) = 0 and o; # 0. Thus z = (o, , ma,) is
the desired point not in M,. We can deal similarly with the function
2(0,%). On the other hand, if P(¢) = 1, then since u is bounded for
real z, and z, , we must have k = 0 and a real. Thus suppose that for
each m € R U{eo} there is a real number a,, such that

i, mp ="  tec,mer,

- iaget (12)
w0, =e ", teC.



SPECTRAL SYNTHESIS AND THE POMPEIU PROBLEM 141

Differentiating (12) with respect to §, we find that a,, = a, + ma.,,
m € R. If we now fix ¢ and consider (¢, m¢) as a function of m we
have by analytic continuation that (12) holds for all m € C, whence

R i(8g2) +e0z,)
f(zy,z,)=¢ 01 T (z,,2,) €C?

contradicting the assumption conceming the support of pu.

Althouth, as noted above, area measure on a disk does not have
the Pompeiu property, we have the following “two circle theorem”,
which was refferred to in § 1.

Notation. — Forn=0,1,... let J,(§) be the n-th Bessel func-
tion of the first kind (see [4, Chapter 8]), and for each » and each
$o €C let

Q, §o) ={8:1/85 : 1,&) =1, (&) = o)
Remark. — Note that the set Q, (0) of exceptional values which
appears in the following theorem is a countable dense subset of R.
This follows from the well-known fact that the zeroes of J, are all

real and are distributed in a regular fashion over R.

THEOREM 4.4. — Given positive numbers r, and r,, the following
are equivalent.

i) {u,l ,urz} has the Pompeiu property.

ii) {vrl , v,z} has the Morera property.

iii) r,/r, & Q, (0).
Proof. — For ¢, , §,€R and r > 0,
ﬁr(El ,22) = fz ei(tlx+£2y)d#(x, y) =
R

r 2T . :
_ ‘/' f exp(£l cos 6 + £, sin 6) pd0dp |
(1] o

Setting £, = Rcosy and &, = Rsingp, the inner integral becomes

2n
f eiPR s —9) 4o = 27 J (pR) . (13)
(V]
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Thus

N r 2
8 =2m [ el (pRYdp = =T 1, (R) =

_ 2mr ) (r /82 + £2)
NGRS
Since I, is an odd function, the last expression above is a real entire
function of £, and &,. Thus upon complexification we have

2ar 3, (r\/2% + z2)
V3 + 22

By Theorem 4.1, i) holds if and only if ﬁrl and ﬁ,2 have no common

zeros, which by (14) means r, /r, & Q,(0). Since i) and ii) are equi-
valent by Theorem 4.2, this completes the proof.

bz, ,2,) = (z,,2z,)€EC?* . (14)

Similarly we can obtain a recent result of S.P. Ponomarev [15]
on the Morera problem.

THEOREM 4.5. — If {r,} is a convergent sequence of distinct
positive numbers, then {u, : n > 1} has the Pompeiu property and
n

{1{,” : n = 1} has the Morera property.

Proof, — If i1, vanishes on M,_, then by (14) J, (r/a) = 0. Since
the r, are all distinct and the zeros of J, have no finite limit point,
the result follows from Theorems 4.1 and 4.2.

In [5] J. Delsarte characterized harmonic functions by the follow-
ing strengthened converse of the mean-value property.

THEOREM 4.6. — Given positive real numbers r, and r,, the
following are equivalent,

i) A function f € C(R?) is harmonic if and only if
fa,y)=fxo, (x,y)=f*0,(x,y),  (x,»)ER".

i) r]/rz ¢Qo(l)

Proof. — If 8, denotes the unit point mass at the origin, then
we have from equation (13)
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(0, — 80)°(z,,2,) =Jy(r /22 +22) — 1 .

The proof is completed as before by applying Theorem 4.1.

Remark. — Using asymptotic properties of J, Delsarte has shown
that the exceptional set in Theorem 4.6 is finite.

The following version of Delsarte’s theorem using area measure
appears in the paper [19] of Zalcman.

1
THEOREM 4.7. — Let Q = 1¢,/¢, : J, & )/E, =1, &)/, = 2

Then given positive numbers r, and r,, the following are equivalent.
i) A function fGC(Rz) is harmonic if and only if

T fe,y) =fru, (), &, »ERY,I=1,2.
ii) r,/r, € Q.
Proof. — Equation (14) gives

23,(r\/z% + 22)
ry/z% + z%

1 - 2
(_2 “r—ﬁo) (zy,25) = 1, (z,,2,)€C".

mr

5. Some examples.

In this section we shall make some specific calculations which,
together with Theorems 4.1 and 4.2, show that various measures have
the Pompeiu or Morera property. As a first example we consider an
elliptical region. We preserve the notation established in § 4.

THEOREM 5.1. — Let D denote the elliptical region
SH<1l, 0<b<a
a

and T its boundary. Then up has the Pompeiu property and vy has
the Morera property.
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Proof. — By a linear change of variables, equation (13) yields

2mab) | (\fa*z} + b*z2)
V@22 + b2 22

It is then easy to see that 1(0) # 0 and @ cannot vanish identically
on any M, a # 0, so the theorem follows.

bp(z,,2,) = ,,2,)EC.

The remainder of this section is devoted to exhibiting a class of
measures which have the Pompeiu property and which includes the
measure pup if D is, for example, any polygonal region. The proof will
be based on some estimates of the growth of Fourier transforms on
certain curves in the manifolds M, . Namely, we let z = (z,, z,) vary
on the manifold M, in such a way that '

z, =t .

2
2, =20 =it (I ‘%) £>0 (15)
=—it+0(tl), t > 4o,

Observe that the square root is chosen so that the last equation holds
and that for all ¢, (z,,z,)EM_ ifa# 0 and (z,, z,) EM, fora = 0.

LEMMA 5.2. — If u and v are measures on R? with compact
support, and if

2, z, ()] = o(v(t, z,(DD), t > oo
then p + v does not vanish identically on M, if a # 0 or on My if
a = 0. The same result holds on My, if we set z, = it.
LEMMA 5.3. — Let u be a measure with compact support contained
in {(x, y) : y <a}and v a measure with compact support such that
e =o(lv(t,z,(tN) , t > oo,
Then pn + ¥ does not vanish identically on M, if o # 0 or on My if

a=0.

Proof. — Under the assumption on the support of u, a direct
estimation shows that
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iz, z, (1) | = 0(e*), t > too, (16)

so Lemma 5.2 applies.

LEMMA 54. — Let a<b and let T' denote the sum of the
(oriented) line segments from the point (x,,a) to (0,b) and from
(0,b) to the point (x,, a). Then for all «€C and for (z,, z,) as in
(15) we have

bt
Ifzr(t,zz(t))|>const.-t—: t > + oo, an

The same result holds if vy is replaced by o.. Moreover, in the case
of o the same estimate holds when z, =it, t> 0.

Proof. — We shall give the proof for v ; the other case may be
carried out analogously. A direct calculation shows that

~ ibz i(x,2zy+taz
bp(z,,2)) =alz,,z,)e 2+[3(zl,zz)e(l 1+az) _

G zz)ei(xozl+azz) ’ (18)
where
«(z. 2.) = —Xotib-a) x t+i@a—b)
f1o 220 75T Xz, + (b —a)z,) i(x,z, + (@ — b)z,)
_ x, +il@a—>b)
by, 25) i(x,z, + (@a—b)z,) (19)
10y, 2) = ——0 110 -0

i(—xpz, + (b —a)z,) .
1y . .
Setting z, =¢t, z, =—it+ 0 (-;) in (18) and (19), we obtain

1
la(t, z,(t)) | 2 const. i

and hence
bt oot

. e
lvp(2, z,(£)) | 2 const. - 0 -t—) ’

which implies (17) since a < b,
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COROLLARY 5.5. — Let p be a measure with compact support
contained in {(x ,y) : y <a}. Leta < b and let T be as in Lemma 5.4,
Then p + o has the Pompeiu property if and only if (i + o) (0,0) # 0.

Proof. — By Lemmas 5.3 and 5.4 g4 + 6 does not vanish iden-
tically on M, for all « # 0 and on M;. And when z, =¢, z, = it,
t> 0, then (z, , z,) EMy, and the estimate (16) also holds here. Thus,
by Lemmas 5.2 and 5.4 i1 + G does not vanish identically on My also.
By Theorem 4.1 u + ¢ has the Pompeiu property.

COROLLARY 5.6. — Let u be as in Corollary 5.5 with u =2 0. Let
a < b, and denote by A the triangle determined by the points (x, , a),
(x,,a) and (0,b). Then u + pu, has the Pompeiu property.

Proof. — Since pu + pu, = 0, we have (g + f,)(0,0) # 0. Thus
we need only consider the manifolds M, for a # 0. Since the estimate
(16) holds for the measure d¢ on the line segment from (x,, a) to
(xo,a), we may apply Lemma 5.4 to conclude that (17) holds for
I' = dA. But then (11) gives

N ebt
luA(t,zz(t))|>const.?-’ t > + oo

Our corollary now follows from Lemma 5.2.

COROLLARY 5.7. — Let u be as in Corollary 5.5 and let T" denote
the (oriented) line segment from the point (x,,a) to (0,b). Then
M+ vy and u + o have the Pompeiu property if and only if

(p+9)(0,00#0 and (a+ 065)(0,00#0,

respectively.

Proof. — A calculation yields estimates like (17) for v and or.
One then proceeds as in Corollary S.5.

COROLLARY 5.8. — Let u be as in Corollary 5.5 and v as in
Lemma 5.4. Then i + vy does not vanish identically on any M, for
a# 0 or on M.

As a consequence of these corollaries we can settle the Pompeiu
and Morera problems for polygonal regions and their boundaries.



SPECTRAL SYNTHESIS AND THE POMPEIU PROBLEM 147

THEOREM 5.9. — Let D be a polygonal region in R? with boundary
I. Then gy and o have the Pompeiu property and vy has the Morera
property.

Proof. — After possibly rotating and translating D we can bring
it to a position such that for some real number a v, = u + v, where u
has support in {(x, y) : y <a}and v denotes the measure d¢ on the
sum of two line segments as in Lemma 5.4. Cauchy’s theorem implies
that ». vanishes identically on Mf,, so applying Corollary 5.8 and
Theorem 4.1 we see that v, has the Morera property. By Theorem 4.2
Mp has the Pompeiu property. Similarly, Corollary 5.5 gives the
Pompeiu property for or.

We shall now give a “perturbation” of Lemma 5.4, replacing the
line segments by suitably smooth curves. This w1ll allow us to deal
with a much larger class of regions.

LeEMMA 5.10. — Let ', denote the line segment from (x,, a) to
(0,Db), where a < b, and let T', be a curve terminating at (0, b) and
tangent to I', at that point. Suppose T', is given by

F,:x=f0), YVoSY<b,
where

i) f is of Lipschitz type, and

i) im f'(y) = 2
y—>b b —
Then for all 0« €C and (z,, z,) as in (15) we have

bt
Ibe, (£, 25(0) = b, (1, 2,1 = 0( =), £ >+ (20)

The same conclusion holds with v replaced by o.

Proof. — To simplify the notation, let us assume that b = 1 and
a=y,=0. Then I'; is given by x = A(y — 1), 0<y < 1, where
A™! =—x;1 is the slope of I',, and ii) becomes lim f'(y) =

y—=>b

Since f' is bounded near y = b by ii), let us assume it is bounded on
[0,1]. Write



148 L. BROWN, B. SCHREIBER AND B.A. TAYLOR

1 .
- - _ i[A(y —1)z) +yz,] .
vrl(zl,zz)—vrz(zl,zz)— j; e A\ +idy —

1 . z
=[O )+ ay

_ fl eiy22 (en\(y-l)zl _ eif(y)zl) O+ idy +
0

1 .
+ [ O ronay
=1, +1,.
(The second equality follows from the first by adding and subtracting

fl ei[f(.v)zl +yz,] Ady
0

and collecting terms.) We shall estimate each of the integrals I, and
I, on the points (z,, z,) as in (15).

We begin with I,. Define
e@)= sup IA-f'MI, 0<s6<1,
§<y<1
so that €(8) > 0 as 6§ = 17. Set
M=g(0)= sup IA=F'OI.
0<y<1
Note that when z,(¢) = —it + 0(t~') we have

le”*2 | < Cert | 0<y<1,1<t<o,

Thus for (z,, z,) as in (15) we have for t> 1,

Li<c [l et rong =c(f*+ 1)
S5t t

t
<cC [M 5;— + £(5) eT] = C-e; [Me=(-9 + £ (5)] .

et
It follows that |I,| = o(-;) as t > + oo,
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To estimate I, , let A be an arbitrary positive number, and set
8 = 1 — A/t. Then as in the estimate above, for r > 1 we have

|11|<c(f08+ fal) eV |80 _ 1| |\+ildy, (1)

where g(¥) =A(y — 1) — f(»),0<py < 1. When 6§ < y < 1 we have
g =1g(y) —g(1)| < (1-20) ()

since g is absolutely continuous, whence
. A
e — 1< t1g()I <11 - 8)e®) = Acl )

Substituting this in (21), we obtain

edt et A
I<S2C—+CA— g(1—=
ey t A t 8(1 t)
et A
=—[2Ce-A+CA e(l——)], £>1.
t t

A
Consequently, since 8(1 — 7) —> 0 as t > oo, we have

lim sup fe* |1, | < 2Ce™™.

t—> 4o
Since A was arbitrarily chosen, we have lim sup te~* |I, | =0, or
et
[I,1=o0 (_t)’ and the proof for v is complete. The o case is handled

similarly.

Remark. — Lemmas 5.4 and 5.10 may be applied to yield results
which generalize Corollaries 5.5-5.8. We leave the formulation of
these results to the reader and proceed directly to the main result of
this section.

DEFINITION. — Let ' =TI'(t), — 1 <t < 1, be a Lipschitz curve
with well-defined (a.e.) unit tangent vectors T(t) = T'()/|T' ()| . The
point p = I'(0) is a corner of I if the right-hand and left-hand limits
of T(t) as t = 0 exist and are not collinear.
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THEOREM 5.11. — Let D be a compact region in R*. Suppose
that there is a half-plane H in R? and a unique point p €D NH of
maximal distance from OH such that near p the boundary of D is
given by a Lipschitz curve with p as a corner. Then up has the Pompeiu
property. If 0D is a rectifiable curve T', then v, has the Morera
property and o has the Pompeiu property.

Proof. — After rotating and translating D, we may assume that
p=(0,b) and H={(x,y): y=>a} for some a<b. Then, by a
minor modification in the choice of H it may be assumed that (6D) N H
consists of a Lipschitz curve I' = I'(¢), — 1 < ¢ < 1, with unit tangent
vectors T(f) = (x(#), y(#)), such that T" has a comer at p = I'(0)

and lim_ y()#0# lm, () .
t—>0" t—>0

This means that I" is given by two curves x = f(y) and x = g(y),
a <y <b, each of Lipschitz type, such that f(b) =g((®) = 0 and
the limits

lim f'(y) and lim g'(y)

y—>b y—>b

exist and are unequal.

Let ', denote the curve x = f(¥),a <y < b, and let I'; be the
line segment from (0, b) to a point (x,, a) such that

Xo
b—a

lim f'(y)=— s
y—=>b

so that I', is tangent to I'; at (0, ). By Lemma 5.10,(20) holds for
all a€C and (z,, z,) as in (15). We may proceed similarly to obtain
(20) for the curve x = g(¥), a < y < b. Combining these results with
Lemma 5.4, we obtain (17) for the curve I' above. The proof now
proceeds like those of Corollaries 5.5 and 5.6 and Theorem 5.9.

COROLLARY 5.12. — Let D be a compact convex set in R* with
non-empty interior such that for some point p €I' = 0D there is no
unique line of support for D through p. Then u, and oy have the
Pompeiu property and vy has the Morera property.

Proof. — It is well known that I' is a Lipschitz curve and that p
is a corner of I in the sense defined above if there is no unique line
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of support for D through p. Thus the corollary follows easily from
Theorem 5.11.

6. Bounded functions.

We shall conclude by pointing out how much simpler the Pompeiu
problem becomes if the functions f under consideration in the formula-
tion of the problem are assumed to be bounded. In particular, one
needs only to consider the Fourier-Stieltjes transforms of measures in
the usual sense, and the rotations enter in only a superficial way.
Moreover, the measures need not have compact support, and the
problem may be considered in a much more general context, as follows.

Let G be a locally compact abelian group with character group I'.
The Fourier-Stieltjes transform @ of a measure u in the measure algebra
M(G) of G is the bounded, uniformly-continuous function on I' given
by

ﬂ(v)=f6m)du(x), YET .

For a full discussion of the concepts discussed here we refer the reader
to [16]. If f € L*(G) the spectrum o(f) of fis the set of all characters
v on G contained in the weak*-closed, translation-invariant subspace
of L”(G) generated by f, and we say f admits spectral synthesis if f is
in the weak*-closed subspace of L”(G) generated by o(f). It follows
immediately from the Wiener Tauberian Theorem that every nonzero
function in L*(G) has a nonvoid spectrum (see [16, Chapter 7]).

If I is a closed ideal in L' (G) and E a closed subset of I', define

ZA) ={yET:f(y) =0 foral fEI}
and
IE)={fELYG): f(y) =0 forall yEE}.

The following easy proposition has as an immediate consequence the
solution of the Pompeiu problem for bounded functions. Though the
result is well known, we shall include the proof in the interest of
completeness.
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PROPOSITION 6.1. — Let f be a bounded continuous function on
G and nEM(G). If f*u =0 then o(f)C a~1(0). Conversely, if [
admits spectral synthesis and o(f)C u~1(0), then f* u = 0.

Proof — If f* u =0, then (g * u) * f = 0 for all g € L' (G), so
L'(G) * uCI[f]={g€EL'(G): g+ f=0}.
If y€0(f), then v annihilates I[f], so
gru*xy =g aMmMy=0
for all g € L'(G), giving it(y) = 0. Thus ¢(f) C a~*(0).

Suppose a(f)C z~1(0). Let I be the closure in L' (G) of L' (G)*p.
Then I is a closed ideal in L' (G) with Z(I) = #~1(0). Since o (f) C Z(1),
we have

Io(fNOUZANDI.

If f admits spectral synthesis, then I(a(f)) = I[f]. Hence I[f]1D],
so u * f annihilates all of L'(G), giving u * f = 0.

COROLLARY 6.2. — Let QI be a subset of M(G) such that
N{a=%0) : pEM}= O

If f is a bounded continuous function on G such that f * u = 0 for
all u €I, then f = 0.

Proof. — If f satisfies the hypotheses, then by the Proposition
o(f) = @, which as mentioned above implies f = 0.

COROLLARY 6.3. — For each o= 0, let C, be the circle x* + y* = a.
Given u € M(R?), the following are equivalent.

i) If f is a bounded continuous function on R? such that

f2f° odu=0forall c€EZ, then f = 0.
R

ii) C, ¢ 1~1(0) for all a = 0.
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