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RATIONAL POINTS OF QUIVER MODULI SPACES

by Victoria HOSKINS & Florent SCHAFFHAUSER (*)

ABSTRACT. — For a perfect base field k, we investigate arithmetic aspects of
moduli spaces of quiver representations over k: we study actions of the absolute
Galois group of k on the k-valued points of moduli spaces of quiver representations
over k and we provide a modular interpretation of the fixed-point set using quiver
representations over division algebras, which we reinterpret using moduli spaces of
twisted quiver representations (we show that those spaces provide different k-forms
of the initial moduli space of quiver representations). Finally, we obtain that stable
k-representations of a quiver are definable over a certain central division algebra
over their field of moduli.

RiESUME. — Etant donné un corps parfait k et une cloéture algébrique k de k,
les espaces de modules de k-représentations semistables d’un carquois @ sont des
k-variétés algébriques dont nous étudions ici les propriétés arithmétiques, en par-
ticulier les points rationnels et leur interprétation modulaire. Outre les représen-
tations & coefficients dans k, apparaissent naturellement certaines représentations
rationnelles dites tordues, a coefficients dans une algebre a division définie sur k
et qui donnent lieu a différentes k-formes de la variété des modules initiale. En
guise d’application, on montre qu’une k-représentation stable du carquois @ est
définissable sur une algeébre a division centrale bien précise, elle-méme définie sur
le corps des modules de la représentation considérée.
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1. Introduction

For a quiver @ and a field k, we consider moduli spaces of semistable
k-representations of @ of fixed dimension d € NV, which were first con-
structed for an algebraically closed field k using geometric invariant theory
(GIT) by King [10]. For an arbitrary field &, one can use Seshadri’s exten-
sion of Mumford’s GIT to construct these moduli spaces. More precisely,
these moduli spaces are constructed as a GIT quotient of a reductive group
Gq,q acting on an affine space Repg, 4 with respect to a character xy de-
termined by a stability parameter § € ZY. The stability parameter also
determines a slope-type notion of #-(semi)stability for k-representations of
@, which involves testing an inequality for all proper non-zero subrepre-
sentations. When working over a non-algebraically closed field, the notion
of f-stability is no longer preserved by base field extension, so one must
instead consider §-geometrically stable representations (that is, representa-
tions which are #-stable after any base field extension), which correspond
to the GIT stable points in Repg, ; with respect to xs.

We let M9 7% (resp. Me i) denote the moduli space of §-semistable
(resp. 6- geometrlcally stable) k-representations of () of dimension d; these
are both quasi-projective varieties over k£ and are moduli spaces in the sense
that they corepresent the corresponding moduli functors (cf. Section 2). For
a non-algebraically closed field k, the rational points of M%Tdfl ® are not nec-
essarily in bijection with the set of isomorphism classes of #-geometrically
stable d-dimensional k-representations of ). In this paper, we give a de-
scription of the rational points of this moduli space for perfect fields k. More
precisely, for a perfect field k&, we study the action of the absolute Galois
group Gal, = Gal(k/k) on Me o (k k), whose fixed locus is the set ./\/l‘g 4 (k)
of k-rational points. We restrlct the action of Galy to /\/l(9 7% C Mg ;S,
we can use the fact that the stabiliser of every GIT stable pomt in Repg 4
is a diagonal copy of G, denoted A, in Gg 4 (cf. Corollary 2.14) to de-
compose the fixed locus of Galy acting on Me J%(k) in terms of the group
cohomology of Galy with values in A or the (non—Abelian) group Gg 4.
More precisely, we obtain the following decomposition of the set of rational
points, indexed by the Brauer group Br(k) of k.

THEOREM 1.1. — For a perfect field k, let

T e MY (k) — H*(Galp; k™) = Br(k)
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be the type map introduced in Proposition 3.4. Then there is a decompo-
sition
M0 = | uRep (B /uGo.a(F)O
[cu]€EIMm T

where , Repyy;* (k k)Galk |, G a(k)%al is the set of isomorphism classes
of 9—geometr1ca]1y stable d-dimensional representations of () that are k-
rational with respect to the twisted Galg-action ®* on RepQ7d(E) defined
in Proposition 3.10.

Next we give a modular interpretation of the decomposition above, by re-
calling that Br(k) can be identified with the set of central division algebras
over k. We first prove that for a division algebra D € Br(k) to lie in the
image of the type map, it is necessary that the index ind(D) := /dimy (D)
divides the dimension vector d (cf. Proposition 3.12). As a corollary, we
deduce that if d is not divisible by any of the indices of non-trivial central
division algebras over k, then ./\/la gs(k) is the set of isomorphism classes
of d-dimensional k- representatwns of Q). We can interpret the above de-
composition by using representations of () over division algebras over k.

THEOREM 1.2. — Let k be a perfect field. For a division algebra D &
Im7T C Br(k), we have d = ind(D)d, for some dimension vector dp, €
NV and there is a modifying family up and smooth affine k-varieties
RepQ’d/D p (Tesp. Gq.a,, p) constructed by Galois descent such that

Repg 4, p(k) = @ HomMod(D)(DdD"(“) ,Dpn@) =, Repg (k)™

acA
and
Gq.a,.p(k) = [] Autatoany(D2) =, G ak)S.
veV

Furthermore, we have a decomposition

MG 77 ( |_| Rede/ p(k)/Gq.a,,p(k),

Delm T

where the subset indexed by D is the set of isomorphism classes of d’,-
dimensional §-geometrically stable D-representations of Q.

For example, if k = R < k = C, then as Br(R) = {R,H}, there are
two types of rational points in /\/lo gS(R), namely R-representations and
H-representations of @) and the latter can only exists if d is divisible by
2 = ind(H) (cf. Example 3.23).

TOME 70 (2020), FASCICULE 3
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We can also interpret Br(k) as the set of isomorphism classes of Gy,-
gerbes over Speck, and show that the type map 7 can be defined for
any field k£ using the fact that the moduli stack of 6- geometrically stable
d-dimensional k-representations of @ is a G,,-gerbe over ./\/l 9% (cf. Corol-
lary 4.6). For any field k, we introduce a notion of twisted k- representat1ons
of a quiver @) in Definition 4.7, analogous to the notion of twisted sheaves
due to Cildararu, de Jong and Lieblich [4, 9, 13], and we describe the mod-
uli of twisted quiver representations. In particular, we show that twisted
representations of () are representations of ) over division algebras, by
using Caldararu’s description of twisted sheaves as modules over Azu-
maya algebras; therefore, the decomposition in Theorem 1.2 can also be
expressed in terms of twisted quiver representations (cf. Theorem 4.12).
Consequently, we construct moduli spaces of twisted #-geometrically stable
k-representations of @ and show, for Brauer classes in the image of the
type map 7T, that these moduli spaces give different forms of the moduli
space M%Tf 3

THEOREM 1.3. — For a field k with separable closure k°, let o : X —
Speck be a G,,-gerbe over k and let D be the corresponding central di-
vision algebra over k. Then the stack of a-twisted 0-geometrically stable
d’-dimensional k-representations

9 0
amQ j’sk = [RePQ c%sD /Gq.a,p]
is a Gy,-gerbe over its coarse moduli space
9
Mqgip = RepQ #.0/GqQ.a.p
(in the sense of stacks). The moduli space MQfg,sD is a coarse moduli

space for:

(1) the moduli functor of 6-geometrically stable d'-dimensional D-repre-
sentations of ), and

(2) the moduli functor of a-twisted 8-geometrically stable d'-dimensio-
nal k-representations of ().

If, moreover, D lies in the image of the type map T, then d = ind(D)d’
for some dimension vector d’ and Mgf(f,s p is a k-form of the moduli space
0—gs
M-
As an application of these ideas, we define a Brauer class which is the
obstruction to the existence of a universal family on /\/lg 7% and show that

this moduli space admits a twisted universal family of qulver representa-
tions (cf. Proposition 4.18).

ANNALES DE L’INSTITUT FOURIER
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The structure of this paper is as follows. In Section 2, we explain how
to construct moduli spaces of representations of a quiver over an arbitrary
field k following King [10], and we examine how (semi)stability behaves
under base field extension. In Section 3, we study actions of Galy for a
perfect field k and give a decomposition of the rational points of MOQT(:?S
indexed by the Brauer group, using only elementary considerations from
group cohomology. In Section 4, we see the benefit of rephrasing the work
of Section 3 in the more sophisticated language of stacks and gerbes, which
gives a quicker and more conceptual way to understand the arithmetic as-
pects of quiver representations over a field (Theorem 4.12). In particular,
we interpret our decomposition result using twisted quiver representations
and show that moduli spaces of twisted quiver representations give dif-
ferent forms of the moduli space ngfs. Finally, in Section 5, we apply
Theorem 1.2 to briefly discuss the classical problem of fields of moduli vs.
fields of definition in the context of quiver representations.

Notation. — For a scheme S over a field k and a field extension L/k,
we denote by S the base change of S to L. For a point s € S, we let
k(s) denote the residue field of s. A quiver @ = (V, A, h,t) is an oriented
graph, consisting of a finite vertex set V, a finite arrow set A, a tail map
t:A—Vandahead maph: A — V.

Acknowledgements. We thank the referees of a previous version of this
paper, for suggesting that we relate our results to twisted quiver represen-
tations and the referee of the current version for observations that have
helped improve the paper. V.H. would like to thank Simon Pepin Lehalleur
for several very fruitful discussions, which helped turned the former sug-
gestion into what is now Section 4.

2. Quiver representations over a field

Let @ = (V, A, h,t) be a quiver and let k be a field.

DEFINITION 2.1. — A representation of @ in the category of k-vector
spaces (or k-representation of @) is a tuple

W .= ((Wv)v€V7 (ﬁpa)aeA)

where:

e W, is a finite-dimensional k-vector space for all v € V;
® 0o Wia) — Wi(a) is a k-linear map for all a € A.

TOME 70 (2020), FASCICULE 3



1264 Victoria HOSKINS & Florent SCHAFFHAUSER

There are natural notions of morphisms of quiver representations and
subrepresentations. The dimension vector of a k-representation W is the
tuple d = (dimg Wy)yev; we then say W is d-dimensional.

2.1. Slope semistability

Following King’s construction of moduli spaces of quiver representations
over an algebraically closed field [10], we introduce a stability parameter
0 := (0,)vev € ZV and the associated slope function pg, defined for all
non-zero k-representations W of @, by

ZUEV QU dimk Wv
ZUEV dimy W,
DEFINITION 2.2. — A k-representation W of Q is:
(1) B-semistable if ug(W') < po(W) for all k-subrepresentation 0 #
W' cw.

(2) B-stable if ug(W') < pg(W) for all k-subrepresentation 0 # W' C
w.

(3) f-polystable if it is isomorphic to a direct sum of §-stable represen-

€ Q.

1o (W) := (W) :=

tations of equal slope.

The category of f-semistable k-representations of () with fixed slope p €
Q is an Abelian, Noetherian and Artinian category, so it admits Jordan—
Holder filtrations. The simple (resp. semisimple) objects in this category
are precisely the stable (resp. polystable) representations of slope p (proofs
of these facts are readily obtained by adapting the arguments of [23] to
the quiver setting). The graded object associated to any Jordan—Holder
filtration of a semistable representation is by definition polystable and its
isomorphism class as a graded object is independent of the choice of the
filtration. Two f-semistable k-representations of () are called S-equivalent
if their associated graded objects are isomorphic.

DEFINITION 2.3. — Let W be a k-representation of k; then a k-subrepre-
sentation U C W is said to be strongly contradicting semistability (scss)
with respect to 0 if its slope is maximal among the slopes of all subrepre-
sentations of W and, for any W/ C W with this property, we have U C
W =U=W.

For a proof of the existence and uniqueness of the scss subrepresen-
tation, we refer to [17, Lemma 4.4]. The scss subrepresentation satisfies

ANNALES DE L’INSTITUT FOURIER
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Hom (U, W/U) = 0. Using the existence and uniqueness of the scss, one can
inductively construct a unique Harder—Narasimhan filtration; for example,
see [17, Lemma 4.7].

We now turn to the study of how the notions of semistability and stability
behave under a field extension L/k. A k-representation W = (W,)pev,
(¢a)aca) of @ determines an L-representation L @, W := ((L ® Wy)vev,
(Idr, ®@a)aca) (or simply L ® W), where L ®; W, is equipped with its
canonical structure of L-vector space and Idy ®yp, is the extension of the
k-linear map ¢, by L-linearity. Note that the dimension vector of L ®; W
as an L-representation is the same as the dimension vector of W as a k-
representation. It can then be proved following for instance the proof of
the analogous statement for sheaves given in [12, Proposition 3] and [8,
Theorem 1.3.7], that semistability of quiver representations is invariant
under base field extension:

PROPOSITION 2.4. — Let L/k be a field extension and let W be a k-
representation. For a stability parameter § € 7V, the following statements
hold.

(1) If L ®, W is O-semistable (resp. f-stable) as an L-representation,
then W is 0-semistable (resp. 0-stable) as a k-representation.

(2) If W is 0-semistable as a k-representation, then L ®; W is 6-
semistable as an L-representation.

Moreover, if (W")1<i<; is the Harder-Narasimhan filtration of W, then
(L ®k W) 1<i<i is the Harder-Narasimhan filtration of L @y W.

Remark 2.5. — Part (2) of Proposition 2.4 is not true if we replace
semistability by stability, as is evident if we set K = R and L = C: for a
f-stable R-representation W, its complexification C ® W is a 6-semistable
C-representation by Proposition 2.4 and either, for all C-subrepresentations
U C C®W, one has u§(U) < p§(C® W), in which case C ® W is actu-
ally f-stable as a C-representation; or there exists a C-subrepresentation
U C L®W such that u§(U) = pu5(C ® W). In the second case, let 7(U)
be the C-subrepresentation of C ® W obtained by applying the non-trivial
element of Aut(C/R) to U. Note that 7(U) # U, as otherwise it would
contradict the f-stability of W as an R-representation (as in the proof of
Part (2) of Proposition 2.4). It is then not difficult, adapting the argu-
ments of [16, 20], to show that U is a f-stable C-representation and that
CeoW ~U®7(U); thus C® W is only 8-polystable as a C-representation.

This observation motivates the following definition.

TOME 70 (2020), FASCICULE 3
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DEFINITION 2.6. — A k-representation W is f-geometrically stable if
L ®, W is O-stable as an L-representation for all extensions L/k.

Evidently, the notion of geometric stability is invariant under field ex-
tension. In fact, if & = k, then being geometrically stable is the same as
being stable: this can be proved directly, as in [8, Corollary 1.5.11], or as a
consequence of Proposition 2.11 below. This implies that a k-representation
W is f-geometrically stable if and only if k ®; W is 6-stable (the proof is
the same as in Part (2) - Case (iv) of Proposition 2.4).

2.2. Families of quiver representations

A family of k-representations of () parametrised by a k-scheme B is a
representation of () in the category of vector bundles over B, denoted & =
(E)vevs (Pa)aca) — B. For d = (dy)vey € NV, we say a family &€ — B
is d-dimensional if, for all v € V', the rank of &, is d,. For a morphism of k-
schemes f : B’ — B, there is a pullback family f*& := (f*&,),ecv over B'.
For b € B with residue field x(b), we let & denote the k(b)-representation
obtained by pulling back £ along u, : Spec k(b) — B.

DEFINITION 2.7. — A family & — B of k-representations of ) is called:

(1) f-semistable if, for all b € B, the x(b)-representation &, is 0-semi-
stable.

(2) 6-geometrically stable if, for all b € B, the r(b)-representation &, is
f-geometrically stable.

For a family &€ — B of k-representations of @, the subset of points
b € B for which &, is 6-semistable (resp. 6-geometrically stable) is open;
one can prove this by adapting the argument in [8, Proposition 2.3.1]. By
Proposition 2.4 and Definition 2.6, the pullback of a f-semistable (resp.
0-geometrically stable) family is semistable (resp. geometrically stable).
Therefore, we can introduce the following moduli functors:

(21)  FY7®:(Schy)™ —» Sets and  F) 7° : (Schy)®® — Sets,

where (Schy)°P denotes the opposite category of the category of k-schemes
and, for B € Schy, we have that Fg;fs(B) (resp. Fg;igs(B)) is the set
of isomorphism classes of -semistable (resp. f-geometrically stable) d-
dimensional families over B of k-representations of Q.

We follow the convention in that a scheme M is a coarse moduli space
for the moduli functor F : (Schy)®® — Sets is F' if it comes equipped

ANNALES DE L’INSTITUT FOURIER
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with a universal natural transformation ¥ — Hom( - , M) inducing bijec-
tions M(Q) ~ F(Q) for all algebraically closed fields Q. When referring
to the first condition only, it will sometimes be convenient to say that M
corepresents the functor F.

2.3. The GIT construction of the moduli space

Fix a field ¥ and dimension vector d = (d,),ey € NV; then every d-
dimensional k-representation of @) is isomorphic to a point of the following
affine space over k

Repg,q = | | Mata, )y -
a€A
The reductive group Gqg.a := [[,cy GLa, over k acts algebraically on
Repg 4 by conjugation: for g = (gv)vev € G and M = (Mg)aca €
Repg 4, we have

(2.2) g-M:= (gh(a)Mag,;;))aer

There is a tautological family ' — Repg, 4 of d-dimensional k-represen-
tations of ), where F, is the trivial rank d, vector bundle on Repg, 4.

LEMMA 2.8. — The tautological family 7 — Repg 4 has the local
universal property; that is, for every family € = ((€,)vev, (¢a)aca) — B
of representations of () over a k-scheme B, there is an open covering B =
UjerB; and morphisms f; : B; —> Repg 4 such that Elp, = fIF.

K2

Proof. — Take an open cover of B on which all the (finitely many) vector
bundles &, are trivialisable, then the morphisms f; are determined by the
morphisms ¢, . ]

We will construct a quotient of the Gg g4-action on Repg 4 via geo-
metric invariant theory (GIT) using a linearisation of the action by a
stability parameter 8 = (0,)yey € ZY. Let us set 0 := (6),cv where
0, = 0y ncy do — Y gey Pada for all v € V; then one can easily check
that 6’-(semi)stability is equivalent to 6-(semi)stability. We define a char-
acter xg : Gg,a — G, by

(23) X9((gv)v€V) = H(detgv)ieiﬁ
veV

Any such character x : Gg,g — G, defines a lifting of the G 4-action
on Repg 4 to the trivial line bundle Repg, 4 xA', where G q4 acts on A

TOME 70 (2020), FASCICULE 3
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via multiplication by x. As the subgroup A C Gg 4, whose set of R-points
(for R a k-algebra) is

(2.4) A(R) == {(tIy )vey : t € R*} = G (R),

acts trivially on Repg 4, invariant sections only exist if Y (A(R)) =
{1gx} for all R; this holds for xg, as >, .y 0;,d, = 0. Let Ly denote the
line bundle Repg 4 xA' endowed with the Gg ¢-action induced by x4 and
by L} its n-th tensor power for n > 1 (endowed with the action of xj). The
invariant sections of L} are xs-semi-invariant functions; that is, morphisms
[ :Repg 4 — Al satisfying f(g- M) = xo(9)" f(M) for all g € Gg,q and
all M € Repg 4.

DEFINITION 2.9. — A point M € Repy, 4 is called:

(1) xe¢-semistable if there exists an integer n > 0 and a G 4-invariant
section f of Ly such that f(M) # 0.

(2) xo-stable if there exists an integer n > 0 and a G q-invariant sec-
tion f of Ly such that f(M) # 0, the action of Gg 4 on (Repg 4)f
is closed and dim, ) (Stab(M)/A, ) = 0, where Stab(M) C
G,4,x(0) 1s the stabiliser group scheme of M.

We denote the set of xg-(semi)stable points in Repg 4 by Repé‘jg(s)s.

Evidently, Repgy’; ** and Repyy; * are G, ¢-invariant open subsets. More-

over, these subsets commute with base change (cf. [14, Proposition 1.14]
and [24, Lemma 2]). Mumford’s GIT (or, more precisely, Seshadri’s exten-
sion of GIT [24]) provides a categorical and good quotient of the Gg 4-

action on Repgy’;**

™ Repl's ™ — Repg g //xs Gq.a = Proj @ HO(Repg 4, L),
n=0

which restricts to a geometric quotient

— :Repyyy” — Repyy° /Gq.a-

W|Repgfd

Given a geometric point M : Spec 2 — Repg, 4, let us denote by A(M)
the set of 1-parameter subgroups A : G,, o — G@,q4,0 such that the mor-
phism G, o0 — Repg 4, given by the A-action on M, extends to A},
As Repg, 4 is separated, if this morphism extends, its extension is unique.
If My denotes the image of 0 € A, the weight of the induced action of
Gm,0 on Lo.alm, is (Xo.0.\) € Z, where (-,-) denotes the natural pairing
of characters and 1-parameter subgroups.

ANNALES DE L’INSTITUT FOURIER
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ProOPOSITION 2.10 (Hilbert—-Mumford criterion [10]). — For a geomet-
ric point M : Spec{) — Repg, 4, we have

(1) M is xg-semistable if and only if (x9,0,A) = 0 for all A € A(M);

(2) M is xg-stable if and only if (xg,0,A) = 0 for all X € A(M), and
(x0,0,A) = 0 implies Im A C Stab(M), where Stab(M) C Gg,q4,0 Is
the stabiliser group scheme of M.

Proof. — If k is algebraically closed and © = k, this is [10, Proposi-
tion 2.5]; then the above result follows as GIT (semi)stability commutes
with base change. O

Before we relate slope (semi)stability and GIT (semi)stability for quiver
representations, let Repg (resp. Repa gs) be the open subset of points
in Repg 4 over which the tautological famlly F is O-semistable (resp. 6-
geometrically stable).

Oss

ProroOSITION 2.11. — For 6 € ZV, we have the following equalities of
k-schemes:
(1) Reply3* = Reply ™"
(2) Repe gs —RerG s,

Proof. — Since all of these k-subschemes of Repg, 4 are open, it suffices to
verify these equalities on k-points, for which one uses [10, Proposition 3.1]
(we note that we use the opposite inequality to King in our definition
of slope (semi)stability, but this is rectified by the minus sign appearing
in (2.3) for the definition of xyg). O

Proposition 2.11 readily implies the result claimed at the end of Sec-
tion 2.1, which we state here for future reference.

COROLLARY 2.12. — A k-representation W' is 0-geometrically stable if
and only if k @ W is -stable. In particular, if k = k, then §-geometric
stability is equivalent to 0-stability.

Finally, we show the existence of coarse moduli spaces of f-semistable
(resp. B-geometrically stable) k-representations of @ for an arbitrary field
k: For an algebraically closed field k, this result is proved in [10, Proposi-
tion 5.2], and for general k, it follows from the results of Seshadri in [24].

THEOREM 2.13. — Thek- Vemet;yj\/l‘9 17 == Repg 4 //xo GQ.d Is a coarse
moduli space for the functor Fe} oe and the natural map Fg:fs(E) —

/\/le 4 (K k) is surjective. Moreover,

Me 95 = Repé‘i;s /GQ@

TOME 70 (2020), FASCICULE 3
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is an open k-subvariety of M%‘)js which is a coarse moduli space for the
functor Fg_dgs and the natural map F, _gs( ) — /\/le 37 (k) is bijective.

We end this section with a result that is used repeatedly in Section 3.

COROLLARY 2.14. — For M € Repy, §°, we have
Stab(M) = AI{(M) - GQ,d,K(M)~

Proof. — Stab(M) C Gg,q,x(n) is isomorphic to Aut(Fyr), where F —
Repg 4 is the tautological family, and F)y is 6-geometrically stable. The en-
domorphism group of a stable k-representation of @ is a finite dimensional
division algebra over k (cf. [8, Proposition 1.2.8]). Let (M) be an algebraic
closure of k(M); then, as k(M) ® Fy is O-stable and (M) is algebraically
closed, End(k(M) ® Far) = k(M). Since k(M) @ End(Fp) C End( (M) ®
Far), it follows that End(Fys) = (M) and thus Aut(Fps) ~

H(M O

3. Rational points of the moduli space

Throughout this section, we assume k is a perfect field and we fix an
algebraic closure k of k. For a k-scheme X, there is a left action of the Galois
group Galy, := Gal(k/k) on the set of k-points X (k) as follows: for 7 € Galy
and z : Speck — X, we let 7z := x o 7%, where 7* : Spec k — Speck
is the morphism of k-schemes induced by the k-algebra homomorphism
7:k — k. As k is perfect, X (k) = X (k)2 where the right side denotes
the fixed-point set the Galg-action on X (k). If Xi= = Speck Xspeck X, then
X7(k) = X (k) and Galy, acts on X7 by k-scheme automorphlsms and, as k
is perfect, we can recover X as X+ / Galg.

3.1. Rational points arising from rational representations
The moduli space M? 0.d 7% constructed in Section 2 is a k-variety, so the
Galois group Galy, := Gal(k/k) acts on MG SS( ) as described above
and the fixed points of this action are the k rational points. Alternat-
ively, we can describe this action using the presentation of ./\/19 o8
as the GIT quotient Repg 4 //xeG@.a- The Galp-action on Repg d(k) =
[loca Matdh(a)xdt<a)(k) and Gg q(k) = Dvev GLy, (k) is given by apply-
ing a k-automorphism 7 € Galy, = Aut(k/k) to the entries of the matrices
(My)aca and (gy)vev. Both actions are by homeomorphisms in the Zariski
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topology and the second action is by group automorphisms and preserves
the subgroup A(k) defined in (2.4). We denote these actions as follows

(31) (I) Galk X RepQ d( ) — Rep( ) (Tv (Ma)aeA) — (T(Ma))ae,q

and
(32) v Galk XGQ@(E) — GQ@(E), (T, (gU)UEV) — (T(g”))ve\/'

They satisfy the following compatibility relation with the action of Gg 4(k)
on Rep, 4(k): for all g € Gg,a(k), all M € Rep(k) and all 7 € Galy, one has

(33) B, (g M) = W, (g) - &, (M)
i.e. the Gg,q(k)-action on Repg 4(k) extends to an action of
Go.a(k) x Galy .
For convenience, we will often simply denote ®,(M) by 7(M) and ¥, (g)
by 7(g).

PROPOSITION 3.1. — The Galg-action on Repg, 4(k) preserves the open
sub-variety Repgy g (s )é(k) Moreover, if My, M, are two GIT-semistable

points whose G a(k)-orbits closures meet in Repgy,**(k), then, for all
T € Galy, the same is true for 7(M;) and 7(Ms).

Proof. — The first statement holds, as the Galg-action preserves the
Xe-semi-invariant functions due to the compatibility relation (3.3), and
moreover, for M € Repg, 4(k) and 7 € Galy,, we have

StabGQ,d(E) (T(M)) = ’T( StabGde(E) (M))
The second statement follows from (3.3) and the continuity of 7 in the
Zariski topology of Repgy’; (k). O

Proposition 3.1 combined with the compatibility relation (3.3) readily
implies that Galy, acts on the set of k-points of the k-varieties /\/l‘9 75 =

Repg 4 //xsG@,a and Me 7" =Re pQ)d * /Gg,q- Explicitly, the Galy- action
on the orbit space Revad ( k)/Gq.a(k) is given by

(3.4) (Gq.a(k) - M) — (Gqua(k) - T(M)).

Since k is assumed to be a perfect field, this Galg-action on the k-varieties
MG °(k) and /\/19 " (k) suffices to recover the k-schemes ./\/le 7% and
/\/l‘9 7% In partlcular the Galj-actions just described on ./\/l‘9 s“’(k) and

/\/le g 9%(k) coincide with the ones described algebraically at the beginning
of the present section.
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Remark 3.2. — We can intrinsically define the Galois action on Repg, 4(k)
by defining a Galg-action on arbitrary k-representations of @ as follows. If
W = (Wy)vev, (©a)aca) is a k-representation of @, then, for 7 € Galy,
we define W7 to be the representation (W, v € V;¢7;a € A) where:

e W is the k-vector space whose underlying Abelian group coincides
with that of W, and whose external multiplication is given by A -,
w:=T7"Y(A)w for A € k and w € W,,.

e The map ¢ coincides with ¢,, which is k-linear for the new k-vector
space structures, as ¢7(\ - w) = do (T Nw) = 77N o (w) =
A T (bg (w)

If p: W — W is a morphism of k-representations and 7 € Galy, we
denote by p” : (W’')™ — W7 the induced homomorphism (which set-
theoretically coincides with p). With these conventions, we have a right
action, as W™ = (W™)". Moreover, if we fix a k-basis of each W,,, the
matrix of ¢7 is 7(M,), where M, is the matrix of ¢, so we recover the Galy-
action (3.1). We note that the construction W —— W7 is compatible with
semistability and S-equivalence, thus showing in an intrinsic manner that
Galy acts on the set of S-equivalence classes of semistable d-dimensional
representations of Q).

By definition of the moduli spaces /\/l0 ¢ and M%_dg  we have natural
maps

(3.5) FE5(k) — MY 3%(k) and  Fo 7°(k) — Mg 3% (k).

where Fe_ss and Fp, 795 are the moduli functors defined at (2.1). As k
is perfect MO ss( ) MG ss( )Galk and MG 99( ) M9 93( )Gml;C

The goal of the present beCthIl is to use this bablC fact in order to un-
derstand the natural maps (3.5). As a matter of fact, our techniques will
only apply to Fefgs( k) — MG " (k), because Me 4" (k) is the orbit
space Repa 7 (k)/Gq.a(k) and all GIT-stable points in Repg, 4(k) have

the Abelian group A(k) ~ k" as their stabiliser for the G, q(k)-action.
Note first that, by definition of the functor F d , we have

F§ #°(k) ~ Repg, §°(k)/Gq.a(k),

so the natural map Fg:igs( ) — Me (k) may be viewed as the map

faat, - Reply 2 (k) /Go.a(k) — (Repl 3°(k)/Gq.a(R) ™"
)-

GQ,d(k) - M — GQ d(E (k Rk M)
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PROPOSITION 3.3. — The natural map Fg;lgs(k) — Mgffs(k) is in-
Jjective.

Proof. — To prove this result, we identify this map with fga;, and we will
show that the non-empty fibres of fga1, are in bijection with the pointed
set

ker( Y(Galg; A(k)) — H'(Galy; Gg.a(k )))

where this map is induced by the inclusion A(k) C Gg a(k). Then the
result follows from this claim, as H!(Galy; A(k)) = {1} by Hilbert’s 90th
Theorem (for example, see [27, Theorem 4.3.1]. It remains to prove the
above claim about the fibres of fgay, . For this we consider Mj, My in
Repo gs(k)c’alk such that Gg q(k) - M1 = Gg,a(k) - M>. Then there ex-
ists g € Gg.a(k) such that g - My = M;. Therefore, for all 7 € Galy, we
have

g7 My=My=1(My) =7(g~" - My) =7(g7") - 7(Mn),

sogr(g~!) € StabGQ,d(E)(Ml) = A(k). It is straight-forward to check that
the map

Bary ., ¢ Galy, — A(), 7+ g7(g7")
is a normalised A(k)-valued 1-cocycle whose cohomology class only de-
pends on the Gg q(k)%**-orbits of M; and M. Thus the cohomology

class [Bar, a1,] lies in the kernel of the pointed map H'(Galy; A(k)) —
H(Galg; Gg.q(k)). Hence, for

[M;] := Gq.a(k) - My € Repyy #°(k)/Gq.a(k),
there is a map
féar, (faan, ([M1])) — ker (H'(Galy; A(k)) — H'(Galy, Gg.a(k)))

sending [Ms] to Bar, a,- We claim this map is bijective. To prove surjec-
tivity, suppose we have al- cocycle v(1) = g7(97 ") € A(k) that splits over
G.a(k); then 7(g~1 - My) = g1 - My, since A(k) acts trivially on My, so
the cocycle 8 defined using M; and M, := g~ - M; as above is equal to
7. To prove that the above map is injective, suppose that the A(k)-valued
l-cocycle B associated to M and Ms := g~'- M; splits over A(k) (i.e. that
there exists a € A(i) such that g7(g~!) = ar(a™?) for all 7 € Galy). Then,
on the one hand, a=lg € Gg 4(k)% as 7(a~lg) = a~lg for all 7 € Galy,
and, on the other hand,

(a'g) - My=g - (a7t M) =g7! - My = My,
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as A(k) acts trivially on Repg 4(k). Therefore,
GQ7d(k‘) . M1 - GQ7d(k) . MQ. D
In order to study the image of the natural map

faa, s Fo® (k) — MG 55 (k)

we introduce a map 7 called the type map, from Me i (k k)Galk to the
Brauer group of k, denoted by Br(k):

(3.6) T My 2 (k) — H*(Galy; k) = Br(k),
which is defined as follows. Consider an orbit

(Gq.a(k) - M) € My (k) = (Reply §° (k) /Gq.a(k) S,

of which a representative M has been chosen. As this orbit is preserved
by the Galg-action, we have that, for all 7 € Galg, there is an element
u, € Gg.a(k) such that u, - 7(M) = M. Note that for 7 = 1gal,, we can
simply take ur = 1g_ ), which we will. Since (1im2)(M) = T (12(M)), it
follows from the compatibility relation (3.3) that,

uplb, M =ri(uy M) =71(u!) (M) = 7(uy )ut - M.

T17T2 T1

Therefore, for all (r,72) € Galg x Galg, the element c¢,(m,72) =
Uz, 71 (Ur, )uy, (Which depends on the choice of the representative M and
the family v := (u;)recal, satisfying, for all 7 € Galg, u, - 7(M) = M) lies
in the stabiliser of M in Gg. 4(k), which is A(k) since M is assumed to be
xo-stable.

PROPOSITION 3.4. — The above map

—1
T1T2

cy : Galg x Galy, — A(k),  (11,72) — Ur, 71 (U, U

is a normalised A (k)-valued 2-cocycle whose cohomology class only depends
on the Gg q(k)-orbit of M, thus this defines a map

T : Mgy 3 (k)9 — H?(Galy; A(k)) ~ Br(k)
that we shall call the type map.
Proof. — It is straightforward to check the cocycle relation
e(11, T2)e(T1m2, 73) = T1(c(T2, 73))c(T1, T2T3)

for all 71,72, 73 in Galg. If we choose a different family v := (ul),cqal,
such that u/. - 7(M) = M for all 7 € Galy, then (u})~!- M =u, - M, thus
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a, = ulu;t € A(k) and it is straightforward to check, using that A(k) is

a central subgroup of Gg 4(k), that

ul () ()T = (anmi(an)azt,) (unm(un)usl,).

Therefore, the associated cocycles ¢, and ¢,/ are cohomologous. If we now

replace M with M’ = g - M for g € Gg q(k), then
(M) =7(g) - 7(M) = 7(g)uz g~ - M’
and, if we set v’ := gu,7(g7!), we have

cw (11,72) = geu(t1,72)g 7" = cu(T1,72),

where the last equality follows again from the fact that A(k) is central in
Gg.q(k). In particular, the two representatives M and M’ give rise, for an
appropriate choice of the families u and v/, to the same cocycle, and thus

they induce the same cohomology class [c,] = [cu]. O

If k is a finite field Fy, then Br(F,) = 0. Other useful examples of target
spaces for the type map are Br(R) ~ Z/2Z and Br(Q,) ~ Q/Z for all prime
p. Moreover, the group Br(Q) fits in a canonical short exact sequence

0— Br(Q) — Br(R)® @ Br(Q,) — Q/Z — 0.

p prime
Remark 3.5. — We note that the type map
T« My 3°(k) — H?(Galy, A(R))
factors through the connecting homomorphism
§: H'(Galy, Gg a(k)) — H?*(Galg, A(k))
associated to the short exact sequence of groups
1—A—Ggq— Gga:=Gga/A—1.
By definition of 7, for a Galg-invariant orbit
Gq.a(k) - M in Mg ° (k)9

we choose elements u, € Gg,q(k) with u; = 1g,, , such that u,-7(M) = M
for all 7 € Galg and then construct a A(k)-valued 2-cocycle ¢, (1, 72) =
Ury T1 (um)u;llm. If we let @, denote the image of u, under the homomor-
phism Gg 4(k) — Gg.a(k), then @ : Gal, — Gg.q(k) is a normalised

1-cocycle, as ur, 71 (ury)uys, € A(k) implies Uy, r, = @y, 71(ir,). Further-
more,

[eu] = o([al)-
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As [e,] is independent of the choice of elements u, and representative M
of the orbit, and ¢ is injective, it follows that

[ﬂ] c H! (Galk, GQ@(E))

is also independent of these choices. Hence, the type map factors as
T = 60T’ where

T’ M (k) — H'(Galy, Gq.a(k)).

This observation will be useful in Section 3.2. Note that, unlike that of T,
the target space of T’ depends on Q.

Remark 3.6 (Intrinsic definition of the type map). — The presentation
of Me gs( ) as the orbit space Reperjs(E) /Gq.a(k) is particularly well-
sulted for defining the type map, as the stabiliser in Gg (k) of a point
in Repe gs(k‘) is isomorphic to the automorphism group of the associated
representatlon of . We can intrinsically define the type map, without using
this orbit space presentation, as follows. A point in Mg 9%(k) corresponds
to an isomorphism class of a 6-geometrically stable k representation W,
and this point is fixed by Galg-action if, for all 7 € Galg, there is an
isomorphism u, : W — W7. The relation W™ ™ = (W™ )™ then implies
that ¢é,(m1,72) := u;L, ulu,, is an automorphism of W. Once Aut(W) is
identified with EX, this defines a k - -valued 2-cocycle ¢, whose cohomology
class is independent of the choice of the isomorphisms (u:)regal, and the

identification Aut(W) ~ k.

We now use the type map to analyse which k-points of the moduli scheme
Manj * actually correspond to k-representations of Q.

THEOREM 3.7. — The natural map Fg;igs( ) — Me 4" (k) induces a
bijection
0—g: > 0—
Fo ° (k) — T7H([A]) € Mg 7°(k)
from the set of isomorphism classes of 0—geometr1ca11y stable d-dimensional
k-representations of () onto the fibre of the type map
T : Mg, 3° (k) — Br(k)

over the trivial element of the Brauer group of k.

Proof. — Identify this map with fgai,; then it is injective by Proposi-
tion 3.3. If Gg, d(%) - M lies in Im fga,, we can choose a representative
M e Rep‘9 9%(k)Galk 5o the relation u, - 7(M) = M is trivially satisfied
if we set uT = lgal, for all 7 € Galy. But then c,(m, ) = 1A® so, by
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definition of the type map, T(Gq a(k)- M) = [c,] = [1], which proves that
Im fgal, € 7 1([1]). Conversely, take M € Repa 37 (k) with G a(k)- M €
T~1([1]). By definition of the type map, this means that there exists a
family (u,)regal, of elements of Gg q(k) such that Ulg,, = IGQ Sy
ur - 7(M) = M for all 7 € Galy, and ¢y (71, 72) = ur, 71 (ur)usl, € A(k)
for all (11, 72) € Galg x Galy, and [c,] = [1], as T(Gq,a(k) - M) = [cy] by
construction of 7. By suitably modifying the family (u;)rccal, if necessary,
we can thus assume that w,, 71 (tr,) = Ur r,, which means that (u;)reqal,
is a Gg q(k)-valued 1-cocycle for Galy,. As G a(k) =[],y GLa, (k), we
have

veV

H'(Galg; Gga(k)) ~ [[ H'(Galy; GLq, (k)
veV
so, by a well-known generalisation of Hilbert’s 90" Theorem,

Hl(Galk; GQ@(E)) =1

(for instance, see [22, Proposition X.1.3 p. 151]). Therefore, there exists
g € Gg.a(k) such that u, = gr(g7!) for all 7 € Galk In particular, the
relation u, - 7(M) = M implies that 7(¢g7*- M) =g~ - M, ie. (g7 - M) €
Repg 4(k)9, which shows that 7*([1]) C Im fGalk. O

Example 3.8. — If k is a finite field (so, in particular, k is perfect and
Br(k) = 1), then ngigs( ) ~ ./\/le i (k): the set of isomorphism classes
of f-geometrically stable d- d1mens1onal k-representations of @) is the set of

k-points of a k-variety /\/l0 q

2. Rational points that do not come from rational
representations

If the Brauer group of k is non-trivial, the type map
T : Mg, 3° (k) — Br(k)

can have non-empty fibres other than 7 ~1([1]); see Example 3.23. In this
case, by Theorem 3.7, the natural map Fg;f (k) — ./\/la 4 (k) is injective
but not surjective. The goal of the present section is to show that the fibres
of the type map over non-trivial elements of the Brauer group of £ admit
a modular interpretation, using representations over division algebras

If [c] € H?(Galy; k 7X) lies in the image of the type map, then by definition
there exists a representation M € Repe qs(k) and a family (u;)regal, such
that w1, = lg, @ and ur - <I>T(M) M for all 7 € Galy. Moreover,
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the given 2-cocycle ¢ is cohomologous to the 2-cocycle ¢, : (11,72) —
Ur, Vo, (Ur, )u;llﬂ—z

introduce the following terminology, reflecting the fact that these families

will later be used to modify the Galg-action on Repg, 4(k) and Gg a(k).

. In order to analyse such families (u;)regal, in detail, we

DEFINITION 3.9. — A modifying family (u;)rcqal, is a tuple, indexed

by Galy, of elements u, € Gq q(k) satisfying:

(1) Uigay, = 1Gde(E);
(2) For all (11, 72) € Galy x Galy, the element

Cu (7—17 7—2) = Ury \IITI (uTQ)u’ITl];I'Q

lies in the subgroup A(k) C Gg (k).

In particular, if u = (u;)recal, is @ modifying family, then the induced
map
¢y : Galy x Galy, — A(k)
is a normalised A(k)-valued 2-cocycle. We now show that a modifying
family can indeed be used to define new Galg-actions on Rep, 4(k) and

Gg.a(k).

PROPOSITION 3.10. — Let u = (u;)regal, be a modifying family in the
sense of Definition 3.9. Then we can define modified Galy-actions

[ Galk X RepQ7d(k‘) — RepQ7d(kJ), (T, M) — Ur - (PT(M)
and

U Galy xGga(k) — Gg.a(k), (1,9) — u; U, (g)us!

T

which are compatible in the sense of (3.3) and such that the induced Galy-
actions on Mledss (k) and Mf;{js (k) coincide with the previous ones, con-

structed in (3.4).
Proof. — The proof is a simple verification, using the fact that A(k)

acts trivially on Repg, 4(k) and is central in G 4(k), then proceeding as in
Proposition 3.1 to show that the modified Galg-action is compatible with

semistability and stability of k-representations. ]

Let us denote by ,, Repg 4(k)“** the fixed-point set of " in Repg, 4(k)
and by ,Gg.qa(k)%* the fixed subgroup of Gg 4(k) under ¥*. Proposi-
tion 3.10 then implies that ,Gq,qa(k)%** acts on , Repg 4(k)9** and that
the map faal, « taking the ,Gg.q(k)%**-orbit of a #-geometrically sta-
ble representation M €, RepeQ_’js(E)Galk to its Gg a(k)-orbit in M%Tj (k)
lands in 7 !([e,]), since one has u, - 7(M) = M for such a representation.
We then have the following generalisation of Theorem 3.7.
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THEOREM 3.11. — Let (ur)recal, be a modifying family in the sense
of Definition 3.9 and let

¢y : Galy x Galy, — A(k) ~ 5"
be the associated 2-cocycle. Then the map
fGalk,u ‘u RepeQqus(E)Galk/HGQJ(E)Galk — Tﬁl([cu])
wGQ.a(k)C™ - M+ G a(k) - M is bijective.

Proof. — As A(k) is central in Gg 4(k), the action induced by ¥* on
A(k) coincides with the one induced by W, so the injectivity of fgal, . u
can be proved as in Proposition 3.3. The proof of surjectivity is then
exactly the same as in Theorem 3.7. The only thing to check is that
H}(Galy; Gg,a(k)) = 1, where the subscript u means that Gal, now acts
on Gg.q(k) via the action ¥*; this follows from the proof of [22, Propo-
sition X.1.3 p. 151] once one observes that, if one sets ¥¥(z) := u,7(x)
for all x € Edu, then one still has, for all A € GLg, (k) and all z € Edrv,
U¥(Ax) = U¥(A)PY(x). After that, the proof is the same as in loc. cit. O

By Theorem 3.11, we can view the fibre 7!([c,]) as the set of isomor-
phism classes of -geometrically stable, (Galy, u)-invariant, d-dimensional
k-representations of (). Note that, in the context of (Galy,u)-invariant
k-representations of @), semistability is defined with respect to (Gal,u)-
invariant k-subrepresentations only. However, analogously to Propos-
ition 2.4, this is in fact equivalent to semistability with respect to all
subrepresentations. The same holds for geometric stability, by definition.
We have thus obtained a decomposition of the set of k-points of M%ﬁf  as
a disjoint union of moduli spaces, completing the proof of Theorem 1.1.

In order to give a more intrinsic modular description of each fibre of the
type map 7 !([c,]) appearing in the decomposition of M%Tgs(kz) given
by Theorem 1.1, we recall that the Brauer group of k is also the set of
isomorphism classes of central division algebras over k, or equivalently the
set of Brauer equivalence classes of central simple algebras over k. The
dimension of any central simple algebra A over k is a square and the index

of A is then ind(A4) := /dimy(4).

PrOPOSITION 3.12. — Assume that a central division algebra D &
Br(k) lies in the image of the type map

T MY 2 (k) — H*(Galy; k) = Br(k).

Then the index of D divides the dimension vector; that is, d = ind(D)d’
for some dimension vector d' € NV.
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Proof. — We recall from Remark 3.5 that 7 has the following factorisa-
tion

T« Mé 4 (k)—L>H*(Galy, G ,a(F) ——H2(Galy, A(F)),

where for a Galg-invariant orbit Gg 4(k) - M in /\/le 47 (k)G we choose
elements u, € Gg.q(k) for all 7 € Galy, such that uy = la,, and u, -

(M) = M, which determines a G 4(k)-valued 1-cocycle @ : Gal, —
Gg,q(k) such that

T'(Gqua(k) - M) = [u].
For each vertex v € V, the projection Ggq4 — GLg, maps A to
the central diagonal torus A, C GLg4
Gg.a — PGLy,. In particular, this gives, for all v € V, a commutative

and so there is an induced map

v

diagram
IT[1 (Galk,GQ’d(E))HHl(Galk,PGLdv (E))
(3.7)
H2(Galy, A(R))——=—= H2(Galy, A, (F)).

Since, by the Noether—Skolem Theorem, PGLy, (k) ~ Aut(Matg, (k)), we
can view H!(Galy, PGLg, (k)) as the set of central simple algebras of index
d, over k (up to isomorphism): the class

[ﬂ] € Hl(Galk, éQd(E))
then determines, for each v € V', an element
[u,] € H'(Galy, PGLy, (k)),

which in turn corresponds to a central simple algebra A, over k, of index d,.
Moreover, if [u] maps to the division algebra D in Br(k), then we have, by
the commutativity of Diagram (3.7), that D is Brauer equivalent to A, for
all vertices v (that is, A, ~ My (D) for some d;, > 1). If e := ind(D), then
dimy A, = (dimy, D)(dimp A,) = €2d,® so ind(4,) = ed,, i.e. d, = ed,,
for all v € V. Thus, the index of D divides the dimension vector d. O

Consequently, we obtain the following sufficient condition for the decom-
position of /\/le (k) to be indexed only by the trivial class in Br(k), in
which case, all ratlonal points come from rational representations.

COROLLARY 3.13. — Let d € NV be a dimension vector which is not
divisible by any of the indices of non-trivial central division algebras over k;
then /\/le qs( ) is the set of isomorphism classes of 6-geometrically stable
k- representamons of @ of dimension d.
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Example 3.14. — One has Br(R) = {R,H} with ind(H) = 2; hence,
for any dimension vector d indivisible by 2, the set /\/l(9 gS(R) is the set
of isomorphism classes of #-geometrically stable R- representations of @ of
dimension d.

For a central division algebra D € Br(k), we will interpret the fibre
T~Y(D) as the set of isomorphism classes of #-geometrically stable D-
representations of @) of dimension d’, where d=ind(D)d’ (cf. Theorem 3.20).
First we give some preliminary results about D-representations of @ (by
which we mean a representation of @ in the category of D-modules). Note
that, as D is a skew field, the category Mod(D) of finitely generated D-
modules behaves in the same way as a category of finite dimensional vector
spaces over a field: Mod(D) is a semisimple Abelian category with one sim-
ple object D and we can talk about the dimension of objects in Mod(D). We
let Repp(Q) denote the category of representations of @ in the category
Mod(D), and we let Rep(Q) denote the subcategory of d-dimensional
representations. Occasionally, we will encounter representations of @ in
the category of A-modules, where A is a central simple algebra A over k,
but only fleetingly (see Remark 3.15).

Let D € Br(k) be a division algebra. Recall that the connecting homo-
morphisms

(3.8) H'(Galy, PGL(k)) 2% H2(Galy; &)
associated for all e > 1 to the short exact sequences

1— %k — GL.(k) — PGL.(k) — 1
induce a bijective map

(3.9) limg H' (Galy; PGL (F)) = H*(Galy; k) ~ Br(k)

(for example, see [5, Corollary 2.4.10]), via which D is given by a class
[ap] € H'(Galy; PGL.(k)) where e := ind(D) is the index of D. We can
then choose a GL,(k)-valued modifying family ap = (ap.r)regal, such
that, for each 7 € Galy, the element @p , € PGL,(k) is the image of ap , €
GL, (k) under the canonical projection. If we denote by c,, the G, (k)-
valued 2-cocycle associated to the modifying family ap (see Definition 3.9),
we have [c,,] = d([@ap]) = D in Br(k). In particular, the class [c,,] is
independent of the modifying family [ap] chosen as above.

Remark 3.15. — Let D € Br(k) be a central division algebra of index
e. Since Br(k) = {1}, the central simple algebra k ®;, D over k is Brauer
equivalent to k; that is, k ®, D = Mat.(k). So, if W is a d’-dimensional
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D-representation of Q, then we can think of k ®, W as a d’-dimensional
Mat, (k)-representation of . For an algebra R, under the Morita equiva-
lence of categories Mod(Mat.(R)) =~ Mod(R), the Mat.(R)-module
Mat.(R) corresponds to the R-module R¢. So, for d = ed’, there is an

equivalence of categories
Rept L (Q) = Rep(Q).

In particular, we can view k ®; W as a d-dimensional k-representation
of . This point of view will be useful in the proof of Proposition 3.16.
More generally, if L/k is an arbitrary field extension, the central simple L-
algebra L ®j D is isomorphic to a matrix algebra Mat.(Dp,), where Dy, is
a central division algebra over L uniquely determined up to isomorphism.
By the Morita equivalence Mod(Mat.(Dr)) =~ Mod(Dy), we can view
the d’-dimensional Mat. (D, )-representation L ®; W as a d-dimensional
representation of @ over the central division algebra Dy, € Br(L), which is
the point of view we shall adopt in Definition 3.18.

For a division algebra D € Br(k), consider the functor Repg 4 p :
c-Alg,, — Sets (resp. Autg ¢ p : c-Alg, — Sets) assigning to a com-
mutative k-algebra R the set

(3.10) Repg s p(R) = @ Hom pod(re, D) (R @k D% R @y Dd;wa))
acA

(resp. Ath,d/7D(R) = HUEV AutMod(R®kD) (R Rk Dd;))7 where d’ is any
dimension vector. Note that if D = k, these are the functor of points of the
k-schemes Repg, 4 and Gg @ introduced in Section 2.3. We will now show
that, for all D € Br(k), these functors are representable by k-varieties,
using Galois descent over the perfect field k. Let e := ind(D) and choose
a 1-cocycle [ap] € H'(Galy, PGL,(k)) whose image under §, the bijective
map from (3.9), is D. For each 7 € Galy, pick a lift ap, € GL.(k) of
ap,r. Let d := ed’ and consider the modified Gali-action on the k-schemes
RepQ’dE := Speck X, Repg 4 (resp. GQ%E := Speck xj Gg.4) given by
the modifying family up = (up,+)regal, defined by

ap,r 0
(3.11) GLy, (k) D uprp = (d], times)
0 ap,r

(cf. Proposition 3.10). This descent datum is effective, as RepQ 4% 1s affine
so we obtain a smooth affine k-variety Repg 4 p (resp. Gq,a/,p) such that

Speck Xy Repgar,p ~ Repg 47
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resp. Speck xr Go.a.p ~ G, ,7); for example, see [6, Section 14.20].
Q.d, Q,d,k
For a commutative k-algebra R, we let R := k ®; R and we note that

there is a natural Galg-action on Repg, 4 p([2). Moreover, the natural map
(312) RepQ’d/ﬁD(R) — RepQﬁdlyD(E)Galk

is an isomorphism, by Galois descent for module homomorphisms, and
similarly, this map is an isomorphism for Autg 4 p.

PROPOSITION 3.16. — Let D € Br(k) be a division algebra of index
e := ind(D). For a dimension vector d', we let d := ed’. Then the functors
Repg 4, p and Autq o p introduced in (3.10) are representable, respec-
tively, by the k-varieties Repg o p and Gq.a,p defined as above using
descent theory and the modifying family (3.11). In particular, we have

Repg,ar,p(k) = D Hom pgoq(p) (D%, D) = Repg q(k) %
acA

and

Gq.o.p(k) = [[ GLa4, (D) ~ u, Go.a(k) ™,
veV
so that Repg 4 p(k)/Gq,a,p(k) is in bijection with the set of isomorphism
classes of d’'-dimensional representations of () over the division algebra D.
Moreover, there is an algebraic action of Gq a/,p on Repg 4 p over k.

Proof. — We will prove that Repg, 4 p is representable by the k-variety
Repg 4,p obtained by descent theory from RepQ 4 using the modified
Galois action associated to the modifying family (3.11). The analogous
statement for Autg 4 p is proved similarly and the rest of the proposition
is then clear. To prove the statement for Repg 4 p, we need to check for
all R € c-Alg,, that Repg, 4 p(R) =~ Repg 4(R) (and these isomorphisms
are functorial in R). By Galois descent and (3.12), it suffices to show for
R := k®y R, that Repg, 4 p(R) ~ RepQ_’dVE(E) and that the natural Galois
action on Repg, 4 p(k) coincides with the up-modified Galois action on
RepQ’d(E) defined as in Proposition 3.10 using the modifying family up
introduced in (3.11). By definition of Repg, 4 p, one has

RepQ7d/7D(R) = @ HomMod(E(ng) (ﬁ (2 de) 7§ % Ddh(a) )
acA

As the division algebra D is in particular a central simple algebra over k, the
k-algebra k®y, D is also central and simple (over k). Since k is algebraically
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closed, this implies that k ®; D ~ Mat,(k), where e = ind(D). Likewise
(R @y D) =~ (k @), R) @ D% ~ Ry, (k @y D)%
~ R ®y, Mat, (k)%™
~ Mat.(R)%.

Through these isomorphisms, the canonical Galois action z®z —— 7(z) @z
on R®y D translates to M — apT(M)ap .1 (see for instance [22, Chap-
ter 10, Section 5]), where M € Mat,(R) and the element ap , € GL(k)
belongs to a family that maps to D € Br(k) under the isomorphism (3.9)
and is the same as the one used to define the modifying family up in (3.11).
Under the Morita equivalence of categories Mod(Mat.(R)) ~ Mod(R) re-
called in Remark 3.15, the Mat, (R)-module Mat, (R)% corresponds to Rd”,

so we have
= S R— =
Repg o p(R) ~ @HomMod(E)(R “,R™") =Repg, 4 5(R)-
acA
The B-module " =~ (R*)% does not inherit a Galois action but instead

a so-called D-structure (see Example 3.23 for the concrete, non-trivial ex-
ample where k = R and D = H) given, for all 7 € Gal, by

dp, (R — (R )™
(1‘1, . ,:z:dgv) — (aDJT(xl)7 .. ,aD,TT(LEd;))

where, for all i € {1,...,d.,}, we have z; € R and ap, € GL,(k), while
7 € Galg acts component by component. This in turn induces a genuine
Galois action on Hom ) (Edt(“),ﬁdh(a)), given by M, +— up rn(a)
T(Ma)u5}77 #(a)> Where up is the Gg.4(k)-valued modifying family defined
in (3.11). In particular, this Galg-action on Repg 4(R) coincides with the
Galg-action ®“P of Proposition 3.10, which concludes the proof. |

We also note that if D lies in the image of T, then there is a Gg q4(k)-
valued 1-cocycle u mapping to D under the connecting homomorphism by
Remark 3.5. In this case, a lift u = (u, € GQ,d(E))TGGalk of 4 is a modifying
family, which we can use in place of the family up given by (3.11), as

[’[L] = [QD] e H! (Galk,éQ’d(E)).

Remark 3.17. — For an arbitrary field £ and a division algebra D €
Br(k), one can also construct a k-variety Repg 4 p (resp. Gg,a',p) rep-
resenting the functor Repg 4 p (resp. Autg # p) by Galois descent for
Gal(k®/k), where k* denotes a separable closure of k. More precisely, for
d := ind(D)d’, we use Galois descent for the modified Gal(k*®/k)-action on
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Repg 4 := Speck® xi Repg 4 (resp. Gg.axs = Speck® x; Gq.4) given
by the family up defined in (3.11). Then the above proof can be adapted,
once we note that we can still apply Remark 3.15, as Br(k®) = 0.

We now turn to notions of semistability for D-representations of ). The
slope-type notions of #-(semi)stability for k-representations naturally gen-
eralise to D-representations (or, in fact, representations of @ in a category
of modules), so we do not repeat them here. As the definition of geometric
stability over a division algebra is not obvious, we write it out explicitly.

DEFINITION 3.18. — For a central division algebra D of index e over k,
a D-representation W of ) is called 0-geometrically stable if, for all field ex-
tensions L/k, the representation L@, W is f-stable as a Dy,-representation,
where Dy, € Br(L) is the unique central division algebra over L such that
L ®, D ~ Mat.(Dyp,).

We recall that a k-representation W is #-geometrically stable if and only
if k ®), W is f-stable. We can now prove that an analogous statement holds
for representations over a division algebra D € Br(k).

LEMMA 3.19. — Let D be a division algebra over a perfect field k. Let
d' be a dimension vector and set d := ind(D)d’. Let W be a d’-dimensional
D-representation of Q. By Remark 3.15, the representation k ®; W can be
viewed as a d-dimensional representation of Q over k. Then the following
statements are equivalent:

(1) W is 0-geometrically stable as a d’-dimensional D-representation

of Q.
(2) k®y W is §-stable as a d-dimensional k-representation of Q.

Proof. — By definition of geometric stability, it suffices to show that if
k®;, W is stable as a k-representation, then W is geometrically stable. So let
L/k be a field extension. As in Proposition 2.4, it suffices to treat separately
the case where L/k is algebraic and the case it is purely transcendental of
transcendence degree one. If L/k is algebraic, we can assume that L C k and
we have that k®p (L@ W) ~ (k®x W), which is stable, so L&y W is stable,
as in Part (1) of Proposition 2.4. If L ~ k(X), let us show that L ®; W is
stable as a D -representation. Since k(X)®y(x) (k(X)@iW) ~ k(X)@, W,
by the same argument as earlier it suffices to show that k(X)®; W is stable
as a Dy -representation. We have that E(X) @ W~ E(X) @7 (k@r W).
But since k ®;, W is stable as a k-representation by assumption and k is
algebraically closed, k ®; W is geometrically stable by Corollary 2.12, so
k(X) ®z (k ®, W) is stable and the proof is complete. O
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We can now give a modular interpretation of the decomposition in The-
orem 1.1.

THEOREM 3.20. — Let k be a perfect field and D € Br(k) be a division
algebra in the image of the type map

T : My #°(k) — H*(Galy; &) = Br(k);

thus we have d = ind(D)d' and a modifying family up such that [c,,] =
D € Br(k). Then

T YD) ., Repe I (R) S [, G a(R) 92
= Repg, 471 (k)/G.a,p(k),

where the latter is the set of isomorphism classes of 0-geometrically sta-
ble D-representations of () of dimension d'.

Proof. — The first bijection follows from Theorem 3.11 and the second
one follows from Proposition 3.16 and Lemma 3.19. O

Remark 3.21. — For a non-perfect field & with separable closure k°, one
should not expect Theorem 3.20 to hold in its current form, because the
k*-points of ./\/la 7% do not necessarily correspond to isomorphism classes
of 6- geometrlcally stable d-dimensional k°-representations (they do when
k is perfect, since the geometric points of /\/19 9% are as expected in this
case). This problem is an artefact of M9 7
quotient.

bemg constructed as a GIT

LEMMA 3.22. — Let k be a separably closed field and W be a 0-stable
k-representation of ); then
(1) W is a simple k-representation, and thus Aut(W) = G,,,,
(2) W is 0-geometrically stable.
In particular, over a separably closed field, geometric stability and stability
coincide.

Proof. — As W is f#-stable, it follows that every endomorphism of W is
either zero or an isomorphism; thus End(W) is a division algebra over k.
As k is separably closed, Br(k) = 0 and so End(W) = k and Aut(W) =
G,,,- However, for a simple representation, stability and geometric stability
coincide (for example, one can prove this by adapting the argument for
sheaves in [8, Lemma 1.5.10] to quiver representations). O

Theorem 1.2 then follows immediately from Theorems 1.1 and 3.20.
Finally, let us explicitly explain this modular decomposition for the ex-
ample of £k =R
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Example 3.23. — Let k = R and let [¢] = —1 € Br(R) ~ {1,-1} ~
{R,H}. Then a modifying family corresponds to an element

u € Ggq(C) = [] GLg, (C)
veV

such that, for all v € V, u,u, = —I,,, implying that |detwu,|? = (—=1)%,
which can only happen if d, = 2d,, is even for all v € V. We then have a
quaternionic structure on each C% =2 Hd;, given by x — u,% and a mod-
ified Galg-action on Repg 4(C), given by (Mg)aca — uh(a)mu;(i). The

fixed points of this involution are those (M,)qca satisfying uh(a)Maut_(i) =
M,, i.e. those C-linear maps M, : Wi,y —> Wy, that commute with
the quaternionic structures defined above, and thus are H-linear. The sub-
group of G ,4(C) = [[,cy GLa,(C) consisting, for each v € V, of au-
tomorphisms of the quaternionic structure of C% is the real Lie group
G q(C)Celzw) =TT . U*(d,), where U*(2n) = GL,(H). Hence, the fi-
bre 7-1(—1) of the type map is in bijection with the set of isomorphism
classes of f-geometrically stable quaternionic representations of @ of di-
mension d'.

4. Gerbes and twisted quiver representations
4.1. An interpretation of the type map via gerbes

In this section, we give an alternative description of the type map using
Gyn-gerbes that works over any field k. The following result collects the
relevant results that we will need on gerbes and torsors; for further details,
see [15, Chapter 12].

PROPOSITION 4.1. — Let X be an Artin stack over k and let G, G’ and

G" be affine algebraic group schemes over k; then the following statements
hold.

(1) [15, Corollary 12.1.5] There is a natural bijection
H{},(X, Q) ~ {isomorphisms classes of G-torsors over X}.
(2) [15, 12.2.8] For G commutative, there is a natural bijection

HZ(%,G) ~ {isomorphisms classes of G-gerbes over X}.
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(3) [15, Lemma 12.3.9] A short exact sequence 1 — G — G —
G" — 1 with G’ commutative and central in G induces an exact
sequence

HL(X,G")—=HL (X, G)—=HL (X, G")— = H2 (X, G").

Moreover, the isomorphism class of a G”-torsor P — X, such
that P is representable by a k-scheme, has image under § given by
the class of the G’'-gerbe G (P) of liftings of P to G (cf. Defini-
tion 4.2).

DEFINITION 4.2. — For a short exact sequence 1 — G’ — G —
G" — 1 of affine algebraic groups schemes over k with G’ abelian and a
principal G”-bundle P over an Artin stack X over k, the gerbe Gg(P) of
liftings of P to G is the G'-gerbe over X whose groupoid over S — X,
for a k-scheme S, has objects given by pairs (Q, f : @ — Ps) consisting
of a principal G-bundle Q over S and an S-morphism f : Q — Pg :=
P xx S which is equivariant with respect to the homomorphism G —
G". An isomorphism between two objects (Q, f) and (Q', f’) over S is an
isomorphism ¢ : @ — Q' of G-bundles such that f = f’' o .

Let us now turn our attention to quiver representations and consider the
stack of d-dimensional representations of () over an arbitrary field k, which
is the quotient stack

Mq.a = [Repg 4 /GQ.d]-
Since Gg,q = Gg,a/A and the group A = G,, acts trivially on Repg 4
the natural morphism
m:Mqa = [Repg.a/Gq.d — X = [Repg 4 /Gq.d]

is a G,,,-gerbe. If we restrict this gerbe to the #-geometrically stable locus,
then the base is a scheme rather than a stack, namely the moduli space of
f-geometrically stable representations of @

_ 0— 6— 60— 0—gs /3
700" Mg §° = Repg §° /Go.al — Mg §° = [Repg §° /Gq.al-

The Brauer group Br(k) can also be viewed as the set of isomorphism
classes of G,,-gerbes over Spec k, by using Proposition 4.1 and the isomor-
phism H2(Ga1k,EX) >~ H?Z (Speck,G,,) given by Grothendieck’s Galois
theory. By pulling back the G,,-gerbe 7 along a point r : Speck — X, we
obtain a G,,-gerbe G, := r*Mg 4 — Spec k. This defines a morphism

(4.1) G: X(k) — HZ(Speck,G,,) = Br(k),
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whose restriction to the #-geometrically stable locus, we denote by
GP=9% - My, 9° (k) — HZ (Speck, Gyn) = Br(k).
In Corollary 4.6, we will show that G%~9° coincides with the type map
T« M (k) — H*(Galy, A(F)) = Br(k)

constructed above. In order to compare the above morphism G?~9% with
the type map 7, we recall from Remark 3.5 that the type map factors as
T =60oT'; that is,

T : Ml 2 (k)—~H"(Galy, Gg.a(k))——H2(Galy, A(F))
for the connecting homomorphism ¢ associated to the short exact sequence

1—A— GQ@ —)éQ,d — 1.

We will also refer to 7’ as the type map.
Let us describe a similar factorisation of G. The morphism

p: RepQ7d — X = [Rede /6Q7d]
is a principal Gg 4-bundle and determines a map
(4.2) P X(k) — H{ (Speck,Gga), 1+ [P,],

where P, is the G g-bundle P, := r* Repg ; — Speck. We denote the
restriction of P to the #-geometrically stable subset by

po-9s . Manjs(k) — H} (Speck, Gg.q)-

By a slight abuse of notation, we will use ¢ to denote both the connecting
maps
§: H}, (Speck,Gg ) — HZ(Speck,G,,)
and
6 Hi\ (X, Gga) — HE(X,Gy)
in étale cohomology given by the exact sequence 1 — A — Ggq —

EQ_’d — 1.

LEMMA 4.3. — The G,-gerbe Ga,, ,(Repg 4) — X of liftings of the
principal Gg g-bundle p : Repg 4 — X to Gq,q is equal to Mg.q — X.
In particular, we have

5([RQPQ,d]) = [imQ,d]~
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Proof. — Let us write P := Repg , — X and G := Gg, ,(P); then we
will construct isomorphisms

a:gﬁ‘)ﬁdeﬁ

of stacks over X. First, we recall that Mg 4 = [P/Gg 4] is a quotient stack,
and so, for a k-scheme S, its S-valued points are pairs (Q,h : Q — P)
consisting of a principal Gg ¢-bundle Q over S and a Gg 4-equivariant
morphism h.

Let S — X be a morphism from a scheme S; then we define the functor
as : G(S) — Mg 4(S) as follows. For an object (Q, f : @ — Pg) € G(9),
we can construct a morphism h : @ — P as the composition of f with
the projection Pg — P. As f is equivariant with respect to Ggq —
Gg.q and A acts trivially on P, it follows that h is G¢ g-equivariant. Thus
as(Q, f) = (Q,h) € Mg 4(S). Since the isomorphisms on both sides are
given by isomorphisms of G 4-bundles over S satisfying the appropriate
commutativity properties, it is clear how to define ag on isomorphisms.
Conversely, to define 8g, we take an object (Q,h : @ — P) € Mg 4(5)
given by a Gg 4-bundle Q over S and a Gg 4-equivariant map h. By the
universal property of the fibre product Pg = P xx S, a morphism A :
Q — P is equivalent to a S-morphism f : @ — Pg, where here we
use the fact that P, S and Pg are all k-schemes, so that this S-morphism
is unique. Since A acts trivially P = Repg, 4, the G 4-equivariance of h
is equivalent to h being equivariant with respect to the homomorphism
Gg.a — éQd; thus f is also equivariant for this homomorphism. Hence
Bs(Q,h) :=(Q, f) € G(S). From their constructions, it is clear that o and
[ are inverses.

The final statement follows from Proposition 4.1. O

COROLLARY 4.4. — The following triangle commutes

g

[Repq 4 /Gq.dl (k) H2 (Speck, Gp,).

P g
Hét (Spec /{3, GQ@).

Proof. — Since G (resp. P) is defined by pointwise pulling back the G,,,-
gerbe m : Mo 4 — X (resp. the Gg g-bundle p : Repg 4 — X), this
follows immediately from Lemma 4.3. ]

Consequently, it will suffice to compare the maps P?~9% and 7. Let us
explicitly describe the Cech cocycle representing [P,] for r € X(k). We
pick a finite separable extension L/k such that (P.)r, — SpeclL is a
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trivial G 4-bundle; that is, it admits a section o € P.(L) C Repg 4(L),
which corresponds to a L-representation W, of . Over Spec(L ®j L), the
transition functions determine a cocycle

v € Gga(L®yL)

such that pfo = ¢ - pso in P.(L @ L). Then ¢ is a Cech cocycle whose
cohomology class in H}, (Speck, Gg.q) represents the Gg g-torsor P,.

For k perfect, let us recall the relationship between étale cohomology
and Galois cohomology given by Grothendieck’s generalised Galois theory
(cf. [26, Tag 03QQ)]). For all finite Galois extensions L/k, the isomorphisms

h: Galp )y, x Spec L — Spec L Xgpeck Spec L
(1,8) — hy(8) := (5,77(5))
induce isomorphisms v : H'(Galg, G(k)) & H{ (Speck,G) for i = 1 and

any affine group scheme G over k, and for i = 2 and G/k a commutative
group scheme.

PROPOSITION 4.5. — Let k be a perfect field; then the type map
T M%_js(k) — HY(Galy, Gg.q(k)) agrees with the map P~9% .
M?Q};]S(k) — H},(Speck,Gg,q4) under the isomorphism

Hélt(Spec k?, éQd) = Hl(Galk, éQd(E)).
Proof. — Let r € Mg, #°(k); then the G 4-bundle
Py :=1"Repg 4 — Speck

trivialises over some finite separable extension L/k as above, and we can
assume that L/k is a finite Galois extension, by embedding L/k in a Galois
extension if necessary. Then there is a section o € P.(L) C Repg 4(L)
corresponding to a L-representation W of (), and the transition maps are
encoded by a cocycle ¢ € Gg,a(L ®y L) such that pjo = ¢ pjo. Under the
isomorphism -, the cocycle ¢ is sent to a 1-cocycle ur, : Galy,/, — GQ,CZ(L)
such that, for 7, € Galy, s, we have

hi o =up - € Gga(L),

for the morphism h,, : SpecL — SpecL X SpecL described above.
Furthermore, by pulling back the equality pjo = ¢-p5c along h,,, for each
71, € Galp, /i, we obtain an equality

W = UL, rp, ° TL(W)
for all 7, € Gal(L/k). Hence, the orbit Gg 4(L) - W is Galy j-fixed.
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By precomposing the 1l-cocycle up : Galp;, — Gga(L) with the
homomorphism Gal, — Galg/, and postcomposing with the inclusion
Gg.a(L) — Gq,q(k), we obtain a new l-cocycle

u: Galy — Gg.a(k).
For 7 € Galg, we let 71, denote the image of 7 under Gal, — Galy /.
Then

ur - T(WeLk)=u, - (W) ®Lk) = (up,, - 7.(W))@L k=W @y k.
Thus Gga(k)- (W @ k) € ./\/le A (k k)Galx and this Galois fixed orbit cor-
responds to the k-rational point r € MG gs( ). Moreover, by construction
of T, we have T'(r) = [u] (cf. Remark 3 5) O

COROLLARY 4.6. — Under the isomorphism

HZ (Speck, G,,) = H?(Galy, G,,(k)),
the type map for a perfect field k
T Mg (k) — H(Galg, Gy (k) = Br(k)
coincides with the map
Go9 . M, 9% (k) — H*(Speck, Gry) = Br(k)
determined by the G,,-gerbe w0=95 : Emzz_js ./\/l9 P
Proof. — This follows from Proposition 4.5, Remark 3.5 and Cor-

ollary 4.4. (|

Both points of view are helpful: the definition of the type map 7 using
the GIT construction of MGQ*C? % is useful due to its explicit nature, whereas
the definition of the map G using the G,,,-gerbe 93?22_’5 f— M%_j * is more
conceptual.

4.2. Twisted quiver representations

In this section, we define a notion of twisted quiver representations over
an arbitrary field k£ (where the twisting is given by an element in the Brauer
group Br(k)) analogous to the notion of twisted sheaves due to Céldararu,
de Jong and Lieblich [4, 9, 13].

Let o : 3 — Speck be a G,,-gerbe. For an étale cover S = Spec L —
Speck given by a finite separable extension L/k, we let S? := S x; S =
Spec(L ®; L) and S% := S x;, S x5, S and so on. We use the notation
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p1,p2 : 52 — S and p;; : S — S? to denote the natural projection
maps. We will often use such an étale cover to represent a by a Cech
cocycle a € T'(83,G,,) = (L ®; L®y L)* whose pullbacks to S* satisfy the
natural compatibility conditions.

Let us first give a definition of twisted quiver representations, which is
based on Caldararu’s definition of twisted sheaves. The definition based on
Lieblich’s notion of twisted sheaves is discussed in Remark 4.9.

DEFINITION 4.7. — Let a : 3 — Speck be a G,,-gerbe and take an
étale cover S = Spec L —» Speck, such that a is represented by a Cech
cocycle a € T'(S%,G,,). Then an a-twisted k-representation of Q (with re-
spect to this presentation of  as a Cech cocycle) is a tuple (W, ¢) consisting
of an L-representation W of () and an isomorphism ¢ : piW — p5W of
L ®;. L-representations satisfying the a-twisted cocycle condition

$23 0 P12 = Q- P13
as morphisms of L ® L ®, L-representations, where ¢;; = pj;. We define
the dimension vector of this twisted representation by
dim(W,¢) := —————=
(W) ind(«)
where by the index of «, we mean the index of a division algebra D repre-
senting the same class in Br(k).

A morphism between two a-twisted k-representations (W, ) and (W', ¢')
is given by a morphism p : W — W' of L-representations such that
pspop =pipoy.

Example 4.8. — If @) is a quiver with one vertex and no arrows, then an
a-twisted representation of ) over k is an a-twisted sheaf over Speck in
the sense of Caldararu, which we refer to as an a-twisted k-vector space.

We define Rep (@, @) to be the category of a-twisted k-representations
of @; one can check that this category does not depend on the choice
of étale cover on which « trivialises, or on the choice of a representative
of the cohomology class of « in HZ (Speck,G,,) analogously to the case
for twisted sheaves (cf. [4, Corollary 1.2.6 and Lemma 1.2.8]). Further-
more, if the class of « is trivial, then there is an equivalence of categories
Repr(Q, o) = Repi(Q). We have the expected functoriality for a field ex-
tension K/k: there is a functor

- @k K 1 Repi(Q, a) — Repr (Q, a @ K)

(see [4, Corollary 1.2.10] for the analogous result for twisted sheaves). One
can also define families of a-twisted representations over a k-scheme T,
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where « is the pullback of a G,,-gerbe on Speck to T or, more generally,
a is any G,,-gerbe on T

Remark 4.9. — Alternatively, for a G,,-gerbe o« : 3 — Speck one
can define a-twisted k-representations of ) in an analogous manner to
Lieblich [13] as a tuple (Fy,¢a : Fe(a) — Fh(a)) consisting of a-twisted
locally free coherent sheaves F,, and homomorphisms ¢, of twisted sheaves,
where an a-twisted sheaf F is a sheaf of O3-modules over 3 whose scalar
multiplication homomorphism from this module structure coincides with
the action map G, x F — F coming from the fact that 3 is a G,,-gerbe.

Caldararu proves that twisted sheaves can be interpreted as modules over
Azumaya algebras. More precisely, for a scheme X and Brauer class a €
Br(X) that is the class of an Azumaya algebra A over X, the category of
a-twisted sheaves Mod(X, ) over X is equivalent to the category Mod(A)
of (right) A-modules by [4, Theorem 1.3.7]. This equivalence is realised by
showing that A is isomorphic to the endomorphism algebra of an a-twisted
sheaf £ (cf. [4, Theorem 1.3.5]) and then

- ® &Y Mod(X, o) — Mod(A)

gives the desired equivalence.

Let us describe this equivalence over X = Speck. Let D be a central
division algebra over k (or more generally a central simple algebra over k).
Then D splits over some finite Galois extension L/k; that is, there is an
isomorphism

(4.3) j: D&y L — My(L),

where n = ind(D). The isomorphism j and the Galy /-action on L and
M, (L) determine a 1-cocycle ap : Galy;, — PGL, (L) = Aut(M,(L))
such that D corresponds to d,(ap) € Br(k), where ¢, is the connecting
homomorphism for the short exact sequence 1 — G,, — GL,, —
PGL,, — 1 (for example, see [5, Theorem 2.4.3]). More precisely, D is
the fixed locus for the twisted Galy,/,-action on M, (L) defined by the 1-
cocycle ap

(4.4) D = (o Mo (L)) 25,

Let o € HZ (Speck,G,,) correspond to D € Br(k); then a can be repre-
sented by a Cech cocycle on the étale cover given by L/k. By [4, Theo-
rem 1.3.5], there is an a-twisted k-vector space £ := (E, ¢) such that D
is isomorphic to the endomorphism algebra of this twisted vector space.
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Explicitly, we have E := L™ and ¢ : p; E — p3E is an isomorphism which
induces the isomorphism
piEnd(E) — pi(D®, L) ¥ D®y, L ® L
=py(D®@k L)  — pyEndL(E),
where the first and last maps are pullbacks of the composition of the iso-
morphism
j:D®p L= M,(L)
with the isomorphism M, (L) = End(E); the existence of such an isomor-

phism ¢ is given by the Noether—Skolem Theorem and one can check that
€ = (E, ) is an a-twisted sheaf, whose endomorphism algebra is

End(&) = (o, Endy (E))%aee = (, M, (L))S*r/k = D,

ap

Then Caldararu’s equivalence is explicitly given by
(4.5) - @k EY 1 Mod(k, ) — Mod(D).

With our conventions on dimensions of twisted vector spaces, dim€& = 1
and the image of this twisted vector space under this equivalence is the
trivial module D.

For a division algebra D, we let Repp(Q) denote the category of repre-
sentations of a quiver @ in the category of D-modules.

PROPOSITION 4.10. — Let D be a central division algebra over a field
k and o be a G,,-gerbe over k representing the same class in Br(k) as D.
Then there is an equivalence of categories

F: Repr(Q, ) = Repp(Q).

Proof. — From Definition 4.7, we see that the category Repp(Q,«) is
equivalent to the category of representations of @) in the category Mod(k, «)
of a-twisted k-vector spaces, which we denote by Q@ — Mod(k, «). By [4,
Theorem 1.3.7], there is an equivalence

Mod(k, ) = Mod(D)
as described in (4.5) above. Hence, we deduce equivalences
Repr(Q, o) = Q — Mod(k, ) = Q — Mod(D)
and by definition Repp(Q) := Q — Mod(D). O

There is a natural notion of 6-(semi)stability for twisted representations
of @, which involves checking the usual slope condition for twisted sub-
representations, where the dimension of a twisted quiver representation is
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given in Definition 4.7. By using the functoriality of twisted quiver repre-
sentations for field extensions, we can also define #-geometric stability.

LEMMA 4.11. — Under the equivalence F' of Proposition 4.10, if W :=
(W, p) is an a-twisted representation of @ over k, then

dimp (F(W)) = dim(W).

Moreover, 0-(semi)stability (resp. 8-geometric stability) of a twisted repre-
sentation W is equivalent to 0-(semi)stability (resp. 6-geometric stability)
of the corresponding D-representation F'(W) of Q.

Proof. — The first claim follows by construction of the equivalence of F'
using the a-twisted k-vector space € = (L™, ) as in (4.5): as we already
observed, D is the image of £ under (4.5) and dim(€) = 1 = dimp (D).
Then the claim about 6-(semi)stability follows from this first claim. For
the preservation of geometric stability, we note that for any field extension
K /k we have a commutative diagram

Rep(k, o) i Mod(D)
c®rK - ®QrK
Rep(K, o Qy K)F—Kx/\/lod(D QK K)

and also F, preserves 6-(semi)stability, by a similar argument. O
We can now reinterpret the rational points of the moduli space ./\/122_)53

as twisted quiver representations.

THEOREM 4.12. — Let k be a perfect field; then M%jjs(k) is the dis-
joint union over [a] € Im(T : Mgtdgs (k) — Br(k)) of the set of isomor-
phism classes of a-twisted §-geometrically stable d'-dimensional k-represen-
tations of ), where d = ind(«)d’.

Proof. — This follows from Theorem 1.2 combined with Proposition 4.10
and Lemma 4.11. g

4.3. Moduli of twisted quiver representations

For a Gy,-gerbe a over a field k, we let “Mg 4 1 denote the stack of a-
twisted d’-dimensional k-representations of Q. Following Proposition 4.10
and Lemma 4.11 (or strictly speaking a version of this equivalence in fam-
ilies), this stack is isomorphic to the stack Mg 4 p of d’-dimensional D-
representations of @, where D is a central division algebra over k corre-
sponding the cohomology class of a.
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PROPOSITION 4.13. — Let k be a field, D be a central division algebra
over k and o : 3 — Speck be a G,,-gerbe, whose cohomology class is
equal to D. Then we have isomorphisms

“MQ.ar i = Mg,ar,0 = [Repg . p /GQ,a,p]

where the k-varieties Repg 4 p and Gq,a,p are constructed in Proposi-
tion 3.16.

Proof. — We have already explained the first isomorphism. For the sec-
ond, we use the fact that there is a tautological family of d’-dimensional
D-representations of @ over Repg, 4 p which is obtained by Galois descent
for the tautological family over Repg, 4 -, where k* is a separable closure
of k and d := ind(D)d'. a

As described in Section 4.1, the type map T : M%_’js(k) — Br(k)
extends to a map G : [Repg 4/Gq.q)(k) — Br(k) defined in (4.1). If a
division algebra D lies in the image of G, then it also lies in the image of
P : [Repg.q /Gq.dl(k) — HZ (Speck, Gg.q). Then we can use the corre-
sponding G 4(k*)-valued 1-cocycle on Galg to modify the Galg-action on
Repg 4« in order to obtain the k-varieties Repg 4 p and Gga,p with
d = ind(D)d' analogously to Proposition 3.16, where here k® denotes a
separable closure of k.

We recall that a k-form of a k®-scheme X is a k-scheme Y such that
X 2Y xk%. For a central division algebra D over k and dimension vectors
d,d’ such that d = ind(D)d’, the k-variety Repg, 4 p (vesp. Gg.a,p) is a k-
form of the affine scheme Rep X k* = Repgy 4 .« (resp. the reductive group
G x, k° = Gg,qx+), as already seen in the proof of Proposition 3.16 (see
also Remark 3.17). In particular, G¢ 4 ,p is reductive, as its base change
to k° is reductive.

The following result and Theorem 1.3 can be viewed as quiver versions
of analogous statements for twisted sheaves due to Lieblich (cf. [13, Propo-
sition 3.1.2.2]).

PROPOSITION 4.14. — For a field k with separable closure k®, the mod-
uli stack Mg 4.1+ has different k-forms given by the moduli stacks “Mg 4 1
for all a in the image of the map

g: [RGPQ,d /Gq.a)(k) — Br(k),
where d = ind(«)d’.
Proof. — By Proposition 4.13, we have
Mo ar i ¥ k° = [RepQ’d,’D /Go.a.p] Xk Kk,
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which is isomorphic to
[Repg,ar,p Xkk®/GQ,a,p Xk k°] = [Repg g ks /GQ,d,ke] = MQ,d ke

by Proposition 3.16 and Remark 3.17. ]

For a central division algebra D over k and dimension vectors d,d’ such
that d = ind(D)d’, we note that the reductive k-group Gg, a/,p acts on the
k-variety Repg 4 p- We can consider the GIT quotient for this action with
respect to the character xg : Gg,o/,p — Gy, obtained by Galois descent
from the character xo : G, ;7 — G, 7- Since Repg 4 p Xk = Repg, 4
and base change by field extensions preserves the GIT (semi)stable sets,
we have

—(s)s

RepQ &.D Xk = Rep®® ~(s)s 6=(s)s

Q,d.%k Q. dk ’

where the last equality uses the Hilbert—-Mumford criterion and we recall
that over the algebraically closed field k the notions of §-geometrically
stability and #-stability coincide. By Lemma 3.19 and Lemma 3.22 and
the fact that the GIT (semi)stable sets commute with base change by field
extensions, we deduce that

= Rep

Xo—55 __ 0—ss Xo—S __ 0—gs
Repya'p =Repg g p  and  Repyy p = Repg o p

Then we have a GIT quotient
RePQ d’ MQ a.p =Repg o p //x0Gq.a',0
that restricts to a geometric quotient
RepeQ jSD — /\/122 g,S’D = RepHQTC?,‘?D /GQ.a',D-
We can now prove Theorem 1.3.

Proof of Theorem 1.3. — The first statement is shown analogously to
the fact that the moduli stack zm“) g [Repe 7% ]G@.q) of f-geometrically
stable d-dimensional k- representatlons of D is a G,n-gerbe over

MG 8 = [Repy §° /Gq.dl.

One proves that MQ &.p corepresents the moduli functor of #-geome-
trically stable d’ -dimensional D-representations of @ by modifying the ar-
gument in Theorem 2.13. More precisely, we obtain a tautological family on
Repg, p 4 from Galois descent, using the tautological family on Repg 4 -
Then by Proposition 4.10 and Lemma 4.11, we see that MQ @ .p also corep-
resents the second moduli functor.

The final statement follows as in Proposition 4.14. O
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In Theorem 1.3, we emphasise that the term coarse moduli space is used
in the sense of stacks. In particular, we note that the k-rational points
of ./\/l(z?;f,f p are not in bijection with the set of isomorphism classes of d'-
dimensional #-geometrically stable D-representations of @) in general (as
we have already observed for the trivial division algebra D = k).

There are some natural parallels between the results in this section and
the work of Le Bruyn [3], who describes the A-valued points of the moduli
stack X = [Repg 4 /Gq,a] over k = SpecC, for a commutative C-algebra A,
in terms of algebra morphisms from the quiver algebra C@Q to an Azumaya
algebra A over A. He also relates these A-valued points to twisted quiver
representations. In this case, for A = C, there are no twisted representa-
tions as Br(C) = 1, whereas for non-algebraically closed field k, we see
twisted representations as k-rational points of X. By combining the ideas
of [3] with the techniques for non-algebraically closed fields k used in the
present paper, it should be possible to also describe the A-valued points
of the moduli stack X = [Repg 4/Gq,a] over an arbitrary field & for any
commutative k-algebra A.

4.4. Universal twisted families
Let us now use twisted representations to describe the failure of Me gs
to admit a universal family of quiver representations and to give a univer-
sal twisted representation over this moduli space. In this section, k is an

arbitrary field.
DEFINITION 4.15. — Let oz(Me i) € Hgt(/\/lz2 37, Gy) be the class of

the G,,-gerbe m? 9)?9 3’ ./\/l% 9% we refer to a(/\/le i) as the
0— gs

obstruction to the ex1stence of a universal family on ./\/l .

Remark 4.16. — Let ﬂ(./\/l9 e H;t(M%Tjs,éQd) be the class of the

G g-torsor p?=9% : Rep’ 9% — MG 9% By Lemma 4.3, we have
(MG §") = 6(B(MG 1)
for the connecting homomorphism

0—gs 0—gs
§: Hyy(Mg J°, Gg.a) — Hz (Mg I, G).

LEMMA 4.17. — The class a := oz(./\/le i) is a Brauer class.

Proof. — We will show that o € HZ (MGQ 7. G,,) is a Brauer class, by

proving that it is the image of an Azumaya algebra of index N := 3" _ d
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on Mgtlfs. The representation Gg 4 — GLy, given by including each
copy of GLg4, diagonally into GL, descends to a homomorphism Gg 4 —
PGLy. This gives the following factorisation of §

0—qgs —~ —gs s
8+ Hy (MG §°,Go.a) — HY(MG J° PGLy) — HZ (MG, I°,Gyy),

which proves this claim by Remark 4.16. g

The following result explains the name of the class a(./\/le 47 given
above. This result is a quiver analogue of the corresponding statement
for twisted sheaves due to Caldararu [4, Proposition 3.3.2].

PROPOSITION 4.18. — Let o := a(./\/le ") denote the obstruction class
to the existence of a universal family. Then there is a “universal” a-twisted

family W of 0-geometrically stable k-representations of @) over M%fjs ;

that is, there is an étale cover {f; : U; — Me 77} such that over U; there
are local universal families W; of k- representatwns of @ and there are
isomorphisms @;j : Wilu,, — Wj|u,, which satisfy the a-twisted cocycle
condition:

Pjl O Pij = Qi Pil-

0— . . : . . .
J? admits a universal family of quiver representations if

In particular, M,
and only if the obstructwn class a € Br(./\/le ) is trivial.

Proof. — Let us take an étale cover {f; : U; — Me 4} on which
the principal Gg 4-bundle P := Rep9 g5 MQ’ 37 s terlahsable. if

P; := f;P, then we have isomorphisms wl P =U; X GQ’d Let F; — P;
denote the pullback of the tautological family F — P : Repe 9% of
f-geometrically stable d-dimensional k-representations to P;. The famlly
Fi = (Fivs Gisa : Fit(a) — Fin(a)) consists of rank d, trivial bundles F; ,,
over P; with a G g-linearisation, such that A = G,, acts on the fibres
with weight 1. We can modify this family by observing that there is a line
bundle £; — P; given by the A-bundle U; x Gg 4 — U; X éQ,d =P,
which has a Gg 4-linearisation, where again A acts by weight 1. Then
the A-weight on F/ := F; ® LY is zero, and thus the sheaves F;

i » admit

G 4-linearisations.

We can now use descent theory for sheaves over the morphism P; — U;
to prove that the family F of representations of @ over P; descends to
a family W, over U;. More precisely, by [8, Theorem 4.2.14], the Gg q-
linearisation on F, gives an isomorphism prj F; , = pr3F/ , for the
projections pr; : 77 Xy, Pi — P;, and this Satlsﬁes the cocycle condi-
tion; hence, F; , descends to a sheaf W, over U;. The homomorphisms

¢i.q descend to U; similarly. Since the families W; over U; descend from
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the tautological family locally, they are local universal families (for exam-
ple, locally adapt the corresponding argument for moduli of sheaves in [8,
Proposition 4.6.2]).

We can refine our étale cover, so that Pic(U;;) = 0. Then, as the local
universal families W; and W, are equivalent over U;;, there is an isomor-
phism

Pij - Wi|U1:j — Wj‘Uij'
On the triple intersections Ui, we let 7,1 = %‘_kl op;ropij € AutWilu,;,.)-
As W; are families of §-geometrically stable representations, which in par-
ticular are simple, it follows that v;jx € I'(Uijk, G). Hence W := W, ¢;5)
is a y-twisted family of #-geometrically stable k-representations of @ over

MG 3§

It remains to check that the classes v and o in H, (./\/lz2 9% Gy) coincide.
We note that o := §(3) for 8 := [P] € Hélt(MeQ,gs, G(,q).- We can describe

the cocycle representing 8 by using our given étale cover {f; : U; —
./\/l9 77} on which P is trivialisable. More precisely, § is represented by the
cocycle given by transition functions f;; € I'(Ujj, Gg.q) for P such that
i = Bi;jsj, where s; : Uy — P; are the sections giving the isomorphism
;. If we take lifts Bij e I'(Uy;, GQ a) of BZJ, then these determine oy, €
I'(Uijk, Gy,) by the relation a”kﬁzk = ﬁjkﬁw over Uji. By pulling back
the isomorphisms ¢;; along the G g-invariant morphisms P;; — Us;, we
obtain isomorphisms L;|y,; = L;|u,; as Gg q-bundles over U;;, which is
given by a section 7;; € I'(U;j, Gg,q)- By construction v = §([#;;]), where
i; € T(Uij, Gg.a) is the image of 7;;. Since 7;; are also lifts of the cocycle
Bij, it follows that v = o O
We can consider W as a universal a-twisted family over ./\/le 77 of k-
representations of ). In particular, if the obstruction class oz(/\/lQ7 77y is
trivial, then Mg{j % is a fine moduli space, as it admits a universal family.
We note that if r : Spec k — M?ijs, then the image of a(/\/le ) under
the map

(M% 557 7”) — HQ(SpeC k7G7n)

is the class G (T) described in Section 4.1 and the index of the central division
algebra corresponding to G(r) € Br(k) divides the dimension vector d by
Proposition 3.12.

If the dimension vector d is primitive, then the moduli space /\/19 7% is
fine by [10, Proposition 5.3]. The Brauer group of moduli spaces of qu1ver
representations was studied by Reineke and Schroer [18]; for several quiver
moduli spaces, they describe the Brauer group and prove the non-existence
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of a universal family in the case of non-primitive dimension vectors (cf. [18,
Theorem 3.4]). Proposition 4.18 offers some compensation for this seem-
ingly negative result: instead, one has a twisted universal family.

5. Fields of moduli and fields of definition

The problem that we study in the present paper is an avatar of the
general phenomenon that fields of moduli are usually smaller than fields
of definition. For a k-representation W of Q, the field of moduli ky (with
respect to the extension k/k) is the intersection of all intermediate fields k& C
L C k over which W is definable (that is, there exists an L-representation
W' such that k @7 W' ~ W). If there is a minimal field of definition, this
is necessarily the field of moduli but, in general, a representation may not
be definable over its field of moduli. Quivers representations always have
non-trivial automorphisms, thus it is natural to look for cohomological
obstructions to a k-representation being definable over its field of moduli.

THEOREM 5.1. — Let k be a perfect field. Let W be a 6-stable d-
dimensional k-representation of @@ and let Oy € MHQngS(E) be the as-
sociated point in the moduli space of 0-geometrically stable k-representa-
tions. Then the field of moduli ky is isomorphic to the residue field k(Ow)
and there is a central division algebra Dy, over ky, and a 0-geometrically
stable Dyy-representation W' of @, unique up to isomorphism, such that
k @py W' = W as k-representations.

Here we view k ®,, W' ~ W as a k-representation via Remark 3.15.
The fact that the field of moduli of an object is isomorphic to the residue
field of the corresponding point in the moduli space is a phenomenon that
often occurs: it is for instance true for algebraic curves over a perfect field
([1, 21)), for Abelian varieties (in characteristic zero, the result for curves is
deduced from the result for Abelian varieties via the Torelli theorem [1]) and
for algebraic covers (see [19]). The second part of Theorem 5.1 (the actual
“domain of definition” of an object, knowing its field of moduli) is more del-
icate and depends on the explicit nature of the problem and the structure of
the automorphism groups: an algebraic curve, for instance, is definable over
a finite extension of its field of moduli ([7, 11]), while for Abelian varieties,
there holds an analogue of the second part of Theorem 5.1, involving central
division algebras over the field of moduli (see [2, 25]). The cohomological
obstruction to W being defined over kyy is described by Corollary 5.3.
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For the purpose of proving Theorem 5.1, we fix a base field &, an algebraic
closure k, and we let Defj, (W) be the set of all intermediate fields k C L C k
over which W is definable. The field of moduli of W is, by definition,

kw = ﬂ L.

LeDef, (W)

So k C kw C k, which, as k is perfect, implies that so is ky. Consider then
the group
H,(W) = {7 € Aut(k/k) | W™ ~ W}

where W7 is the representation of () defined from W and 7 as in Section 3.1.

PROPOSITION 5.2. — Let W be a §-stable k-representation of Q). The
fietd £
perfect, then

is a purely inseparable extension of ky . In particular, if k is

b =5
The proof of Proposition 5.2 is routine (and the results sometimes serves
as a definition of the field of moduli).

Proof of Theorem 5.1. — Recall that here k is assumed to be perfect
and for the moduli functor FG 7 from (2.1), we have, by Theorem 2.13, a
bijective map

L Fo " (k) == MG 5" (k) = Repg i*(F)/Gq.a(k).

If W is a 6-stable d-dimensional k-representation of W, we denote by Oy

the associated k-point of the k-variety ./\/122_57 ®. via the map 7. We have seen

in Section 3.1 that Galy acts on ./\/le gs( ) and that 7 is Galg-equivariant.

Therefore, as Oy represents the 1somorphlsm class of the k-representation
W, we have that

Hk(W) ~ {T (S Galk ‘T(Ow) = Ow} = Stabgalk (Ow),

which implies that EH’C(W) ~ k(Ow), the residue field of the point Oy of

/\/l‘9 9%, Proposition 5.2 then shows that x(Ow) =~ k. The rest of The-
orem 5 1 then follows immediately by base changing to the field ky and
applying Theorem 3.20 to this perfect field: the central division algebra Dy
over ky is the image of Oy under the type map 7 and Ow € T~ (Dw)
is an isomorphism class of a f#-geometrically stable Dy -representation
of Q. O

As the type map can be described via the G,,-gerbe fmg;dgs Me s
by Corollary 4.6, we immediately deduce the following cohomologlcal ob—
struction to representations being defined over their field of moduli.
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COROLLARY 5.3. — Keeping the assumptions and notation of Theo-
rem 5.1, the k-representation W is definable over its field of moduli ky, =
k(Ow ) if the class of the G,-gerbe p*Wi)ﬁgjj * (given by the pullback of the

gerbe DJTQQ_"?S — MQQ_’C?S along the point pw : Specx(Ow) — MeQ_js) is
trivial in HZ (Spec kw, G,).

We saw in Example 3.23 how to exhibit #-stable k-representations of Q
that are not definable over their field of moduli but only over a central
division algebra over that field.

BIBLIOGRAPHY

[1] W. L. J. BAILY, “On the theory of #-functions, the moduli of abelian varieties, and
the moduli of curves”, Ann. Math. 75 (1962), p. 342-381.

, “On the theory of automorphic functions and the problem of moduli”, Bull.
Am. Math. Soc. 69 (1963), p. 727-732.

[3] L. LE BrRUYN, “Representation stacks, D-branes and noncommutative geometry”,
Commun. Algebra 40 (2012), no. 10, p. 3636-3651.

[4] A. H. CALDARARU, “Derived categories of twisted sheaves on Calabi-Yau mani-
folds”, PhD Thesis, Cornell University, USA, 2000.

P. GiLLE & T. SzaMUELY, Central simple algebras and Galois cohomology, Cam-
bridge Studies in Advanced Mathematics, vol. 101, Cambridge University Press,
2006, xii+343 pages.

U. GOrTZ & T. WEDHORN, Algebraic geometry I. Schemes. With examples and exer-
cises, Advanced Lectures in Mathematics, Vieweg + Teubner, 2010, viii+615 pages.

[7] B. HuGGINs, “Fields of moduli and fields of definition of curves”, PhD Thesis,
University of California, Berkeley, USA, 2005.

[8] D. HUYBRECHTS & M. LEHN, The geometry of moduli spaces of sheaves, sec-
ond ed., Cambridge Mathematical Library, Cambridge University Press, 2010,
xviii+325 pages.

9] A. J. DE JoNG, “A result of Gabber”, 2004, http://www.math.columbia.edu/
~dejong/papers/2-gabber.pdf.

. D. KING, oduli o epresentations of Finite Dimensiona ebras”, Q. J.

10] A. D. K “Moduli of Rep i f Finite Di ional Algebras” J
Math., Oxf. II. Ser. 45 (1994), p. 515-530.

[11] S. Korzumi, “The fields of moduli for polarized abelian varieties and for curves”,
Nagoya Math. J. 48 (1972), p. 37-55.

[12] S. G. LANGTON, “Valuative criteria for families of vector bundles on algebraic vari-
eties”, Ann. Math. 101 (1975), p. 88-110.

[13] M. LiEBLICH, “Moduli of twisted sheaves”, Duke Math. J. 138 (2007), no. 1, p. 23-
118.

[14] D. B. MumrorD, J. C. FocarTY & F. C. KIRWAN, Geometric Invariant Theory,
third ed., Springer, 1993.

[15] M. OLssoON, Algebraic spaces and stacks, Colloquium Publications, vol. 62, Ameri-
can Mathematical Society, 2016, xi4+298 pages.

2]

5

6

[16] S. RAMANAN, “Orthogonal and spin bundles over hyperelliptic curves”, Proc. Indian
Acad. Sci., Math. Sci. 90 (1981), no. 2, p. 151-166.

ANNALES DE L’INSTITUT FOURIER


http://www.math.columbia.edu/~dejong/papers/2-gabber.pdf
http://www.math.columbia.edu/~dejong/papers/2-gabber.pdf

RATIONAL POINTS OF QUIVER MODULI SPACES 1305

[17] M. REINEKE, “Moduli of representations of quivers”, in Trends in representation
theory of algebras and related topics, EMS Series of Congress Reports, European
Mathematical Society, 2008, p. 589-637.

[18] M. REINEKE & S. SCHROER, “Brauer groups for quiver moduli”, Algebr. Geom. 4
(2017), no. 4, p. 452-471.

[19] M. ROMAGNY & S. WEWERS, “Hurwitz spaces”, in Groupes de Galois arithmétiques
et différentiels, Séminaires et Congres, vol. 13, Société Mathématique de France,
2006, p. 313-341.

[20] F. SCHAFFHAUSER, “Real points of coarse moduli schemes of vector bundles on a
real algebraic curve”, J. Symplectic Geom. 10 (2012), no. 4, p. 503-534.

[21] T. SEkIGUCHI, “Wild ramification of moduli spaces for curves or for abelian vari-
eties”, Compos. Math. 54 (1985), no. 3, p. 331-372.

[22] J.-P. SERRE, Local fields, Graduate Texts in Mathematics, vol. 67, Springer, 1979,
Translated from the French by Marvin Jay Greenberg, viii+241 pages.

[23] C. S. SESHADRI, “Space of unitary vector bundles on a compact Riemann surface”,
Ann. Math. 85 (1967), p. 303-336.

, “Geometric reductivity over arbitrary base”, Adv. Math. 26 (1977), no. 3,
p. 225-274.

[25] G. SHIMURA, “On analytic families of polarized abelian varieties and automorphic
functions”, Ann. Math. 78 (1963), p. 149-192.

[26] STACKS PROJECT AUTHORS, “Stacks Project”, 2017, http://stacks.math.
columbia.edu.

24]

[27] G. TAMME, Introduction to étale cohomology, Universitext, Springer, 1994, Trans-
lated from the German by Manfred Kolster, x+186 pages.

Manuscrit recu le 10 avril 2018,
révisé le 7 mars 2019,
accepté le 18 septembre 2019.

Victoria HOSKINS

Freie Universitdt Berlin
Arnimallee 3, Raum 011
14195 Berlin, Germany
hoskins@math.fu-berlin.de

Florent SCHAFFHAUSER
Universidad de Los Andes
Carrera 1 #18A-12

111 711 Bogota, Colombia

florent@uniandes.edu.co

TOME 70 (2020), FASCICULE 3


http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
mailto:hoskins@math.fu-berlin.de
mailto:florent@uniandes.edu.co

	1. Introduction
	2. Quiver representations over a field
	2.1. Slope semistability
	2.2. Families of quiver representations
	2.3. The GIT construction of the moduli space

	3. Rational points of the moduli space
	3.1. Rational points arising from rational representations
	3.2. Rational points that do not come from rational representations

	4. Gerbes and twisted quiver representations
	4.1. An interpretation of the type map via gerbes
	4.2. Twisted quiver representations
	4.3. Moduli of twisted quiver representations
	4.4. Universal twisted families

	5. Fields of moduli and fields of definition
	Bibliography

