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THE HAMILTON-CARTAN FORMALISM
IN THE CALCULUS OF VARIATIONS

by Hubert GOLDSCHMIDT and Shlomo STERNBERG (*)

In this paper, we give an exposition of the geometry of the
calculus of variations in several variables. The main emphasis is on
the Hamiltonian formalism via the use of a linear differential form
studied in detail by Cartan. We present an overall survey of the subject.
Many of the ideas are to be found in the books of Caratheodory [1],
Cartan [2] and De Donder [3], and the papers by Hill [6], Lepage
[7], Van Hove [12] and Weyl [13]. Expositions of certain aspects of
our subject may be found in the books [S], [8], [9] and [11].

The main innovations in our treatment consist of the consistent
use of fibered manifolds and the affine structure of jet bundles (cf.
[4]), and the introduction of the Hamilton-Cartan form which makes
possible an invariant treatment of the Hamiltonian formalism. In par-
ticular, the Hamiltonian as a function is not an invariant concept and
depends on a trivialization of a fibered manifold. We include discussions
of Noether’s theorem, the Hamilton-Jacobi equation and the second
variation.

1. Differential operators and jet bundles.

Let X be a differentiable manifold of dimension » whose tangent
bundle and cotangent bundle we denote by T = T(X) and T* = T*(X)
respectively. Let C*(X) be the space of real-valued differentiable func-
tions on X. If E is a vector bundle over X, we denote by C*(E) the
space of differentiable sections of E over X. Let E, F be vector bundles
over X and let D : C*(E) = C™(F) be a first-order differentiel op-

(*) The second author was partially supported by the NSF grant GP 31359X.
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erator.The symbol 6(D) : T* ® E — F of D is the unique morphism
of vector bundles such that

D(fs) = fDs + o(D) (df ® s)
for all f € C*(X), s € C*(E). The adjoint operator
D* : C°(F* e A" T*) = C™(E* @ A" T¥)

is the unique first-order linear differential operator such that

fx <De,ﬁ>=fx<e,D*ﬁ>

for all € C™(F* @ A" T*) and all sections e of E of compact support.
The symbol o(D) of D gives rise to a map E = T @ F which we also
denote by o(D). If e€E, BEF* 8 A* T*, the image of (c(D)e) @ f
under the map

TGFQF*G/\"T* —>A""1T*
tefef*ear (f,f*) ¢ la

where £ €T, fEF, f*E€F* a €N T*, will be denoted by (o(D) ) _I8.
The following is the integration by parts formula for D :

(L.1) (De,B) = (e,D*B) +d((a(D)e) 1P

where e € C*(E), BEC*(F* ® A" T*) ; the proof of this formula is
standard and will therefore be. omitted.

We now recall certain facts, in particular about jet bundles, which
we shall need. If Z, Z, , Z, are differentiable manifolds, f; : Z - Z,
is a differentiable map and W, is a vector bundle over Z; , with i = 1, 2,
we shall generally use the notation W, ®, W, for the tensor product
of induced bundles f;'W, ® 7 'W,.

Let ¢, : X > Z be a one-parameter family of differentiable
mappings and set ¢ =¢,. Let & : X = T(Z) be the vector field
tangent to the family ¢, at ¢ = 0 defined by

_ 9p,(x)

£(x) i

t=0

If « is a p-form on Z, then £(x) J a(p(x)) belongs to AP~ T%, \(Z)

and we have thus a (p — 1)form ¢*(¢ _l «) on X defined by
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e* (¢ da) (x) = p*(¢(x) Ja(p(x))) -

The following formula is easily seen to hold :

do¥ a

(1.2) 9

=dp*(¢ Ja) + p*(§ 1da) -

t=0

Let w : Y - X be a fibered manifold ; that is, we require m to be
a surjective submersion. Let T(Y) be the tangent bundle of Y and
T(Y/X) the sub-bundle of T(Y) of vertical vectors. We shall sometimes
use the notation V(Y) for the bundle of vertical vectors over X. We
denote by J, (Y) the fibered manifold over X of k-jets of (local) sections
of Y, by j, (s) the k-jet of a section s of Y, and by m,_, : J, (Y)=>J, _,(Y),
7. J,(Y) = X the natural projections ; we shall identify J,(Y) with
Y. We recall the following properties of J, (Y) (see [4]) :

(1.3)  J,(Y) is an affine bundle over J, _, (Y) whose associated vector
bundle is S*T* &; (v, V(Y).

(1.4) There is a canonical isomorphism

V3 (Y)) 3 J.(V(Y))
sending

d .
i Jx(sg) (x)

into  j, (dit s, ) x)
t=0

if s, is a one-parameter family of sections of Y defined on some
neighborhood of x €X.

(1.5) We have an exact sequence

t=0

0 - skT1* vy V(Y) = VU, (V) Tty gl VI, (Y) > 0.

(1.6) If Y is a vector bundle E, then J, (E) is also a vector bundle.

Let (x!,...,x",y',...,y™ be a coordinate system for Y on
an open set U such that (x!,...,x") is a coordinate system for X
on mU. Then there is a natural coordinate system for J,(Y) onmy'U

(LD ey, ¥y, 1<i<n , 1<j<m , 1<|a|<k,

where a = (@, , ..., ,) is a multi-index, such that

lal j

ox*®

Y (9) (x)) = x) , si=ylos,
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for any section s of Y defined on a neighborhood of x € 7 U satisfying
s(x)eU.

PROPOSITION 1.1. — There exists a unique T(J,_, (Y)) - valued
l-form w, on J,(Y) such that

1) (jr(®yv, w, ) =0, for all sections s of Y over an open
set UCX and all vET, , x€U ;

i) (&, =m_ & forall EEVJ(Y)) .

Proof. — i) Uniqueness. Suppose that w, , w, are two l-forms
satisfying the above conditions. Then the restriction of w, — @, to
V(J(Y)) vanishes and this 1-form satisfies condition i). Let p be an
arbitrary point of J,(Y) ; then we can write p = j, (s) (x), for some
section s of Y over a neighborhood of x = w(p). If EETP(Jk(Y)),
then & — j (s), m, & is a vertical vector ; hence both terms of the
right-hand side of the equation

(E,w,— @) = CE—j ()T, Wy — @y )
F (@) T &, Wy — @ )
vanish, and so w, = w, .

ii) Existence. Let p be a point of J,(Y) ; if s is a section of Y
over a neighborhood of x = n(p), with j, (s) (x) = p, we denote by
Dy T, = T,,k_l(p)(Jk_l(Y)) the map j,_,(s), which depends only
on p. Define w, by

(1.8) (E,w? =1rk_1_£——p*1r*£

ifpel (Y),t€ Tp (J,(Y)). Conditions i) and ii) are trivially verified. In
fact (&, w, ) isjust the projection of L ¢ onto V,,k_l(p) Je 1Y)

along the horizontal subspace of T"k—l(P)(J x—1(Y)) determined by p.

The following is the converse of condition i) of the above
proposition.

ProrosiTION 1.2. — If u is a section of J,(Y) over UCX,
satisfying u,v, w, ) =0, forallveT,, x €U, then u = j (myu).

Proof. — We proceed by induction on k. Let Kk =1 and u be a



HAMILTON-CARTAN FORMALISM 207

section of J, (Y) over U satisfying the above condition. If x € U, then
forall v€T,,

0=(uey,w, ) =((mu)y — ux),)v

which implies that u(x) =j, (m,u) (x). Assume that the proposition
holds for k — 1 and let u be a section of J, (Y) satisfying the hy-
pothesis of the proposition. By the uniqueness of w,_, we have
T, @k = Wy - Thus by induction, m,_, u = j,_,(mou).1f x€U, then
foral veT,,

0= Cu,v, we) =((mp_ u)y —ux),)v

which implies that u(x), = (m,_, u), and hence that u(x) =j, (m,u) (x).

Leto: Y > Y, p : X > X bemappings such thatmop = p o ;
if s is a section of Y over a neighborhood of x € X, thengp o s 0 p~! is
a section of Y over a neighborhood of ¢ (x), and we define a map
O T (Y) = J (YY) by

O Uk(s) ) = jlp o s° 971 (P (x)) -
We have :
Tog, =@om
and
mog,=g,om , for0<I<k,

where ¢, = . Therefore, to each projectable vector field £ on Y, we
can associate a projectable vector field ¢, on J, (Y). In fact, &, is 7,
projectable,for 0 </ < k,and

1rl_.£k =§, for0<I<k,

where &, = &. If n is another projectable vector field on Y, then
(&, nle = (&) -
If E is any vector bundle over X, we denote by
(1.9) dy,x : C°(E &y AP T*(Y/X)) = C=(E ®,AP*! T*(Y/X))

the exterior derivative on # : Y — X, or fiber derivative on Y (relative
to X). The restriction of s € C*(E &, A’ T*(Y/X)) to 1~ (x), if x €X,
is an E_-valued p-form on 7~!(x) ; the restriction of dyxs to 7 1(x)
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is simply the usual exterior derivative of this vector-valued p-form. If
f is a realvalued function on Y and s, is a one-parameter family of
sections of Y, then

ds,

d
dt |,z s (dY/Xf_) ° Sy ) —‘d—tf(st)

=0

The differential operator dy y has the following properties :
(1.10) dy;xodyx =0 ;
(.11 E-f= (E:dY/xf>

where ¢ is a section of T(Y/X) over Y and f is an E-valued function
onY ;

(1.12) dyjx(w; A wy) = @yxw)aw, + (— 1w rdyyw,
for all sections w, of E ® APT¥(Y/X) and w, of A?T*(Y/X) over Y.

Assume that Y is an affine bundle over X whose associated vector
bundle we denote by E. An element e €E_ , induces a vector field e
on the fiber Y, of Y overx, and an isomorphisma,, : E, > T, Y/X),
for y€Y, . Let f be a real-valued function on Y. For y €Y, , we
define the bilinear form (d,z{/x H) on Ty (Y/X) by

@yx NG L) =67, dyxf)

where ¢; = a;; 1(&), i = 1,2. These bilinear forms are symmetric and
so define a section dy,x f of 8? T*(Y/X).

2. The calculus of variations.

Assume now that X is orientable ; let w be a nowhere zero
n-formonX.Let7: Y — X be a fibered manifold and let L. be a real-
valued function, called the Lagrangian, defined on J,(Y). For any
compact subset A C X and any section s of Y over a neighborhood of
A, write

L= [ LG6)w-
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The main problem of the calculus of variations is to find sections s
which minimize, or extremize, this integral relative to a suitable family
of variations. For instance, if A is a submanifold with smooth boundary
of X we may seek a section s satisfying the condition :

Q.1 ’ I [s] <I,[s]

for all sections s’ over a neighborhood of A such that s' = s on dA.
Such a section s is called a minimum of I, for fixed boundary values.
For the remainder of this section, we shall only study the fixed bound-
ary value problem and so shall omit the phrase “for fixed boundary
values”. ;

A weaker condition on s is to require that (2.1) holds for all
sections s’ in some C°-neighborhood of s such that s' = s on 9A. A
section s verifying this condition is called a strong local minimum.

A still weaker condition to impose on s is to require that (2.1)
holds for all sections s’ in some C!-neighborhood of s such that s’ = s
on 0A. A section s verifying this condition is called a weak local
minimum,

A consequence of any one of these three conditions on s is

d
2.2 —1 =
(2.2) pr als,] o 0

for any smooth one-parameter family of sections of Y such that s, =g
and s, =s on 0A for all . A section s satisfying (2.2) is called an
extremal of 1, ; if this condition holds for all subsets A C C X, then
we say that s is an extremal.

We suppose that A is a compact submanifold of X with smooth
boundary 0A of dimension n — 1. If we compute the derivative in
(2.2), we obtain

d d .
—Lals,) =— fA L, (s,)) @

= f d Loj 4.
= Ja ( 5 (Y)/X °11_(S,))(dt ]l(st)) w .
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Let V,(Y) denote the vector bundle over X induced from V(Y) by the
map s. We may identify -
. ds,
So = s

t=0

with a section of V (Y) and thus j, (§,) becomes a section of J, (V,(Y)),
which is identified with

d .
I i Gsp)

t=0
With this interpretation

(djl(y)/x L)o jl )

gives rise to a first-order linear differential operator €[s] on V (Y).
We evaluate the preceding equation at + = 0 and obtain

4

= = [ @lslsp -

t=0

I, [s,]

Let » be any section of V,(Y) such that
suppv C A -

Extend v to a vertical vector field £ on Y of compact support, and let
¢, be the corresponding flow. Then s, = ¢, o s is a one-parameter
family of sections of Y such that s, = s outside supp v and §, = ».
According to (2.2), we must have
[ @snw=0-
Let o ,
&[s] : CCNT*) ~ C*(VF(Y) 8A"T*)

denote the adjoint differential operator, i.e., &[s] = ®[s]*. Then the
integration by parts formula (1.1) says that

23) (QsIww=(w, &[slw ) +d(o(R[s]w)) Jw)

for any section w of V(Y). Since v vanishes on 9A, (2.3) and Stokes’
theorem imply that

[ <v.8llw) =0-
A
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Since this last equation must hold for all sections v of V (Y) satisfying
(<]
supp v C A, we conclude that on fﬁ

(2.4) &[slw=0

Equation (2.4) is known as the Fuler-Lagrange equation and is equiv-
alent to the fact that s is an extremal.

Let us examine the form of (2.3) in terms of a local coordinate
system (x!,...,x",y',...,»™) on an open subset U of Y of the
type considered in § 1, for which

w=dx'a...andx"

on 7U. In terms of the coordinates (1.7) (x', y/,yD),i=1,
i=1,...,m,onJ (Y), we have

’n’

oL
dJl(y)/xL = Z (ll () dy (Y)/xy + Z (]1(5)) 1, (V)X yi ’

and therefore

ol
@s]v = 2 % ,(/l(s))v +Z (1,(s))——'

where

0
v= ; (ayi ()

is a section of V (Y).

Then &[s] w = a ® w, where «a is the section of V;"(Y) determined

by
<(5% 5), ) = ;?y% Gy~ ( (11<s)))

withj = 1,...,m. Thus (2.4) can be written as the system of second-
order partial differential equations for the section s(x) = xt, s/ (x))

aL (x‘ s'x) —( )) ( (x‘ s(x), (x)))
(2.4)

(I=1,...,m). This is the classical expression of the Euler-Lagrange
equation. We shall not have much occasion to use this local expression.
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An extremely important special case is that of ‘‘quadratic
Lagrangians™. In this case, Y is a vector bundle E over X and L has
the following form. Let F be a second vector bundle ; assume that E,
F are both equipped with scalar products which we shall denote by
« , ». Suppose that D : C*(E) = C=(F) is a first-orderdifferential
operator and that the function L is determined by

) ,
LG, () = 3 «Ds,Ds)» , fors€C”E).

In terms of the vector bundle map p(D) : J, (E) = F induced by D
satisfying D = p(D) o j, , the function L is given by

1
L(z) = -2- pMD)z,pM)z» , forze],(E).

Thus L is indeed a quadratic function on J, (E). Therefore, its fiber
derivative

@5, @yx L) @ ETFU,(EYX) , at zEJ,(E),

sends w €J,(E), into {p(D)z,p(D)w). Thus, identifying V (E)
with E, the differential operator %[s] is given by

R[s]yv=«Ds,Dv)» , forveC’(E).

It is clear that
(v, 8[s]w)=«v,D*Ds N w >

where D* denotes the metric adjoint of D relative to the scalar
products  , » and the volume element w. Therefore, the Euler-
Lagrange equation is equivalent to

2.5) D*Ds =0 -

Let us now return to the general situation. Let s, be a one
parameter family of sections of Y with s, = s and let ¢, be a flow on
X whose infinitesimal generator is &. Suppose that the integrand
considered is equivariant with respect to these two one-parameter
families in the sense that

(2.6 o LG, ()W) =L>G; N w -
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Geometrically, this means that for any compact set B C X

I'@(B)[st] = ‘/\?t(B) L(ll ) w= IB[S] .

If we set v = §, and differentiate (2.6) with respect to ¢ and set £ = 0,
we obtain, using (2.3)

d{t JLG, N w + a@[shv Jwl+ (v, &[s]w)=0-
If s is an extremal, then the last term vanishes and we obtain
2.7 d{(L(, (N & +o(@[s])») Jw}=0-

Notice that we can consider the more general situation where (2.6) is
replaced by

(2.6" 0 (L3, (s)) @) = L(j, () w + do,
where «, is a one-parameter family of (n — 1) forms on X. If we set
dt ’

t=0

then (2.7) is replaced by
Q@.7) d{LG, N E +o@[s] ) Jw —&}=0.

In particular, suppose that ¢, is a one-parameter family of auto-
morphisms of the fibered manifold Y satisfying m o p, = ¢, o 7 and
that s, = ¢, o s o @, *. If § is the infinitesimal generator of p, and §
the infinitesimal generator of p,, then

v=£os—s*;§.

We have thus proved Noether’s Theorem. Let s be a section of Y.
Suppose that ¢, is a one-parameter family of automorphisms of the
fibered manifold Y which preserve the action in the sense that

(LG (s,) @) = LG, () w

where @, are diffeomorphisms of X such that 7o ¢, = ¢, o 7 and
s, =¢,°so @, . Then if s is an extremal, the (n — 1)-form on X

(2.8) (LG, 6NE +0(RIsD (Eos—sq £) Jw

is closed.
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If Y is a vector bundle E, if ¢, is a one-parameter family of
vector bundle automorphisms, and if L is a quadratic Lagrangian in
the sense described above, then

v =[£,s]

considering the section s of E as a vertical vector field on E, and
identifying v with a section of E. Also

o(@R[sDv =«Ds,oD)vM>
where we have set

Kf,, tef,h=«f, L0t , forf, ,f,€F,tET.
Then the form (2.8) is
(2.9) (LG, () E + «Ds, oD [, s]M Jw -

3. The Hamiltonian formalism for the first variation.

Let W be an affine space whose associated vector space is V. The
affine structure on W identifies the tangent space T, (W) of W at any
point p with V. It therefore also identifies T:(W) with V*, If f is any
function on W, then (df) (p) € V* and so we have a map W - V*
sending p into (df) (p). Similarly, if W is an affine bundle over X,
whose associated vector bundle is V, we have a bundle map W - V*
sending p into (dW/X ) (p).

We apply these considerations to the case of the affine bundle
W =J,(Y) over Y whose associated vector bundle is T* &, V(Y). We
let L be a function on J,(Y) as in the previous section. Then setting
o(L)p = (dll(Y)/X L) (p), for p€J,(Y), we obtain a map of fibered
manifolds f

o(L) : J,(Y) > T ey V¥(Y)

over Y, which is called the Legendre transformation. In fact, according
to (1'5)’d11(Y)/YL can be identified with a section of T ® (v V*(Y),
which is precisely the section corresponding to o(L).

If Y is the trivial bundle X x M, where M is an m-dimensional
manifold, then we may identify J, (Y) with the manifold of 1-jets of
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mappings of X into M, and hence with the vector bundle
Hom(T , T(M)) = T* &, T(M)

over Y ; the ljet at x €X of a function f: X = M corresponds to
fo t T, = Tp(;)(M). The vector bundle T &y V*(Y) is canonically
isomorphic to T ®, T*(M), and the Legendre transformation is there-
fore a map

o(L) : T* ey, TM) > T &, T*(M) .

We now define a linear differential form 6 on J 1 (Y) with values
in T as follows. For any ¢( € Tp J,(Y)), let (¢, 0) €T, with m(p) = x,
be given by '

1
G.D (5,0)=;L(p)vr*$+a(L)p-(<E,w,))

where w, is the l-form on J,;(Y) with values in V (Y) defined in
§ 1. Since o(L), ET &y V*(Y), and (¢, w, YEV (Y), the element
o), . (%, w,)) lies’in T, .

As this form plays a crucial role in the remainder of this paper,
let us give its expression in local coordinates in the classical case of
one independent variable. At the end of this section, we will give the
general expression. The manifold X = R, whose coordinate we denote
by ¢, has a distinguished vector field 9/9¢, so that w = dt is a non-
vanishing one-form on X. If (¢,q',...,q™) is a coordinate system
for Y, and if we set x! =, y/ = q/, then

(f,ql,---,qm,ql,...,dm)'

is a coordinate system for J, (Y), where q’ = y{ . In terms of these
coordinates,

; 0
w, = (dq’ — ¢/ dt) ® — -
' ; 3¢’

0 oL 0
O =Ldte —+ — (dg’ — g7 dp) ® — *
dre — ;a.,(q 4 dne—

=(zi:%dq"—Hdt)Ga%’
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where we have set

We now return to general considerations.

If s is a section of Y, then by Proposition 1.1 we have
1
3.2) j %6 = ; L@, () id .

~ Let W be an n-dimensional vector space. Let u € W* @ W ; then
u acts as a derivation on the exterior algebra AW* of W* by con-
sidering # as an element of Hom(W , W) and extending the adjoint
u* : W* > W* of u as a derivation of A W*. Following Frolicher-
Nijenhuis, we denote by u x B the image of BE€ AW* under this
derivation. If u = a® §€W* @ W, BEA W*, then

uANB=aANE P ;.

indeed, this formula defines a derivation of AW* which is equal to
the one considered above when restricted to W*. Therefore, if § EA"W*

€3.3) - uRB=(Tru*)B=(Tru)B.

If ¢ is a one-form on J, (Y) with values in T, that is a section
over J, (Y) of T*(J, (Y)) 5. v) T, and B is a section of AP T* over X,

we denote by Y A w*f the p-form on J, (Y) defined by the formula

YR T*B=alNn*E 1p)
if y =a®g.

We now apply this to 6 and w and obtain an n-form
O@=07~R7g*w
on J,(Y). In the one-dimensional case described above, setting

p’ = 0L/0q’, we see that

© =Y pldq/ —Hat .
Jj

PRroPOSITION 3.1. — The form © is the unique n-form on J, ()
satisfying
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3.4) 1®*0 =L3G,) w
for all sections s of Y and
(3.5) nJe=m*((eM)p- (v ) )

ifp€l,(Y)and n€E Vp(.ll Y)).

Proof. — The uniqueness part of the proposition is trivial, since
(3.4) determines © on the subspace j, (s), (A" T,) of A" T, d, ), if
P2 =J,(s) (x) for some section s of Y over a neighborhood of x € X,
while (3.5) determines ® on the ideal of /\Tp(Jl(Y)) gerierated by
VP(Y). Now

HO*O = (,6)*0) & w ,

where the operation ® on the right-hand side is the one described
above letting W be the vector space T, , with x € X. Hence by (3.2)
and (3.3) '

1
j1)*0 = o LG, id ® w =L3,() w .

If n is a vertical tangent vector to J,(Y), then n _I 7* w = 0, so that

nl1O=7a*{n,0)_lw).
By (3.1),
(n,0)=0c)p- L
proving (3.5).

If u is a section of J, (Y) of the form u = j, (s) for some section
s of Y, equation (3.4) implies that

(3.6) [ we=1,s.
A

We can now pose the problem-of finding extremals of the integral of
the left-hand side of (3.6) among all sections of J, (Y), not just those
which are of the form j, (s). Let u, be a one-parameter family of
sections of J,(Y) with u, = u and let ¢ be the tangent vector field
along u tou, at¢t = 0, so that £(x) € Vu(x)(J1 (Y)) is the tangent vector
to the curve u,(x). Then, by formula (1.2)

d
-d—-u;“G) = y*(¢§ JdO) + du*(¥ _1©) .
t t=0
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Now suppose that

d *
drJa 't

t=0
vanishes for all variations «, of u which agree with u outside a compact

subset of K, that is, that u is an extremal of the integral on the left of
(3.6). Then for such a variation, ¢ has compact support and so by
Stokes’. theorem

f, v 1a0)=0.

Since this must hold for all vertical vector fields ¢ along u of compact
support, we conclude that on 1‘51

3.7 u*(¢ 1de) =0 , forall (€C(VJ,(V)) .

This condition is equivalent to the fact that « is an extremal of the
integral on the left of (3.6). The main observation in the Hamilton-
Cartan formulation of the calculus of variations is

THEOREM 3.1. — If the map o(L) : J,(Y) = T &y, V*(Y) is an
immersion, then equation (3.7) is equivalent to the pairs of equations

u =j,(s) for some section s of Y
and

&[s]w=0"-

In other words, a section u of J, (Y) is an extremal of the integral
on the left of (3.6) in the sense that (3.7) holds if and only if u is of
the form u =j,(s) and s is an extremal for the integral I, of § 2.

As a first step in the proof of Theorem 3.1 we prove :
LEMMA 3.1. — Let s be a section of Y over X, then if u = j, (s)

(3.8) u*(n 4d®) =0 for all n€C*(TJ,(Y)/Y)) .

If o(L) : J,(Y) = T ®y V*(Y) is an immersion, then a section u of
J,(Y) over X satisfying (3.2) for all n€C™(T(J,(Y)/Y)) is of the
form u = j, (s) for some section s of Y.
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Proof. — Let n be a section of T(J,(Y)/Y) ; then (n,0)=0
andp J7n*w = 0. Hence n 10 = 0 and £2,0 =n_d6. Also, since
W is an algebraic operation and £, 7* w = 0, we see that

Bn®=(£3n0)7r1r*w .

Now, since w, and 6 both vanish on all tangent vectors n€T(J, (Y)/Y),
we can think of w, and 6 as functions from J,(Y) to T*(Y) &, T
given by

E,w,(P))=&— pem, &
and

1
(£,0(p)) = o Lp)m t+o)p- ((§, w,(p))

for all p€J,(Y) and EETy(Y), where y = my(p). In order to
compute £, 6 and £, w, , we shall determine the Lie derivatives of
these functions. The affine structure of J 1 (Y) is determined by the
map «
J,(Y) > T* e, V(Y)
p=p,
then £, a = n, where we have identified

TU, (YY) with T* &, ) V(Y)

according to (1.5). Therefore for p €J,(Y) and EETy(Y), with
y = my(p), we have

(3.9) (§,(2,w,))(P)=—(m &, 7(p)) .
We thus obtain for p €J,(Y), § €T, (Y) with y = m,(p)

1
(£,(£2,0)(p) = o (n(p),o(L)p) my &

(3.10) —o(L)p - (T &, 0(P)))
+(2,0(L) (p)- (£, 0,) .

In the first term of the right-hand side of (3.10), we have identified
n(p) with an element of T* 0,1(Y)V(Y). Therefore.

u*(n 1dO) =u*(£n0) FRw=y A Aw
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where ¢ is the section of T* € T = Hom(T, T) given by

1
v@) = Y (nu(x)),o(L)u(x))id — a(L) u(x) - (v, n(u(x)))

+ @, 0(L)) (ux) - v, u* w,)

for v €T, , or, in other words by

¥ =_,1; n-u,ocL)w)id — (c(L)u)o (n-u)

+ (&, 0(L)) - u) o utw, .
Now by (3.3), ¥ ® w = (Tr ¢¥) w, and the pairing between
n(p) ET* ®5, ) V) and o(L)pET 5, ) V*(Y)

is exactly (n(p),o(L)p) = Trl(a(L) p) o n(p)), if p €J,(Y). Thus
in computing Tr ¢, the contribution of the first two terms of the
expression for Y cancel and we obtain

Try = Tr[((#,0(L)) - u) © u* w,]
and
u*(n 1d0®) = Tr{((#, (L)) - u) e u* w,] ,

which implies, by Proposition 1.1, the first part of the lemma. Now,
if p€J,(Y)
2,0(L) (p) = o(L)y (n(p)) .

The assertion that o(L) is an immersion means that
o(L)y : T,d,(Y)Y) > T, @ V3(Y)

is an isomorphism for all p €J,(Y), where x = w(p), y = my(p). If
o(L) is an immersion, then (3.8) is equivalent to

Tr(xe u*w,) =0

for all sections x of T ®, V*(Y) and hence to u* w, = 0. By Propo-
sition 1.2, the remainder of the lemma follows.

Because of the discussion preceding Theorem 3.1, to complete
the proof of Theorem 3.1 it is sufficient to show that for a section s
of Y the condition &[s] w = O implies that u = j, (s) satisfies (3.7).
Let & be any vertical vector field along u, i.e., E(x)EVu(x)(Jl(Y))
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for x €X, of compact support. Then . ¢ is a vertical vector field
along s. Extend . ¢ to a vertical vector field on Y of compact sup-
port, and let ¢, be the corresponding flow on Y which satisfies
o, = id. Let ¢ be the vector field along u tangent to the family of
sections j, (o, o s) of J,(Y) at + = 0 whose support is contained in
an open subset B of X with compact closure. By construction
L g = wo‘s and thus (¢ — §) (x) belongs to T y(d; (Y)/Y). Hence
by Lemma 3.1, we have

u(x

u*((¢' —§) J1de)=0.
Since ¢’ vanishes on 9B by (1.2) and (3.6), we have

, d
fB u* (' 1dO) =—Iylp, o s] ;

t=0

this integral vanishes since s is an extremal. Hence

[ ur 1de) =0

and (3.7) holds, completing the proof of Theorem 3.1.

Notice that in our discussion of (3.7), we restricted our attention
to vector fields ¢ along u which are vertical. However, this restriction
is superfluous. Indeed, if { is a vector field on X, then u, ¢ is a vector
field along u and

u*(u,§ 1d0)=¢ 1u*d® =0

since dO® is an (n + 1)-form and X is #n-dimensional. If £ is an arbitrary
vector field along u, then w, £ is a well-defined vector field on X and
¢ — u, m, £ is a vertical vector field along u. By the above equation,

u*(§ 1d0) =u*({(¢ — u,m, &) 1dO) =0
and thus
u*(¢ 1dO) =0

holds for all vector fields ¢ along u if and only if it holds for vertical &.

Let v be the unique section of A” T over X such that {(y,w) = 1.
That this last equation holds for all vector fields ¢ along u is equivalent
to

(3.12) u,y 1d® =0



222 H. GOLDSCHMIDT AND S. STERNBERG

Equation (3.12) is Hamilton’s form of the Euler-Lagrange equation.

We are now in a position to state a more general version of
Noether’s theorem. Let u, be a one-parameter family of sections of
J;(Y), let @, be a one-parameter family of diffeomorphisms of X and
let o, be a one-parameter family of (n — 1)-forms on X such that

(3.13) pfuf® =u*0 +da, where u =u,-.
Let £ be the infinitesimal generator of g, and let £ denote the vector

. da,
field along u = u, tangent to u, at t =0 and & = —

dt t=0

We have according to (1.2)

d _ _
do’z=—gt- ¢ u,© =d(¢ 10O) + du*(t 10) + u*(¢ _1dO) -
t=0
If u is of the form u =j,(s) for some section s of Y which is an
extremal, then the last term on the right-hand side of the above
equation vanishes and

d{LG,ENE Jw+j,()* EJO)—a}=0.

We have thus proved :

THEOREM 3.2. — Let s be a section of Y. Suppose that u, is a
one-parameter family of sections of 1, (Y) with uy =j,(s), and ¢, is
a one-parameter family of diffeomorphisms of X and «, is a one-
parameter family of (n — 1)-forms on X such that (3.13) holds. Then
if s is an extremal, the (n — 1)-form on X

(3.14) LG,6GNE Jw+j,0)* (¢ 10) — &
is closed.

By Proposition 3.1, if u, =j, (s,), where s, is a one-parameter
family of sections of Y, then equation (3.13) reduces to (2.6) and
this closed (n — 1)-form is the one obtained by Noether’s theorem.

Let us compute the forms 6, €, and d© in terms of a local
coordinate system (x!,...,x",y!,...,y™) on an open subset U
of Y of the type considered in § 1, for which

w=dx'Aa...Adx"
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on wU. The coordinates (1.7) (x , ¥/ ,¥}),i=1,...,n,j=1,..., m,
on J, (Y), induce coordinates on all bundles considered. In terms of
these coordinates

0
= j— 7 dxcl —_
1 Ei (dy 21 yidx) e ™

0] oL . . 0
=1 24y &gy —F plaxk) e
0 2 Ldx' e " o, (dy 2 yidx ) P

©®=Ldx' A, . Adx"

oL
% Idyf/\_dx‘/\.../\(f)\c’/\.../\dx"

3.15) + 2 (- 1*?

—_ — ] n
Z ydx A...Adx
i, j al
d® =—dHAdx' A, Adx"
+ X (~ D dpf ady! ndx'a ... adxPA ... dx"
i

where we have set

(3.16) H= 2 % iy,

and

(3 17) pl = EIL.
. ; ay{

If o(L) is a diffeomorphism of an open subset W of ;! U onto
o(L) W, then (x?,y/, p;) are also coordinates on W. Hamilton’s form
(3.12) of the Euler-Lagrange equation is equivalent to the equations

(3.18) B @(x) =—2 —L(x)
ay! 7 ox?

G=1,...,m) and

(3.19) (u( ) = (x)

(i=1,---,n;j=1""’m)’ ifui_—_yiou and uli:p;'ou.
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Let us end this section with a rapid discussion of the “variable
end point” problem. Let N be a submanifold of Y with #N = 9A for
which 7 : N = 0A is a submersion. Suppose that we allow variations
s, with 5,(0A) C N and require that s = 5, be an extremal with respect
to all such variations. Then s is certainly an extremal with respect to
fixed boundary values. In addition, if u, =j,(s,), u =j,(s) and & is
the tangent vector field along u to u, at t = 0, then

f du; ©
A dt
The first term on the right-hand side vanishes because of (3.7), while

the second integral vanishes for all such vector fields § satisfying
. £(x) EVS(X)(N). Thus by (3.5), we obtain the condition

0=j; u*(z_Jar@)+fM u* (¢ _10) -

(3.20) (e iy O EN-w) Jwy =0

for all wEVy(N), yEN, with 7(y) = x €0A. To illustrate the
meaning of this condition, consider the following example. Suppose
that X and M are Riemannian manifolds, that Y = M x X and that
w is the volume form on X. Then J, (Y) is identified with T* &, T(M),
which is a vector bundle over Y equipped with a scalar product. Let
V be a real-valued function defined on Y and let L be the Lagrangian
defined by

1
L(p) = B} Ipl? + Vrg(p) , pEIY).

Then o(L) : T* &, T(M.) > T &, T*(M) is the natural identification
of a vector bundle with its dual given by a scalar product, i.e.

(p(»),w)=(v,(c(L)p)w)

forp €J,(Y), my(p) =(x, m),»ET, and w € T,,(M). Let N = A x M’,
where M’ is a submanifold of M ; then Vy(N) can be identified with
T,M", if y=(x,m)EN. If f: X > Y is the function whose
graph is s, then j, (s) (x) is identified with f, (x) € Hom(T,, , Tf( x) (M)).
Hence (3.20) is equivalent to

(a(L) j;(s) (%)) -w ET,(3A)

for all x E0A, w E Tf(x)(M'), and so condition (3.20) becomes
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(fexX)v,w)=0

for all x € 3A, v € T,(9A), w € T, (,,(M"), where T;(dA) is the space
of vectors of T, orthogonal to dA.

4. The Poisson bracket.

The (n + 1)-form §2 = d€playsa crucial role in theoretical mech-
anics. A vector field ¢ on J,(Y) is called locally Hamiltonian if

£8=0.
Since d2 = 0, this condition is equivalent to
d¢ 1) =0.

Thus, locally we can write & _| §2 = dr, for some (n — 1)-form 7 on
J,(Y). A vector field ¢ on J,(Y) is called (globally) Hamiltonian if
there exists a (n — 1)-form 7 on J,(Y) such that

4.1 ¢ 1Q2 =dt .

Suppose that &, , & are locally Hamiltonian vector fields on
J,(Y). Then
[21 s Ez] 148 = EEI(E2 4Q)
and .
d((§,,§]1 18Q) = £ [dE 1) =0.

Hence [, , &,] is locally Hamiltonian and the set of locally Hamiltonian
vector fields on J, (Y) is a Lie algebra. If &, is Hamiltonian, then

¢, 1Q =dr,
for some (n — 1)-form 7, on J, (Y). We have _
4.2) (£, £,] 19 = &, dr, =d(8& 1)
and so [§, ,&,] is globally Hamiltonian. Thus the set & of globally
Hamiltonian vector fields on J, (Y) is an ideal of the Lie algebra of

locally Hamiltonian vector fields on J,(Y). If &, 1€ = 0, then, by
4.2), [§,,&,] 418 = 0. Thus the vector fields ¢ on J, (Y) satisfying
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(4.3) tE1Q=0

also form an ideal in the algebra of locally Hamiltonian vector fields
on J,(Y) (and a fortiori in @). The quotient algebra¥e of & by this
ideal is called the Hamiltonian algebra. We denote by [£] the image
in¥€ of an element § of &.

Let & be the space of (n — 1)-forms 7 satisfying (4.1), for some
element ¢ of @. The element 7 of % determines [§] E¥Cand so we
have a surjective map % —>8€. The set of closed (n — 1)-forms
Z""(J‘(Y)) on J,(Y) is a subspace of € and it is clear that the
sequence

(4.4) 0->Z"1'J,(Y) > 2 >%->0

is exact. We denote by P the quotient of % by the subspace B""'QJ 1Y)
of exact (n — 1)-forms. The map % - ¥€ factors through P and hence
(4.4) gives us the exact sequence

(4.5) 0 - H"'(J,(Y),R) > P >5->0.
We now define a skew-symmetric bilinear operation
RxXR >R
called the Poisson bracket. If 7, , 7, € % and
dr, =%, A&
dry, =% 1Q ,
where &, , &, € &, set
4.6) {ry, 7} =% Jddr, =% 1§ 1O .

The last of these expressions shows that the Poisson bracket is skew-
symmetric and so {7, , 7,} is a well-defined (n — 1)-form. Notice that
(4.2) implies that

4.7 dir, ,7,}=1[§,§]1 18 .
Now let us examine Jacobi’s identity. We have, by (4.7)
Ury,mpd 7y = 1§, &1 ddr,
= le(éz Jddry) - &, J fisldr3
=& {r, 13} - & Jda{r, , 73}
=§ dd{r, , 73} +dE, Hr, , ) — {7, {7, , 73}
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or
{ry,my, iy ={r, {r,, 7,8 +{7, , 73}, 7,}
(4.8) +dE, JE, JE 1) .

Thus Jacobi’s identity holds for this Poisson bracket on % up to the
term d(&,; 1§, &, _J82). Notice that if n = 1, then this term vanishes
automatically since §2 is a two-form, and so in this case & =P is a
Lie algebra.

The Poisson bracket on % induces according to (4.6) a Poisson
bracket on P. Now by (4.8), this bracket on P satisfies Jacobi’s identity,
and so P together with the Poisson bracket is a Lie algebra, the Poisson
algebra. By (4.7), the sequence (4.5) is an exact sequence of Lie
algebras, if H*"!(J 1 (Y), R) is considered as an abelian Lie algebra.

If n = 1, the orientation of X trivializes the line bundle T and
so the Legendre transformation can be viewed as a map

a(L) : J,(Y) > V*(Y) .

Let t €X ; then o(1) maps the 2m-dimensional fiber J, (Y), of J,(Y)
over ¢ into T*(Y,), if Y, is the fiber of Y over ¢. According to (3.5),
forall p€J,(Y), nE Vp(Jl X))

(n,0)= (WO.W,U(L)I” ,
so that, if a, denotes the canonical 1-form on T*(Y,) and
i 0 J,0Y), = J,(Y)
is the inclusion map, we have
i¥O=0L)co .

We now assume that ¢(L) is an immersion. Since de, is the standard
symplectic form on T*(Y,), the 2-form i¥d© defines a symplectic
structure on J, (Y),. The space C*(J, (Y),) of real-valued differentiable
functions on J,(Y), together with the usual Poisson bracket de-
fined in terms of i¥d® is a Lie algebra. The map

4.9) 2> CJ,(Y),)

sending a O-form f €4 into its restriction to J, (Y), is a homomorphism
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of Lie algebras. Indeed, there is a unique vector field ¢, the Euler
field, on J, (Y) determined by

¢ 1 =0
and
(¢, m*w)=1.

Thus a real-valued function fon J, (Y) belongs to & if and only if there
exists a vertical vector field £ on J,(Y) such that

df=§_1Q .

In fact, for a given f € & there exists a unique such &. It follows now
from the definitions of Poisson brackets that our restriction map is a
homomorphism of Lie algebras.

According to the Euler-Lagrange equation (3.12), a section u of
J,(Y) over X is of the form u = j, (s) for some extremal s if and only
if ¢ is tangent to u. A real-valued function belongs to % if and only if
¢ - f =0, that is if f is locally constant along all such «. In terms of the

coordinates (t,4",...,q™,p',...,p™) on J,(Y),
0 m oH m 9H o
ot j=1 a aq j=1 aq 3p

and f belongs to & if and only if df =

Iff,g€ex

Thus, the algebra P may be thought of as a space of “functions on
extremals”.

Assume that X = R and w = df, and that { generates a one-
parameter group of diffeomorphisms ¢, of J,(Y). If 5, t €R, the
map ¢, induces a diffeomorphism J, (Y), = J,(Y),,,. In this case,
the map (4.9) is an isomorphism of Lie algebras, and so P is infinite
dimensional. The underlying operators of quantum mechanics (the
‘“canonical quantization conditions’) are the operators arising from a
(faithful) representation of the Lie algebra C*(J, (Y),) and hence of
the infinite dimensional Lie algebra P.
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We now return to the general case. In higher dimensions (n > 1),
the restriction (4.1) tends to be more severe. For the free fields (i.e.
quadratic Lagrangians) that arise in quantum field theory, the algebra
P is infinite dimensional and provides enough efements to yield the
operators of the associated free quantum fields. However, computa-
tions done jointly with Professor S. Coleman, to whom we are very
grateful, seem to indicate that if n» > 3, then for “ interacting
Lagrangians™, i.e. those containing higher order terms, the algebra P is
finite dimensional, and hence does not provide enough operators for
quantization.

However, in the general case, in a purely formal sense, we may
still think of P as a space of ‘“‘functions on extremals”..For any extremal
s and 7 €, we have by (3.12), if u =j, (s)

du*t=urdr=u*¢ 1Q2)=0

if 7 satisfies (4.1) for some vector field ¢ on J,(Y), and so u*ris a
closed (n — 1)-form on X, whose cohomology class in H* ! (X, R),
denoted by [7] (s), depends only on the image of 7 in P. Thus an
element of P defines a function on the set of extremals with values
in H""'(X, R). Now suppose that X = I x X, , where X, is an
oriented (n — 1)-dimensional manifold, and that 7 satisfies the follow-
ing assumption on its support. If pr; : R x X, = K is the projection
onto the first factor, we assume that pr, : m(supp 7) = R is proper.
Consider the “space-like surfaces” Z, ={t}x X, , if t EIl. If ¢, is the
injection of Z, into X, we obtain a closed (n — 1)-form 7*u* 7 on
Z, with compact support, and the integral

F(s) = /; Gurr

t

is independent of ¢ ; hence, for each such element of P, we obtain a
well-defined real-valued function # on the set of extremals.

Suppose that a one-parameter family of diffeomorphisms
Y, 1 J,(Y) = J,(Y) is a global symmetry of the system in the sense
that ‘

yre=0.
If £ is the infinitesimal generator of y, , then

0=£0=¢(1Q+dE10),
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so that (4.1) holds with 7 = — § _| ©. Thus any global symmetry gives
rise to an element 7 €. Assume that Y, satisfies 7o Y, = p, om,
where o, is a one-parameter family of diffeomorphisms of X. If u is a
section of J, (Y) over z(, setting u, = Yy, ouo 5,_1, equation (3.13)
holds with a, = 0. If § is the infinitesimal generator of p, , then the
vector field along u tangent to u, at t =0 is

fou—u,

hence, if s is an extremal and u = j, (s), then the closed (n — 1)-form
(3.14) given by Theorem 3.2 is precisely — u* 7.

Let ¢ be a diffeomorphism of J, (Y) satisfying * Q = Q. Then
if ¢ is a vector field on J, (Y), then ¢, £ is a well-defined vector field
on J,(Y) and

eTEIQ) =g, k10 .

It follows that ¢ induces Lie algebra automorphisms of @ and 3¢;
moreover, if 7, , 7, ER, then p~!*7, , p™1* 71, EQ and

o1 ) ={e ™, o ¥ ),

so that ¢ induces a Lie algebra automorphism of P. If n =1 and
o(L) is an immersion, and if the Euler field { generates a one-parameter
group of diffeomorphisms ¢, , then

£;Q=d(§.JQ)=O ;
hence
prQ=0.

Let G be a Lie group acting on J, (Y),
GxJ,(Y) > J,(Y)
@,p) » ¢,(p),

with ¢, = ¢,¢, , for all a, b € G. We say that Gisagroup of dynam-
ical symmetries if ¢}® = @, for all a €G. If g is the Lie algebra of
G, the action of G on J,(Y) associates a vector field E on J,(Y) to
each ¢ € g ; since EE@) = (, we obtain a Lie algebra homomorphism.
Since ¢} Q = Q, for all a €G, by the above remarks, &, 3, &, P are
naturally G-modules, (4.5) is an exact sequence of G-modules and the
map @ - ¥ is a G-homomorphism. According to the identity
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= -
Ada-§=¢ &,
for a €G, £ €g, if we consider g as a G-module via the adjoint repre-

sentation, the map ¢ > @ is a G-homomorphism. Thus we obtam a
G-homomorphism g = €.

Let A\ : ¢ > P be an arbitrary lifting of the linear map g > 3¢;
then a-N-Ada! — X is a map of g into H*'(J,(Y),R) and
f: G~ g*e H"'(J,(Y),R) defined by

f@=a-N-Ada'! —\ , a€G,

is a l-cocycle for the G-module g* ® H* ! (J 1 (Y), R). According to
extension theory, the map g —>J€ can be lifted to a G-homomorphism
g = P if and only if the cohomology class of f in

H'(G,¢* ® H* ' (J,(Y),R))
vanishes.
Furthermore, if this cohomology class vanishes, there exists a
map ¢ > % sending { into a (n — 1)-form 7, satisfying
dry,=§_1Q
and such that

1%
Y, T ~Tada.t

is an exact form, for all a € G. Then for &, n€ g

LeTa ¥ Tlemi >
or equivalently
{TE ’ Tn} + Tie,ml

is exact. Therefore the map ¢ — P, sending ¢ into the image in P of
Ty, lifts the map g - d€,is a G-homomorphism and is an anti-
homomorphism of Lie algebras. If we set T'E =—r1,, for §E€g, the
(n — 1)-form

{re, )} —Tem» M€,

is exact. If s is any extremal and u =j, (s), we obtain a map
g > H" (X, R) sending £ into the cohomology class of the closed
(n — 1)-form u* TE on X, such that, for &, n €g, the forms u* 7[5 al and
u {TE > Ty ' } define the same cohomology class in H"~ 1(X,R).
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5. The Hamilton-Jacobi equation.

A section w of J 1(Y) over Y will be called a slope field, and a
section s of Y over X will be said to be embedded in the slope field
wif wos=j(s).

THEOREM 5.1. — Let s be a section of Y over X and w a slope
field. Then the following conditions are equivalent :

i) s is embedded in the slope field w and s is an extremal ;
[ii) s is embedded in the slope field w and
G s*(n Aw*d®) =0 for all nE€C(T(Y)) .
If o(L) is an immersion, either of the above conditions is equi-
valent to
iii) (3.7) holds for u = w o s.

Proof — If u =w o s, then
s*(m dw*d®) = u*(w,n _1d0O)

for all vector fields n on Y. If ¢ is any vector field along u, then
.. ¢ is a vector field along s and w, . ¢ is a vector field along u
and S

u*(§1de) = u*w,r & dO) + u*((¢ — w, T §£) _1d0O) .
According to Lemma 3.1, if u =w o s =j, (s), the second term on
the right hand side of this equation vanishes since o* ¢ - WeTl £=0

and so ii) = iii). The remaining implications all follow now from
Theorem 3.1.

DEFINITION. — A slope field w is to be called a geodesic field if
there exists an (n — 1)-form a on Y such that the Hamilton-Jacobi
equation

(5.2) w*@ =da

holds.

Notice that (5.2) implies (5.1) for any section s of Y over X ;
hence if s is embedded in the geodesic field w, the section is an
extremal.



HAMILTON-CARTAN FORMALISM 233

Let w be a geodesic field. For a section s of Y over X, define
W, [s] =jA‘ s*w*0

this integral is calléd Hilbert’s independeﬁt integral since it depends
only on the values of s on dA. Indeed, by Stokes’ theorem

WA[s]=A s*da=j;A s*a .

PROPOSITION 5.1. — If a section s of Y over X is embedded in a
geodesic field w, then '

I,[s] = W, [s]
depends only on the values of s on 3A and s is an extremal.

The proposition follows from the above remarks and the equality

LG, () w =W os)*0
if wos=j, (s

We now compute the integrand of the integral W,[o] for any
section o0 of Y over X not necessarily embedded in the field w. Now

o*w*O=(wWoa)*0) K w

where the operation & on the right-hand side is the one described in
§ 3 letting W = T_, with x € X, Hence :

o*w*®=(—'l;L(w °c0)id + ) K w

where ¢ is the section of T ® T* given by
YX)§=0a@L)((weoa)x)) e (j,(0) (x)y — Wo0)(x),)§
o)W e 0)(x)) o ((,(0)(x)—(Weo0a)(x)F

for { €T, . In this last equation we are considering j, (0) (x) — (W ¢ 0)(x)
as the element of T* 8y V(Y) given by the affine structure of J, (Y)
over Y. Since

Try =(j,(0) —woo,al)Wweo0)),
by (3.3) we have
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(5.3)0a*Ww*® =(Lweoo)+(j(0)—weag,0(L)y(We 0)) w .

Hence
(5.4) W,l0] = j; Lw o 0) +{j,(6) —wo 0,a(L)(W o 0))w .

Let s be a section of Y embedded in a geodesicv field w and let

s' be an arbitrary section of Y withs' = s on 9A. Then W, [s] = W, [s']
and

L5114 [s] = A\ [T — WL ls'D — A [s] — WA [sD)
=1, [s'1 =V, [s']

by Proposition 5.1. Hence by (5.4)
LIs'T— 1,051 = [ EG, D

where E is the real-valued function on J,(Y), the Weierstrass E-
function, defined by

G EM@ =L@ —Lwem)p)—{p—(wem)p,o(L)(wem)p)
for p €7, (Y).

We therefore obtain the following sufficient condition for the
extremal s to be a strong local minimum :

THEOREM 5.2. — (Weierstrass’ criterion). Let s be a section of Y
embedded in a geodesic field w. If, for some open neighborhood W of
s(A) in Y, the function E defined by (5.5) is 2 0 on the open subset
1r0_’(W) of J,(Y), then s is a strong local minimum of 1, .

Since m, : J,(Y) = Y is an affine bundle whose associated vector
bundle is T* ®, V(Y), we may define, according to § 1, the section

dlzl(v)/v L
of S2T*(J,(Y)/Y). We say that L is positive definite if
;, (yyy L) (P)

is a positive definite quadratic form on Tp J,(Y)/Y) for allp € J, (Y).
If p €J,(Y), then as T,(J, (Y)/Y) is isomorphic to T e V,(Y), where
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y =my(p), x = w(p), we say that L satisfies the Legendre-Hadamard
condition at p if

(5.6) @i yy L) (P A€y, A8 >0

for all A€ T, v €V, (Y), where x = m(p), ¥ = ,(p), and that L is
regular if, for all p €J,(Y), strict inequality holds in (5.6) for all
A#0 and v # 0. If L is positive definite, then clearly L is regular.

The coordinates (1.7) (x¥, y/, yif) on J, (Y) give us a basis

2

ay}
of T,(J,(Y)/Y), if p€ny" U ; in terms of this basis

;. cxyy 1) ()
is given by the matrix
2

5.7
5.7 (ay! o )

G k=1,...,n;j 1l=1,...,m), and L is positive definite at p if
and only if this matrix is positive definite. Observe that o(L) is an
immersion on a neighborhood of p if and only if the matrix (5.7) is
non-singular. Hence if L is positive definite, o(L) is an immersion.
Furthermore, the Legendre-Hadamard condition holds at p if

for all ', ..., A", v ..

If L is positive definite, we have the following sufficient condition
for s to be a weak local minimum.

2

(NN =0

m
R Vi

THEOREM 5.3. — Let s be a section of Y embedded in a geodesic
field w. If L is positive definite, then s is a weak local minimum for

I,.

Proof. — Consider the Weierstrass E-function (5.5). We have
Eow=0, (d,l(y)/YE) ow =0 and
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(d}l(y)/y E)ow = (d}l(‘,),Y Lyow .

If L is positive definite, then E is positive definite on a neighborhood
of w(Y) ; hence by Taylor’s formula, there exists a neighborhood W
of w(Y) on which E is = 0. If s' is a section of Y over A withs' =
on dA and j,(s") CW, then I, [s'] =1, [s].

We also remark that if L is positive definite then the Euler-
Lagrange equations are “strongly elliptic” in the sense to be described
below.

If Z is a fibered manifold over X and if & : J,(Y) > Z is a
differentiable map over X, then, according to (1.3), the map

P, : TU, (VI _,(Y)) > T(Z/X)

induces a map over ¢
o(®) : S*T* & (v, V(Y) = T(Z/X),

the symbol of ®. If Z = V*(Y) and ® is a map over o - I, (Y) = Y,
then o(®) induces a map

o(®) : S*T* &; (v, V(Y) > V*(Y)
over m, . If x €EX, NET}, then, for p €J, (Y) with n(p) = x, we
denote by 0,(®) : Vy(Y) - V;(Y) the linear map sending v into
o(P) (p R -g ® v)

where y = m,(p). We say that ® is strongly elliptic if k is even and if
for all non-zero )\GT;‘ and all p €J,(Y) with m(p) = x, the map
(— D¥? o(®) is positive self-adjoint, ie. if y = my(p)
a) (w, (= D¥? 0, (@) ») = (v, (= D¥? g, (®)w) for all
v, weE Vy(Y) ;

b) (v, (= D*? 6, (®)v)>0 forall vEV,(Y), »#0.

If Y is a vector bundle E over X and Z is equal to E*, and
® : J (E) > E* is a morphism of vector bundles, then o(®) induces
a map o(P): S*T* @ E > E* ; we say that ® or the differential
operator ® o j, : C*(E) - C™(E*) is strongly elliptic if k is even
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and if, for all x €X, NET}, with X\ # 0, the map (- 1)*/? 0, () :

x
E, — E} is positive self-adjoint.

If ®: J.(Y) > V*(Y) & A" T* isa map over Y (resp. ® : J, (E)
- E* @ A" T* is a morphism of vector bundles), we say that ® or
® o j, is strongly elliptic if the map ®' : J,(Y) - V*(Y) (resp. ® :
J.(E) = E*) defined by ®' (p) ® w(x) = &(p), where p € J,.(Y) and
x = w(p), is strongly elliptic.

The Euler-Lagrange equation gives us a map
®:J,(Y) > V¥Y) e, A" T*

over m, : J,(Y) = Y sending j, (s) (x) into (&[s] w) (x), if s is a section
of Y over a neighborhood of x € X. In fact, ®(j,(s)) = 0 is the Euler-
Lagrange equation (2.4).

We identify an element u € S T* with a symmetric bilinear form
u on T according to

UE L) =20, M,
if u =2\?, where AET*, &, , £, €T. Thus the symbol of ®
0(®) : S*T* &;_(y, V(Y) = V*(Y) 8y A" T*
determines a map
o(®)(p): T, T, > VI(Y)® VI(Y)®A" T}

for p€J,(Y), with y = my(p), x = m(p) and is thus determined by
the maps o'(®)(p): T, ® T, — Vi(Y)e V3(Y) for p €J,(Y), de
fined by

0'(®) (p) ® w(x) = 0(P) (p) -

We may also consider
@] vy L) (P)
if p€J, (Y), with y = ny(p), x = n(p), as a map
T,8T, - V;‘(Y) ® V;‘(Y) ,
as T,(J ,(Y)/Y) is isomorphic to T} ® V,(Y).
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PROPOSITION 5.2. — The symbol o(®) of the Euler-Lagrange op-
erator ® is determined by

0,(‘1)) (P) = (djzl(y)/y L) (7!'1 p)

for p€J,(Y). If L is regular, then the Euler-Lagrange equation is
strongly elliptic.

The proportion follows directly from the computation of the
Euler-Lagrange equation in terms of local coordinates.

6. Solving the Hamilton-Jacobi equations.

Given an extremal s, let us seek a geodesic field w in which s is
embedded, that is, a section w of J, (Y) over Y satisfying the Hamilton-
Jacobi equation

wo s =j (s)
w*0 = da

for some (n — 1)-form « on Y. In this section, we give a method for
constructing local solutions following [13] and the simplifications in-
troduced by [12]. It is of course sufficient for the local theory to
solve the equation

6.1) w*¥de =0
with the initial condition
6.2) wos=j(s):-

Let w, be an arbitrary auxitiary slope field ; then we can define
the Hamiltonian H : J,(Y) = R in terms of w, by

H(p) = (p — wo(my(p)) ,0(L)p)— L(p), PE I, (Y).

If Y is the trivial bundle X x M, where M is an m-dimensional
manifold, then the O-section of the vector bundle J, (Y) =~ T* &, T(M)
is such an auxiliary slope field. The Hamiltonian defined in terms of
the O-section of T* e, T(M) is given by

H(p)=<p,oL)p>—L(p)
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where p €ET* &, T(M) and < , > is the bilinear form expressing
T &y, T*(M) as the dual bundle of T* &, T(M).

We now return to the general case. If we consider the computation
of §3 in terms of the coordinates (x‘,y/, y/) on the open set
ﬂ;lUCJl(Y), the function H defined by (3.16) is precisely the
Hamiltonian defined in terms of the slope field

Wolx,»y)=(x,y,0).

We obtain the following local expressions for equation (6.1), if we
use this choice of auxiliary field w, :

0 o ,
(6.3) W‘Hw):_‘,‘:é}‘i‘pf'”) s J=1..,m,

(6.4) dyx(@(L) o w) =0

where H is the function (3.16) and pi‘ is defined by (3.17), and
o(L) o w is considered as a vertical T-valued linear differential form
on Y, ie. as a section of T &, T*(Y/X).

Let WCm, U be an open subset of J,(Y) and suppose that
o(L) lw is a diffeomorphism of W onto o(L)(W). Assume that
j (&) : ®W — W. In terms of the coordinate system (x‘, y/ ,pi’) on
W, we suppose that

: w=dx'aA...Adx"
and we set

ul (x) = y/ (s(x))
uf(x) = p;(j, (s) ) -
We write £ = x! and x' = (x2,...,x"), so that x = (¢, x').
Let f2,...,f" be functions defined on m, W such that

A o) = ut
(6.5) %) (s(x)) = u;(x)

fori=2,...,n j=1,...,m Such functions exist ; for example,
we may take

m

i, =2 y’uj’(x) , i=2,...,n.

i=1
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Let N be the submanifold of J,(Y) determined by

p;=-5y—,, i=2,...,n,j=1,...,.m.

Then j, (s) x) EN for x €EaW.

We shall use (¢, x', y/

, p].‘) as-coordinates on N. If ¢ is the injection
of N into J, (Y), then

= { 9H oH *f! *f!
rao=— 3 1 B, LA T_layine
i LY ycicn O WY <Tn OxT By
1<I<m
(6.6)
- 9 i )
- —dpjrw+ Y dpj Ady’ ndx* A ...A dx"
j=1 ap/ j:l

LeMMA 6.1. — There exists a- unique vector field n on N such that

i) n is w-projectable and mw,n = E';
i) n 1 *dO =0.

Proof. — Condition i) implies that n is of the form

m

+ 2 g i

(6.7 n =§ k.

j=

—
—

From ii) and (6.6) one obtains

oH
a4 = —
7 3p]
(6.8) .
8H oH 9%f! % f!
b, = — ,f 5 + > ,.f .
! a)/' 1<i<n Op; 0y’ Oy 1<i<n Ox'0y’
1<I<m
(=1,...,m), proving the lemma.

LEMMA 6.2. — If the section s is an extremal, then

0
(6.9) n o j () =7 (s 3
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Proof. — We know that j, (s) : W — N so that equation (6.9)
is equivalent to

éy-j (x)‘ﬂ(' () x))
ot op} 1O
(6.10)
ou! oH o0H o%*f! a%r!
Lw=—(=+ =2 =) (G, &)
ot oy 1<i<n Op; O¥° 0¥y’ 1 <icp Ox' Oy
1<I<m

(G =1,...,m). The first of these equations holds according to (3.19).
By (3.18) and (6.5), we have
ou! oH o oul
57 ) o) (7, () () erlr (x)

oH no Jft *ft ou!

= (= + X —= =) Gy () &)
ay’ i=2 ox' ay 1<i€n ay ay o0x
1€I<m

from which the second equation of (6.10) follows according to (3.19).

LEMMA 6.3. — Let x, €nW and let y, be the flow generated by
n defined on a neighborhood % of j,(s)(x,) in N. Let N, be the
submanifold of % defined by the equations t = t(x,) and
pj = b/ () (xg)), j=1,...,m.

Then m is nowhere tangent to N,. If N, is the submanifold of N
swept out by N, under the flow VY,, then

i doe In, = 0 :

ii) j, ®) (x) €N, , for all x in a neighborhood of x, ;

iii) my : N, = Y is a diffeomorphism of some neighborhood of
j,(s) (x,) onto some neighborhood U of s(x,).

Proof. — 1) Since {n, dt)=1 and

_ 1 — N
dty, = dp} =0,
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we see that n is nowhere tangent to N, and that L*d@lNo =0, by
(6.6). If p €N, , the tangent space Tp(Nl) is spanned by

\Dt' ((T\g_t(p)(No)) and n(p) ,
where ¥_,(p) €N, . It suffices to show that

MyA...AN,,,,dO)=0
and

(MANMA...ANp. . dO)=0
if n, = \l/" ¢, with

€ j = +1.
¢ Tw_,(p)'(N") , =12, ,n+1
Since £, *d© = 0, we have y;1*d@® = (*d@ ,
MyA- ANy, dOY=CE A A&y, V5" dO)
=(& A .. nE,,,,dO)

=0,
and

MAM A AN, dO)=(n,A...AN,,, ,n J*dO)=0.
ii) From Lemma 6.2, it follows that

Veoey /s (5) (ty, x") = j, () (£, x")

where t, = t(x,), for all x = (¢, x") in a neighborhood of x, .

iii) It suffices to show that
6.11) LA Tll(s)(xo)(Nl) - T,(XO)(Y)

is an isomorphism. Let %7, be the submanifold of 7,2’ defined by
the equation ¢ = f(x,) and let %), be the submanifold of 7, defined
by x' =x'(x,) and y/ = yi(s(xy)), j = 1,...,m. Then

Tt Th@egMo) = Toxy*o)

is an isomorphism ; now
T ) g N1
is spanned by
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T (9 xMNo)  and  1(iy () (x,))-

Since
Ts(xo)(Y) = Ts(xo)(o‘)o) ® Ts(xo)(vl)
and
0
M, 101 6) 00 = (52 5-) G5xo)

it follows that (6.11) is an isomorphism.

If we define w = ;' : WU~ N, , then the initial condition (6.2)
will be satisfied by ii) in a neighborhood of s(x,), and equation (6.1)
follows from i). We have thus proved :

THEOREM 6.1. — Assume that the map o(L):J,(Y) > T &, V*(Y)
is an immersion. Let s be an extremal. For any x, € X, there exists a
geodesic field w on a neighborhood of s(x,) in which s is embedded.
In particular, if L is positive definite, then s, when restricted to a
neighborhood of x, , is a weak local minimum.

7. The second variation.

Let A be a compact submanifold of X, with smooth boundary
0A of dimension n — 1, and let o be a section of Y over 0A ; consider
the set £ = X (A ;0) of all sections of Y over A with s|,, = 0. We
shall think of Z as an “infinite dimensional manifold”’. By the tangent
space of ¥ at the section s, we mean the vector space of all sections
v of Vi (Y) over A with v|,, = 0. We denote this space by TZ,.

A k-parameter variation of s is a function
a:U~>2Z
defined on a neighborhood of 0 in R* such that
i) a(0) =5 ;

ii) the map
UxA = J (YY)

(t, x) = j(a(t)) (x)

is differentiable.
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If o is a one-parameter variation of s, considered as a path in Z,
its tangent vector is the vector field v along s given by

( *ﬂx—O
vx)—dt()(x)

and is called the variation vector field of «.

Continuing the analogy with the finite dimensional case, if F is
a real-valued function on X, we attempt to define

dF[s] : TZ, > R
by

d
(v,dF[sD =@ -F[s] = p Fla®]|,=o

for v€TZ, , where a(f) is a one-parameter variation whose variation
vector field is v. We shall say that s is a critical section for F if dF [s] =0.

If we consider F =1, , according to § 2, dl, is well-defined, and
s is a critical section for I, if and only if it is an extremal for I, .
Indeed, from the first-variation formula

an f, @ne=[ 0.8+ [ @iy Jw

for v € C7(V,(Y)), we deduce

(v,dlA)=j; (‘.E[s]v)w=‘/; v,8 [s] w?

forveTZ,.

We now wish to define in a similar fashion a bilinear map, the
Hessian of I, at s
Hd,) [s]: TZ, x TZ;, = R

when s is an extremal. Given v, w € TZ_, choose sections §,n of V(Y)
over Y of compact support such that

E|1r—1(aA) = nln_l(aA) =0

and £ o s =v, nos=w. We think of £ and n as vector fields on Z.
Then (n, dl,) is a function on ¥ and
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H{,) [s] 7, w) = (v- (n, d1,)) [s] -

Choose a 2-parameter variation « : U — X defined on a neighborhood
U of (0, 0) in R? such that

«(0,0)=s,

oo
37 0,0 =&@(0,0)=v,
tl

oo
a_ (tl ,O) = ﬂ(a(fl ’ 0)) ’
t2
if (¢, , t,) are the coordinates on R? ; for example, if ¢,, Y, are the
flows on Y corresponding to &, n respectively, we could take

a(t,, t,) = wt2 ° ‘ptl ° .
Then

0
HAp) [s1 (v, w) = == (n, dl ) [alty, 0], =0
1

2

= atl 8[2 IA[a(tl R t2)]|tl=t2=0 .

We now verify that H(1,) [s] is well-defined, that is, H(1,)[s] (v, w)
depends only on v, w and s.

If ¢ is a section of V(Y) over Y, we denote, as usual, by &, the
vertical vector field on J, (Y) induced by &. Then for any section s of Y

100 (=79,

where we have identified V(J,(Y)) and J, (V(Y)) according to (1.4) ;
if R[s] is the first-order linear differential operator on V (Y) associated
with the Lagrangian L defined in § 2, we have

D [s] (o 8) =& ©Jy(8), @y (vyxL) 27, (5))
=, -L)-G, 6D .
Define a Lagrangian L, on J,(Y) by
L,=%-L;

if s is a section of Y, let @;[s] be the first-order differential operator
on V,(Y) associated with the Lagrangian L, .
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LemMMmA 7.1. — If &, n are sections of V(Y) over Y, we have
(7.2) Rols] (Eos) — Re[s](nos) =Rs]([£,n] )

for all sections s of Y.

Proof. — By (1.11), we have
-‘13«1,,[5] (o) = <E1 s dJl(Y)/XL;z)(jl ()

= (& -(n, L) Gy(Gs).
Thus the left-hand side of (7.2) is

(El : (7?1 . L) - 171 : (El 'L)) (jl(S))=([El s ’01] ) L) (]1(3)) .
Since [§¢, ,n,]1 = [£,n],, we obtain (7.2).

LEMMA 7.2. — Let &, n be sections of V(Y) over Y and let
a(t,, t,) be a 2-parameter family of sections of Y such that

a(0,0) =y

0 0,0 =t
—0,0)=¢%0s
ar,

oo
gt: (tl ’ O) = n(a(tl ’ 0)) *

Then

2

9 )
I PR C BRI =[ @GN o.

Proof — According to the results of § 2,

0 oo
3 Il )]0 = [, (e, 0l 5 ,0) -
Hence
9? )

o, ot, IA[a(tl’t2)]|tl=t2=0 =a—tl A (Ra(t,,0)] (noa(z,,0))) Wt =0

S NCACIES
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PROPOSITION 7.1. — The Hessian H(1,) [s] is a well-defined sym-
metric bilinear function T, x TZ, = R.

Proof. — If &, 1 are sections of V(Y) over Y withfeo s, no s€ TZ,,
then [§,n] o s€TZ,, and

[ @1, m e ) w =k, mles,dl) =0

since s is an extremal. Lemma 7.1 implies that

[ @sEene=[ @lme e

which shows, by Lemma 7.2, that the Hessian H(I,) [s] depends only
on £ o5 and n o s, is bilinear and symmetric.

The diagonal terms H(I,) [s] (v, v) can be described in terms of
one-parameter variations. If £ is a section of V(Y) over Y satisfying
£os=v and Eln'_l(BA) = 0, then

2

d
H(IA) [s1(v,») = :17 IA[“U)]];:Q s

where « is a one-parameter variation of s whose variation vector fields
are

da
7(1‘) = &(a(D) -

Indeed, define a 2-parameter variation «' by
a'(ty, ) =a;, +1,) ;
then one easily verifies that

ar, ) a7

’

a—m(t 0)“d—a'(t)‘ (a(2))
ar, (109 T g (W) T R

and
2 2

INCH ’2)]lt1=t2=o =?IA[°‘(")]U=0 .

ot, ot,
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We thus obtain :

PROPOSITION 7.2. — If s is a local minimum, the Hessian H(1,) [s]
is positive semi-definite.

Proof. — The inequality

[ [a(@®)] = 1,[s] = I, [«(0)]

holds for all ¢ in a neighborhood of 0, if a(?) isa one-parameter var-
iation of 5 ; hence

2

? Ly [a(®)]]4=9 =0 -

 We now discuss the Jacobi equation. If £ is a section of V(Y)
over Y, let

&.[s] : CA*T*) - CT(V(Y) ®A" T*)

be the adjoint of ‘JZ;[s]. We claim that Sg[s] w depends only on the
values of § along s. Let f be a real-valued function on Y satisfying
fos =1. We must show that

(7.4) & lslw=8,[s]w-
In fact, we shall prove that '

(7.5 /;(w,é’.'g[s]w)=‘/; (W, &pls] w)

for all w € TZ, ; this equation implies (7.4) on A and so (7.4) holds
everywhere.

Now if wE€TZ , let n be a section oAf V(Y) over Y satisfying
neos=w. By Lemma 7.1 and Stokes’ theorem

fA (w, &[s] w) =j; @ [s]w) w

[ @G nw+ [ @101

Hence (7.5) is equivalent to



HAMILTON-CARTAN FORMALISM 249

j;(@[s}(lz,n]°s))w=‘/; @Is] ([fE,nl o ) w .

To verify (7.5), it is therefore enough to show that

[ @1 HHesHw=0.

This is indeed the case, since s is an extremal and because

(@-NBosETS,.

We have thus constructed a second-order linear differential
operator

Fls] : CT(V4(Y)) = CT(VEY) eA" T)

sending v into 8'5[s] w, where £ is any section of V(Y) over Y which
extends v, i.e. £ o s = v. The equation

(7.6) Fislv=0

is known as Jacobi’s equation, and a solution of this equation is called
a Jacobi field along the extremal s.

From the above argument, we deduce :

THEOREM 7.1. — The Hessian of 1, at the extremal s is given by

7.7) HA) [0, w) = [, &, FlsIw)

for all v, we TZ, .

Consider the integral H(,) [s] (v, v) for vETZ;. A section
v ETZ; is an extremal for this integral if

d
EH(IA) [slv+tw,v + ’W)lt=o =0
for all w € TZ,. According to Theorem 7.1,

H(IA)[s](v+tw,v+tw)=A (v,g[s]v)+2t‘/; (w,G[s]v)

+ 7 j; (w,F[s]w) -
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Hence the above condition on v is
j; (w, GIs]v)=0 foral weTZ,,

and so the lguler-Lagrange equation for this integral is the Jacobi
equation on A.

The Jacobi equation (7.6) can also be obtained as the equation
of variation of the Euler-Lagrange equation for I, . In fact, let ()
be a one-parameter family of sections of Y, with «(0) = s. Then

la(D]w =p(1) & w

where B(¢) is a section of V:(,)(Y) and B(0) = 0 since s is an extremal.

Let us now make the following digression. If E is a vector bundle
over Y, the zero section 0 of E gives us a splitting X : Vo(y) -> Ey of
the exact sequence

0 > E, > Voi,y(E) > V,(Y) > 0

if y €Y. Furthermore, let y(¢), w(f) be one-parameter families of
sections of E, E* respectively over X whose projections onto Y give
us the same one-parameter family s(¢) of sections of Y. If w(0) = O,
then

dw (1)
@ Ple=o

belongs to V(50 (x) (E) and

d _ aw (t)
— 1O, WO —<7(°)’x( dt |,=0)> '

We apply these remarks to E = V*(Y) and w(#) = B(¢). In fact,

d
— B @)},

belongs to Vg (sxy (V*(Y)) and its projection in Vi (Y) is

_da(?)
T

Thus
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A (757 s, )

is a section of VJ(Y) which clearly depends only on s and v ; we
claim that

d d
(7.8) F[s]v = A (Z 0) g ) =2 (EZ ﬁ(r)l , ) e w .
t=0 t=0

To verify this formula, we may assume that o, = ¢, o s, where g, is
a one-parameter family of diffeomorphisms of Y whose infinitesimal
generator £ is a section of V(Y) over Y satisfying Eln‘l(aA) =0.1If n

is another section of V(Y) over Y satisfying the same condition as §
and generating a flow ¥, on Y, then

)
3 Al © 0 o Slig=0 = el osimep, oo

=fA (nc«p,l °s5,8lp, °slw).
Hence
aZ

ryuros IA[‘prz P ° s]lt1=tz=0

ot, 0t,
= fA Q °os, )\(ditl 8[‘91‘1 ° 5] w|¥1=°)>

so that by Theorem 7.1

[ & (st @)= [, w3051 € o 5

holds for all w &€ TZ, implying (7.8) on & and hence everywhere.

The null-space of the Hessian H(l,) [s] is the subspace of TZ,
consisting of those elements v of TZ satisfying

HA,) [s](v,w) =0
for all w € TZ, . The nullity of H(1,) [s] is the dimension of this space.

We say that H(I,) [s] is degenerate if the null-space is non-zero.

ProrosiTiON 7.3. — A vector field v € TZ, along s belongs to
the null space of H(1,) [s] if and only if v is a Jacobi field.
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Proof. — If v€TZ, is a Jacobi field, according to (7.7), v
belongs to the null-space of H(I,) [s]. Conversely, let v € TZ, belong
to the null-space of H(I,) [s]. We have J[s]v = § ® w, where § is a
section of V;“ (Y). If f is a real-valued function on X whose support is
contained in K, and w is any section of V (Y), then fw € TZ  and
therefore

H(IA)[s](fw,v)=fA f<w,f>w=0.

Since this expression vanishes for all such functions f andsectionsw,
we have § = 0 on & and hence v is a Jacobi field.

PROPOSITION 7.4. — Let «(t) be a one-parameter family of ex-
tremals, then
da
dt |t=0
is a Jacobi field, along a(0).

Proof — We have &[a(?)] w = 0 for all ¢£. From (7.8), it follows
that

do
dt |t=0
is a Jacobi field.
We now describe the above constructions in terms of coordinates.

Let (x?, y/, y'." ) be a local coordinate system on an open subset W of
J,(Y) of the type considered in § 3, for which

w=dx'A...Andx"

on U=7W. Suppose that j,(s) (U) CW and that ACU.If z GVP d, ),
with p €W, then

E=2vii+2vif

9
7wl G
Hence (x!, v/, v{) are local coordinates on V(J, (Y)). If

A S
i oy
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is a vertical vector field on 7,W CY, then the vector field £, onW
is given by

=Y 4 i = .i 1 i
£ (p) TE(y) 3 ( (y)+ oyl (y)y,.) oy

for p €W, if my(p) = y and p has coordinates (x', y/, y)). If

oy!

is another vertical vector field on m,W, then, setting u = i 8),

El . (771 * L) (u)

=;Zz (ajfzgy’ o) ¥

n=2n —
j

3’L 3(n o 5)! 3§ o s)
+ X ) (g 2@, 20 S
'R (ayl ay! u) (S ox? n ox? )

L

o s) o s} i
( I R AR TG S R A
ayg ayk ox’? ox i1 oyl oy!
“— 2,7 2, r
+ a," + 2 a," 5 ) g
i i oy oax! , 0y° ay" ox!
aL_alL ' | ¢ of
+ R wiil
i 1 by’ oy! ( ‘ ')

If v=1¢%0c5 w=no s vanish on 0A, then the integral over A of the
sum of the last three terms of the right-hand side of the above equation
vanishes by the Euler-Lagrange equation, and hence

HA,) [s] 0, w) = ng Py (
jil y

(ﬂogwyﬁwg)

9’L vl aw!
( ° )ax oxk
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for v, w € TZ, . Integrating by parts, we obtain

2 2.1
ﬂ[s]v—*?iz 0°L ou) 0“y
ik

P oy} oy} ox* ax*
2 2 2 1
O (L S MDA A .
o' ay] ay! oy, T axi \oylayl © W ek
) %L .
(_ ay,aylou)—ayiay,ou)w’gdy’Qw-

Identifying J, (V,(Y)) with V/1(-‘)(J 1(Y)) we obtain coordinates
(%, v/, vI) on J, (V,(Y)) ; in fact, if -

E= 28 —
i 3J”

is a vertical vector field on Y, then
ViG (€ ) =i, o, (5))

=gf;,os+?(g—gi’os)ai’.

_ a9
ox!

so that this coordinate system is~of the type considered in § 1 on jet
bundles. Define the Lagrangian L :J 1(Vo(Y)jy = R by

~ 1 9’L .
Lo, v viy==2 iyt
(x,v v,) 2,-,,(ayfay'°u)”
’L .
(7.9) + Y ——o u) v,
k,j, 1 ’ayk
+*2 ay,alou)v}v;-

,1
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Then for v €ETZ,
HIL) o, » = [ L(,0) w
A

and Jacobi’s equation is simply the Euler-Lagrange equation for the
integral on the right-hand side of the above equation and can be
written in the form

of 8 (3L .
-51)—,(1,(1’))—;5;(3—,,{(11(1})))=0 G=1,...,m).

Jacobi’s equation gives us a morphism of vector bundles
Wi J,(Ve(Y)) > VIY) en" T*

sending j, (v) (x) into (Z[s]v) (x) if v is a section of V (Y) over a
neighborhood of x € X whose symbol is determined by
o' (¥) : S2T* ® V(Y) = VX(Y)

where o' (¥) ® w = o(¥). Identifying an element of S*T* with a
symmetric bilinear form on T according to § 5, o' (¥) determines a
map

o'(¥): T®T > VIY) @ VI(Y) .

Now (d,zl(y) ;yL) (j; () also determines a map

@5 vy yD) (G, ) : T T > VI(Y) @ VI(Y)-

PROPOSITION 7.5. — The symbol o(¥) of ¥ is determined by
o' (¥) = = (@] vy L) G, ()

If L is regular, the differential operator [s] is strongly elliptic.

The proposition follows directly from the above local computa-
tion of Jacobi’s equation.

We now generalize the above considerations to variations of the
section j, (s) among sections of J, (Y) to derive the Hamiltonian form
of Jacobi’s equation.

We shall proceed in exactly the same manner as above. Let u be
a section of J, (Y) which is an extremal, in the sense of (3.7). Let S
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be the set of all sections u’ of J, (Y) over A with myu|,, = mouj,, - By
TS, , we denote the vector space of all sections ¢ of V,(J, (Y)) over
A with m £jaa = 0. We shall consider k-parameter variations of u

a:U~->S§S

defined on a neighborhood of 0 in R* with a(0) = u, and, if k = 1,
the corresponding variation vector field

da
=—0€ .
3 dt() TS,

Let u, be a one-parameter family of sections of J, (Y) over A
and let
du,

g=—t

dt lt=0

be the variation vector field along u,, . Recall the first variation formula

d
7.10) — *0 = ¥ 1de) + Xt 10).
@10 — [ u; - S usgaao)+ [ ut¢ e
According to (3.5) if & belongs to TS,, then £ _1© =0 on
u(0A). A section of J, (Y) is therefore an extremal on A if and only
if it is a critical section for the functional defined on S by the left-
hand side of (3.6). We now define a bilinear map, the Hessian,

H,[u] : TS, x TS, = R.

Given &, n €TS, , choose sections ?, 71 of V(J,(Y)) over J, (Y) such
that -
ﬂo: El = 7roa n[,,

7~ 1(3A) -134A) =0

and E ou =§ N ou=mn. Choose a2-parameter variation a(¢, , t,) of
u such that

0 ~
22 0,0 =F@@,0) = ¢
or,

o ~
a—tz (t,,0) = n(a(z, ,0))

and set
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2

H, [u] (§,n) = fA a(t,, t,)*©

at, o1, [t;=1,=0

We now verify that H, [u] is well-defined.
LeMMA 7.3. — Let £, 7 be sections of VU, (Y)) over Y and let
a(t, , t,) be a 2-parameter family of sections of J,(Y) such that
a(0,0) =u'

0 0, 0=Fou
— = ou
o,

o ~
E(tl s 0) = 17(05([1 ,0)) .

Then
2

(7.1D) a(t,, 1,)*0 =u'*p £.0

a’l atz b l2y=2,=0 € "

=u'*@d(% J 2.0 + % d(£_0))

and
@12 —o— [ at, . 10 =[ u*e_ g o
. at, ot, YA 10 %2 lt, =ty =0 A T o

=[ w*@ 1aG aden+ [ w*E e_0).
A 0A n

Proof. — (7.11) follows from (1.2) ; by applying Stokes’ theorem
to (7.11), we obtain (7.12).

PROPOSITION 7.6. — The Hessian H , [u] is a well-defined symmetric
bilinear function TS, x TS, - R.

Proof — If £, 7 are sections of V{J,(Y)) over J,(Y) with
Eou, Nou€TS,, then [£,7] o u belongs to TS, . Since

L L —L. L. =L ..
A [ [%,7]



258 H. GOLDSCHMIDT AND S. STERNBERG

we have by Stokes’ theorem

* p e = * + e
fAu 2 fAu A "/;u (%, 7] Jde)

+faAu*(['§,%1_1@).

The second integral on the right-hand side of this equation vanishes since
u is an extremal, and the third integral vanishes because [ £, 7] o u €TS,.

Since £ o u, M o u belong to TS, , we have

u*(E 12 © =0
n

on 0A. Indeed, since E ou€cTS, we may, in computing the above
expression on 0A, assume that L ¢ = 0. Then

E_leﬁe)=ﬁ;’,&_1®)+['§,m_|@.

Now ? 40 =0 by (3.5) and the second term of the right-hand side
of the above equation vanishes on dA since [£, 7] c u €TS,, . Hence

(7.13) HA[u](Eou,ﬁou)=fA u*(E 1dF _1dey)

and this expression depends only on z ouand 7§ © u, is bilinear and
symmetric.

If E is a section of V(J,(Y)) over J,(Y) satisfying

Mon E[n_l(aA) =0,

then

~ ~ d?
Ho(ul (Eou, £ou) =?‘/; ()t(t)"‘('3|r=0

where « is a one-parameter variation of u whose variation vector fields
are

da ~
; (1) = §(a@)-

ProrosiTioN 7.7. — If &, m are sections of V(Y) over Y satisfying
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£ nin—l(aA) =0

b

la—1(aa) =

and if a section s of Y over X is an extremal, then
HA,) [sl(kes,nes) =Hu[i, (D] (& 2j,(5),n; 27, (5) .

Proof. — Set u =j,(s) and observe that j, (¥ o s) =§, o u and
jy(me s) =mn, ou belong to TS, . If a(t,, t,) is a 2-parameter var-
iation of s satisfying the conditions of Lemma 7.2, then j, (a(¢, , t,))
is a 2-parameter variation of u satisfying

0
Iy (a(t,, 1)) =El ou
atl ft,=25=0

9 . .
E]l(a(tl s t2))|t2=0 = 17,(]1(01(’1 >0))) 5

the proposition follows directly from the definitions of the Hessians.

If ’Ev, m are sections of TJ,(Y)) over J,(Y), then if v is the
unique section of A" T over X such that (y, w) = 1, we have

w* (5 Jd(E 1dO)) = (uyy 27 Jd(E 1d®) w
(7.14) | =1 (Fou,u,yId(E 1dO)) w .

We claim that u, 7y _Jd(’z _1d®) depends only on the values of ?
along u. Let f be a real-valued function on J, (Y) satisfying fo u = 1.
Then

uyy Jd(fE 1dO) = u,y Ifd(E 1d©) + uyy Jdf a (E _1dO))
=u,y 1d(¥ 1d®) + (¥ Ju,v 1d®)df,
=u,y Jd(¥ 11d®)

since u*df = 0 and wu satisfies (3.12).

THEOREM 7.2.—Suppose that the map (L) : J,(Y) > T & V*(Y)
is ain immersion. Let & be a section of V(J,(Y)) over J,(Y). The
equation

(7.15) u,y 1d(¥ 1d@) =0

is equivalent to the pair of equations
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?ou:flou
and

Flsl(Ees) =

where u =j,(s) and & is any section of V(Y) over Y satisfying
Eos=1ro‘(¥°u).

Equation (7.15) is Hamilton’s form of Jacobi’s equation and is
equivalent to

(7.16) u*(y 1d(E 1dey) =0

for all m € C™(T{J, (Y))). In fact (7.15) holds for all 7 € C*(TA,(Y)))
if and only if it holds for all 7€ C™(V{J , (Y))). Indeed, if { is a vector
field on X, then u, ¢ is a vector field along u and

u*(u,t 1d(E 1d®) =¢ Ju*d(¥ 1de)) =0

since u*d(? _1d®) is an (n + 1)-form on an n-dimensional manifold.
If 7 is a vector field along u, then Ty T is a well-defined vector field
on X and 7 can be written as

?i = (?i - u*”*?i) + u*w*»?f

where 7 — u,m, 7 is a vertical vector field ; the result follows from
the above remarks.

As a first step in the proof of Theorem 7.2, we prove

LEMMA 7.4. — Assume that o(L) is an immersion and let E be a
section of V(J,(Y)) over J,(Y). Then

Nf ou=¢% ou
for some section ¢ of V(Y) over Y if and only if
u*(n J1d(¥ 1d@)) =0
for all sections 7 of T(J,(Y)/Y).

Proof — Let E, n be vector fields on J, (Y). Then, since u is an
extremal
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u* (R J1d(E 1de)) = u*(q 2, de)
(7.17) = u*(B,E (@ 1d®)) — u*((£ , 7] _l d©)
= u*B,E(:rT _1de).

Let & be a vertical vector field on Y ; if y €Y, it is the infinitesimal
generator of a flow ¢, on some neighborhood of y. Then Py is a
flow on a neighborhood of mg!(y) whose infinitesimal generator is
g, . If 7 €C”(TJ,((Y)Y), then by (7.17) on some neighborhood of
(y)

w*(n Jd(, 1de)) = u* £ (7 1d6)

d ~
=E(‘p"'° w* (m 1dO)

|r=0

d .~
=§;11(¢,°s) (n 1dO)

|t=0

by Lemma 3.1. Conversely, if ’E is a section of V(J,(Y)) satisfying
(7.16) for all QEC™(TJ,(Y)Y)) and p €J,(Y), let o,,lt| < €,be
the corresponding flow on a neighborhood of p. On a neighborhood
U of w(p), by (1.2), we have

d ~ ~ I~
‘—i;(gp,ou)*(n Jd@)I =u*Bg(n_ld®)=0

t=0
for all 7 € C"(T(J,(Y)/Y)). Hence on U,
(P, © w)* (7 1d6) = 0(t?)
for all 7 €C™(TJ L (Y)/Y)). If we examine the proof of Proposition 1.2
and Lemma 3.1 we see that this implies that
2;: ou ‘ il(ﬂo("zt ° u)) = O(tz) .

Let £ be a vertical vector field on Y such that £ o s = no‘(’g o u).

Then

d ~
Eos =71?1ro(~p, ° u)lt=0

and
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d
§iou=j(koys) ‘—]l(ﬂ (9, ° u))

|t=0
_d -
dt % ’ u|r=o
“Fou

on .U.

To complete the proof of Theorem 7.2, it suffices to show that
for any vertical vector field d £ on Y, the equation F[s] (¥ o s) =0 is
equivalent to (7.15) with E = §, and u =j,(s). Let 9, be the flow
generated by ¢ on a neighborhood of s(x), where x is any given point
of X. Let B be any compact neighborhood of x such that y, is defined
on s(B). If LA is a vertical vector field on Y along s whose support is
contained in B, extend w to a vertical vector field n on Y of compact
support contained in 7! (B) and let Y, be the corresponding flow on
Y. Then according to Lemmas 7.1, 7.2, and 7.3, and the above
computations

a2

——‘atl at2 IB[wtz o %Ptl [ S] = j; (17 ogs, g[s] (E ° S))

l2,=t5=0

since n o s and [¢,n] o s vanish on 3B, and

9? _ .
ot, or, fa 11Wsy 0 0y © )"0

ltl=t2=0

o ou)*0e
atl at2 f (wl t2 l’tl ) |tl=12=0

= fB u*(n, Jd(, _1de))
since n, ° u and [£, ,n,] ° u vanish on dB. The above integral depends

only on 7, o u and hence only on n o 5. Therefore, for any vertlcal
vector field n on Y such that the support of n o s is contained in B

[ o5, g1 = [ u*n, Jd(E, Jde)) .
B B
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If (‘7616) holds for all 7E€C™(T(J,(Y))) with E =§,,thenF[s] (§os) =0"
on B and hence everywhere, since x was arbitrary. Conversely, if
& o s satisfies Jacobi’s equation, then by (7.14) and the above equation

(7.18) L Gouuyde, 1de)) =0

if 7= n, , for all vertlcal vector fields n on Y such that the support
of n o s is contained in B. Equatlon (7.18) holds if 7 is a section of
TJ,(Y)/Y) by Lemma 7.4 and if Nou=u § for any vector field
¢ on X. Hence (7 18) holds for all vector flelds nonl . (Y) such that
the Ssupport of M o u is contained in B. Thus Jacobi’s equation holds
on B and hence everywhere.

If (¥, yl, y{ ) is a local coordinate system on an open subset W
of J, (Y) of the type considered in § 3 for which

w=dx'an ... ndx"

on U = 7W, such that o(L) is a diffeomorphism of W onto a(L) W,
we have coordinates (x?, y/, pi') on W, where p].‘ is defined by (3.17),
and a Hamiltonian H defined by (3.16). Let s be an extremal such
that j, (s) (U) C W. If £ is an element of V; () ,,(J; (Y)), with x €U,

(7.19) z=§vi—— EBIa,
Hence (»/, ) are local coordinates on J, (V,(Y))|y . In fact
;oL
= —
b = vl
1]

where L is given by (7.9). Define the Hamiltonian H: I, (Vs(Y))lu - R
by the formula

Then
~n~ 1 9’H 3’H
H ==Y - o Iyt + % - o igk
(%) 2}j(ay’ay’ u)vv j,hk‘,l(aylap;c u)vﬁl
1
+=3
sz(apfa k )ﬁi
il
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where 4 =j, (s) and 'E is given by (7.19). Hamilton’s form (7.15) of
Jacobi’s equation is equivalent to the equations

oH__ 5 26
ov/ T oxi
G=1,...,m)and
oH o/
o8 o’

i=1,...,n;j=1,...,m).

We now show how Smale’s generalization of the Morse index
theorem [10] evaluating the index of a self-adjoint, strongly elliptic
differential operator can be applied to the calculus of variations in
several independent variables. Let s € X be an extremal.

DEFINITION. — The index of H(1,) [s] is the maximal dimension
of a subspace of TZ; on which H(1,) [s] is negative definite.

From Proposition 7.1 and Theorem 7.1, it follows that

H(IA)[s}(v,W)=j;<v,g[s]w>=j; (w,g[s]v)

for all v, w ETZ,, so that J[s] is self-adjoint. From standard facts
about spectral theory for strongly elliptic differential operators and
from Proposition 7.5, we obtain :

PRoOPOSITION 7.8. — Assume that L is regular. Then %ls] is a
self-adjoint stror.gly elliptic differential operator of order 2, and there
exist a sequence of real numbers

A<SAL<- SN <-- o 4w

and a sequence of elements v, €ETE_ (i=1,2,...) such that

(v, , NEKITRY
/; V; g[s]v, ij

for all i, j = 1, and{v,} forms a basis for TZ, .

It is easy to see that the index of H(I,) [s] is equal to the largest
p such that )\p < 0 and that the nullity of H(l,) [s] is equal to the
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number of A/ s equal to 0. Hence, if L is regular, the index and the
nullity of H(I,) [s] are finite.

Let {g,}, to St<t,, be a one-parameter family of diffeomor-
phisms of A with

&, = identity .

Let A, denote the image of A under g, . We shall say that {g,}is a
contraction of ‘A if A,. C A, for ¢' > ¢ ; the contraction is of £-type
if

w<e .

A
31

If A'C A is an open submanifold of A whose boundaryis asubman-
ifold of A of codimension 1, we denote by C;(A' , V4(Y)) the space
of C™sections of V (Y) over A’ which vanish on 9A’' ; we have
Co(A, V,(Y)) = TZ,. Given a contraction {g,}, t, <t <t,, of A,
we say that 0A, is a conjugate boundary if a non-zero Jacobi field
belongs to Cy(A, , V,(Y)) ; the multiplicity of a conjugate boundary
0A is the dimension of the space of Jacobi fields belonging to
Co(A,, V(Y.

The following is an exposition of Smale’s results in our context
(cf. [10D).

LEMMA 7.5. — Assume that L is regular. Then there exists € > 0
such that for all open submanifolds A' of A with smooth boundary of
co-dimension 1 satisfying

f w<eE

the quadratic form H(,.) [s] on C:(A' , V(YY) is positive definite.

THEOREM 7.3. — Assume that L is regular and that §(s] has
uniqueness in the Cauchy problem (that is, if v € C”(A, V,(Y)) satisfies
J(s]1v = 0 and v vanishes on some open subset of A, thenv =0 on
A). Let € be the positive number given by Lemma 1.5 and let{ g,},
t, St <t,, bea contraction of A of €-type. Then there exist only a
finite number of conjugate boundaries of 0A, and the index of
H(1,) [s] is equal to the sum of the multiplicities of these boundaries
forall ty,<t<t,.
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