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Introduction.

In a singular perturbation problem one is concerned with
a differential equation of the form

(1) L(e)u. = f,
with initial or boundary conditions
(2) B(e)u. = g,

where ¢ 1s a small parameter. The distinguishing feature of
this problem is that the orders of L(e) and B(e) for ¢£0
are higher than the orders of L(0) and B(0) respectively.
The differential problem (1), (2) is referred to as a perturbed
problem when ¢ =0 and a degenerate problem when ¢ = 0.
The singular perturbation problem consists of studying the
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behavior of solutions or eigenvalues of (1), (2) as ¢ —0.
Such problems can also be considered with more than one
parameter.

Singular perturbation problems arise frequently in applied
mathematics and have been considered at least as far back
in history as Lord Rayleigh’s treatise, Theory of Sound [5'] (1),
first published in 1877. Rayleigh considered the effect of a
small amount of stiffness on the modes of vibration of a
violin string. A discussion of the role of singular perturbation
phenomena in mathematical physics can be found in Frie-
drichs [17].

Some difficulties are inherent in singular perturbation
problems. Solutions of the degenerate problem will not in
general be as smooth as solutions of the perturbed problem.
Moreover, solutions of the degenerate problem usually will
not satisfy as many initial or boundary conditions as do
solutions of the perturbed problem. Hence, if solutions of the
perturbed problem are to converge to solutions of the dege-
nerate problem, the notion of convergence will probably
have to be rather weak. Due to the « loss » of initial or boun-
dary data it may also happen that solutions of the perturbed
problem converge in a stronger sense in the interior of the
underlying domain, than in the vicinity of the boundary.
This as known as the boundary layer phenomenon.

There 1s by now a vast amount of literature on singular
perturbation problems for ordinary differential equations,
both linear and non-linear. An extensive bibliography of this
literature 1s contained in Wasow [9’]. In Chapter 10 of [9'],
Wasow also presents a lucid discussion of the boundary layer
phenomenon. Moser [4'] has obtained asymptotic expansions
for eigenvalues and eigenfunctions of the perturbed problem
in the case of linear equations of even order.

There is also a considerable amount of literature on singular
perturbation problems for partial differential equations. Visik
and Lyusternik [8'] have obtained asymptotic expressions
for solutions of the perturbed problem for linear equations

(!) Numbers in brackets refer to the bibliography; primed numbers in brackets
denote references mentioned only in the introduction. The references mentioned
only in the introduction are listed separately as supplementary references after
the bibliography.
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using boundary layer techniques. [8'] also contains a sizable
bibliography.

In 1960, Huet [8] published several theorems on convergence
in singular perturbation problems for linear elliptic and para-
bolic partial differential equations. One particular feature
distinguishes this paper from those previously mentioned.
This is that convergence theorems are first proven in a Hilbert
space setting and then applied to the differential problems as
opposed to starting directly with the differential equations.
In the elliptic case, theorems on local convergence and conver-
gence of tangential derivatives at the boundary are also
proven. In [6'], Ton has extended some of the results of [8] to
nonlinear elliptic and parabolic boundary value problems.
Ton has also obtained results on singular perturbation with
application to non-linear parabolic boundary value problems
i [7'].

The work of Huet [8] is fundamental to the considerations
in this paper even though the results of [8] are not specifically
used here.

The principal aim of the present paper is to obtain rate of
convergence estimates for solutions of singular perturbations
of linear elliptic boundary value problems. The problem can
be described as follows. Let D be a domain in R* and let ¢
be a positive real parameter. Consider two boundary value
problems on D,

(3) (U + B)we =1, Bu=/,

where U and % are elliptic differential operators with the
order of ‘U greater than the order of $. The problem is
to determine in what sense w, converges to u on D as
e {0 and to estimate the rate of convergence. This problem
is investigated in the present work within the L2 theory
of elliptic partial differential problems.

To approach this problem, rate of convergence theorems:
are first proven in an abstract Hilbert space setting. A brief
sketch of the method will now be given.

Consider two Hilbert spaces V<V, with V dense in V,.
Let a(v, w), b(v, w) be Hermitian bilinear (sesquilinear)
forms on V and V; respectively such that b(v, w) and
ea(v, w) + b(v, w) are coercive. Define the operator @ by
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a(v, w) = b(@Qy, w) and consider the spaces obtained by
quadratic interpolation between the domain of @, provided
with the graph norm, and V,. Denoting the domain of @
by V, the basic rate of convergence criterion is the following.
(&4 I)*u converges to u in V, as ¢} 0 with rate
o(e¥) if ueV,,0<1t<1, and rate O(e) if ueV,. Moreo-
ver, if the domain of @ contains the domain of the adjoint
of @ in Vg, and ueV, where 0 <71, then (A + I)u
converges to u in V, with rate o(¢" Y) for all ye (0, 7].

This estimates the rate of convergence in Theorem 1.4, p. 76,
Huet [8], and also provides conditions for convergence in a
stronger norm. The use of fractional powers of positive self
adjoint operators (quadratic interpolation) to estimate the
rate of convergence has some relation to work of Kato [2'],
[12], [3’]. Kato uses a square root condition in his work on
asymptotic perturbation theory for eigenvalues.

In the case of the differential problem (3) observe that,
formally, w.= (e U 4 I)u. Let a(y, w) and by, w)
be the Hermitian bilinear forms corresponding to U and #
respectively. The rate of convergence criterion is then to be
applied by noting that ¢@ + I 1s an extension of the Hilbert
space realization of the formal operator «%72U 4 I and
proving that the solution u of Bu=f 1sin V; for some
7> 0.

This investigation has been divided into six chapters.

Chapter 1 consists of preliminary material. The operator &
1s defined by a simple variant of a standard Hilbert space
framework for boundary value problems (cf. Lions [16],
Chap. 1, § 1).

The main rate of convergence theorems (theorems 2.1 and
2.3) are proven in Chapter 2. The basic setting is similar to
that used by Huet [8], Chapter 1, n. 2. The chapter concludes
with some simple examples Wthh show that the rate of
convergence theorems are sharp.

In Chapter 3 it 1s proven that if @ 1is positive self adjoint,
then a classical asymptotic expansion can be obtained by
use of the so-called « negative norms ».

Chapter 4 deals with reformulating the results of Chapter 2
in the framework to be used in the applications to differential
problems in Chapter 6. In particular, the aforementioned
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relation between the operator @ and the Hilbert space
realizations of the differential operators i1s established.

The terminology and several of the results from the theory
of Bessel potentials are used in Chapter 5 (cf. Adams, Aronszajn
and Smith [2], Aronszajn [5]). An outline of the relevant
facts about Bessel potentials is included. The interpolation

spaces by quadratic interpolation between f)g'(D) and L2(D)
are characterized for D a Lipschitzian graph domain. In
the case of a bounded domain for which one has regulanty
at the boundary for weak solutions of elliptic boundary value
problems, the spaces obtained by quadratic interpolation
between P2"(D)n P2(D) and Pp(D) are also characterized.
Some of the methods of proof are related to methods used by
Lions and Magenes [19].

In Chapter 6 the results of the preceding chapters are applied
to singular perturbations of the Dirichlet problem with homo-
geneous boundary conditions. In particular, if 3D, u, and u,
are smooth, the problems considered are of the form

(e + B)u, = f. € L2(D),

m'—1
usz%z =0 ,ufz()oan,
on dn™—
Bu = fe L2(D),
du "1y
u=—=...=——=0o0ndD
on on™1 ’

where U and % are elliptic partial differential operators,
U 1is of order 2m’, B 1is of order 2m, m’ > m, and bﬁ denotes
n

differentiation in the direction normal to ?3D. It is proven
thatif D is bounded, 3D is smooth enough that u 1is regular
at the boundary, and |fi — flep = 0(¢7) as €| 0 for all
1 << 1/4(m’ — m), then |u; — u|,p =o0(c?) as e} 0 for all
v << 1/4(m" — m) (Theorem 6.1). If, in addition, ?D is
smooth enough that the solution w, of (U + B)w. =f 1s
regular at the boundary and % 1s positive self adjoint, then
we — u 1n I‘S“(D) for all « such that m < a<<m 4 1/2.
A theorem i1s then given in which the perturbed operator is of
the form ¢® + I. This theorem supplements rate of conver-
gence results of Huet [9] and Ton [22]. The chapter concludes
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with some elementary examples and a brief comment on
singular perturbations of Neumann problems.

As this paper was in the final stages of preparation, recent
results of Grisvard [7] came to the attention of the author.
Grisvard has characterized the interpolation spaces associated
with spaces of potentials satisfying quite general homogeneous
boundary conditions. These results make the methods of this
paper applicable to a much larger class of elliptic boundary
value problems.

The results of Chapter 5 were obtained independently and
characterize these spaces, in the case of homogeneous Dirichlet
boundary conditions, for a larger class of domains. In
particular, the results of Chapter 5 enable one to estimate
the rate of convergence when the domain is bounded convex
and the degenerate problem is of second order via the results
of Kadlec [11].

This paper was prepared as the author’s doctoral thesis
at the University of Kansas. The author wishes to acknowledge
his indebtedness to Professor P. Szeptycki for his guidance in
the preparation of this paper and to Professor N. Aronszajn
for his constructive criticism of this work. The paper was
sponsored by the Office of Naval Research Contract Nonr
583(13) and the National Science Foundation Grant GP-3460.

1. Preliminaries.

Notation.

In this section some notations and results are given which
are used in the sequel. The results are minor variants of those
given in Lions [16], pp. 9-13.

Let V, be a complex Hilbert space with norm denoted by
Julo and scalar product by (u, ¢),. Let V; be a complex
Hilbert space which is continuously contained in V,, written

V, cCV"

i.e., V, is a vector subspace of V, and the injection of V,
into V, 1is continuous. Further assume that V, 1is dense
in V, andlet |u|y, (u, ¢); denote the norm and scalar product
in V,, respectively.
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Let b(u, ¢) be a continuous Hermitian bilinear (sesquilinear)
form on V,, 1i.e., b(u,'v) .is a mapping of Vo X Vg into C
(the complex field) which 1s linear in the left hand variable

and anti-(semi, conjugate, skew) linear in the right hand
variable, with

|b(u, ¢)| < clulo|#|o, ¢ = constant,

for all u, veV,. Prescribing b(u, ¢) 1s equivalent to giving
an operator Be¥(V,, V,) (the space of continuous linear
operators of V, into V,) with

(1.1) b(u, ¢v) = (Bu, ¢),.

Prorosition 1.1. — Suppose in addition that
(1.2) |b(u, w)| > Blul3, B >0, forall ueV,.

Then:

1) the operator B is a linear homeomorphism of V, onto V,,
11) for every continuous linear functional F on V, there
exists a unique element fe V, such that

F(u) = b(u, f), ue Vs,

ni) for every continuous anti-linear functional G on V,
there exists a unique element ge V, such that

G(u) = b(g, u), ueV,.

This proposition is essentially the Lax-Milgram Lemma,
Lax and Milgram [14], p. 169. It follows from (1.1) and (1.2)
that |Bu|, = B|ul,. When (1.2) is satisfied, b(u, ¢) will be
said to be V,-coercive.

The adjoint form to b(u, ¢), b*(u, ¢), is defined by

b*(u, ¢) = b(v, u) for all u, vV,

and is likewise a continuous Hermitian bilinear form on V,.
One has

b*(u, ) = (B*u, ¢)o
where B* is the (Hilbert space) adjoint of B. Under hypo-
thesis (1.2), |B*ul, > Blulo-

Now let a(u, ¢v) be a continuous Hermitian bilinear form
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on V,; and assume that (1.2) holds for the remainder of this
section. Denote by N the set of all ueV; such that the
anti-linear functional

(1.3) v — a(u, ¢)

1s continuous on V, in the topology induced by V,. Then N
is a linear set and since V; 1is dense in V,, the functional
(1.3) may be extended by continuity to a continuous anti-
linear functional on V,. Hence by Proposition 1.1, i),

a(u, v) = b(@Qu, ¢), Que V,, veV;, ueN.

This defines a linear operator @, in general unbounded, with
domain D(@) = N and range R(@Q)cV,. The operator @
will be referred to as the operator in 'V, associated with a(u, )
relative to b(u, ¢). The operator in V, associated with
a(u, ¢) relative to (u, ¢), will be denoted by A and referred
to simply as the operator in 'V, associated with a(u, v). Note
that BA = A.

Consider the following two problems.

ProsrLEm 1.1. — Given feV,, does there exist ue D(AQ)
such that Qu = f?

ProBrEm 1.2. — Given feV,, does there exist ueV,
such that

(1.4) a(u, v) = b(f, ¢) for all v e V,?

ProrosiTion 1.2. — Problems 1.1 and 1.2 are equivalent.

Proof. — If u satisfies @Qu = f, then for any ¢eV,,
a(u, v) = b(@Qu, ¢) = b(f, ¢).

Conversely, let ueV, satisfy (1.4). Then the functional

¢ — a(u, ¢) 1scontinuouson V; inthetopologyinduced by V.

Hence, by the definition of @, u e D(Q) and a(u, ¢) = b(@Au, ).

Consequently, b(@Qu, ¢) = b(f, ¢) for all ¢eV,. Since V,
is dense in V,, it follows from (1.2) that Qu = f.

Prorosition 1.3. — Let a(u, v) be V,-coercive, i.e.

(1.5) Jaf(y, ¢)| > alvl, a >0, for all pe V.
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Then for every feV, there exists a unique ue D(Q) satisfying
Au =T.

Proof. — Given feV,, let Bf = g. The equation Au = g,
where A 1s the operator in V, associated with a(u, v),
1s uniquely solvable (cf. [16], pp. 11-12). Hence u 1is the
unique solution of Au = B2Au = B~'g = f. (Recall that B
1s a linear homeomorphism of V, onto V,).

Now assume for the remainder of this section that (1.5)
holds. Then the following facts about the operator A are
given in Lions [16], p. 12. A is closed and D(A) 1is dense in
Vo. D(A) 1s also dense in V;. The operator A* associated
with a*(u, ¢¥) = a(y, u) in V, is the (Hilbert space) adjoint
of A and has all the properties mentioned above for A
including the unique solvability of A*u =, fe V,.

Prorosition 1.4. — The operator @ in V, associated
with a Vi-coercive form a(u, ¢) relative to a Vy-coercive form
b(u, ¢) has the following properties :

1) @ 1is closed,

1) D(Q) s dense in V,,

1) D(A), is dense in Vy,

iv) D(Q), provided with the graph norm

luloey = ([ulf + [Aul§)?,

is a Hilbert space and @ s a linear homeomorphism of D(A)
(provided with this topology) onto V,.

Proof. — 1), ii), and iii) are obvious since BA = A. 1v)
follows from i), Proposition 1.3, and the closed graph theorem.

Quadratic Interpolation.

Let A be the operator in V, associated with the V;-coer-
cive form (u, ¢);, 1l.e.,

<u7 “')1 = (Au, 9)09 Aue V07 v e V]-

It follows from the preceding that A is self adjoint, and that
(A, 9) > ¥|v|3, v« D(A), where y > 0 is such that

lolf > vlels,  ve Vi
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For p real, denote by Af the positive p" power of A as
defined by use of the spectral theorem; Af is a positive
definite self adjoint operatorin V,. Furthermore, D(A2) =V,
and

(u, ¢); = (A2u, A12¢), for all u,ve V.

(cf. Kato [12], pp. 26-27).
Dérinttion 1.1. — Let S = A2, For 0t <1, the

" interpolation space by quadratic interpolation between V,;
and V,, V., 1s defined as the Hilbert space

V. = D(S)

th

with inner product
(u, ) = (S7u, S%),.

Now let H; and H, be another couple of Hilbert spaces
with the same properties as V; and V, 1e, H1§Ho

with H, dense in H;, and consider the corresponding qua-
dratic interpolation spaces. Then the following theorem of
quadratic interpolation holds (cf. Lions [15], pp. 431-432
and Adams, Aronszajn and Hanna [1], App. I).

Prorosition 1.5. — Let T be a continuous linear mapping
of Vo into Hy, with bound M, which is also continuous from
V, into H; with bound M,. Then for each < (0,1), T is a
continuous linear mapping of V. wnto H. with bound

M. < MiMi—.

2. Singular Perturbation.
Rate of Convergence Theorems.

Let V and V, be complex Hilbert spaces with
(2.1) A% < V, and V dense in V,.

Denote by |¢|v, (u, ¢)v, |¢o, and (u, ¢), the norms and inner
products in V and V, respectively. Let a(u, ¢) be a conti-
nuous Hermitian bilinear form on V and let b(u, ¢) be a
continuous Hermitian bilinear form on V, with upper bound
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c. Further assume that :
(2.2)  b(u, ¢) 1s V,-coercive, 1.e. there exists 3>>0 such that

|b(e, )] > Blvl3 for all veV,;
and

(2.3) for 0 <<e g, there exist a(e) >0, afe) >0 as
e{0, and ¢ >0 such that

lea(e, ) + by, ¢)] > a(e)|el} + S|¢|3 for all peV.

In particular, ea(u, ¢) + b(u, ¢) is V-coercive for 0 <<e<g,.

Prorosition 2.1. — Assume hypotheses (2.1), (2.2), and (2.3),
and let @ be the operator in V, associated with a(u, ¢) relative
to b(u, v). Then:

1) @ s closed,

1) D(Q) s dense in V,,

un) D(Q) s dense in 'V,

) for 0 <<e<Ce, e+ 1 (I is the vdentity map on V,)
is a linear homeomorphism of D(Q), provided with the graph
norm |¢|pey = (|95 + |@v[3)¥2, onto V.

Proof. — Since b(u, ¢) 1is continuous on V, 1t is easily
seen that ¢ + I 1s the operator in V, associated with
ea(u, ¥) + b(u, v) relative to b(u, ¢). Then by Proposition
1.4, 1), n) and 11) hold with @ replaced by e@ + I. Since
D(@) = D(e@ + I) and the identity map is bounded, 1), 11)
and 1) follow.

Now for ¢eD(@),

(e@y + ¢, eQo + 9)g < 2(e} A3 + |9[3)
< 2max (2, 1) [o]he, 0<e<e.

Thus @ + I is a continuous linear mapping of D(AQ) into
V,. By Proposition 1.3, ¢ 4 I is also one-to-one and onto
V,. Hence by the closed graph theorem ¢@ + I has a conti-
nuous linear inverse and 1v) holds.

Let V; be the anti-dual of V,, i.e. the Hilbert space of
continuous anti-linear functionals on V,, with the usual
norm, |L| = sup{|L(¢): veV, and |¢|, <1}. Let L, L,

be givenin Vg, 0 << e <¢,. Denote by u the unique solution
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in V, of
(2.4) b(u, v) = L(v) for all veV,.

For each ¢ such that 0 <<e¢<C¢, let w, be the unique
solution in V of

(2.5) ea(w, ¢) + b(we, ) = L(¥) for all veV,
and let u. be the unique solution in V of
(2.6) calue, ) + blu,, v) = Le(9) for all peV.

Recall that (2.4) is uniquely solvable by Proposition 1.1, ii)
(Lax-Milgram), while (2.5) and (2.6) are uniquely solvable
by Proposition 1.1, 1i), Propositions 1.2, 1.3, and the density
of V in V,.

Denote D(@) by Vi, l¢lmay by [o]s, and (%, o)y by
(w, ¢);. Then the following rate of convergence theorem
describes the behavior of w. (and w.) as ¢|0.

Taeorem 2.1. — Assume hypotheses (2.1) through (2.6).
Let & be the operator in V, associated with a(u, v) relative
to b(u, v). Consider the interpolation spaces V. 0 <t <1,
obtained by quadratic interpolation between V, = D(Q) and
V,. Then one has:

1) if ueD(@) and |L.— L] =0(e) as |0, then
|ue — ul, = 0(¢) as e} 0;

1) if, for fired ©1e[0,1), ueV, and |L.— L| = o(¢7) as
e} 0, then

|ue — ulo = of€7) as ey 0.

Remark. — The proof of Theorem 2.1 will be carried out
in three steps. In the first step an easy reduction is performed
which estimates |u. — ul, 1n terms of |w. — ul,. In the
second section of the proof, |w, — ul, 1s estimated ((2.17)
below) by |z. — u|, where z. is the solution of a problem
with a self adjoint operator ((2.8) below). The proof is then
completed 1n the third section where conclusion ii) is obtained
by estimating |z, — ul,.
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Proof. — a) Elimination of L.. Subtracting (2.5) from
(2.6) yields

ea(ue — we, ¢) + blu, — we, v) = (L, — L)(¢) forall veV.
In particular, letting ¢ = u, — w,

lea(u. — we, ue — we)

+ b(ue — Wey U — We)l < "La - L" -lue - welo-
Thus by (2.3),
a<5)|us — WER’ -+ 8|us - Wsltz) < "La - L” -|us - Wslo;

and so,
[ue — welo < (1/8)"1-‘5 — LJ.
Hence,

(27) Iue - ulo < (1/8)"1-‘5 - L” + Iwe - uIO

From the hypotheses it 1s now sufficient to prove that 1) and 11)
hold with u. replaced by w..

b) Reduction to an associated problem with a self adjoint
operator. Let A be the operatorin V, associated with (w, ¢),
and let S = A2, Then it is easily seen that A = @A + I,
where @* 1is the adjoint of A in V,, and that D(S) = D(A).
Consider the Hermitian symmetric bilinear form (S'2%, St2p),
defined on D(5'2). Let . be the unique solution 1in
D(S'2)  of

(S, SY20), + (., ¢)g = (u, ¢), for all ¢e D(S'2).

Since (w, ¢), 1s bounded on V,, z. 1s the unique solution

in D(S) of
(2.8) Sz, + . = u.
According to (2.4) and (2.5),
ea(we, v) + b(we, ¢) = b(u, ¢) for all peV.

Then since b(w, ¢) is bounded on V,, w, 1s the unique solution
m D(A@) of

(2.9) eAw, + w, = u.

|we — ulo will now be estimated in terms of |z, — ul,.
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From (2.8),

(2.10) z. = (eS + I)u, 2. — u = — e5(eS 4 )y,
while from (2.9),

(211) we= (A + )u, w,—u= —e@A(e@ + I)u.
Furthermore, (2.10) and (2.11) yield,

(212) we — u=A(e@ + I)7(eS + I)S(z. — u).
It will now be proven that (e + I)71(eS 4 I)S* 1s a

bounded operator on V, with bound independant of .
Let yeV,. Then

(2.13) A(e@ + 1)71(eS + [)Sly = @ (@ + 1)Ly
+ A(e@ 4 )5y =y — y. + (e + )2AS 1y

since S7'ye D(@A) and where y. is the unique solution in
D(@) of ey, + y. =1y (cf. (2.9) and (2.11)). Now

ea(ye, ) + b(ye, ¢) = by, ¢) for all veV
and letting ¢ = y,,

a(e)|yeld + Slyelz < lealye, ¥e) + b(¥e, ye)
S = 1b(y, o)l < clylolyslo-
O,

(2.14) (@ + D7lylo = lyelo < (¢/S)lylo  forall ye V.

Similarly, letting @Sy =zeV, and letting z. be the
unique solution in D(A) of e@z, + z. = z, one has

(245) [(ek + 1ASTyly = [zedo < (6f8)]2la = (/3)| XSy,
< (efalisyly < (@/3)ISlylo = (¢/2)lyla

where |@| 1s the norm of & in %(V,, V,) and |S7!| is the

norm of S in 4(V,, V,). (2.13), (2.14), (2.15) and the
triangle inequality yield

(2.16)  |@(e@ + D)2(eS + DS < 1 + 2(cfd)

where the operator norm is that of 4(V,, V,). (2.12) and
(2.16) give

(2.17) lwe — ulo < [1 + 2(c/d)]|@e — ulo,

the desired estimate.



RATE OF CONVERGENCE IN SINGULAR PERTURBATIONS 149

c¢) Completion of the proof. When ueD(AQ), (2.11) gives
we — u = — e(e@ 4+ I)!Au and so,

(248)  |we — ulo < £(c/d)|Quly = 0(e) as €0

as 1n (2.14). Thus 1) follows from (2.7) and (2.18)

Now let ue V. for fixed 7« [0,1). Thenletting E be the
resolution of the identity for the self adjoint operator S,
the spectral theorem for functions of a self adjoint operator
gives,

(2.19) |z. — ul}

= T — 1| (E(dN)u, u)y

S S e u

- ﬁ (:‘.} + 1)2 (E(d:\_l—’ )0

— 27 f A2t . (e1) . 1 (E(d\)u, u)

Jy (eh + 12 (eh + 1)

e S (B @,

But ueD(S’) =V, if and only if [ “A(E(d\)y, u), < o,

. € .
and since for each fixed A, ——— converges monotonically

Teh +1
o (A
RGNS

converges in (E(d\)u, u), measure to zero

to zero as ¢} 0, one has
Jer, ()
(e +1)3—2"

as ¢} 0. Thus by the dominated convergence theorem,

< A?" and

(2.20) f 2N u, w) >0 as e 0.

57\ + 1)2—2°
(2.19) and (2.20) give
(2.21) |ze — uld = o(e?7) as ey 0

and 1) now follows from (2.7), (2.17) and (2.21).

Cororrary 2.1. — Assume the hypotheses of Theorem 2.1.
Let A>0, ie. (Ap, 0)g >0 for all veD(Q). Then if for
fixed ©e[0, 1), ue D(A*) and ||Li — L|| =o0(c) as €0,
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one has
|u. — uly = o(e") as e 0.

Proof. — (e@ 4 I)™* 1s a bounded self adjoint operator
on V,, hence ¢+ 1 and @ are self adjoint operators in
V,o. The proof now consists of applying the spectral theorem
to A as applied to S 1n part ¢) of the proof of Theorem 2.1.

CoroLrArRY 2.2. — Assume hypotheses (2.1) through (2.3).
Let @& be one-to-one and onto V,. Let we, t, be the unique
solutions of eQw, + w, = u and e(@Q*A)2t, 4 t, = u respec-
tively where ueVy,. Then the ratio |w.— uly: [t — ul, s
bounded both from above and below by positive constants inde-
pendent of ¢ and wu.

Proof. — Both @ and (@A*@)'2 have bounded inverses
on V,. So apply the methods used in part b) of the proof of
Theorem 2.1 twice, using (A*@)2 instead of S.

The last corollary shows that when @ 1s one-to-one and
onto V,, the rate of convergence of w, to u 1n V, 1is the
same as the rate of convergence of ¢, to w in V,. In turn,
|t: — ul, may be estimated in terms of powers of ¢ by
applying the spectral theorem to (A*@)2 as applied to S
in part ¢) of the proof of theorem 2.1.

CoroLrary 2.3. — Assume hypotheses (2.1) through (2.3).
Let & >0 andlet w. be the unique solution of e@w, + w, = u
where ueV,. Then one has:

1) if ueD(AQ), then
lwe — ulo = €|@Qulo a(e, u)

where 0 < o(e, u) <1 and o(e, u) >1 as €] 0;

1) if for fized ~e[0,1), ue D(AT), then

lwe — ulo = €7|A%uy,a(e, 7, u)

where 0 <o(e, 7, u) <1 and o(e, 7, u) >0 as €|0.

Proof. — & 1is self adjoint (cf. the proof of Corollary (2.1)).
So apply the spectral theorem to @ as applied to S in part c)
of the proof of Theorem 2.1. Note in particular that the

estimate corresponding to (2.19) gives |w. — ul, < " |Aul,
when ueD(@Y), 0 <7 << 1.
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The next theorem gives an improvement of the estimates
obtained in the proof of case 11) of Theorem 2.1.

Tueorem 2.2. — Assume the hypotheses of Theorem 2.1. Let
C = ¢/d. Then one has:

1) if ueD(@) and |L. — L| < Ke for 0 <<e<c¢y, then
lue — ulo < [(K/8) + Cl@uly]e for 0<e<ey;
n) if for fized Te[0,1), ueV, and for 0<<e<g,

“Ls - L" < Kaf’](e), 0 < 71(3) < 1’ 71(5) 0 as ¢ \L 0’ then
for 0 <e<g

lue — ulo << [(K/S)n(e) + C3(C + 1)1 |ulov(e, 7, w)]ef
where 0 < (e, 7, u) <1 and v(g, 7, u) >0 as € 0.

Remark. — An examination of the proof of part i1) of Theo-
rem 2.1. gives

ue — ulo << [(K/8)n(e) + (2C + 1)[S7ulov(e, 7, w)]e™.

However, it is easily verified that 2C 4 1 > C*(C 4 1)*—.
So the bound obtained in Theorem 2.2 is sharper than that
obtained from the proof of Theorem 2.1 alone.

Proof. — 1) follows from (2.7) and (2.18) of the proof of
Theorem 2.1. Under the hypotheses of ii), it follows from (2.7)
that

(2.22) lue — ulo < (K[B)e™n(e) + e — ulo.

The appropriate bound for |w.— u|, will now be obtained
by use of Proposition 1.5, the quadratic interpolation theorem.

First consider (¢ 4 I)™* — I as a mapping of V, = D(@)
into V,. Then

(e 4+ D)7t — Tuly = le(e@ + I)rQu|, < ClAul, < eClul,

as in the derivation of (2.14). So (@ + I)™* — I 1s continuous
from V; into V, with bound <CeC.

Now consider (e + I)™> — I as a mapping of V, into
V,. Then

[[(e@ + D)7 — Tulo < [(e@ + D7 ulo + ulo < (C + 1lulo
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again as in the derivation of (2.14). Thus the bound of
(e 4 I)™* — 1 as an operator in V, is <{C+ 1. So by
quadratic interpolation (e 4 I)* — I is a continuous
mapping of V. into V, with bound < (¢C)%(C + I)'-~.
Hence, for ueV,,

(2.23)  [we —ulo =|[(e + D)7 — TJufo <e"CHC+ 1) ul<;

11) now follows from (2.22), (2.23) and the fact that by Theorem
2.1, |we — uly = o(€7).

Treorem 2.3. — Assume hypotheses (2.1) through (2.5.).
Let D(A) > D(A*) where @Q* is the adjoint of & in V,. Then
one has : if for fizred ©e(0,1], ue V., then for any v such that
0<ry<n,

|we — uly = o(e™Y) as ey 0.

Remark. — Theorem 2.3 will be proven by a technique
similar to that used in proving Theorem 2.1, i.e. by looking
at an associated problem with a self adjoint operator and then
employing the spectral theorem. Theorem 4.3 below gives
conditions under which the conclusion of Theorem 2.3 holds
for |u. — uly.

Proof. — As in part b) of the proof of Theorem 2.1, let A
be the operator in V, associated with (w, ¢);, 1e.
(w, ¢); = (Aw, ¢), for all ¢veV; and let S = A. Letting
z. be the unique solution of &Sz, + 2, = u, one has,

z.=(eS+ )y, z. —u=[(eS+ ) — IJu= —e5(s5 4 I)u,
and since w, satisfies ¢Qw, + w, = u,

we = (e 4+ I)u, we — u = [(e@ 4+ )7 — I]u
= — eA(e@ + I)tu.

Then since S has a bounded inverse on V,,
we — u = A(e@ + I)71(eS 4 I)S(z, — u).
In part b) of the proof of Theorem 2.1 it was proven that
(2.24) Ae@ + I)7(eS + I)S e 4(V,, Vo)
with bound <1 + 2(c/8) (cf. (2.16)). In order to estimate
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|we — uly in terms of |z; — u|, it is sufficient to prove that
(2.25) A + I)2(eS 4 DS e d(V,, V)

with bound independent of e. For, if (2.25) is proven, then
it follows from (2.24) and the quadratic interpolation theorem
(Proposition 1.5) that for any ye(0,1)

A(e@ + I)71(eS + I)S e 4V, Vy)
with bound independent of ¢. Hence for ueV,, 0 <y <1,
(2.26) lwe — uly < Mylze — uly
For this purpose, let ye V; = D(Q) and Sy = ¢. Then,
Sy = S7% = (@' + I)7v. Hence S7lyeD@*A) which
implies that ASlye D(@*). By hypothesis D(@)> D(@*),
so AS'ye D(A). Therefore,
az(e@ + I)71(eS + I)Sy
= eQ(e@ 4+ )'Qy + (A + I)71@25y
=[I— (& + I)']Ay + (& + I)1@2S-1y
and hence (2.14) yields,

(227) Qe + DS + DSy,

< [yl + (¢/3)|@Qylo + (¢/3)| Sy,

<L+ (efS)]lyls + (e/8)| Syl
Now, @S is a closed operator on V,, for, suppose {y,}
i1s a sequence of elements of V; such that y,—>y 1n V,
and AS7'y,—>z in V;. Then yeD(@S') and since
A@ed(V,, V) and SteiV,, V,), @Sy, > @Sy in V,.
Necessarily @Sy =z since V,cV, So AS™ is a closed
operator on V; and the closed graph theorem gives

AS1te ¥V, V,). Hence,

(2.28) @%@ + D)7H(eS + 1)S7hyly < Myl
for all yeV,.

Since |o|f = |v3 + |Q¢|2, (2.24) and (2.27) give
(e + I)7(eS 4 )Syl, < My, for all yeV,,

which proves (2.25) and thus (2.26).
Now let 7 (0,1], ue V. =D(5%), and ye(0,t]. By (2.26)
it remains to show that |z, — ul, = o(s"™) as ¢ 0. Let E
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be the resolution of the identity for the self adjoint operator S.
Then

(2.29) |z — ul3
= |ST[(eS + 1)t — TJul2

:fw)\w[s)\:—l—qz(E(d?\u U)o

f 52)\ bl E(dA\)u, u),

o . (eA)2+20—D 1
= el f )\2 e)\ +1 2+2(Y~T)'(s)\ + 1)1 (E(dA)u, u)o.

Since 0 <y <<7t< 1 impliesthat 0 >y — > — 1, (2.29)
and an application of the dommated convergence theorem
as in part ¢) of the proof of Theorem 2.1 yield

(2.30) |ze — ulf = o(e2C M) as e 0.
The theorem now follows from (2.26) and (2.30).

Tueorem 2.4. — Assume hypotheses (2.1) through (2.5). Let
@ be a normal operator in V, and let C = c[3. Then one has :
if for fixed ~e(0,1], ueV, then for 0<<e<e and
0<y<nm,

lwe — uly << 20(1 4 2C)|ufeCP)o(e, T — v, u)
where 0 L w(e,7 — vy, u) <1 and w(e,7 —y,u) >0 as ¢ | 0.
Proof. — Referring to the proof of Theorem 2.3,
we — u =A@ + I)(eS + )S 2, — u)

where S = (A*@ 4+ I)'? and =z, satisfies ¢Sz, + z. = u.
Recall (2.24), 1.e. that

A + I)71(eS 4+ I)St e 4(V,y, Vo) with bound <1 + 2C.

Since @ is normal, D(@) = D(@*), and so (2.27) of the
proof of Theorem 2.3 holds, i.e. for ye V; = D(Q),

| (e + I)7(eS + DSyl < (1 + Clyl: + ClASTyl,.
Furthermore, A@*A = @*@2, which implies that
A5y = 5y,
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and since |y|; = |Sylo,

|2 (e 4 )7 (eS 4 DSyl < (1 + C)lyls
+ Claylo < (1 + 2C)lyl..
But |¢v]? = |¢v|; + |A¢|3 and so,

Q@ + I)2(eS + I)S e 4(Vy, V)

with bound < 22(1 + 2C).
Thus by the quadratlc interpolation theorem (Proposition 1.5)
it follows that for any ye(0,1),

Qe + 1)1(eS + )S1e 4V, V,)

with bound < 2v2(1 4 2C).
Hence for ueV,, 0 <y <1,

lwe — uly << 2731 + 2C)|2. — uly.

The theorem now follows from (2.29) of the proof of Theorem
2.3.

Ezample 2.1. — Let Vo, =1 and let V be the Hilbert

space of all sequences ¢ = {v,} of complex numbers such

that Y n"v,|* < o with (w, ¢)y = Y n"w0,y, where w = {w,}.

n=1 n=1

Let a(w, v) = (w, ¢)v and b(w, ¢) = (w, ) = Y ©,9,. Then

n=1

A = A 1s the operator given by Q¢ = {n™,} on
D(@) = {¢ = {w}: {n'w:} e},

1e. veD(A@) if and only if Y n?*|v,|2 < oo. Now, for fixed
te[0,1], let u= {E } be such that u e D(@®) but ue D(AF)
for any B>~ (e.g. u= {1/n"*}). The solution w, of
eQw, + we=u is given by w, = {§,/(en" + 1)}. Let ye [0, <],
«a> 1 — v, and consider

sznz"n”"
ax - g SV
egal ( )I 2a"§ IE I (Enn+1)
Let ¢, = 1/m™ and assume that this series, with ¢ replaced
by ¢,, is bounded, by M say, as m — o. Then from the
m"™ term one has

IEmi2m2(¢+‘()m/4 < M.
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Multiplying by mC=*=0" one gets

lEm|2m(:+a+y)m < LM mG—e—1m
SO

2 m(t+u+7)ﬂl|§miz < 4IM 2 m—*—0" < oo,

But this is a contradiction since 7T+ a4 y> 2t and by
hypothesis u & D(AG+2+02) e, ¥ mC+e+0m|E 12 = 0. Thus

for every a >t — vy, (1/e%)|@Y(w; — u)|, 1s unbounded as
e 0. Since |A¥¢|, and |SY¢|, = |¢|, are equivalent norms on
D(@Y) = D(S) = V, this shows that, under the assumed
hypotheses, the powers of ¢ cannot be improved on in the
preceding theorems and corollaries.

The next two examples show that if 0 <<B <1, ueV,
for all T <@, but ue Vg then it may or may not be true
that |w,— ul,=0(¢*"7) where 0<{y<<7 and cQw,+ w.=u.

Example 2.2. — Let V, V, and @ be the same as in
Example 2.1. Choices of u and B, 0 <f <1, will be made
such that ue D(@") for all © <<fB, ue D(@F), and for all
ye [0, =], (1/ef7)|w. — u|, is unbounded as &} 0 where
eQAw, + w, = u. Let u = {n/n"?}. Then

> n¥n? < oo, 1 << 1/2

AT pJ—
| u|? E! n" = o0, 7 > 1/2.
Solet B =1/2 and 0 <y <1/2. Then
1 1 * n2 g2p2np2Yn . ® R g2y a+2yn

= — . J— = = - - - .
el—2Y |aY(We u)IO - el—2y n§1 nt (sn" + 1)2 - n§ln (sn" + 1)2
For ¢, = 1/m", the m" term of this series 1s m?/4. Thus
(1/e2—202)|w, — ul, is unbounded as ¢ 0.

Ezxample 2.3. — Let V, =101 and let V be the Hilbert

space of all sequences ¢ = {v,} of complex numbers such

that Y n|v,]2 < o with (w, ¢)y = ) nw,y, where w = {w,}.
Let a(w, ¢) = (w, v)y and b(w, ¢) =—(w, ¢)o- Then @ 1is the
operator given by Q¢ = {nv,} on D(@A)={v={v,}:
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{nv,} e B}, ie. ve D(A) if and only if 2 n?|v,[? << oo. Choices

n=1

of u and B, 0 < B <1, will be made such that ueD(@")
forall 1 <fB,ue D(@L(’), and for all ye [0, 7],

|we — uly = 0(ehY)
where ¢Aw, + w, = u. Let u = {1/n}. Then
o2 — w < 0,1 <1/2
& u|0"n§1 n? 3200 c < 1/2.

Solet B=1/2 and 0 <<y < 1/2. Then

e2n2Y

QN (w, — w)f = }:, e
Now, for y =0,

£

g2 3
2 irS), @y ®

while for 0 <y <<1/2 an elementary calculus argument
shows that for 0 <e<J{y(1—v)7,

> e2n?Y g2
,21 (en + 1) <2 fl (ex + 1)2 dz.

Thus for 0 <<y <1/2 and 0 <e<y(l—1)?

2,27
| (e, — w2 < 2] E;_‘”:)

Under the transformation ex = y the right hand side becomes

1—2 cy™
2¢ Y'[o TR dy.

Hence |w, — u|, = 0(¢®—212) as e 0.

dz.

3. An Asymptotic Expansion.

Assume hypotheses (2.1) through (2.3). Let & be the
operator in V, associated with a(u, ¢) relative to b(u, ¢)
and denote the Hilbert space D(A), provided with the graph
norm (63 + |62, by V,. Then (u, o)y = (Su, Sv)y
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where S = (A*@ + I)'2. For any te[0, ) let V. be the
Hilbert space D(S°) with inner product (u, ¢). = (STu, S%),.
For veV, and 70, o) let

|[¢]—x = sup {|(v, w)o| : we V. and |w|. << 1}.

Then |¢|_; = |S""¢|,. Let V_. be the completion of V,
in the norm |¢|_.. This defines the Hilbert space V. for all
real © and for o <r, Vtcc:VG with V. dense in V,;. Fur-
thermore, employing extension by continuity, for all real
Y, T, SY is an isometric isomorphism of V. onto V..
Now assume .

(31) (A, 9)g >0 for all peV, = D(@).

Then as noted in the proof of Corollary 2.1, @ 1is a self adjoint
operator in V, and so S = (A% 4 I)'2. It now follows
that @ can also be extended by continuity so that for any
real T, @ is a continuous linear mapping of V. into V_,.
Furthermore, for any ¢ >0 and any real 7y, 7,

(3.2) SYA°® = @°SY

is a continuous linear mapping of V. into V. ,_,.

The « negative norms » defined above will now be used to
obtain an asymptotic expansion for w,, the solution of (2.5),
in terms of u, the solution of (2.4). Extension by continuity
will be understood wherever necessary in the statement and

proof of Theorem 3.1.

Tueorem 3.1. — Assume hypotheses (2.1) through (2.5) and
(3.1). Let n be a non-negative integer and let we V. where
0Lt << n Then for 0 <e g,

n

we — X (— 1)"5"&"uL_n = o(e") as e} 0.

k=0
Proof. — For n =0, (2.11) gives

we = u — e(e@ 4 I)tu.
If for n=m,

m

We = Z (— 1)"5"(51"11, + (— 1)’"+ls"'+1a(sa + 1)_1a,,,u’

k=0
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then

k kaku

—1)

1)""{’1&”""1(&(51 + I)_la”‘+1u

— )mHem (e + T — e@)(e@ + I)1@mHy

— ) Hegm@n iy L (— 1) emt@ (@ + I)ranty,

s-
o Tst

A/\/-\ ,-\

Thus for any non-negative integer n,

we = Y (— D*e*A*u 4 (— 1) A(e@ + I)1AMy,

k=0

Since ueV, (3.2) gives S™@A"ueV, So, letting
z= S""A"y and letting =z be the unique solution in
V, = D(@) of ¢z + z, = z, conclusion 11) of Theorem 2.1
yields

|ze — zlp = |e@ (e + I)71z|, = o(1) as e 0.
Thus

lwe — X (— DkekArul._, = H|STA(e@ 4+ 1)@y,
k=0
= "e@ (e + 1)1 "A"ul,
= o(e") as ¢ | 0.
Ezxample 3.1. — Let V, V, and @ be as in Example 2.1.
Then for any real =, V. = {¢ = {v,} : {n"™,} e?}, 1e. veV,

if and only if Y, n*™|v,|2 << oo. The same method as employed

in Example 2.1 shows that the estimate obtained in Theorem

3.1 1s sharp.

4. Hilbert Space Framework for Singular Perturbation
of Elliptic Boundary Value Problems.

Let V,V, and H be Hilbert spaces with
(41) V < Vo c H, YV densein V,;, and V dense in H.

Denote the norms and inner products in V and V, as before
and let |¢|g, (v, )z be the norm and inner product in H
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respectively. As previously let a(¢, w) be a continuous Her-
mitian bilinear form on V and let b(¢, w) be a continuous
Hermitian bilinear form on V, with upper bound ¢. Further
assume the coerciveness inequalities (2.2) and (2.3), 1.e. there
exists > 0 such that |b(y, ¢)| > B|¢|§ for all ¢veV,, and
for 0 <<e<Cg there exist a(e) >0, ale) >0 as &0,
and ¢ > 0 such that

lea(o, ¢) + (e, )| > a(e)lol} + 3|ofd

for all ¢ eV, respectively.

For fe H, the anti-linear functional ¢ —(f, ¢)u, ve H, is
continuous from H to C and thus its restriction to V,
isin V. Solet f, f. begivenin H, 0 <e<C¢. Let u be

the unique solution in V, of
(4.2) b(u, ¢) = (f, ¥)n for all veV,

and for each e (0, ¢], let u, be the unique solution in V

of
(4.3) ea(ue, v) + b(ue, v) = (fe, ¥)u forall veV.

Theorem 2.1 will now be reformulated in the present context.

Tueorem 4.1. — Assume hypotheses (4.1) through (4.3), (2.2)
and (2.3). Let @ be the operator in V, associated with a(y, w)
relative to b(v, w). Consider the interpolation spaces V.,

011, obtained by quadratic interpolation between
V,=D(@) and V,. Then one has:

1)if ueD(@) and |fe — fla = 0(c) as €0, then
lue — ulp = 0(¢) as ¢ 0;

1) if, for fixzed ~e[0,1), ue V. and |f. — fla = o(¢7) as

e 0, then
|ue — ulo = o(e¥) as ¢ 0.

Proof. — It 1s sufficient to carry out the reduction corres-
ponding to part a) of the proof of Theorem 2.1. The rest of
the proof then follows word for word as in parts b) and c)
of the proof of Theorem 2.1. So let L(v) = (f, v)a for all

veH and L.(¢) = (f;, v)u for all ¢ve H. Then the restric-
tions of L and L. to V, are in V;. By (4.1) there exists
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K> 0 such that |¢o|g <K]¢|, for all ¢veV,, and V, is
dense in H. Thus for the norm of L — L in V; one has

Il — Li| = sup{|(L; — L)(¢)|: veV, and [¢] <1}
< Ksup{|(Le — L)(¢)|: veV, and |¢]a <1}
= Kl|fe = flu.

Therefore, letting w. be the unique solution in V of
ea(we, ) + b(we, 9) = (f, v)u = L(v) for all veV, (2.7) gives,

lue — ulo < (K/S)Vs — fla + |we — ulo.

The theorem follows.

It is now obvious that Theorem 2.2 can also be reformulated
in the present context. One merely replaces |[[Li — L|| by
Ifi — fla and 1/8 by K/¢ in the statement of Theorem 2.2.

The elliptic boundary value problems to be considered in
Chapter 6 will be of the form given by (4.2) and (4.3). To
apply the results of Chapters 2 and 3 to these problems it is
necessary to relate the operator equation in H corresponding
to (4.3) to the operator equation e@w, + w. = u in V,. The
operator forms of equations (4.2) and (4.3) will now be consi-
dered.

So assume hypotheses (4.1), (2.2) and (2.3). Let A, be the
operator in H associated with ca(¢, w) + b(v, w) and let B
be the operator in H associated with b(¢, w). Then, given
fe H, there exists a unique ue V, such that

(4.4) b(u, v) = (Bu, ¥)u = (f, v)u forall v¢eV,,
and for 0 <& < there exists a unique w.eV such that
(4.5)  ea(we, ¢) + b(we, ¢) = (Awe, V)u = (f, 9)u

for all ¢ e V. Clearly, if the anti-linear functional
v — ea(w, ¢) + b(w, ¢) 1s continuous on V 1in the topology
induced by H 1t is also continuous on V 1n the topology
induced by V,. Then since by Proposition 1.4, 1v), $ hasan
inverse on H,

ea(we, v) + b(we, v) = (Awe, 9)u = (f, ¥)n = (B A, ¢) -
= b(u, ¢) = b((eA + Dw,, ¢)

for all veV, where @ is the operator in V, associated with
6
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a(v, w) relative to b(¢, w). Hence for each ee (0, ¢],
(4.6) B 1A ced + 1,

1.e., B 1A, is a restriction of ¢ + L.

The relation (4.6) holds even though D(%$7'A,) = D(A,)
may depend on ¢ while D(e@ + I) =D(@) 1is independent
of ¢. In the applications to differential problems to be consi-
dered in Chapter 6, it will be easier to determine A, and ®
than to determine . The following lemma will be helpful
in the determination of D(Q).

Lemma 41. — For any ee(0, &], D(A)) 1is dense
in D(@), where D(A) s provided with the graph norm,
ol = (¢f6 + |@efo)™.

Proof. — Let ee (0, ¢5]. By the proof of Proposition 2.1,
iv) and a consequence of the closed graph theorem,
(013 + |@vl)? and (|¢|3 + [(e@ + I)¢[§)? are equivalent
norms on D(A). The proof will be carried out with the latter
norm.

Let ¢eD(@) and let g be the unique element of V,
such that (e@ 4 I)v = g. Let {g,} be a sequence of elements
of D(®) for which |g, — gl >0 as n —> 0. Such a
sequence exists according to Proposition 1.4, mi). For each
n let ¢, be the unique element of D(A,) such that
$1A.0, = g, (cf. Proposition 1.4, iv)). (@ 4+ ) is a
continuous operator on V, and so by (4.6), (871A,) = A7l
is continuous on 1ts domain in the norm of V,. Therefore,

o= Aiig, = (s + )i, > (e + D)lg = o
in V,as n—>o and
1A, = (A + Do, = g, —> g = (A + I)¢

in V,as n—> .
Hence,

(|vn — #I§ + |B A0, — (e@ + D)o|)22
= (lon — #l8 + | + I)(9p — 9)[§)* >0 as n— oo,

the desired conclusion.
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In order to apply Theorem 2.3 to differential problems, cri-
teria will be needed to establish the hypothesis D(@) > D(@*).
In the present work this will be accomplished by examining
the adjoint problems to (4.4) and (4.5) (cf. (4.10) and (4.11)
below).

So consider the adjoint forms to a(¢, w) and b(y, w), 1.e.,

the Hermitian bilinear forms a*(v, w) = a(w, ¢) and
b*(v, w) = b(w, v). Then |b*(v, w)| = |b(v, w)] for all
g, we Vg, so b*(v, w) has upper bound ¢ and b*v, ¢)
satisfies (2.2). Thus by Proposition 1.1, 11) one can define
@' as the operator in V, associated with a*(v, w) relative
to b*(v, w), 1e.,

a*(v, w) = b*(@'o, w), weV,

with D(@') = {veV: w - a*(v, w) 1s continuous on V in
the topology induced by V,}. Then since a*(¢, w) 1s conti-
nuous on V and by (2.3), for 0 <e < ¢,

lea*(0, ¢) + b*(9, o) > a(e)lol} + 3lefs

for all ¢eV, one obtains the following proposition by the
same proof as used for Proposition 2.1.

Prorosition 4.1. — Assume hypotheses (2.1), (2.2) and (2.3),
and let @' be the operator in V, associated with a*(v, w)
relative to b*(v, w). Then:

1) A" 1is closed,

i) D(@') is dense in V,,

) D(@') is dense in V,

w) for 0<e<e, e 4+ 1 ts a linear homeomorphism of
D(@'), provided with the graph norm |v|pay = (|¢]§ + |Q'¢[3)!2,
onto V,.

Now let B be the operator in V, associated with b(y, w).
Then by Proposition 1.1, 1) B is a linear homeormorphism
of V, onto V,. Furthermore the operator B* in V, asso-
ciated with b*(¢, w) 1s the adjoint of B in V, and is also

a linear homeomorphism of V, onto V,. Then for ¢ve D(AQ)
and weD(@),

(@, B*'w), = (B&y, w), = b(Av, w) = a(v, w),
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and,
B*@'w, 0)y = b*(A'w, ¢)y = a*(w, ¢) = a(v, w).

Thus (@¢, B*w), = (v, B*@'w), and letting w = B*'z one
has that for ve D(@A) and ze D(@'B*?),

(4.7) (@, z)o = (v, B*@B*1z),.

ProrositioN 4.2. — A* = B*@’'B*1.

Proof. — Let we D(@*). Then the functional ¢ — (A, w),
1s continuous on D(A) in the topology induced by V,, and
(Ap, w)g = (v, A*w)y. Let ee(0,¢] and let z be the unique
solution in D(@'B*1) of

B*(e@’ 4 I)B* 1z = (eB*A'B* ! + I)z = (¢@* + I)w.
Then by (4.7), for v e D(AQ),
(v, (e@* 4+ Dw)y = (v, (eB*A'B* 4 D))y = ((e@ + D)o, z),.

Since @ + I maps D(A) onto V,, z=w, and since D(AQ)
is dense in V,, (¢A*+ I)w = (eB*@'B*! 4 I)w, which
implies that A*w = B*@'B*! w. Thus B*@'B*!>@* and
since (4.7) clearly implies the reverse inclusion, the proposi-
tion follows.

From Proposition 4.2. it follows that

(4.8) a’ = B*1@*B*.
Note that if (2.2) i1s strengthened to
(4.9) b(e, v) > B|¢fs for all veV,, B >0,

then b(v, w) 1s an equivalent inner product to (¢, w), on V,
and @' 1s the adjoint of @ as an operator on V, with
b(v, w) as inner product. It will now be proven that A’
satisfies relations corresponding to (4.6) and Lemma 4.1.

Assume hypotheses (4.1), (2.2) and (2.3). Let A} be the
operator in H associated with ea*(v, w) + b*(¢, w) and let
%* be the operator in H associated with b*(v, w). Then,
as noted in Chapter 1, ®* is the adjoint of # in H and for
0 <e<eg, A7 1s the adjoint of A, in H. Furthermore,
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given fe H, there exists a unique ze V, such that
(4.10) b*(z, ¢) = (B2, ¢)u = (f, ¥)u forall veV,,
and for 0 <<e (¢ there exists a unique z,eV such that
(411) ca*(z, ¢) + b*(z, ¥) = (Atze, ¥)u = (f, 9)u

for all ye V. Then by the method used to derive (4.6), one
has for ee (0, ¢]

(4.12) B*1ATce@ + L

Also, the argument used to obtain Lemma 4.1 yields the
following lemma.

Lemma 4.2. For any :e(0, g], D(AY) s dense in
D(@') where D(AQ') is provided with the graph norm,
Vlay = (1[5 + |o[8)12.

In view of (4.12) and Lemma 4.2 it would be convenient to
replace the hypothesis D(A@)> D(@*) in Theorem 2.3 by a
hypothesis relating D(@) and D(A@') in order to apply the
theorem to differential problems. This is readily accomplished
if one assumes (4.9) in place of (2.2) for then @’ is the adjoint
of & in V, with inner product b(y, w).

So assume (4.9) for the remainder of this chapter and let

(4.13)  [o, w]o = b(v, ®), []o = Vb(s,») for o, weV,.

Then fBlvff < [¢]F < c|v|0 for all v¢eV, and, letting
[¢]s = ([¢*% + [@v]§)* for veV, = D(A) an application of
Proposition 1.5 to the identity mapping yields

Blolt < [olf = elolt

for the corresponding 1nterpolat10n norms on V., 0 <<~ << 1.
Furthermore (2.3) implies

(4.14) for 0 <<e < ¢, there exist a(e) > 0, a(e) >0, as
{0, and w >0 such that

lea(y, ©) + [¢, ¢]ol > a(e)|¢|¥ + w[¢]§ forall ¢eV.

Now the method of proof used to obtain Theorem 2.3 gives
the following theorem.
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TaeorEM 4.2. — Assume hypotheses (2.1), (4.9), (4.14), (2.4)
and (2.5). Let D(A) > D(Q') and suppose that for some 7 < (0,1],
ue V.. Then for any ye(0, 7],

[we — uly = o(e77) as ey 0.

It 1s also obvious that if one assumes that AA’' = A@’'A,
then an estimate corresponding to Theorem 2.4 is obtained.
A theorem corresponding to Theorems 2.3 and 2.4 will now be
proven for the rate of convergence of u,, the solution of (2.6),
to u, the solution of (2.4).

TueoreM 4.3. — Assume hypotheses (2.1), (4.9), (4.14) and
(2.4) through (2.6). Assume that a(v, w) is Hermitian symmetric
so that & = Q'. Further suppose that for fized =< (0,1] and
ve(0,7],L and L, for ¢ (0, ¢] are extendable by continuity
to V_; and |L; — L|_y = o(¢*") as ¢} 0 where the norm is
that of V.,). Then ueV. and

[ue — uly = o(e™) as e 0.

Proof. — Since L 1is extendable by continuity to V_.,
1t follows from (2.4), (4.9), and the procedure used by Lax [13],

p- 623, that u e V.. Similarly, letting g, be the unique solution
in V, of

(4.15) b(g., v) = L¢(v) for all pveV,,
g.< V.. Now (2.5), (2.6) and (4.15) yield

(4.16) ea(u; — we, ¢) + b(u., — we, v) = b(g. — u, »)
forall veV, and so

(4.17) (e + D)(ue — we) = g — u.

Note that since g, ueV, u, w.e V, ..

Now let [' be the operator in V, associated with [o, w],
relative to [¢, w],, 1l.e. [, w]o = [¢, w];, we V;. Then
[[=aa’ 4+ I =a2 + I and, letting T be the positive square
root of [' (relative to [¢, w],), one has [¢], = [T'¢], for
¢e V). Furthermore, since g, ueV, u, w.e

vy <7, (4.17) implies
(4.18) (e@ 4+ )TV (u. — w,) = T1(g. — u).

V1+n and
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Hence, by (4.16) and (4.18),

(4.19) ea(TY(ue — we), ¢) + b(TT(u, — we), ¢)
= b(TY(g. — u,) ¢) for all veV.

Letting ¢ = TY(u, — w¢), (4.14) and (4.19) give,

()| TV (ue — wo)l¥ + [TV (ue — w) s
< [T¥(ge — w)lo- [T¥(ue — wi)]o-

Thus, [u. — we], < (1/w)[ge — uly, and so,
[u. — u]y < (1/w)[ge — u]‘r + [we — uly
Now (cf. [13], p. 623),

(8 — u]y = supf{|b(g. — u, ¢)|: veV, and [v], <
= sup{|(L. — L)(¢)]: veV, and [v], <
=o(e7) as ¢/0

1
1]

by hypothesis. The theorem now follows by estimating
[we — u]y in the same fashion as |w. — u|, was estimated
in the proof of Theorem 2.3, using T 1n place of S.

It 1s now apparent that under the hypotheses of Theorem
4.3 one may obtain an explicit estimate for [u. — u], analo-
gous to the evaluations obtained in Theorems 2.2 and 2.4.
It 1s also obvious that if one assumes (4.9) and that a(y, ¢) >0
for veV, Theorem 3.1 follows by using the norms [¢]..
A reformulation of Theorem 4.3 will now be proven in the
context of hypotheses (4.1) through (4.3). Again, 1t 1s possible
to give an explicit estimate in this theorem.

Tueorem 4.4. — Assume hypotheses (4.1) through (4.3),
(4.9), and (4.14). Further assume that a(y, w) is Hermitian
symmetric and that for fixed te(0,1] and ve (0, ], V_.cH
and |f. — fla = o(e) as ¢} 0. Then ueV. and ’

[ue — uly = o(c77) as ¢|0.

Proof. — Let L(¢) = (f, ¢)u forall ve H and L(¢) = (f;, ¥)u
for all ¢e H. Then the restrictions of L and L, to V_.
are in VY. Moreover there exists M >0 such that
lola << M|, forall veV_, and V_, is dense in H. Thus
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for the norm of L, — L in VZ, one has

ILe — Lj_y = sup{|(L. — L)(¢)|: v & V_Y and |o]_, < 1}
K< M sup{|(Le — L)(¢)]: veV_; and |¢|a < 1}
= M|fe — fla-

The theorem now follows from Theorem 4.3.

5. Quadratic Interpolation Theorems.

In order to apply the results of the preceding chapters to
singular perturbations of elliptic boundary value problems,
1t 1s necessary to know when the solution of degenerate problem
i1s in a space obtained by quadratic interpolation from the
perturbed problem. It is thus essential to have concrete
characterizations of the interpolation spaces by quadratic
interpolation between spaces of Bessel potentials satisfying
homogeneous boundary conditions. Such a characterization
will be obtained in the present chapter for the spaces appro-
priate to the Dirichlet problem with homogeneous boundary
data.

The results of this chapter supplement the p =2 case of
some theorems of Lions and Magenes [19], [20]. The termino-
logy and a number of the results of Aronszajn and Smith [5],
[6], Adams, Aronszajn and Smith [2], and Adams, Aronszajn
and Hanna [1] will be used. For the sake of completeness
some of the relevant definitions and theorems will now be
recalled.

The Bessel kernel of order « >0 on R" is the function
given by

1

Ga(2) = G&*(2) = qrramya_map (2/2)

K n—aya(]#]) 2|2

where K, is the modified Bessel function of the third kind.
For 0 <a<{1, let

920+ (n+2)/2
[(a + 1)T(a + n/2)sin e

Now let D be a domain in R” and let u: R* > C be in

C(n, &) =
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C*(D). The standard a-norm over D, |u|,p, is defined as
follows,

lulso = [, lu(@) da,
and for 0 <a <1,

lula D = lu‘on .
2n+2a - . 2
+ C(n, a)Gg,i24(0 f f |z — y‘n+2a Iu(m) u(y)|? dz dy.

For arbltrary « >0, let m = [a] be the greatest integer
< a and =« — m. Then

uito= 3 () 3 Dulgn

k=0 liI<k

The space Iv)“(D) is the perfect functional completion in the
sense of Aronszajn and Smith [5] of the functions in C*(D)
for which |u|,p < . For D = R", P%D) is denoted simply
by P* and |u|qr» by [u|. Henceforth, f stands for ﬂn,
L2 for L2(R"), etc. P*D) 1is defined as the space of all

restrictions to D of functions in P* with norm
lwlla,p = inf| @4,

the infimum being taken over all @%eP* such that i =u
except on a subset of D of 2a-capacity 0. P*(D) isthe perfect
functional completion of the class of restrictions to D of
functions in Cg .

Throughout the rest of this paper it will (at least) be assumed,
unless explicit mention is made to the contrary, that

(6.1) D 1s a Lipschitzian graph (LG) domainin R"

(cf. [2], §11). For n =1 it is understood that a LG domain
is simply an open interval. For LG domains f’“(D) = P#D)
with equivalent norms (cf. [2], § 7 and § 11). It should be
noted that P%D) is the class of corrections (cf. [2], § 0) of
functions in the more familiar class W*2(D) (cf. Lions and
Magenes [18], n. 2).

For >0 and uePyD), let

Jon(u) = f |D;u(z)[2r(z)-22+il dg

lil<ar
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where o« is the greatest integer << a and, denoting the
exterior of D by Ext D, r(z) = dist (z, Ext D). For a« =0,
let Jop(u) =0. The present J,p(u) was denoted by
Japexin(uw) In [2], § 9. The more explicit notation will not
be needed in the present work.

Recall now that a LG domain admits a simultaneous exten-
sion mapping (cf. [2], § 11 or Aronszajn [4], § 5). From this
result it follows that (cf. [1], App. I) for 0 <7t << 1, the =*
interpolation space by quadratic interpolation between P#(D)
and I\')@(D) 1s 13“(1_T)+5’(D) with an equivalent norm. Since
the spaces Iv)“(D) are not exactly subspaces of L2(D), one

must apply the procedure given in [1], App. I to recover the
proper class of exceptional sets.

Now, denote the closure of Cg'(D) 1in f’“(D) by PgD).
Since the identity mapping is bounded from PgD) into
P*(D), it is apparent from the above considerations and
Proposition 1.5 that the ™ interpolation space by quadratic
interpolation between 133‘(D) and I\SE(D) can be realized as a
(not necessarily closed) subspace of P*=9+%(D). A theorem

will now be proven characterizing the interpolation spaces
V., 0 <7 <1, obtained by quadratic interpolation between
V, = P(D), m a positive integer, and V, = P}(D) = L(D).
The theorem refines the p = 2 case of a theorem of Lions

and Magenes [19], p. 322.

Taeorem 5.1. — Assume that D satisfies (5.1). Let m be a
positive integer, V, = ﬁ?(D), and V, = L3(D). Furthermore,
let E,: L?(D) - L? be extenston by 0, 1.e.

(u(z), ze D
{0, z e R™\D.

Denote the extension constant ['[0, m] of D (cf. [2], § 7 and
§11) by K. Then:

i) for 0<1<1, ueV, if and only if ueP™(D) and
Eyu e P™;

i) for 0t <1, ueV, if and only if ue P, (D) and
e p(u) < o0}

Eou(z) =
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i) (1/2) [K2|ul2cp + Cmen(u)] < |ul?
<1+ K21 + 2n(1 — B)]|ul2ep + 20(1 — B)Jpen(u)}
where B = mt — [mt] and C depends only on n, [mt] and

D, and ueV..

Proof. — 1) Necessity. Ey: L2(D) — L2 is continuous with
bound 1. Since m 1is a positive integer, it is apparent, from
the definition of the standard m-norm and the density of
Ce(D) in P(D), that E, maps P»(D) into P™ continu-
ously with bound 1. Moreover, the 1" interpolation space
by quadratic interpolation between P™ and L2 i1s P™ with
the same norm (cf. [1], App. I or Lions and Magenes [17],
pp- 300-301). Thus by quadratic interpolation (Proposition 1.5),
E, is continuous from V. into P™ with bound <1, 1ie.
ueV,, implies that E,ueP™ and

(5.2) 1Eoullm: < ul

Now let I be the identity mapping on L3*D). Then
I: L*D) - L*D) 1s continuous with bound 1 and 1I:
13’3(D) — P"(D) is continuous with bound 1. As noted pre-
viously the t" interpolation space by quadratic interpolation
between P™(D) and L2(D) is P™(D) with an equivalent
norm. Furthermore (cf. [1], App. I), K7|u|.p << the *
interpolated norm of u between ISM(D) and L#(D) << K|u|n:,p-
By quadratic interpolation I 1is continuous from V. into
P (D) with bound < 1. So, ue V; implies that ue P™(D)

and
(5.3) K= u|pep < |uf-.

1) Sufficiency. Since D 1is LG, D is the interior of its
closure and so 3D = 3(Ext D). Furthermore, Ext D 1s LG
and the extension constant K = I'[0, m] is the same for
Ext D as for D. So let E be the associated simultaneous
extension mapping for Ext D. In particular

E(C*(Ext D) n Pn(Ext D)) c C*

and for every ae[0, m], E is a continuous linear mapping

of P*Ext D) into P* with bound < K.
Let R: L?— L1?D) be restriction to D and let
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S: L* - L*(Ext D) be restriction to Ext D. For vel?
define

Q'v = ¢ — ESy¢

and Qv = RQ’v = (R — RES)y.
Then since R: L2 — L2(D) is continuous with bound 1,
S: L? - L?(Ext D) 1is continuous with bound 1, and
E: L?(Ext D) — L? 1is continuous with bound <K, it
follows that Q maps L? into 12(D) with bound <1 + K.
Moreover, Q maps L2 onto L23D) and QE,=1 on
L#(D). For,if ueL?(D), then Equel? and, since SE,u =0
and REju = u, QE,u = u. .

Similarly, Q maps P™ into P"(D) continuously with
bound <1 + K. Suppose that it has been proven that

(5.4) Q(P™) < PF(D).
Sufficiency follows then readily from (5.4). For now Q maps
P™ into lv)(,"(D) continuously with bound <1 + K. Fur-
thermore, Q maps P™ onto IV)Z'(D) and QE, =1 on
Pr(D). For if uePXD), then EueP™ and QEyu=u
as 1n the L2? case. Thus by quadratic interpolation, if
ue l\im‘(D) 1s such that EjueP™, then QEu=ueV..
Also the bound of Q: P™ — V_ i1s {1 + K. Thus

(5.5) Qo] < (1 4 K)l¢lme.

To complete the proof of 1) it remains to verify (5.4). For
this purpose, let ¢ € C* n P™. Then since E is a simultaneous
extension mapping, Q'¢v<C”nP™ and so Qpve C*(D)n Pm(D).
Moreover, since ES¢(z) = ¢(z) for all ze Ext D, Qv and
all partial derivatives of Q¢ vanmish at every point of
3D = 3(Ext D). Since Q: P" — Pm(D) is continuous and
C*nP™ is dense in P™, the proof will be finished by showing
that if we(C®(D)n lv)”‘(D) 1s such that w and all partial
derivatives of w vanish on 3D, then w e P(D).

So let & be such a function. Since D 1s LG there exists
a &-loose open cover of 3D and a C* partition of unity
subordinate to the cover. Furthermore the functions in f’{,"(D)
with bounded support are dense in I"){,"(D). It i1s therefore
sufficient to consider D to be of the following form. Letting
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B be a bounded rectangle in R*?', D = {(2, z,): 2’ B
and 0 <<z, <f(z')} where f 1is Lipschitzian on B with
“a positive lower bound. Now, for sufficiently small positive e,

define

wi(z) = 1@ (L= z), 0 <z < (1 —e)f(a)
0, (1 = f (') < < f(a).
Then w,eC(D). w, > w in P"(D) as ¢}0, and the
support of w. is bounded away from =z, = f(2"). The proof
of 1) 1s now complete.

1) R* 1is obviously L-convex and since Ext D i1s LG,
Ext D 1s a (C)-domain (cf. [2], § 5, § 9 and § 11, and [4], § 5).
Thus by Theorem 1, § 9, [2], if ue IS"”(D), then EyueP™
if and only if J,.p(u) < . So 1) follows from 1).

ni) In the proof of part 1) it has been shown that (cf. (5.2),
(5.3) and (5.5)) if ueV, and ¢eP™, then

(5.6) N Eoulm < luls, [Qol: < (14 K)lolns,
QEyu = u, and K|u|,.p < |yl
Thus

(5.7) 1Eoulm < |ul: = |QEoul: < (1 + K)|Eou| -
Now by Theorem 1, § 9, [2].
(5.8) [[Eoulfe < [uliep + 2n(L — B)}{Tnen(w) + [ulbre,0}
<1+ 2n(1 — B)J[ulte,p + 2n(1 — B)Tme,n(u)

and
(59) Jm‘c,D(u) < c" Eou"rzm:
where ¢ depends only on n, [mr], and D. Therefore,
letting C = (1/c), (5.6) through (5.9) give
(1/2) (K2 ulpep + Clpen(u)] < |uft
< (1 + KM + 2n(1 — B)julien + 2n(L — B)enlu)},

and 11) is proven.

Cororrary 5.1. — Assume that D s a LG domain. Let
m be a positive integer, V, = P7(D), and V, = L2(D).
Then for 0 <zt<1, ueV. implies uePr(D) and V. is
dense in Pri(D).
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Proof. — By definition, Cg (D) 1s dense in f’(",‘(D) and since
for any 7e[0,1), V, = f’K‘(D) 1s dense in V, Cg?(D) 1s also
dense in V.. By Theorem 5.1, |u|? is equivalent to
|u|3:p + Jmep(w). Since the norm in Pr<(D) is just 171
the conclusion follows.

Though Theorem 5.1 characterizes the functional spaces V;

obtained by quadratic interpolation between IV)K‘(D) and
L?(D) some more information about these spaces will be
required to apply the Hilbert space perturbation theory to
the Dirichlet problem. The additional information which will
be needed is to know that in « most » cases the inclusion
relation in Corollary 5.1 is an equality, i.e. V; = P?%(D) with
an equivalent norm. For m =1 and for bounded domains D
with smooth boundary this result was obtained for the spaces
Wg?(D) in the aforementioned theorem of Lions and Magenes
[19], p. 322. The functional Hilbert space case of the corres-
ponding theorem for general m and Lipschitzian graph
domains will be derived here by virtually the same techniques
as those used in Lions and Magenes [19]. A few more prelimi-
naries are in order before the statement of the theorem.

For ue f’p(D), 0 << B <1, the Dirichlet integral of order
B, dgp(u), is defined by

do(u) = [ulin

diol) = lultp — uin = 3 [ |22 do,

=1 D bxl

and for 0 < B <1,

I S e g
dpp(u) = C(n, B) jnﬁ o — g[8 dz dy.

The approximate a«-norm, |ul,p, for ue f’“(D) 1s
|uTs,p = do,p(u) = |ul§p,

and for 0 < a <<1,
w1z = |ulip + don(w).

For arbitrary « >0, let m = [«], B =« — m, and

ity = 3 (’Z) 3 [Dat

k=0 I=k
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Then for an arbitrary domain D

2_1/2|u-|a,D < lula,D < Iu]a,D

(ef. [2], § 2). |
The following lemma 1s a particular case of the results of
[19], N. 1. Its proof is included here to accomodate the reader.

. Lemma 5.1, — For 0<Ca<<1/2, C&(0, ) 1is dense in
P40, ), ie.
P30, o) = P*0, o)  for 0<a<<1/2.

Proof. — By density it is sufficient to prove that if u 1is
the restriction of a function in Cg(R!') to (0, o), then

ue P%0, o). Let

0, 0<z<<i/n
(z) ={nz— 1, 1n<Lz<2n
1, 2/n < z.

Assume for the present that there exists M > 0 such that
for all n and all «e[0,1/2],

(510) ds, (O,eo)(?nu) <M.

The lemma follows readily from (5.10). For, obviously ¢,u — u
in L2(0, o) as n — . Thus (5.10) implies that |,u|q .
is bounded uniformly in n for 0 <Ca<{1/2. Hence there

exists a subsequence which converges weakly in P*(0, ),
for which, the corresponding sequence of arithmetic means,

{$a}, converges strongly in 13“(0, ). Since {¢,—>u in
L2(0, «), ¢, > u in P#(0, «). By regularization of the d,'s
one obtalns a sequence of functions in C; (0, o) converging
to u 1In P“(O, ).

To prove (5.10), write
Pa(@)u(z) — ealy)uly) = eu(2)[w(z) — u(y)] + [Pa(@) — 9a(y) July).

Then it is sufficient to show that

f f |pa(® [m—j’;/ll)-ll-zlt (y)? dz dy

is bounded uniformly in n. But since u is the restriction of




176 W. M. GREENLEE

a function in Cg(R?) to (0, ), u is bounded. Thus a direct

computation of
|9x w(y)
f f ?x_yr;+2tzl dmdy

proves the lemma.
The following lemma gives explicit bounds in the p =2
case of a proposition of [19], N. 2.

Lemma 52. — 1) For 12<a<1 and ueP¥0, ),

2 —2a
¢(0 w) f lu l z d:L’ ( 1/2) a(Om)(u)'
ii) For 0 <a<< 12 and ue P*(0, o) = P0, ),

5
Jo 0, (U f lu(z) P22 dz <= 1;/2) Aa0,0)(U)-

Proof. — For > 1/2 the functions in PO, ) are
continuous with limit 0 at z = 0. Thus 1) is a special case
of Lemma 3, § 9, [2] and ii) will now be proven by a simple
modification of the proof of this lemma.

Since for 0 << a << 1/2, P%(0, o) = PO, ), it is sufficient
to prove 11) for ueCg’ (0, ). For t>1,

[J;“‘ |u(z) — u(t'z)|2z—2* dx]llz

n—1
<3 [f |u(tfz) — w(tHiz)2z2* dx ]”2
k 0
n—1

= IEO fh(a—1/2) [/; lu(z) — u(tz)2z—2* dx]llz,

and letting n — oo, the dominated convergence theorem
gives

(1 — go12)2 ﬁm lu(z)|2z2* do < /;m |u(z) — u(tz)]Px—2* dz.

Since

L (7 u(E) = ue)
da,(o w)(u) - C(l a) f 0 xzali _ t11+2a. dz dt’

1 1 — a2y
C(1, «) fl ((t_ L)z di. f |u(z) 2272 dz << dyo,0)(U)-
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Now,
‘ —_— ta—l/ﬂ 1 sza—1(1 _ Sl/z—ﬁ)z
f (t— Lye o (A—epmr %

> (a — 1/2) [} e (1 — s ds
= (@ — 1/22(20)['(2 — 2a).

By use of [(«)[(1 — «) =

- »  Legendre’s duplication
sin &

formula, and tabulated values of the [' function (cf. Jahnke
and Emde [10]), one obtains
(@ — 1/2)2T'(2¢)['(2 — 2a)
C(1, o)

(« — 1/2)
5

>

which yields the inequality.

Tueorem 5.2. — Assume that D is a LG domain. Let m
be a positive integer, V, = f’{,"(D), and V, = L*(D). Let
te[0,1] be such that mt — [mr] 5= 1/2, ve. mr=£1+4 1/2,
1=01,...,m—1. Then ueV. if and only if uePr (D).
Moreover if 0 < mt — [mz] < 1/2, Pp3(D) = P{(D) n Pm(D).

Proof. — By Theorem 5.1 and Corollary 5.1 it must
be proven that: if 0 <Cmt — [mt] <1/2 and

u e P{9(D) n Pm(D)

then E,ueP™ (E,: L?*(D) - L? 1is extension by 0); and,
if 12<mr—[mi] <1 and ueP¥(D) then E,uePr.
Since u and Eyu have the same exceptional set, E,ue P
if and only if ||Egul|,. << .

Now for any multi-index ¢ it follows from the density
of Cg(D) in P§(D) that D;Equ = E,Du for all ue P{\(D).
Thus if mt 1s an integer, 1.e. mt = [mz], it follows trivially

from the density of C¢(D) in PP(D) and the definition of
the approximate norm that |u|,p = ||Eyu||, < . Hence
it is sufficient to prove that if

li] < mx and 0<B=m—[m]<1
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with 8 5~ 1/2, then

1 ~ IEOD,'U(CE) — E0D1u<y)|2
C(n’ B) ‘/R" |x — y|n+2ﬁ dx dy < 0,

for uePyY(D)nP™(D) if 0<B<1/2 and for ue Py (D)
if 1/2<<f<<1. Since a C®Y homeomorphism preserves
potential classes of order <1 (cf. [2], § 2), by use of partition
of a unity it is sufficient to prove that dga(E,D;u) << o with
D =R = {(z,, ..., z,) € R*: 2, > 0}. Moreover Theorem 5.1
yields dgrn(EqDiu) << oo if Jgpa(Du) < oo.

Letting ¢ = D,u it now suffices to prove that Jgni(v) << o
if 0<B<1/2 and ¢<PAR") and that Jgm(v) < o if
1/2 < B <1 and veP§R"). For this purpose let ¢ be the
restriction of a Cg function to R» if 0 <fB < 1/2 and let
veCy(R2) if 1/2 < < 1. Then Lemma 5.2 yields

oy ﬁ lo(x |:v,, 2 do

e |V — ¢ xl, sy Tpq, yn)lz d

where K(B) = 5n(f — 1/2 2 af 0< [3 < 1/2 and
KPB)==p —1/2)2 if 12<p<1.

Now let E be a simultaneous extension mapping for R%
and E¢ = w. Then

lo(x) — 9(2q, - .-, Tuoq, Yo)|?
[[ |z, l_yl1+2p . dy, dx

* IW —W.’Bl, s ooy Tpq, yn)lz
<f;;nf Ix—yl’“‘* dy, dz

_ ® |w(x) — ®(X1y ooy Tao1, T + )2
_ﬁf e dt, dx

s ey Tnty t
= M(n, B) ﬁn n,.lW(x) w(Z, |t|n+2B 1 T+ 6)? dt dx

dp,nn(Eo D,u) =

Jr: o

where
[M(n, B)]7* = feuuld + & + - + 22, |~H2BR dg
_ .n.(n—l)IZ[‘(ﬁ + 1/2).
['(B + n/2)
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[f lw(z) — w(Ty, ..., Tooy, To + )2 d dw]llz

TRE

? ' IW(SC)—W(.’EI +t1/2’ x2+t2/27 - '9xn+tn/2)i2d d v

S []}\n R® ltl"Jrzﬁ ! x]
|w(@y 4 t1)2, 22 + /2, ..., 2, + t.[2) E 1/

h —_ w(xb s ooy Tpy Ty 'l_ tn)
+ (R" {l‘\" |t|"+2p dt dx
_ oi— Iw [w(z) — w(y)|® e

=2 p[JRn an .’E . y|n+2@ dx dy]

LIVIB,K&-

since E 1s a simultaneous extension mapping. By density of
the class of ¢'s considered, the proof is complete.

Remark. — Corollary 5.1 shows that for Lipschitzian graph
domains VTEISO’(D) and Theorem 5.2 gives the opposite
inclusion for mt — [mt] == 1/2. The p = 2 case of Theorem
5.2. p. 322, [19] states that for m=1,t=1/2, and D a
bounded domain with smooth boundary, V,, is strictly
contained in f’},”(D) with a stronger topology. An example
will now be given which shows that for D = (0,1), m any
posmve integer, and mt =1+ 1/2 where 1=0,1,...,m — 1,
V. is strictly contained in P! 4+12(0,1) with a stronger topology

Example5.1. — Let ¢ e C*(0,1) be such that 0 < {(z) <1,
Y(z) =1 for z<<1/3, and {(z) =0 for z>2/3. Let

u(r) = z'{(xz) where ! is a non-negative integer. Then
Jirare,0,0(u l'jm ~ldz = .

It will now be verified that u e P}+/2(0,1).

For ¢e(0,1/4] let YA, =yeC(R!) be such that
0<yl@) <1, @) =0 for 2<0, y(z) =1 for x>,
and |y®(z)] << Ci,e™* where C, is a constant depending only
on k (cf. [2], § 1, Lemma 1). Denote by ¢ the restriction
of y to (0,1). Then by a simple version of the argument used

to verify (5.4) in the proof of Theorem 5.1, cpuePo(O 1)
for any positive integer m and so qouePl‘"l’z(O 1). Then,
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by the same method as employed in the proof of Lemma 5.1,
it 1s sufficient to prove that |¢u|,1y/5,0,1) 1S bounded uni-

formly in ¢ in order to conclude that ue f""‘l/z(O 1). More-

over, since for a << f3, Pﬁ (0,1) < Pa (0,1), |9u|i+1/2,0,1) 1s boun-
ded unlformly m e if

l l
(5.11) f f |D'(pu) ]x—13/)|§?u)(y)|2dxdy<M

and

(642) [ D))t de <M, 0<k<L

where M, M, are independent of .
To obtain (5.12) it is sufficient to note that

foe|D"(9°u)(zzr)|2 de = f: é}o < I: > (—l—:ﬁc—'ﬁ——)' ¢O(z) 2! —F

N l! " 2 2.21—2k
<2,§,[( > Ik F i)!] Cre
and !> k. To verify (5.11), first observe that

f f * |DY(gu)(z) — D‘(?ux I 4z dy
0 Jo |.'l: o y

Sl [y

and that for each k& the integral on the right does not exceed

2
dz

€ k
9 Cae-2 f fo IIZ = .ZI d dy + 2C2,, < 2K2C2 + 2C2,,.

It remains only to observe that

f f [D(¢u)(z) — Dew)®)E ;. dy
|z — y[?

| LN\, @l
e U3 1 —ki_\a k)my? (y)I
<-[of e —oP do

+ Kf;fl,:[m%q»u)(w)lz + [uO(y)2] dz dy
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and the last integral is appropriately bounded by (5.12).
Finally,

-3 (4 )5

k=0

€ 1/3 d d
— i
fo fe |z —y2 . Y

< 2§f 1 — )l — ) dy

+ 3 [ )r [ weowre — v af

<29 [(e—y) dy
(

# S [(4) AT et [ire— o

which is obviously bounded and the example is complete.
A domain D c R" will be said to be C''-bounded convex if :

(5.13) to each point ze D there corresponds a neighborhood
T of z and a homeomorphism T of class C'* of T onto
a neighborhood M = T(7%) c R* of the point y = Ta such
that Ton D = T3(KnIM) where K 1is a fixed bounded
convex domain.

Note in particular that if D is C'!-bounded convex, then
D is a bounded Lipschitzian graph domain.

Tueorem 5.3. — Let m be a positive integer and if m = 1,
assume that D 1is a C''-bounded convex domain while if
m > 1, assume that D is a bounded domain of class C2".
Let V,=Pm™D)nPrD) and V,=PyD). Then for
0< 1K<, .

V. = P"(D) n P§(D)
with an equivalent norm.

Proof. — Letting I be the identity mapping on P™(D)
one has that I: PP(D)—Pm(D) is continuous and I:

P2"(D) n ISZ'(D) — P2(D) is continuous. Thus by quadratic
interpolation, . .
V: ¢ P™™(D) n Pg(D).

Let P be the orthogonal projection of lv)”‘(D) onto Pr(D).
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Then P: P"(D) — P(D) is continuous and onto. Now let
ueP?D) and Pu = uy,. Then

(u — g, )up =0  forall oePXD).

Thus u, is a weak solution of the equation

5 (=0 ) = 3 (=07 ) Arue L2(D),
k=0 k=0
A = Laplacian.

According to the regularity results of Nirenberg [21], Agmon
[3], Ch. 9, for m > 1, and Kadlec [11] for m = 1, u, « P*»(D).
Hence P maps 132m(D) onto f’z"'(D) n ISZ'(D) continuously
(by the closed graph theorem). So by quadratic interpolation,
P: P+ (D) - V. is continuous. Since PI=1 on PJD),
ue Pmm(D) n PA(D) implies Plu = ue V..

6. Singular Perturbation of Dirichlet Problems.

Let D be a domain in R" and let m', m be positive
integers with m’' > m. If m =1, D is assumed to be C!'—
bounded convex (cf. 5.43) while if m > 1, D 1s assumed to

be a bounded domain of class C2". For o, welv)”"(D), let

alv,w)= 3 [ ayx)DyDw da

libijl<m’

where a; e CH(D) and for v, we P"(D), let
bly, w) = X jD bij(x)Djv_D?v dz

likljl<m

where b; e C¥(D). Further assume
(6.1) there exists B > 0 such that

|b(e, 9)] > Ble2p  forall  ¢ePR(D);
and

(6.2) for 0 <<e< g, there exist a(e) >0, alc) >0 as
€0, and &> 0 such that

lea(e, ¢) + b(e, ¢)] > a(e)|9|tp + Sl¢jtp forall ¢ePr(D).
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Consider the formal differential operators

U= 3 (— 1)"DyayD;")
libljl<m’
and

$= 3 (= 1)"Dyb;D;).
libijl<m
Let A, be the operator in L3(D) associated with
ea(y, w)+ ble, w). 1e. cea(e, w)+ bly, w) = (A, W)op-
Then for we Cy (D),

(6.3)  ea(y, w) + ble, w) = < (U + B)o, w >

where << (U + )¢, @ > denotes the value of the distri-
bution (U + B)¢ at ®w. Now, if ¢ e D(A,), the functional
w—> < (U + R, > is continuous on Cg(D) in the
topology of L2(D). So (U 4 B)oeL?D). Moreover,
v e D(A;) implies that

(Aew, w)op = ea(v, w) + b(o, w) = ((<U 4 B)o, w)op

for all we Cy(D) and hence for all we Pr(D). Conversely,
if pePr(D) is such that (eU + B)p e L(D), then (6.3)
gives ve D(A,). Thus D(A,) ={v e P(D): (U + B)¢ « L¥(D)}
and for veD(A,),

Ay = (U + R)o.

Now |Awlop 1s equivalent to (|¢|3p + |Aw|Sp)'? on
D(A,), so let |¢|pw) = |Ae#lop- Then since gy, b;; e C(D),
it is apparent that P?(D)nPy(D)cD(A,). Thus |Agslen
is not stronger than |¢|gwp on P2™(D)n Py(D) which will
be written

(6.4) |Awlop 3 |9lawp on  P2(D)n Pr(D).

Similarly, the operator in L23(D) associated with b(y, w)
is given by # with domain equal to {ve 133'(D) : By e L3(D)}.
Henceforth % will denote the operator in L2#(D) associated
with b(¢, w) rather than the corresponding formal differential
operator. Furthermore the regularity results of [21], [3],
Chapter 9, for m > 1, and [11] for m =1 state that
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D(®) = P*(D) n P™(D) and
(6.5)  |Bolop ~ |¢lamp on  P2m(D)n PR(D)

where ~ 1s read « 1s equivalent to ».

Now for ! a positive integer, let P—(D) be the completion
of L*D) in

o]0 = sup{|(¢, ®)ool : w « P4(D) and |w],p < 1}.

1.,)_[([)) can be realized as a space of distributions on D and

is topologically isomorphic to the dual of Pi(D). Then,
using (6.2,) it is easy to verify that for ¢ e (0, ¢] there exists
K(e) > 0 such that

a(e)|¢lmp < |AS|—mp < K(€)|9|wp forall ¢eD(A,).

Thus A, may be extended by continuity to a topological
isomorphism of PJ'(D) onto P—(D). Denoting this exten-
sion by A,

(6.6) |Ae¢|—mp ~ |¢9lwp on  Pr(D).

Similarly # may be extended by continuity to a topological

isomorphism of PZ(D) onto P—™(D). Denoting this extension
by &,

(6.7) |B]—np ~ |¢lnp on  P(D).
Now let @ be the operator in P7(D) associated with

a(v, w) relative to b(e, w), l.e. a(y, w) = b(Ay, w).

Prorosition 6.1. — Assume hypotheses (6.1) and (6.2.).
Then

Pi"-m(D) c D().
Proof : (6.4), (6.6), Theorem 5.2 and duality give,
(68)  [Acl-mp 3 [olswmp on  P&(D),

by quadratic interpolation.

Now, (6.7) yields

|8 1%|pp ~ |#|_mp on  P-m(D)
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and for we I‘S—”‘(D), Blw e IV)Z'(D). Hence, letting w = Ay
n (6.8),

(6.9) |B7A8|md ~ |A®|—np 3 |9l2m—mp on PE*—m(D).
By (4.6), $'A,ce@ + 1 and by Lemma 4.1,
D(A,) = D(8A,)

is dense in D(A). Moreover the norm on D(A) is equivalent
to (|¢|ap + |(e& + I)¢|2p)*2. The proposition follows.
Let f, f. be given in L3(D), 0 <e<¢. Let u be the

unique solution in P7(D) of
(6.10)  b(u, ¢) = (f, #)o.p for all v e P2(D).
Equivalently, u is the unique solution in
D(®) = P*(D) n P(D)
of
RBu = f.

For each ¢ (0, ¢], denote by w, the unique solution in

Pr(D) of
(6.11) ea(we, ¢) + b(we, v) = (f,9)op  forall ¢ ePg(D).
Then w, is the unique solution in D(A,) of
Aw, = (U 4+ B)w, = .

Further, for each e¢e (0, ¢], let u, be the unique solution

in PM(D) of
(6.12) ea(u,, v) + b(ue, ¥) = (fi, ¥)op forall ¢ePF(D),
1.e., u. 1s the unique solution in D(A,) of
A, = (U 4 By, = f..

Taeorem 6.1. Assume hypotheses (6.1), (6.2), (6.10), and
(6.12). Then one has:

1)if m ' =m and |f. — floo = 0(c) as €| 0, then

|ue — u|np = 0(¢) as ey 0;
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i) if m" > m and |f. — flop = o(€¥) for all T << 1/4(m' — m)
as ¢} 0, then ‘

|ue — ulpp = 0(¢7) for all ©<<1/4(m’ — m) as ¢|0.
Proof. — Let @& be the operator in IV’K'(D) associated with
a(y, w) relative to b(¢, w). Thenif m' = m, @ is a bounded
operator on Pg(D), and 1) follows from Theorem 4.1, 1).
Solet m' > m, H; = P§"™(D), V, = D(Q), and

H, = V, = P3(D).
Then by Proposition 6.1, Hlfvn and so by quadratic
interpolation, HTEVT for all 7€ [0,1]. Since u, the solution

of (6.10), is in P2"(D) n P2(D), Theorem 5.2 gives both that
uePgD) and P%D) is an interpolation space by quadratic
interpolation between H; and H, for all « such that
m<La<<m+1/2. Thus ueH;cV, for all = such that
2(m' — m)r < 1/2, 1e., 1 <<1/4(m' — m). 1) now follows
from Theorem 4.1, ).

Tueorem 6.2. — Let m’ > m and assume that D s a
bounded domain of class C2™. Let b(y, w) be Hermitian

symmetric with b(v, ¢) > Blo|ip, B >0, for all ve Pz(D),
and let a;, b;eC™*CLUND). Further assume hypotheses
(6.2), (6.10), and (6.11). Then for any vy, © such that
0 <y << 1/4(m' — m),

|we — Ulmt2ym—m,p = 0(¢777) as e 0.

In particular, w.—> u in P*D) for all « such that
m<a<<m+1/2

Proof. — Since D is a bounded domain of class C*™, the
regularity results of [21], [3], Chapter 9, state that for each

ee (0, ¢,], D(A;) = D(AY) = P*™(D) n P¥(D) and
(6.13) |A&lop ~ |A%lop ~ |9lewp on  P2(D)n PF(D).
Then (6.6), (6.13), Theorems 5.2, 5.3, and duality yield,

v

|A#|—mp ~ |¥lam—mp on  P2-m(D)n P(D).
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Hence the argument used in the proof of Proposition 6.1 gives
D(@) = P*-m(D) n Pg(D). 5

Now let @’ be the operator in Pg(D) associated with
a*(v, w) relative to b*(v, w) = b(v, w), 1.e., a*(v, w) = b(A'¢, w).
Then by using (4.12), Lemma 4.2 and the method of the
preceding paragraph, one obtains D(A') = lv”""“"‘(D) n (D).
Thus Theorem 4.2 is applicable. '

It now follows from Theorems 5.2 and 5.3 that for
0 <7 < 1/4(m’" — m), the interpolation spaces by quadratic
interpolation between V, = D(@) and V, = P3(D) are the
spaces Pmm-m(D) n P2(D). Since ue P"(D)n PF(D), ue V,
for all 7= <<1/4(m’ — m). The theorem now follows from
Theorem 4.2.

The following theorem is readily proven by the methods
of this chapter. It supplements the results of Huet [9] and
Ton [22] with p = 2 and homogeneous Dirichlet boundary
conditions. The assumptions on D and the right hand side
of the equation are, for the most part, weaker here.

Tueorem 6.3. — Let D be a bounded Lipschitzian graph
domain and assume that for 0 << e < ¢, there exist n(e) > 0,
n(e) >0 as €0 and w >0 such that

leb(o, ¢) + (¢, )onl =n(e)lol2n + wleio  for all ¢ <Py(D).
Let f, f. e LZ(VD), 0 <e<Ce. Let u. bethe unique solution in
D(®) = {¢e P§(D): Buel?(D)} of

eBue + u. = [,
and let w. be the unique solution in D(®B) of

eBw, + w, = f.

Then one has:

i) if for some ae[0, 2m), feP*D), J.po(f) < o, and
Ife — flop = 0o(e**™) as €0, then

[ue — flo,p = o(e*®")  as £} 0;
ii) if fePyD) and |f. —floo = O(c) as ¢}0, then
lue — flop = O(e)  as  e|0;
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i) if b(v, w) is Hermitian symmetric and for some a« e (0,2m],
feP4D) and J,po(f) < o, then for any ye (0, «],
lwe — flyp=10(cf) as €}0 where B=(a—7)2m;
iv) if D s of class C2™, b;eCr=x(iHiXD) and for some
ae (0, m], fe P4D) and J,»(f) < , then for any ye (0, ],
lwe — flyp = o(eF)  as e[ 0 where B = (a — ¥)2m;
v) if D is of class C2", b; e C™=(iUXD) and for some
« e [m, 2m], fe P*D) n PXD), then for any ye (0, a],
|we — fly.p = o(e®) as ey0 where B = («—7Y)2m.

If m =1,1v) and v) remain true for D a C'?-bounded convex
domain.

Some examples will now be given to indicate the degree
of precision of the methods of this paper. The calculations
are elementary but tedious and are omitted.

Ezample 6.1. — Let D = (0,1), let w, be the unique
solution in P4D) n PYD) of

(e &£ ﬁ) we=1,  w(0) = wi(0) = wi(l) = wi(1) = 0
dz*  da?
and let u be the unique solution in P2?(D) n PYD) of
—u" =1, u(0) = u(1) = 0.
Direct calculation gives
e w, — ulyp = 1/2 + o(1) as e} 0
while Theorem 6.1 gives
|we — ulyp = o(¢7) for all T << 1/4 as e} 0.

Ezample 6.2. — Let D = (0,1) and let w. be the unique
solution in P2(D)n PLD) of

— ew, + we = 1, we(0) = we(1) = 0.

Theorem 6.3. gives w, —1 in P*D) for all « < 1/2. By
calculating the solution and using the inequality, = < sinh =z
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for x>0, one obtains,
C(1,1/2)dyo(we — 1) > K(e) where K()—>2 as ¢]0.

So w, does not converge to 1 in 131’2(D) even though the

norm of P'2(D) is strictly weaker than the interpolation
norm of V,;,. Thus Theorem 6.3 in fact gives the strongest
potential norm in which one can expect convergence of w,

to f for f an arbitrary element of C>(D).

Ezample 6.3. — Let D = (0,1) and consider the following
« intermediate » problem.

el BN 1 w(0) = wl(0) = wi(1) = wi(1) =0
dx‘ dmz € ’ € € € € ’
—u" =1, u0)=u(l)=0.
Direct calculation gives

M, — uln— 2 4 (1) a5 e}0,
and

e Mw, — ulyp =1+ o(1) as ¢|0.

It 1s not difficult to work the interpolation problem directly
in this case to obtain V, = P§D), V,, = P%(D)n P}D),
and that Theorems 4.1 and 4.2 give,

|we — uly,p = o(¢7) for all T < 3/4,
and
[we — uls,p = o(e¥71/2) for all 1 < 3/4.

In conclusion, a comment on singular perturbation of Neu-
mann problems (i.e. the coercivenessinequalities (6.1) and (6.2)
are assumed over 13"'(D) and lv)""(D) respectively) is in
order. If D 1is a bounded smooth domain, a(y, ¢) > 0 for
all ve lv)""(D), and there exists [ >0 such that
b(v, v) > Blelip forall ve P™(D), then the rates of conver-
gence in the problems corresponding to theorems 6.1 and 6.2
are faster than for the Dirichlet problems. This is easy to see,
even without having a characterization of the higher order
interpolation spaces. For, in this case, D(A¥2) =V,,, = f’""(D)
for any ee (0, g]. Assuming that f and the coefficients of
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a(v, w) and b(v, w) are smooth enough, the results of Gris-
vard [7] and the methods of this paper yield, |w.—u|, p=0(¢)
for all = <<(2m' —2m 4 1)/4(m" — m), and w.—u in
P*D) for all a such that m <Ca<m’ + 1/2. Similar
results follow for problems in which V and V, are obtained

by other homogeneous boundary conditions as in [3],
Chapter 10.
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