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PROBABILITY AND A DIRICHLET PROBLEM
FOR MULTIPLY
SUPERHARMONIC FUNCTIONS (%

by John B. WALSH

Introduction.

We shall use the notation C(A) for the set of continuous
real-valued functions on the set A. Let D be a bounded
domainin R* and 3D its boundary. It is classical that under
mild smoothness restrictions on 3D, if feC(dD) there
exists a function h, which solves the Dirichlet problem,
i.e., h; is harmonic in D, continuous in D, and equal to f
on 3D. The function h; can be gotten by the Perron-Wiener-
Brelot method, that is h; is equal to the lower envelope of
functions lower semicontinuous in D and superharmonic
in D which are greater than or equal to f on the boundary.
Kakutani [25] was the first to treat the Dirichlet problem
probabilistically. He showed that if feC(®D) and Z* 1is
Brownian motion from ze D, then gJ{z) = E{f(Z°(z))} is a
harmonic function of z, where 1 1s the first time Z® hits
d3D; the function g, solves the Dirichlet problem whenever
a solution exists.

A deeper treatment of the problem was initiated by Doob
([15], also [17] and [18] where the approach is more general)
who observed that Brownian motion has the supermartingale
property with respect to the class of superharmonic functions,
ie., if u 1s superharmomc and does not grow too fast at
inﬁnlty, uw(Z*(t)) 1s a supermartingale. Thus martingale
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theory could be applied to the Dirichlet problem, and indeed
to most of classical potential theory. The probabilistic approach
to potential theory is not limited to the classical case. General
probabilistic treatments of the Dirichlet problem have been
given by Doob ([17] and [18]) and Courrége and Priouret [12],
and of potential theory in general by Hunt [23] in his cele-
brated papers in the Illinois Journal.

In this paper, we wish, not to generalize, but rather to
specialize in that we treat the Dirichlet problem not for the
harmonic functions but for a proper subset of them, the mul-
tiply harmonic functions. A function is multiply harmonic in
two sets of variablesin R" if n = p 4 ¢ for positive integers
p, ¢ and [ is harmonic in the first p variables and separately
1s harmonic in the next ¢. One defines multiple harmonicity
for more than two sets of variables similarly. When we speak
of the class of multiply harmonic functions we shall always
mean the class of functions which are multiply harmonic
with respect to a given partition of the variables.

Although we treat a smaller class of functions, we get a
much larger class of processes than in the classical case; it
turns out that there are processes quite different from Brow-
nian motion which satisfy the supermartingale property with
respect to the multiply superharmonic functions. Thus,
while previous probabilistic treatments of potential theory
deal with a Markov process which is unique apart from its
initial distribution and behavior at the boundary, our set-up
involves a family of stochastic processes which are not neces-
sarily Markov. The strong Markov property, vital in the clas-
sical case, has as a counterpart the dual concepts of continuing
and conditioning stochastic processes, which we discuss in
section one.

Our approach is based on the following observation. Let T,
be the set of all continuous stochastic processes from =z
which satisfy the supermartingale property relative to mul-
tiply superharmonic functions. If D 1is a domain in R®
and f is a bounded Baire function on 3D, and if U,cT,
is a set of processes which are « nice » for small times, then the
function @, defined by

) = sup E{f(X(50)

XeU,
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is multiply superharmonic in D, where 1y, is the first time X
hits aD. We call @, a Dirichlet solution; one of the aims
of this paper is to justify this.

These Dirichlet solutions are closely connected with the
solutions of a Dirichlet problem of a type introduced by
H. J. Bremermann ([10]; see also [21], [26], [28]). Bremermann
studied the problem for plurtharmonic functions, i.e., functions
which are the real parts of functions holomorphic in several
complex variables, and for plurisubharmonic functions, but
the problem is readily transferred to our case. He used the
Perron-Wiener-Brelot method to get solutions for the Dirichlet
problem. Bremermann’s problem, stated in our terms, is as
follows: Let Sc<cdD and fe((S), and let h; be the lower
envelope of functions multiply superharmonic in D, lower
semicontinuous in D and greater than or equal to f on
S. Then h; 1s said to solve the Dirichlet problem if
lim inf h{y) = f(x), xeS. In the classical theory, such enve-

Y>zx

lopes are harmonic; a fundamental difference between this
and the classical case is that the functions A, are multiply
superharmonic but are seldom multiply harmonic. Under mild
restrictions on the domain we find that ®; solves the above
problem and that h, = @,

A different approach, using Leja’s method of extremal
points [29] was used by Gorski [20] and Siciak [35]. This
method yields pluisubharmonic solutions which in certain
cases turn out to agree with Bremermann’s.

The concept of the Silov boundary enters the problem in a
natural way. This boundary 1s one of the logical boundaries
on which to pose the Dirichlet problem; it plays a central
role, for example, in Bauer’s general treatment of the Dirichlet
problem [3]. (The Silov boundary of a closed set A with
respect to a class G of functions on A is defined to be the
smallest closed set on which every function in G has its
minimum, or sometimes maximum, depending on the class.) In
[10], Bremermann showed that in certain domains, his Diri-
chlet problem is solvable only for functions defined on a certain
Silov boundary; his results have been extended to somewhat
more general regions by Gorski [21], Kimura [26], and Kusu-
noki [20].



224 JOHN B. WALSH

A Silov boundary turns out to be pivotal in our treatment
too. We give several characterizations of it, the most interes-
ting from the probabilistic viewpoint being that it i1s the
smallest closed set S with the property that for any fixed
zeD there is a process XeT, which hits 3D in the set S
w.p. 1.

1. Conditioned and continued processes.

1.1. Notation.

We will denote Euclidean n-space by R", and write
R=R!, R, =[0, ). If a, be R we will use the lattice
notations a/A\b and aVb for inf(a, b) and sup (a, b)
respectively. We will also use this notation for o-fields; if F
and G are o-fields of subsets of a set Q, then FVG is the
smallest o-field containing both F and G. If F(¢) 1s a

o-field for each ¢ in an index set Q, then V F(t) 1s the
smallest o-field containing all F(¢), teT. teT

Let Q be a separable complete metric space. The set of all
stochastic processes {X(t), t€ R,} with values in Q and
right-continuous sample functions will be denoted by %,.
In situations where the context makes it clear that the para-
meter set is R,, we shall write {X(#)} rather than {X(t),
te R,}.

Let Q, be the space of all right-continuous functions

w: R, —> Q. Let $(t) be the o-field generated by sets of
the form:

{weQ, : o(s)eA} where 0<<s e
and A cQ 1s Borel.
Define $# = V:B(t) We call (Q,, #) the canonical space

t
and {#(t), te Ry} the natural fields. For any probability
measure P on (Q,, %) there is a stochastic process
X = {X(t), te R, } on (Q., B, P) defined by

X(t, w) = o), wel,.
We say that X is canonically defined on (Q,,, #, P). Conver-
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sely, if X e®, 1s defined on a probability space (Q, &, P),
there is a unique measure P on (Q,, $) such that the process
X = {X(t), teR,} defined canonically on (Q,., %, P) has
the same finite-dimensional joint distributions as X. X is
called the canonical process of X. The probability P on
(Q,, #) is defined by: P(A)=P{w:X(, w)eA}, AeB,
where on the right-hand side we are considering X(., w)
as an element of Q,. If X;, X,e%, we say they are equi-

valent, and write X; ~ X,, if they have the same canonical
process.

1.2. Stopping Times.

If X = {X(t)} 1s a stochastic process defined on a proba-
bility space (Q, &, P), a family {7(t), te R} of sub o-fields
of F 1is said to be admissible for X if

a) F(s) cF(t) whenever s <t.

b) X(t) 1s measurable J(t), te R,.

Let Xe®, be defined on the probability space (Q, &, P)
and let {J(¢)} be a family of o-fields admissible for X.
A measurable function 7: Q' — [0, o], where Q' is some
measurable subset of Q, 1is a stopping time for {F(¢)} 1if
te R, 1mplies {w:~z(w) <t}ed(t), and 1s a strict stopping
time if te R, implies {w:1(w) <t} =F().

We find it convenient not to insist that 7 be defined
everywhere. This is a minor point for if 7 is a stopping time
which is not defined everywhere it can be extended by setting
7= -4 oo on the set where it was not previously defined.
We will always make the convention that if ~t(w) 1s not
defined, X(t(w), w) and X(t 4 t(w), ) are undefined also,
but X(t(w)At, @)= X(¢, ®). (These conventions would
automatically hold were we to set © = -4 oo off its original
domain.)

Remark. — If XeX®, and {F(t)} 1s a family of o-fields
admissible for X, then for any set A e®(¢),

{w: X(:, w)eA}eF(t).

To see this it is enough to notice that it is clearly true for
8
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sets of the form {w:w(s)eA}, where 0<s<¢ and A
is a Borel set in Q, and that these sets generate %(¢).

Let Xe%, be defined on (Q, & P) and let {F(t)} be a
family of o-fields adapted to X. Let 7 be a stopping time
on (). relative to the natural fields. Then there is a unique
random variable © on Q defined by

(w) = HX(,, )

where on the right-hand side we consider X(-, w) as an
element of (.. It follows directly from our previous remark

that © is a stopping time, and is strict if £ 1is.

DeriniTION. — Let © and 7 be as above. We say that =
is the natural itmage of 7. Any stopping time which is the
natural image of a stopping time on ()., is a natural stopping
time. A stoppmg ttme which is the natural image of a stoppmg
time on Q,, is a natural stopping time and any stoppmg ttme
which is the image of a strict stopping time on ()., is a natural
strict stopping time.

DeriniTION. — Let © be a natural stopping time on Q,,
and let X;, X,€%®,. Let ©, and 7, be the natural images of
for X, and X, respectively. We say that X, and X,

are equivalent up to time %, and write X; ~ (%)X, if X; ~ X,
where X,(t) = X;(tAT), 1 =1, 2.

1.3. Conditioned Processes.

The idea of conditioning a stochastic process on a given
event has been applied in connection with Markov processes,
where the conditioned process often has a simple relation to
the original process. This idea i1s closely connected with the
strong Markov property. In probabilistic potential theory the
concept of a Markov process conditioned to hit a given point
has proved useful [19]. In general, the concept of a conditional
process falls under the heading of conditional distribution.
In this section we develop one special case.

Let Xe%®, be defined on the probability space (Q, &, P)
and let © be a stopping time relative to an admissible set

of o-fields {F, t > 0}. The idea of the process {X(z + ¢),
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t > 0} conditioned on X(t) will be useful in the following.
The definition is analogous to that of a conditional expectation;
we define a family of processes rather than a single process.
The family so defined is unique only in a certain almost
everywhere sense.

DeriniTioN. — The conditional X(t 4 -) process, denoted
8.(X), s any family {X*, ze A} of righi-continuous stochastic
processes satisfying.

E1) A<cQ s a Borel set.

E2) For any Ae@®, the function z-—>P{X*(:)eA} is
Borel measurable.

E3) For each Ae® and Borel set BcQ, if p. is the
distribution of X(7) in Q:

(134) P({X(x + )= A} n {X(z) = B})
= [ P{X()= A} dus(a).
BNA
Prorosition 1.3.1. — 6.(X) always exists. If {X* zeA}
and {Y?, ze€ A’} are two versions of &.X), then for z not
in some set of p.-measure zero, X° ~ Y.

Proof. — The requirements for a conditioned process depend
only on the joint distribution of © and this process. Thus,
if we define ='(w) to be equal to 7(w) when the latter is
defined, and — 1 otherwise, it 1s enough to consider the pair
(¢', X(+)) defined canonically on the space Q" = R X Q,,
relative to fields @ X %, where @ is the class of Borel sets
of R. The sample functions of X are right-continuous,
so $® 1s generated by X(¢) for ¢ rational. It follows easily
that (Q', @ X %) is a Lusin space in Blackwell’s sense [5],
soif F 1s the o-field generated by X(t), P has a conditional
distribution P* relative to J’, that is, a real valued function
on Q' X (A X B) satisfying:

(a) For Ae@ X ®, P*(-, A) is F'-measurable and equal
to P{A|F} w.p.l.

(b) For fixed o, P*(w, ) is a probability distribution on %.

For each z in the range of X(t) define a process X*
canonically on Q, by:

if Ae®, P{X:()eA} = P*w, {1 >0} Xx A) where o
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is any element of {1’ > 0, X(7') = z}. The family of processes
so defined then satisfies (E1)-(E3).

The second assertion follows easily from the observation
that the field % 1s generated by a countable field of sets,
hence any two functions satisfying (a) and (b) must agree off
some w-set of probability zero. Q.E.D.

It is important in the above that we be able to reduce to a
canonical space; for an arbitrary space Q and sub-g-field F
the conditional distribution P* may not exist. (See for
instance [5], where Blackwell discusses this problem and gives
a class of probability spaces for which conditional distributions
do exist.)

1.4. Continuation of Stochastic Processes.

Let Xe®jy and for each point zeR* let X*e®%y have
the property that P{X*(0) =z} = 1. Let 7t be a stopping
time for X. In this section we consider the problem of the

A

existence of a process X answering the description: « X

is equivalent to X up to time 1. If X(1) =z then X is
equivalent to X* from then on» This problem has been
considered by Courrége and Priouret [14]; similar results for
strong Markov processes have been proved by lkeda, Naga-
sawa and Watanabe [24].

DeriniTioNn. — Let AcQ be a Borel set. The family
{X?,ze A} of continuous processes is coherent if Ae$ implies:

(1.4.1) the function z — P{X?(-)e A} is Borel measurable.

One can show in the usual way that it is enough that (1.4.1)
holds for all sets in some finitely additive field generating %,
and it is even enough that (1.4.1) hold for all sets of the form
{ow: oft)eA, 1=1, ..., m} where t,eR, and A;eQ
are Borel sets.

Note that to say that {X? ze A} is coherent is merely to
say that the corresponding distributions in the sample space
are measurable functions of z.

We can now state the central theorem of this section,
which is a consequence of a theorem of Courrege and Priouret.
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Tueorem 1.4.1. — Let Xe® and let © be a natural strict
stopping time for X, finite where defined, which is the natural
image of T on Qn Let AcQ be a Borel set such that
P{X(z)e A} = 0. If {X?, zeA} s a coherent family of right
continuous processes such that P{X?(0) =z} =1 for each
z€ A, then there exists a canonical process X such that

a) X ~ (8)X

b) {X?, ze A} is a version of 63(X)

¢) X(- A %) and X(-+ %) are conditionally independent
given X(%).

Note. — Another way of phrasing (b) 1s « X 1s equivalent
to the X(t + 7) process conditioned on X(%) = z ».

Proof. — The conclusions of the theorem involve only
equivalences so there is no loss of generality in assuming X
and {X?, zeA} are defined canonically. In this case 7 =n1.
In what follows write t instead of <.

Let P be the distribution of X and P, the distribution

of X°. By Theorem 1.1.1 of [14], there is a measure P on
(Q,., $B) such that

(a) If Ae®(1), P(A) = P(A).
If 6.:Q, — Q. is the shift operator, 1.e.,

(0:0)(-) = w(z + +),
then

(b) P{O2(A)[B(z)} = Pyey{A} with P-probability one.

Let X be canonically defined on (Q,, #, P). Conditional
independence of X(z/A:) and X(x ++) given X(1) follows
from (b) as does the fact that {X%, zeA} 1is a version of
8.(X).

(,_ )is clearly a natural stopping time for X. Note that if
Ae®, {X(zA-)eA}eB(r); this is obvious if AeHB(r), in
which case X(tA-)eA < X(-)eA. If A is in the field G
generated by X(t + ), then if w and o' are such that
X(t(w) + -, w)eA and X, 0) = X(t, ) for t<1(w),
then 7z(w')=rx(w) and X(t(w')+ . ’)eA. Thus by
Theorem 1.4 of [13], {X(z + :)€A}e®(zr). The conclusion
follows since sets of the form A;nA,;, where A;e®(q),
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A, G, generate % [13]. Thus (a) implies
X(Az) ~ X(A%), or X~ (1)X,

which completes the proof.

The necessity for a strict stopping time in Theorem 1.4.1 1s
illustrated by the following trivial example. Let X be uni-
form motion to the right on the real line, starting from the
origin, and let X° be uniform motion to the left. Define a
natural stopping time <t for X by = =inf {t: X(¢) > 0}.
Then if X is the process which is equal to X until time =,
and is X° from then on, X = X° then X ~+ ()X for,
as X is never greater than zero, 7 is not defined for X.

Theorem 1.4.1 leads us to introduce the operator Y. which
1s 1n a sense the dual of the operator &..

Let Xe®, and let © be a natural stopping time for X.
Suppose AcQ 1s a Borel set with the property that
P{X(z)eA} =0, and let U = {X? zeA} be a coherent
family of ®,-processes. Then define Y (X; U) to be the right-
continuous stochastic process satisfying.

1) Yi(X; U) is canonically defined.
9 Yo(X; U) ~ () X.
3) U is a version of 8.(I(:X; U)).

The existence of .1;(X; U) is guaranteed by Theorem 1.4.1.

It 1s an interesting though trivial fact that it is not neces-
sarily true that Y.(X, 8(X)) ~ X for Xe®, 1.e., we may
cut a process in two and then glue it back together in the same
place and come up with a different process. The reason for
this is that the behaviors of the process Y (X, &.(X)) before
and after time < are conditionally independent given the
process at <; this may not be true of the original process X.

Let X,;e®, and let U, ={X} z€A;}, n=1, 2, ...
be coherent families of continuous processes with
P{X:(0) =z} = 1. We assume for simplcity that all these
processes are canonically defined; if not we can reduce to
equivalent canonical processes.

Let 1,,7,, ... be asequence of finite natural strict times on
Q,. and suppose that n>>m implies 7,>>1, in the sense that
whenever 7,(w) is defined, so 1s T,(w), and 7T,(0) > 1,(w).
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Define a sequence X, X2, ... of continuous processes,
with corresponding probability measures P;, P,, ... on
Q.. by induction.

a) Xl == Xl

b) If X,,j << n have been defined such that
Pfw: o(t,(w)eA,} =0,
then define X,,; = YTA(X,,, U,1)-

By definition Xui1 ~ (7)X,. This induction defines a
process for each n. Even more 1s true, however.

Tueorem 1.4.2. — Let X,, U,, 1, and X, n=2,3, .
be defined as above. Then there exists a process X, Xy with

A

the property that for each n, X, ~ (7,)X,.

Proof. — Let P, be the probability measure on (Q., %)

associated with X,; let X be the coordinate variable
X(t, ) = o(t) on L, andlet B, be the o-field generated by

{X(tA=,), te R, }. X,,+1~ (":,,))A(,,, hence lA),,H agrees with

A

P, on ®, or more generally, if m > n, P, agrees with P,
on B, If A is a set of the form:

(1.4.2) A= {X(t;Ax)eAy, j=1, ..., m},
A; Borel sets, then Ae®, for some n.
For each fixed &, ..., ty, Toy ..., Tn,y We can uniquely

define a probability measure on the s-field of all sets of the
form (1.4.2) by P*A) = P,(A), n > maxn; For different
sets of &, ..., tyy Tny -5 Tn,, these measures are consistent,
so by Kolmogorov’s extension theorem, there is a measure P

£

on the o-field #, = ViB,, generated by all sets of the form

(1.4.2); and P, is cc:nsistent with all the measures P,. In

particular, P.=P, on %, X
Now let z,€Q and define X, on (Q,, #, P,) by:

X, (t, ®) =lim X(¢tAx,),  if the limit exists
n> x
= x, otherwise.

Note that X, is not canonically defined but is right
continuous. X(t/A7,) 1s $%_-measurable for each n, so the
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set on which the limit of X(¢/A7,) exists 1sin %, for each ¢,

hence X, is %, measurable. Foreach n, X_(tA7,) = X(tA1,).

Since f’w agrees with P, on $,, we have X, ~ (fc,,)}'\(,,.
Q.E.D.

2. Multiply superharmonic functions.

Let Q=R" and for k>1 let 9 be a decomposition

of Q 1into the direct product of k subspaces Q, ..., Q.
k will be called the degree of ®. Let m; be the dimension
of Q,t=1, ..., k. If zeQ, then there are z', ..., z,

where z'e(Q;, such that z = (3!, ..., z¥). We call z' the

" coordinate of z.

DerinttioN. — Let D be a decomposition of Q of degree k
and let D cQ be a domain. An extended real valued function f
on D s multiply superharmonic relative to 9 if

(a) — o <f<K<+ o and fz£+ «;
(b) f s bounded below on each compact KecD;

(c) for each integer p, 1 < p <k lf Z‘EQ are ﬁxed for
L = p, then the function z — f(C, , () is etther
superharmonic or identically + oo on cach component of
Dn{z:2 =10, 1 p}.

Unless there 1s danger of ambiguity, we will ordinarily assume
the decomposition 9 of Q is fixed and will not indicate it.

If my =-.-- = m, = 2, the class of multiply superharmonic
functions contains the class of plurisuperharmonic functions,
introduced by Lelong (see [30]). These functions have close
connections with functions of several complex variables: if g
is a holomorphic function of several complex variables its real
part is pluriharmonic and the negative of its absolute value
is plurisuperharmonic. On the other hand, the Bergman
extended class of plurtharmonic functions in certain domains
turns out to be exactly the class of multiply superharmonic
functions [4].

The following theorem is due to Avanissian [2].

Tueorem 2.1 (Avanissian). — If [ is multiply superhar-
monic in D, it ts superharmonic in D. Consequently, if [
is multiply harmonic, it is also harmonic.
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The corresponding theorem for plurisubharmonic functions
was proved by Lelong [30]. Avanissian actually stated
Theorem 2.1 for the case where m; >3, all i, but the
theorem remains valid in our setting.

Note that we allow the possibility that m; =1 for some
or all of ¢=1, ..., k, with the convention that in one
dimension, harmonic and superharmonic functions are linear
and concave respectively. This case is of some interest, and 1s
a source of easily visualized examples.

For each 1 =1, ..., k, let Bz, r;) be the ball in Q;
with center 7z and radius r. 1f z= (2, ..., z*¥) and
p=(ry, ..., ), define the polycylinder B(z, p) by:

B(z, p) = By(z', r) X -+ X By(z, )

B(z, p) has a distinguished boundary surface which we shall
denote by B*(z, p):

B*(z, p) = 0B,(z, r;) X .-+ X 3B,(7, ry)-

Let A; be normalized Lebesgue measure on 3Bz, r),
1=1, ..., k, e, AOBi(Z, r)) =1, and define the measure
A on B¥(z 0) by A,=2%A X ... X A

The following characterization of multiply superharmonic
functions is a trivial consequence of some results in [2].

Prorosition 2.2. — Let f be a lower semicontinuous,
extended - real - valued function on a domain DcQ. If
—wo<fK<+ o and f==-+ o, then f is multiply super-
harmonic iff for each zeD and each sufficiently small
polycylinder B(z, p) centered at z,

£(2) > [ o FOhsg (d0).

We will denote the class of all functions multiply super-
harmonic in a domain D<Q by S(D). A fact that we shall
often use 1s that if feS(D), there exists a sequence of func-
tions {f,}, each of which 1s multiply superharmonic and
continuous In a given relatively compact subdomain, such
that f,1f The functions f, can even be chosen to be
infinitely differentiable ([2], p. 142).
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3. T, processes.
3.1. Elementary properties.

A stochastic process {X(¢), %, te R,}, where the o-fields
J, are admissible for X, 1s said to be a local supermartingale
if there exists a sequence of stopping times t,}o such that
for each n, {X(tA\z,), Fr-, te Rt} is a supermartingale.
If G is a class of functions defined on some subset of Q,
a stochastic process {X(t), F, te R, } 1s said to satisfy the
supermartingale property relative to G if feG implies
{f(X(¢), F,, te R, } 1is a local supermartingale.

We change notation slightly : from now on, %, will repre-
sent the class of all continuous stochastic processes with
values in  (Q, rather than the class of right-continuous
processes.

DerinitioN. — If zeQ, T, is the class of all processes
X = {X(t), F, te R} where {F} is admissible for {X(t)},
satisfying.

1. Xe®by and P{X(0) =z} = 1.

2. X satisfies the supermartingale property relative to the
class of all functions which are multiply superharmonic in Q
and finite at x.

If feS(Q) and XeT, the stopping times {7,} relative
to which f(X(¢)) 1is a local supermartingale can always be
taken to be of the form =, = first time X hits ?3D,, where
{D,} 1is any sequence of bounded domains containing =z
which increase to the whole space. This is clear if f 1s conti-
nuous; for a general feS(Q) it follows from the fact f 1s
the limit of an increasing sequence of continuous multiply
superharmonic functions.

Note that we get an equivalent definition if we require
only that X have the supermartingale property for conti-
nuous multiply superharmonic functions, for feS(Q) implies
there are continuous f,€S(Q) such that f,}f. Then
f(X(tA=,) 1is the increasing limit of supermartingales
(fuiX(tA\7,) and therefore must be one as well, providing
E{f(X(0))} > «, 1i.e., f(z) << oo. Further, the class C(Q)
of continuous real-valued functions on Q 1is separable in
the topology of uniform convergence on compact sets, so we
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need require only that X satisfy the supermartingale pro-
perty relative to any countable dense subset of C(Q) n S(Q).

Let {Z*(t), te R} be Brownian motion on Q with initial
point 2. Let Z¥ be Brownian motion on Q; with initial
point 2’; then the following processes are easily seen to be
mm T,:

a) {Z:(0), teR,}.

b) {XU(t),te Ry} where XW(t) = (2, ..., Z%(t), ..., z").

Note that there are non-trivial T, -processes with the
property that for some feS(Q), f(X(t)) = + . For example,
let Q, =Q,=R3 so Q=R®% For z= (2, 22) define:
f(z) = 1/|2| .1/|2?|. Then feS(Q) and f is infinite on the
set {2t = 0} u {2? = 0}. The process X®(t) = (Zo(t), 0) 1s
in T, by (b) above but f(XW(t))= + <.

Let II;: Q - Q; be the projection of Q onto Q, 1i.e.,
Iz, ..., z¥)=2. If w 1is superharmonic in Q; the
function w o II; is multiply superharmonic in Q, so if
XeT,, uo ll(X(t) is a local supermartingale. According to
a theorem of Kunita and Watanabe [27], this implies the
process Y;(t) = II[;(X(¢)) can be obtained from Brownian
motion by a random time change. More precisely, Kunita
and Watanabe’s theorem gives us.

Treorem 3.1.1. — Let XeT,. Then there is a Brownian
motion process {Z(t)} on some space (Q, F, P), admissible
fields {F.}, and a family {7} of stopping times relative to
these fields, such that t — t(w) is right-continuous and increa-
sing for a.e. ©, and the process {II;(X(¢))} 1is equivalent to
the process {Z(z), te R.}.

Prorosition 3.1.2. — If D 1is a bounded domain in Q
and zeD, XeT,, then lm Xp(t) exists w. p. 1, where Xp

t>
is the X-process stopped the first time it hits d3D. Consequently,
Xp either eventually converges to dD or converges to a point in
the interior of D w. p. 1.

Proof. — Let 1, ..., 1, be a set of linear functions on Q
which separates points. Then ==1[,eS(Q), : =1, ..., n so
l{Xp(t)) 1s a martingale. It is bounded since Xp(t)cD for
all ¢ and [; is bounded on D. Therefore lim [;(Xp(¢))

t> o
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exists w. p. 1, for all i. The [; separate points of D so this
implies Xp(t) converges w. p. 1.

3.2. A Martingale Lemma and Corollary.

The following lemma, which is a partial converse to the
martingale sampling theorem, seems to be a part of martingale
folklore, but as we have not seen 1t stated explicitly and shall
need 1t, we prove it here. We state it for an increasing set of
stopping times indexed by the ordinals rather than for a
sequence of times; this slight generalization adds little to the
difficulty of the proof and is often convenient, if not necessary,
in applications.

We first introduce some notation. Let {Z(t)} be a right-
continuous real-valued stochastic process and {%(t)} an
admissible set of o-fields. Let {74, €I} be an increasing set
of everywhere defined stopping times, where I 1is some
countable initial segment of the ordinals, and 7, = 0. If §

is a limit ordinal, we assume tg= sup 7,. When « is an
a<f
ordinal not in I, we make the convention that 1, = + .
For ael set Z,(t) = Z(tA\~,) and let

F,(t) = 3+(tAz,) if « is not a limit ordinal,
= V Fyt) if « is a limit ordinal.
B<a

Then for ael, let:

Gara(t) = Faps(ra + )
={A:An{t, +t<<s}eF,,(s), seR.}.

Lemma 3.2.1. — With the above notation suppose that for
each ael, {Z,11(tq + t), Goya(t), te Ry} is a supermartingale.
Then

(a) Forall finite a, {Z,(t), Fu(t), te Ry} is a supermartingale.

(b) If in addition {Z(t)} s continuous and bounded below
then {Z,(t) F.(t), te Rt} is a supermartingale for all o< 1.

CororrLarY 3.2.2. — Under the hypothesis of Lemma 3.2.1,
if either

(a) I s finute

b) I={1,2,...} and im<, = o0 w.p.1or

n>x
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(¢) Z s continuous and bounded below and sup T, = ©
w. p. 1, then {Z(t), F(t), te R*} s a supermartingale.

Proof of Lemma 3.2.1. — The proof is by induction on a.
The conclusion is automatically true if o = 0.
Case I. a = + 1, some B. Let t; <t, and AeF,(t).

Consider

(32.1) 4/1; Z /1;“}175<’n + ‘/j‘\nihSTp<‘z; Z (tl)
+ ANnita >t Z (tl)
=1L+ 1, + L

Let o, = (t; —75) V0,1 =1,2. If 13<¢;, then t; =15+ o
Now =<5 <71, hence 13 is a stopping time relative to {JFz(¢)}
([11] Proposition 21). By Proposition 23.1 of [11], ¢; and a,
are stopping times relative to {F,(tg + )} = {Ga(s)}. It 1s
stralghtforward to verify An {153 <t}eGqy(s;), and since
{Zy(7g + 1), Gq(t), te RT} is a separable supermartingale by
hypothesis :

(3'2'2) Il = fAn!Tp<‘4l ZG(TB + c}-l) > .‘/‘Anh’<"( Za('rﬁ + 0'2)
= JAﬂlTp<‘4§ Za(ta)

I, can be handled similarly by stopping the supermartingale
{Za(7s + 5), Gaofs), s€e Ry} at the bounded times 0 and o,
to get:

(3.2.3) An“{étp<td a(’cp + 0'2)
JAnit4<T$<': Z (tz).
I tg>ty, Zy(t) = Zg(t), 1 =1, 2. By the induction
hypothesis, Zg(t) is a supermartingale, so

(324) L= [y 0o Zot) > [) 0w Zolt)

ANita> b} Z“(tz)'

The supermartingale inequality follows by adding (3.2.2),
(3.2.3) and (3.2.4). This proves (a).
Case II. Let o = sup B. Assume {Z(t), te R,} 1s bounded

B<
below. By the 1nduct1ve hypothesis {Zg(t), Fg(t), te Rt} is a
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supermartingale if << a. Then the processes Zg(t) = Zg(t) A n
are bounded supermartingales.

Let Acy(t) = V Fi(t). The fields ;(t) increase with B
p<a

so by choosing vy large enough, y <<a, we can find a set
AyeF,(t;) such that P{A, 4 A} 1is as small as desired.
Then for v <p <a:

(3.2.5) j'mz'é(tl)>uf\?zg(t2) since  AyeF(t)) c Fg(ty).

Z; is bounded and Z is continuous so we can go to the limit
under the integral in (3.2.5) as Bta. Since tAtgtt/An,,
Vi, Zg(t) — Zq(t) so

(3.2.6) S L) > [} Zilta).
Let yta and P{A,+ A} — 0. By the dominated conver-

gence theorem we can go to the limit :

(3:2.7) Sy al0) > [y 7a(0).

Now let n go to infinity. Z3(t)}Z,(¢), and we have:
E{Z,(0)} > E{Zy(0)} > E{Z3(t)} for all n, hence E{Z,(t)} <oo.
By increasing convergence we can go to the limit in (3.2.7)
to get the supermartingale inequality.

Proof of Corollary. — This is trivial from the lemma if I
1s finite since then I has a largest element, say y, and by
our convention, Z(t) = Zy.,(t), which is a supermartingale.

Suppose {Z(t)} 1s bounded below and let Z"(t) = n/A\'ZL(t),
Zy(t) = n/\Z4(t). By the lemma, {Zj(t)} 1s a supermartingale
relative to the fields {F,(¢)}. If ¢, <t, and Ae3(t) then
An{t, >t} eF,(t;) and

(3.2.8) /J\ant;i Zr(t) = fAnmzm Za(t,) >fAnm>m Za(ty)-

As 1,7 oo, the set being integrated over increases to A and
Z4(t) - Z"(t). By bounded convergence :

(3:29) Ja Zol) > [, Zr(t).

Let n — oo to get the supermartingale inequality. Q.E.D.
We remark that the assumption in Lemma 3.2.1 and Corol-
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lary 3.2.2 that Z be continuous can be weakened; it is
enough if 7 is only quasileft continuous, i.e., if 7,7y, ... 171
are stopping times, then Z(t,) — Z(t) w. p. 1. The hypothesis
that 7Z be bounded below was used only in going to the
limits 1n (3.2.5) and (3.2.8) and can be weakened considerably.
It 1s enough, for instance, that the negative part of Z 1s of
class (D), which in turn is satisfied if the negative part of Z
1s uniformly integrable (see [33] pp. 101-102).

3.3. Local Behavior of T, Processes.

Traeorem 3.3.1. — Let X={X(t),teR,;}eT, and let D be
a bounded domain, with x€D. Let f be multiply superharmonic
in a neighborhood of D such that f(z) < wo. If Xp isthe X
process stopped the first time it hits 3D, then f(Xp(t)) ts a
supermartingale.

We first prove the following lemma, which is known to be
true without the continuity hypothesis in case k=1 ([6]
p- 32), where k 1s the degree of the decomposition of Q.

Lemma 3.3.2. — Let DcQ be a bounded convexr domain
and suppose [ s continuous and multiply superharmonic in

some open neighborhood of D. Then there exists a continuous g,
multiply superharmonic in all of Q, such that g(z) = f(x)

for xeD.
Proof. — Choose a domain D’ such that D <D’ <D’ cdo-

main of definition of f. If zedD’, by convexity of D
there 1s a linear function h such that h(z) <f(z) and

h(y) >sup f(z) forall ye D.

zeDb
By continuity of f and compactness of daD’, there exists a
finite number of linear functions h;, ..., h, such that if
H=inf (hy, ..., h,) then 1) H(z) <f(z) for zedD’ and

2) H(z) >f(x) on D. Then the function g satisfies the
requirements of the proposition, where
min (f(z), H(x)) if zeD’
H(z) if zeQ — D'.

Proof of 3.3.1. — It is enough to prove the supermartingale
property for continuous f.

glz) =
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Choose a domain D’ such that Dc D’ and f is multiply

superharmonic in a neighborhood of D’. If we could extend f
to be multiply superharmonic in Q, the proof would be
immediate. However if D’ is not convex, we may not be
able to do this. Therefore we use Lemma 3.3.2 to extend f
from sufficiently small neighborhoods to the whole plane.

We can cover D with a countable number of open balls S;

such that S;cD’. Suppose ze€S; and let 1, be the first
time Xy hits 2S,;, if Xp hits 3S,, and undefined otherwise.
If 7,(w) < o0, then for some t (which may depend on )
Xp(7;) €S;. Define i;(w) to be the smallest index ¢ such
that Xp(t;(w), w)€S;. Then let 7,(w) be the first time after
T (w) that Xp hits 25;(w), ete.

If the limit of 7,, 75, ... 1is finite with positive probability,
let 7, =lmr, and continue with 7,,;, ... through the
countable ordinals. If 7,(w) 1s not defined for some « (and
therefore for all § > «) define 7,(w) = oo with the conven-
tion that Xp(oo) = lim Xp(¢), which exists for a.e. ® by
Proposition 3.1.2. =

For an ordinal «, let i,(w) be the smallest ¢ such that
Xp(Te(w), w)€8;. For each j, S; is convex and f is contin-
uous and superharmonic in a neighborhood of S; By
Lemma 3.3.2 there is a continuous g;€5(Q) such that
gi=1f on S,

Since XeT, g;(Xp(t)) 1s a local supermartingale. Let
X§ = Xp(tA1y). Then note g;(X§*i(t, + t)) 1s a supermar-
tingale since 1t is obtained from the continuous local super-
martingale g;(Xp(t)) by optional stopping. Let ¢ >t and
let AeJt(z, + ¢).

S F(Xe#(ry + 1)) = 3 ot 8AXER (50 + 1)),
But {i, =j}eF*(t, + &) so thisis
> 3 Jaanemn 81X+ ) = [ FXE (5 + )

Thus f(X§t (1, + t)) 1s a supermartingale. It is bounded and
sup T4(w) = oo, so by Corollary 3.2.2, f(Xp(f)) 1is a super-

martingale. Q.E.D.
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Prorosition 3.3.3. -— Let D <cQ be a bounded domain and

zeD. If f is multiply superharmonic in a neighborhood of D,
and XeT, then f(X(tA7p)) is a right-continuous function
of t with probability one, and is, a fortiori, a separable super-
martingale.

Proof. — There exists a sequence {f,} of functions which
are continuous and multiply superharmonic in some neigh-
borhood of D, such that f,}f in that neighborhood. For
each n, f,(X(t/\7p)) 1s a continuous supermartingale, so by a
result of Meyer ([33], Thm T16, p. 99), the limit must be
right-continuous.

In the case k = 1, it 1s known that the paths of f(X(¢Ap))
are continuous w.p. 1. We conjecture this is true for k> 1
as well.

3.4. Conditioning and Continuing T, Processes.

In sections 1.3 and 1.4 we introduced the operators &;
and Y.. In this section we consider these operators applied
to T, processes. The following two theorems can be thought
of as the T, process analogues of the strong Markov property.

Tueorem 3.4.1. — Let XeT, and let <~ be a natural
stopping time with the property that X(tA<z) is bounded for
all t. Let {X?, z€A} be a version of 6(X). Then for a.e.
(ue)z, X?eT,, where p. s the distribution of X(7).

Remark. — It follows that there is a version of 6. (X) which
satisfies X*eT, for every z in Q.

Proof. — X?e®, by definition. It is easily shown that
P{X?(0) =z} =1 for a.e. (u:)z. We must verify the super-
martingale property. We can and will assume that the proces-
ses X* are canonically defined relative to the natural fields
R(t).

Let D be a bounded region containing z such that
X(-A7) mnever leaves D. Let ¢ <<t, and AeByt).
Suppose there exists a set A c(Q, such that p(A) >0 and:

(3.41) zeA—> [\ f(Xp(t)) > [ [(Xb(t))-
Let A= {w:w(t(w) 4+ -)eA}. AeB whenever A is.
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Since © and t-+ 1, teR,, are stopping times for the
continuous supermartingale {f(Xp(t)), te R, }, the process
{f(Xn(t + 7)), te Ry} 1s also a supermartingale. Thus:

(3.4.2)
Saninoent Tl + 0)) > fiaigmen [(Xolz + ).

But the left-hand side is:

= [ [ F(Xo()) ] duxe(2)-
By (3.4.1) this is:

= /A. [‘/;\ f<Xi3(t2))J dp~(2) = [A\nsx,,(r)em f(Xo(t + &)

which contradicts (3.4.2). Therefore w®.(A) = 0.

Thus for fixed f, D, t;, t, and Ae®Bp(t;), there is a set
A, f, t, t,, A) of p.-measure zero such that if ze¢ A(D, f,
ty, &y, A), then

(3.4.3) Ja [F(Xb(t) — f(Xi(ta))] > 0.

Bp(t;) 1s generated by a countable finitely additive field G,
and (3.4.3) holds for all AeG if z is not in some null set
A(D, f, t;, t,). But if (3.4.3) holds for every set in G, it must
hold for every set in %p(t;). Next, outside of some null set
A(D, f), (3.4.3) holds for all rational ¢ and ¢ such that
t, < ty, and hence for all values of #, and ¢ by continuity.
If D,, Dy, ...1Q 1is an increasing sequence of regions with
the property that X(.A<z) never leaves D;, then for z

not in a null set A(f) = U A(D,, f), X* satisfies the super-

martingale property relative to the function f. Finally if z
1s not in some null set A, X* satisfies the supermartingale
inequality simultaneously for all functions in some countable

set which 1s dense in C(Q) n S(Q), and therefore X° must
be in T,.

Tueorem 3.4.2. — Let XeT, and let U= {X? ze€A}
be a coherent family such that for each z, X*eT,. Let © be a
natural strict stopping time for X, and suppose P{X(t) ¢ A} =0.
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Then Y.(X; U)eT, (where Y. is the operator introduced
in 1.4).

Proof. — Let X = Y(X; U). This is canonical by defini-
tion, and we may assume X 1is canonically defined as well.

Conditions (T1) and (T2) are clearly satisfied, so we
must verify the supermartingale condition (T3). Let D be a
bounded domain containing z and let tp be the first time X
hits aD if X ever hits dD, and -+ o otherwise. Set
Xp(t) = X(tAp). Let 7, =1A1p and let f be a conti-
nuous multiply superharmonic function. X ~ (7)X implies
X ~ (1;)X. This together with the fact that XeT, implies
f(Xp(tAr)) is a supermartingale.

We claim that the post-t; process is a supermartingale
relative to the fields Bp(t) = B(tA1p).

Let t, <t, and consider the o-field &%(t;) generated by
Xp(t, +8), 0 <s<<t. Let Ae%(t) and let

A = {v: o) + ) A}

Then 1&693(&). Since the family U 1s a version of 8&.(X)
we see :

/j‘\nir >ﬂf(XD T+ JQ JA Xz dp..:(z).

Now XjeT, so f(X5(t) is a supermartingale, and A e %(¢)
so the right hand side 1s:

= j; [./Af(xi)(tz) )] dp<(2) j;xugr >-:;f(XD< + t5)).

Since f(Xp(t, + t)) is constant on the set {tp <}, this
give us the supermartingale inequality. This does not quite
prove our claims, as we have only shown that f(Xp(t, + t))
is a supermartingale relative to the fields &(¢). However,
X(s) for s>r1, and X(s) for s<Ct, are defined to be
conditionally independent given X(z), so that this remains a
supermartingale relative to the larger fields %(t)V J(t). By a
theorem of Courrége and Priouret ([13]) B(7) V F(t) = B(7 + ¢t),
which establishes our claim.

By Corollary 3.2.2, {f(X»n(t)), $(t), te R,} is a supermar-
tingale. Q.E.D.
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4. U, processes and the the Dirichlet problem.
4.1. U, processes.

Let DcQ be a domain. Let D be a metrizable compacti-

fication of D; thatis, D is a compact, metrizable topological
space in which D 1s a dense subspace. All topological notions

in this section will be understood to be relative to D unless
it 1s specifically stated otherwise. Thus the boundary of D
is D — D, which we will denote by D.

In the classical case, where k=1 and the notions of
harmonic and multiply harmonic functions coincide, one
ordinarily takes 3D to be the geometrical boundary of D
or the geometrical boundary of D together with the Alexan-
droff point at infinity if D is unbounded. One may wish to
use other compactifications, however, such as those corres-
ponding to the Feller or Kuramochi boundary; or the Martin
boundary, which i1s the most natural boundary from the
standpoint of the Dirichlet problem and its probabilistic
treatment.

If feS(D) is bounded below we denote the greatest lower

semicontinuous extension of f to D by f; thatis f =
on D andif zedD, f(z) = liminf f(y). Let
reD

S(D) = {f: feS(D), f bounded below}.

A sample path originating at a point of D 1s said to converge
to 3D if it eventually leaves any compact subset of D.

We will put two restrictions on the domain D and its
compactification, the first one minor and the second somewhat
more stringent. We require that

H1) for zeD there 1s a process €T, which converges
to the boundary of D;

H2) if z, y<=dD, there is a function feS(D) and sets N
and N’, where N 1s a neighborhood of either z or y and
N’ 1s a neighborhood of the remaining point, such that f> 1
on N, f<1 on N'. Wesay f strongly separates =z and y.

Note that since D has a countable base for its topology,
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if (H2) holds there must be a countable subset of S(D) which
strongly separates points of 2D.

By a theorem of Lévy, if the dimension of Q 1s three or
greater, Brownian motion will eventually leave any compact
subset of Q. If the dimension of Q 1is two and the degree
of decomposition of Q 1is two, it 1s easy to find examples of
T,-processes (not Brownian motion) with the same property.
Thus the only cases excluded by (H1) are Q =D = R and
the case in which dim Q =2, k =1 and the complement of
D in Q has logarithmic capacity zero; these two cases are
of little interest in the present context.

Let D,cD,c... be a sequence of relatively compact
subdomains of D and for any process X let

1 (w) = 1nf {t: X(t, w)eDj},
undefined if there is no such t. Then let
7p(®) = sup T(w) if X(t, w)

converges to D, undefined otherwise.
The following is a standard lemma.

Lemma 4.1.1. — Let heS(D) be bounded below on D.
Let xeD and XeT, and suppose X converges to 3D
w. p. 1. Then him h(X(t)) = h, exists w. p. 1. and

tAT,
hz) > Bih.).

Proof. — We may assume h>0. Suppose h(z) << .
(The case h(z) = o can be handled by considering hAn
and letting n}o.) The process

Y(t) = h(X(2)) if t<<1p
=0 if t > 1p

is a supermartingale. By Proposition 3.3.3 Y 1s right-conti-
nuous, and hence separable. Thus Y has left limits w. p. 1.,

so lm Y(t) = h, exists. If 7, 75, ... are the stopping
tATy

times defined in the preceding paragraph, by the optional

sampling theorem h(z), Y(t;), Y(12), ... 1s a positive super-

martingale. Thus :

h(z) > lim E{Y(z,)} > E{lim Y(1,)} = E{A_} Q.E.D.
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PropositioN 4.1.2. — Under (H1) and (H2), if zeD and
XeT, and if Q' s the w-set on which X(-, ) converges to

oD, then for a.e. weQ’, lim X(¢, w) exuists.
EAT ()

Proof. — Let W be the countable subset of S(D) which
separates boundary points. If feW we may assume [ is
bounded by taking fA2 if necessary. By Lemma 4.1.1, if
is not in some exceptional null-set [', for all fe W f(X(t, w))
has a limit as ¢4 1p if weQ’, oras t4o if wel. If
we’ — [, there must be at least one point of 3D in the
closure of {X(¢, w), 0 <t <71p}. But there can be at most
one point of 3D 1in this closure, for if z and y were two
such points, take fe W to be a function which separates z
and y. Then there must be infinitely many times s, t arbi-
trarilly close to 1p for which f(X(s, w))>1+¢ and
f(X(t, »)) < 1, which contradicts the convergence of f(X(¢, ®))
as t1 1p.

Remark. — A corollary to the above proof is that if XeT,,
for a.e. ® there can be at most one point of 3D 1in the
closure of the set {X(t, w), t <7p}, where if 1p(w) 1is not
defined, «t<<<p» 1s taken to mean « Vit >0 ».

DeriniTioN. — Let CcdD be a Borel set. If x<D, U, C)
is the class of processes X satisfying:

(U1) XeT,,

(U2) X s Brownian motion until it first leaves some neigh-
borhood of =z,

(U3) P{X(p)eC} = 1.
When C =D, we will write U, for U,(3D). The signi-

ficant property of U, processes s (U2) which assures us that
they are « nice » in a neighborhood of their origin.

DeriniTioN. — A set CcdD s a U-boundary for D if C
is closed and if for every xzeD, U, (C)=£0. Under (H1), 3D
s always a U-boundary.

Before proceeding to the Dirichlet problem we need some
facts concerning coherent families of stochastic processes.

Suppose CcdoD, zeD and XeU,; and let N be a
neighborhood of z with closure in D. Then if V = {X=
z€dN} 1s a coherent family of processes such that X%eT,
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and P{X%1p)eC} =1, the process Y. (X; V) is in U,(C).

This is an immediate consequence of Theorem 3.4.2.

Lemma 4.1.3. — Let V, and V, be coherent families of
canonically defined processes, where V; = {Xi,zeA;},1 =1, 2.
Let = be a natural strict time on ., such that for zeA,,

P{Xj(z) &« Ay} = 0. Then the family:
Vo= {Yo(X{; Vo), z€A;}

18 coherent.

Note. — The hypothesis that the processes be canonically
defined 1s merely a device to define t for all processes, and
can be dispensed with at the expense of a slightly more cum-
bersome statement.

Proof. — Let P; be the distribution of Xi, 1 =1, 2,
and let _,P? and _P; be the distributions of P} conditioned

on « Xj(t) =x» and «7t not defined » respectively.
If A, ApeR, let

Ay = {X(Ax)eA}  and A, = {X(- + 1) e}
If P, is the distribution of Y.(XZ, V,) on Q,:

P8y 0 Ry)= [ P3(Aa)PIA,) dpe(@) + [1 — p3(QLPHA, 0 Ay,

We must show z— P,(A; nA,) is Borel measurable. The
second term is clearly measurable. Let dv, = ,Pj(A,) dui(z)
and let G Dbe the class of functions f: Q — R such that

z — f f(z) dv,(z) 1is measurable. G contains indicator func-
tions of Borel sets since if A < Q 1s Borel:

f Ii(@) dv.(x) = | oPi(Ay) dpi(z) = Pi(Ay n {Xi(7) = A}).

This 1s measurable in z since V; 1s coherent. G 1s clearly
linear and closed under increasing convergence, so G contains
all Baire functions. In particular, z — P3(A,)eG.
Q.E.D.
We can now prove an important fact about the existence
of coherent families of U, processes. The hypothesis (U2)
plays a fundamental role in the proof; it is not known whether
the corresponding theorem is true for T, processes.
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Taeorem 4.1.4. — Let A be a Borel subset of 3D and f
a Baire function on A. Let KcD be Borel and ¢eC(K).
If there is a family {X*, ze K} such that for each ze K:

a) X*eU,A)
and

b) E{f(X:(w0))} > 9(2), |
then there is a coherent family satisfying the same conditions.

Proof. — Let ze K; X*e U,(A), so X* is Brownian motion
until it first leaves some open ball B with BcD.

Let {,X, z=3B} be a version of & . (X*). For yeB, let
i, be harmonic measure on dB relative to y. By Theorem

3.41 XeT, forae. (u,)zxedB and further
= P{X(mp) e A} = [;, P{.X(t0) € A} dp. (z),
so P{;X(tp)eA} =1 for a.e. (@,)z.

Let 7Z° be Brownian motion from y and consider
X! = Y. (Z?, 6.,(X?). (Intuitively this is the process which
is Brownian motion until it hits 2B and is ,X from then

onif X'(z,) = x.) X2eU,(A), and,if welet g(z) = E{,X(tp)},

E{f(X2(m0))} = E{E{f(Ri(w))| Ri(w)}}
= o 8(@) iy (z) = hy),
where this defines h(y).

Now h(z) > ¢(z) > — . Thus h 1is either = + o or
harmonic, and therefore continuous, in B. ¢ 1is continuous
so in either case there i1s an open neighborhood N, of z on
which h > ¢. X

The family V, = {XJ, ye N.} is coherent by Lemma 4.1.3.
For each ze K we can find such a neighborhood N, and

family V, = {X?, yeN,}. Since D has a countable base
there 1s a countable set {z;} such that Kc UN,‘., and we
can clearly find sequence {M;} of disjoint Borel sets such
that M;cN,, and K =|_JN.. Then the family (X, yeK}

given by X'= X! if lyEM; satisfies the requirements
of the theorem. Q.E.D.
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4.2. The Dirichlet Problem.

We follow Bremermann in allowing multiply superharmonic,
as well as multiply harmonic solutions. We consider the pro-
blem on certain subsets of the boundary rather than on the
whole boundary. This 1s somewhat analogous to the case of
the Dirichlet problem for certain parabolic differential equa-
tions (see [16]) where large portions of the boundary may be
irregular for the Dirichlet problem and therefore can be
1gnored.

Given a boundary function on one of these sets, we define a
multiply superharmonic function — we prejudice the issue
somewhat by calling this function a « Dirichlet solution » —
which 1s connected with the boundary function in a natural
way. We then have two problems: first to study the function
and 1in particular its boundary behavior, and second to study
the class of boundary sets for which such an approach is
possible. We address ourselves to the first problem in this
and the next section, and to the second problem in section 6.

Let C be a U-boundary and f a Baire function on C.
We say fel(C) if for each zeD thereisan ze U, (C) such
that — oo < E{f(X(tp))} << + . In particular, f is in
I(C) 1f 1t 1s bounded below.

Derinition. — Let fel(C). The Dirichlet solution ®f
of f us:
Of(z) = sup E{f(X(%p))}.

XeU,(C)

If f is defined on some larger set than C, then ®Ff will
mean the Dirichlet solution of the restriction of f to C.
Note that we have defined @f relative to the classes
U,(C), not relative to the apparently more natural classes
T,(C) of T, processes which hit C with probability one.
The reason is that ®f is multiply superharmonic whereas the

corresponding fact for the function ®f defined using T, (C)
depends strongly on the nature of the boundary and boun-
dary function f. In fact, ®f is multiply superharmonic iff
OfF = 9F. -

Roughly speaking, ®f corresponds to the lower envelope
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of all multiply superharmonic functions g satisfying
lim inf g(y) > f(z) for zeC, while ®f corresponds to that
Y>z

lower envelope regularized to be lower semicontinuous.

Tueorem 4.2.1. — Let DcQ be a domain and C a U-
boundary. If feI(C), then ®Ff is either multiply superharmonic
or identically + .

This is a result of the following two lemmas and Proposi-
tion 2.2.

Lemma 4.2.2. — ®F is lower semicontinuous.

Proof. — Let X*eU,(C). X* is Brownian motion until it
leaves some ball B relatively compact in D. Consider
&, (X) = {X?, zedB} and let g(z) = E{f(X*(%p))}. Now
if 77 is Brownian motion from yeB, let X' =Y, (7";6., (X?)).
Then X?eU,(C) and

E{f(X*(t))} = E{E{f(X"(0))| X*(%s)}}-

The distribution of X,(ﬂ:B) 18 u, = harmonic measure on 3B
relative to z so this 1s just 'A‘B g(z) p(z) = h(y). h(y) 1s
either identically -+ oo or else harmonic, and therefore
continuous, in B. By definition ®f(y) > h(y), yeB. If
a < ®f(z), we can choose X to make h(z) > a, hence o
must be lower semicontinuous at z. Q.E.D.
For the notation in the following lemma, see Section 2.

Lemma 4.2.3. — Let B = B(z; p) be a polycylinder such

that BecD and let B* be its distinguished boundary. If A,
is the uniform measure on B*, then for any fe1(C),

Bf(z) > o Bp(a)hsp (da).

Proof. — There are T, processes which hit B* before
leaving D. One such process X* can be described as follows :
Let z= (s, ..., z) and B =B, X --- X B,, where
B;<Q; is a ball centered at z/. Let Z’/ be Brownian motion
from z/ which is stopped the first time it hits 2B;. Then let
X*= (24, ..., Z¥). It 1s easily seen that X*eT.. Further,
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if N is a neighborhood of z such that N cB, X is Brownian
motion until it leaves N. Finally, since for each j, Z/ hits 3B;
and 1s stopped there 1n finite time, X hits

B* =20B,; X --- X 3B,
in a finite time.

Let {¢,} beasequence of continuous functions increasing to
®f. For fixed n and zeB* thereis X{eU,C) such that
E{f(X”(TD))} > ¢,(z). By Theorem 4.1.4, there is a coherent
famlly V., = {X? x2eB*} satisfying the same conditions.
Let X =Y, (X*;V,). X;eU,(C) and

(I)_(f(Z) = E{f( Z(’tn))} = E{E{f( ( ) IXR(TB)}}
= [ B{f(X5(z0))} dh (2) > [. 50 A

where A is the uniform measure on B*. Since n was arbi-

trary, Of(z) > [, OF dA. Q.E.D.

ProrositioNn 4.2.4. — Let DcQ be a domain and C a
U-boundary for D. If f, fi, f», ... are such that f;e1(C),
1=1,2, ... and fi1f, then @f 1 @j.

Proof. — Clearly @7 < @7 for all n. If a < ®f(z), there
1s XeU,(C) such that E{f(X(tp))} > a. Then

07 (x) > E{fu(X(w))} 1 E{f(X(wp))} > a.  QE.D.

Prorosition 4.2.5. — (Minmimality Property). Let DcQ
be a bounded domain and C a U-boundary for D. Suppose
fe(C). If h s multiply superharmonic and bounded below
in D and satisfies liminf h(z) > f(z), z€C, then h > ®f.

Note. — The theorem remains true if C 1s not closed.

Proof. — Let zeD, XeU,(C). By Lemma 4.1.1,
lim h(X(t, ®)) =h,(w) exists and E_{h} < h(z). But

tATy

X( t) > X(tp)eC as t}zp and for ze(, hm 1nf h(y) > (),
so E{h.} > E{f(X(zp))}. Thus

h(z) > sup E{f(X(tp))} = Of(x). Q.E.D.

XeUg(C)
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4.3. Regularity of boundary points.

It is customary to characterize regularity properties of
boundary points in terms of barriers, but, in keeping with
our probabilistic approach, we will define them in terms of
the functions @, We will show that under suitable restric-
tions on the domain, these probabilistic definitions coincide
with the usual definitions.

DeriniTion. — Let C be a U-boundary for the domain
DcQ and let z,€C. z, is C-semiregular if for each neigh-
borhood N of z,, if g = Ic_x, iminf ®%(z) =0, and is

strongly C-regular if lim ®%(z) =0 ;o:%each netghborhood N
of x,. Fx

Tueorem 4.3.1. — Suppose D satisfies (H1) and (H2).
Then for any U-boundary C there exists at least one C-sema-
regular point.

Proof. — We first show that if D has no semiregular
points there exist T, processes which fail to converge, and
then show this violates the separation hypothesis.

If zedD 1s not C-semiregular there are neighborhoods
N, and N, of =z, such that,1f g, 1is the indicator function

of Ni:

(@) S >e, on N;.

If the boundary of D has no semiregular points we can
find such N;, N; and ¢, for each zedD. Since dD is

n
compact, there i1s a set {z,, ..., z,} such that 3D cl ’N”zi.
1
n—1
Let N,=N,, Nj=N; —N;, ..., N,=N;, — l ’ NZ..
1
Then the N; are disjoint and cover 3D. Write N; instead
of N, and let &= min Ezpe

By (a), the definition of @€ and Theorem 4.1.4, there is a
coherent family V= {Xz,zeD n(_JN;} such that X*eU.(C)

and 1
(b) zeDn N; —> P{X*(tp) ¢ N}} > .

We construct a sequence of processes by induction. Let
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{eD, X;eU; and let A; be a neighborhood of 3D not

containing {, with A, cUNi. Suppose we have defined a
1

sequence X;, ..., X, of Uprocesses and a decreasing
sequence A;, ..., A, of neighborhoods of 3D such that for
j=1 ..., m—1;
() X = Y’»Aj<Xja V). 1
(d) There is an exceptional w-set of probability less than —
outside of which !

P{X;(za)eN; and X(ta,)e Ni| Xj(ta)} <1 —e.

Now choose a neighborhood A,,; of 3D such that
A, c A, and such that (d) holds for j = m. This we can do
since by (b) and (c) the conditional probability that

Xn(ta) e N; and X, (tp)e N; given X,(t4,) 1s less than
1 — ¢, so the probability is greater than ¢ that X,(t) will
eventually leave Ni. Thus by making A,,; small enough
we can assure (d). Then let

X1 = 15, (Xny V).

By Theorem 1.4.2 there is a process XeT; such that
X ~ (ta)X; 7 =1, 2, ... Notice that since X;eUy(C), X;
(and hence X) hits d2A; w. p. 1. We will show that for arbi-
trarily large n the sequence X(TAJ.), j=n,n-+1, ... moves
from some N; to (Nj)-. _

Choose n such that 711—< e and let i;(w) be thatindex i
for which X(o, Ta(w)) € N;. Consider

P{X(ts,)eNypj=nn+1,...4.

By (d) and the fact that the behavior of X before and after

T, are conditionally independent given X(z4,) this is

@

<H<1+i () =0,

z i
The proof is now readily completed. By there mark follow-
ing Proposition 4.1.2, w. p. 1 there can be at most one point
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of dD in the closure of {X(t), ¢ < tp}. But w. p. 1 for some i,
X(7a;) € N; for infinitely many values of ;j and X(z,,)e(Nj)°
for infinitely many values of k&, so there must be at least two
points of aD in the closure, which is a contradiction.
Q.E.D.
The following proposition i1s connected to Theorem 4.3.1
primarily through its proof. We will state it now for future
reference.

Prorosition 4.3.2. — If C s a U-boundary and zeC s
not C-semiregular, there s a neighborhood N of z such that
C — N s a U-boundary.

The proof involves a simpler version of the above construc-
tion, so we only outline 1t here. One finds a neighborhood N
of z such that for some ¢ >0, ®}2>¢ on N, and a cohe-
rent family V = {X*, ze N} of U(C) processes with the
property that P{X?*(1p)e N} <1 — e If zeD, one defines
by induction a sequence of U,(C) processes and a decreasing
sequence A;, A, ... of neighborhoods of NnaD, such
that X, ZYnj(Xj’ V) and suchthat P{X;;;, hits dA;,} <e"
Then the process X satisfying X ~ (ta)X; for all j is
in U,(C) but does nothit aD n N, and hence is in U, (C — N).

In the classical theory, the regularity properties of a boundary
point are local properties. In our case in particular we would
like the definition of semiregularity to be independant of
the U-boundary. In order for this to be true it is necessary to
introduce slight further restrictions on the region. We will say
a region 1s normal if its boundary points can be strongly sepa-

rated from closed sets. More precisely, a point xeD is said

to be normal in D if for any closed set K < D not containing
x there 1s a function f, positive and multiply superharmonic
on D satisfying f(z) >1 and f<{1 on K. A region D is
normal if all points of ?D are normal in D. In analogy with
accepted topological terminology we should call such regions
« regular », but this word 1s already sorely overused in this
paper. B

If D is bounded and D 1is the closure of D in Q, D is
normal, for in this case the separating functions can be taken
to be lower envelopes of finitely many positive linear functions.
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Lemma 4.3.3. — Let D c¢ Q be a domain and let = be a
normal point in 3D, and N a neighborhood of z. Then there
exists a neighborhood N’ of x such that yeD — N and
XeT, imply that

P{X(wp)e N} < 1 — .

Proof. — By normality of z let h be a positive multiply
superharmonic function such that for some ¢ >0, h <1 — ¢

on D — N and liminf A(y) > 1. Let N’ be a neighborhood

Y
of z such that N'nD = {y: h(y) > 1}, and let A" =hAL
If yeD — N, XeT,, by Lemma 4.1.1:

1 — &> K(y) > E(lim (X@)} >P{X(wm) <N} QED.

TueoreM 4.3.4. — Let DcQ be a normal region and let
C, and C, be U-boundaries. Suppose x 1is C,-semiregular
(C,-regular). Then x2eC, and z s Cy-semuregular (C,;-
regular).

Proof. — Let N be a neighborhood of 2 and choose
N’'c N in such a way that for some m >0, if g = Iip_n,
®%(y) > m if yeD — N, which we can do by Lemma 4.3.3.

Then, if g = I;p_x, we have

liminf - ®%(y) > g(z)  if  zedD.

Y>z m

Therefore, by the minimality property,
1
(Dg’ < ; (I)(g:".

In particular, since z 1is C;-semiregular, (C,-regular) this
implies that the limit inferior (limit) of ®§* at =z is zero,
hence z must be C,-semiregular (Cy-regular). Q.E.D.

Since strongly C-regular and C-semiregular points are inde-
pendent of the U-boundary C we shall call them strongly
regular and semiregular points respectively from now on.
Notice that if C 1s a U-boundary, C contains the set of all
semiregular points.

There 1s an important class of boundary points not included
among the strongly regular and semiregular points.
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DeriniTioN. — Let C be a U-boundary and suppose zeC.
x s weakly C-regular if for any neighborhood N of «,
lim ¢f(y) = 1.
Y>z

Equivalently, z is weakly C-regular iff for any neighborhood
N of =z,

sup P{X(tp)eN} -1 as Y —> Zy.
X€Uye)

Unlike the strong and semiregular points, the set of weakly
C-regular points depends upon the U-boundary C. When
C =D, we say a weakly C-regular point is weakly regular.
We reserve « regular » for points regular for the classical
Dirichlet problem.

a) Strong regularity implies semiregularity, regularity and
weak C-regularity for any U-boundary C.

b) If C,<(C, are U-boundaries, then weak C;-regularity
implies weak C,-regularity.

c¢) Regularity implies weak regularity, but regularity does
not 1mply weak C-regularity for all U-boundaries C.

The above implications are all obvious, but none of the

reverse implications are true. Semiregularity does not in
general 1mply weak regularity.

ProrosiTion 4.3.5. — x€dD s semiregular iff there exists
a sequence Z, Ty, ..., €D such that z,— x and for any
netghborhood N of =z,

@ sup P{X(zp) e N} -0 as n— .
XeU,,

Proof. — This is slightly stronger than the definition but
follows directly from it. Let N;, Ny, ... | {#} be a sequence
of neighborhoods of z. For each n we can find X,eB,
such that sup P{X(1p)eB} < % Then z, >z and (%) 1s

XeU,,
satisfied for this sequence. The converse 1s obvious.

Q.E.D.

Cororrary 4.3.6. — Let D** be the set of all semiregular
points of d3D. Then D** us closed.

The regularity properties defined above are local properties,
1e., if zedD 1is strongly regular, semiregular or weakly
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regular, and N 1s a neighborhood of z, then z is a strongly
regular, semiregular or weakly regular point of N n D respec-
tively, and conversely. We will postpone the proof of this
until Section 4.5.

4.4. Boundary behavior of the Dirichlet solution.

TaeoreM 4.41. — Let DcQ be a normal domain and C

a U-boundary for D. Let fel(C) be bounded and continuous
at z,. Then

a) If =z, s weakly C-regular and f is bounded below,
* lim inf OF(z) > f(=,).

b) If z, s semiregular and f is bounded above,

(" lim inf ®f(z) < f(zo)-

z>T

Hence if =z, 1is both weakly C-regular and semiregular
and f is bounded there is equality in (**).

c) If z, is strongly regular and f is bounded,
) lim OF(z) = f(wo).

T>T

d) z, is weakly C-regular, semiregular or strongly regular

off %), (™), or (***) respectively holds for all fe C(C).
Proof. — Let
m = inf {f(z) : z= C} and M = sup {f(z): z C}.

(We may have m = — oo andfor M = + o.) f is conti-
nuous at z,, so for € > 0 there is a neighborhood N of z,
such that |f(z) — f(y)|<e¢ for z, yeN. Let h= Iy and
g = Ic_x. Then, whenever the terms are well-defined we have :
(4.4.2)
[m + f(@o)Jh — m — e << [M — f(a)]8 + f(@o) + ¢

so that:

(4.4.3)
[m + f(2o)]OF — m — e < BF < [M — f(20)]0F + f(ao) + ¢
9
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a) f is bounded below so the left-hand inequalities in (4.4.2)

and (4.4.3) make sense. z, 1is weakly regular, hence
lim ®f(x) = 1. By (4.4.3), lim inf ®f(z) > f(z,) — . ¢ is

T>To

arbitrary, which proves (a).
b) f 1s bounded above so M < o and the right-hand
inequalities of (4.4.2) and (4.4.3) make sense. z, is semiregular

so lim inf @f(z) = 0, hence by (4.4.3) lim inf ®Ff < f(=z,) + e.

e 1s arbitrary, which proves (b).

¢) [ 1s bounded so both M and m are finite, hence (4.4.2)
and (4.4.3) make sense. Strong regularity implies weak C-
regularity so

lim ®f(z) =1 and lim ®§(z) =0

>y T>To

0 (4.4.3) becomes :
f(zo) — & < lim inf Of(z) < lim sup Of(z) < f(z,) + .

d) If z, is not weakly C-regular, there is a neighborhood N
of z, such that hm 1nf(]? ‘(z) < 1. Choose a continuous f

on C satisfying f(:v0 =1 and f<CIx. Then
lim inf ®f(z) < lim inf ®F (2) < f(=,).

If x, 1s not semiregular (strongly regular) there is a
neighborhood N of 2, such that if g= [p_x then
lim inf ®{°(z) >0 ( hm L sup ®3°(z) > 0). Choose a continuous f

T>Ty

on 3D such that f(xo) =0 and f>g. Then ®® > d® so
lim inf ®f(z) > f(z,) (lim sup PfP(z) > f(,))- Q.E.D.

T>To

4.5. Regularity and barriers.

DeriniTiOoN. — Let N be a neighborhood of z,ed3D. A
function feS(Nn D) is a barrier at z, if

a) f>0.

b) lim inf flz) =

c) If N is any neighborhood of z,, [ is bounded away from
zeroon NanD — N
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We can characterize strongly regular and semiregular
points in terms of barriers. One can show as usual that if f
1s a barrier at z,, it can be extended to a barrier on all of D.

Prorosition 4.5.1. — Let DcQ be a normal domain, and

let £edD. Then:
a) x s semaregular iff there is a barrier at =x.

b) x 1is strongly regular iff there is a barrier at x which
has a limit there.

Proof. — We will just prove (a). (b) is similar. Define
feC(D) such that f(z) =0 and z 1is the unique minimum
of f. By Theorem 4.4.1 (b), liminf ®®(y) =0 and by

Y>>z

Lemma 4.3.3 ®® is bounded away from zero outside any
neighborhood of z.

Conversely, suppose g 1is a barrier at =z, and let
f(z) = liminf g(z) for zedD. Then f(z) =0 and [ is

bounded away from zero outside of any neighborhood of .

Let N be a neighborhood of z. There is a constant n such

that nf > Iop_x = h. By the minimality property, ng > Q3P

But lim inf g(y) = 0, so lim inf ®}°(y) = 0. Q.E.D.
Y>z Y>z

Using this and the fact that barriers are defined locally we
have :

CoroLrLARY 4.5.2. — Let D<cQ be a normal domain. If z
is a semiregular (strongly regular) boundary point of D and N
is a neighborhood of =, then x 1s a semiregular (strongly
regular) boundary point of Nn D and conversely.

One can show similarly that weak regularity is a local
property, but as we shall have no use for this we omit it.

4.6. Examples.

If DcQ is a domain, let D** be the set of semiregular
points of aD.

4.6.1. D = unit ball in Q. Then all boundary points are
strongly regular, hence D™ =3D. To see this, just note
that since D 1is strictly convex, there is a linear function
which takes on its unique minimum in D at a given boundary
point z. This function is continuous and multiply harmonic,
so z 1s strongly regular.
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4.6.2. D = B(z; p), a polycylinder (see Section 2.) Then
D* = B*, the distinguished boundary, and all points of
B* are strongly regular.

46.3. Let Q=R X R and let D be the unit disc minus
a sector of central angle less than 1809, where the sector is
contained in the left half-plane. A function is multiply super-
harmonic in D if it is concave in each coordinate. Then
D** = 3D, and all boundary points except (0,0) are strongly
regular. (0,0) is semiregular, being in the closure of strongly
regular points, but i1s not strongly regular. To see this last,
let N be any small neighborhood of (0,0) and define f on
3D by: f(z) = Lip_x(z), z=dD.
. Consider the behavior of ®}°(z) as z— (0,0) along the
positive real axis. From any point (x,0)e D the process
X(t) = (Z*(t), 0), where Z* 1s 1-dimensional Brownian
motion from =z, is in T, and will hit 2D at either
(z, V1 — 2®) or (z,— V1 — a?). At both these points f=1,

so ®fx, 0) =1, and hence limsup @ z) =1>0.

z > (0,0)
46.4 Let k=1 and Q = R3. In this case the notions of
harmonic and multiply harmonic functions coincide, and the
concepts of regular, strongly regular, and weakly regular
boundary points are identical. Let D be a region with a
Lebesgue thorn, and let z be the tip of that thorn. As is
will-known, z is semiregular but not regular — and therefore
1s semlregular but not weakly regular.

5. Behavior in the interior.

5.1. Continuity of ®}P.

In comparing our multiply superharmonic Dirichlet solu-
tions with classical Dirichlet solutions one is led to remark
that while the classical solutions « smooth out » the boundary
function in that the Dirichlet solution of a badly discontin-
uous boundary function is always infinitely differentiable
in the interior, the multiply superharmonic solutions retain
much of the boundary function’s roughness. The multiply
superharmonic solution can be + oo at interior points, for
instance, without being identically + .
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In this section we will give sufficient conditions for conti-
nuity of a Dirichlet solution, and give examples to show the
Dirichlet solution of an arbitrary boundary function may not
be continuous, even if the function 1s continuous.

As in the previous section, D is a domain in Q and D
1s a metrizable compactification of D in which D 1is an
everywhere-dense subspace. All topological notions are relative
to D unless it is specifically stated otherwise. If z, yeD,
lz — y| will denote their distance in the D metric. If AcQ
and ze€(Q, we will use z -+ A to denote the set
{z:z=24+y, yeA}. If f is multiply superharmonic on
D, f will mean the greatest lower semicontinuous extension

of f to D.

Treorem 5.1.1. — Let C be a U-boundary for D, and let
ge1(C). If OF is continuous at all points of dD and is greater
than or equal to g on C, then OS is continuous on D.

Proof. — Since ®Ff is multiply superharmonic, hence lower
semicontinuous on D, 1t is enough to show 1t 1s upper semi-
continuous as well.

By Lemma 4.1.1 and the fact that ®,> g on C, if zeD
and XeT, is such that it hits C w. p. 1, then

“a) $f(z) > E{g(X(wp))}.
By continuity of ®f on aD and Theorem 4.1.4, given

e >0 we can find a d>0, a compact set KcD, and a
coherent family V = {X*, ze D — K} such that

b) If z, weD — K and |z — w| <d, then

B5(z) — Df(w)] < -
¢) X*eU,C), zeD — K.

d) E{g(X(w))} > ¥§(z) — 5> z€D — K.

Choose a further compact subset K’ of D such that K
1s contained in the interior of K’. Using the fact that on D
the metric | | 1is equivalent to the Euclidean metric, which
1s homogeneous, we can see that there is a number d' >0
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such that for any zeK, yeD and zedK’, that
|l — y| < d 1implies that both z+4 2z —yeD — K and
Iz 42— y) — 2] < d.

Now let z be any point of D; we can assume without
loss of generality that xze€K. Choose y such that
ly — 2| < d and choose X’eU,(C) such that

€

&) E{e(X())} > ly) — +

Let X*=X"+ a2 —y. Then X?eT, Let 7 be the first
time X° hits the set z — y + dK’. Then

X*(%) =& —y + X(wx);

Thisisin D — K by assumption.
Now let X* = Y%X?; V). Then X*eU,C) and, by (e)

B(z) > B{g(X(w))} > B(OGR()} —

By (b) and (a) applied to the family 6. (X*) we have:

2 2
> B{2§(X7(wx))} — 3 > E{e(X(m)} — 5
By (e) this 1s
> OG(y) — e

Since y was any element satisfying [z — y| <d', this
shows ®f 1is upper semicontinuous at z. Q.E.D.

Using Theorem 4.4.1 (¢) we immediately have:

Cororrary 5.1.2. — Let D be a normal region. If every

boundary point of 3D is strongly regular and g s continuous
on 3D, ®3P is continuous on D.

5.2. Examples.

Let Q = C X C where C 1is the complex plane, and let ¢
be superharmonic in C. Define u by: u(z, z) = ¢(z),
zy, € C. Then wu 1s multiply superharmonic in Q, and 1s
even plurisuperharmonic. Let D be a bounded domain in Q,
and D its closure in Q. We now show that ®® = u in D.

u is bounded belowin D and satisfies lim inf u(z) > u(x,),

z > o
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Z,€dD, so by the minimality property, ®® <{u in D.
Conversely, for zeD and a < u(z) there is a neighborhood

NeD of z suchthat > a on N.

Consider the process XeU, which is Brownian motion
on Q from z until it hits dN, and is the process (z;, Z*(¢))
from then on if 1t hits N at (z;, 2z,), where Z* 1is plane
Brownian motion from z,. (X can be defined rigorously
using 1..) Then u(X(tp)) >a w. p. 1, hence ®3°(z) > a;
thus ®2® = u in D.

We can use this to get examples of discontinuous Dirichlet
solutions and of lower envelopes of plurisuperharmonic func-
tions of the kind studied by Bremermann and others (see
Bremermann [10], Gorski [21], Kimura [26] and Kusonoki [28]).
Observe that if f is plurisuperharmonic and therefore mul-
tiply superharmonic and lim inf f > u(x,) for z,€d3D, then

> T
the minimality property implies u = O <{f u itself is
plurisuperharmonic, and therefore equal to the lower envelope
of functions plurisuperharmonic in D with limit inferior
greater or equal to ¢ on aD.

(a) Let D be the unit ball and u(z, z,) = — log|z]|.
The Dirichlet solution of w 1s infinite at interior points of D
without being = 4 «. This is a counter example to a
conjecture of Bremermann (Bremermann [10] 9.2).

(b) Let ¢ be a superharmonic function with infinities dense
in the plane, and let u(z;, z) = ¢(z,). Then ®° has a set
of infinites dense in D.

(c) Let u be as above and set & = u/AM for a constant
M > u(0,0). Then ®% has discontinuities on a set of positive
Lebesgue measure in D, although the boundary function is
bounded and lower semicontinuous and the boundary is
strongly regular. This also shows that envelopes of Bremermann’s
type need not be continuous, even if they are bounded. This
has been an open question (see Siciak [35]).

It is somewhat more complicated to find a region D and
continuous boundary function g such that ®}° is not conti-
nuous. This can be done as follows.

Let B be the open unit ball in R® and let A be the unit
ball in R?® with a Lebesgue thorn; suppose the tip of this
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thorn is the origin. Let Q= Q, X Q; where Q, =R,
Q. = R3. Denote points of Q by z= (7, z2), zeQ;. Let
D cQ be the region:
D= (I, X A)u (L X B), where for r>0,
I, is the interval (— r, r). Let g be the function
g(z) = 2(1 —[2Y) (1 —|=*).

We claim ®JP is not continuous; in fact lim sup ®j°(z) =1
while ®3°(0) < 1. >0

To see the former, let z? be an interior point of B — A and
let z, = (0, z2)eD. By considering U, processes which
are four dimensional Brownian motion until leaving some small
neighborhood of z,, and are of the form (Z(t), (?) from then
on, where Z(t) 1is linear Brownian motion, we see there are U,
processes which hit 3D 1in arbitrarily small neighborhoods
of (— %, z?) and —%, z2 ) Thus ®°(z,) > 1 —|z?. Since
lgl <1 on 3D, this implies lim sup ®J°(z) = 1.

23>0

Now if Y 1s a process on Q,, let ' be the natural stop-
ping time < =inf {t>0: Y(t)edA}, and undefined if
there is no such t. Since the tip of the Lebesgue thorn is
irregular for A, if Z(t) is Brownian motion from 0, =" >0
w. p. 1 for Z, so there is a neighborhood N2 of 0 such that
P{Z(z")e N} = « > 1. Now consider any XeU,. X can
hit ?D in the set Q, X N2 only if (II,X) (z')e N2, where
II, is the projection of Q onto Q,. By Theorem 3.1.1,
[I,X is a time change of Brownian motion, hence
P{(II,X)(z")e N2} <« < 1. Since g 1s bounded away from
one outside of Q; X N, this implies ®}P(0) < 1.

One can use a device of Kusunoki [28] to modify this example
and get a region D in which ®® is not continuous. One does
this by covering the boundary of D with a countable number
of balls {B,} which are small enough so that the set

b=DU<UBn> is a domain and @ is approximately
1

equal to ®)® near the origin, and so is not continuous. Now

any point in D which is a boundary point of exactly one of
the B, will be strongly regular, for the definition of strong
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regularity depends only on the local behavior of D). Since
we can choose the balls B, in such a way that 3D is the
closure of these points, D) = D*.

6. Minimal U-boundaries and the Silov boundary.

The concept of the Silov boundary with respect to a class of
functions was introduced in connection with algebras of
continuous functions and has been extended to cover semi-
groups of continuous and semi-continuous functions by
Arens and Singer [1], and by Siciak [34].

Certain Silov boundaries turn out to be very natural sets
on which to specify the boundary function of the Dirichlet
problem; they play a fundamental role in Bauer’s theory
(Bauer [3]). Bremermann [10] introduced them to the extended
Dirichlet problem for plurisubharmonic functions.

As before, D is a metrizable compactification of D; all
topological notions in the following are relative to D. Let

DcQ be a bounded domain and let S(D) be the set of

extended real-valued functions f defined on D which are
multiply superharmonic and bounded below on D, and
satisfy f(z) = lim inf f(y) if zeaD.

Y>z

Derinition. If D<Q is a domain, the Siloy boundary D*

of D with respect to S(D) is any set KcD satisfying:

(S1) K is closed and if feS(D), then f takes on its mini-
mum on

(S2) If C satisfies (S1), then Co K.

The existence of D* for a bounded domain D can be
immediately deduced from a theorem of Siciak [34]; we shall
get its existence for arbitrary normal regions as a by-product
of the following theorem on U-boundaries.

Taeorem 6.1.1. — Let DcQ be a normal domain. There
exists a smallest U-boundary D™, and D™ is the set of
semuregular points of dD.

Proof. — The proof is in two parts: First, we use Zorn’s
lemma to show that a mimimal U-boundary exists, then we
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show that this minimal boundary is unique by identifying
1t with the set of semiregular points.

I. Let {Cy}ser be alinearly ordered (by set inclusion) set of
U-boundaries. We claim that C= r] C, 1s a U-boundary.

aecl

C 1s closed since each (G, 1s. Q has a countable base, so
there 1s a countable subset C, >C,>--- such that

‘ I Co, = | l Co,

i=1 134

Let {N,} be a decreasing sequence of open sets such that
N, 1s a hoodneighbor of C, and m N; = C.
i=1

Let xzeD. For some n, zeD — N_. By renumbering if
necessary, assume n = 1. We will show that there exists
XeU, such that P{X(tp)eV} =1.

Let X;eU,(C, ‘). Then with probability one, X; hits aD.
We define XI, X,, ... by induction as follows: X, = X,.
Suppose X,, has been defined such that X,eU,C,), so
that P{X, hits aN, before 2D} = 1.

Since C,,,, 1s a U- boundary, there exists a coherent family
V = {X’, ye D} such that for each y, X*eU,(C,,, ). Then
let X,,H = YTH(X,,, U,), where =, is the first time X hits
oN,. Then X,,+1eU (C,.) and X, ~ (t)X, Using
Theorem 1.4.2, let X be the process which is equivalent to
each X, untll time 7,. Then X eU,C), hence U,C ) # 3
C must be a U-boundary. By Zorn’s Lemma, there exists a
minimal U-boundary.

Uniqueness is now immediate. Al U boundaries contain
D**, the set of semiregular points. This set is closed. If C
is a minimal U-boundary such that C == D*, let e C — D*.
Then =z is not semiregular, hence by Proposition 4.3.2, there
is a neighborhood N of z suchthat C — N 1s a U-boundary,
contradicting the minimality of C. Q.E.D.

Cororrary 6.1.2. — Suppose D is a normal domain.

Then the Siloy boundary D* of D with respect to S(D)
exists and 1s D*.
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Proof. — Let ¢peS(D) and suppose that ¢ >0 on D*.
D** is a U-boundary by 6.1.1 so by the minimality property,
¢ >®" =0 in D, hence ¢ >0 in D; moreover, D**
i1s closed, so it satisfies (S1). Conversely, if zeD™ =z 1s
semiregular, so there is a barrier at z. Therefore any set
satisfying (51) contains D**. Q.E.D.

We now have the following characterizations of the Silov
boundary.

Tueorewm 6.1.3. — Suppose D s a normal domain, and D*
its Siloy boundary. Then

(a) xeD* iff = s semiregular

(b) e D* iff there exists a barrier at x

(¢) D* is the smallest U-boundary.

We remark that it is now clear that a set CcdDis a
U-boundary iff it 1s closed and contains D*.

7. Other Dirichlet problems.
7.1. Bremermann’s Dirichlet problem.

Let D<cQ be adomain and let D be a metrizable compac-
tification of D. Suppose D 1is a normal domain and let K

be a closed subset of aD. Recall that functions of S(D) are
defined on D. If feC(K), let V,(f) = {u:ueSD), u>f
on K}. Let u,=inf {u:ue Vg(f)}.

When is it true that:

(DPI) For each feC(K), u, satisfies

1. ue§(D)

2. uy=f on K.

This is the analogue for multiply superharmonic functions
of a Dirichlet problem for plurisubharmonic functions inves-
tigated by Bremermann [10]. We will call it Bremermann’s
Dirichlet problem, and will say that K 1s resolutive for
Bremermann’s Dirichlet problem if (DPI) obtains. Bremermann
showed in his case that if D was pseudo-convex then K is
resolutive iff it is a certain Silov boundary.

The following theorem contains the analogous result for
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multiply superharmonic functions in arbitrary normal domains
and shows that under mild restrictions on the boundary the
multiply superharmonic Dirichlet solution solves Bremer-
mann’s Dirichlet problem. .

If D>Q 1s a normal domain with Silov boundary D,
we will write ®7 and U} instead of ®p" and U,(D?
respectively. We will speak of weak® regular points instead
of weakly D* regular points.

. Taeorem 7.1.1. — Let D<cQ be a normal domain, D* its
Silov boundary, and K cdD a closed set. Then

(a) A necessary condition that K be resolutive for Bremer-
mann’s Dirichlet problem s that K = D*.

(b) A sufficient condition that D* be resolutive for Bremer-
mann’s Dirichlet problem is that all points of D* be weak®
regular. '

(c) Let feC(D*), and let (5}‘ be the lower semicontinuous
extension of Of to D. Then a necessary and sufficient condition

that @7 solves Bremermann’s Dirichlet problem for all fe C(D*)
is that all points of D* be weak* regular.

Proof. — (a) If D*— K=£9, let z,eD*— K. K 1s
closed so there is a neighborhood N of =z, such that
Nn K = ¢. By 6.1.5 (b) there is a function ¢e S(D) such that
v >0 on D— N and ¢(z) <0. Let f=0 on K and
consider ¢x(f). For all constants M >0, Mee Vg(f). If
zeD 1is such that ¢(z) <0, then, by letting M — o we
see inf {u(z); ue Vg(f)} = — o0, so Bremermann’s Dirichlet
problem is not solvable.

Suppose now D*c K but D*=£ K, and let 2z, K — D.
If feC(K) satisfies f=0 on D* f(z,) <0, then ue Vg(f)
implies ¥ >0 on D* hence u >0 on D. Thus u;>0;
in particular, ugfz,) > 0 > f(x,). Therefore K 1is not reso-
lutive.

(c) Points of D* are semiregular by Theorem 6.1.3, so by
Theorem 4.4.1 (b) and (d), if z,eD*: 2, 1s weak® regular
iff lim inf ®7(z) = f(z,), all feC(D*), and this is true iff

0

O e V;(f), f€C(D*). On the other hand, if weVp. then
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lim inf u(z) > f(x,), 2o € D*. Thus inf u(z) > inf f(z) > —
z€D reD*

S(f_)ﬁoy the minimality property u>®f. Therefore ¢f = u,.
Part (b) 1s now immediate from (c). Q.E.D.

7.2. Multiply harmonic Dirichlet solutions.

Q% is not in general multiply harmonic, and the question
naturally arises as to when ®@% is multiply harmonic for all
feC(K). It is, for instance, when D 1is a product region
and K its distinguished boundary (we will treat this case
in the next section) or when D is some subregion of a product
region D’ such that all semiregular points of D are contained
in the distinguished boundary of D’, but these appear to
be nearly the only cases. It is never true, for instance, if D
1s non-void and K = aD. '

We keep the notation of 7.1. If for each feC(K), u, is
multiply harmonic and (DPI) obtains, wesay K 1s h-resolutive.
The question of h-resolutivity is closely connected with a
general Dirichlet problem formulated by Bauer [3]; as we
have stated it, it does not quite fall under Bauer’s theory,

for the Silov boundary D¥ of D with respect to the class of
functions bounded and multiply harmonic in D, which 1s
the boundary relevant to Bauer’s formulation, may be strictly

smaller than D*. Bremermann [8], [9], and Kusunoki [28]

have given examples showing that the Silov boundaries for
pluriharmonic and plurisuperharmonic functions need not be
1dentical; using a result of Avanissian we can give an example
in the present case (the construction follows that of Kusu-
noki). Let Q =Q, + Q, where dim Q; >3, 1 =1, 2, and
let A and B be bounded domains in Q with AcB. Let

C=B — A. Points of C* are characterized by the local
behavior of dC, so we can choose A to make C*ndA = o.
If h is harmonic in C, by a theorem of Avanissian [2], it
can be extended to be multiply harmonic in B; and therefore
must have i1ts infimum in C as a limiting value at some point
of 9B —hence C" = B"; in particular C* ndA = ¢ so C® is
strictly smaller than C*.

In spite of these differences, the following two results of
Bauer [3] carry over; we state them in our setting.
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(a) K 1s h-resolutive only if K = D*.

(b) A necessary condition for D* to be h-resolutive is
that for each xzeD* there is a multiply harmonic barrier
which has a limit there.

It 1s an 1mmediate consequence of Lemma 4.2.5 that if
u, 1s multiply harmonic in D, continuous on D u K, where
K 1s a U-boundary, and equal to f on K, that u,= Qf.

Tueorem 7.2.1. — Consider the following conditions.

(a) O s an additive function of [ for feC(D¥).

(b) For all xeD the distribution of X(tp) ts independent
of X for XeUj.

(c) D* is h-resolutive.

Then (a) and (b) are equivalent, and if D* is weakly regular,
(a), (b), and (c) are equivalent.

Proof. — Obviously (b) = (a). If ®F is an additive func-
tion of f, for fixed xzeD, ®f(x) is a linear functional of
norm one on (C(D*), hence there is a Borel measure i on D*

such that
) = [, f@)p (d2)

Suppose that for some XeU; the distribution of X(tp)
is not equal to @. Then for some function ge(C(D*) we
have either E{g(X(1p))} > @j(z) or E{— g(X(w))} > 0 ().
By the definition of ®; and ®*, this is impossible. Thus
(b) == (a).

To show (a) = (¢), let fe(C(D*). Then &7+ ®*,=0
or & = — @*, so @ is both multiply super- and subhar-
monic, hence multiply harmonic. D* is weakly regular so if
zeD* we have both

lim inf ®F(z) > f(x) and lim inf ®* {z) > — f(=).

Since ®*,= — @f, this implies f(z) = lim ®f(z).

Finally, if {¢) holds and zD, let X, and X, bein Uj.
Let g, and p, be the distributions of X;(tp) and X,(7p)
respectively. Then for each feC(D¥)

Bi(2) = ufa) = [ f@)w (d2) = [ f(2)pa (d)
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where the first equality follows from the remarks preceding
this theorem and the other equalities are applications of the
minimality property. This being true for all fe C(D*) implies
TRESNT Q.E.D.

8. Product regions.

8.1. Dirichlet solutions.

If Q=C* and Q;=C,i: =1, ..., k, and D 1s a poly-
cylinder, the Dirichlet problem with boundary values specified
on the distinguished boundary of D becomes a special case
of one discussed by Bergman [4], for then the Bergman
extended class coincides with the class of multiply harmonic
functions. In this section we consider the Dirichlet problem
for a more general product domain. Product domains are of
special interest as they provide the primary examples of do-
mains in which Dirichlet solutions are multiply harmonic.

The most useful compactification of such a domain 1is
derived from the Martin boundary. For simplicity of notation
we will assume the degree of decomposition k of Q 1s two;
extensions to k> 2 will all be trivial. Let Q = Q; X Qg,
where dim Q; >2, i1=1, 2, and let D; be a domain in
Q; which has a positive boundary Let OD be its Martin
boundary and set D; = D;udD;, with the Martin topology,
which is metrizable ([32] and [7]).

We will use the following facts about the Martin boundary
((18], [32]).

(8.4.1) If zeD,;, there 1s a harmonic measure u;(z, d{)
on aD; if f 1s a bounded Borel function on

oD, then g(z fp, z, d() f({) is harmonic.

(8.1.2) If zeD; and Z° 1is Brownian motion from
z, L:(t) converges to a point of the Martin
boundary as t41p; the distribution of this

point 1s  w(z, d{).
Let D=D; Xx D, and D = D, X D,. The distinguished
boundary of D is ¢D = aD; X 2D,. All topological concepts

in the following are relative to D unless specifically stated
otherwise.
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Given any point z = (§, n)eD, we can easily construct
processes in  U,(8D). One way of doing this is as follows.
Choose domains D!cD?c ... 4 D;,, where DFc D!, i =1,2
and where £eD}, neD} Let Z, and Z, be independent
Brownian motions on Q; and Q, from £ and v respecti-
vely. Let 1} be the first time Z; hits 2D}, i = 1, 2 and set
7 =0. For each ¢=1, 2, we define a second process 7
by

Lt, w) =7t — n, o) i Po)L<t<g, n=0,1, ...

and 7., w) is constant from }w) +n —1 to <Xw)+ n;

that is, Z; is stationary for one unit of time after hitting any
dD? for the first time, and then proceeds as Brownian motion.

Then let X(t, ©) = (Z(t, w), Zs(t, ®)). This is the desired
process; it converges to 8D as t—> oo since each Zjt)
converges to the boundary of D; as t— oo ; the distribution
of X(tp) 1is then wu(z, «) = py(, +) X va(n, ) independent
of the regions D?. We will call p(z, :) m-harmonic measure
relative to z.

A boundary point z, of 3D; for which there exists a
superharmonic barrier which has the limit zero at z, 1s called
regular. A point z = (§, 1) of 8D is called m-regularif both &
and v are regular. The set of all non-regular points of 3D;
1s negligible; that is, there is a positive superharmonic func-
tion wu; which has the limit + o at every non-regular point
of 3D; [7]. It is no restriction to assume wu; 1s finite in D;
for if z 1is a point at which wu z) = o0, we can replace u;
in a small ball centered at = by the Dirichlet solution of the
restriction of wu; to the boundary of the ball. The resulting
function is superharmonic and has the same boundary limits
as u;. Thus there exists a finite positive multiply function
v in D which has the limit +o at all non-m-regular
points of ¢D, namely the function defined by

u(zt, 2%) = uy(3') + uy(z?) where ZeD;, 1=1,2.

Prorosition 8.1. — (a) Let zeD and XeU,8D).
Thern if G is the set of all non-m-regular points of D,
P{X(tp)e G} = 0.

(b) X(t) has the imit X(zp) w.p.1as t4 1.
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Proof. — Let u be the function of the preceding paragraph
and F the set on which it has infinite limits. Then Gc F
and if f is the indicator function of F, by the minimality
property, for any &> 0:

P{X(w) & G} < OP°(2) < eu(),

which implies (a).

To prove (b), let z = (§ v) and consider the processes
[I,X, i =1, 2, which are the projections of X on Q,
1t =1, 2. These processes are time changes of Brownian
motion by Theorem 3.1.1, hence by the fact that Brownian
motion has limits at 3D;, ¢ = 1, 2, [I;X has the limit [I;X(zp),
1 =1, 2; this implies (b).

Let f be a bounded Borel function on 3D. Define a func-
tion ¥, on D by

Vz) =, f(Qulz, dO).

¥, is easily seen to be multiply harmonic; if f is of the form
f(z) = fi(z)f2(z;) this follows from (8.1.1), and the class of
functions for which ¥, is multiply harmonic is linear and
closed under bounded monotone convergence.

Prorosition 8.2. — Let feC(ED). Then Y, has the

boundary limit f at all m-regular points.

Proof. — 1f z=(z', z%) 1s m-finely regular, z' and z%
are finely regular in ?aD; and dD, respectively, hence for
each 1 =1, 2, given ¢ >0 and a neighborhood N; of Z#
there exists a fine neighborhood F; such that for (eF,,
wi((, Nj) >1—¢/2. Thus if 2D 1s a point such that
zeF; X Fy, wm(z, N; X N;) >1 —e. The conclusion now
follows from the continuity of f and the fact that sets of the
form F; X F, form a base the topology at z. Q.E.D.

The following corollary will be strengthened later :

Cororrary 8.3. — Let feC(dD), zeD and XeU,@&D).
Then w. p. 1, Iim W{(X(t)) = f(X(7p)).
tATp

Tueorem 8.4. — If XeU,3D), the distribution of X(tp)

ts m-harmonic measure relative to .
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Proof. — For each feC(¢D), ¥, is multiply harmonic and
bounded, hence by Lemma 4.1.1,
ff w(z, d) = Vz) = E{hm WA X(¢))}.

tht,
By Corollary 8.3 this 1s

= E{f(X(=o))} = [ f(O)v

where v 1s the distribution of X(tp). This being true for all
feC(ED) implies v = u(z, ). Q.E.D.

Tueorem 8.5. — The Silov boundary of D with respect to
S(D) is equal to the set of semiregular points of 8D, which is
in turn equal to the support of the m-harmonic measure u(z, +),
where z 1s an arbitrary point of D.

Proof. — This would be an immediate consequence of
Theorem 6.1.1 if we had verified the separation hypothesis;
since we have not, we prove it directly.

By Theorem 8.4, it is clear that the set of all semiregular
points is contained in the support of m-harmonic measure;
on the other hand, m-regularity implies semiregularity, hence
the semiregular points are dense in the support of harmonic
measure. Both sets are closed, so they must be equal. .

If K is any closed set on which all functions in S(D)
take on their minimum, K must contain all m-regular points,
for these have barriers, and so contains the support of m-

harmonic measure. But feS(D) and f>0 on the support
of harmonic measure implies (by the minimality property
and Theorem 8.4)

>0 =0 on D. Q.E.D.

An immediate consequence of this corollary is that if f
is a bounded Borel function on ¢D, integrable with respect
to m-harmonic measure for one (and therefore all) ze D, that
Of = o> = ¥, This last equality shows:

Taeorem 8.6. — &7 is multiply harmonic.

The following theorem is now an immediate consequence
of Theorem 8.4 and the characterization of regular points of
oD, and oD, in terms of harmonic measure.
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Turorem 8.7. — Let z= (§ v) be a point of 8D. Then

(a) z s strongly regular iff £ and v are both regular in
3D, and dD,.

(b) z ts semiregular iff both & and v, are semiregular in

oD, and ?D,.

(c) Weak* regularity and strong regularity are equivalent;
a point s weakly regular (that is, weakly d3D-regular) iff at
least one of &, v, s regular in the corresponding dD,.

Since @ is multiply harmonic instead of only multiply
superharmonic, many of the techniques of the ordinary Diri-
chlet problem can be adapted. The following generalization
of Corollary 8.3 is due to Doob in case k=1 [15]; the proof
we give 1s just an adaptation of his.

Tueorem 8.8 — Let f be a Baire function on 8D and
suppose OF exists and is finite. Then for any zeD and
XeU;, ®f has the imit f on almost every X-path to the
boundary.

Proof. — Extend the function ®7 to DuéD by defining
it to be equal to f on 8D. Let X bethe X process stopped

on the boundary, i.e., X(t) = X(tA1p). Let V be the class
of functions f such that

a) the family {®}(X(t)), 0 <t < x} is uniformly inte-
grable and

b) lim B(K(t)) = f(R(z0) w. p. 1.

1) V contains the continuous functions by Corollary 8.3.

)
1) V is linear since @} is linear in f.
ni) Let f,eV,n=1,2,... andlet f,1f. Suppose ¢} <
in D. We claim feV.

We suppose X is canonically defined relative to the fields
#(t), and B = V $(t). ®F, is multiply harmonic so for each

. teR+

n, {®} (X(t)), ®(t), te R*} is a martingale which converges to
fAX(tp)) with probability one. It is uniformly integrable
since feV, so

* (X(1) = E{fu(X(w)|B(t)} w. p. 1.
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As n— o, f,4f and @} 4P} so
OHX () = E{f(X(z0)[B(1))}.

This 1mplies f satisfies (a). We must show that @7} has
continuous sample paths, which we shall do by showing that

w. p. 1., ®%(X(t)) converges uniformly in ¢t to ®%X(t)).
For fixed m and n, n>m, & (X(t)) — &% (X(1)) is a

positive martingale, so by the maximal inequality :

P{ sup [05,(R() — 87,(X(0)] > 1}
- E{‘D*( X () — % (X(7n))3

[D7.(2) — 97.(2)]-

>)[»—>>J

Since the r.h.s. goes to zero as m, n — oo, this implies uniform
convergence w. p. 1, which was to be shown. Thus feV.
But this implies that V contains all Baire functions whose
Dirichlet solutions exist. Q.E.D.

8.2. Plurisuperharmonic Dirichlet solutions.

We have discussed only the multiply superharmonic func-
tions in this paper, but the same methods can be applied
with little or no change to other subclasses of the superhar-
monic functions. In particular, many of our results carry over
directly to the classically important case of plurisuperhar-
monic functions.

Let Q =C* and define T, to be the set of continuous
processes which have the supermartingale property relative

to the class of plurisuperharmonic functions. The class 0,(C)
1s defined by substituting T, for T, in the definition of
U,(C). The classes T, and U,C) enjoy substantially the
same properties as their counterparts T, and U, C); in
particular the analogues of Theorems 3.3.1, 3.4.1, 3.4.2 and
4.1.4 remain valid, as do Propositions 3.3.3 and 4.1.2; the
proofs go through w1th little change other than to substltute
« plurisuperharmonic » for « multiply superharmonic » throu-
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ghout. The plurisuperharmonic Dirichlet solution ®&¢ is
defined as in 4.2 by substituting U,(C) for U,(C). The proof

that ¢ is plurisuperharmonic is superficially different from
the proof of Theorem 4.2.1 in that plurisuperharmonic func-
tions satisfy a different average property than multiply
harmonic functions [30]; in verifying this property one makes
use of the fact that if Z(t) is Brownian motion from the
origin of C, and z, yeC", that z + yZ(t)eT,.

Once the analogous characterizations of the regularity
properties of boundary points have been made, the main
results and proofs of Sections 4 through 7 carry over with the
usual changes, that is, by substitution of « plurisuperhar-
monic » for « multiply superharmonic» and replacing T,
U,C), and ®¢ by T, U,C) and ®&f respectively. Of
these, the results numbered 4.2.5, 4.4.1, 4.5.1, 5.1.1, 5.1.2,
6.1.3 and 7.1.1 are perhaps of the most interest. Theorem 7.1.1
gives an identification of lower envelopes which leads to
new results for the latter. Theorem 4.4.1 for instance is only a
slight extension of known results, while Theorems 5.1.1 and
5.1.2 yield results on the continuity of lower envelopes and
the non-probabilistic part of Theorem 6.1.3 gives a charac-
terization of the Silov boundary, which are new even when
the region is bounded and has a smooth boundary. The
results in Section 8 depend on specific properties of multiply
harmonic functions and so don’t carry over to the plurihar-
monic case.
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